Ergod. Th. & Dynam. Sy$2001),21, 443-478
Printed in the United Kingdom © 2001 Cambridge University Press

Asymptotic formulas on flat surfaces

ALEX ESKINT and HOWARD MASURZ

T Department of Mathematics, University of Chicago, 5734 University Ave,
Chicago, IL 60637-1514, USA
(e-mail: eskin@math.uchicago.edu)
¥ Department of Mathematics, University of lllinois at Chicago, 851 South Morgan,
Chicago, IL 60607, USA
(e-mail: masur@math.uic.edu)

(Receive®4 Septembet998and accepted in revised forga July 2000)

Abstract We find asymptotics for the number of cylinders and saddle connections on flat
surfaces. These results extend previous results of Veech.

1. Introduction

This paper concerns asymptotic formulas for the number of closed trajectories and saddle
connections on a flat surface. It is inspired by some recent work of W. Veech, especially
the recent papeng5. In particular, the analogy noted iv¢5 between the problem
discussed in this paper and the quantitative version of the Oppenheim Conjé&diive] [
allowed us to use some of the ideas developed by G. A. Margulis in the context of the
Oppenheim conjecture to simplify and improve the quadratic upper boutie®][ This,
together with an ergodic theorem proved for this purpose by A. Newd|, allowed us

to find asymptotic quadratic growth rates for the number of closed trajectories on a generic
surface. This sharpens results @ép] where these growth rates were found in the mean.

1.1. Flat metrics and quadratic differentials.Given a Riemann surface structure on a
closed surface of genygs> 1, recall that a holomorphic quadratic differentes a tensor

of the form¢(z) dz? in local coordinates withp holomorphic. Away from the zeroes,

a coordinate; can be chosen so that = d¢?2, which determines a Euclidean metric
|dz2| in that chart. The change of coordinates away from the zerogsaoé of the form

¢ — £¢ + ¢, which preserves the Euclidean metric. Consequently, quadratic differentials
are sometimes referred to as translation surfaces or flat structures with parallel line fields.
A general flat structure or equivalently a surface with zero Gaussian curvature would allow
for rotational components in the transition functions and therefore would not have a parallel
line field. If one can always take the sign in the change of coordinates, the quadratic
differential is the square of an Abelian differential and the parallel line field is a vector field.
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We will henceforth adopt the notatighto refer to the structure of a quadratic differential.
A local coordinate can be chosen in the neighborhood of a zero of okderl so that the
quadratic differential is given by* d¢2. The metric is|c¥||dz?|. The total angle around
the zero is(k + 2)7, so we say thaf has a cone anglé& + 2)x singularity. We will
denote the set of singularities 8f(i.e. the zeroes ap) by Zs. Note that the curvature of
the metric is zero, except férfunction singularities at the points &fs.

The number of zeroes counting multiplicity ig4 4. Leta be a partition of 4—4 (i.e. a
representation ofd— 4 as a sum of positive integers), anddetenote a sign{ or —). We
say a quadratic differentigl determinesa, ¢) if the orders of its zeroes are the partition
a, ande is + if ¢ is the square of an Abelian differentiak, if ¢ is not. An obvious
necessary, but not sufficient condition #ito be a square of an Abelian differential is to
have all zeroes with even order.

Let OD(g, a, €) denote the space of pai(s/, ¢) whereM is a Riemann surface of
genusg, and¢ is a holomorphic quadratic differential which determinase). This
space is called a stratum; this term is justified by the fact that the space of all quadratic
differentials on Riemann surfaces of genuss stratified by the space@D(g, o, L),
asa varies over the partitions ofgd— 4. These spaces have been studied by various
authors, e.g.Mal, MaSm, Ve2, Ve4. The strataQ D(g, o, £) have projection maps to
the moduli spac&, of Riemann surfaces of gengs We note thatp D(g, «, €) are not
always connected, but the number of connected components is always finitkZdder
a classification. Lef be a label for a connected component, andAedenote the triple
(g, 0, ¢, j). ThusQ D(P) refers to a connected component of a stratum.

One way to visualize a poirt € QD(P) = QD(g, «, ¢, j), Wwherea = {k1, ..., k,},
is as a finite union of polygons glued along parallel (or antiparallel) sides, such that each
side is glued to exactly one other, and with special vertiges. ., v, such that at; there
is a conical singularity of excess angté; .

There is anSL(2, R) action onQD(P). In each coordinate patch € R2, and for
A € SL(2,R), the action is the linear action — A¢. The fact that the change of
coordinates is given by — =4¢ + ¢ says that this is well-defined. If one visualizes
S € QD(P) as a union of polygonRy U---UR,, thengS = gR1U---UgR,. The orbits
of this action (in Teichmuller space) are called Teichmuller disks, and have been studied
extensively: see e.gKfa, Ve3, EG, GuJ]. The SL(2,R) action preserves an ergodic
probability measurg.p on Q D(P) [Mal, Vel]. This measure is absolutely continuous
with respect to the orbitfold structure and may be interpreted as the Liouville measure.
One can also construct other invariant measures: those which come from certain invariant
suborbitfolds ofQ D(P). The authors are not aware of any other constructions.

1.2. Cylinders of closed geodesics and saddle connectioAssaddle connection of

is a geodesic segment joining two zeroesSodvhich has no zeroes in its interior. We
note that the metric on the surface has non-positive curvature. Every homotopy class
contains a geodesic; however, this geodesic typically consists of a union of several saddle
connections. If we give the saddle connection an orientation then it determines a vector
in R? since in each coordinate chart it is geodesic with respect to the Euclidean metric.
This vector can be thought of as the holonomy along the path given by the oriented
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saddle connection. Th&L (2, R) action on surfaces maps saddle connections to saddle
connections. Given a (oriented) saddle connectione can decompose the associated
vector (which we also denote ) as a sum of its horizontal pakg and its vertical part

vg. The action on these components is the linear action

IR

A closed geodesic that does not pass through any zeroes determines a cylinder of parallel
freely homotopic closed geodesics of the same length. The cylinder is metric in that it
induces an isometry from a right-angled flat Euclidean cylinder into the surface. Each
boundary component of the cylinder consists of one or more parallel saddle connections.
A cylinder of closed geodesics is callezfular if both its boundaries consist of a single
saddle connection.

1.3. Pointwise asymptotic formulas.One goal of this paper is to prove the following
asymptotic formulas for the number of (oriented) closed geodesics and saddle connections
on translation surfaces.

THEOREM1.1. For a quadratic differentialS and7 > 0, let N1(S, T') denote the number
of cylinders of closed geodesics 8such that the norm of the associated vector is at most
T. For eachP there exists a constanp > 0 such that forug almost allS € QD(P),

Ni(S, T) ~ cpT2.

THEOREM 1.2. For a quadratic differentials andT > 0, let N2(S, T') denote the number
of saddle connections afisuch that the norm of the associated vector is at rioskhen,
for any P there exists a constamp > 0 such that forug almost allS € QD (P),

No(S, T) ~ spT2.

Versions of the above theorems where convergence a.e. is replaced by convergence in
L1 are proved inYe5). We also note some related results all of which will follow from
our general result, Theorem 2.1.

THEOREM 1.3. For a quadratic differentialS and7 > 0, let N3(S, T') denote the number
of irregular cylinders of closed geodesics 8such that the norm of the associated vector
is at mostT'. Then, for anyP, for ug almost allS € Q D(P),

Na(S, T) = o(T?).

Note that in Theorem 1.3 cannot be replaced by any ergodit (2, R) invariant
measuregu; for example, on a Veech surface one may haiye~ ¢72 for somec > 0, see
[Ve3.

Some results on the value of the constantsandsp are known, seeHO, EMZ].
In this paper, for two related problems, we prove the asymptotic formula and also write
down the constants explicitly. The expression for these constants is much simpler than the
expressions for the constants andsp in the known cases.
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Let Y1 — QD(P) be the fiber bundle ovap D(P) where the fiber over each point in
QD(P) is the corresponding surface with flat structdteSimilarly, letY, — QD(P) be
the bundle whose fiber i$ x S. Thus, a point in¥; is a pair(S, p), whereS is a surface
with a flat structure, ang is a pointinS. A point in Y7 is a triple (S, p1, p2) whereS
is a surface with a flat structure, apd, p> are points inS. The fiber bundlg’; inherits
a naturalSL (2, R) invariant probability measure;, which is the measurgg on the base
OD(P) and is just the Euclidean measure induced by the flat structure (product of flat
structures) on the fiber.

THEOREM1.4.
(1) Given aflat structureS andp € S\ Zgs, let N4(S, p, T) be the number of segments
of length at most' joining p to a zero of the quadratic differential. Then fag a.e.
(S, p) e,
Na(S, p, T) ~ tkT?/2,

wherek is the sum of the cone angle at the zerdgs,
(2) For (p1,p2) € (S\ Zs) x (S\ Zs), let N5(S, p1, p2, T) denote the number of
segments joining1 and p2 of length at mosY'. Then foruz a.e.(S, p1, p2) in Yo,

N5(S7 plv P2: T) ~ 77:T2

1.4. The lack of connection to billiards. We note that there is a well known construction
which associates a surface with a flat structure to each rational polygonZfse&iit,
KMS]). In particular, counting families of periodic trajectories of the billiard in the
polygon is equivalent to counting cylinders of closed geodesics on the surface constructed
from the polygon. However, the set of surfaces which are constructed from polygons
hasuo measure zero in the stratum (see, howeueZ]]. Thus, Theorem 1.1 cannot be
used to obtain information about billiards in rational polygons. This is in contrast with
the quadratic upper boundip2] and lower bound¥ia3] theorems, and the asymptotic
formulas for Veech surface¥§3]. However, the techniques of this paper, together with
Ratner’s theoremRat], can also be used to obtain asymptotic formulas for billiards in
some special polygons which do not give rise to Veech surfacesEddag]. We also

note that we give another proof of the upper boundwé?] in 85.

1.5. Spherical averages df -finite functions. Letry = ( %, 35’5). LetK = {ry :

6 € [0, 27]} denote the standarlO(2) ¢ SL(2,R). Let M be a space on which
SL(2,R) acts. A functionf on M is calledK -finite if the linear span of the functions
{f org : 0 € [0, 2]} is finite dimensional. (Thug is K -finite if and only if there exists
an integermn such that for almost alt € SO (2)\M, p(6) = f(rex) is a trigonometric
polynomial of degree at mosi.) The main ergodic tool we use is the following general

ergodic theorem.

THEOREM1.5. (Nevo)Letq; = (“(; 69,), and let K denote the standard 0(2)
SL(2,R). Let M be a space on whicBL(2, R) acts and letu be an ergodicSL(2, R)
invariant probability measure oM. Suppose € Cy°(R) is any non-negative function,
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e > 0and supposg e L1t€(M, p) is a K -finite function. Then, fop-almost every
in M,

T—>00

] 00 1 2 00
|lm/ ¢(t—t)<§ A f(azre)C)dH)dt=/ cb(t)dt/Mf(y)du(y).

Note in this theorem thap is a smoothing function. Basically the assertion of the
theorem is a smoothed version of the assertion
2

1
lim — f(azre)C)d9=/ f)dup(y).
M

t—o00 27T 0

1.6. Readers guide. The paper is organized as follows. In §2 we formulate the general
case of the counting problem considered in this paper. We then state our main theorem,
Theorem 2.1. The constants in that formula are given by the Siegel-Veech formula,
Theorem 2.2. As a consequence of these two theorems we prove Theorems 1.1, 1.2,and 1.3
in 82. The rest of the paper is devoted to the proof of Theorem 2.1. In 83, folloWeak, [

we relate the counting problem to consideration of certain integrals over orlSils(@f R).

In 84 we use Nevo's Theorem 1.5 to obtain asymptotic results almost everywhere for the
integrals in §3.

The results of §3 and &4 are conditional on the assumptions (A), (B) ap¥l (C
formulated in 82. For the key case of counting saddle connections, (A) is immediate,
but (B) and (G,) require certaira priori upper bounds. These upper bounds are verified
in 85, based on two results of independent interest, Theorems 5.1 and 5.2. We also show
in 85 that Theorems 5.1 and 5.2 imply the quadratic upper bound resivtadf [

In 86—88, which are more technical than the rest of the paper, we prove Theorems 5.1
and 5.2. In 89, we compute the constants in the asymptotic formulas of Theorem 1.4.

2. The counting problems

The spaceM and the measurg. It is convenient to axiomatize the properties we will

need. LetM denote a space on whic$ (2, R) acts. For most of the papef/ will

denoteQ D(P), but in 89, M will denote the fiber bundle¥;. Let u be a probability
measure ooM invariant under theSL (2, R) action. LetB(T, 0) denote the Euclidean ball
of center(0, 0) and radiugl’, and let| - | denote the cardinality of a finite set.

In the rest of the papér (S) will denote a subset &2 — {(0, 0)} with multiplicity; that

is, a set of vectors assigned positive weights. They typically will be integer weights, but in

some applications they need not be. Suppose to every foini\ we associate such a

set so that the following hold.

(A) V varies linearly underSL(2, R) action. More precisely, fog € SL(2,R),
V(gS) =gV(S).

(B) ForanyS € M, there exists a constant= ¢(S) > 0, such that for any" > 1 the
cardinality ofV (S)NB(T, 0) is at most72. The constant can be chosen uniformly
ass$ varies over any compact subset/of.

(C.) Foreachl’ > 0 let Ny (T, S) denote the cardinality of (S) N B(T, 0). Then there
exist someR > 0 ande > 0 such that as a function &f € M, Ny(R,S) €
L1t M, w).
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We note that if V(-) denotes the holonomy vectors associated to oriented closed
geodesics or to saddle connections, then assumption (A) is clearly satisfied. The fact
that assumption (B) is satisfied is a theorem of MaddaZ?], which we will reprove as
Theorem 5.4 in 85. We will also verify that condition (Cis also satisfied for every
invariant probability measurg. These statements together with the following theorem
will allow us to prove our asymptotic formulas.

THEOREM2.1. Let u be an ergodic invariant probability measure dri. Supposé/ (-)
satisfies assumptiorfd), (B) and(C,). Then there exists a constant ,, = c(V, u, M)
such that foru-almost allS € M,

. 1
Tlinm ﬁNv(T, S)=mcy u.

The constanty , is the constant in a ‘Siegel-Veech formula’; see Theorem 2.2 below.

We note that we do not know the value @f , in many cases. For some results, see
[EO, EMZ].

Remark.Conditions (A), (B) andC,) are not sufficient to ensure that , > 0; indeed,
Theorem 1.3 is an example when , = 0. See the statement of Theorem 2.2 for a
necessary and sufficient condition to ensure thyat > 0 (and thus that the asymptotic
formulais quadratic).

2.1. The Siegel-Veech formulaln this subsection we recall some constructions and
results from Ve5]. For completeness, and since our assumptions differ somewhat from
those of Meg], we reproduce the proofs below.

The functionsf and f. For f € C°(R?), let f : QD(P) — R be defined by

f)=Y fw.
veV(S)
The terms in the sum are counted with multiplicity. By assumption (B), the sum is finite,
and alsof is a bounded function on compact subset®a@i(P).

For technical reasons one nee be a smooth function, but if one takggo be the
characteristic function of a ball of radidscentered at the origin, thef(s) will count the
number of elements df (S) which lie in a ball of radiug".

A generalization of the following theorem is proved Wef|.

THEOREM2.2. (Siegel-Veech formule&upposeV satisfies assumption®), (B) and
(C.). Letpu be any ergodic invariant probability measure ovl. Then there exists a
constanty,, such that for anyf € C°(R?),

/ f(S)dM(S)=6v,,L/ fx,y)dxdy.
M R2

The constanty , is always non-negative; it is zero if and onlyff = 0 p-almost
everywhere.
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Proof. We present the idea of the proof froMg5] for completeness. By assumption,(C
and sinceu is a probability measurg’ € L1*€(M, u) ¢ LY(M, u). Consider the linear
functional

O(f) = / F(S)du(s). (1)
M

Sincep is invariant under theSL(2, R) action onM, @ is invariant under theSL(2, R)
action on continuous functions dk?. Thus it follows from the general form of such
functionals that for allf € C5°(R?),

o(f)=ar©0+b [ f @

wherea andb are independent of. Pick a functionp e C3°(IE€2) so thatg (0, 0) = 1 and
¢ < 1,andletf;(x,y) = ¢(jx, jy) f(x,y). Then,f;(0,0) = £(0,0), and[Rz fi—0
by dominated convergence. Note that for every fised M, since f(S) < oo and
(0,0) & V(S), lim; 0 £;(S) = 0. Hence, using (1) and the fact thate L, we get (by
dominated convergencé)(f;) — 0. Substitutingf; instead off into (2) and taking the
limit j — oo, we geta = 0. Now setcy , = b. The final assertion is immediate. O

Proof of Theorem 1.2This is immediate from Theorem 2.1 and Theorem 2.2 since every
surface has a saddle connection of bounded length so that forgofit8) # 0 forall s. O

Proof of Theorem 1.3Now we need to show thaf(S) = 0 for up a.e.S. In other
words we have to show that a generic surface does not have an irregular cylinder. We first
consider the case of differentials that are squares of Abelian differentials. Note that all the
periodic trajectories comprising a cylinder are homotopic to the same curve on the surface;
we call this curve the ‘core curve’ of the cylinder. The holonomy along the core curve is
the height of the cylinder, and is thus non-zero. Since the holonomy along any;cisve
equal to the integral of the Abelian differential alopgthis implies that the core curve of
the cylinder is not homologous to zero. Thus the saddle connections on the boundary of
an irregular cylinder are linearly independenthi(S, Zs) (the homology relative to the
zeroes). Local coordinates on the stratum are given by the holonomy vectors of a basis
for H1(S, Zs). Thus the fact that these linearly independent holonomy vectors are real
multiples of each other means that the set of flat structures defining an irregular cylinder
near the given one is a positive codimension set, and hengehmsasure zero. The result
follows by taking the union over the at most countable set of homotopy classes.

If the stratum is not defined by Abelian differentials, the proof is the same if the cylinder
is not homologous to zero. If it is, we pass to a double céVeramified over the zeroes.
The quadratic differential lifts to an Abelian differential and the cylinder lifts to a pair of
cylinders, each of which is not homologous to zero; although they are homologous to each
other, and are interchanged by the involution on the double cover. Now local coordinates
on the original spac® D(P) are given by the holonomy vectors of a basis for the part
of the relative homology grou@l1(S’, Zg) which is odd with respect to the involution.
Hence, again the set of surfaces with an irregular metric cylinder is a positive codimension
subset. m|
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Proof of Theorem 1.1We again apply Theorems 2.1 and 2.2. We need to show that the
constantp given in Theorem 2.2 is positive. L& be any surface with a metric cylinder.

Such surfaces are easy to construct. For example, one can take a right-angled flat Euclidean
cylinder and make certain isometric gluings of the sides on the top and bottom to form a
surface. Such a cylinder is not regular, but it isimmediate that every nearby surface also has
a cylinder whose core curve is in the same homotopy class. Now by Theorem 1.3 the set
of nearby surfaces such that the cylinder is irregular has positive codimension. Thus there
must be a nearby surface with a regular cylinder and that surface has an open neighborhood
of surfaces with a regular cylinder. Thus for an appropriat¢he functionf is positive

on an open set and we are done. |

3. Counting and integration ovei
Leta, = (¢ %), and fore € [0, 2r], letry = ( %%, Sn%). LetR2 denote the upper
half-plane.

Definition 3.1. (Generic points) Supposgeis an ergodic invariant probability measure on
M. A point S € M is calledu-genericif for any f € Cg"(Ri) and all non-negative
¢ € C(R),

) 1 oo 2t 00 R
lim — / o(r — t)< f(arg$) d9> dr = / @(1) dt/ f(SD)du(S). (3)
t—00 21 J_o 0 —00 M
Note that the integral on the left is smoothed versiolgPr) fOZ’T f(aireS)do. The
proof of Theorem 2.1 breaks up naturally into two parts, which we state as Propositions 3.2
and 3.3 below.

PROPOSITION3.2. Suppose: is an ergodic invariant probability measure owt, V (.)
satisfies conditionfA), (B) and(C,) andS is u-generic. Then,

lim ! Ny (T, S) =

e 7202 Z T e
wherecy , is as in Theorem 2.2.

PROPOSITION3.3. Supposeu is an ergodic invariant probability measure ok, and
V (-) satisfies condition@), (B) and(C,). Then, foru-almostallS € M, S is u-generic.

Proposition 3.3 will be derived from Theorem 1.5. In this section, we will prove
Proposition 3.2. We will also prove an elementary result, Proposition 3.5, which will be
used in the proofs of the upper bounds (B).

The results in this section are essentially contained in §¥&8|[(which were in turn
inspired in part by EMM ] following an analogy noted inMe9]). In fact, our treatment, in
this section and the next, is an almost verbatim translation of 88/ ].

LEMMA 3.4. (Cf. [EMM, Lemma 3.6]For f € C5°(R2), let

1 00
Jf()’)zﬂf f(x,y)dx.
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(e~ tb, etd)

1
a; "R

(b,d) (e"b, etc)

(b,¢)

FIGUREL. Lemma 3.4.

Then for every > 0 there existfy > 0 such that for every with ¢/ > Ty, and every
v € R2with ||v]| > To,

2t 2
z—f Flarsv) d6 — T (Julle™| < e. @)
7 Jo

Heuristic argument for Lemma 3.4See Figure 1) Suppogeis the characteristic function
of the rectangleR = [—b,b] x [c,d] (Whereb > 0, and 0 < ¢ < d). Then, by
definition, J¢ ([vlle™) = 2b/(2r|lvlle™") if ce’ < |lv|| < de' and is zero otherwise. Also,
aflR is the rectanglé—be™", be™"] x [e'c, e'd], since the integrand in (4) is zero unless
rov € aflR, (1/2m) [02” f(a;rgv) dO is 1/(2r||v]) times the length of the intersection of
the circle of radiug|v| with the rectanglezflR (the factor of ¥(2r||v||) arises because
the length of an arc of angleon a circle of radiugv| is ||v]|6). Now, the intersection of
the circle WithaflR is empty if||v| is outside ofce’, de’] and is essentially the horizontal
segmenf—be~!, be "] x {||v||} otherwise. Thus,

1 2 2 —t —2t —t
E/o flarg) do ~ o—(be ) /|[vll = e~ Jp(J[vlle™).

Proof of Lemma 3.4Clearly, the left-hand side of (4) dependswanly via the normjv||.
Thus, we may assume that= (0, ||v||). Then,

1 [ 1 [
—/ f(argv) dé = —/ fe'|lv|sind, e~ ||lv]| cost) db. (5)
27 0 27 0
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Sincer and||v|| are large, and" has compact support, the integrand is zero unlessisin
near zero. Hence must be near zero or. Sincef is supported on the upper half-plane
Ri, 6 must be near zero. From the form of (5) it is clear that the integrand is zero unless
lvlle~" is bounded betweenandc—1, and unles® = O(e~'|v||~1) = O(e=%), where
thec > 1 and the implied constants depend only on the suppoft of

Lets(p) = sud]|f(x, y1) — f(x, y2)| : |y1 — y2| < p}. By the uniform continuity of
f,8(p) = 0asp — 0.

We now make the change of variahle= ¢’ ||v|| sing in (5); the integral becomes.

S e
= i (“ e vlly1- (e—fu/||v||)2> A= (e u/ D Y2 du
27|l

/ fa, e vl du+E =e e lv]) + E, (6)

27T||v||

where the error ternk’ is bounded by

IE| = O((e™"/IvID8 (e /IvID?) + 0 (e /vl f Il (e /1vIDP))
= 0(e %5(c%e™)).

After multiplying both sides by?, the lemma follows. |
As an illustration of the basic technique, we first prove the following elementary result.

PROPOSITION3.5. Supposé (-) satisfies conditiofA) and the intersection df (-) with
any compact set is finite. Then, there exists an absolute conrstant such that for any
T > O0and anyS € M,

2
Nv (2T, S) — Ny(T, S) < cT? Nv (4, a;rgS) do
0

wherer = logT.

Proof of Proposition 3.5Let R, denote the positive reals. Note that any function in
Cy°(R4) can be written agy for some f < CSO(R@- Let x denote the characteristic
function of the intervall, 2], and lete > 0 be arbitrary. Choos¢ € CS"(R%) so that
Jr > (14 ¢€)x, and the support of is contained if—2.5, 2.5] x [0, 2.5]. Let Tp be as in
Lemma 3.4, and supposé > Tp. By Lemma 3.4, ife’ < ||v| < 2¢', then

2t 2
_ e
1= Jpe vl —e= o A f(asrgv) db. @)

Let S be a pointinM. Summing the outermost inequality in (7) over thesa V (S) that
belong to the annulug < |v| < 2, we get

2t

Ny(2¢',8) — Ny(€', S) = Z 1< % / Sflairgv) do (8)
veV(S) veV ()
’<Hv|\<2e’ o' <|lv)|<2¢!
6‘
= E / flargv) df = —/ f(azreS) do. (9)

veV(S)

https://doi.org/10.1017/50143385701001225 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385701001225

Asymptotic formulas on flat surfaces 453

Setc = supf. The functionf is bounded by times the characteristic function of the
rectanglg—2.5, 2.5] x [0.2.5]. This rectangle is a subset of the diBk4, 0) of radius 4
centered at the origin, sp is majorized byg whereg is the characteristic function of the
disk. Hencef(S) is majorized byeg(S). Butg(S) = Ny (4, S) and so (8) becomes

CT2 2
Ny (2T, S) — Ny(T, S) < E/ Ny (4, asrgS) do
0

where we sef’ = ¢'. This gives the proposition (for a new constaht a
Proposition 3.5 will be used in 85 and a variation, Lemma 8.1 will be used in §8.

Proof of Proposition 3.2Let x be the characteristic function of the interyal 2], and let
€ > 0 be arbitrary. Let be as in condition (B) for the generic surfage Choose ;. €
CPRy), ho € Ci°(Ry) sothath < x < hy andf0°°y(h+(y) —h_(y))dy < €¢/c.
Choosefy € C3°(Ri) sothat/z, = h+. Choosep € C3°(R) as being non-negative with
/°5. @ = 1 and with the support af so close to zero thak,; < x < Jg« s, , Where we
use the notatioy * f)(v) = ffooo & (1) f (a—v) dt. Then, for anw € R? and anyr > 0,
Jopsr_(Ivlle™™) < x(lvlle™) < Jpupy (lvlle™).
Using Lemma 3.4, for sufficiently largewe get

e

o2t (21 2t p2m
—/ (¢ * f-)(arrgv)dO —€/c < x(lv]le™™) < —/ (@ * f+)(acrov) db + €/c.
21 Jo 2 Jo
(10)
Summing overv € V(S) and noting that, by condition (B), the number of terms with
x(lvlle~T) # 0is at moste?”, we get
le 2 R
2—/ (@ * f-)(arrgS) df — €e®™ < Ny (2e7, S) — Ny (e", S)
7 Jo
2t 2
< —
- 2 0

(¢ % fr)(arreS)db +ee®™.  (11)

Sinces is u-generic and” ¢ = 1,

) 1 2 R .
lim — (¢ * fr)(arreS)do =/ frdu = CV.,;L/ f+, (12)
T=00 21 Jo M R2
where in the last identity we used the Siegel-Veech formula, Theorem 2.2. But, by
construction,
o0
[ setsyasay=2r [y dy =2n@/2+ ) (3)

where|E| < ¢/c. Hence, after dividing (11) by??, taking the limit asc — oo, and using
(12) and (13) we get

3ncy., — (2rey /e + e < liminf e =27 (Ny (2¢7, §) — Ny (", S))
T—>00

< limsupe 2" (Ny (2¢7, S) — Ny (%, S))

T—>00

<3mcy,u+ ey, u/c+ De.
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Sincee > 0 is arbitrary, this implies
. 1
Tlinoo ﬁ(NV (2T, S) — Nv(T, S)) = 3mcv
where we letl’ = 7. From this, it is easy to conclude that

. 1
Tlinoo ﬁNV(T’ S)=mcy

as required. |

4. Approximation byK -finite functions, Proof of Proposition 3.3
LEMMA 4.1. Let C be a compact set ilR?> — {0}. There exists a countable family of
(complex valued) functions € Cj° (R? — {0}) with the following properties:
(1) foreachf e F there existsn € Z such that for allv € R? and allé e [0, 2],
frov) = €™ f (v);
(2) foreveryg € Co(R?—{0}) such that the support @fis contained irC and for every
¢ > Othere existf; and f> finite linear combinations of functions jA such that the
f; are real-valued,
fi<q=f2
and

[ < (14)

Also there exists a countable famity of functions inC3°(R) such that for every
¢ € C°(R) there existgy, ¢2 finite linear combinations of functions i such that
1< ¢ < p2and [ (g2 — ¢1) < €.

Proof. We may fix a radially symmetric functione C§° (R? — {0}) such thats = 1 onC.
Let F = {hfun(r,0) : m € N,n € Z}, wheref,, ,(r,0) = r"e!". ThenF satisfies the
conditions of the lemma by, for example, the Stone—\Weierstrass theorenb. ¢iog may
use a similar construction. |

Proof of Proposition 3.3We note that iff is K-finite, then so isf. By Theorem 1.5

there exists a sef ¢ M with w(E) = 1 such that for any§ € E any f € F, and any

¢ € @, (3) holds. Let > 0 be arbitrary, and lep1, ¢2, f1, f> be asin Lemma 4.1. Then
fi< f < fa, hence

00 2 00 2
/ mu—o( ﬁwmaw)ms/'¢u—n</ me$w>m
—00 0 —00 0

o0 21 .
=< / Po(t — f)(/ fo(asrgS) d9> dt.
—0 0
(15)

Supposes € E. Sincef; and¢; are finite linear combinations of functionsfand®,

o0 2 R .
lim / ¢i(f—t)( fi(arreS)d9> dt=/¢i/ ﬁdlL:Cv,u/ ¢i/ fi
=00 J_ 0 R JM R JR?

(16)
where in the last equality we used the Siegel-Veech formula. Sinc® is arbitrary, (3)
follows from (15), (16) and (14). |
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5. Upper bounds

5.1. Statement of results.Letting V (-) denote the set of vectors (with multiplicity)
associated to saddle connections, then in this section we will prove that conditions (B)
and(C,,) hold for everyu. This allows us to apply Theorem 2.1. Conditions (B) &8¢)

will follow from the following two theorems.

THEOREMS5.1. Supposé (-) denotes the set of vectors associated to saddle connections.
Then, for any stratun® D(P) there existx > 0 such that:
(@) foranys > 0,anyR < « and anyS € QD(P),

148

VS)NBR, 0| <C|— , 17

v B0l = ¢ (5 ) a7
whereC = C(8, P) and{(S) denotes the length of the shortest saddle connection in
S;

(b) foranys > 0,anyR < oo, and anyS € QD(P), (17) holds withC = C(8, R, P).

THEOREMb.2. ForanyS € QD(P) and anyg < 2,

2
sup |  LlargS) P do <
t>0J0

and the upper bound can be chosen uniforml§ &aries over compact subsets@bD (P).

COROLLARY 5.3. LetK = {rg : 0 < 0 < 27}, sothatk = SO(2). LetS be any flat
structure and leb denote theX -invariant measure supported on the $&§. Then the set
of measureg,v is compact (in the weak*-topology).

The proofs of Theorems 5.1 and 5.2, which combine the idedgla®] with the ideas
of G. Margulis, will be given in §86-8. In the rest of this section we will show how
Theorems 5.1 and 5.2 can be used to derive condition (B) for the saddle connections,
and also to verify that condition (J holds for the saddle connections for every invariant
measureu.

We begin, however, by showing how Corollary 5.3 follows from Theorem 5.2.

Proof of Corollary 5.3For anye > 0, let QD:(P) = {S € OD(P) : £(S) < €}. Then
OD(P) \ QDc(P) is compact. Taking3 = 1 in Theorem 5.2, there is a constawt
such that for alk and¢, a,v(Q D¢ (P)) < Me. Since the set of probability measures on a
compact space is weak-* compact, we are done. |

THEOREMS5.4. SupposeV (S) denotes the set associated to saddle connectionS. on
Then,V (.) satisfies condition (B), i.e. for amfye Q D(P) there exists a constant= c(S)
such that for allT” > 0,

Ny (T, S) < cT?.

The constant can be chosen uniformly asvaries over compact subsets@D (P).

This theorem was originally proved iMa2]. Of course Theorem 5.4 implies the
analogous result for the number of cylinders of closed geodesics since the number of such
cylinders on a surface is bounded trivially by the number of saddle connections.
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Proof of Theorem 5.4By Proposition 3.5, Theorems 5.1 and 5.2, there eRist 0 and
B < 2 such that we have

2 2
2 12 de 12
Ny(@2T,S) — Ny(T,S) <cT Ny (R,a;rgS)d0 <c'T —— < T~
0 o LlargS)P
Now the theorem follows from an easy geometric series argument. |

LEmMMA 5.5. (Cf. [Me5, Corollary 2.8]) Let 1 be any ergodic invariant probability
measure orQ D(P). Thenforanyl < 8 < 2, ¢(-)" € LE(QD(P), p).

Proof. If © = o, it is possible to prove this directly. For generalwe derive this by an
indirect argument from Theorem 5.2 and the ergodic Theorem 1.5. In fact, we will only
need theX -fixed version of Theorem 1.5, seld$]. It suffices to prove that for ang < 2,
¢~ e LY(QD(P), n). Assume this is false.

Let x be the characteristic function dfl,oo] and for j e N let i;(5) =
LS Py (je(s)). Thenh; are bounded with compact support since the set of quadratic
differentials whose shortest saddle is bounded below is compact. -Asoco, i; 1 ¢77.
Then by monotone convergen(j%D(P) hj(S)du(S) — oo.

Fix a positivep € Cg°(R), and consider the integrals

00 2
1) = f ¢(r—t)< / h.,'(a,rgS)d9> dr.

Sinceh; is K-fixed (i.e.h(rgS) = h;(S) forall 6 € [0, 2z] and allS), by Theorem 1.5,
for almost all S and all j, lim; o Ij(r) = fQD(P) hjdu(S) [, ¢. Since for all j,
¢=# > h; we get, for allj,

o0 2 oo
Iiminf/ qb(‘l:—t)(/ (argS) P d9> dt > lim 1,-(1):/ h; du(S)/ ¢.
=00 [ o 0 T—00 OD(P) —00

Takingj — oo we get a contradiction since the right-hand side tends to infinity, and the
left-hand side remains bounded by Theorem 5.2. |

Proof of condition(C,) for the saddle connectiondhis follows immediately from
Theorem 5.1 and Lemma 5.5. |

6. Combinatorial constructions

6.1. Saddle connectionspg, complexes and domainsWe say that two saddle
connections ardisjointif the only common points (if any) are zeroes. A union of disjoint
saddle connectionB is called a system. ByI'| we mean the maximum length of any
member of". By acomplexK we mean a closed subset $if whose boundary, denoted

9K, is a system of saddle connections. He#e refers to the subset & consisting of

those points such that every neighborhood iaf the point intersects the complement of

K. Thus, if K consists of a single saddle connection, tiéh= K. Note that a complex

need not be connected and is not assumed to be triangulated. However, we will assume that
if 9K contains three saddle connections that bound a triangle, then the triangle is included
in K.
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We now show that there is a uniform boumpg to the number of disjoint saddle
connections. Indeed, given any set of disjoint saddle connections, we may further add
disjoint saddle connections so that all complimentary regions are discs and then further
subdivide the discs into triangles. This gives a triangulation of the surface with edges
which are saddle connections and whose vertices arg:theroes. Lek be the number
of edges and be the number of triangles. Then Euler's formula gives- e + ¢t = y,
the Euler characteristic of the surface. Each edge is contained in two triangles and each
triangle has three edges; thus 3 2¢. This implies that the maximum numbep of
disjoint saddle connections is at mo$#i3— x). By adomainY we will mean an open set
in S with boundary a system of saddle connections. A domain is not considered to be
triangulated.

6.2. Area, complexity, and domain-complexitythe area of a complexX is denoted

IK|. Note that if K is a complex, therk \ 9K is a (possibly empty) domain. The
complexityof a complex is the number of saddle connections needed to triangulate the
complex, including the boundary. The complexity of a domain is the number of saddle
connections needed to triangulate it, not counting the number on the boundary.

6.3. Cross products. Given a saddle connectiof considered as a vector we may
decomposes as a sum of its horizontal componeg)t and its vertical componerg,.
Givenw andg saddle connections we can form the length of the vector product

lw % B = |Brwy — Bvwpl.

This number is invariant under th8L(2, R) actions on flat structures and saddle
connections. For example, §f has area 1 an@ and g are two sides of a triangle, then

since the triangle has area at most 1, and the length of the vector product measures the area
of the corresponding parallelogram, we must havex 8| < 2.

PROPOSITIONG.1. (Cross product§upposes, y», B are saddle connections. Then:

(1) lyr x y2l = (yax Blly2l/IBD) + (ly2 x Bllyal/IB) (hence if|yi] and |y2| are
bounded in terms dfg|, then|y1 x y»| can be bounded in terms ¢f1 x | and
ly2 x Bl);

(2) if y1, y2, B are three sides of a triangle angd is another saddle connection, then
1Bxyl <Y iqlvixvl.

Proof. To prove (1), rotate the coordinate system so ghiatvertical;|y; | = |yi x Bl/18]-
Sincelyi| < Iyil, (1) follows. To prove (2), rotate spis vertical sQy; »| = |yi x yI/|y|.
Then (2) follows from the fact thag,| < |y1.xl + |ly2.nl @and|8 x y| = |Brlly|. |

In the next section we will need to combine or merge intersecting complexes to form
bigger complexes. The main combinatorial lemma is as follows.

PROPOSITION6.2. (Combining complexe§uppos« is a complex of complexiiywith
non-empty boundary and there is a saddle connectiavhich is either disjoint fronk
or crosses)K. Then there is a compleX’ containingK of complexity; > i with the
following properties:
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FIGURE 2.

() BK'| <[dK|+max(|dK|, |o]);

(i) K < IK[l+[0K|max]o]|, [0K]);

(i) foranyw’ C K’\ K and anyy we havge' x y| < MaX,csx (o X y| + max|w x
vl lo xyD);

(iv) if B is a saddle connection disjoint from baokhando, theng is disjoint fromK’ or
B CK'

Proof. Heuristically, to getk’, we addo to K and retriangulate the boundary if necessary.
More carefully, the construction can be done as follows.

If o is disjoint fromK, we may just add it t& and all the estimates hold. Thus we may
assume that crosse9 K. Let O be the point where crosses$ K on a segmend with
endpointsd, B. Suppose in following from Q into the exterior ofK, o hits a singularity
P in the exterior ofK before again crossingK or hits a singularity ord K. Let o1 be
the subsegment af joining Q and P (see Figure 2). Consider the patlQ * o1 joining
A to P, wherex denotes juxtaposition of paths. There is a unique geodgs@ning A
to P in the homotopy class of that path. If not all saddle connectionig are already in
K, we add those that are not i giving us a larger complekX’. Since|ls| < || + |o]
and||A] < |o]|w|,(recall that|d K| is not the length ob K, but rather the length of the
longest saddle connection #K), the length and area bounds (i) and (ii) are immediate.
The second statement of Proposition 6.1 implies that for any segmefif 4 and anyy,

Iw/xylsl<71><;/|+lw><y|§Iaxyl+arjgaal>(<lw><yl

giving (iii). Sincely, o1 and AQ bound a simply connected domain which contains no
singularities in its interior, it is clear that  is disjoint fromK ando, it is either one of
the segments df; or disjoint fromK’ so we have (iv).

If every saddle connection df; is already a subset ok, then we apply the same
analysis tdp. Now 4, Ip andw bound a simply connected domahn If A is a triangle,
then it cannot be the case that the single segmgerms also already inK, for then by
assumptionA would already be irK ando would not crossy into the exterior ofK. In
this case can adg to form K’. If A is not a triangle and every segment gfis already in
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FIGURE 3.

K, then we may add a saddle connectiomithat goes from an endpoint af, sayA to a
singularity on/z. The same estimates still hold.

Thus we are reduced to the case that before next hitting a singutadtgsses K at
Q’ an interior point of a segmeat with endpointsC, D (see Figure 3). It may be the case
thatA = D or B = C or both. Leto1 be the subsegment efjoining Q to Q. There are
two cases. The first case isdf is homotopically non-trivial reb K; in that case move;
parallel to itself with one endpoint moving aloagtoward one endpoint, say, the other
alonge’, towards sayD. We can choose the direction so that the lengths of the parallel
segments do not increase. This can be done until for the first time there is a singBlarity
and a pair of segments;, one of which goes fromv to P, the other fromw’ to P. (If P
is eitherA or D, thenos is a single segment.) The assumption thats homotopically
non-trivial guarantees thap does not lie i K. It is clear that if3 does not interseet,

w or o', then it does not interseeb. We proceed exactly as in the previous paragraph.
We can useP to build a bigger complex whose boundary satisfies the same estimates on
lengths and cross products as before.

The second possibility is that is homotopically trivial reld K (see Figure 4). In that
caseo; together with segments af ande’ and possibly other segments@k bound a
simply connected domain in the complemen&af This implies that there is a geodesic
in the complement oK joining an endpoint of» and an endpoint af’ such that/, w, «’
and the same other segments$&f bound a simply connected domain in the complement
of K. Then we may add the segmentgofo K. The above estimates hold. It is also the
case that if8 is disjoint fromo andd K, then either it is disjoint fromy or coincides with
a segment of. |

COROLLARY 6.3. (Complex generated by short saddle connectidhsje are constants
¢ = c(po) < oo andc’ = ¢’(pp) such that, for any: > 0, there is a compleX containing
all saddle connections of of length at most with [3Y| < ¢’a and ||Y || < ca?.

Proof. We start with a complex consisting of a maximal set of disjoint saddle connections
of length at mostz. We fill in any triangles. Each has area at ma$t If there are no
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FIGUREA4.

additional segments of length at mestwe are done, withke the number of triangles.
Suppose otherwise and suppose inductively we have built a coniiplex complexity
J, with boundary length at most;.a and area at mosijaz. If any saddle connection
of length at mostz crossesdY; then by Proposition 6.2 we can find a complEx. 1
containingY; whose boundary has length at mosg.é—i— a = c/].+la and area at most
c,-a2 + c;-a(a + c;.a) = cj+1a2. Since the maximum complexity of any complexis the
induction ends after at mogy steps. m|

Definition 6.4. For Y satisfying the conclusions of Corollary 6.3 we 3ays generated by
saddle connections of length

6.4. The numbee. We now fix a numbee = €(pg) So thatce? < 1 wherec is as in
Corollary 6.3. This implies that if Y|| = 1, any complexk C Y generated by saddle
connections of length must in fact be a proper subsetof

COROLLARY 6.5. (Intersections of complexes)

(a) Suppose is a complex andz is a set of saddle connections contained’inThen
there is a compleX C Y containing every saddle connectionsn

(b) Supposer, Y, are two complexes. Then there exists a comflex Y1 N Y2 which
contains every saddle connectioninn Y».

Proof. To prove (a), as in the proof of Corollary 6.3 we buidnductively out of the saddle
connections if2. The only thing to check is that at each stage the resulting complex is a
subset ofY. So suppos& is a complex which is a subset fando € Q crosse9K.

Then eitheroc € 3Y or every segment idY must be either contained K or disjoint

from botho anddK. Hence, by Proposition 6.2(iv)Y cannot cross the enlarged .

This implies thatk” c Y. This completes the inductive step in the proof of (a). To prove
(b), apply (a) with2 equal to the set of saddle connectiongim Y». |
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FIGURES. Q is separating from y .

Definition 6.6. (Filled in complex) Given a compleX with boundaryY and a complexX
which does not contaily, we define thdilled in complexk r to be the set of points which
are separated frodlY' by K. Equivalently,KX ; is the union ofK with all the components
of Y \ K whose closure does not interséat.

Definition 6.7. (Separate) A systerft separates two disjoint saddle connectpandy
from each other if every arc fromi to y intersect£2. We allow2 to coincide with one of
the saddle connections. (See Figure 5.)

Definition 6.8. (Accessible, weakly accessible) Suppdsis a domainy C dY, and let

M > 1 andC > 0. We say that a saddle connectiprt Y is M accessiblefrom y if, for

any systenf2 that separateg from y,

@) 120> |yl/M.

(In particular, since we are allowirng to coincide withg, we must haves| > |y|/M).
We sayB is (M, C) weakly accessiblérom y if for any separating systefa either (1)

holds or for some saddle connectionc €,

(2) loxyl>ClY].

Remarks.We will use Definition 6.8 withM > 1 andC > 1. Note that always, i is
M-accessible frony, theng is (M, C) weakly accessible fromr. If |[Y|| = 1,C > 2,
|yl < 1and(2) holds, thefiw| > 1 and so (1) holds; this means that || = 1, |y| < 1,
andC > 2, theng is M-accessible frony if and only if 8 is (M, C) weakly-accessible
fromy.

PROPOSITIONG.9. There exists a sequence of constaBtssuch that ifY is a domain
which can be triangulated by saddle connections (not counting the saddle connections

on the boundary ot’), |Y|| = 1, andg C Y is a saddle connection weakiyg, D;)
accessible fromy C 9Y, then there is a chain of saddle connectigns: 81, 82, ..., B8, =
y such that:

(1) B isdisjoint frompg;y1;

(2) 1B x Bi+al = Dy;
(3) Biisweakly(po, D;) accessible frong; 1.
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The proof of Proposition 6.9 is based on the following.

CLAIM 6.10. Suppose.’ > 0. LetY be a domain with|Y| = 1, and letg c Y and
y C dY be saddle connections.

For D > 2let Fp denote the set of saddle connectians Y such thatjx x y| < D
and ) and g8 are disjoint. Letn(D) denote the maximal cardinality of a disjoint system
contained inFp. Then at least one of the following is true:

(@) there exists a saddle connectioenc Y with |o| < |y|/poand|oc x y| < D;

(b) there exists a saddle connectianc Fp such thats is (po, C') weakly accessible
froma;

(c) for D' = poC’' + ((1/po) + 2) D we haver(D’) > n(D);

(d) 1B xyl < poC'+ ((1/po) +2)D.

Proof of Claim 6.10.Suppose (a) and (b) do not hold. We note thatis not empty, since
there exists a saddle connectiowhich bounds a triangle with, so thatr x y| < 2.
Choose a maximal systein of disjoint saddle connections iAp, and letK be the
complex that they form. Leig be the connected componentlof, 9 K which contaings,
and choose a saddle connectior K N dYg. Since|s x y| < D and (a) does not hold,

Al = lv1/po. (18)

Since (b) does not hol@, is not(pg, M’) weakly accessible frorh. This means that there
is some systerte separating from X such that neither (1) nor (2) in Proposition 6.9 holds.
Choose anw € @\ K. Since (1) and (2) do not hold

Al = polw| and |wx Al <C'. (19)
Now from Proposition 6.1(1) applied to the saddle connectigns A we get

w D
IwXVISlkalm+ly><klu§poc/+—. (20)

|| || Po
We now apply Proposition 6.2 t& and w in place ofc to get a complex’ O K.
Let w1 be any saddle connection &’ which is disjoint fromK. Then it follows from

Proposition 6.2(iii) and (20) that
D
w1 X y| < |ow x y|+2maxji x y| < poC’' + — + D. (21)
AEK Po

Now by Proposition 6.2(iv), eithap; = 8 or ws is disjoint fromg. In the former case,
(d) holds in view of (21). In the latter casB,U w1 € Fp whereD' is the right-hand side
of (21), so (c) holds. |

Proof of Proposition 6.9The proof is by induction on the numbel(Y) of saddle
connections needed to triangulatenot counting the saddle connections on the boundary
of Y. (We note thatd(Y) is not exactly the complexity of the compléx since we

do not count boundary saddle connections/{®x¥).) The proposition is clearly true if
d(Y) = 0, so thatY is a triangle or a disjoint union of triangles. Now suppose the
proposition has been proved for all domainswith d(Z) < j, andY is a domain with
d(Y) = j. We assumé;, i < j have been chosen. L&t = D;_1, and forD > 0, let
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f(D) = poC’ + ((1/po) +2)D. Let D; = fPotV(D;_1) where f® denotesf iterated
k times.

Suppose first that for somB < D;, (a) of Claim 6.10 occurs. Consider the domain
Y \ o. We claim that ifg is not(po, D;j_1) weakly accessible from onY \ o, it is not
(po, Dj) weakly accessible frony on Y, contrary to assumption. For addiagto any
system that separateg fromy onY \ o gives a systen®’ that separateg fromy on
Y for which neither (1) nor (2) hold. Now, sine&Y \ o) = j — 1, we can apply the
induction hypothesis t& \ o to get the required chain of saddle connections.

Hence we may assume that (a) of Claim 6.10 does not occur fobany < D < D;.
This implies that every saddle connectioniois (po, D;) weakly accessible frorf, = y.
We now apply Claim 6.10 repeatedly to

Dj_1, f(Dj-1), fP(D;-1), ..., fP*D(D;_1) = D;.

Note that (c) of Claim 6.10 can occur at mgsttimes. Thus, for som® < D;, either (d)
or (b) occurs. In the first case we set= 2 and we have the chajp y. In the latter case
we can seB,—1 = A, and apply the induction hypothesis. |

7. A system of integral inequalities
In this section, we prove Theorem 5.2, together with a variation, Proposition 7.2, which
will be used in 88 in the proof of Theorem 5.1. The main idea of this section (i.e. the
system of inequalities Lemma 7.5) is similar to ideas developed by G. A. Margulis for the
‘guantitative version of the Oppenheim conjecture’ (MM ]).

For a domairt, let

£(Y) = min{|A| : A is a saddle connection containedtifu

Fory a saddle connection of) for some anglé, y determines a vectd®0, |y|] on the
surfacerg S. The angle is called the vertical angle for.

Given a domainY of area 1 we may use th&L(2, R) action to form the domains
a;rgY. Fix y € Y. Recall the constantg, which is the maximum number of disjoint
saddle connections.

Definition 7.1. (Accessible saddle connection) For afiyand ¢, we say that a saddle

connection. C a,rpY is accessibléf r, *a; *1 C Y is po-accessible frony.

In this definition notice that the accessible condition refers to lengths duret
£, (a;reY) = min{|A| : A is an accessible saddle connection containeginy’}.

PROPOSITION7.2. Let Y be a domainy c dY and|y| < 1. By rotation let zero be
the vertical angle fory. For each constanp andr, let I(t) = I(¢, y, p) be the interval
of angles[pe™"/|y|, pe~"/|y|]l. Then for anys, 0 < § < 1/2, there existsp and C’
(depending only od and p) such that for any,

do o— (1200
/ 1+6 = c’ 1+25 °
1(t) £y (arrg X) + ly |+
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Remarks.Proposition 7.2 differs from Theorem 5.2 as follows. In Proposition 7.2
we integrate only over the exponentially small sectgr) (instead of[0, 2z]) and
consider only accessible saddle connections (instead of all saddle connections). Also
Proposition 7.2 asserts that the integral is small (instead of bounded). However, the proofs
of Proposition 7.2 and Theorem 5.2 are virtually identical. We will only give the proof of
Proposition 7.2 in detail, and indicate how to modify it to obtain Theorem 5.2 at the end
of this section. In 88, Proposition 7.2 will be used in the inductive step of the proof of
Theorem 5.1.

7.1. Admissible complexes and the functian

Definition 7.3. (Admissible complex) Fixy c dY. For anyd, ¢, a complexk’ C a;rpY
with boundaryd K’ and of complexity is admissible om;,ryY if:
(1) |IK'|l < 2'€? wheree is the constant defined following Corollary 6.3;
(2) for any system2 C Y of saddle connections separatingla,‘lK’ C Y from
y C Y, [ > |yl/po.
In particular, ifK " is admissible thet (r; 'a; 1K) > |y |/ po.

The functionsy;. Fixé > 0. LetY be adomain with| Y| = 1. We define

1
o (G[VQY) = maX(S]ng, 1)

where the sup is over all admissible subcomplekesf a;rgY of complexity:.

The operatorA,. For anyt > O let A; denote the averaging operator which sends the
function f defined on theSL (2, R) orbit of a surfacesg to

1 21
(Ac)(S0) = 5 fo FlaeroSo) db.

We will be applyingA; to functionsf on SL(2, R) which are invariant under the action

of SO(2) on the right, and can thus be considered as functions on the hyperbolic plane
SO)\SL(2, R). For suchf, (A; f)(z) is the average of over the circle of radius
centered at.

7.2. A system of inequalities.In this subsection we show that the functienssatisfy a
certain system of integral inequalities (see Lemma 7.5 below). The idea isdhat large,

so thatSp is near infinity in a stratum, then most points on the circle of radiaentered

at Sp are further from infinity, which means that the average of the boundary lend¢h of
is larger on the circle than &b. If K; defines the supremum over the entire circle in the
definition of ;, then A, «; (Sp) is smaller thanSy. If for some point on the circle, some
otherkK/ of complexityi has a shorter boundary th&n, then we ‘mergek; andk; as in

86 to form a complex; of complexityj > i, and boundy; in terms ofo;.

LEMMA 7.4. Fix 0 < § < 1. Then there exists a constar() such that for anyt > 0
and anyv € R2 — {(0, 0)},

27 . —7(1-5)
1 / o _c@e . 22)
2 Jo  llacrgv| S v+
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Proof. By rescaling and rotating we may assume that (0, 1). Then, the left-hand side
of (22) becomes

1 (& .
o / (€% siP 6 + e~ cog )~ 19/2 4.
7T Jo

We decompos¢0, 2] = R1 U Ro, whereR;y = {6 : e%* sirPd < ¢~2" cof 6} andR>
is the set where the opposite inequality holds. Note that there exist absolute constants
0 < ¢1 < c¢2 such that

c1e% < |R1| < cpe™ %, (23)

On Ry, the integrand is bounded by a constant multiple’&f+?). Hence, in view of (23),
the integral overr; is O (e~ "1~ as required. Now the integral ov&p is bounded by

e*‘((l‘l's)/ |S|n9|7(l+5) do = O(eff(l+5)) |9|7(l+5) do = 0(87‘((178)),
Ry R>

where in the last estimate we used (23). |

LEMMA 7.5. (System of inequalitiedjor any0 < § < 1 and anyt > O there exist
constantsy = w(r, §) andb = b(z, §) such that for any and anySo = a;r4Y

(Arai)(S0) < ce™ 7 (So) + b+ w Y a;(S0),

Jj>i
wherec is the constant of Lemma 7.4.

Proof. We can assume that & the length of the boundary of the compl&x that defines

the supremum iy; has length at most—2"¢. Otherwise, on the circle of radiuscentered

at So, «; is uniformly bounded, and thus we can absorb the left-hand side in the calstant
Suppose firsK; is the complex that defineg throughout the circle of radius Then

Aq; is the average of the minimum of

1
lazrgv]|t+e’
the minimum taken over € dK;. Since the average of a minimum is smaller than the
minimum of an average, by Lemma 7.4, we have the desired bournrd.fdtow suppose
for someéd € [0, 27] some other compIer C Sp with the same complexity defines
a;j(azreSo), i.e. |8(a,r9Kl.9)| < |d(a;rgK;)|. Since lengths on.ry S differ from lengths
on Sg by a factor of at most™,

0K]| < e"[d(arra K} (24)
Here|aKi9| refers to lengths oisy. Assume first thak; and Kf have boundaries that
cross. We take € aKf \ dK; and using Proposition 6.2 we can build a comple%of
complexityj = j(6) > i containingK;. We check the fact tha&’f is admissible. On the

contrary, if there were a systefn separatingqjlaflKj? from y such tha{Q| < |y|/po,

then would separate(;la,‘ll{i fromy, contradicting the fact tha; is admissible. Thus
(2) in Definition 7.3 of admissible holds. Since the boundary lengths of ea&h ahd
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Kf are at most and the area ok; is at most 22, the area bound (1) of Definition 7.3
follows from Proposition 6.2.
We also have

0KY| < [9K:| +max(aK;|., [9K?|) < 20K?], (25)

the first inequality by Proposition 6.2 and the second skicdefines the supremum &§.
Thus, in view of (25), for any

1 w
< < wa ;i (So), 26
|0(arrg KM+~ [aK |10 150 (9)

a;(arrgSo) =

wherew = (2¢7)11%. Hence the desired estimate also holds in this case.

If the boundaries ok; andk? do not cross, then we taldé;‘.’ = K; U K?. Note that
if © separates; 'a; 'K from y, thenQ separates; ‘a; 'K, from y, a contradiction.
This shows that (2) in the definition of admissible holds (Definition 7.3). We have
IKYI < IKill + IKP || < 27H1e? < 27€2, so K" is admissible. Clearly, (25) and hence
(26) hold in this case as well. This completes the proof of the lemma. |

7.3. Averages over arcs.In this subsection we will deduce Theorem 5.2 and
Proposition 7.2 from Lemma 7.5.

We identify the right cosets O (2)\SL(2, R) with the hyperbolic diskD?; thus a
function onSL(2, R) such thatf(rpg) = f(g) forall & € [0, 2n], g € SL(2, R) may
be considered to be a function @F. Leto denote the origin oD? (corresponding to the
identity coset). Fo# € S ands > 0, the pointzg = o - a;rg in the hyperbolic diskD? is
on the circle of hyperbolic radiuscentered at the origin and at angleNow as¢ varies
oversS?t, consider the points - arrga;rg. These points form the circle of radiusentered
atzo. In polar coordinates we write

O - dclpairg = 0 - Aglg+vy

wheres = s(t,7,¢) andy = ¥ (1, 1, ¢). Thuso - a;rga;re is at hyperbolic distance
s(t, T, ¢) from the origin and is visible at the anglet ¥ (¢, T, ¢).

Recall the intervald (¢, y, p) defined in Proposition 7.2. For each> 0,x > 0 and
0 e I(t+1)C I@),letUsk,t,7) C St denote the set of poins € ST such that
st,t,¢) =t+t—randd+y(t, t,¢) € I(t+71),i.€.0-arrpare lies outside the circle
of hyperbolic radius + T — « and its radial projection to the circle of radius- t lies in
I+ 7).

LEMMA 7.6. There exists” > 0 so that for eachc, there is ar and p such that for
any® € I(t + 1), |Ug| = ¢”|SY|. The map¥ : Uy — ST sendingp to v (¢, 7, ¢) is a
diffeomorphism onto its image and

99| 4y,

i @7)

2" < |Ugl =/ d¢ =
Uo Y (Uy)
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J(t+T)

FIGURE 6. Lemma 7.6. The dotted circle has cerdaand radius +  — «. The shaded circle has hyperbolic

radiust and is centered at a pointe J(¢). The dotted lines starting atare hyperbolic geodesicf/g| is the

angle between them. Hyperbolic geometry and the assumptions ithatuch larger thar and that the diameter
of J(¢t + t) > 2t + 2 imply that|Uy| is bounded from below.

Proof. (See Figure 6.) We use the notatid@) = {0-a,rs : 6 € 1(1)}, S0J (t) C D?isthe
part of the circle of radiusaroundo which is seen from the origin at anglesiity). Given

«, for  large enough, the assertion theta.rga;re lies outside the circle of hyperbolic
radiust + t — k for most angle® is just an exercise in hyperbolic geometry. Now choose
p = p(k, |y|) large enough so that for any J (+ + 7) has hyperbolic diameter at least
2t + 2« (it is enough to do this for = 0). By construction then, for ar§/ € I1(r + )

for at least half of the angles, 6 + v (¢, 7, ¢) € I(t + t). The second assertion follows
formally from the first. m|

LEMMA 7.7. Let f be any non-negative continuous functiondn(2, R) invariant under
left multiplication byS 0 (2), (that is, a function orD?) with the property that given any
o > 1there existsc > 0 such that forg € D? of hyperbolic distance at mostfrom o,
and anyh € SL(2, R), 0 -1 f(h) < f(gh) < of(h). Chooser, p such that Lemma 7.6
holds. Then

/ fasicre)dd <o (A f)(asre) dO
I1(t+7) 1(t)

wherec’ does not depend on

Proof. For eachy € I(t + 1),

2
(Ae f)(arrg) = % /0 Flacroars) dp = % /U Facrgam) dg

d¢
dy

o1

2 Jwwy)

v

faryroty) ‘ ‘ dyr (28)
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where for the last estimate we used the definitiorUgfand the condition ory. Now
integrating (28) ovef € I(r + 7) we get

Gfl

de
Ar do > — - — | dy do
/1 K Farrg) 5 /I - /w " flary rew)‘ | 4V

- f(amrg)( / d dvf> d
T JI(t41) - (Us)

dyr
> o7t / flariere) dé (29)
1(t4+7)

where in the second line we made the change of varigble + + 6 and for the last
inequality we used (27) to estimate from below the inner integral. (To see the domain of
the inner integral in (29) one can argue as follows. Take a point on the circle of radius
t and on the real axis. Take the circle of radiugentered at that point. Lei_, p
be the two points where that circle intersects the circle of radiist — « centered at
the origin. Denote the angles ¢f. and p; as viewed from the origin by-w(z) and
w(t), respectively. Then séV = [—w(), w(#)]. The domain of the inner integral
in (29) is —W (Ug) since before the change of variables the domain of integration was
{@,v):0 €lt+t)andy € WN (& + 1) —0)}. After the change of variables the
domain become8&,v) : £ € It + 1) andy € WN (—I( + 1) + &)} which for the
inner integral translates exactly to¥ (U).)

Sincel (¢t) D I(t + 1), (29) implies the estimate of the lemma. O

Proof of Proposition 7.2For notational convenience we set = 1 fori > pg, the
maximal complexity of a complex. Fix > 1. Sinceq; is invariant under left
multiplication by rotations, and since elementss@f(2, R) near the identity distort lengths
of saddle connections by a multiplicative factor at mestwe may choose so thate;
satisfies the hypotheses of Lemma 7.7. We may then chogséficiently large so that
applying Lemma 7.5 with Lemma 7.7 we get

/ i (@r4crgY) dO < cc'oe” A7 / ai(areY) dO + c'ob|1(1)]
1(+7) 1)

Po
+cdow Z/ aj(argY) do. (30)
j=i+171®)

We want to prove that, for all, there is a constar; (p, 7, ) such that

—t ,28t

e e
/ ai(arrgY)do < C;
1(t)

|y|l+25 : (31)

This will be proved by reverse induction @nThen (31) is trivially true foi > po (recall
that|Z(r)| = 2pe™"/|y| and|y| < 1). Now suppose (31) has already been proved for all
j > i. Itis clearly enoughto prove (31) fowhent = nt. Leta, = f,(m) aj(ancreY) do.
Then, the inequality (30) can be rewritten for a new constart '(w, b, Cj, ¢, o) as

/
— w _
any1 < e (e oM ay, + ——se TP, 32)
ly|1+2
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Iterating this equation, and taking out the common factoedf*, we get for a new
constanto”

1 n—

1
a, < e T ((C_Clo_)nen&rao + (Cclo_eﬁr)ke‘Z(n—k)er).
1

1+25
ly 157 ¢

Note thatag < (po/|y|)1*?, since by definition an admissible complex has boundary
length at leasty|/po. If we chooser large enough (e.g. so that'ce™%7 < 1/2), the
geometric series above is bounded, up to an absolute constant, by the tertn=with
Thus, we get for alk,
C4efnt€2n5t

|y|l+25

This implies (31). Now Proposition 7.2 follows from the fact that(K) =
1/¢, (K)+e. ]

a, <

Proof of Theorem 5.2The proof of this theorem is a simplified version of the proof

of Proposition 7.2. The only differences are that one declares all complexes to be
admissible, and one integrates over the entire cii@l@r] instead of over (t). Then,

since Lemma 7.5 holds on the entire hyperbolic plane, the proof goes through without
modifications. |

8. Theinduction
In this section we prove Theorem 5.1. We will use the following version of Proposition 3.5.

LEMMA 8.1. LetY be a domain, and fo® > Oand Rz > Ry > Olet A(R1, R2, ®)
denote the set of vectors IR? of length betweerR; and R, which make an angle of
at most® with the vertical. LetV () be a (set-valued) function on the orlSiL (2, R)Y
which satisfies conditio(A) in 82. ForT > 0andS € SL(2, R)Y, let Ny (T, S) denote
the cardinality ofV(S) N B(T,0). Then, for any, 0 < ¢ < 1, there exists a constant
¢ = c(e) > Osuchthatforany > 1,and any® > 1/T,

20

|A(eT /4, €T/2,®) NV (Y)| < cTZ/ Ny (e, airgY) do (33)
—20

wherer = logT.

Outline of proof.Let f(x, y) be 167/¢? times the characteristic function of the rectangle
[—€/4, €/4] x [€/8, 3¢/4]. Then, it is easy to check (cf. the proof of Lemma 3.4) that for
anyr > 0, any® > e~ " and any € A(ee’ /4, ce' /2, ©),

20
e f(asrgv)do > 1.
-20
The rest of the argument follows exactly the proof of Proposition 3.5. a

The next theorem is the major step in the proof of Theorem 5.1. First recall the constants
D, given by Proposition 6.9.
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THEOREM8.2. For anyl, the following hold.

(Uy) LetY be a domain of complexity at mdsand||Y| < 1. Suppose € dY, and for
R > 0, let N1(y, R) denote the number of saddle connectigrsuch thatig| < R,
Bis (po, D;) weakly accessible fromand|8 x y| < D;||Y||. Then, for eacld > O
there isC1 = C1(l, 8, D;) such that for eaclR > 0

R \LH
Ni(y,R) < C1 (m) .

(V) LetY andy be asin(U;). Let N2(y, R) denote the number of saddle connectigns
such thats| < R andp is (po, D;) weakly accessible from. Then, for eacld > 0
there isC> = C»(l, §) such that for eaclR > 0

R 1+6

(W)) LetY be as in(U;), andK a possibly empty complex that does not contdin Let
Yk denote the complement of the filled-in com@gx Let N (Y, K, R) denote the
number of saddle connections¥nof length at mosR which intersect’x ; that is to
say, are not contained ik . Then, for eacld > 0, there isC3 = Cz(l, §) such that

for eachR > 0
R 145
NY,K,R) <C >
( V=6 (m, K))

where £(Y, K) denotes the length of the shortest saddle connectioir ithat
intersectsf’k (i.e. not contained irX ¢).

Remark.We note that Theorem 5.1(a) follows easily fraiV;). Indeed, lete > 0 be
the constant defined following Corollary 6.3, and $et Q D(P) be arbitrary. Form the
complexY c S containing all saddle connections of length at nzost is a complex with
boundary, and the shortest saddle connectiof @ncontained irY. We takek to be the
empty complex and appl§V;). Then,£(Y, K) = £(S), and thus (17) holds.

Proof of Theorem 8.2The proof of Theorem 8.2 is by induction énClearly (Uj), (V1)
and (W) are all true since only one saddle connection can be added to the domains. The
induction is done in the following steps.

(W;_1) and Proposition 7.2 implyU;). The assumption o implies that|8|/|y| >

1/ po; otherwise the curve itself would separate itself from, contradicting the weak
accessibility ofg to y, contrary to the assumption. By rescaling, we may assume that
Y] = 1. Suppose firsty| < 1. This implies that the notions qgfy accessible and
(po, D;) weakly accessible coincide.

By Corollary 6.3 we form a compleXy C Y which is generated by the saddle
connections of length at mogt|/poc’; then|dKg| < |y|/po S0 any saddle connection
contained inKg is not pp-accessible frony. We replacekg by its “filled-in’ version (see
86). It is still the case that any saddle connection containeklpitis not pg accessible
fromy.

Now, forS = a;rpY € SL(2, R)Y, let V(S) denote the set of saddle connectians §
such that. ¢ a,rg Ko. Then,V (-) satisfies the condition (A) of §2.
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Let zero correspond to the angle for whighs vertical. Suppose a saddle connection
B C Y contributes taVi(y, R) — N1(y, R/2). Then,

R/2=<|Bl <R (34)
and
B x y| < Dy. (35)

From (35) and the fact that is vertical,|hg| < D;/|y| (where, as in 8644 denotes the
horizontal component o). Let ¢ denote the angle smaller than2 betweens andy .

Then from (34),
. lhgl 2Dy
sing=—— < ——.
1Bl ~ IvIR
Chooses > 0 to be as in 86 (following Corollary 6.3). Lgt = 2R/e so that saddle
connections satisfying (34) have length betwe&n4 andeT /2. Also sete’ = T, and

©® = sin~Y(min(1, 2D;/|y|R)). Then,|¢| is always bounded b§, hence
Ni(y, R) — N1(y, R/2) < |A(eT/4,€T/2,0) N V(Y)]. (36)

Assume thaf” > 1. Then, by Lemma 8.1,
20

|A(eT/4,€T/2,0) NV (Y)| < cT? Ny (e, airgY) do. (37)
—20
Note that
4D, 8Dje!
@<L _%7e (38)
lyIR €lyl

Now suppos® € [—20,20]. We will estimateNy (¢, a;rgY). By Corollary 6.3
we build the complex. c Y of complexity of at most — 1 generated by the saddle
connections of length at mosbna,rg Y. Thus, all the saddle connections which contribute
to Ny (e, a,rgY) are contained inL. It is our intention to count the number of saddle
connections of length in L which are not contained iR, since the saddle connections
in Ko are not accessible. By Corollary 6.5(b) there exists a comfifex L N Ko which
contains all the saddle connectionslim Kg. By construction, if a saddle connection in
L is contained inV (Y), it is not contained in the fiIIed—hK}, with respect ta.. We may
assume thak’ does not contaid L (otherwiseL C Ko and there is nothing to count).
Thus, for some constagtz = C3(3, €),

Nv(e,airgY) < N(L, K}, €)
C3 C3 C3
< = =
— UL, K})H‘S/Z CareY, airoKo)1+3/2 £y, (arpY)1+9/2

(39)
where in the second estimate we have udd 1) and the last equality uses the definition
of ¢, in §7.

Combining (36), (37) and (39) we obtain

o [%° de
N1i(y, R) — N1(y, R/2) < C —_——.
1y, R) = N1(y. R/2) < Cse [ 2o L@l T
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Now setp = 16D;/e¢ so by (38) the domain of integration in the above integral
is contained in the intervdl-pe™"/|y|, pe'/|y|]. By Proposition 7.2, for som€” =
C"(Dy,8,¢€),C1=C1(Dy, 8, €),

—t(1-9) t N\ 146 R 148
n 2t € R _
Ni(y, R) — N1(y, R/2) < C"e w5 =C' |\ =C1|— .
Iyl Iyl Iyl

Now, an easy geometric series argument shows that

1+5
Nl(J/» R) = Ci(Dls 81 6) <ﬁ) .
14
This completes the proof @fJ);) in the case that/| < 1 andT > 1.
If |y] <1andT < 1,thenR < ¢, and in view of the upper bound in (34),

Ni(y,R) < Ny(R,Y). (40)

We do exactly the same except that we kdb be the complex generated by the saddle
connections of lengti® < ¢ on the original domairy. Again, setk’ C L N Ko to be the
complex containing all the saddle connection&.in Ko. Then, using (W.1) as in (39),

1+
R
Ny(R,Y) < N(L,K;,R) < C4| ——~
v(R,Y) <N(L,Ky,R) < 4<€(L,K})>

_C< R >l+5<c <R>l+5 (41)
~\wrv ko) 7 \pt)

where the constant§; and Cs depend ol and§, and the last estimate follows from
Corollary 6.3 and the definition oKp. Now (U;) follows from (40) and (41). This
completes the proof aiU,) in the casdy| < 1.

If |y| > 1then we can rotate so it is vertical and then flow by; so that its length is 1.
Since rotations are isometries,contracts a vertical saddle connection the most and cross
products are preserved, it is clear that after this action by an elem@&iii@f R) that any
B which is (po, D;) weakly accessible before is stilbg, D;) weakly accessible. Leét. |’
denote lengths on the deformed surface. Then we have, for gme

R , 2R R

— <[l = —+ Dy < C6—,

hq Iyl Iyl
with the first inequality on the right following frort8|” > |81/ly| > R/|y|, the middle
inequality following from the condition on the cross product and the rightmost inequality
following from the factthaR/|y | is bounded below by /Jpg. This implies that the estimate
for |y| = 1 gives the general estimate.

(U;) and Proposition 6.9 implyV;). We say a saddle connectionhas size: if ¢"~1 <
lo] < e". Up to an additive constant there are Bgy | sizes betweefy | andR. For each
saddle connectio which contributes tava(y, R), first note thatg is (po, D;) weakly
accessible frony. Thus we find the chain (see Proposition 609)% B1,...,8, = vy
where|8; x Bi+1| < Dy, Bi is (po, D;) weakly accessible from8; 1. This implies that
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1Bil/1Bi+1] = 1/po and so up to an additive constafthas size between sige|) and
size(|8]). Now (U;) implies that the number ¢f is bounded by a constant times a product

1+8/2 1+58/2 1+5/2 R \L+/2
()< () = () ()
|B2] | Bnl Iyl 71
where the product has to be summed over all the possible siZ@s| ofThis introduces

an extra factor of logr/|y|)?° into the above quantity, which is incorporated into the
exponent - §.

(V) and(W;_1) imply (W,). Letw be the shortest saddle connection intersectingthat
is, not contained in the filled-ik ;. Let K’ C Y denote the complex generated by all the
saddle connections ifi of length smaller thanw|/c’ wherec’ is as in Corollary 6.3 so
K' C Ky. ThenK} C Ky as well so it is sufficient to provéV,) for saddle connections
intersectingYx/; that is, not contained iIK}. Let y be the longest saddle connection in
dY\ K, so|y| > |w|. LetL be the subcomplex df generated by all the saddle connections
of length smaller thafy |/c’, soK’ C L and therefor&, C Ly. Since,y ¢ Ly, Lyisa
proper subcomplex df . Thus, its complexity is at most— 1.

We wish first to count the number of saddle connectionsin, K',, if this set is non-
empty. By(W;_1),

X 1+ s
N(Ly, £ R) < C3(l,9) (m) < Cy(l, ) <m) .

Now we wish to count the saddle connections that interBgcthat are not contained in
L ;. Each such saddle connectiorpig accessible frony, and hence igpo, D;) weakly
accessible frony. Hence, by(V;) the total numbeN (v, R) of such saddle connections is

at most
R 1+6 R 1+6
N(y,R) = Ca(, ) (—) = Ca(l,é) (—) .
71 |l
This completes the proof @iV;) and the inductive step. |

Proof of Theorem 5.1(b).et V(-) denote the set of vectors, counting multiplicity
associated to saddle connections. éet €(P) > 0 be as in Theorem 5.1(a) (and 86). Let
C(8) be asin Theorem 5.1(a).

We note that for anyR > ¢ there exists an integen = m(R) and m elements
g1, ...,8m Of SL(2,R) depending only onR such thatB(R,0) C U’;’zlng(e,O).
Hence, foranys € QD(g, P),

[V(S)NB(R,0)| <Y IV(S)Ng;jBe,0)| =) V(g7 )N B, 0. (42)
j=1 j=1

By Theorem 5.1(a), for each

148

IV(g7'$) N B(e, 0)| = C() [ —— : (43)
Since lengths orgj‘ls differ from lengths onS by a factor depending only og; (and
hence only omR), (42) and (43) imply the theorem. |
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Remark.An easy geometric series argument shows that Theorem 5.1(a), and hence (B)
and (C,) in 82 hold for cylinders of imprimitive closed geodesics. This implies that
the pointwise asymptotic formula holds for cylinders of imprimitive closed geodesics on
almost every surface.

We now relate the constants in the asymptotic formulas for primitive and imprimitive
geodesics. Let/(-) denote the primitive closed geodesics, and Wét:) denote the
imprimitive closed geodesics. For a bounded functioon R? and a surfacé let

f)= ) f and f(H= )Y [

veV(S) veW(Ss)

We claim that for any ergodic invariant probability measuré¢he Siegel-Veech constants
are related byy , = cw,,./¢(2). Choose any® > 0, and letf denote the characteristic
function of the ball of radiu®. Let f; denote the characteristic function of the annulus
{v:R/(k+1) < |v|| < R/k}. Then, foranyS € QD(P),

(e.¢]
F) =) kfi(S). (44)
k=1
From the Siegel-Veech formula Theorem 2.2 we have

/ F(S8)du(S) = wew R,
OD(P)

. R? R? (45)
/QD(P) Je(8)du(S) = TCv, (ﬁ - m) .

Integrating (44) ovep D(P) with respect tqu and substituting (45), we get

. 2 _ _ _ 2 _ X 2
mew, RS =mey kE:lk <_k2 7(]{ gy =mncy R kE:l ehe wey, R°C(2).

Hencecw, . = ¢(Dcvy .

9. Proof of Theorem 1.4
In this section we use the notatioHs u;, N4(-) andNs(-) defined in 81.

THEOREM9.1. Eachy; is ergodic under theSL (2, R) action onY;.

Proof. We follow the Hopf proof of ergodicity of the diagonal action Let f € Co(Y;)
be a continuous function with compact support. For eaehy; we form

1 T
—/ f(arx)dt
0

lim
T—oo T

ffx) =

and
. 1 /T
S (x) =Tlinoo;f0 fla—ix)dt,

the limits existing foru; a.ex € Y;. Moreover,f* = f, a.e. as well. We need to show that
f* = fx = c a.e. for some constant Now, for eachx, f* is constant along the vertical
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leaves (pairs of vertical leaves) of the flat structure (pair of flat structures) corresponding
to x. If the vertical foliation of the flat structure is ergodic thé¢h is constant a.e. on each
(product) fiber. Since; a.e. fibers have ergodic vertical foliations, this implies tfiais
constant on fibers. This reduces the proof to thatdd 1]. |

LEMMA 9.2. Lete > Obe asin 86.

(1) Foranys§ > 0 there exist<s = Cs(P, ) such that for any§ € QD(P) and any
p €S, NaS, P, p,€) < Cs/L(S)*T.

(2) For any 8§ > O there existsCs such that for anyp,q, Ns(S, P, p,q,€) <
Ce/L(S)119.

Proof. Recall thatZs denotes the set of singularities $f To prove (1), letZ, = Zg U p.

Let S’ be the same surface &sexcept that or§’” we define a saddle connection to be a
geodesic segment which begins and it ends at a poirt pénd it does not contain a point
of Z§ in its interior.

By Corollary 6.3, there exists a compl&x c S’ with boundary such that every saddle
connection ors’ of length at most is contained inY’. Note that any saddle connection
on S’ of length shorter thar(S) must begin or end ap. Letb = £(S)/3, and form
the complexk’ generated by saddle connections of length at rhodtow we claimk’
consists of at most a single segment frpno a vertexv. Suppose on the contrary there
are two segments joining to verticesv, vz or a closed loop fronp to itself with length
at mostb. In the first case there would be a geodesic joinindo v2 of length at most
2b < £(S), contradicting the fact that the shortest segmens d¢ras length at most(S).

In the second case, in the homotopy class of the closed loop there would be a segment of
length at mosb, again a contradiction.

Since K’ consists of at most a single segment which is not a closed loop, it cannot
contain the entire boundary &f. Thus by Theorem 8.8W)),

1 / C3 Cs
NI, K, €) < o]y, K/)1+5 - E(S)H‘S'

The proof of (2) is similar. This time sét= ¢(S)/4. We add botlp, ¢ to the vertex
setZg and again fornt” andK’. Now K’ can consist of at most three segments; no two
of which can both be fronp (respectivelyy) to vertices or fronp to ¢. Nor can there be
a segment fronp (respectivelyy) to itself. Thus the only possible closed loop must be
homotopically trivial, consisting of segments joining a vertedo p andg and a segment
joining p to ¢. This closed loop bounds a triangle Now K’ can be the entire boundary
of Y’ only if Y/ = A, in which case the bound in the lemma is trivial. Otherwise we apply
(W)) again. O

Proof of Theorem 1.4We first verify that Theorem 2.1 applies. L& be one of the fiber
bundlesy;. If i = 1, letV (S, p) c R? denote the set of segments Sijoining p € S to
avertex. Ifi = 2, letV(S, p,q) c R? denote the set of segments Srjoining p € S

tog € S. The condition (A) is clearly satisfied. Also (Q is clearly satisfied in view of
Lemma 9.2 and Lemma 5.5. Also, (B) is satisfied in view of Lemma 9.2 and Theorem 5.2
(cf. the proof of Theorem 5.4 in 85). Thus, to prove Theorem 1.4, it remains to evaluate
the Siegel-Veech constants.
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Fix a smalle and letf € Cgo(Rz) be a positive function which is 1 on the disc of
radiuse, 0 outside the disc of radius:2ind has integrate? + o(¢?). To prove (1), for
peS\Zs, letV =V(S, P, p) denote the set of segments joinipdo a singularity. By
the Siegel-Veech formula

fdul = Cv,m/ f= cvgﬂlnez + 0(e?). (46)
Y1 R2
We will show that
k
Cvsﬂl = E (47)
We will computecy ,, by computing the left-hand side of (46), dividing both sideseby

and lete — 0.

Let QD (P) denote the set of flat structur@ssuch that the shortest saddle connection
on S has length at most«4 For eachS ¢ QD (P) andv € P let D.(v) denote the ball of
radiuse centered at. For each suchly,

/ £(S.p)drs(p) =) De(v) + 0(e?) = kme?/2+ o(e?) (48)
S veP
wherels denotes the Euclidean measure$n

Let Y1 . be the fiber space ovgl D.(P). It is enough to show that

fdur=o(€), (49)
Yl,e
for then adding the contribution of (48) integrated ogeP(P) to (49), substituting into
(46), dividing both sides by and lete — 0, we get (47).
Now by Lemma 9.2, for eack € Q D.(P),

. Cs
f(§) =< W

Since f is supported on a set of measu?éc2) on S,

~ €2
/L;f(S: p)drs(p) =0 (W) :

Hence, since by Lemma 5.5 the functiof¢1S)1+? € L1(QD(P)), and the measure of
OD.(P) — 0ase — 0, (49) holds. This concludes the proof of (1).

For (2), letV = Vs p »,.p, denote the set of segments joinipg, p> and again apply
the Siegel-Veech formula tf. This time we will show

v, =1

and then use Theorem 2.1.

Again we need to compute the left-hand side of the Siegel-Veech formula, divide by
€ and lete — 0. Again we first restrict to fibers ov&® D(P) \ QD.(P). In each fiber
S x §, let W, be the set of pairép1, p2) where eithemps or p; is in the 2 neighborhood
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A

of a singularity. For(p1, p2) € S x S\ W, f = 1if p1, p2 belong to the same ball.

Thus
/ f: 7T€2+0(€2).
Sx S\ W,

If (p1, p2) € W, say,p1 liesin a 2 neighborhood of a singularity, thg» must lie within
a 4e neighborhood of the singularity; otherwige= 0. The integral off over the set of
pairs(p1, p2) such that bottp; lie in a 4e neighborhood of a singularity I8 (¢*) = o(€?).
Thus the integral of on the fiber space ove? D(P) \ QD.(P) is we? + o(€?).

Now using the second part of Lemma 9.2, on each fibeover Q D.(P), f is
0(1/¢(S)Y%) and sincef is supported on a set of measubge?), the integral off is
0(€2/£(S)1+?%) on each such fiber. Exactly as before this implies that the total contribution
to [ f is o(e?) on the fibers ove® D, (P). o
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