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Abstract. We find asymptotics for the number of cylinders and saddle connections on flat
surfaces. These results extend previous results of Veech.

1. Introduction
This paper concerns asymptotic formulas for the number of closed trajectories and saddle
connections on a flat surface. It is inspired by some recent work of W. Veech, especially
the recent paper [Ve5]. In particular, the analogy noted in [Ve5] between the problem
discussed in this paper and the quantitative version of the Oppenheim Conjecture [EMM ]
allowed us to use some of the ideas developed by G. A. Margulis in the context of the
Oppenheim conjecture to simplify and improve the quadratic upper bound of [Ma2]. This,
together with an ergodic theorem proved for this purpose by A. Nevo [Nevo], allowed us
to find asymptotic quadratic growth rates for the number of closed trajectories on a generic
surface. This sharpens results of [Ve5] where these growth rates were found in the mean.

1.1. Flat metrics and quadratic differentials.Given a Riemann surface structure on a
closed surface of genusg > 1, recall that a holomorphic quadratic differentialφ is a tensor
of the formφ(z) dz2 in local coordinates withφ holomorphic. Away from the zeroes,
a coordinateζ can be chosen so thatφ = dζ 2, which determines a Euclidean metric
|dζ 2| in that chart. The change of coordinates away from the zeroes ofφ are of the form
ζ → ±ζ + c, which preserves the Euclidean metric. Consequently, quadratic differentials
are sometimes referred to as translation surfaces or flat structures with parallel line fields.
A general flat structure or equivalently a surface with zero Gaussian curvature would allow
for rotational components in the transition functions and therefore would not have a parallel
line field. If one can always take the+ sign in the change of coordinates, the quadratic
differential is the square of an Abelian differential and the parallel line field is a vector field.
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We will henceforth adopt the notationS to refer to the structure of a quadratic differential.
A local coordinateζ can be chosen in the neighborhood of a zero of orderk ≥ 1 so that the
quadratic differential is given byζ k dζ 2. The metric is|ζ k||dζ 2|. The total angle around
the zero is(k + 2)π , so we say thatS has a cone angle(k + 2)π singularity. We will
denote the set of singularities ofS (i.e. the zeroes ofφ) by ZS . Note that the curvature of
the metric is zero, except forδ-function singularities at the points ofZS .

The number of zeroes counting multiplicity is 4g−4. Letα be a partition of 4g−4 (i.e. a
representation of 4g−4 as a sum of positive integers), and letε denote a sign (+ or −). We
say a quadratic differentialφ determines(α, ε) if the orders of its zeroes are the partition
α, andε is + if φ is the square of an Abelian differential;−, if φ is not. An obvious
necessary, but not sufficient condition forφ to be a square of an Abelian differential is to
have all zeroes with even order.

Let QD(g, α, ε) denote the space of pairs(M, φ) whereM is a Riemann surface of
genusg, andφ is a holomorphic quadratic differential which determines(α, ε). This
space is called a stratum; this term is justified by the fact that the space of all quadratic
differentials on Riemann surfaces of genusg is stratified by the spacesQD(g, α,±),
asα varies over the partitions of 4g − 4. These spaces have been studied by various
authors, e.g. [Ma1, MaSm, Ve2, Ve4]. The strataQD(g, α,±) have projection maps to
the moduli spaceRg of Riemann surfaces of genusg. We note thatQD(g, α, ε) are not
always connected, but the number of connected components is always finite: see [KZ ] for
a classification. Letj be a label for a connected component, and letP denote the triple
(g, α, ε, j). ThusQD(P) refers to a connected component of a stratum.

One way to visualize a pointS ∈ QD(P) = QD(g, α, ε, j), whereα = {k1, . . . , kn},
is as a finite union of polygons glued along parallel (or antiparallel) sides, such that each
side is glued to exactly one other, and with special verticesv1, . . . , vn such that atvi there
is a conical singularity of excess angleπki .

There is anSL(2,R) action onQD(P). In each coordinate patchζ ∈ R
2, and for

A ∈ SL(2,R), the action is the linear actionζ → Aζ . The fact that the change of
coordinates is given byζ → ±ζ + c says that this is well-defined. If one visualizes
S ∈ QD(P) as a union of polygonsR1 ∪ · · · ∪Rn, thengS = gR1 ∪ · · · ∪gRn. The orbits
of this action (in Teichmuller space) are called Teichmuller disks, and have been studied
extensively: see e.g. [Kra, Ve3, EG, GuJ]. The SL(2,R) action preserves an ergodic
probability measureµ0 onQD(P) [Ma1, Ve1]. This measure is absolutely continuous
with respect to the orbitfold structure and may be interpreted as the Liouville measure.
One can also construct other invariant measures: those which come from certain invariant
suborbitfolds ofQD(P). The authors are not aware of any other constructions.

1.2. Cylinders of closed geodesics and saddle connections.A saddle connection ofS
is a geodesic segment joining two zeroes ofS which has no zeroes in its interior. We
note that the metric on the surface has non-positive curvature. Every homotopy class
contains a geodesic; however, this geodesic typically consists of a union of several saddle
connections. If we give the saddle connection an orientation then it determines a vector
in R

2 since in each coordinate chart it is geodesic with respect to the Euclidean metric.
This vector can be thought of as the holonomy along the path given by the oriented
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saddle connection. TheSL(2,R) action on surfaces maps saddle connections to saddle
connections. Given a (oriented) saddle connectionβ we can decompose the associated
vector (which we also denote byβ) as a sum of its horizontal parthβ and its vertical part
vβ . The action on these components is the linear action[

hβ

vβ

]
7→ A ·

[
hβ

vβ

]
.

A closed geodesic that does not pass through any zeroes determines a cylinder of parallel
freely homotopic closed geodesics of the same length. The cylinder is metric in that it
induces an isometry from a right-angled flat Euclidean cylinder into the surface. Each
boundary component of the cylinder consists of one or more parallel saddle connections.
A cylinder of closed geodesics is calledregular if both its boundaries consist of a single
saddle connection.

1.3. Pointwise asymptotic formulas.One goal of this paper is to prove the following
asymptotic formulas for the number of (oriented) closed geodesics and saddle connections
on translation surfaces.

THEOREM 1.1. For a quadratic differentialS andT > 0, letN1(S, T ) denote the number
of cylinders of closed geodesics onS such that the norm of the associated vector is at most
T . For eachP there exists a constantcP > 0 such that forµ0 almost allS ∈ QD(P),

N1(S, T ) ∼ cP T
2.

THEOREM 1.2. For a quadratic differentialS andT > 0, letN2(S, T ) denote the number
of saddle connections onS such that the norm of the associated vector is at mostT . Then,
for anyP there exists a constantsP > 0 such that forµ0 almost allS ∈ QD(P),

N2(S, T ) ∼ sP T
2.

Versions of the above theorems where convergence a.e. is replaced by convergence in
L1 are proved in [Ve5]. We also note some related results all of which will follow from
our general result, Theorem 2.1.

THEOREM 1.3. For a quadratic differentialS andT > 0, letN3(S, T ) denote the number
of irregular cylinders of closed geodesics onS such that the norm of the associated vector
is at mostT . Then, for anyP , for µ0 almost allS ∈ QD(P),

N3(S, T ) = o(T 2).

Note that in Theorem 1.3,µ0 cannot be replaced by any ergodicSL(2,R) invariant
measureµ; for example, on a Veech surface one may haveN3 ∼ cT 2 for somec > 0, see
[Ve3].

Some results on the value of the constantscP and sP are known, see [EO, EMZ ].
In this paper, for two related problems, we prove the asymptotic formula and also write
down the constants explicitly. The expression for these constants is much simpler than the
expressions for the constantscP andsP in the known cases.
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Let Y1 → QD(P) be the fiber bundle overQD(P) where the fiber over each point in
QD(P) is the corresponding surface with flat structureS. Similarly, letY2 → QD(P) be
the bundle whose fiber isS × S. Thus, a point inY1 is a pair(S, p), whereS is a surface
with a flat structure, andp is a point inS. A point in Y2 is a triple(S, p1, p2) whereS
is a surface with a flat structure, andp1, p2 are points inS. The fiber bundleYi inherits
a naturalSL(2,R) invariant probability measureµi , which is the measureµ0 on the base
QD(P) and is just the Euclidean measure induced by the flat structure (product of flat
structures) on the fiber.

THEOREM 1.4.
(1) Given a flat structureS andp ∈ S \ ZS , letN4(S, p, T ) be the number of segments

of length at mostT joiningp to a zero of the quadratic differential. Then forµ1 a.e.
(S, p) ∈ Y1,

N4(S, p, T ) ∼ πkT 2/2,

wherekπ is the sum of the cone angle at the zeroes,ZS .
(2) For (p1, p2) ∈ (S \ ZS) × (S \ ZS), let N5(S, p1, p2, T ) denote the number of

segments joiningp1 andp2 of length at mostT . Then forµ2 a.e.(S, p1, p2) in Y2,

N5(S, p1, p2, T ) ∼ πT 2.

1.4. The lack of connection to billiards.We note that there is a well known construction
which associates a surface with a flat structure to each rational polygon (see [ZK, Gut,
KMS ]). In particular, counting families of periodic trajectories of the billiard in the
polygon is equivalent to counting cylinders of closed geodesics on the surface constructed
from the polygon. However, the set of surfaces which are constructed from polygons
hasµ0 measure zero in the stratum (see, however, [EZ]). Thus, Theorem 1.1 cannot be
used to obtain information about billiards in rational polygons. This is in contrast with
the quadratic upper bound [Ma2] and lower bound [Ma3] theorems, and the asymptotic
formulas for Veech surfaces [Ve3]. However, the techniques of this paper, together with
Ratner’s theorem [Rat], can also be used to obtain asymptotic formulas for billiards in
some special polygons which do not give rise to Veech surfaces; see [EMaS]. We also
note that we give another proof of the upper bound of [Ma2] in §5.

1.5. Spherical averages ofK-finite functions. Let rθ = (
cosθ sinθ−sinθ cosθ

)
. LetK = {rθ :

θ ∈ [0,2π]} denote the standardSO(2) ⊂ SL(2,R). Let M be a space on which
SL(2,R) acts. A functionf onM is calledK-finite if the linear span of the functions
{f ◦ rθ : θ ∈ [0,2π]} is finite dimensional. (Thusf isK-finite if and only if there exists
an integerm such that for almost allx ∈ SO(2)\M, p(θ) = f (rθx) is a trigonometric
polynomial of degree at mostm.) The main ergodic tool we use is the following general
ergodic theorem.

THEOREM 1.5. (Nevo)Let at = (
et 0
0 e−t

)
, and letK denote the standardSO(2) ⊂

SL(2,R). LetM be a space on whichSL(2,R) acts and letµ be an ergodicSL(2,R)
invariant probability measure onM. Supposeφ ∈ C∞

0 (R) is any non-negative function,
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ε > 0 and supposef ∈ L1+ε(M, µ) is aK-finite function. Then, forµ-almost everyx
inM,

lim
τ→∞

∫ ∞

−∞
φ(τ − t)

(
1

2π

∫ 2π

0
f (at rθx) dθ

)
dt =

∫ ∞

−∞
φ(t) dt

∫
M

f (y) dµ(y).

Note in this theorem thatφ is a smoothing function. Basically the assertion of the
theorem is a smoothed version of the assertion

lim
t→∞

1

2π

∫ 2π

0
f (at rθ x) dθ =

∫
M

f (y) dµ(y).

1.6. Readers guide. The paper is organized as follows. In §2 we formulate the general
case of the counting problem considered in this paper. We then state our main theorem,
Theorem 2.1. The constants in that formula are given by the Siegel–Veech formula,
Theorem 2.2. As a consequence of these two theorems we prove Theorems 1.1, 1.2, and 1.3
in §2. The rest of the paper is devoted to the proof of Theorem 2.1. In §3, following [Ve5],
we relate the counting problem to consideration of certain integrals over orbits ofSL(2,R).
In §4 we use Nevo’s Theorem 1.5 to obtain asymptotic results almost everywhere for the
integrals in §3.

The results of §3 and §4 are conditional on the assumptions (A), (B) and (Cµ)
formulated in §2. For the key case of counting saddle connections, (A) is immediate,
but (B) and (Cµ) require certaina priori upper bounds. These upper bounds are verified
in §5, based on two results of independent interest, Theorems 5.1 and 5.2. We also show
in §5 that Theorems 5.1 and 5.2 imply the quadratic upper bound result of [Ma2].

In §6–§8, which are more technical than the rest of the paper, we prove Theorems 5.1
and 5.2. In §9, we compute the constants in the asymptotic formulas of Theorem 1.4.

2. The counting problems
The spaceM and the measureµ. It is convenient to axiomatize the properties we will
need. LetM denote a space on whichSL(2,R) acts. For most of the paper,M will
denoteQD(P), but in §9,M will denote the fiber bundlesYi . Let µ be a probability
measure onM invariant under theSL(2,R) action. LetB(T ,0) denote the Euclidean ball
of center(0,0) and radiusT , and let| · | denote the cardinality of a finite set.

In the rest of the paperV (S) will denote a subset ofR2 −{(0,0)} with multiplicity; that
is, a set of vectors assigned positive weights. They typically will be integer weights, but in
some applications they need not be. Suppose to every pointS ∈ M we associate such a
set so that the following hold.
(A) V varies linearly underSL(2,R) action. More precisely, forg ∈ SL(2,R),

V (gS) = gV (S).
(B) For anyS ∈ M, there exists a constantc = c(S) > 0, such that for anyT > 1 the

cardinality ofV (S)∩B(T ,0) is at mostcT 2. The constantc can be chosen uniformly
asS varies over any compact subset ofM.

(Cµ) For eachT > 0 letNV (T , S) denote the cardinality ofV (S) ∩ B(T ,0). Then there
exist someR > 0 andε > 0 such that as a function ofS ∈ M, NV (R, S) ∈
L1+ε(M, µ).
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We note that ifV (·) denotes the holonomy vectors associated to oriented closed
geodesics or to saddle connections, then assumption (A) is clearly satisfied. The fact
that assumption (B) is satisfied is a theorem of Masur [Ma2], which we will reprove as
Theorem 5.4 in §5. We will also verify that condition (Cµ) is also satisfied for every
invariant probability measureµ. These statements together with the following theorem
will allow us to prove our asymptotic formulas.

THEOREM 2.1. Letµ be an ergodic invariant probability measure onM. SupposeV (·)
satisfies assumptions(A), (B) and(Cµ). Then there exists a constantcV,µ = c(V,µ,M)

such that forµ-almost allS ∈M,

lim
T→∞

1

T 2
NV (T , S) = πcV,µ.

The constantcV,µ is the constant in a ‘Siegel–Veech formula’; see Theorem 2.2 below.

We note that we do not know the value ofcV,µ in many cases. For some results, see
[EO, EMZ ].

Remark.Conditions (A), (B) and(Cµ) are not sufficient to ensure thatcV,µ > 0; indeed,
Theorem 1.3 is an example whencV,µ = 0. See the statement of Theorem 2.2 for a
necessary and sufficient condition to ensure thatcV,µ > 0 (and thus that the asymptotic
formula is quadratic).

2.1. The Siegel–Veech formula.In this subsection we recall some constructions and
results from [Ve5]. For completeness, and since our assumptions differ somewhat from
those of [Ve5], we reproduce the proofs below.

The functionsf andf̂ . Forf ∈ C∞
0 (R

2), let f̂ : QD(P) → R be defined by

f̂ (S) =
∑

v∈V (S)
f (v).

The terms in the sum are counted with multiplicity. By assumption (B), the sum is finite,
and alsof̂ is a bounded function on compact subsets ofQD(P).

For technical reasons one needsf to be a smooth function, but if one takesf to be the
characteristic function of a ball of radiusT centered at the origin, then̂f (S) will count the
number of elements ofV (S) which lie in a ball of radiusT .

A generalization of the following theorem is proved in [Ve5].

THEOREM 2.2. (Siegel–Veech formula)SupposeV satisfies assumptions(A), (B) and
(Cµ). Let µ be any ergodic invariant probability measure onM. Then there exists a
constantcV,µ such that for anyf ∈ C∞

0 (R
2),∫

M

f̂ (S) dµ(S) = cV,µ

∫
R2
f (x, y) dx dy.

The constantcV,µ is always non-negative; it is zero if and only if̂f = 0 µ-almost
everywhere.
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Proof. We present the idea of the proof from [Ve5] for completeness. By assumption (Cµ)
and sinceµ is a probability measure,̂f ∈ L1+ε(M, µ) ⊂ L1(M, µ). Consider the linear
functional

8(f ) =
∫
M

f̂ (S) dµ(S). (1)

Sinceµ is invariant under theSL(2,R) action onM, 8 is invariant under theSL(2,R)
action on continuous functions onR2. Thus it follows from the general form of such
functionals that for allf ∈ C∞

0 (R
2),

8(f ) = af (0,0)+ b

∫
R2
f (2)

wherea andb are independent off . Pick a functionφ ∈ C∞
0 (R

2) so thatφ(0,0) = 1 and
φ ≤ 1, and letfj (x, y) = φ(jx, jy)f (x, y). Then,fj (0,0) = f (0,0), and

∫
R2 fj → 0

by dominated convergence. Note that for every fixedS ∈ M, sincef̂ (S) < ∞ and
(0,0) 6∈ V (S), limj→∞ f̂j (S) = 0. Hence, using (1) and the fact thatf̂ ∈ L1, we get (by
dominated convergence)8(fj ) → 0. Substitutingfj instead off into (2) and taking the
limit j → ∞, we geta = 0. Now setcV,µ = b. The final assertion is immediate. 2

Proof of Theorem 1.2.This is immediate from Theorem 2.1 and Theorem 2.2 since every
surface has a saddle connection of bounded length so that for somef , f̂ (S) 6= 0 for allS.2

Proof of Theorem 1.3.Now we need to show that̂f (S) = 0 for µ0 a.e.S. In other
words we have to show that a generic surface does not have an irregular cylinder. We first
consider the case of differentials that are squares of Abelian differentials. Note that all the
periodic trajectories comprising a cylinder are homotopic to the same curve on the surface;
we call this curve the ‘core curve’ of the cylinder. The holonomy along the core curve is
the height of the cylinder, and is thus non-zero. Since the holonomy along any curveγ is
equal to the integral of the Abelian differential alongγ , this implies that the core curve of
the cylinder is not homologous to zero. Thus the saddle connections on the boundary of
an irregular cylinder are linearly independent inH1(S,ZS) (the homology relative to the
zeroes). Local coordinates on the stratum are given by the holonomy vectors of a basis
for H1(S,ZS). Thus the fact that these linearly independent holonomy vectors are real
multiples of each other means that the set of flat structures defining an irregular cylinder
near the given one is a positive codimension set, and hence hasµ0 measure zero. The result
follows by taking the union over the at most countable set of homotopy classes.

If the stratum is not defined by Abelian differentials, the proof is the same if the cylinder
is not homologous to zero. If it is, we pass to a double coverS′, ramified over the zeroes.
The quadratic differential lifts to an Abelian differential and the cylinder lifts to a pair of
cylinders, each of which is not homologous to zero; although they are homologous to each
other, and are interchanged by the involution on the double cover. Now local coordinates
on the original spaceQD(P) are given by the holonomy vectors of a basis for the part
of the relative homology groupH1(S

′, ZS ′) which is odd with respect to the involution.
Hence, again the set of surfaces with an irregular metric cylinder is a positive codimension
subset. 2
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Proof of Theorem 1.1.We again apply Theorems 2.1 and 2.2. We need to show that the
constantcP given in Theorem 2.2 is positive. LetS0 be any surface with a metric cylinder.
Such surfaces are easy to construct. For example, one can take a right-angled flat Euclidean
cylinder and make certain isometric gluings of the sides on the top and bottom to form a
surface. Such a cylinder is not regular, but it is immediate that every nearby surface also has
a cylinder whose core curve is in the same homotopy class. Now by Theorem 1.3 the set
of nearby surfaces such that the cylinder is irregular has positive codimension. Thus there
must be a nearby surface with a regular cylinder and that surface has an open neighborhood
of surfaces with a regular cylinder. Thus for an appropriatef , the functionf̂ is positive
on an open set and we are done. 2

3. Counting and integration overM
Let at = (

et 0
0 e−t

)
, and forθ ∈ [0,2π], let rθ = (

cosθ sinθ−sinθ cosθ

)
. Let R

2+ denote the upper
half-plane.

Definition 3.1. (Generic points) Supposeµ is an ergodic invariant probability measure on
M. A point S ∈ M is calledµ-genericif for any f ∈ C∞

0 (R
2+) and all non-negative

φ ∈ C∞
0 (R),

lim
τ→∞

1

2π

∫ ∞

−∞
φ(τ − t)

(∫ 2π

0
f̂ (at rθS) dθ

)
dt =

∫ ∞

−∞
φ(t) dt

∫
M

f̂ (S1) dµ(S1). (3)

Note that the integral on the left is smoothed version of(1/2π)
∫ 2π

0 f̂ (at rθS) dθ . The
proof of Theorem 2.1 breaks up naturally into two parts, which we state as Propositions 3.2
and 3.3 below.

PROPOSITION3.2. Supposeµ is an ergodic invariant probability measure onM, V (·)
satisfies conditions(A), (B) and(Cµ) andS isµ-generic. Then,

lim
T→∞

1

T 2NV (T , S) = πcV,µ,

wherecV,µ is as in Theorem 2.2.

PROPOSITION3.3. Supposeµ is an ergodic invariant probability measure onM, and
V (·) satisfies conditions(A), (B) and(Cµ). Then, forµ-almost allS ∈M, S isµ-generic.

Proposition 3.3 will be derived from Theorem 1.5. In this section, we will prove
Proposition 3.2. We will also prove an elementary result, Proposition 3.5, which will be
used in the proofs of the upper bounds (B).

The results in this section are essentially contained in §5 of [Ve5] (which were in turn
inspired in part by [EMM ] following an analogy noted in [Ve5]). In fact, our treatment, in
this section and the next, is an almost verbatim translation of §3 of [EMM ].

LEMMA 3.4. (Cf. [EMM , Lemma 3.6])For f ∈ C∞
0 (R

2+), let

Jf (y) = 1

2πy

∫ ∞

−∞
f (x, y) dx.
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FIGURE 1. Lemma 3.4.

Then for everyε > 0 there existsT0 > 0 such that for everyt with et > T0, and every
v ∈ R

2 with ‖v‖ > T0, ∣∣∣∣e
2t

2π

∫ 2π

0
f (atrθ v) dθ − Jf (‖v‖e−t )

∣∣∣∣ < ε. (4)

Heuristic argument for Lemma 3.4.(See Figure 1) Supposef is the characteristic function
of the rectangleR = [−b, b] × [c, d] (whereb > 0, and 0< c < d). Then, by
definition,Jf (‖v‖e−t ) = 2b/(2π‖v‖e−t ) if cet ≤ ‖v‖ ≤ det and is zero otherwise. Also,
a−1
t R is the rectangle[−be−t , be−t ] × [etc, etd], since the integrand in (4) is zero unless
rθv ∈ a−1

t R, (1/2π)
∫ 2π

0 f (at rθv) dθ is 1/(2π‖v‖) times the length of the intersection of

the circle of radius‖v‖ with the rectanglea−1
t R (the factor of 1/(2π‖v‖) arises because

the length of an arc of angleθ on a circle of radius‖v‖ is ‖v‖θ ). Now, the intersection of
the circle witha−1

t R is empty if‖v‖ is outside of[cet , det ] and is essentially the horizontal
segment[−be−t , be−t ] × {‖v‖} otherwise. Thus,

1

2π

∫ 2π

0
f (at rθ v) dθ ≈ 2

2π
(be−t )/‖v‖ = e−2tJf (‖v‖e−t ).

Proof of Lemma 3.4.Clearly, the left-hand side of (4) depends onv only via the norm‖v‖.
Thus, we may assume thatv = (0, ‖v‖). Then,

1

2π

∫ 2π

0
f (atrθ v) dθ = 1

2π

∫ 2π

0
f (et‖v‖ sinθ, e−t‖v‖ cosθ) dθ. (5)
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Sincet and‖v‖ are large, andf has compact support, the integrand is zero unless sinθ is
near zero. Henceθ must be near zero orπ . Sincef is supported on the upper half-plane
R

2+, θ must be near zero. From the form of (5) it is clear that the integrand is zero unless
‖v‖e−t is bounded betweenc andc−1, and unlessθ = O(e−t‖v‖−1) = O(e−2t ), where
thec > 1 and the implied constants depend only on the support off .

Let δ(ρ) = sup{|f (x, y1) − f (x, y2)| : |y1 − y2| < ρ}. By the uniform continuity of
f , δ(ρ) → 0 asρ → 0.

We now make the change of variableu = et‖v‖ sinθ in (5); the integral becomes.

e−t

2π‖v‖
∫ ∞

−∞
f

(
u, e−t‖v‖

√
1 − (e−tu/‖v‖)2

)
(1 − (e−tu/‖v‖)2)−1/2 du

= e−t

2π‖v‖
∫ ∞

−∞
f (u, e−t‖v‖) du+ E = e−2t Jf (e

−t‖v‖) + E, (6)

where the error termE is bounded by

|E| = O((e−t/‖v‖)δ((e−t /‖v‖)2))+O((e−t/‖v‖)‖f ‖∞(e−t /‖v‖)2))
= O(e−2t δ(c2e−4t )).

After multiplying both sides bye2t , the lemma follows. 2

As an illustration of the basic technique, we first prove the following elementary result.

PROPOSITION3.5. SupposeV (·) satisfies condition(A) and the intersection ofV (·) with
any compact set is finite. Then, there exists an absolute constantc < ∞ such that for any
T > 0 and anyS ∈M,

NV (2T , S)−NV (T , S) ≤ cT 2
∫ 2π

0
NV (4, atrθ S) dθ

wheret = logT .

Proof of Proposition 3.5.Let R+ denote the positive reals. Note that any function in
C∞

0 (R+) can be written asJf for somef ∈ C∞
0 (R

2+). Let χ denote the characteristic
function of the interval[1,2], and letε > 0 be arbitrary. Choosef ∈ C∞

0 (R
2+) so that

Jf ≥ (1+ ε)χ , and the support off is contained in[−2.5,2.5] × [0,2.5]. LetT0 be as in
Lemma 3.4, and supposeet > T0. By Lemma 3.4, ifet ≤ ‖v‖ ≤ 2et , then

1 ≤ Jf (e
−t‖v‖) − ε ≤ e2t

2π

∫ 2π

0
f (atrθ v) dθ. (7)

Let S be a point inM. Summing the outermost inequality in (7) over thosev in V (S) that
belong to the annuluset ≤ ‖v‖ ≤ 2et , we get

NV (2et , S)−NV (e
t , S) =

∑
v∈V (S)

et≤‖v‖≤2et

1 ≤ e2t

2π

∑
v∈V (S)

et≤‖v‖≤2et

∫ 2π

0
f (at rθv) dθ (8)

≤ e2t

2π

∑
v∈V (S)

∫ 2π

0
f (at rθv) dθ = e2t

2π

∫ 2π

0
f̂ (at rθS) dθ. (9)
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Setc = supf . The functionf is bounded byc times the characteristic function of the
rectangle[−2.5,2.5] × [0.2.5]. This rectangle is a subset of the diskB(4,0) of radius 4
centered at the origin, sof is majorized bycg whereg is the characteristic function of the
disk. Hencef̂ (S) is majorized bycĝ(S). But ĝ(S) = NV (4, S) and so (8) becomes

NV (2T , S)−NV (T , S) <
cT 2

2π

∫ 2π

0
NV (4, atrθ S) dθ

where we setT = et . This gives the proposition (for a new constantc). 2

Proposition 3.5 will be used in §5 and a variation, Lemma 8.1 will be used in §8.

Proof of Proposition 3.2.Let χ be the characteristic function of the interval[1,2], and let
ε > 0 be arbitrary. Letc be as in condition (B) for the generic surfaceS. Chooseh+ ∈
C∞

0 (R+), h− ∈ C∞
0 (R+) so thath− ≤ χ ≤ h+ and

∫∞
0 y(h+(y) − h−(y)) dy ≤ ε/c.

Choosef± ∈ C∞
0 (R

2+) so thatJf± = h±. Chooseφ ∈ C∞
0 (R) as being non-negative with∫∞

−∞ φ = 1 and with the support ofφ so close to zero thatJφ∗f− ≤ χ ≤ Jφ∗f+ , where we
use the notation(φ ∗ f )(v) = ∫∞

−∞ φ(t)f (a−t v) dt . Then, for anyv ∈ R
2 and anyτ > 0,

Jφ∗f−(‖v‖e−τ ) ≤ χ(‖v‖e−τ ) ≤ Jφ∗f+(‖v‖e−τ ).
Using Lemma 3.4, for sufficiently largeτ we get

e2τ

2π

∫ 2π

0
(φ ∗ f−)(aτ rθ v) dθ − ε/c ≤ χ(‖v‖e−τ ) ≤ e2τ

2π

∫ 2π

0
(φ ∗ f+)(aτ rθv) dθ + ε/c.

(10)

Summing overv ∈ V (S) and noting that, by condition (B), the number of terms with
χ(‖v‖e−τ ) 6= 0 is at mostce2τ , we get

e2τ

2π

∫ 2π

0
(φ ∗ f̂−)(aτ rθ S) dθ − εe2τ ≤ NV (2e

τ , S) −NV (e
τ , S)

≤ e2τ

2π

∫ 2π

0
(φ ∗ f̂+)(aτ rθ S) dθ + εe2τ . (11)

SinceS isµ-generic and
∫∞
−∞ φ = 1,

lim
τ→∞

1

2π

∫ 2π

0
(φ ∗ f̂±)(aτ rθ S) dθ =

∫
M

f̂± dµ = cV,µ

∫
R2
f±, (12)

where in the last identity we used the Siegel–Veech formula, Theorem 2.2. But, by
construction, ∫

R2
f±(x, y) dx dy = 2π

∫ ∞

0
yJf±(y) dy = 2π(3/2 + E) (13)

where|E| < ε/c. Hence, after dividing (11) bye2τ , taking the limit asτ → ∞, and using
(12) and (13) we get

3πcV,µ − (2πcV,µ/c + 1)ε ≤ lim inf
τ→∞ e−2τ (NV (2e

τ , S) −NV (e
τ , S))

≤ lim sup
τ→∞

e−2τ (NV (2eτ , S)−NV (e
τ , S))

≤ 3πcV,µ + (2πcV,µ/c + 1)ε.
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Sinceε > 0 is arbitrary, this implies

lim
T→∞

1

T 2
(NV (2T , S)− NV (T , S)) = 3πcV,µ

where we letT = eτ . From this, it is easy to conclude that

lim
T→∞

1

T 2
NV (T , S) = πcV,µ

as required. 2

4. Approximation byK-finite functions, Proof of Proposition 3.3
LEMMA 4.1. Let C be a compact set inR2 − {0}. There exists a countable family of
(complex valued) functionsF ∈ C∞

0 (R
2 − {0}) with the following properties:

(1) for eachf ∈ F there existsm ∈ Z such that for allv ∈ R
2 and all θ ∈ [0,2π],

f (rθv) = eimθf (v);
(2) for everyq ∈ C0(R

2 −{0}) such that the support ofq is contained inC and for every
ε > 0 there existf1 andf2 finite linear combinations of functions inF such that the
fi are real-valued,

f1 ≤ q ≤ f2

and ∫
R2
(f2 − f1) < ε. (14)

Also there exists a countable family8 of functions inC∞
0 (R) such that for every

φ ∈ C∞
0 (R) there existφ1, φ2 finite linear combinations of functions in8 such that

φ1 ≤ φ ≤ φ2 and
∫
R
(φ2 − φ1) < ε.

Proof. We may fix a radially symmetric functionh ∈ C∞
0 (R

2 − {0}) such thath = 1 onC.
Let F = {hfm,n(r, θ) : m ∈ N, n ∈ Z}, wherefm,n(r, θ) = rmeinθ . ThenF satisfies the
conditions of the lemma by, for example, the Stone–Weierstrass theorem. For8 one may
use a similar construction. 2

Proof of Proposition 3.3.We note that iff is K-finite, then so isf̂ . By Theorem 1.5
there exists a setE ⊂ M with µ(E) = 1 such that for anyS ∈ E anyf ∈ F , and any
φ ∈ 8, (3) holds. Letε > 0 be arbitrary, and letφ1, φ2, f1, f2 be as in Lemma 4.1. Then
f̂1 ≤ f̂ ≤ f̂2, hence∫ ∞

−∞
φ1(τ − t)

(∫ 2π

0
f̂1(at rθ S) dθ

)
dt ≤

∫ ∞

−∞
φ(τ − t)

(∫ 2π

0
f̂ (at rθ S) dθ

)
dt

≤
∫ ∞

−∞
φ2(τ − t)

(∫ 2π

0
f̂2(at rθ S) dθ

)
dt.

(15)

SupposeS ∈ E. Sincefi andφi are finite linear combinations of functions inF and8,

lim
τ→∞

∫ ∞

−∞
φi(τ − t)

(∫ 2π

0
f̂i (at rθS) dθ

)
dt =

∫
R

φi

∫
M

f̂i dµ = cV,µ

∫
R

φi

∫
R2
fi

(16)

where in the last equality we used the Siegel–Veech formula. Sinceε > 0 is arbitrary, (3)
follows from (15), (16) and (14). 2
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5. Upper bounds
5.1. Statement of results.Letting V (·) denote the set of vectors (with multiplicity)
associated to saddle connections, then in this section we will prove that conditions (B)
and(Cµ) hold for everyµ. This allows us to apply Theorem 2.1. Conditions (B) and(Cµ)
will follow from the following two theorems.

THEOREM 5.1. SupposeV (·) denotes the set of vectors associated to saddle connections.
Then, for any stratumQD(P) there existsκ > 0 such that:
(a) for anyδ > 0, anyR < κ and anyS ∈ QD(P),

|V (S) ∩ B(R,0)| ≤ C

(
R

`(S)

)1+δ
, (17)

whereC = C(δ, P ) and`(S) denotes the length of the shortest saddle connection in
S;

(b) for anyδ > 0, anyR < ∞, and anyS ∈ QD(P), (17) holds withC = C(δ,R, P ).

THEOREM 5.2. For anyS ∈ QD(P) and anyβ < 2,

sup
t>0

∫ 2π

0
`(at rθS)

−β dθ < ∞

and the upper bound can be chosen uniformly asS varies over compact subsets ofQD(P).

COROLLARY 5.3. LetK = {rθ : 0 ≤ θ ≤ 2π}, so thatK ∼= SO(2). Let S be any flat
structure and letν denote theK-invariant measure supported on the setKS. Then the set
of measuresatν is compact (in the weak*-topology).

The proofs of Theorems 5.1 and 5.2, which combine the ideas of [Ma2] with the ideas
of G. Margulis, will be given in §§6–8. In the rest of this section we will show how
Theorems 5.1 and 5.2 can be used to derive condition (B) for the saddle connections,
and also to verify that condition (Cµ) holds for the saddle connections for every invariant
measureµ.

We begin, however, by showing how Corollary 5.3 follows from Theorem 5.2.

Proof of Corollary 5.3For anyε > 0, letQDε(P ) = {S ∈ QD(P) : `(S) < ε}. Then
QD(P) \ QDε(P ) is compact. Takingβ = 1 in Theorem 5.2, there is a constantM
such that for allε andt , atν(QDε(P )) ≤ Mε. Since the set of probability measures on a
compact space is weak-* compact, we are done. 2

THEOREM 5.4. SupposeV (S) denotes the set associated to saddle connections onS.
Then,V (·) satisfies condition (B), i.e. for anyS ∈ QD(P) there exists a constantc = c(S)

such that for allT > 0,
NV (T , S) ≤ cT 2.

The constantc can be chosen uniformly asS varies over compact subsets ofQD(P).

This theorem was originally proved in [Ma2]. Of course Theorem 5.4 implies the
analogous result for the number of cylinders of closed geodesics since the number of such
cylinders on a surface is bounded trivially by the number of saddle connections.
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Proof of Theorem 5.4.By Proposition 3.5, Theorems 5.1 and 5.2, there existR > 0 and
β < 2 such that we have

NV (2T , S)−NV (T , S) ≤ cT 2
∫ 2π

0
NV (R, at rθ S) dθ ≤ c′T 2

∫ 2π

0

dθ

`(at rθS)β
≤ c′′T 2.

Now the theorem follows from an easy geometric series argument. 2

LEMMA 5.5. (Cf. [Ve5, Corollary 2.8]) Let µ be any ergodic invariant probability
measure onQD(P). Then for any1 ≤ β < 2, `(·)−1 ∈ Lβ(QD(P),µ).
Proof. If µ = µ0, it is possible to prove this directly. For generalµ, we derive this by an
indirect argument from Theorem 5.2 and the ergodic Theorem 1.5. In fact, we will only
need theK-fixed version of Theorem 1.5, see [NS]. It suffices to prove that for anyβ < 2,
`−β ∈ L1(QD(P),µ). Assume this is false.

Let χ be the characteristic function of[1,∞] and for j ∈ N let hj (S) =
`(S)−βχ(j`(S)). Thenhj are bounded with compact support since the set of quadratic
differentials whose shortest saddle is bounded below is compact. Asj → ∞, hj ↑ `−β .
Then by monotone convergence,

∫
QD(P) hj (S) dµ(S) → ∞.

Fix a positiveφ ∈ C∞
0 (R), and consider the integrals

Ij (τ ) =
∫ ∞

−∞
φ(τ − t)

(∫ 2π

0
hj (atrθ S) dθ

)
dt.

Sincehj isK-fixed (i.e.hj (rθS) = hj (S) for all θ ∈ [0,2π] and allS), by Theorem 1.5,
for almost allS and all j , limτ→∞ Ij (τ ) = ∫

QD(P) hjdµ(S)
∫∞
−∞ φ. Since for allj ,

`−β ≥ hj we get, for allj ,

lim inf
τ→∞

∫ ∞

−∞
φ(τ−t)

(∫ 2π

0
`(at rθS)

−β dθ
)
dt ≥ lim

τ→∞ Ij (τ ) =
∫
QD(P)

hj dµ(S)

∫ ∞

−∞
φ.

Takingj → ∞ we get a contradiction since the right-hand side tends to infinity, and the
left-hand side remains bounded by Theorem 5.2. 2

Proof of condition(Cµ) for the saddle connections.This follows immediately from
Theorem 5.1 and Lemma 5.5. 2

6. Combinatorial constructions
6.1. Saddle connections,p0, complexes and domains.We say that two saddle
connections aredisjoint if the only common points (if any) are zeroes. A union of disjoint
saddle connections0 is called a system. By|0| we mean the maximum length of any
member of0. By a complexK we mean a closed subset ofS, whose boundary, denoted
∂K, is a system of saddle connections. Here∂K refers to the subset ofK consisting of
those points such that every neighborhood inS of the point intersects the complement of
K. Thus, ifK consists of a single saddle connection, then∂K = K. Note that a complex
need not be connected and is not assumed to be triangulated. However, we will assume that
if ∂K contains three saddle connections that bound a triangle, then the triangle is included
in K.
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We now show that there is a uniform boundp0 to the number of disjoint saddle
connections. Indeed, given any set of disjoint saddle connections, we may further add
disjoint saddle connections so that all complimentary regions are discs and then further
subdivide the discs into triangles. This gives a triangulation of the surface with edges
which are saddle connections and whose vertices are them zeroes. Lete be the number
of edges andt be the number of triangles. Then Euler’s formula givesm − e + t = χ ,
the Euler characteristic of the surface. Each edge is contained in two triangles and each
triangle has three edges; thus 3t = 2e. This implies that the maximum numberp0 of
disjoint saddle connections is at most 3(m− χ). By adomainY we will mean an open set
in S with boundary a system0 of saddle connections. A domain is not considered to be
triangulated.

6.2. Area, complexity, and domain-complexity.The area of a complexK is denoted
‖K‖. Note that ifK is a complex, thenK \ ∂K is a (possibly empty) domain. The
complexityof a complex is the number of saddle connections needed to triangulate the
complex, including the boundary. The complexity of a domain is the number of saddle
connections needed to triangulate it, not counting the number on the boundary.

6.3. Cross products. Given a saddle connectionβ considered as a vector we may
decomposeβ as a sum of its horizontal componentβh and its vertical componentβv.
Givenω andβ saddle connections we can form the length of the vector product

|ω × β| = |βhωv − βvωh|.
This number is invariant under theSL(2,R) actions on flat structures and saddle
connections. For example, ifS has area 1 andω andβ are two sides of a triangle, then
since the triangle has area at most 1, and the length of the vector product measures the area
of the corresponding parallelogram, we must have|ω × β| ≤ 2.

PROPOSITION6.1. (Cross products)Supposeγ1, γ2, β are saddle connections. Then:
(1) |γ1 × γ2| ≤ (|γ1 × β||γ2|/|β|) + (|γ2 × β||γ1|/|β|) (hence if |γ1| and |γ2| are

bounded in terms of|β|, then|γ1 × γ2| can be bounded in terms of|γ1 × β| and
|γ2 × β|);

(2) if γ1, γ2, β are three sides of a triangle andγ is another saddle connection, then
|β × γ | ≤ ∑2

i=1 |γi × γ |.
Proof. To prove (1), rotate the coordinate system so thatβ is vertical;|γi,h| = |γi × β|/|β|.
Since|γi,v| ≤ |γi |, (1) follows. To prove (2), rotate soγ is vertical so|γi,h| = |γi × γ |/|γ |.
Then (2) follows from the fact that|βh| ≤ |γ1,h| + |γ2,h| and|β × γ | = |βh||γ |. 2

In the next section we will need to combine or merge intersecting complexes to form
bigger complexes. The main combinatorial lemma is as follows.

PROPOSITION6.2. (Combining complexes)SupposeK is a complex of complexityi with
non-empty boundary and there is a saddle connectionσ which is either disjoint fromK
or crosses∂K. Then there is a complexK ′ containingK of complexityj > i with the
following properties:
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(i) |∂K ′| ≤ |∂K| + max(|∂K|, |σ |);
(ii) ‖K ′‖ ≤ ‖K‖ + |∂K| max(|σ |, |∂K|);
(iii) for anyω′ ⊂ K ′ \K and anyγ we have|ω′ × γ | ≤ maxω∈∂K(|ω× γ | + max(|ω×

γ |, |σ × γ |));
(iv) if β is a saddle connection disjoint from bothK andσ , thenβ is disjoint fromK ′ or

β ⊂ K ′.

Proof. Heuristically, to getK ′, we addσ toK and retriangulate the boundary if necessary.
More carefully, the construction can be done as follows.

If σ is disjoint fromK, we may just add it toK and all the estimates hold. Thus we may
assume thatσ crosses∂K. LetQ be the point whereσ crosses∂K on a segmentω with
endpointsA,B. Suppose in followingσ fromQ into the exterior ofK, σ hits a singularity
P in the exterior ofK before again crossing∂K or hits a singularity on∂K. Let σ1 be
the subsegment ofσ joiningQ andP (see Figure 2). Consider the pathAQ ∗ σ1 joining
A to P , where∗ denotes juxtaposition of paths. There is a unique geodesiclA joining A
to P in the homotopy class of that path. If not all saddle connections inlA are already in
K, we add those that are not inK giving us a larger complexK ′. Since|lA| ≤ |ω| + |σ |
and‖1‖ ≤ |σ ||ω|,(recall that|∂K| is not the length of∂K, but rather the length of the
longest saddle connection in∂K), the length and area bounds (i) and (ii) are immediate.
The second statement of Proposition 6.1 implies that for any segmentω′ of lA and anyγ ,

|ω′ × γ | ≤ |σ1 × γ | + |ω × γ | ≤ |σ × γ | + max
ω∈∂K |ω × γ |

giving (iii). Since lA, σ1 andAQ bound a simply connected domain which contains no
singularities in its interior, it is clear that ifβ is disjoint fromK andσ , it is either one of
the segments oflA or disjoint fromK ′ so we have (iv).

If every saddle connection oflA is already a subset ofK, then we apply the same
analysis tolB . Now lA, lB andω bound a simply connected domain1. If 1 is a triangle,
then it cannot be the case that the single segmentlB is also already inK, for then by
assumption,1 would already be inK andσ would not crossω into the exterior ofK. In
this case can addlB to formK ′. If 1 is not a triangle and every segment oflB is already in
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K, then we may add a saddle connection in1 that goes from an endpoint ofω, sayA to a
singularity onlB . The same estimates still hold.

Thus we are reduced to the case that before next hitting a singularity,σ crosses∂K at
Q′ an interior point of a segmentω′ with endpointsC,D (see Figure 3). It may be the case
thatA = D orB = C or both. Letσ1 be the subsegment ofσ joiningQ toQ′. There are
two cases. The first case is ifσ1 is homotopically non-trivial rel∂K; in that case moveσ1

parallel to itself with one endpoint moving alongω toward one endpoint, sayA, the other
alongω′, towards sayD. We can choose the direction so that the lengths of the parallel
segments do not increase. This can be done until for the first time there is a singularityP

and a pair of segments,σ2, one of which goes fromω to P , the other fromω′ to P . (If P
is eitherA or D, thenσ2 is a single segment.) The assumption thatσ1 is homotopically
non-trivial guarantees thatσ2 does not lie in∂K. It is clear that ifβ does not intersectσ ,
ω or ω′, then it does not intersectσ2. We proceed exactly as in the previous paragraph.
We can useP to build a bigger complex whose boundary satisfies the same estimates on
lengths and cross products as before.

The second possibility is thatσ1 is homotopically trivial rel∂K (see Figure 4). In that
caseσ1 together with segments ofω andω′ and possibly other segments of∂K bound a
simply connected domain in the complement ofK. This implies that there is a geodesicγ
in the complement ofK joining an endpoint ofω and an endpoint ofω′ such thatγ , ω, ω′
and the same other segments of∂K bound a simply connected domain in the complement
of K. Then we may add the segments ofγ toK. The above estimates hold. It is also the
case that ifβ is disjoint fromσ and∂K, then either it is disjoint fromγ or coincides with
a segment ofγ . 2

COROLLARY 6.3. (Complex generated by short saddle connections)There are constants
c = c(p0) < ∞ andc′ = c′(p0) such that, for anya > 0, there is a complexY containing
all saddle connections ofS of length at mosta with |∂Y | ≤ c′a and‖Y‖ ≤ ca2.

Proof. We start with a complex consisting of a maximal set of disjoint saddle connections
of length at mosta. We fill in any triangles. Each has area at mosta2. If there are no
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additional segments of length at mosta, we are done, withc the number of triangles.
Suppose otherwise and suppose inductively we have built a complexYj of complexity
j , with boundary length at mostc′j a and area at mostcja2. If any saddle connection
of length at mosta crosses∂Yj then by Proposition 6.2 we can find a complexYj+1

containingYj whose boundary has length at most 2c′ja + a = c′j+1a and area at most

cja
2 + c′j a(a+ c′ja) = cj+1a

2. Since the maximum complexity of any complex isp0, the
induction ends after at mostp0 steps. 2

Definition 6.4. ForY satisfying the conclusions of Corollary 6.3 we sayY is generated by
saddle connections of lengtha.

6.4. The numberε. We now fix a numberε = ε(p0) so thatcε2 < 1 wherec is as in
Corollary 6.3. This implies that if‖Y‖ = 1, any complexK ⊂ Y generated by saddle
connections of lengthε must in fact be a proper subset ofY .

COROLLARY 6.5. (Intersections of complexes)
(a) SupposeY is a complex and� is a set of saddle connections contained inY . Then

there is a complexZ ⊂ Y containing every saddle connection in�.
(b) SupposeY1, Y2 are two complexes. Then there exists a complexZ ⊂ Y1 ∩ Y2 which

contains every saddle connection inY1 ∩ Y2.

Proof. To prove (a), as in the proof of Corollary 6.3 we buildZ inductively out of the saddle
connections in�. The only thing to check is that at each stage the resulting complex is a
subset ofY . So supposeK is a complex which is a subset ofY andσ ∈ � crosses∂K.
Then eitherσ ∈ ∂Y or every segment in∂Y must be either contained in∂K or disjoint
from bothσ and∂K. Hence, by Proposition 6.2(iv),∂Y cannot cross the enlargedK ′.
This implies thatK ′ ⊂ Y . This completes the inductive step in the proof of (a). To prove
(b), apply (a) with� equal to the set of saddle connections inY1 ∩ Y2. 2
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FIGURE 5.� is separatingβ from γ .

Definition 6.6. (Filled in complex) Given a complexY with boundary∂Y and a complexK
which does not contain∂Y , we define thefilled in complexKf to be the set of points which
are separated from∂Y byK. Equivalently,Kf is the union ofK with all the components
of Y \K whose closure does not intersect∂Y .

Definition 6.7. (Separate) A system� separates two disjoint saddle connectionβ andγ
from each other if every arc fromβ to γ intersects�. We allow� to coincide with one of
the saddle connections. (See Figure 5.)

Definition 6.8. (Accessible, weakly accessible) SupposeY is a domain,γ ⊂ ∂Y , and let
M > 1 andC > 0. We say that a saddle connectionβ ⊂ Y isM accessiblefrom γ if, for
any system� that separatesβ from γ ,
(1) |�| > |γ |/M.
(In particular, since we are allowing� to coincide withβ, we must have|β| > |γ |/M).

We sayβ is (M,C) weakly accessiblefrom γ if for any separating system� either (1)
holds or for some saddle connectionω ⊂ �,
(2) |ω × γ | > C‖Y‖.

Remarks.We will use Definition 6.8 withM � 1 andC � 1. Note that always, ifβ is
M-accessible fromγ , thenβ is (M,C) weakly accessible fromγ . If ‖Y‖ = 1, C ≥ 2,
|γ | ≤ 1 and (2) holds, then|ω| ≥ 1 and so (1) holds; this means that if‖Y‖ = 1, |γ | ≤ 1,
andC ≥ 2, thenβ isM-accessible fromγ if and only if β is (M,C) weakly-accessible
from γ .

PROPOSITION6.9. There exists a sequence of constantsDj such that ifY is a domain
which can be triangulated byj saddle connections (not counting the saddle connections
on the boundary ofY ), ‖Y‖ = 1, andβ ⊂ Y is a saddle connection weakly(p0,Dj )

accessible fromγ ⊂ ∂Y , then there is a chain of saddle connectionsβ = β1, β2, . . . , βn =
γ such that:
(1) βi is disjoint fromβi+1;
(2) |βi × βi+1| ≤ Dj ;
(3) βi is weakly(p0,Dj ) accessible fromβi+1.
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The proof of Proposition 6.9 is based on the following.

CLAIM 6.10. SupposeC′ > 0. Let Y be a domain with‖Y‖ = 1, and letβ ⊂ Y and
γ ⊂ ∂Y be saddle connections.

For D > 2 let FD denote the set of saddle connectionsλ ⊂ Ȳ such that|λ × γ | ≤ D

andλ andβ are disjoint. Letn(D) denote the maximal cardinality of a disjoint system
contained inFD. Then at least one of the following is true:
(a) there exists a saddle connectionσ ⊂ Y with |σ | ≤ |γ |/p0 and|σ × γ | ≤ D;
(b) there exists a saddle connectionλ ∈ FD such thatβ is (p0, C

′) weakly accessible
fromλ;

(c) for D′ = p0C
′ + ((1/p0)+ 2)D we haven(D′) > n(D);

(d) |β × γ | < p0C
′ + ((1/p0)+ 2)D.

Proof of Claim 6.10.Suppose (a) and (b) do not hold. We note thatFD is not empty, since
there exists a saddle connectionτ which bounds a triangle withγ , so that|τ × γ | ≤ 2.

Choose a maximal system0 of disjoint saddle connections inFD, and letK be the
complex that they form. LetYβ be the connected component ofY \ ∂K which containsβ,
and choose a saddle connectionλ ⊂ K ∩ ∂Yβ . Since|λ× γ | ≤ D and (a) does not hold,

|λ| ≥ |γ |/p0. (18)

Since (b) does not hold,β is not(p0,M
′) weakly accessible fromλ. This means that there

is some system� separatingβ fromλ such that neither (1) nor (2) in Proposition 6.9 holds.
Choose anyω ∈ � \K. Since (1) and (2) do not hold

|λ| ≥ p0|ω| and |ω × λ| ≤ C′. (19)

Now from Proposition 6.1(1) applied to the saddle connectionsω, γ, λ we get

|ω × γ | ≤ |ω × λ| |γ |
|λ| + |γ × λ| |ω|

|λ| ≤ p0C
′ + D

p0
. (20)

We now apply Proposition 6.2 toK andω in place ofσ to get a complexK ′ ⊃ K.
Let ω1 be any saddle connection inK ′ which is disjoint fromK. Then it follows from
Proposition 6.2(iii) and (20) that

|ω1 × γ | ≤ |ω × γ | + 2 max
λ∈K |λ× γ | ≤ p0C

′ + D

p0
+D. (21)

Now by Proposition 6.2(iv), eitherw1 = β orw1 is disjoint fromβ. In the former case,
(d) holds in view of (21). In the latter case,0 ∪ ω1 ∈ FD′ whereD′ is the right-hand side
of (21), so (c) holds. 2

Proof of Proposition 6.9.The proof is by induction on the numberd(Y ) of saddle
connections needed to triangulateY , not counting the saddle connections on the boundary
of Y . (We note thatd(Y ) is not exactly the complexity of the complexY since we
do not count boundary saddle connections ind(Y ).) The proposition is clearly true if
d(Y ) = 0, so thatY is a triangle or a disjoint union of triangles. Now suppose the
proposition has been proved for all domainsZ with d(Z) < j , andY is a domain with
d(Y ) = j . We assumeDi, i < j have been chosen. LetC′ = Dj−1, and forD > 0, let
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f (D) = p0C
′ + ((1/p0)+ 2)D. LetDj = f (p0+1)(Dj−1) wheref (k) denotesf iterated

k times.
Suppose first that for someD < Dj , (a) of Claim 6.10 occurs. Consider the domain

Y \ σ . We claim that ifβ is not(p0,Dj−1) weakly accessible fromγ on Y \ σ , it is not
(p0,Dj ) weakly accessible fromγ on Y , contrary to assumption. For addingσ to any
system� that separatesβ from γ onY \ σ gives a system�′ that separatesβ from γ on
Y for which neither (1) nor (2) hold. Now, sinced(Y \ σ) = j − 1, we can apply the
induction hypothesis toY \ σ to get the required chain of saddle connections.

Hence we may assume that (a) of Claim 6.10 does not occur for anyDj−1 ≤ D ≤ Dj .
This implies that every saddle connection onY is (p0,Dj )weakly accessible fromβn = γ .
We now apply Claim 6.10 repeatedly to

Dj−1, f (Dj−1), f
(2)(Dj−1), . . . , f

(p0+1)(Dj−1) = Dj .

Note that (c) of Claim 6.10 can occur at mostp0 times. Thus, for someD < Dj , either (d)
or (b) occurs. In the first case we setn = 2 and we have the chainβ, γ . In the latter case
we can setβn−1 = λ, and apply the induction hypothesis. 2

7. A system of integral inequalities
In this section, we prove Theorem 5.2, together with a variation, Proposition 7.2, which
will be used in §8 in the proof of Theorem 5.1. The main idea of this section (i.e. the
system of inequalities Lemma 7.5) is similar to ideas developed by G. A. Margulis for the
‘quantitative version of the Oppenheim conjecture’ (cf. [EMM ]).

For a domainY , let

`(Y ) = min{|λ| : λ is a saddle connection contained inY }.
Forγ a saddle connection onS, for some angleθ , γ determines a vector[0, |γ |] on the

surfacerθ S. The angleθ is called the vertical angle forγ .
Given a domainY of area 1 we may use theSL(2,R) action to form the domains

at rθY . Fix γ ⊂ ∂Y . Recall the constantp0, which is the maximum number of disjoint
saddle connections.

Definition 7.1. (Accessible saddle connection) For anyθ and t , we say that a saddle
connectionλ ⊂ at rθY is accessibleif r−1

θ a−1
t λ ⊂ Y is p0-accessible fromγ .

In this definition notice that the accessible condition refers to lengths onY . Let

`γ (at rθY ) = min{|λ| : λ is an accessible saddle connection contained inat rθY }.
PROPOSITION7.2. Let Y be a domain,γ ⊂ ∂Y and |γ | ≤ 1. By rotation let zero be
the vertical angle forγ . For each constantρ and t , let I (t) = I (t, γ, ρ) be the interval
of angles[ρe−t /|γ |, ρe−t /|γ |]. Then for anyδ, 0 < δ < 1/2, there existsρ andC′
(depending only onδ andρ) such that for anyt ,∫

I (t)

dθ

`γ (at rθX)1+δ ≤ C′ e−(1−2δ)t

|γ |1+2δ .
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Remarks.Proposition 7.2 differs from Theorem 5.2 as follows. In Proposition 7.2
we integrate only over the exponentially small sectorI (t) (instead of [0,2π]) and
consider only accessible saddle connections (instead of all saddle connections). Also
Proposition 7.2 asserts that the integral is small (instead of bounded). However, the proofs
of Proposition 7.2 and Theorem 5.2 are virtually identical. We will only give the proof of
Proposition 7.2 in detail, and indicate how to modify it to obtain Theorem 5.2 at the end
of this section. In §8, Proposition 7.2 will be used in the inductive step of the proof of
Theorem 5.1.

7.1. Admissible complexes and the functionα.

Definition 7.3. (Admissible complex) Fixγ ⊂ ∂Y . For anyθ , t , a complexK ′ ⊂ at rθY

with boundary∂K ′ and of complexityi is admissible onat rθY if:
(1) ‖K ′‖ ≤ 2iε2 whereε is the constant defined following Corollary 6.3;
(2) for any system� ⊂ Y of saddle connections separatingr−1

θ a−1
t K ′ ⊂ Y from

γ ⊂ ∂Y , |�| > |γ |/p0.
In particular, ifK ′ is admissible then|∂(r−1

θ a−1
t K ′)| ≥ |γ |/p0.

The functionsαi . Fix δ > 0. LetY be a domain with‖Y‖ = 1. We define

αi(at rθY ) = max

(
sup
Ki

1

|∂Ki |1+δ ,1
)

where the sup is over all admissible subcomplexesKi of at rθY of complexityi.

The operatorAτ . For anyτ > 0 let Aτ denote the averaging operator which sends the
functionf defined on theSL(2, R) orbit of a surfaceS0 to

(Aτf )(S0) = 1

2π

∫ 2π

0
f (aτ rθ S0) dθ.

We will be applyingAτ to functionsf on SL(2,R) which are invariant under the action
of SO(2) on the right, and can thus be considered as functions on the hyperbolic plane
SO(2)\SL(2, R). For suchf , (Aτf )(z) is the average off over the circle of radiusτ
centered atz.

7.2. A system of inequalities.In this subsection we show that the functionsαi satisfy a
certain system of integral inequalities (see Lemma 7.5 below). The idea is that ifαi is large,
so thatS0 is near infinity in a stratum, then most points on the circle of radiusτ centered
atS0 are further from infinity, which means that the average of the boundary length ofKi

is larger on the circle than atS0. If Ki defines the supremum over the entire circle in the
definition ofαi , thenAταi(S0) is smaller thanS0. If for some point on the circle, some
otherK ′

i of complexityi has a shorter boundary thanKi , then we ‘merge’Ki andK ′
i as in

§6 to form a complexKj of complexityj > i, and boundαi in terms ofαj .

LEMMA 7.4. Fix 0 < δ < 1. Then there exists a constantc(δ) such that for anyτ > 0
and anyv ∈ R

2 − {(0,0)},
1

2π

∫ 2π

0

dθ

‖aτ rθv‖1+δ ≤ c(δ)e−τ (1−δ)

‖v‖1+δ . (22)
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Proof. By rescaling and rotating we may assume thatv = (0,1). Then, the left-hand side
of (22) becomes

1

2π

∫ 2π

0
(e2τ sin2 θ + e−2τ cos2 θ)−(1+δ)/2 dθ.

We decompose[0,2π] = R1 ∪ R2, whereR1 = {θ : e2τ sin2 θ ≤ e−2τ cos2 θ} andR2

is the set where the opposite inequality holds. Note that there exist absolute constants
0< c1 < c2 such that

c1e
−2τ ≤ |R1| ≤ c2e

−2τ . (23)

OnR1, the integrand is bounded by a constant multiple ofeτ(1+δ). Hence, in view of (23),
the integral overR1 isO(e−τ (1−δ)) as required. Now the integral overR2 is bounded by

e−τ (1+δ)
∫
R2

|sinθ |−(1+δ) dθ = O(e−τ (1+δ))
∫
R2

|θ |−(1+δ) dθ = O(e−τ (1−δ)),

where in the last estimate we used (23). 2

LEMMA 7.5. (System of inequalities)For any 0 < δ < 1 and anyτ > 0 there exist
constantsω = ω(τ, δ) andb = b(τ, δ) such that for anyi and anyS0 = at rφY

(Aταi)(S0) ≤ ce−(1−δ)ταi(S0)+ b + ω
∑
j>i

αj (S0),

wherec is the constant of Lemma 7.4.

Proof. We can assume that onS0 the length of the boundary of the complexKi that defines
the supremum inαi has length at moste−2τ ε. Otherwise, on the circle of radiusτ centered
atS0, αi is uniformly bounded, and thus we can absorb the left-hand side in the constantb.

Suppose firstKi is the complex that definesαi throughout the circle of radiusτ . Then
Aταi is the average of the minimum of

1

‖aτ rθ v‖1+δ ,

the minimum taken overv ∈ ∂Ki . Since the average of a minimum is smaller than the
minimum of an average, by Lemma 7.4, we have the desired bound forαi . Now suppose
for someθ ∈ [0,2π] some other complexKθ

i ⊂ S0 with the same complexity defines
αi(aτ rθ S0), i.e. |∂(aτ rθKθ

i )| ≤ |∂(aτ rθKi)|. Since lengths onaτ rθS0 differ from lengths
onS0 by a factor of at mosteτ ,

|∂Kθ
i | ≤ eτ |∂(aτ rθKθ

i )|. (24)

Here |∂Kθ
i | refers to lengths onS0. Assume first thatKi andKθ

i have boundaries that
cross. We takeσ ∈ ∂Kθ

i \ ∂Ki and using Proposition 6.2 we can build a complexKθ
j of

complexityj = j (θ) > i containingKi . We check the fact thatKθ
j is admissible. On the

contrary, if there were a system� separatingr−1
φ a−1

t Kθ
j from γ such that|�| ≤ |γ |/p0,

then�would separater−1
φ a−1

t Ki fromγ , contradicting the fact thatKi is admissible. Thus
(2) in Definition 7.3 of admissible holds. Since the boundary lengths of each ofKi and
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Kθ
i are at mostε and the area ofKi is at most 2iε2, the area bound (1) of Definition 7.3

follows from Proposition 6.2.
We also have

|∂Kθ
j | ≤ |∂Ki | + max(|∂Ki |, |∂Kθ

i |) ≤ 2|∂Kθ
i |, (25)

the first inequality by Proposition 6.2 and the second sinceKi defines the supremum atS0.
Thus, in view of (25), for anyθ

αi(aτ rθS0) = 1

|∂(aτ rθKθ
i )|1+δ ≤ ω

|∂Kθ
j |1+δ ≤ ωαj (S0), (26)

whereω = (2eτ )1+δ. Hence the desired estimate also holds in this case.
If the boundaries ofKi andKθ

i do not cross, then we takeKθ
j = Ki ∪ Kθ

i . Note that

if � separatesr−1
φ a−1

t Kθ
j from γ , then� separatesr−1

φ a−1
t Ki from γ , a contradiction.

This shows that (2) in the definition of admissible holds (Definition 7.3). We have
‖Kθ

j ‖ ≤ ‖Ki‖ + ‖Kθ
i ‖ ≤ 2i+1ε2 ≤ 2j ε2, soKθ

j is admissible. Clearly, (25) and hence
(26) hold in this case as well. This completes the proof of the lemma. 2

7.3. Averages over arcs. In this subsection we will deduce Theorem 5.2 and
Proposition 7.2 from Lemma 7.5.

We identify the right cosetsSO(2)\SL(2,R) with the hyperbolic diskD2; thus a
function onSL(2,R) such thatf (rθ g) = f (g) for all θ ∈ [0,2π], g ∈ SL(2,R) may
be considered to be a function onD2. Let o denote the origin ofD2 (corresponding to the
identity coset). Forθ ∈ S1 andt > 0, the pointz0 = o · at rθ in the hyperbolic diskD2 is
on the circle of hyperbolic radiust centered at the origin and at angleθ . Now asφ varies
overS1, consider the pointso · aτ rφat rθ . These points form the circle of radiusτ centered
atz0. In polar coordinates we write

o · aτ rφat rθ = o · asrθ+ψ
wheres = s(t, τ, φ) andψ = ψ(t, τ, φ). Thuso · aτ rφat rθ is at hyperbolic distance
s(t, τ, φ) from the origin and is visible at the angleθ + ψ(t, τ, φ).

Recall the intervalsI (t, γ, ρ) defined in Proposition 7.2. For eacht > 0, κ > 0 and
θ ∈ I (t + τ ) ⊂ I (t), let Uθ (κ, t, τ ) ⊂ S1 denote the set of pointsφ ∈ S1 such that
s(t, τ, φ) ≥ t + τ − κ andθ +ψ(t, τ, φ) ∈ I (t + τ ), i.e.o · aτ rφat rθ lies outside the circle
of hyperbolic radiust + τ − κ and its radial projection to the circle of radiust + τ lies in
I (t + τ ).

LEMMA 7.6. There existsc′′ > 0 so that for eachκ , there is aτ and ρ such that for
any θ ∈ I (t + τ ), |Uθ | ≥ c′′|S1|. The map9 : Uθ → S1 sendingφ to ψ(t, τ, φ) is a
diffeomorphism onto its image and

2πc′′ ≤ |Uθ | =
∫
Uθ

dφ =
∫
9(Uθ )

∣∣∣∣ dφdψ
∣∣∣∣ dψ. (27)
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J(t + �)

o

t

t + �

J(t)
z

FIGURE 6. Lemma 7.6. The dotted circle has centero and radiust + τ − κ. The shaded circle has hyperbolic
radiusτ and is centered at a pointz ∈ J(t). The dotted lines starting atz are hyperbolic geodesics;|Uθ | is the
angle between them. Hyperbolic geometry and the assumptions thatτ is much larger thanκ and that the diameter

of J(t + τ ) ≥ 2τ + 2κ imply that |Uθ | is bounded from below.

Proof. (See Figure 6.) We use the notationJ (t) = {o·atrθ : θ ∈ I (t)}, soJ (t) ⊂ D2 is the
part of the circle of radiust aroundo which is seen from the origin at angles inI (t). Given
κ , for τ large enough, the assertion thato · aτ rφat rθ lies outside the circle of hyperbolic
radiust + τ − κ for most anglesφ is just an exercise in hyperbolic geometry. Now choose
ρ = ρ(κ, |γ |) large enough so that for anyt , J (t + τ ) has hyperbolic diameter at least
2τ + 2κ (it is enough to do this fort = 0). By construction then, for anyθ ∈ I (t + τ )

for at least half of the anglesφ, θ + ψ(t, τ, φ) ∈ I (t + τ ). The second assertion follows
formally from the first. 2

LEMMA 7.7. Letf be any non-negative continuous function onSL(2,R) invariant under
left multiplication bySO(2), (that is, a function onD2) with the property that given any
σ > 1 there existsκ > 0 such that forg ∈ D2 of hyperbolic distance at mostκ from o,
and anyh ∈ SL(2, R), σ−1f (h) ≤ f (gh) ≤ σf (h). Chooseτ, ρ such that Lemma 7.6
holds. Then ∫

I (t+τ )
f (at+τ rθ ) dθ ≤ c′σ

∫
I (t)

(Aτf )(at rθ ) dθ

wherec′ does not depend onτ .

Proof. For eachθ ∈ I (t + τ ),

(Aτf )(atrθ ) = 1

2π

∫ 2π

0
f (aτ rφat rθ ) dφ ≥ 1

2π

∫
Uθ

f (aτ rφat rθ ) dφ

≥ σ−1

2π

∫
9(Uθ )

f (at+τ rθ+ψ)
∣∣∣∣ dφdψ

∣∣∣∣ dψ (28)
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where for the last estimate we used the definition ofUθ and the condition onf . Now
integrating (28) overθ ∈ I (t + τ ) we get∫

I (t+τ )
(Aτf )(atrθ ) dθ ≥ σ−1

2π

∫
I (t+τ )

∫
9(Uθ )

f (at+τ rθ+ψ)
∣∣∣∣ dφdψ

∣∣∣∣ dψ dθ
= σ−1

2π

∫
I (t+τ )

f (at+τ rξ )
(∫

−9(Uξ )

∣∣∣∣ dφdψ
∣∣∣∣ dψ

)
dξ

≥ c′′σ−1
∫
I (t+τ )

f (at+τ rξ ) dξ (29)

where in the second line we made the change of variableξ = ψ + θ and for the last
inequality we used (27) to estimate from below the inner integral. (To see the domain of
the inner integral in (29) one can argue as follows. Take a point on the circle of radius
t and on the real axis. Take the circle of radiusτ centered at that point. Letp−, p+
be the two points where that circle intersects the circle of radiust + τ − κ centered at
the origin. Denote the angles ofp− andp+ as viewed from the origin by−w(t) and
w(t), respectively. Then setW = [−w(t),w(t)]. The domain of the inner integral
in (29) is −9(Uξ ) since before the change of variables the domain of integration was
{(θ, ψ) : θ ∈ I (t + τ ) andψ ∈ W ∩ (I (t + τ )− θ)}. After the change of variables the
domain becomes{(ξ, ψ) : ξ ∈ I (t + τ ) andψ ∈ W ∩ (−I (t + τ ) + ξ)} which for the
inner integral translates exactly to−9(Uξ).)

SinceI (t) ⊃ I (t + τ ), (29) implies the estimate of the lemma. 2

Proof of Proposition 7.2.For notational convenience we setαi = 1 for i > p0, the
maximal complexity of a complex. Fixσ > 1. Sinceαi is invariant under left
multiplication by rotations, and since elements ofSL(2,R) near the identity distort lengths
of saddle connections by a multiplicative factor at mostσ , we may chooseκ so thatαi
satisfies the hypotheses of Lemma 7.7. We may then chooseτ sufficiently large so that
applying Lemma 7.5 with Lemma 7.7 we get∫

I (t+τ )
αi(at+τ rθY ) dθ ≤ cc′σe−(1−δ)τ

∫
I (t)

αi(atrθ Y ) dθ + c′σb|I (t)|

+ c′σω
p0∑

j=i+1

∫
I (t)

αj (at rθY ) dθ. (30)

We want to prove that, for alli, there is a constantCi(ρ, τ, b) such that∫
I (t)

αi(at rθ Y ) dθ ≤ Ci
e−t e2δt

|γ |1+2δ
. (31)

This will be proved by reverse induction oni. Then (31) is trivially true fori > p0 (recall
that |I (t)| = 2ρe−t /|γ | and|γ | ≤ 1). Now suppose (31) has already been proved for all
j > i. It is clearly enough to prove (31) fori whent = nτ . Letan = ∫

I (nτ) αi(anτ rθY ) dθ .
Then, the inequality (30) can be rewritten for a new constantω′ = ω′(ω, b, Cj , c′, σ ) as

an+1 ≤ e−τ (cc′σeδτ )an + ω′

|γ |1+2δ
e−nτ e2δnτ . (32)
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Iterating this equation, and taking out the common factor ofe−nτ , we get for a new
constantω′′

an ≤ e−nτ
(
(cc′σ)nenδτ a0 + ω′′

|γ |1+2δ

n−1∑
k=1

(cc′σeδτ )ke2(n−k)δτ
)
.

Note thata0 ≤ (p0/|γ |)1+δ, since by definition an admissible complex has boundary
length at least|γ |/p0. If we chooseτ large enough (e.g. so thatcc′σe−δτ < 1/2), the
geometric series above is bounded, up to an absolute constant, by the term withk = 1.
Thus, we get for alln,

an ≤ C4e
−nτ e2nδτ

|γ |1+2δ .

This implies (31). Now Proposition 7.2 follows from the fact thatα1(K) =
1/`γ (K)1+δ. 2

Proof of Theorem 5.2.The proof of this theorem is a simplified version of the proof
of Proposition 7.2. The only differences are that one declares all complexes to be
admissible, and one integrates over the entire circle[0,2π] instead of overI (t). Then,
since Lemma 7.5 holds on the entire hyperbolic plane, the proof goes through without
modifications. 2

8. The induction
In this section we prove Theorem 5.1. We will use the following version of Proposition 3.5.

LEMMA 8.1. Let Y be a domain, and for2 > 0 andR2 > R1 > 0 let A(R1, R2,2)

denote the set of vectors inR2 of length betweenR1 and R2 which make an angle of
at most2 with the vertical. LetV (·) be a (set-valued) function on the orbitSL(2,R)Y
which satisfies condition(A) in §2. ForT > 0 andS ∈ SL(2,R)Y , letNV (T , S) denote
the cardinality ofV (S) ∩ B(T ,0). Then, for anyε, 0 < ε < 1, there exists a constant
c = c(ε) > 0 such that for anyT > 1, and any2 > 1/T ,

|A(εT/4, εT /2,2) ∩ V (Y )| ≤ cT 2
∫ 22

−22
NV (ε, at rθY ) dθ (33)

wheret = logT .

Outline of proof.Let f (x, y) be 16π/ε2 times the characteristic function of the rectangle
[−ε/4, ε/4] × [ε/8,3ε/4]. Then, it is easy to check (cf. the proof of Lemma 3.4) that for
anyt > 0, any2 > e−t and anyv ∈ A(εet/4, εet/2,2),

e2t
∫ 22

−22
f (at rθ v) dθ ≥ 1.

The rest of the argument follows exactly the proof of Proposition 3.5. 2

The next theorem is the major step in the proof of Theorem 5.1. First recall the constants
Dl given by Proposition 6.9.
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THEOREM 8.2. For anyl, the following hold.
(Ul) LetY be a domain of complexity at mostl and‖Y‖ ≤ 1. Supposeγ ∈ ∂Y , and for

R > 0, letN1(γ, R) denote the number of saddle connectionsβ such that|β| ≤ R,
β is (p0,Dl) weakly accessible fromγ and|β × γ | ≤ Dl‖Y‖. Then, for eachδ > 0
there isC1 = C1(l, δ,Dl) such that for eachR > 0

N1(γ, R) ≤ C1

(
R

|γ |
)1+δ

.

(Vl) LetY andγ be as in(Ul). LetN2(γ, R) denote the number of saddle connectionsβ

such that|β| < R andβ is (p0,Dl) weakly accessible fromγ . Then, for eachδ > 0
there isC2 = C2(l, δ) such that for eachR > 0

N2(γ, R) ≤ C2

(
R

|γ |
)1+δ

.

(Wl ) LetY be as in(Ul), andK a possibly empty complex that does not contain∂Y . Let
YK denote the complement of the filled-in complexKf . LetN(Y,K,R) denote the
number of saddle connections inY of length at mostR which intersectYK ; that is to
say, are not contained inKf . Then, for eachδ > 0, there isC3 = C3(l, δ) such that
for eachR > 0

N(Y,K,R) ≤ C3

(
R

`(Y,K)

)1+δ
,

where `(Y,K) denotes the length of the shortest saddle connection inY that
intersectsYK (i.e. not contained inKf ).

Remark.We note that Theorem 5.1(a) follows easily from(Wl ). Indeed, letε > 0 be
the constant defined following Corollary 6.3, and letS ∈ QD(P) be arbitrary. Form the
complexY ⊂ S containing all saddle connections of length at mostε. Y is a complex with
boundary, and the shortest saddle connection onS is contained inY . We takeK to be the
empty complex and apply(Wl ). Then,̀ (Y,K) = `(S), and thus (17) holds.

Proof of Theorem 8.2.The proof of Theorem 8.2 is by induction onl. Clearly(U1), (V1)

and(W1) are all true since only one saddle connection can be added to the domains. The
induction is done in the following steps.

(Wl−1) and Proposition 7.2 imply(Ul ). The assumption onβ implies that|β|/|γ | ≥
1/p0; otherwise the curveβ itself would separate itself fromγ , contradicting the weak
accessibility ofβ to γ , contrary to the assumption. By rescaling, we may assume that
‖Y‖ = 1. Suppose first|γ | ≤ 1. This implies that the notions ofp0 accessible and
(p0,Dl) weakly accessible coincide.

By Corollary 6.3 we form a complexK0 ⊂ Y which is generated by the saddle
connections of length at most|γ |/p0c

′; then |∂K0| ≤ |γ |/p0 so any saddle connection
contained inK0 is notp0-accessible fromγ . We replaceK0 by its ‘filled-in’ version (see
§6). It is still the case that any saddle connection contained inK0 is notp0 accessible
from γ .

Now, forS = at rθY ∈ SL(2,R)Y , letV (S) denote the set of saddle connectionsλ ⊂ S

such thatλ 6⊂ at rθK0. Then,V (·) satisfies the condition (A) of §2.
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Let zero correspond to the angle for whichγ is vertical. Suppose a saddle connection
β ⊂ Y contributes toN1(γ, R)−N1(γ, R/2). Then,

R/2 ≤ |β| ≤ R (34)

and

|β × γ | ≤ Dl. (35)

From (35) and the fact thatγ is vertical,|hβ | ≤ Dl/|γ | (where, as in §6,hβ denotes the
horizontal component ofβ). Let φ denote the angle smaller thanπ/2 betweenβ andγ .
Then from (34),

sinφ = |hβ |
|β| ≤ 2Dl

|γ |R .
Chooseε > 0 to be as in §6 (following Corollary 6.3). LetT = 2R/ε so that saddle
connections satisfying (34) have length betweenεT /4 andεT /2. Also setet = T , and
2 = sin−1(min(1,2Dl/|γ |R)). Then,|φ| is always bounded by2, hence

N1(γ, R)−N1(γ, R/2) ≤ |A(εT/4, εT /2,2) ∩ V (Y )|. (36)

Assume thatT ≥ 1. Then, by Lemma 8.1,

|A(εT/4, εT /2,2) ∩ V (Y )| ≤ cT 2
∫ 22

−22
NV (ε, at rθY ) dθ. (37)

Note that

2 ≤ 4Dl
|γ |R = 8Dle−t

ε|γ | . (38)

Now supposeθ ∈ [−22,22]. We will estimateNV (ε, at rθY ). By Corollary 6.3
we build the complexL ⊂ Y of complexity of at mostl − 1 generated by the saddle
connections of length at mostε onat rθY . Thus, all the saddle connections which contribute
to NV (ε, at rθY ) are contained inL. It is our intention to count the number of saddle
connections of lengthε in L which are not contained inK0, since the saddle connections
in K0 are not accessible. By Corollary 6.5(b) there exists a complexK ′ ⊂ L ∩K0 which
contains all the saddle connections inL ∩ K0. By construction, if a saddle connection in
L is contained inV (Y ), it is not contained in the filled-inK ′

f , with respect toL. We may
assume thatK ′ does not contain∂L (otherwiseL ⊂ K0 and there is nothing to count).
Thus, for some constantC3 = C3(δ, ε),

NV (ε, at rθY ) ≤ N(L,K ′
f , ε)

≤ C3

`(L,K ′
f )

1+δ/2 = C3

`(atrθY, at rθK0)1+δ/2 = C3

`γ (at rθY )1+δ/2 (39)

where in the second estimate we have used(Wl−1) and the last equality uses the definition
of `γ in §7.

Combining (36), (37) and (39) we obtain

N1(γ, R)−N1(γ, R/2) ≤ C3e
2t
∫ 22

−22

dθ

`γ (at rθY )1+δ/2 .
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Now setρ = 16Dl/ε so by (38) the domain of integration in the above integral
is contained in the interval[−ρe−t /|γ |, ρet/|γ |]. By Proposition 7.2, for someC′′ =
C′′(Dl, δ, ε), C1 = C1(Dl, δ, ε),

N1(γ, R)−N1(γ, R/2) ≤ C′′e2t e
−t (1−δ)

|γ |1+δ = C′′
(
et

|γ |
)1+δ

= C1

(
R

|γ |
)1+δ

.

Now, an easy geometric series argument shows that

N1(γ, R) ≤ C′
1(Dl, δ, ε)

(
R

|γ |
)1+δ

.

This completes the proof of(Ul ) in the case that|γ | ≤ 1 andT ≥ 1.
If |γ | ≤ 1 andT ≤ 1, thenR ≤ ε, and in view of the upper bound in (34),

N1(γ, R) ≤ NV (R, Y ). (40)

We do exactly the same except that we setL to be the complex generated by the saddle
connections of lengthR ≤ ε on the original domainY . Again, setK ′ ⊂ L ∩K0 to be the
complex containing all the saddle connections inL ∩K0. Then, using (Wl−1) as in (39),

NV (R, Y ) ≤ N(L,K ′
f , R) ≤ C4

(
R

`(L,K ′
f )

)1+δ

= C4

(
R

`(Y,K0)

)1+δ
≤ C5

(
R

|γ |
)1+δ

, (41)

where the constantsC4 andC5 depend onl and δ, and the last estimate follows from
Corollary 6.3 and the definition ofK0. Now (Ul ) follows from (40) and (41). This
completes the proof of(Ul ) in the case|γ | ≤ 1.

If |γ | ≥ 1 then we can rotateγ so it is vertical and then flow byat so that its length is 1.
Since rotations are isometries,at contracts a vertical saddle connection the most and cross
products are preserved, it is clear that after this action by an element ofSL(2, R) that any
β which is(p0,Dl) weakly accessible before is still(p0,Dl) weakly accessible. Let| · |′
denote lengths on the deformed surface. Then we have, for someC6,

R

|γ | ≤ |β|′ ≤ 2R

|γ | +Dl ≤ C6
R

|γ | ,

with the first inequality on the right following from|β|′ ≥ |β|/|γ | ≥ R/|γ |, the middle
inequality following from the condition on the cross product and the rightmost inequality
following from the fact thatR/|γ | is bounded below by 1/p0. This implies that the estimate
for |γ | = 1 gives the general estimate.

(Ul) and Proposition 6.9 imply(Vl ). We say a saddle connectionσ has sizen if en−1 <

|σ | ≤ en. Up to an additive constant there are logR/|γ | sizes between|γ | andR. For each
saddle connectionβ which contributes toN2(γ, R), first note thatβ is (p0,Dl) weakly
accessible fromγ . Thus we find the chain (see Proposition 6.9)β = β1, . . . , βn = γ

where|βi × βi+1| ≤ Dl , βi is (p0,Dl) weakly accessible fromβi+1. This implies that
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|βi |/|βi+1| ≥ 1/p0 and so up to an additive constantβi has size between size(|γ |) and
size(|β|). Now (Ul) implies that the number ofβ is bounded by a constant times a product( |β1|

|β2|
)1+δ/2

× · · · ×
( |βn−1|

|βn|
)1+δ/2

= C3

( |β|
|γ |
)1+δ/2

≤ C3

(
R

|γ |
)1+δ/2

,

where the product has to be summed over all the possible sizes of|βi |. This introduces
an extra factor of log(R/|γ |)p0 into the above quantity, which is incorporated into the
exponent 1+ δ.

(Vl) and(Wl−1) imply(Wl ). Letω be the shortest saddle connection intersectingYK ; that
is, not contained in the filled-inKf . LetK ′ ⊂ Y denote the complex generated by all the
saddle connections inY of length smaller than|ω|/c′ wherec′ is as in Corollary 6.3 so
K ′ ⊂ Kf . ThenK ′

f ⊂ Kf as well so it is sufficient to prove(Wl ) for saddle connections
intersectingYK ′ ; that is, not contained inK ′

f . Let γ be the longest saddle connection in
∂Y \K, so|γ | ≥ |ω|. LetL be the subcomplex ofY generated by all the saddle connections
of length smaller than|γ |/c′, soK ′ ⊂ L and thereforeK ′

f ⊂ Lf . Since,γ 6∈ Lf , Lf is a
proper subcomplex ofY . Thus, its complexity is at mostl − 1.

We wish first to count the number of saddle connections inLf \K ′
f , if this set is non-

empty. By(Wl−1),

N(Lf ,K
′
f , R) ≤ C3(l, δ)

(
R

`(Lf ,K
′
f )

)1+δ
≤ C4(l, δ)

(
R

|ω|
)1+δ

.

Now we wish to count the saddle connections that intersectYK ′ that are not contained in
Lf . Each such saddle connection isp0 accessible fromγ , and hence is(p0,Dl) weakly
accessible fromγ . Hence, by(Vl) the total numberN(γ,R) of such saddle connections is
at most

N(γ,R) ≤ C2(l, δ)

(
R

|γ |
)1+δ

≤ C2(l, δ)

(
R

|ω|
)1+δ

.

This completes the proof of(Wl ) and the inductive step. 2

Proof of Theorem 5.1(b).Let V (·) denote the set of vectors, counting multiplicity
associated to saddle connections. Letε = ε(P ) > 0 be as in Theorem 5.1(a) (and §6). Let
C(δ) be as in Theorem 5.1(a).

We note that for anyR > ε there exists an integerm = m(R) andm elements
g1, . . . , gm of SL(2,R) depending only onR such thatB(R,0) ⊂ ⋃m

j=1 gjB(ε,0).
Hence, for anyS ∈ QD(g, P ),

|V (S) ∩ B(R,0)| ≤
m∑
j=1

|V (S) ∩ gjB(ε,0)| =
m∑
j=1

|V (g−1
j S) ∩ B(ε,0)|. (42)

By Theorem 5.1(a), for eachj ,

|V (g−1
j S) ∩ B(ε,0)| ≤ C(δ)

(
ε

`(g−1
j S)

)1+δ
. (43)

Since lengths ong−1
j S differ from lengths onS by a factor depending only ongj (and

hence only onR), (42) and (43) imply the theorem. 2
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Remark.An easy geometric series argument shows that Theorem 5.1(a), and hence (B)
and (Cµ) in §2 hold for cylinders of imprimitive closed geodesics. This implies that
the pointwise asymptotic formula holds for cylinders of imprimitive closed geodesics on
almost every surface.

We now relate the constants in the asymptotic formulas for primitive and imprimitive
geodesics. LetV (·) denote the primitive closed geodesics, and letW(·) denote the
imprimitive closed geodesics. For a bounded functionf onR

2 and a surfaceS let

f̂ (S) =
∑

v∈V (S)
f (v) and f̃ (S) =

∑
v∈W(S)

f (v).

We claim that for any ergodic invariant probability measureµ, the Siegel–Veech constants
are related bycV,µ = cW,µ/ζ(2). Choose anyR > 0, and letf denote the characteristic
function of the ball of radiusR. Let fk denote the characteristic function of the annulus
{v : R/(k + 1) < ‖v‖ ≤ R/k}. Then, for anyS ∈ QD(P),

f̃ (S) =
∞∑
k=1

kf̂k(S). (44)

From the Siegel–Veech formula Theorem 2.2 we have∫
QD(P)

f̃ (S) dµ(S) = πcW,µR
2,

∫
QD(P)

f̂k(S) dµ(S) = πcV,µ

(
R2

k2
− R2

(k + 1)2

)
.

(45)

Integrating (44) overQD(P) with respect toµ and substituting (45), we get

πcW,µR
2 = πcV,µ

∞∑
k=1

k

(
R2

k2
− R2

(k + 1)2

)
= πcV,µR

2
∞∑
k=1

1

k2
= πcV,µR

2ζ(2).

HencecW,µ = ζ(2)cV,µ.

9. Proof of Theorem 1.4
In this section we use the notationsYi , µi , N4(·) andN5(·) defined in §1.

THEOREM 9.1. Eachµi is ergodic under theSL(2,R) action onYi .

Proof. We follow the Hopf proof of ergodicity of the diagonal actionat . Let f ∈ C0(Yi)

be a continuous function with compact support. For eachx ∈ Yi we form

f ∗(x) = lim
T→∞

1

T

∫ T

0
f (atx) dt

and

f∗(x) = lim
T→∞

1

T

∫ T

0
f (a−t x) dt,

the limits existing forµi a.e.x ∈ Yi . Moreover,f ∗ = f∗ a.e. as well. We need to show that
f ∗ = f∗ = c a.e. for some constantc. Now, for eachx, f ∗ is constant along the vertical
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leaves (pairs of vertical leaves) of the flat structure (pair of flat structures) corresponding
to x. If the vertical foliation of the flat structure is ergodic thenf ∗ is constant a.e. on each
(product) fiber. Sinceµi a.e. fibers have ergodic vertical foliations, this implies thatf ∗ is
constant on fibers. This reduces the proof to that of [Ma1]. 2

LEMMA 9.2. Let ε > 0 be as in §6.
(1) For anyδ > 0 there existsC5 = C5(P, δ) such that for anyS ∈ QD(P) and any

p ∈ S, N4(S, P, p, ε) ≤ C5/`(S)
1+δ.

(2) For any δ > 0 there existsC6 such that for anyp, q, N5(S, P, p, q, ε) ≤
C6/`(S)

1+δ.

Proof. Recall thatZS denotes the set of singularities ofS. To prove (1), letZ′
S = ZS ∪ p.

Let S′ be the same surface asS except that onS′ we define a saddle connection to be a
geodesic segment which begins and it ends at a point ofZ′

S , and it does not contain a point
of Z′

S in its interior.
By Corollary 6.3, there exists a complexY ′ ⊂ S′ with boundary such that every saddle

connection onS′ of length at mostε is contained inY ′. Note that any saddle connection
on S′ of length shorter thaǹ(S) must begin or end atp. Let b = `(S)/3, and form
the complexK ′ generated by saddle connections of length at mostb. Now we claimK ′
consists of at most a single segment fromp to a vertexv. Suppose on the contrary there
are two segments joiningp to verticesv1, v2 or a closed loop fromp to itself with length
at mostb. In the first case there would be a geodesic joiningv1 to v2 of length at most
2b < `(S), contradicting the fact that the shortest segment onS has length at most̀(S).
In the second case, in the homotopy class of the closed loop there would be a segment of
length at mostb, again a contradiction.

SinceK ′ consists of at most a single segment which is not a closed loop, it cannot
contain the entire boundary ofY ′. Thus by Theorem 8.2(Wl ),

N(Y ′,K ′, ε) ≤ C3

`(Y ′,K ′)1+δ = C5

`(S)1+δ .

The proof of (2) is similar. This time setb = `(S)/4. We add bothp, q to the vertex
setZS and again formY ′ andK ′. NowK ′ can consist of at most three segments; no two
of which can both be fromp (respectivelyq) to vertices or fromp to q. Nor can there be
a segment fromp (respectivelyq) to itself. Thus the only possible closed loop must be
homotopically trivial, consisting of segments joining a vertexv to p andq and a segment
joining p to q. This closed loop bounds a triangle1. NowK ′ can be the entire boundary
of Y ′ only if Y ′ = 1, in which case the bound in the lemma is trivial. Otherwise we apply
(Wl ) again. 2

Proof of Theorem 1.4.We first verify that Theorem 2.1 applies. LetM be one of the fiber
bundlesYi . If i = 1, letV (S, p) ⊂ R

2 denote the set of segments onS joining p ∈ S to
a vertex. Ifi = 2, letV (S, p, q) ⊂ R

2 denote the set of segments onS joining p ∈ S

to q ∈ S. The condition (A) is clearly satisfied. Also (Cµi ) is clearly satisfied in view of
Lemma 9.2 and Lemma 5.5. Also, (B) is satisfied in view of Lemma 9.2 and Theorem 5.2
(cf. the proof of Theorem 5.4 in §5). Thus, to prove Theorem 1.4, it remains to evaluate
the Siegel–Veech constants.
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Fix a smallε and letf ∈ C∞
0 (R

2) be a positive function which is 1 on the disc of
radiusε, 0 outside the disc of radius 2ε and has integralπε2 + o(ε2). To prove (1), for
p ∈ S \ ZS , letV = V (S, P, p) denote the set of segments joiningp to a singularity. By
the Siegel–Veech formula∫

Y1

f̂ dµ1 = cV,µ1

∫
R2
f = cV,µ1πε

2 + o(ε2). (46)

We will show that

cV,µ1 = k

2
. (47)

We will computecV,µ1 by computing the left-hand side of (46), dividing both sides byε

and letε → 0.
LetQDε(P ) denote the set of flat structuresS such that the shortest saddle connection

onS has length at most 4ε. For eachS /∈ QDε(P ) andv ∈ P letDε(v) denote the ball of
radiusε centered atv. For each suchS,∫

S

f̂ (S, p) dλS(p) =
∑
v∈P

Dε(v) + o(ε2) = kπε2/2 + o(ε2) (48)

whereλS denotes the Euclidean measure onS.
Let Y1,ε be the fiber space overQDε(P ). It is enough to show that∫

Y1,ε

f̂ dµ1 = o(ε2), (49)

for then adding the contribution of (48) integrated overQD(P) to (49), substituting into
(46), dividing both sides byε and letε → 0, we get (47).

Now by Lemma 9.2, for eachS ∈ QDε(P ),

f̂ (S) ≤ C5

`(S)1+δ .

Sincef̂ is supported on a set of measureO(ε2) onS,

∫
S

f̂ (S, p) dλS(p) = O

(
ε2

`(S)1+δ

)
.

Hence, since by Lemma 5.5 the function 1/`(S)1+δ ∈ L1(QD(P)), and the measure of
QDε(P ) → 0 asε → 0, (49) holds. This concludes the proof of (1).

For (2), letV = VS,P,p1,p2 denote the set of segments joiningp1, p2 and again apply
the Siegel–Veech formula tof . This time we will show

cV,µ2 = 1

and then use Theorem 2.1.
Again we need to compute the left-hand side of the Siegel–Veech formula, divide by

ε and letε → 0. Again we first restrict to fibers overQD(P) \ QDε(P ). In each fiber
S × S, letWε be the set of pairs(p1, p2) where eitherp1 or p2 is in the 2ε neighborhood
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of a singularity. For(p1, p2) ∈ S × S \ Wε , f̂ = 1 if p1, p2 belong to the sameε ball.
Thus ∫

S×S\Wε
f̂ = πε2 + o(ε2).

If (p1, p2) ∈ Wε , say,p1 lies in a 2ε neighborhood of a singularity, thenp2 must lie within
a 4ε neighborhood of the singularity; otherwisêf = 0. The integral off̂ over the set of
pairs(p1, p2) such that bothpi lie in a 4ε neighborhood of a singularity isO(ε4) = o(ε2).
Thus the integral off̂ on the fiber space overQD(P) \QDε(P ) is πε2 + o(ε2).

Now using the second part of Lemma 9.2, on each fiberS over QDε(P ), f̂ is
O(1/`(S)1+δ) and sincef̂ is supported on a set of measureO(ε2), the integral off̂ is
O(ε2/`(S)1+δ) on each such fiber. Exactly as before this implies that the total contribution
to
∫
f̂ is o(ε2) on the fibers overQDε(P ). 2

Acknowledgements.We would like to thank W. Veech, who besides inspiring this project
also corrected an error in the initial version of this paper. We would also like to thank the
referee for many valuable comments.

A. Eskin was partially supported by NSF grant DMS-9704845, the Sloan Foundation
and the Packard Foundation. H. Masur was partially supported by NSF grant 9803497.

REFERENCES

[EG] C. Earle and F. Gardiner. Teichmuller disks and Veech’sF -structures.Extremal Riemann surfaces
(San Francisco, CA, 1995) (Contemp. Math., 201). American Mathematical Society, Providence,
RI, 1997, pp. 165–189.

[EMaS] A. Eskin, H. Masur and M. Schmoll. In preparation.
[EMM] A. Eskin, G. Margulis and S. Mozes. Upper bounds and asymptotics in a quantitative version of the

Oppenheim conjecture.Ann. Math.147(1) (1998), 93–141.
[EMZ] A. Eskin, H. Masur and A. Zorich. The Siegel–Veech constants. In preparation.
[EO] A. Eskin and A. Okounkov. Asymptotics of numbers of branched coverings of a torus and volumes

of moduli spaces of holomorphic differentials.Preprint.
[EZ] A. Eskin and A. Zorich. Billiards in right-angled polygons. In preparation.
[Gut] E. Gutkin. Billiards on almost integrable polyhedral surfaces.Ergod. Th. & Dynam. Sys.4 (1984),

569–584.
[GuJ] E. Gutkin and C. Judge. Affine mappings of translation surfaces: geometry and arithmetic.Preprint.
[KMS] S. Kerckhoff, H. Masur and J. Smillie. Ergodicity of billiard flows and quadratic differentials.Ann.

Math.124(1986), 293–311.
[KZ] M. Kontsevich and A. Zorich. Connected components of the space of holomorphic differentials with

prescribed singularities.Preprint.
[Kra] I. Kra. On the Nielsen–Thurston–Bers type of some self-maps of Riemann surfaces.Acta Math.

146(3–4) (1981), 231–270.
[Ma1] H. Masur. Interval exchange transformations and measured foliations.Ann. Math.115(1982), 169–

200.
[Ma2] H. Masur. The growth rate of trajectories of a quadratic differential.Ergod. Th. & Dynam. Sys.10

(1990), 151–176.
[Ma3] H. Masur. Lower bounds for the number of saddle connections and closed trajectories of a quadratic

quadratic differential.Holomorphic Functions and Moduli, Vol. 2. Springer, Berlin, 1988.
[MaSm] H. Masur and J. Smillie. Hausdorff dimension of sets of foliations.Ann. Math.134(1991), 455–543.
[NS] A. Nevo and E. Stein. Pointwise ergodic theorems for radial averages on simple Lie groups II.Duke

Math. J.86 (1997), 239–259.

https://doi.org/10.1017/S0143385701001225 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001225


478 A. Eskin and H. Masur

[Nevo] A. Nevo. Equidistribution in measure preserving actions of semisimple groups.Preprint.
[Rat] M. Ratner. On Raghunathan’s measure conjecture.Ann. Math.134(1991), 545–607.
[Ve1] W. Veech. Gauss measures for transformations on the space of interval exchange maps.Ann. Math.

115(1) (1982), 201–242.
[Ve2] W. Veech. The Teichmuller geodesic flow.Ann. Math.124(3) (1986), 441–530.
[Ve3] W. Veech. Teichmuller curves in moduli space, Eisenstein series and an application to triangular

billiards. Invent. Math.97(3) (1989), 553–583.
[Ve4] W. Veech. Moduli spaces of quadratic differentials.J. Analyse. Math.55 (1990), 117–171.
[Ve5] W. Veech. Siegel measures.Ann. Math.148(1998), 895–944.
[ZK] A. N. Zemlyakov and A. B. Katok. Topological transitivity of billiards in polygons.Matem. Zametki

18(2) (1975), 291–300. (Eng. Transl.Math. Notes18(2) (1976), 760–764).

https://doi.org/10.1017/S0143385701001225 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001225

