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We consider bootstrap inference in predictive (or Granger-causality) regressions
when the parameter of interest may lie on the boundary of the parameter space,
here defined by means of a smooth inequality constraint. For instance, this situation
occurs when the definition of the parameter space allows for the cases of either
no predictability or sign-restricted predictability. We show that in this context
constrained estimation gives rise to bootstrap statistics whose limit distribution is,
in general, random, and thus distinct from the limit null distribution of the original
statistics of interest. This is due to both (i) the possible location of the true parameter
vector on the boundary of the parameter space and (ii) the possible non-stationarity
of the posited predicting (resp. Granger-causing) variable. We discuss a modification
of the standard fixed-regressor wild bootstrap scheme where the bootstrap parameter
space is shifted by a data-dependent function in order to eliminate the portion of
limiting bootstrap randomness attributable to the boundary and prove validity of the
associated bootstrap inference under non-stationarity of the predicting variable as
the only remaining source of limiting bootstrap randomness. Our approach, which is
initially presented in a simple location model, has bearing on inference in parameter-
on-the-boundary situations beyond the predictive regression problem.

1. INTRODUCTION

In this paper, we revisit the well-known problem of bootstrap inference in regres-
sions with parameter space defined by means of smooth inequality constraints.
For instance, consider the setup of a regression y, = o + Bx;,—; + &;, where the
parameter space for (o, B) is defined by the constraint 8 > 0. This framework
arises when only the possibilities 8 = 0 of no predictability (or no first-order
Granger causality, generalizable to higher orders), and 8 > 0 of sign-restricted
predictability, are entertained, and the model is estimated under the constraint
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B € [0,00). In applications, economic theory is often informative about the direc-
tion of predictability, and such information could be used to improve the efficiency
of estimators and increase the power of hypotheses tests. A prominent example is
provided by predictive regressions for financial returns; see, e.g., Phillips (2014)
and the references therein. Interest can then be in testing the hypothesis of no
predictability (i.e., 8 = 0) by means of a one-sided test, or a special case of this
hypothesis (e.g., « = 8 = 0), or a hypothesis where the parameter vector may but
need not lie on the boundary of the parameter space (e.g., « + = 0).

Though in this context the bootstrap is potentially useful, its application is not
straightforward if the parameter vector may lie on the boundary of the parameter
space; see Andrews (2000). In particular, as we discuss in the following, even
in a simple location model where the parameter space is a closed half-line,
the cumulative distribution function [cdf] of the parametric bootstrap #-statistic,
conditional on the original data, converges weakly to a random cdf, rather than to
the target asymptotic distribution of the #-statistic computed from the original data.

Our first contribution is to show that in predictive regressions with parameter
values on the boundary, the distribution of fixed-regressor! bootstrap statistics,
like the #-statistic for 8 = 0 in the regression above, may be random in the limit.
Limiting randomness may arise in two ways. A first possible source of randomness
in the limit bootstrap measure is in the non-stationarity of the regressor, which
operates through the random limits of sample product moments. This is hardly
surprising, see, e.g., Georgiev et al. (2019). A second potential source of random-
ness is the location of the parameter vector on the boundary of the parameter space.
Invalidity of standard bootstrap schemes when a parameter is on the boundary was
initially discussed in Andrews (2000), where a simple location-model example
was given; see also Chatterjee and Lahiri (2011). In the context of hypotheses
tests in predictive regressions, we revisit Andrews’ result and show that, for a
general bootstrap scheme, the occurrence or non-occurrence of limiting bootstrap
randomness due to the possible location of a parameter on the boundary of the
parameter space depends on how well the bootstrap scheme approximates the
mutual position of three objects: (i) the boundary, (ii) the parameter set identified
by the null hypothesis, and (iii) the true parameter value. Standard bootstrap
approximations of this mutual position may not be sufficiently precise, giving rise
to complex conditioning in the limit bootstrap distribution, with ensuing bootstrap
validity only for special types of statistics.

Our second contribution is to show that certain nonstandard bootstrap schemes,
designed to provide a better match with the geometric configuration in the original
parameter space, give rise to limit bootstrap distributions where randomness, if
present, is not attributable to the boundary value of the parameter vector. This fact
allows us to establish bootstrap validity in an “unconditional” sense; see Cavaliere
and Georgiev (2020). That is, although randomness of the limiting bootstrap cdf

I'We focus on “fixed-regressor” bootstrap schemes as they do not require knowledge on the regressor generating
process. For instance, and in contrast to recursive-based schemes, they can be applied to both 1(0) and I(1) settings.
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prevents the possibility that the bootstrap could mimic the asymptotic distribution
of the original statistic, we can show that, in large samples, bootstrap tests and
asymptotic tests are correctly sized for essentially the same set of nominal sizes.

Formally, we make use of the following definition, which generalizes the
definition of unconditional bootstrap validity given in Cavaliere and Georgiev
(2020, p.2555). Let p, and p;: be, respectively, the p-value of an asymptotic test
and of its bootstrap analog. Let also

Ci={ge O.1): lim P(p, < g) = qlHo},

such that a test rejecting for p,, < g (or for p, > q) is correctly sized for nominal
significance levels g (resp. 1 —¢) with g € C, as n — o0.” If, under the null
hypothesis Ho,

P@p; <q) — qforallgeint C, (1.1)

where int C denotes the interior of the set C, we say that the bootstrap test based on
pi is valid for Ho.” The meaning is that the bootstrap test and the asymptotic test are
first-order asymptotically equivalent in terms of correct size control. In particular,
bootstrap validity for simple hypotheses Hy characterizes pointwise size control.

Notice that bootstrap validity as in (1.1) is implied by the classic definition
of bootstrap consistency, namely that sup, g |F; (x) — F(x)| — 0 for a bootstrap
statistic with cdf F7} conditionally on the data and an original test statistic with
continuous asymptotic cdf F. The converse does not hold; that is, (1.1) does not
imply classic bootstrap consistency, see the discussion in Cavaliere and Georgiev
(2020).

For test statistics whose asymptotic distribution is continuous, it holds that
int C = (0,1) and hence condition (1.1) should hold for all ¢ € (0,1) for the
bootstrap to be valid. Unfortunately, parameter values on the boundary of the
parameter space may induce discontinuities in the limiting cdf’s, such that not even
the exact p-values of the associated tests are asymptotically standard uniform on
[0, 1]. This makes the above weaker version of the validity definition unavoidable.

Finally, we turn to the special case of one-sided tests for the null hypothesis that
the parameter vector lies on the boundary of the parameter space, such that the
boundary coincides with the parameter set identified by the null hypothesis. This
case provides a transparent example of a limit bootstrap cdf which is random only
on a subset of its domain. Then, if bootstrap validity is defined as in (1.1), in this
case also some standard bootstrap schemes can be proved to be valid.

This paper is related to recent work by Fang and Santos (2019) and Hong
and Li (2020). The latter two papers propose nonstandard bootstrap schemes—
involving a tuning tool—which correct the inconsistency of “classic” bootstrap
methods in settings that cover parameters on the boundary as a special case.

2For g € int C it holds that P(p, = ¢) — 0 and rejections for p, < g (or p, > g) are asymptotically equivalent to
rejections for p, < g (or p, > q).

3Bootstrap unconditional validity as in Cavaliere and Georgiev (2020) is obtained as the special case int C = (0, 1).
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The main difference from the present contribution is that our theory applies
to random limit bootstrap measures. Thus, Fang and Santos (2019) consider
bootstrap inference in settings where the target asymptotic distribution, say that
of a random element t, can be thought of as a transformation ¢ of another random
element 7/, and both the distribution of t’ and the transformation ¢ need to be
estimated; see also the related works by Diimbgen (1993), Hirano and Porter
(2012), Fang (2014) and Chen and Fang (2019). Although Fang and Santos (2019)
consider deterministic ¢ and the unconditional distribution of t’, such that their
results are not directly applicable here, their way of conceptualizing the problem
remains fruitful also in the case of random ¢ and random conditional distributions
7’|7” (for some random element t”).We discuss this in Section 5.2.

Our contribution is also related to Hong and Li (2020), who propose a ‘“numer-
ical bootstrap,” which is valid in settings where a parameter space can be approxi-
mated locally by a cone with vertex at the true value of the parameters; see Geyer
(1994) for a detailed discussion of the approximation. Both the approaches in
this paper and that by Hong and Li (2020) are connected to the large body of
literature considering estimation and inference for constrained M-estimators; see,
among others, Geyer (1994), Andrews (1999, 2000), and the references therein. In
Section 5.2, we argue that, when applied to a restricted predictive regression, the
“numerical bootstrap” of Hong and Li (2020) performs a geometric approximation
of the kind we propose, though at the cost of a slower-than-standard convergence
rate for the resulting bootstrap estimator.

We present our main idea using first a simple location model for i.i.d. scalar data
whose location parameter is constrained to be positive. This is done in Section 2.
The predictive regression framework is presented in Section 3; in this section, we
also show that the bootstrap limit measure associated with standard fixed-regressor
wild bootstrap schemes is random. A new family of bootstrap algorithms and
their validity are discussed in Section 4. Results on the validity of one-sided tests,
connections to the previous literature, and uniform size control for the bootstrap
tests are discussed in Section 5. Section 6 provides simulation evidence, whereas
Section 7 concludes. Proofs are collected in the Appendix.

1.1. Notation and definitions

We use the following notation throughout. The spaces of cadlag functions [0, 1] —
R", [0,1] - R™" and R — R, all equipped with the respective Skorokhod J;-
topologies, are denoted by Z,, Z,,x, and Z(R), respectively; see Kallenberg
(1997, Appendix A2). For n = 1, the subscript in 2, is suppressed. %, (R") is
the space of continuous functions from R” to R" equipped with the topology of
uniform convergence on compacts. Integrals are over [0, 1] unless otherwise stated,
® is the standard Gaussian cdf, Ujg 1) is the uniform distribution on [0, 1] and
I, is the indicator function. If F is a cdf, possibly random, F~! stands for the
right-continuous generalized inverse, i.e., F~' (1) :==sup{v e R: F (v) <u},u e R.
Unless differently specified, limits are for n — oco.
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With (Z,,Y,) and (Z,Y) being random elements of the metric spaces Sz x Sy,
and Sz x Sy (n € N), and defined on a common probability space, we denote by
“ZalYy >, ZIY” (tesp. “Zy| Yy —> 5. Z|Y”) the fact that E {g (Z,) |Y,} = E{g(Z) |Y}
in probability (resp. a.s.) for all bounded continuous functions g : S — R. When Z,

is a bootstrap statistic and Y, denotes the original data, we write “Z, LN » Z|Y” (resp.

“Zn ﬁ“. Z|Y”). Finally, with (Z,,Y,) and (Z,Y) possibly defined on different
probability spaces, “Z,|Y, =, Z|Y” means that E{g(Z,)|Y,} = E{g(Z)|Y} for all
bounded continuous functions g : Sz — R, see Kallenberg (1997, 2017); we label
this fact “weak convergence in distribution”. For the special case of scalar random
variables Z,, and Z, if the conditional distribution Z|Y is diffuse (non-atomic), weak
convergence in distribution is equivalent to the following weak convergence in

2([R):

Fu(-Yy) := P(Zy < -|Y,) = P(Z < -|Y) = F(-|Y). 1.2)

When Z, is a bootstrap statistic and conditioning is on the original data, we use

the notation “LW”. For multivariate generalizations, we refer to Cavaliere and
Georgiev (2020, Appendix A).

2. PREVIEW OF THE RESULTS IN A LOCATION MODEL

To illustrate the main arguments that will be proposed in the predictive regression
framework later, consider as in Andrews (2000) and Cavaliere et al. (2017) the
location model

yv=0+¢& =1,..n),

where the ¢,’s are i.i.d.(0, 1) and the parameter space is ® := {6 € R : 6 > 0}.
Interest is in inference on the true value 6y of 6 by using the Gaussian QMLE,
6. With 1, () := —1 3" (3, — 6)%, we find § := argmaxgee , (9) = max{0,7,},
Yo :=n"1 3" y.. If 6 is an interior point of ©, i.e., 6y > 0, then n'2(6 -6y > &,
& ~N(0,1). In contrast, if 6y is on the boundary of ®, i.e., 6y = 0, the asymptotic
distribution of 4 is

n'2(0 — 0p) =n'?0 5 £ := max{0,£}, 2.1

again with £ ~ N (0, 1).

The first takeaway of this section is the fact that the location of a parameter on
the boundary of the parameter space may induce limiting bootstrap randomness of
akind that invalidates bootstrap inference. To see this, consider in the context of the
location model a standard Gaussian parametric bootstrap based on the bootstrap
sample

vy :é—i—a:‘,
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where the ¢;’s are 1.i.d.N (0,1) independent of the original data. The bootstrap
counterpart of [, (8) is I (0) := —% SO — 6)2, and the usual bootstrap QMLE
is 6* := argmaxgee I* (0) = max{0,5*}, 7 := 0 + &, &5 :=n~' Y7 &*. Condi-
tionally on the original sample, 6*’s exact distribution is

n'2(0* — ) = n'* max{—0,&"} ~ max{—n'0,£*}10, £*|0 ~ £ ~N(0,1),
(2.2)

with associated conditional cdf given by
P20 —=0) <x) = 2], _,1p5.xER. (2.3)

Now, when 6 is an interior point of @, —n'/29 diverges to —oo in probability
and the distribution of n'/2(6* — §) given the data converges weakly in probability
to the non-random distribution of £*; the bootstrap therefore mimics the N (0, 1)
asymptotic distribution of the original statistic, the bootstrap distributional approx-
imation is consistent and bootstrap inference is valid in the sense of (1.1), with
int C = (0, 1). Conversely, when 6, is on the boundary of the parameter space, the
cdf in (2.3) converges weakly in Z(R) to the random cdf @ (x) [{,>_¢;. In terms of
weak convergence in distribution,

nV26% —0) %5, *1e, £* = max{—£, £}, 2.4)

where £ is distributed as in (2.1) and is independent of £*. The limit distribution in
(2.4) is random since its cdf is a stochastic process depending on the conditioning
random variable £. Thus, it is distinct from the limit distribution in (2.1), which is
unconditional and hence characterized by a non-random cdf. Because the bootstrap
limit distribution is random, the bootstrap approximation is not consistent for the
limit in (2.1).

As we shall see in Section 4, limiting bootstrap randomness could be of two
kinds: “benign,” thus not compromising the validity of bootstrap inference in
the sense of (1.1), or “malignant,” thus invalidating bootstrap inference. In this
example, a bootstrap test employing a bootstrap statistic t* := ¢ (n'/2(9* — 0)) as
the analog of a statistic 7, := ¢ (n'/20), where ¢ is a real function, may not be valid
in the sense of (1.1) under the null hypothesis Hy : 8y = 0 even if the function ¢ is
continuous, thus implying “malignant” randomness.

To get some further insight into the source of limiting bootstrap randomness,
which will be exploited in the next sections, it is useful to notice that the asymptotic
distributions in (2.1) and (2.2) can be written as

¢ =max{0,&} = argmin;cp A =&, A:={L €R: 1 >0}

£5|€ = max{—£,£*}|L = (argminxeA(g) [A —§*|) LAW)  ={LeR: 1>t}
=A—-Y,

respectively. Hence, bootstrap randomness, and the implied bootstrap invalidity,
can be attributed to the fact that in the bootstrap world the limit constraint set for
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the objective function |A — &*| is the random half line A (£) rather than the original
fixed half line A = A (0). That is, the chosen bootstrap scheme shifts the constraint
set by the random variable —¢, which is non-zero with probability 1/2.

The second takeaway of this section is the fact that bootstrap validity could
be restored by offsetting properly the previous shift of the limit constraint set.
Specifically, this requires an ad hoc construction of a bootstrap parameter space
intended to approximate well the mutual position of the true parameter value and
the boundary of the original parameter space.

Consider a bootstrap scheme where the boundary of the bootstrap parameter
space ®* is chosen in a data-driven way such that the mutual position of 6, and the
boundary of ® is well approximated irrespective of whether §, belongs to 9® or
not. To this aim, introduce the half line @* :={6 : 6 > g* (é)}, where g*(0) :=6 —
|0]'t%, k > 0, and the associated 6* = argmaxpee= [ (6) = max{g*(é),&j}. The
bootstrap QMLE statistic is then given by n'/?(9* — ) = n'/> max{g*(0) — 0,*}.
Conditionally on the data, it is distributed as max{n'/2(g*(9) — 0),£*}|0, with
£%|6 ~ N(0, 1).If 6 = 0, it then follows that n'/2(g* (§) — 6) = —n'/29'+< 2 0, and
the bootstrap statistic conditionally on the data converges weakly in probability to
¢ of (2.1). Conversely, if 6y > 0 then n'/2(g*() — ) = —n'/26'** & _o0 and
the bootstrap statistic conditionally on the data converges weakly in probability
to the N (0,1) distribution. In both cases, the bootstrap mimics the asymptotic
distribution of n'/2( — 6y) and bootstrap validity in the sense of (1.1) can be seen
to be successfully restored.

Remark. In the location model, an appropriate choice of ®* simultaneously
restores bootstrap validity and removes all the randomness from the limit bootstrap
distribution. In the predictive regression framework, we shall conclude that, in
order to achieve bootstrap validity, it is essential to remove only the portion of
limiting bootstrap randomness that is due to the location of the parameter vector
on the boundary of the parameter space. As no other sources of limiting bootstrap
randomness exist in the context of the location model, in this section, the previous
conclusion simplifies to eliminating all the limiting bootstrap randomness.

Before moving on to predictive regressions, we notice that when a test of
Ho : 6o = 0 against H; : 6y > 0 is performed, employing t* := n'/2(§* — @) as the
bootstrap analog of 7, := n'/20, the standard parametric bootstrap with ©* = ©
is valid in the sense of (1.1); see also Andrews (2000). Specifically, the bootstrap
test rejects Hy when the bootstrap p-value p} = 1 — p is small, with the following
convergence satisfied under the null hypothesis:

py=P' (5 <T) =P (" <1,) > D(D).

A similar convergence is satisfied by the p-value p, = 1 —p,, of the asymptotic test,
with

Pn =P < W)uzr, = tir1z0) + P (0,200 = P(T,) = ().
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As ¢ is distributed like @‘I(U)H{U>1/2}, U ~ Ujp,1), it follows that ®(£) is dis-
tributed like & (1 (U )y=1/2)). As aresult, both the bootstrap and the asymptotic
test are correctly sized for nominal levels below 1/2. This phenomenon, whose
extensions to predictive regression are discussed in Section 5.1, does not gener-
alize to hypotheses where one-sided tests are not appropriate or straightforward.
Therefore, a remedy is necessary for the inference-invalidating limiting bootstrap
randomness induced by the location of a parameter on the boundary.

3. THE PREDICTIVE REGRESSION SETUP
Consider the following predictive regression in a triangular array setup:
yl=91 +92xn,t—l +8t5 (t= 15'-'7n; n= 1525"')7 (3‘1)

where ¢, is a martingale difference sequence [mds] and x,, is a non-stationary
posited predicting variable satisfying the following assumption; see, e.g. Miiller
and Watson (2008) for references to primitive conditions.

Assumption 1. Let z,, :=n""/2Y"!_ .. Then:

(a) {&/} is an mds w.r.t. some filtration to which (x,, s, z,,) is adapted, with Eet2 =
w; € (0,00).
(b) alaw of large numbers holds as n — oo:

n
SR ) (Av Az ) Be=( P 9 )so
AV Wyz W

t=1

(c) an invariance principle holds in %, as n — oco:
o, L 2o, 1)) = (X,2)' ~ BM(0, ),
a bivariate Brownian motion on [0, 1].

Assumption 1 covers the specification x,, ; = n~12x, foran I(1) process x; driven
by an mds that could be contemporaneously correlated with &;.*

Assumption 1 implies that Zlexn. 102, Y f XdZ, which need not have
a mixed Gaussian distribution because X and Z need not be independent. Nev-
ertheless, it holds that >, X, 1 (AzZy — W@ Axyp) = [Xd(Z — w0 'X),
which is zero-mean mixed Gaussian with conditional variance 062 f X2, where
0? = w, — o> w_ is the variance of &, corrected for Ax,, ;. The bootstrap schemes

e XZ7TTXX
discussed below all rely on the independence of the processes X and Z — w0y X.

4As the bootstrap p-values discussed in the paper are invariant to rescaling of the regressor, the normalization of x; by
n~'/2 has no practical implication. It is equivalent to specifying a local-to-zero regression coefficient, as is frequent
in applications where y; is a financial return and x; is non-stationary.

S5Results under two alternative stochastic specifications of x,, ;, as a near-unit root and as a stationary process, are
given in the accompanying supplement, Section S.1.
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Further, Assumption | imposes unconditional homoskedasticity for simplicity.
As all the bootstrap approximations below are based on “wild” bootstrap schemes,
unconditional heteroskedasticity can be accommodated at only a notational cost.

The next assumption specifies the parameter space, say ®, by means of a smooth
inequality constraint.

Assumption 2. The parameter space is ® := {§ = (9,6,)' € R?: g(0) > 0}, with
non-empty boundary 90 := {# € R?: g(9) =0}, where g : R> — R is continuously
differentiable in some neighborhood of the true parameter value 6y := (61,9, 62,0)’
with gradient % g(0) # 0 in that neighborhood.

In the following, ¢ will denote the gradient of the function g evaluated at 6.

Assumption 2 generalizes the leading example of the parameter space ® =
R x [0,00) obtained by setting g(6) = (0,1)0 = 6,. The boundary of ® then
corresponds to the case 6, = 0 of no predictability of y; by x,,_;, whereas the
interior of ® corresponds to the case of sign-restricted predictability.

Interest is in bootstrap inference on a null hypothesis Hy identifying a set
of parameter values that has a nonempty intersection with the boundary of the
parameter space. In particular, we consider the following mutual positions of the
boundary, the parameter set identified by Hy and the true value 6y:

1. Hy is the hypothesis that 6y belongs to the boundary: Hy : g(6p) = 0;

«,. Hy is a simple null hypothesis on the boundary: Hy : 6y = 6, g(8) = 0;

45. Hy : h(6y) =0, where {# € R? : h(0) = 0} is not a subset of the boundary 90,
but meets d© at a singleton set.

For example, let again g(0) = 6,, such that the parameter space is R x [0, c0)
with boundary 0® = R x {0}. Then the hypothesis of no predictability Hy : 6o =0
falls under ¢,. The hypothesis Ho : §p = 0 = (0,0)’ that y, is unpredictable with
zero mean falls under ¢,. Finally, the hypothesis Hy : (1,1)8) =010+ 620 =0
falls under &5 by setting & (0) := (1, 1)0; in this case, the intersection point of the
boundary and the parameter set identified by Hg is (0,0)’, which might, but need
not, be the true value under Hy.

3.1. Asymptotic distributions
Let 0 be the OLS estimator of (6,6,)’ in the equation
Ve =01 +02x,-1 + 30X, +e 3.2)

subject to the constraint 0e O, ie., g(é) > 0, and where the role of the regressor
Ax,,; is to ensure that the residuals are asymptotically uncorrelated with the inno-
vations driving x, ,, a convenient prerequisite for the bootstrap implementations.
The existence, with probability approaching one, of a measurable minimizer of
the residual sum of squares in (3.2) over the set ® can be established in a similar
but simpler way than that of its bootstrap counterpart in our detailed proof of
Theorem 4.1. Moreover, any two such minimizers are first-order asymptotically
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equivalent, explaining our usage of “the” associated with the constrained OLS
estimator. Specifically, any such minimizer 6 satisfies n'/2(6 — 6y) — £(6p),
with £(6p) depending on the position of 6, relative to the boundary 9®. Thus,
€6) = € :=M"¢ if 6) € int® := O \ 9O, where M := [XX', X := (1,X),
& ~ N (0,02L) is independent of X, and o2 > 0 is the variance of ¢, corrected for
Axp, ;, whereas

n'2(0 —6y) > €(6y) = £ := argmin||A — M~ 2|y, A =L e R*: g1 >0},
rLEA

3.3)

if g(Ap) = 0, with ||x|| := (¥Mx)'/? for x € R?; see Section 12 in the working
paper version of Andrews (1999) or the proof of Theorem 4.1 for the bootstrap
counterpart.

The previous asymptotic result is sufficient in order to see that the possibility of
having 6, at the boundary of the parameter space ® induces a dichotomy in the limit
distribution of n'/2(6 — 6,) similar to the dichotomy established in the introductory
location-model example. Replicating the constraint set in the limit distribution by
means of a bootstrap scheme will be our main concern in what follows.

3.2. Standard bootstrap invalidity
Consider first a fixed-regressor wild bootstrap sample generated as
V= 6, +éan,t—1 +s, (3.4)

where & = ew}, r = 1,...,n, with ¢, the residuals of (3.2) and w} i.i.d. N(0, 1),
independent of the original data. Then the distribution of n!/ 2(6 — 6y) could
be tentatively approximated by the distribution of n'/2(6* — 6) conditional on
the original data, where 6* is obtained by regressing y; on (1,x,,-1)" under the
constraint 6* € @* = O,ie., g(é*) > 0 as for the original estimator; see Andrews
(2000)’.

To motivate the analysis in the next section, it is useful to anticipate some
asymptotic properties of 6* which obtain by specializing Theorem 4.1 below to
the fixed-regressor wild bootstrap scheme. For 6, € int®, it turns out that the
bootstrap distribution converges to a conditional version of the limit distribution
of n'/2(6 — 6,) found earlier:

n2@* —0) = 2@ — ) +0,(1) 5, 0|M, (3.5)

where 6* denotes the unconstrained OLS estimator from the bootstrap sample. The
limit bootstrap distribution is, therefore, random. The vehicle of limiting bootstrap
randomness is the random matrix M, such that limiting bootstrap randomness is

6The conclusions do not change if another zero-mean unit-variance distribution with a finite fourth moment is used
instead of the standard Gaussian distribution.

7Note that the term Axy,; is no longer necessary because x,,—1 and &/ are independent conditionally on the data.
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fully attributable to the stochastic properties of the regressor. Due to the fact that
the bootstrap replicates a conditional version of the limit distribution of the original
estimator 6, bootstrap inference is not invalidated. Rigorous statements in this
sense will be provided in Corollary 4.2.

On the other hand, if 6 € 9® the bootstrap statistic converges as follows:

20" —0) 5, 1M, 0) (3.6)
¢ = argmin||A — M2 ||y, AF = (A eR*: gA > —§'t),
W)

where £* ~ N(O, 0312) is independent of (M, ). In contrast with the case 6y €
int® and additionally to the random matrix M, in (3.6) also the random vector
£ appears as a vehicle of limiting bootstrap randomness. Moreover, the limit
in (3.6) is not a conditional version of the limit of n'/2(d — 6,), inasmuch as
A} in (3.6) is a random half-plane, rather than the original admissible set A
of (3.3). The kind of limiting bootstrap randomness introduced by £ is similar
to the one established in the introductory location model and, in general, it
invalidates bootstrap inference. The reason for the discrepancy between A and Aj
is that the parameter space of the standard fixed-regressor wild bootstrap does not
approximate well the original mutual position of the true value 6, and the boundary,
unless g(é ) = 0. Other, non-standard bootstrap schemes may be designed in order
to provide better approximations, at least under the null hypothesis. Under these
schemes the possible boundary position of 6 is no longer a vehicle of limiting
bootstrap randomness, while the role of the random matrix M in the limit bootstrap
distribution is maintained. This topic is analyzed in the next section.

4. ASYMPTOTICALLY VALID BOOTSTRAP SCHEMES

In order to unify the discussion of several bootstrap schemes for inference on Hy
under the three cases ¥, 4», and ¥3, consider a bootstrap sample generated as in
(3.4) and, more generally than before, a bootstrap OLS estimator 6* constrained
to belong to a bootstrap parameter space ®* satisfying the following assumption.

Assumption 3. The bootstrap parameter space is ©* := {0 € R? : g(8) >
g*(0)} for some function g* : R> — R, which is continuously differentiable in
a neighborhood of 8, and satisfies g*(6) < g(0) for 6 € ©.

The standard bootstrap considered in Section 3 obtains by setting g* = 0, such
that ®* = O, the original parameter space. Alternatively, setting g* = g restricts the
bootstrap true value 6 to lie on the boundary of the bootstrap parameter space ©*.%
Finally, setting g* = g — |g|' ™ for some « > 0 introduces a correction, in the spirit
of an alternative to the standard bootstrap mentioned in Andrews (2000, p.403,

8Asd & 6o and () # 0, it follows by continuity that P(g(é) # 0) — 1, such that, with probability approaching
one, 6 is not a stationary point of g. In particular, with probability approaching one, A is not a local minimizer of g,
implying that § € 3©* under ©* = {0 € R? : g(9) > g(d)).
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Method two), Fang and Santos (2019, Example 2.1) and Cavaliere et al. (2022),
where the bootstrap true value either shrinks to the boundary of the bootstrap
parameter space at a proper rate or remains bounded away from this boundary,
according to whether 8y belongs to the original boundary 9® or not. Other choices
of g* with the same implication are discussed in Sections 5.2 and 6.3.

To formulate the next theorem, recall M and £(6p) introduced in Section 3.1,
and let £*|(M, £(6p)) ~ N(O, %212) as in Section 3.2. Let also D, = {y:, X, 11},
denote the original data. Finally, call a convergence in distribution Z, 5z
and a weak convergence of random distributions Z*|D, —W>w Z*|Y joint, denoted
as (Zy, (ZE\Dy)) = (Z.(Z*|Y)), if (Z E{Q(Z})|Da}) > (Z.E{g(Z")|Y}) for all
continuous and bounded real functions g with matching domain.

THEOREM 4.1. Under a null hypothesis Hy as in 91— 3 and under Assumptions
1-3, the bootstrap estimator 0* obtained by regressing y; of (3.4) on (1,x,,-1)
under the constraint * € ®F, satisfies

(n'72(0 — o), (026" = 0)|D,)) >, (€(B0), (€ (B0) | (M. £(6p)))),
where in the case g*(0y) < g(6p),
05 (00) = £ := M~V2E* with £*|(M, £(6,)) = £|M, @.1)

in the sense of a.s. equality of conditional distributions, whereas in the case

8" (6o) = g(6o),

£ (60) = ¢ :=argmin|[A =M% |y, Ay = {2 € R*: g'A = (&F =)L)
rEA]

4.2)

The following conclusions could be drawn.

(i) Consider first configurations ¢, and ¢, under Hy, such that g(6y) = O.
Consider the magnitude order, in probability, of the distance between the
bootstrap “true” value 6 and the bootstrap boundary d®* as a measure of
how precisely the bootstrap approximates the geometry of 4; and %. As seen
previously, the standard bootstrap corresponds to g* = 0 and approximates
the geometry up to an exact magnitude order of n~!/2, resulting in a situation
where the belonging of 6y to the boundary contributes to the randomness
of the limit bootstrap distribution given by (3.6) and (4.2) via conditioning
on the r.v. £(6y) = €. Conversely, bootstrap schemes employing g*(6y) =
g(6p) and g* = g, such that the bootstrap boundary is tangent to the original
boundary at 6y, give rise to approximations of order op(n’l/ %) and all the
randomness in the bootstrap limit is due to the properties of the stochastic
regressor via the random variable M, as now £*|(M,£) = £|M in the sense
of a.s. equality of random distributions; see (3.3) and (4.2). Moreover, for
such schemes the bootstrap mimics a conditional version of the asymptotic

distribution of the original estimator: n'/? (é* — é) LA, £|M. Examples are the

https://doi.org/10.1017/50266466624000331 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466624000331

482 GIUSEPPE CAVALIERE ET AL.

“restricted” bootstrap based on g* = g, which replicates the geometry of the
original data under Hy by putting 6 on the bootstrap boundary, and the choice
g* =g —|g|'** for some k > 0. For general g*, the limit distribution of the
resulting bootstrap estimator is random, with randomness depending on both
the stochastic regressor and the position of 6 relative to the boundary.

(ii) Consider now the case in ¢3, such that g(6y) = 0 need not, but may hold under
Ho. Among the bootstraps considered in (i), the standard one would fail to
mimic a conditional version of the original limit distribution if g(6y) = 0, while
the “restricted” one would fail if g(6y) > 0. As an alternative, consider the
bootstrap based on g* = g — |g|!™* for some « > 0. If §, € 3O, then this choice
puts the bootstrap true value 6 at the asymptotically negligible distance of
Op (n~'/2) from the bootstrap boundary, whereas if 6y € int®, then 6 is bounded
away from the bootstrap boundary, in probability. This guarantees bootstrap
validity under some regularity conditions, see (ii) in Corollary 4.2 below.

In general, bootstrap validity in the sense of (1.1) can be evaluated through the
following corollary of Theorem 4.1 above.

COROLLARY 4.2. Under the assumptions of Theorem 4.1, a necessary and
sufficient condition for the convergence

(120 — 00), (72 (6* — 0)|D,)) ., (£(6), (L(6p)IM)), 4.3)

is that: (i) under G\ and 9,, g(6y) = g*(6y) and g = g*; (ii) under 4, either
8(6o) = g*(6h) and g = &*, or g(6p) > max{0, g*(6o)}.

Moreover, under (4.3) the bootstrap is valid in the sense of (1.1) for any pair
of statistics t,,T, such that, under Hy, 1, = ¢(n1/2(é —6p)) +0,(1) and T} =
q’)(nl/z(é* — é)) +0,(1) for some continuous real function ¢ such that ¢ (£(6))
is well defined a.s.

The class of functions g* = g — |g|"** for ¥ > 0 satisfies both conditions (i) and
(ii) of Corollary 4.2; hence, the ensuing bootstrap inference is valid under all of
4 1-95. In contrast, the standard bootstrap violates condition (i) and, in general, is
asymptotically invalid if g(6y) = 0. An exception is when the discrepancy between
the original and the bootstrap geometry is offset by the use of a test statistic that
takes into account the geometric position of the null hypothesis in the original
parameter space. Section 5.1 focuses on this setup.

Remark. The practical implications of Corollary 4.2 depend on the choice of
the statistic 7,, and the respective function ¢, which will typically be a linear ¢ (I) =
1/%(90) arising from the delta method, with / € R2, %(80) = 0. For instance, if
g(60) = 0 and ¢ (£) depends on ¢ only through ¢'¢ = max{0,¢’M~'/2£}, then the
cdf of ¢ (£) will not be continuous. Still, the bootstrap will be valid in the sense
of (1.1), meaning that the largest open subset of [0, 1] on which the bootstrap test
is correctly sized as n — oo coincides with the analogous set for the asymptotic

test. This set will be smaller than (0, 1), however. An example is 7, = n!/ 2g(é),
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T = nl/z(g(é*) - g(é)) with ¢ (£) = ¢'¢, corresponding to a right-sided test of
H() . g(@o) =0.

Remark. Bootstrap validity extends readily to statistics where n'/2(6 — ) is
normalized by some S = X (M) +o0p,(1), with M,, defined after (5.2) below, for
a function ¥ : R>*? — R?*? which is continuous on the set of positive definite
matrices. Specifically, bootstrap validity holds if, under Ho, 1, = ¢ (n'/ 256 —
60)) +o0,(1) and 7,7 = ¢(n1/2fl(é* — é)) +0,(1), where ¢ is a continuous real
function such that ¢ (X (M)£(6y)) is a.s. well defined.

5. DISCUSSION AND EXTENSIONS

In this section we address the following three issues: (i) the validity of one-sided
bootstrap tests; (ii) a discussion of the bootstrap schemes from Corollary 4.2 within
the paradigm of some previous works — specifically, Fang and Santos (2019) and
Hong and Li (2020); and (iii) uniform bootstrap validity.

5.1. Validity of one-sided standard bootstrap tests

Under case ¢, consider testing Hy : g(6p) = 0 against the alternative H, : g(6p) > 0
using a one-sided test and the standard bootstrap, i.e., with g* = 0. For a test
statistic of the form 1, := n'/2g(0), a bootstrap counterpart is given by 7 :=
nl/ 2(g(é’A*) — g(é)) and the associated one-sided bootstrap test rejects for large
values of the bootstrap p-value p; := P*(t, < 1,,); equivalently, for small values of
pri=1—p*. As for %, also t* is affected in the limit by extra randomness due to
6y being on the boundary. From (4.1), which reduces to (3.3) and (3.6), it follows
by the delta method that

(T (71D0)) = (£, (8'€°1(M, £))) = (&€, (max{—'¢, &' T*}|(M, £))), 5.1

with £, £*, and 7* as previously defined. For 7, however, the randomness induced
by conditioning on £ affects the sample paths of the associated random cdf on
the negative half-line alone, because ¢'¢ > 0, and is thus irrelevant for bootstrap
tests with nominal size in (0, %). Put differently, the bootstrap p-values p; are
asymptotically uniformly distributed below % This follows rigorously from the
next generalization of Theorem 3.1 in Cavaliere and Georgiev (2020), the proof
being analogous, where conditions for bootstrap validity restricted to a subset of
nominal testing levels are formulated.

THEOREM 5.1. Let there exist a random variable T and a random element X, both
defined on the same probability space, such that the support of t, is contained
in a finite or infinite closed interval T, and (v,,F}) =5 (t,F) in R x 92(T) for
Fi(u) :=P(t; <ulD,) and F(u) := P(t < u|X), u € T. If the possibly random cdf
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F is sample-path continuous on T, then the bootstrap p-value p}; := F (t,) satisfies
P(p, <q) —q,

for q such that g € F(T) a.s.

By Theorem 5.1 with T = [0, 00), which corresponds to the support of 7, and
7 := g'¢, it follows that the standard bootstrap applied to the one-sided statistic 7,
is asymptotically correctly sized for nominal test sizes in (0, %).

5.2. Fang and Santos (2019) and Hong and Li (2020)

In this section we put the geometric considerations of Section 4 in the perspective
of Fang and Santos (2019), and of the numerical bootstrap of Hong and Li (2020).
The discussion is often specialized to the case of an affine constraint.

Consider the constrained OLS estimator & of Section 3.1. Its limit distribution,
see (3.3), is the distribution of £(6) = g, (M~12&) with

u if g(6) > 0

Vo) =1 . ., . . e el ., .
0 1@ Mg )¢ Mu+M"g(gM 9 'max{0,g'u}  if g(6p) =0

bl

with u € R2. By a projection identity, the expression in the second line of the
previous display collapses to u whenever ¢'u > 0. Note that the distribution of
M~'/2¢ conditional on M can be estimated consistently by the distribution of the
unconstrained bootstrap OLS estimator conditional on the data; that is,

n\ 2@ — ) 5, M~2E|M.

One can then ask what properties of an estimator ¢, of ¢y, are sufficient for

Pn(n2(6* — 0)) K*)W @a,(M~'/2€)|M to hold. Fang and Santos (2019) address
this question in the setup of deterministic transformations of non-random limit
distributions, instead of the random transformation ¢4, of the random distribution
M~'/2£|M. Although not directly applicable here, Theorem 3.2 of Fang and Santos
(2019) provides the key insight: there should be sufficient uniformity in the
convergence of ¢, to ¢g,. Consider for instance

N 2 ~ 2 1~
Gu(w) =g, (&, Myg,) ' g Myu (5.2)
FM e M ) max{—n"2|g(0)]', & ), u € R,

where § = %g(é), M, =n"'Y" %% with X, = (1,x,,-1)’, and ¢ > 0. Given
that M, = M, g 5> g and n'/2|g(9)|'t* 5 o0llig(9y)>0 it is easily checked that
@n X ®g, ON 6 (R?), and the convergence of ¢, is joint with that of n'/? (é —6p)
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and n'/? (é* — é), the latter one given the data. These facts are sufficient to ensure
that

("6 — 6), ($u(n*(0* — 0))|D,)) > (£(60), (L(6)IM)),

on R*, essentially as a consequence of the continuous mapping theorem (CMT)
and the continuity of the evaluation map from %, (R?) x R? to R2. As the previous
limit is the same as in Corollary 4.2, it follows that bootstrap inference based on
the distribution of @, (n'/? (é* — é)) conditional on the data is valid. Moreover, for
the valid bootstrap schemes obtained from Corollary 4.2 with g* = g — |g|'**,
k > 0, the bootstrap estimator 6* satisfies n'/2(8* —0) = ¢, (n'/2(6* — 6)) for affine
functions g. It can be concluded that ¢, of (5.2) implicitly performs the geometric
approximation proposed in Section 4, and so does any other estimator of ¢g, that
converges like ¢,.

We now argue that such an estimator of ¢g, is embedded in the numerical
bootstrap of Hong and Li (2020). This ensures the validity of the numerical
bootstrap for the predictive regression of interest here, though at the cost of
a slower consistency rate of the bootstrap estimator than in Corollary 4.2. Let
s, — oo be a sequence such that n~!/%s, — 0. Hong and Li (2020) propose in
their eq. (4.9) a bootstrap estimator é:b where the constraint set of our £(6;)
(i.e., R? if 6 € int® and the half-plane A if 8y € 0®), would be estimated by
Ay, ={re R?: g(é +s,'A) > 0}, the implied bootstrap parameter space being
er, = 6+ s, ' A¥, = ©. The bootstrap estimator itself, adapted to our setup, could
be written as

0%, = argmin||s, (0 —6) —M,l_l/zf:HMn’
8(0)=0

W*

where &7 is a bootstrap variable such that £* > N(0,1); e.g., £* =n'/2M,/* (6* —
6). In the simple case of an affine g we find the explicit expression
50 (O, —6) = @u(M, 128,

for ¢, defined similarly to ¢,, with the only difference that in (5.2) the term
n'2g@)|'** is replaced by s5,g(0). As 5,8(0) 5 o0lig@,-0 similarly to
n'21g(@) '+, k > 0, it follows that @, converges similarly to @,. As a result,

(n'2(0 = 00), (5,635, — 6)1Dp)) > (£(B0), (£(E0)IM)),
ensuring the validity of the numerical bootstrap, though the consistency rate of é,fb
is s, = o(n'/?) instead of n'/2. In contrast, the rate of n'/> would be achieved by

our proposed bootstrap estimator, with n'2(6* —6) = <Z>,,(M,;1/2§;‘), ife*=1{9¢c
R2:g(6) > g:(é)} with g = g — n~1/2s,|g| is specified in Assumption 3.
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5.3. Uniformity considerations

In agreement with Chatterjee and Lahiri (2011), Remark 3, the focus in this
paper is on pointwise bootstrap validity. For situations where uniform bootstrap
validity is of interest, our key takeaways are similar to the literature on non-
random limiting bootstrap measures. First, for the null hypothesis ¢, that the
true parameter value lies on the boundary of the parameter space, the pointwise-
valid bootstrap schemes outlined in Corollary 4.2 display asymptotic rejection
probabilities matching the local power of the bootstrap test whenever the true
parameter value varies along a sequence that is local to the boundary at the n~!/?
rate. This fact is associated with rejection frequencies above the nominal test
size along local-to-the-boundary parameter sequences (cf. Fang and Santos, 2019,
Remark 3.6). Second, if conservative bootstrap inference along such parameter
sequences is desired, it can be achieved for hypotheses ¢ — ¢5 by adapting the
approach of Doko Tchatoka and Wang (2021), and Cavaliere et al. (2024), at the
cost of a potential decrease in power.

To illustrate these points, consider a sequence of true parameter values 6, =
0y +n~1/29 such that g(y) =0 and g’ = ¢ > 0 with g(6,) = n~2c+o(n=1/?).
Moreover, let

0(®,c) ;=0 +argmin||A — M~ V2E| |y, A= {L eR?: ZA+c >0}, (5.3
AEAC

and £(0,0) = £ of eq. (3.3). Then, the joint convergence result
(n' (6 =), ("2 (6 = 6)ID,)) = (£(D,¢), (£(0,0)|M)), (5.4)

holds for the bootstrap schemes satisfying conditions (i) and (ii) of Corollary 4.2.
For a function r : R — R, which is continuously differentiable close to 6, consider
the statistics 7, = n'/27(0) and t* = n'/2(r(9*) — r(6)), and distinguish among
the extreme possibilities 7 = ag with « > 0, and i = ag, with o # 0, where
F= % (6p). The former possibility arises in testing the null hypothesis that 6, lies
on the boundary (e.g., with r = g), whereas the latter one arises when the null is
orthogonal to the boundary (e.g., with () =61, Hp : 6; =0 and ® =R X [0, 00)).
If # = g and, without loss of generality, @ = 1, the delta method yields

(Tu (TF1D,)) =, (max{0, &'M "% + ¢}, (max{0,g'M~'£}|M)).
With yy, := (&'M~'g)~1/2, it follows that

P*(ty <1,) = 7(c; M, §)
= pm 126 yec0) + P @M2E + ) gar-172¢ e
> (0;M,§),

where 7(0; M, &) < %]I{U<0_5} + Uliyso.sy, U ~ Upo,1y, represents the limit dis-
tribution of the bootstrap p-value under the null. The inequality above implies
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that bootstrap tests rejecting for large bootstrap p -values will exhibit rejection
frequencies above the nominal test size.
On the other hand, if 7 = «g , it holds that

(T (07 D)) =0 F v ME + 7y MO, (7 v M6 1M)),

with y;; := .8 (&, Mg,)~", such that the boundary is asymptotically irrelevant.
Bootstrap tests of the null that r(6p) = 0 could be conservative or liberal according
to the sign of 7’¢, &', M. Similar considerations apply whenever 7', # 0.

For situations where liberal tests are not desirable, a possible remedy is sug-
gested next. It involves a continuum of boundaries for the bootstrap parameter
space and its implementation requires a discretization of that continuum.

Let 6 be the unrestricted OLS estimator of 6 in regression (3.2). For every s €
I, =[—| g(é) |1, g(é)], let OAS* be the bootstrap estimator over the parameter space
O :={0¢ R2 1 g(0) > s—g(é)“”‘}, where @ € (0,1) and ¥ > 0 are fixed. For a
continuously differentiable function r, let p}i(s) be the p-value of a test based on
1, =n'2r(0) and t* = n'/2(r(6*) — r(9)). Then

limsupP(supp;(s) < q) <gq,
n—o0 sely
for all ¢ € int C, where C is the set from display (1.1) for the benchmark
asymptotic test based on the unfeasible statistic n'/? (r(é ) —r(6,)) and the simple
null hypothesis that 6,, is the true parameter value. This conservative generalization
of the validity property (1.1) holds irrespective of the values of the drift parameter
c. Specifically, the role of —| g(§)|"“ in the definition of I, is to guarantee that
(é) cn~? e I, with probability approaching one. Conservative size control
then follows from the fact that 9* with s = g(@) —cn~ /2 satisfies

(n'2(0 —6,), (2@} —0)|D,)) >, (£(0,¢), (£(0,0)|M));
see eqs. (5.3)—(5.4).

6. NUMERICAL RESULTS AND CHOICE OF THE TUNING
PARAMETERS

In this section we analyze the finite sample performance of the proposed bootstrap
methodology by means of numerical simulations. The purpose is twofold: first, to
investigate the practical advantage of our methodology over standard bootstrap
methods; second, to provide some practical guidance on how to choose the
functions g* and the tuning parameter « in the definition of the bootstrap parameter
space. Simulations are based on setup G of Section 3, as it covers the general
case of a true parameter value that could, but need not, lie on the boundary of the
parameter space under the null hypothesis. This section is organized as follows. In
Section 6.1, we describe the data generating processes (DGPs), the null hypotheses
and the adopted bootstrap schemes. In Section 6.2, we discuss the performance of
the tests both under the null and under local alternatives. Section 6.3 deals with the
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choice of g* and . Additional numerical results are provided in the accompanying
supplement, Section S.2.

6.1. Monte Carlo design

We consider the same DGP as in (3.1), where x,, ; = nY2x, x, = Zf‘:l Ex.is Ext ™
ii.d. N(0, 1), with the following specifications of &;:

1. & ~iid N(O,1):
2. & =0y, where 07 =0.7+0.3¢2 | and v, ~i.id. N(0,1);

3. & =+/0.5¢,,++/0.5n,, where n; ~i.i.d. N(0, 1).

In each case, {¢,,} is independent of, respectively, {&;}, {v;} and {n;}. In Case 1,
the regression errors are independent and Gaussian, while in Case 2, they exhibit
ARCH-type conditional heteroskedasticity. Case 3 allows for correlation between
&, and the regressor’s innovation &, ;.

The parameter space is specified as ® := {6 € R? : g(d) > 0} where g(0) = 6.
Thatis, ® := R x [0, 00) — such that its boundary is given by 0® = R x {0}. For all
parameter values, we test the null hypothesis Hy : 2(6p) = 0, with h(0) = 6, + 65,
against the two-sided alternative h(6y) # 0. To do so, we employ the test statistics
1, = ¢(Vnh(0)) and t* = ¢ (/n(h(6*) — h(H))), where ¢ (x) = x, while § and
6* denote the original and bootstrap constrained LS estimators, respectively. In
order to analyze size control and power of the proposed tests, we consider both
empirical rejection probabilities [ERPs] under the null and under local alternatives.
For tests performed under the null, we consider three different choices of the
true value 6y, one located on d® and two located on ®\dO; specifically, 6y €
{(0,0)’,(—0.75,0.75)", (—1.5,1.5)’}. Under H;, we employ a local alternative of
the form 6y = apn™'/?, ag € R?, such that 1(6y) # 0 unless a = (0,0)’.

Tests are based on p-values obtained using a ‘standard’ — i.e., with ®* =
® — fixed-regressor Gaussian wild bootstrap and the proposed “corrected” boot-
strap scheme. For the latter, the bootstrap parameter space is set to ®* = R x
[¢* (6>), 00), where the function g* satisfies the assumptions of Corollary 4.2, see
also Section 6.3. In order to assess the impact of the tuning parameter x, we
consider a grid of possible values for «. Numerical results are based on 50,000
Monte Carlo simulations, each involving B = 999 bootstrap repetitions. Sample
sizes are set to n € {100,200, 400, 800, 1600}.

6.2. Empirical rejection probabilities

We now discuss the ERPs of the bootstrap tests. Specifically, the Monte Carlo
results in Table 1 and 2 refer to the case in which data are generated under the
null and under local alternatives, respectively. The proposed modified bootstrap
parameter space is based on the function g* = g — |g|'** for several values of
k> 0.
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TABLE 1. Empirical rejection probabilities (ERPs) of bootstrap tests under the null

Nominal level: 0.05

0o = (0,0) 0o = (—0.75,0.75)' 0o = (—1.50,1.50)’
by b by by by by
K K K
dist. n 025 050 1.0 20 025 050 1.0 20 025 050 1.0 20
& 100 42 47 50 53 54 69 70 72 73 1715 63 63 63 64 65
400 39 48 51 53 53 55 56 58 62 67 53 53 53 53 53
800 3.7 48 51 52 52 52 53 54 56 62 52 52 52 52 52
& 100 42 47 50 53 55 71 173 74 76 18 62 63 63 64 65
400 38 47 50 51 52 57 59 61 64 69 53 53 53 53 53
800 3.6 46 48 49 49 51 52 53 55 60 51 51 51 51 51
& 100 43 47 50 53 55 71 72 713 75 17 64 64 64 65 6.6
400 37 46 49 51 51 55 57 59 62 67 52 52 52 52 52
800 37 48 50 51 52 51 52 53 55 60 51 51 51 51 51
Nominal level: 0.10
0o = (0,0) 0o = (—0.75,0.75)' 0o = (—1.50,1.50)
by b by by by by
K K K
dist. n 025 050 1.0 20 025 050 1.0 20 025 050 1.0 20
& 100 80 90 97 103 106 13.0 133 136 141 146 115 116 116 11.7 11.8
400 7.7 9.5 101 104 105 104 105 108 113 124 103 103 103 103 103
800 74 94 99 10.1 10.1 104 104 105 107 11.5 10.1 10.1 10.1 10.1 10.1
& 100 81 90 97 103 105 132 135 138 143 147 113 113 114 115 11.6
400 7.5 92 99 102 103 107 109 11.1 11.6 125 102 102 102 10.2 103
800 7.2 92 98 100 100 102 103 103 105 113 103 103 103 103 103
& 100 83 92 99 105 108 133 137 140 145 150 11.7 117 118 119 120
400 7.6 94 100 103 103 104 105 10.8 11.3 124 102 102 102 102 10.2
800 74 93 99 101 101 10.1 10.1 102 104 11.2 100 10.0 10.0 10.0 10.0

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed corrected wild
bootstrap method (by) of Section 4, using g* = g — |g|'**. ERPs are estimated using 50,000 Monte Carlo replications
and 999 bootstrap repetitions. The column “dist.” shows the distributions of &,: & ~ iidN(0, 1), & ~ ARCH(1) and
&= V05, + \/(Esxv,, where v; ~ iidN (0, 1) and ¢, , is the error term of the predictive variable x,, ;.
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TABLE 2. Empirical rejection probabilities (ERPs) of bootstrap tests under local
alternatives

Nominal level: 0.05

ap=(=3,0

ap = (3,0)’

ap = (5,0)’

by

by

by

by

by by

dist. n

2.0

0.25

0.50

2.0

0.25

0.50

2.0

g 100
400
800

21.0
18.9
18.6

21.0
19.1
18.8

21.1
19.3
19.0

21.2
19.4
19.1

213
19.5
19.1

40.6
385
37.6

40.9
38.8
379

41.0
38.8
379

41.0
38.8
379

41.0
38.8
38.0

68.0 68.0
649 649
64.0 64.0

68.0
64.9
64.0

68.0
64.9
64.0

68.0
64.9
64.0

& 100
400
800

21.7
19.2
18.6

21.8
19.4
18.8

21.9
19.5
19.0

22.0
19.7
19.1

22.1
19.8
19.1

41.9
383
37.8

42.1
38.7
38.1

422
38.7
38.1

422
38.7
38.1

422
38.7
38.1

68.5 68.5
64.7 64.8
642 642

68.5
64.8
64.2

68.5
64.8
64.2

68.5
64.8
64.2

& 100
400
800

20.6
19.0
18.3

20.7
19.1
18.5

20.8
19.3
18.8

20.8
19.4
18.9

21.0
19.4
18.9

40.8
38.1
37.7

41.0
38.4
38.0

41.1
38.5
38.1

385
38.1

41.1
385
38.1

673 67.3
65.0 65.0
63.5 635

67.3
65.0
63.5

67.3
65.0
63.5

67.3
65.0
63.5

Nominal level: 0.10

ag = (=3,0)’

ap = (3,0)’

ap = (5,0

by

by

by

by

by 123

K

K

K

dist. n

0.25

0.50

1.0

2.0

0.25

0.50

1.0

2.0

0.25

0.50

1.0

2.0

£ 100
400
800

29.6
27.0
264

29.8
273
26.9

29.9
27.7
273

30.1
28.1
27.6

30.3
28.2
27.6

54.7
522
51.7

55.0
52.6
52.1

55.1
52.7
522

55.2
52.7
522

55.2
52.7
522

81.7 81.7
79.6 79.6
78.7 78.7

81.8
79.6
78.7

81.8
79.6
78.7

81.8
79.6
78.7

& 100
400
800

30.2
27.1
26.6

30.4
274
27.0

30.6
279
275

30.8
28.2
27.7

31.0
28.3
27.7

55.7
51.8
51.5

559
52.1
51.9

56.0
522
51.9

56.0
522
519

56.0
522
51.9

82.0 82.0
793 79.3
78.6 78.6

82.0
79.3
78.6

82.0
79.3
78.6

82.0
79.3
78.6

& 100
400
800

29.1
26.7
26.2

29.3
27.0
26.6

29.4
27.4
27.1

29.7
27.7
27.3

29.9
27.8
27.3

54.2
51.7
51.3

54.5
52.1
51.7

54.6
522
51.7

54.6
522
51.7

54.6
52.2
51.7

80.9 80.9
79.4 794
785 785

80.9
79.4
78.5

80.9
79.4
785

80.9
79.4
78.5

Note: bootstrap tests are based on a standard fixed-regressor wild bootstrap (b1) and on the proposed corrected wild
bootstrap method (by) of Section 4, using g* = g — |g|'**. ERPs are estimated using 50,000 Monte Carlo replications
and 999 bootstrap repetitions. The column “dist.” shows the distributions of &,: & ~ iidN(0,1), & ~ ARCH(1) and
&= JO5v, + \/(Esm, where v; ~ iidN(0, 1) and &, ; is the error term of the predictive variable x;, ;.
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Table 1 shows that the “standard” bootstrap scheme typically under-rejects the
true null hypothesis when the parameter lies on the boundary of the parameter
space ® whereas, as expected, its ERPs are closer to the nominal level when 6 is
in the interior of ®. Our proposed bootstrap performs similarly to the “standard”
bootstrap for very small values of «, with the impact of the correction becoming
more relevant as « increases. If the parameter is on the boundary of the parameter
space (6 € 90), our proposed bootstrap scheme gives rise to smaller absolute
size distortions than the “standard” bootstrap, for all the considered DGPs and all
values of x. When 6, € int®, we observe very little variability in the ERPs across
the different bootstrap methods, at least for reasonably small values of «.

Table 2 reports the ERPs of the tests when data are generated under local
alternatives 6y = apn™"/2, ap € {(—3,0)’, (3,0)’, (5,0)'}, such that the true parameter
values lie on the boundary of the parameter space. Results show that both bootstrap
schemes have power under local alternatives, with the “corrected” bootstrap gen-
erally showing higher ERPs than the “standard” bootstrap, in line with the results
obtained under the null. Finally, we notice that the sign of the deviations from
the null hypothesis matters, with positive deviations showing higher ERPs. This
finding can be explained by the fact that the limit distribution of n'/2(h(9) — h(6y))
is asymmetric when 6, lie on the boundary of ®. Results about local alternatives
such that 6y are n~!/2-local to the boundary are substantially similar and are
reported in Section S.2 of the supplement.

6.3. Choice of g* and «

We now consider the practical issue of choosing the function g* and the tuning
parameter k used to construct the modified bootstrap parameter space ©*.

Regarding g*, in Section 4 we discussed the functions g}, := g — | g™,k >
0, which satisfy the assumptions of Corollary 4.2 and were employed in the
simulations so far, whereas in Section 5.2 we considered also g’&) =g—n"“lg|,
k € (0,1/2), corresponding to s, = n'/>~* in the concluding paragraph of Section
5.2. Numerical results in Table 1 and 2 and in the accompanying Supplement,
Section S.2, show that both choices of g* deliver good test performance, both
under the null and under local alternatives. The most salient difference between
8(1y and gpy, is that tests based on gf}, tend to be more robust to the choice of «
when g(6p) > 1.

Concerning the choice of the tuning parameter «, we focus on g* = gf,.
Preliminary considerations point at a possible trade-off between the cases of a
boundary and an interior location of the true parameter 6y. Thus, for 6y € 00,
larger values of k accelerate the convergence of g(é)“”( to zero, which can be
expected to favor bootstrap performance as the bootstrap true value 6 is put at a
smaller distance from the bootstrap boundary. On the other hand, if 8y € int(®)
and g(6p) € (0,1), in small samples large values of x may put 6 too close to the
bootstrap boundary, yielding inferior bootstrap performance.
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Our Monte Carlo study indeed confirms that small values of x are preferable
when 6y € int(®) and g(6y) € (0, 1); however, it also shows that the proposed
correction quickly provides (as n increases) satisfactory size control for small
values of « even when 6y € d®. Finally, we notice that when 6, € int(®) and
g(6p) > 1 the choice of « has negligible impact on the ERPs. Overall, our numerical
analysis suggests that choices of « close to 0.5 provide quite satisfactory size
control across all the considered scenarios.

Remark. The above guideline about the choice of x is based on numerical
evidence; it delivers a reasonable simple choice which can be easily implemented.
Itis not optimal in any sense, and indeed alternative methods could be employed to
obtain data-driven choices of «. For instance, the unrestricted parameter estimates
could be used to assess how far the true parameter value 6 is from the boundary
of the parameter space, and then calibrate the choice of x accordingly. This
approach would be in the spirit of Romano, Shaikh and Wolf (2014), who suggest
to improve the power of tests of moment inequalities by introducing a first step,
where a confidence region for the moments is constructed using their unrestricted
estimates. Although this approach may improve the finite sample properties of
our tests, it would require a preliminary choice of further tuning parameters, such
as B in Romano, Shaikh and Wolf (2014), hence introducing an extra layer of
complexity.

7. CONCLUSIONS

In this paper, we analyzed the problem of bootstrap hypotheses tests on the
parameters (o, 8) of a predictive regression y, = « + Sx,—1 + &, generalizable to
higher dimensions, when the parameter space is defined by means of a smooth
constraint g(c, 8) > 0 and the true parameter vector under the null hypothesis
may lie on the boundary of the parameter space. In the framework of constrained
parameter estimation, implementation of the bootstrap is not straightforward, as
the presence of a parameter on the boundary of the parameter space makes the
bootstrap measure random in the limit.

We discussed possible solutions to this inference problem. Specifically, we
presented some modifications of standard bootstrap schemes where the bootstrap
parameter space is shifted by a data-dependent function, thus allowing us to regain
control over the boundary as a source of limiting bootstrap randomness. We also
proved validity of the associated bootstrap inference in the cases where the posited
predicting variable is I(1).

Our contribution is novel in the framework of predictive regression, in that
the existing literature has not analyzed the bootstrap in contexts combining non-
stationarity of the posited predictor with a priori knowledge about the possible
form of predictability, represented by a restricted parameter space. The value of
our work is to provide valid bootstrap implementations in this setting.
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APPENDIX

A. Mathematical Appendix

A.1. Proof of Theorem 4.1

Introduce X; := (1,x,,—1)". Let pp = /2@ — 6y), My, = n~1 Y8 %% and N} =
n1/2 3" | e¥3%,. Moreover, let the normalized bootstrap estimator be denoted by wjf :=
nl/2(0* — ), similarly, i} := n!/2(§* — ), where §* is the unrestricted (OLS) bootstrap
estimator. On the event {det(M,,) > 0} with P(det(M,) > 0) — 1, the estimator 6* is well
defined and unique. As we are interested in distributional convergence results, without loss
of generality we proceed as if P(det(M,) > 0) = 1.

By arguments similar to the proof of Theorem 4.1 in Cavaliere and Georgiev (2020), it

can be concluded that (1, My, N;¥) ﬁw (€(O0), M, M/2£%)|(M, £(8p)) in R2**, where M
is of full rank with probability one, £ *|(M, £(6)) ~ N(0, 06212) and 062 denotes the variance
of & corrected for Axy, ;. To derive the result (4.1), we analyze the properties of w5 on a
special probability space where (i1, My, N;¥) given the data converge weakly a.s. rather than
weakly in distribution. Specifically, by Lemma A.2(a) in Cavaliere and Georgiev (2020), we
can consider a probability space (where £(6), M and, for every n € N, also the original data
and the bootstrap sample can be redefined, maintaining their distribution), such that

fin 5 0(60). M S MLNE 5 o5 MY2E% (M. 0(00)) = MY/ 26¥ M, (A1)

the last equality being an a.s. equality of conditional distributions.

Let ¢5(0) :=n"! Y 0F - 0'%)% with 6* := argming _p2 ¢ (6) being well defined
and unique for outcomes in the event {det(Mn) > 0}. On the special probability space, the
asymptotic distribution of i} = nl/2(6* — 6) = 1N * follows from (A.1) and a CMT
(Theorem 10 of Sweeting, 1989):

g W

iy S as. O 1M, 000)) = T¥|M, &% =M~ 2*, (A.2)

Let us turn now to the bootstrap estimator 6% If g(8p) > g*(6p), then the consistency facts

643 6o (from (A.1)) and 6* ﬁa.& 0y (from (A.2)), jointly with the continuity of g, g*
at 6y, imply that P*(g(6*) > g*(6)) %> 1. Hence, §* uniquely minimizes gy on ©* with
P*-probability approaching one a.s. This establishes the existence of 6* with P* -probability
approaching one a.s., as well as the facts P* 6% = 6%) 2% 1 and P* (ur=an 5. Using

also (A.2), it follows that " ga_ 5. 7* |M on the special probability space, and since p, &5

£(6p) on this space, it follows further that (w, (t)51Dy)) K)w (L(6p), (f*|M)) on a general
probability space, as asserted in (4.1).

In the case where g *(6p) = g(6p), it still holds that 6* uniquely minimizes ¢}, on ©*
whenever g(6*) > g *(), such that §* exists and equals 6* on the event {g(O*) > g (9)}
However, the probability of this event no longer tends to one. Whenever g(@*) <g (9), a
minimizer of ¢ on ©* exists if and only if a minimizer, say 6%, of ¢ on d©* exists and
minimizes g, over the entire ®* (this claim is due to the fact that, for outcomes in the event

{det(My,) > 0}, the function ¢};(6) is locally minimized uniquely at §*). Let I} := ]I{ b(#*)>0)

with b(8) := g(0) — g*(§). We show in Section A.2 below that 6* (1 — I*), with a measurable
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6*, is well defined with P*-probability approaching one a.s. and (g;; *) — qrEeNA-I) <
0 for all & € ©*, with P*-probability approaching one a.s. This establishes the possibility
to define the bootstrap estimator 6* as

0* =0* Ik +0*(1-T), (A.3)

and, therefore, the existence of 6* with P* -probability approaching one a.s. The existence
result carries over to a general probability space with P*-probability approaching one in
probability.

In Section A.2, we also show that ||0V>|< — §||(1 — ]I:) = Op* (n_l/z) a.s., and as a
result,||é* -0 | = Opx n12)as., using also (A.2). We do not discuss the uniqueness of 6*
but instead we argue next that the measurable minimizers of ¢}; over the bootstrap boundary
are asymptotically equivalent, as they give rise to the same asymptotic distribution of 6*.

To accomplish this, we use the result of Section A.2 that 6* satisfies a first-order
condition [foc] with P* -probability approaching one a.s. Let dots over function names
denote differentiation w.r.t. 0 (e.g., g} (0) := (34};/96")(9), a column vector). Then the foc
takes the form

(G0 +8ub(E)}(1 —TF) = {g5(0%) + 8,20} (1 =T}) = 0, b(@E*)(1 - T) =0,

where §, € Ris a Lagrange multiplier. The foc implies, by means of a standard argument,
the existence of a measurable 0* between 6* and 6 such that

(1 /2(6% —0) — (I — A%(0)) il +Ain'2b(6))(1 —TF) =0,

where A’ := M, Lo(0%)[2(6*)' M v 15(@*)1~! is well defined with P*-probability approach-
ing one a.s. As further [|0* — 0| (1= I%) = Op« (1= 1/2) as., |0 = 0| (1 = I%) = Opx (0= 1/2)
a.s.and 6 — 0y = on~ Y% as., using the continuity of g(0) at 6 it follows that

n1/20% = 0) — (1 — A* )i — A* (g — &")n 2 (0 = 00)1}(1 = T}) = 0p+ (1) ass.,

where A* := M~ '3[ M~' 317" and P*(Jop(1)| > n) 3" 1 for all > 0.
Returning to (A.3), we conclude that

nl2@* —6) = LI+ (L — A%k — A% (g — &*)'n' /2 (6 — 60))(1 —I}) + 0, (1) as.
(A4)

Consider the event indicated by I*. As ||6* — 0| = Op (n1/2yas and 6 —6p = 0(n=1/?%)
a.s., by the mean value theorem and the continuous differentiability of g, g* it holds that

b6 = & fiy + @ = &) un+0pr (1) as.
Then I} D s Tool (M, £(0p)) with Io := H{g’2*>(g*fg)/e(00)}’ by (A.1)-(A.2) and the CMT
for weak a.s. convergence (Theorem 10 of Sweeting, 1989), as the probability of the limiting

discontinuities is 0: P(g’f* =(g*—£)€6p)|(M,£(8p))) =0 a.s. By exactly the same facts,
passage to the limit directly in (A.4) yields

n'20% —0) 5 5 (100 + 05 (1 = Loo) (M, £(0p)), £ := (I — A*g) " —A* (3 — &€
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on the special probability space, where also -y £(6p) by (A.1). Therefore, on a general
probability space it holds that

(s (2 (0% =) IDy)) S0 (£(60), [HT oo + €% (1 = o) } (M, £(6p)) ).
Ash—A* =g 3/, Mg )~'¢/ M and 0% = M~1/2¢* it follows that

oo + 0 (1~ Too) = &1 (& M)~ M1/ 26"
M@ M T max(( - e g M2,

which is argming gy > g+ gyey 1A — M~V2g*||)s as. as asserted in (4.2).
For use in the proof of Corollary 4.2, we notice here a useful consequence of the previous
argument. Return to the special probability space where

(bn, (120% = 0) D)) S s, (£00), 10 Too + £ (1 = Loo) Y (M, £(6)]).

Let 7 := ¢ (1n), 7 1= p(n/2(6* — ), T := ¢ (£(6p)) and T* := ¢ ((¥Ioo + 0¥ (1 — o))
for a continuous ¢ : R — R. Then

(tn, (1,5 1Dn) > 5. (T, T¥1(M, £(6p)))

by the CMT of Sweeting (1989). Furthermore, the regular conditional distributions z,*|D;,
converge weakly to the regular conditional distribution t*|(M, £(6p)) for almost all out-
comes; see Theorem 2.2 of Berti, et al. (2006). For any fixed outcome such that the previous
convergence holds, also F;,“fl (gi) = F;]’le (gi), i = 1,2, hold for the sample paths of the
respective conditional quantile functions, provided that g, g, are continuity points of the
sample path of FA_/ll ¢~ If 1,92 are continuity points of almost all sample paths of FA_/Il g it

follows that F;,‘_l (qi) = a.s. lejlle (gi), i = 1,2. Therefore, on a general probability space,

(tn Fy 1) Fy @) (7 1Dn) S (7. Fyy (1) Fyy (@), T (M. £00)).  (AL5)

provided that F;,Il ¢ 1s a.s. continuous at g1, 3.

A.2. Details of the proof of Theorem 4.1

Let g*(8p) = g(6p) throughout this subsection. For outcomes such that 6* ¢ ©* and
Amin(My) > 0, the quadratic function g5 is not minimized over ®* at any interior point
of ®* (for otherwise this point would have to be the stationary point 8* ¢ ©* of ¢, a
contradiction). For such outcomes, if ¢}; is at all minimized over ®*, then this has to occur
at a boundary point of ©*. Since d0* C {6 € R? : g(h) = g*(§)} =: IO*, we proceed by
constructing a minimizer of g}; over the latter set and by showing that this minimizer is in
fact a global one over ®*. This (and some added measurability considerations) establishes
the well-definition of 6* in (A.3). Then we establish the n™ 172 consistency rate of §* in the
sense that 6% —4|(1 —I%) = Opx (n™1/2) as.

Step 1. Existence of a minimizer of g}; over a portion of d©*close to 6. The point
©,¢) = (6,5(60)) € R3 trivially satisfies the equation g(6) = c. Since g is continuously
differentiable in a neighborhood of 6y and g = (g1(6p),&2(8y))’ # O (say that g1(6g) # O,
with the subscript denoting partial differentiation), by the implicit function theorem there
existan r > 0 and a unique function y : [6p o — 1,02, 0+7] x [g(6p) —7,8(6p) +7r] — [01,0—
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r,01,0+7] such that y (62,0, £(80)) = 61,0, g(y (6»,¢),6r) = c; moreover, y is continuously
differentiable. For outcomes such that |g* (0) g(0p)| < r, the (non-empty) portion of the
curve 30* = {§ ¢ R? : gl) =g *(6)} contained in the square IT:=[0] o —r,01,0+ 7] X
[02,0 — 7,020 + 7] can be parameterized as 61 = y(@g,g*(é)), 0y € [02,0 — 1,020+ 7]
Define §* := (y(é;,g* (ér)),éf)', where Gvi“ is a measurable minimizer of the continuous

function g; (v (82, 8*(0")),02) over 0 € [0 0 — 1,02, 0+ 7], with 6" := HH{Ig*(é)—g(Go)ISr} +

R . . a.s. % _ X -
0H{|g*(9)—g(00)|>r}~' Since H{Ig*(&)—g(&g)lsr} —" 1 under g*(6p) = g(p), it follows that 6
minimizes g}, over @™ NI with P*-probability approaching one a.s.
Step 2. Minimization of g; over the entire bootstrap parameter space. For outcomes in

An = {1g"(0) — g(B0)| < r} N {g(6%) < g* @)} N{II6 — ol + 16 — 6]l < 5},
the minimum of g}; over the entire bootstrap parameter space ®* exists and is attained only
in I (e.g., at 8* defined in Step 1), provided that
— . 2 % 12
o = Amin(Mn) 7 — Amax (Mp) 1607 — 6] > 0.

To see this, consider 8¢ := cf + (1 — ¢)* where c : =inf{a €[0,1]: b(ad + (1 —a)f*) =
0}; 0¢ is well defined whenever g(@*) <g (9) because g(Q) >g (9) and b is contmuous
Moreover, 6¢ € I for outcomes in A, because ||6¢ — || < 16— 6ol + 116* — o<t and

hence, g (6€) > ¢(6*) for outcomes in Ay, by the minimizing property of 6* on BO* NII
and the fact that b(6¢) = 0. For any 6 ¢ I and outcomes in .4, we therefore find that

G4 O) — g5 (0% = 50) — g5 (60°) = g (0) — g (0%) + g (6%) — g (6°)
> Janin (M) 10 — 0% 117 — Amax (M) |6 — 0|12
> Janin (M) {116 — 0o | — 0% — 601} — Amax (M) 6% — 82
> hanin (M) {r — 6% = 0] — 10 — 001} — Amax (M) 0% — 0112
> Jmin (M) = hnax (M) 16 = 0117 = ey

Thus, for outcomes in A, N{ey, > 0}, ¢} out of IT is larger than mmee{i@*m‘l g 0). As
d©* C ©*, it follows that minge@*n ¢ (0) (which exists) for such outcomes is actually
mingc@* g (9). Moreover,

min g (8 min *@®) = min ¢@) = [
fe o*q”( )= *nnq”( ) 965®*ﬂnqn( )= eeao*mnq”( )

for if mingep*nmqs(®) < mingeye*nm ¢, (0), then mingece+nrq;(d) (and thus,
ming @+ g;,(9)) is achieved at an interior point of ®*, which can only be 6*, a contradiction
with 6* ¢ O (i.e., with g(6*) < g* (6)). To summarize, for outcomes in A, N{ay > 0}, 6*
minimizes ¢; over ®* and is at the boundary of ©*.

We find the associated probability

P*((1=T7g3@") < (1 = I)au(®) ¥ € ©*\11)
N N ~ A r
= P* (157 ) — 8(@0)| = .10 0o < §.16* =61 < 7.0 > 0)

a.s.
=L ) —g @01 <rntli—toll <r/ay" (”9 —0l = g >0) =1
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because g(é) a3 2(00)s Amin(Mp) = Amin(M) > 0 a.s., Amax (M) = Amax (M) < 00 a.s.

and [|6* — || %> 4. 0. This establishes the fact that §* of (A.3), with §* as defined in Step 1,
minimizes g;; over the bootstrap parameter space ®* with P*-probability approaching
one a.s.

Step 3. Consistency rate of 6*. Similarly to Step 2, for outcomes in A,

0> g (0%) — ¢ (0°) > Amin (M) 16 — 0% 1> = Amax (M) 16 — 0|2,

the first inequality by the minimizing property of 6* over d©®* NTI. Therefore,

. - A M, ~ ~
P ((1 —IH6* 6> < 1 —HZ)MHG* —9||2>
)‘min(Mn)

= P*(Ig* @)~ g60)| <118 — 0]l < §.16* 01 < )

— . R *(15% _ 5 7 as.
=T h)—siamtzrintid—son<ria P (197 =01 < 5) 1.
AS Amax (M) /Amin(Mn) “> Amax (M) /Amin(M) and [[0* — || = Ops (1~ 1/2)P-as. (the
latter, by (A.2)), it follows that (1 — I¥)[|§* — §*| = Op+(n~/?)P-as. and [|6* — 6%|| =
Op (n~Y2)P-as. for 6* of (A.3). Thus, O* has the same consistency rate as *. This
argument applies to any measurable 6* which minimizes q; over d©* N TI for outcomes in
Aj,. This completes Step 3. ;

Finally, consider the first-order condition [foc] for minimization of g} on 3©*. As ||0* —

v ~ v k

001l (1 =T5) < {16 = F* 1| +110* G 1} (1 = T}) > 4.5 0, it follows that Lz, .y (1 =T) +

I LV)a.s. 1. As additionally g(6y) # 0, by continuity of g(0) := (9g/36")(6), the foc takes
the form

P* ({qn(é*) +8,86}(1 - = 0) a8

where §,, € R are measurable Lagrange multipliers that can be determined, for outcomes in
the event I = 1, by involving also the constraint b(6*)(1 —I%) = 0.

A.3. Proof of Corollary 4.2

We only discuss the bootstrap validity part of the corollary, as the convergence part (4.3)
was explained in the main text.

Let 7 := ¢ (n'/2(8 — 60)) + 0p(1), 7;* := ¢ (n/2(6* — ) + 0p(1) and T := ¢ (£(6p)).
Convergence (4.3) and the continuity of ¢ imply that

(tns (5 1Dy)) = (z, (2| M)).

If the (random) cdf of t|M is sample-path continuous, bootstrap validity follows from
Theorem 3.1 and Lemma A.2(b) of Cavaliere and Georgiev (2020). We reduce the general
case to the globally continuous case by a local argument for the cdf’s F(-) := P(t < -)
and Fy;(-) := P(r < -|M). For concreteness, we focus on the technically more involved
possibility g(6y) = 0, such that 6y € 9O given the assumption ¢ # 0. With

I(B) =41 (%) Bg1)'g B 6+ B3¢ B ' max{0,g'B~ /%),
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for positive definite B € R2%2 and with £ = (M), notice the following. If Bis a fixed positive
definite matrix such that

P(¢((B)) =a) >0, (A.6)

for some a € R, then by equivalence (i.e., mutual absolute continuity) considerations for
nonsingular Gaussian distributions, also

P(¢p (D)) =a) >0,

for any positive definite D € R2%2_ In fact, let ¥ : R — R be defined as ¥ (-) := ¢ (g ()
and let ¢ < (+), ¥ < (-) denote inverse images. Then the probability in (A.6) equals
P(I(B) € ({a)) NOA) +P(I(B) € $ ({a}) NintA)
=P(B~"%6 <0)N (& Be) ' ¥ B'*E e v (ah))
+PUE'B™% > 04 (BT 28 € 6 (lah)})
=P@E'B'E <0)P((& Be) & B e v ({ah)
+PB % e ¢~ ({a}) NintA),

the equality because Cov(g’B~1/2¢, (gﬁ_Bgl)flngl/zé) =0 and & is Gaussian. In the
previous display, P(§’B~1/2& <0) = P(N(0,'B~' ) < 0) > 0 for all positive definite B,

P((&,B21) "% B e v (lahh) = PN, (& Ba) ™) € v ({a})),
is either O for all positive definite B or positive for all positive definite B, and the same
applies to P(B_l/ 25 € »*({a}) NintA). Therefore, the sign of the probability in (A.6) is
the same (zero or positive) for all positive definite B.

The cdf Fj; is a measurable transformation of M determined a.s. uniquely by the
distribution of (M, £); it can be identified (up to a set of measure zero) as

Fy() = P@UB) <)l p=m,

by virtue of the independence of M and &. Since M is positive definite a.s., from the
argument in the previous paragraph, we can conclude that every point on the line is either
a discontinuity point of almost all sample paths of Fj;, or a continuity point of almost all
sample paths of Fj;. By averaging, a point on the line is a discontinuity point of F if and
only if it is a discontinuity point of almost all sample paths of F;.

Let now g be an interior point of the set

C={ge (1) :ngrgoP(F(fn) <q) — qlHo},

such that the asymptotic test is correctly sized for g € (gg —2€, g9 +2¢) C (0, 1) for some € >
0.As 1y, X 1 ~F, this implies that F' and (by the discussion in previous paragraph) F; skip
no values from the interval (gg — 2¢, gg +2¢) (for Fy, a.s.). In particular, almost all sample
paths of F; are continuous on the (random) open superset (F;/[1 (g0 — %e), F ;,11 (g0 + %e))

of Ie 1= [Fy;' (g0 — €). Fy; (g0 + €)1, with

_ 3 _ _ _ 3
FMl (qo — 56) < FMl (go—¢) < FM1 (go+e€) < FM1 (q()—i— 56) a.s. (A7)
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Without loss of generality, € can be considered such that gp = € are continuity points of
90 QO+1]
20 2

are countably many). Let W™ (a,x) and W (a,x) be generalized inverses of the cdf’s of a
standard Gaussian variable conditioned to take values respectively in (—oo,a] and [a, 00).
On extensions of the probability spaces where the data and (t,M) are defined, consider a

Uro, 17 variable v. Define Fj;(-) := P*(t;y <), In,e 1= [F,*;_l(qo - e),F:_l(qo +¢€)] and

F}tj[l a.s. (because F]tj[l is chosen to be cadlag and its discontinuity points on, say [

= taljgyer, )+ Y (FR g — o). DL p oo

+ px—1
FWTET Qo+ et oy

T =13 l(rrer, o+ ¥ Fy (g0 —e), Olis g1 (go—e))

+  x—1
YT E otV ety

? = tlrer) + ¥ Fyy @0 =0 _pot o)
U EY o+ OO
Then
(F. (551Dn)) S (7. (FIM)),
because
(i @) E2(EDIDRY) = (fi (2). Ef2 (D) IM)),

for any continuous and bounded real functions fi,f>, as a result of (A.5) and the fact that
P(r = FA_/Il (g0 £ €)|M) = 0 a.s. by sample-path continuity of Fj; on an open superset
of I. As the cdf of 7|M is a.s. sample-path continuous by construction, it follows that

P*(T}F < 1) n Ujo,1]> by Theorem 3.1 and Lemma A.2(b) of Cavaliere and Georgiev
(2020).

Let F *(-) := P*(%f < -). We now return to the original variables. By considerations of
equalities of events, it holds that

P(F};(ta) < q0) = P(Fy (%) < q0) = P(Fyy(n) < q0) = P(P* (%} < ) < q0) = o,

using the fact that P*(3;} < ) 5 Uy, 17- This completes the proof.

SUPPLEMENTAL MATERIALS

The supplementary material for this article can be found at https://doi.org/10.1017/
S0266466624000331.
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