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Abstract

Let N be the set of all nonnegative integers. For S C N and n € N, let Rg(n) denote the number of solutions
of the equation n = sy + 52, 51,52 € S and 51 <s,. Let A be the set of all nonnegative integers which
contain an even number of digits 1 in their binary representations and B = N\ A. Put4; = An[0,2/ - 1]
and B; = BN [0,2! - 1]. We prove that if CUD = [0,m] \ {r} withO <r <m,CND =0 and 0 € C, then
Rc(n) = Rp(n) for any nonnegative integer # if and only if there exists an integer I > 1 such that m = 2/,
r=2"1C=A_ U@+ 1+B)and D = B,_, U(2-" + 1 + A_)). Kiss and Séndor [ “Partitions of the
set of nonnegative integers with the same representation functions’, Discrete Math. 340 (2017), 1154-1161]
proved an analogous result when CU D = [0,m],0 € Cand CN D = {r}.
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1. Introduction

Let N be the set of all nonnegative integers. For § C N and n € N, let Rg(n) denote the
number of solutions of the equation n = s; + 52, 51,52 € S and s < 55. Sarkodzy asked
whether there exist two sets U and V of nonnegative integers with infinite symmetric
difference and Ry (n) = Ry(n) for all large enough integers n. Dombi [5] answered this
problem affirmatively by using the Thue—Morse sequence. Later, Lev [7], Sandor [9]
and Tang [10] gave simple proofs of this result. For related results, see [4, 12—15].

Let A be the set of all nonnegative integers which contain an even number of
digits 1 in their binary representations and B = N \ A. For any positive integer /, let
A;=AN[0,2' = 1] and B; = BN [0,2! — 1]. In 2017, Kiss and Sandor [6] proved that
if C and D are two sets of nonnegative integers such that CUD = [0,m], CND =0
and 0 € C, then R¢(n) = Rp(n) for every positive integer n if and only if there exists
a positive integer / such that C = A; and D = B;. In 2016, Tang [11] proved that
for any given integer m, there do not exist subsets C,D C N with N =CU D and
CND ={km: keN}such that Re(n) = Rp(n) for all sufficiently large integers n.
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For any integer r and m, we define r + mN = {r + ma : a € N}. Chen and Lev
[3] proved that for any given positive integer [, there exist two subsets C,D C N
satisfying CUD =N and C N D = 2% — 1 + (22! — )N such that R¢(n) = Rp(n) for
every positive integer n. They also posed the following two problems.

PROBLEM 1.1. Given that R¢(n) = Rp(n) for every positive integer n, C U D = N and
CND =r+mN with integers » > 0 and m > 2, must there exist an integer [ > 1 such
that r = 2% — 1, m = 22+ — 1?7

PROBLEM 1.2. Given that R¢(n) = Rp(n) for every positive integer n, C U D = [0, m]
and C N D = {r} with integers r > 0 and m > 2, must there exist an integer / > 1 such
that r = 2%/ — 1,m= 221 _ 2,C=AyU (22l —1+By)and D = By U (221 —1+Ay)?

In 2017, Kiss and Sandor solved Problem 1.2 affirmatively. Later, Li and Tang [8]
and Chen et al. [2] solved Problem 1.1 under the assumption O < r < m. Recently, Chen
and Chen [1] solved Problem 1.1 affirmatively.

In this paper, we consider two sets C and D satisfying CU D = [0, m] \ {r} and
C N D = 0. We prove the following result.

THEOREM 1.3. Let C and D be two sets of nonnegative integers such that CU D =
[0,m]\{r} withO <r <m, CND =0 and0 € C. Then for any nonnegative integer n,
Rc(n) = Rp(n) if and only if there exists an integer 1 > 1 such that m = 2!, r = 21,
C=A_,UQR" " +1+B_))andD =B;_, U + 1 +A.)).

2. Preliminary lemmas

LEMMA 2.1. For positive integers 0 < r| < ry < --- < ry < m, there exist at most one
pair of sets (C,D) such that CUD = [0,m]\{ri,r,...,7r5}, 0€ C, CND =0 and
Rc(k) = Rp(k) for all k < m.

PROOF. Suppose that there exist two pairs of sets (Cy, D1),(Ca, D,) satisfying the
conditions of Lemma 2.1. Let v be the minimal nonnegative integer such that y ¢, (v) #
Xc,(v). Then, C; N[0,v—1]=C,N[0,v—1] and Rc,(v) # Rc,(v) since 0 € Cy, C,.
By R¢,(v) = Rp,(v) and R¢,(v) = Rp,(v), it suffices to prove that Rp, (v) = Rp,(v) for a
contradiction.

Since 0 € C and C N D = 0, it follows that 0 ¢ D, and so

Rp,(v)=l{d,d):d <d <v,d,d € D\,d+d =V}

Let ¢ be an integer with 0 <t < s such that r, < v < r;;|. Here we define ry = 0,
Fe41 = +00. Since

[0,v—=1]\{r1,72,..., s} = (C; N [0,v = 1]) U (D; N[0,v —1]),
it follows that
Dyn[0,v=1] ={0,v=1]\{r1,r2..., P\ (C; N[0,v—=1])
=[0,v=1]\(CiN[0,v=1D) U {ri,ra,...,75}).
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Similarly,

D, N[0, v=1]1=[0,v =11\ ((Co N [0,v = 1]) U {ri, r2, ..., 1:}).
Hence, Dy N [0,v—=1] =D, N[0,v - 1] and so Rp, (v) = Rp,(v). O
REMARK 2.2. If {r,rp,...,rs} = 0, then Lemma 2.1 also holds.

LEMMA 2.3. Suppose thatC,D are two distinct sets with the properties
CUD =1[0,m]\{r,...,rg}, CND =0 and Rc(n) = Rp(n) for any positive integer n.
IfC'=m—-C,D'=m-D, then CUD =[0,m]\{m—-r,....m—r,C’'ND =0,
and R¢(n) = Rp (n) for all nonnegative integers n.

PROOF. Fork=0,1,...,2m,

Re(k) = [{(c,c):c< e, € C'yc+c =kl

{(c,):c<cd,m—c,m—c € C,c+c =kl

m-c,m-=c):c<c,m—c,m—c €C,2m—(c+c’)=2m—-k}
Rc(2m — k).

Similarly, Rp (k) = Rp(2m —k). Since Rc(2m — k) = Rp(2m — k), it follows that
Re (k) = Rp (k). ]

LEMMA 2.4 (See [6, Claim 3]). If for some positive integer M, the integers M — 1,
M-2M—-4M-38,...,M—2M1M=1 gpo ]l contained in the set A, then [log, M
is odd and M = 2Mo2M1 _ 1,

LEMMA 2.5 (See [6, Claim 4]). If for some positive integer M, the integers M — 1,
M-2M-4,M-8,....M— 2o M1=1 410 all contained in the set B, then [log, M
is even and M = 21°&M1 _ 1,

LEMMA 2.6. If for some even positive integer M, the integers M —2,M —4,...,
M =208 M1=1 yo gl contained in the set A, then M = 2M'°&M1 _ ),

PROOF. If for some even positive integer M, the integers M —2,M —4,.... M —
2Mog; M1-1 are ]l contained in the set A, then %M -1, %M -2, %M — llog, M/21-1
are all contained in the set A. By Lemma 2.4, it follows that %M = 2Mog; M/21 _ 1 and
so M = 2o M1 _ 3 O

LEMMA 2.7 (See [6, Theorem 3]). Let C and D be sets of nonnegative integers such
that CUD =[0,m] and CND =0, 0 € C. Then, Rc(n) = Rp(n) for every positive
integer n if and only if there exists a nonnegative integer [ such that C = A; and D = B;.

LEMMA 2.8 (See [6, Corollary 1]). If C =AN[0,m] and D = BN [0, m], where m is
a positive integer not of the form 2! — 1, then there exists a positive integer n with
m < n < 2m such that Rc(n) # Rp(n).
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3. Proofs

PROOF OF THEOREM 1.3. (Sufficiency). Suppose that there exists a positive integer
I>1suchthat C=A,_,UQR""+1+B_))and D =B, UR"" +1+A,_;). Now we
prove that R¢(n) = Rp(n) for all nonnegative integers n. Clearly,

Rc(m) = l{(c,c) :c<c,e,d € AL, ¢+ =n}|
+l{(e,c):ceAr €2V + 1+ B, c+c =n)|
+{c.c)ie<ce,d €27+ 1+ B_y,c+ ¢ =nl

=Ry () +{(c,c):c €A1, ¢ €Bry,c+c =n—27 + D)

+Rp, (n =227+ 1)).
Similarly,

Rp(n) = Ry, (0) + l{(d,d') :d € By, d' € Ay, d +d =n— Q27" + D)

+ Ry, (n =227+ 1)).

By Lemma 2.1, for any positive integer m, Ry, ,(m) = Rp,_,(m). Hence, Rc(n) = Rp(n).

(Necessity). Suppose that CUD =[0,m]\{r}, CND =0 and, for any positive
integer n, Re(n) = Rp(n). Let C" = m — C, D’ = m — D. Then by Lemma 2.3, we have
CuD =[0,m]\{m—r},C’" "D’ =0 and R (n) = Rp (n) for any positive integer n.
Hence, we can assume that » < m/2 without loss of generality.

Let pc(x) = Zf’;o)(c(i)xi, pp(x) = Zf’;o)(g(i)xi. Since CUD=[0,m]\{r},CND=0,
it follows that

_ n+l
X r

pc(x) + pp(x) = TR —X. 3.1
-X

Since R¢(n) = Rp(n) for any positive integer n,

i Rc(n)x" = i Rp(n)x".
n=0 n=0

Hence,
1 ) 1 o 1 Nl 2i Wb i +iz
U R DI EEDIED YRRV
ieC ieC 11‘,12§C 11_,12§C
1<l 11<iy

= ;Rcm)xﬂ = ;Rb(n)x" = 300 = 5pp().
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and then, substituting for pp(x) from (3.1),

) ) _ ,m+l 2 1 _x2m+2 ) )
pc(x) —PC(X)Z( - —pc(x)—x’) —(ﬁ—pc(x)—x’)
1 _xm+1 2 m+1
= (75 #petr -2 - pe
1- 1—x
1 — 1 1 — x2m+2
-2 T X"+ 2pc)x” — % + pe(x®) + x*.
-x - X
Therefore,
1 _x2m+2 1 _xm+1 1 _xm+l 2
= (1)
pc¥) = 7 T2 -
1= m+1
P ope(ox — 2 (3.2)

1 -
We first check the necessity for 1 < r <5.

For r = 1, if there is a suitable decomposition C U D = [0, m] \ {1} and m > 4, then
OeCand?2,3,4eD.LetE=m—-C,F =m—D. Then,

(EN[0,m—2])N(FN[0,m—2]) =0,
(EN[0,m—=2])U(FN[0,m—2]) = [0,m—2].

By Lemma 2.3, Rg(n) = Rp(n) for all integers n < m — 2. Further, by Lemma 2.1,
FNn[0,m—-2]=AN[0,m—2] or BN[0,m — 2], but this is a contradiction, because
F N [0, m — 2] contains three consecutive integers m — 4, m — 3 and m — 2. Hence, the
only solution is m = 2.

For r = 2,3,4,5, the proof is similar. Here we give the details in the case where
r =4. Since 0 € C, we have 1 € D, otherwise R¢c(1) # Rp(1). Similarly, we can obtain
2€eD,3e€C,5¢D,6€C,7€¢C,8€D,9€D,10eC,11 €D, 12€ C, 13 € D, and
we cannot put 14 in both C and D. Hence if m > 14, there is no C and D. For m < 13,
we can check only m = 8 holds and C = {0,3,6,7}, D = {1,2,5, 8}.

Now we assume r > 6. First we shall prove that r is even. Suppose that r is odd. Let
k be an even integer such that r < k < 2r. Then the coefficient of x* in (3.2) is

k
2e(3) = 1422 e = (k+ 1) +2 = 2cth = 1), (3.3)
i<k
and the coefficient of x*"! in (3.2) is
0:0+2Z)(C(i)—k+2—2)(c(k—1—r). (3.4)
i<k-1

Calculating ((3.3) and (3.4)) x%, we have

k
xel3) = xc® —xetk =)+ xctk =11, (35)
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By Lemma 2.1,
CN[0,r=11=An|[0,r-1], (3.6)

DnNn[0,r=11=BnNJ[0,r-1]. 3.7)
Since k — 1 — ris even, k — r < r. By (3.6) and the definition of A,
xck—=r)+xckk—-1-r)=1

If yctk—r)=0,yc(k—1—-r)=1, then by (3.5), yc(k) =0 and yc(k/2)=1. If
xctk—r)=1xctk—1-r)=0, then by (3.5), yc(k) =1 and y(k/2) = 0. Hence,

xctk=1-=r)=xc(k/2). _ ‘
Let k=2r—2""+2, where i > 1. Then k=r+1-2 k—1-r=r+1-2%1
Hence, yc(r + 1 = 27) = yc(r + 1 = 2i*1), Therefore,

xcr+1=-2)=ycr+1-4)=---=yc(r+1- 2rlog2(r+1)]—1)’
and so
)(A(r-l- 1- 2) :XA(V+ 1 _4) = ... =XA(r+ 1 - 2“0g2(”+1)-|*1)'

By Lemma 2.6, it follows that r + 1 = 2" — 2 and y4(r + 1) = ya(7).
Next we shall prove r € B. Suppose that r € A. Since 0 € C, r ¢ C, by (3.0), it
follows that

Rc(r) = Renpo,—11(r) = Rano,r—13(r) = Ranjo,q(r) — L.
Similarly, by (3.7), it follows that
Rp(r) = Rpno,~11(r) = Rpnjo,—11(r) = Rpnjo.1(r).
Noting that
Runjo,n(r) = Ra(r) = Rp(r) = Rpnjo,n(r),

we have Rc(r) # Rp(r), which is a contradiction. Hence, r € B and r + 1 € B, and so
ré¢A.
By (3.6) and r ¢ C, we have C N [0, r] = A N [0, r]. Hence,

Re(r+ 1) =Renpon(r+ 1) + xc(@ + 1) = Ranpo(r + 1) + xc(r + 1).
By(3.7)and I,r e B,r ¢ D,
Rp(r+1) = Rpnoq(r+1)—1.
Noting that r,r + 1 € B,
Ranon(r+1) = Ranor+11(r + 1), Rpnpon(r+ 1) = Rpajo,+11(r + 1).
Since
Ranpor+n)(r + 1) = Ra(r + 1) = Rp(r + 1) = Rpnjo,r+11(r + 1),

it follows that Ro(r + 1) # Rp(r + 1), which is a contradiction. Therefore, r is not odd.
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Suppose that r is even. Take an even integer k with < k < 2r. Then, the coefficient
of ¥**2in (3.2) is

k —
2)(0(

2

2):1+2ZXc(i)—(k—1)+2—2Xc(k—2—r), (3.8)
i<k-2

and the coefficient of x*"! in (3.2) is

0:0+2ZXC(i)—k+2—2Xc(k—l—r). (3.9)
i<k—1
Calculating ((3.8) and (3.9)) x%, we obtain

k-2
xe( 55 )=I—Xc(k—1)—Xc(k—2—r)+XC(k—1—1’)-

ByLemma?2.3,k—1—-r <randk—2 —riseven. By (3.6) and the definition of A,
xck=2-r)+xctk—-1-r)=1.

If ye(k—2-r)=0 and yc(k—1-r)=1, then yctk—1)=1,xc((k—-2)/2) = 1.
If yck—2-r)=1, yctk—1-r)=0, then yc(k—1) =0, xc((k—2)/2) = 0. From
these two cases, yc(k — 1 —r) = yc((k —2)/2). Take

k=2r—2"1"i=0,1,...,llog,(r — 1)] - 2.

Then $(k—2)=r-1-2" giving k—1—r=r-1-2"" and so yc(r—1-2")=
yc(r—1 =21 Hence,
Xe(r=1=1)=xc(r=1-2) =+ = ye(r - 1 - 208011,

By Lemma 2.5, r — 1 = 2M1°&0=D1 _ 1 Write [ = [log,(r — 1)] + 1. Then r = 21, Also
[0,2r] C [0, m] because r < m/2. By Lemma 2.1 and the sufficiency of Theorem 1.3,
CN[0,2r] =AU +14B12)), DN[0,2r1 =B, U +1+AL)).

Next we shall prove m = 2r. First, we prove m < 3 - 2/=! = 2/=1 4+ 2!, Suppose that
m >3 -2/~ First we shall prove the following structure of C and D:
CN[0,3- 27N =AU +1+B)UR +1+B.)) :=E,
DN[0,3-2"=B_,uQ " +1+A_)Du@ +1+A_)):=F.
If n < 2, then clearly Rg(n) = Rp(n). Now we assume that 2! < n < 3 - 271, It follows
that
Re(n) = {(c,c’) i ce Ay, ¢ €27 + 1+ By, c+ ¢ =nl
+{(c,¢):c€Ay, €2+ 1+Bj,c+ =n)
+l{(c,c):e<c e, €27+ 1+ By, c+ ¢ =n)
=l(c,c'):c €A, €Bry,c+c =n-Q27 + D)

+l{(c,c)iceA,d €B e+ =n— Q' + D +Rp_ (n—22"7" + 1))
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and
Rr(n) = {(d,d’) :d € Bi_y,d € 2" + 1+ A1, d +d’ = n|
+{(d,d):deBpi,d €2 +1+A_,,d+d =n)
+{d,d):d<d,d,d €2 +1+B_,d+d =n}|
=|{d,d):deB_,d €A, d+d =n-Q2"" + 1)}
+{d,d):deBi,d €Ar,d+d =n— Q2 + D] +Ry,  (n-22"" +1)).

By Lemma 2.7, R4, ,(m) = Rp,_,(m) for any positive integers m and so Rg(n) =
Rp(n). By Lemma 2.1,CN[0,3-2"'1=Eand DN[0,3 -2 =F.
Next we shall prove that m > 3 - 2/~! is impossible. If m > 3 - 2/~! then, since 0 € C,

Re(3-270 4 1)
=xcB- 27"+ D+l{(c,c) i c€Ad €2+ 1+ B e+ =327 + 1)
+l{e,)ie<cye,d €2V v 1+ By, e+ ¢ =32 + 1)
=xcB -2+ D+ (e, ) i c €Ay, €Bii,c+ ¢ =27+ Rp 27 = 1),
Similarly,
Rp(B-27'+ 1) = |{(d.d'):d € Bi,d € Ay, d+d =2"") + Ry, 27" = 1).

By Lemma 2.7, Ry, (271 = 1) = R 271 = 1) so Re(3- 25" + 1) = Rp(3 - 21°1 + 1)
if and only if yc(3 - 27" + 1) = 0, that is, 3- 27! + 1 € D.
Since 1,321+ 1,2 + 1,25+ 1 e D and

3274221414327 =@+ D+ @4 D),

it follows that

RpB3-27'+2)=1+1+|{d.d):deB.d €2 +1+A_.d+d =3-2""+ 2]

+d.d):d<d.dd €2 +1+A_,d+d =3-2""+2)

=2+{d,d):deBri,d €A, d+d =2""+1}| + Ry, 2" N).

Similarly,

ReB3-27'+2) = xye(B- 2" +2) + l{(c,¢) s c € Ay, € By, e+ ¢ =271 + 1)
+Rp, (271,

Hence, Rc(3 - 271 +2) # Rp(3 - 217! + 2), which is a contradiction.
Ifm=3-27"by3- 271 +2 =2 + 1)+ 2/ + 1), then

ReB3-2""+2) = |{(c,c) i ceAry, ¢ €Bry,e<c e+ =27+ 1|+ Rp, 271,
Rp(3-27' +2)= 1+ [((d.d) :d € By d €Arpd <d d+d =27 + 1]
+ Ry, (271,

Hence, Rc(3 - 21 +2) # Rp(3 - 2! + 2), which is a contradiction.
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Therefore, m < 3 - 2=, Now we have
C=A_ U " +1+B_ DU +1+B_ n[0,m—=C2" + 1)),
D=B_ iU " +1+A_ DU +1+A n[0,m—=2 + D).

Next we prove m = 2!. Suppose that m > 2!.
If m — (2! + 1) # 2K — 1, where k is a nonnegative integer, then by Lemma 2.8, there
exists an integer u satisfying m — (2' + 1) < u < 2[m — (2! + 1)] such that

Ranom-ci+10@) = Ra,_ nom-2+17W) # Rp,_ ajom-2+1)1(4) = Rpajom-2t+1)1(1).
(3.10)

Since m + (2' + 1) < u + 22" + 1) < 2m, it follows that
Rc(22'+ 1) + u) = Ryy 14 niom—+ 1221 + 1) + 1)
= Rp, ,n0m-2+1)]®) = Rpnom—c2i+1) (1)
Similarly,
RpQ(2' + 1) + u) = Ryty 154, njom—@+ 1 (22" + 1) + 1)
= Ru, nom—+1)1(#) = Ran[o,m—2i+1)1(1).

Since Rc(2(2'+ 1) +u) = Rp(2(2' + 1) +u), it follows that Rynpom—ais1y(®) =
Rpnjo,m2i+1) (), which is a contradiction with (3.10).

Now we suppose that m — (2! + 1) = 2K — 1. Noting that m < 3 - 2/~!, we have k <
[ — 1. Hence,

C=A_,UQR"+1+B_)UQ +1+By,
D=B_ U " +1+A_DUR +1+A.

If k = 0, then 2/ + 1 € D. Now we divide into the following two cases.

Case 1: 27" —1€A,,. That is, 2 € D. Hence, 24" +1 =2/ + 1)+ 2! and so
Rc(2*' +1) =0, Rp(2*! + 1) = 1, which is a contradiction.

Case 2: 2-' =1 € B,_;. That is, 2/ € C. Hence, 2" =2 € A,_; and so 2! — 1 € D.
Since 241 = (2 + 1) + (2! = 1), it follows that Rc(2*") = 0, Rp(2H1) = 1, which is a
contradiction.

Therefore, we can assume that k > 0. Let ¢’ =2/ + 2k - C, D’ =2! +2¥ - D,

Case 1:211-1,2 ¢ k. It follows that
C =AU +A_ DU + 25+ 1+ BL)),
D =B, u+B_pu@+2k+1+AL).
Case 2:241-1,2| k. Then,
C=B,UQ+A_ DU +2+1+B)),
D =AU +B_pU@T + 2k + 1+ AL)).
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Case 3:2|1—-1,2 1 k. Then,

C =AU +B_pu+2k+1+AL)),

D =B, U+A_ U@ +25+1+B)).

Case 4:2|1—1,2 | k. Then,
C =B U*+B U@ +2*+1+A)),

D =AU+ AU + 28+ 1+ BL)).

Hence, C’ U D’ = [0,2! + 2K]\ {2/71 + 2%}, ¢’ n D’ = 0. By Lemma 2.3, it follows that
Rc/(n) = Rp(n) for all positive integers n. By Lemma 2.1, it suffices to consider the
following two cases.

Case I: C'N[0,251 +2k—11=AN[0,25" +2Fk—1] and D' N[0,2' +2FK— 1] =
BN[0,21 + 2k —1].

Case II: C'N[0,27" +2¥—1]1=BN[0,2""+2¥—1] and D' N[0,2-" + 2 - 1] =
AN[0,251 + 2K —1].

If Case 1 and Case I hold, then C’ N [0,2¢ — 1] =A N[0,2% — 1] = A;. By the
property of A, we have C’ N [2K,2%1 — 1] = 2%+ B;. Then, by Case 1, we have
C’ N [2%,2%1 — 1] = 2% + A, which is a contradiction.

If Case 1 and Case II hold, then C’ N [0,2% — 1] = BN [0,2% — 1] = B;. By Case 1,
we have C’ N [0, 2K — 1] = Ay, which is a contradiction.

If Case 2 and Case I hold, then C’ N [0,2% — 1] = A;. Then, by Case 2, we have
C’ N[0, 2% — 1] = By, which is a contradiction.

If Case 2 and Case IT hold, then k < [ — 1 and so 2% + 1 < 2/~! — 1. By the property
of A, it follows that 2 + 1 € A,_; and then 2%+ (2¥+ 1) € 2 + A,_; C C’. Hence,
24+ 2k +1)e . By Case I, 2K+ (2K + 1) e B. But, 28+ 2K+ 1) =21 + 1 € A,
which is a contradiction.

If Case 3 and Case I hold, then 2+ 2+ 1)e2¥+A,_; C D’ because we
have 2% +1 € A, ;. By Case I, 2 + (2€ + 1) € B. However, by the property of A,
2k + (2 + 1) = 21 + 1 € A, which is a contradiction.

If Case 3 and Case II hold, then C’ N [0,2% — 1] = BN [0,2F — 1] = B;. By Case 3,
C’ N[0, 2% — 1] = A, which is a contradiction.

If Case 4 and Case I hold, then C" N[0, 2% — 1] = A¢. By Case 4, C' N [0,2F — 1] = By,
which is a contradiction.

If Case 4 and Case II hold, then C' N[0,2¥ -~ 1] = BN [0,2F — 1] = B;. By the
property of B, C’ N [2k,2K1 — 1] = 2F + A;. By Case 4, C’ N [2k,2%! — 1] = 2% + B,,
which is a contradiction.

Therefore, m = 2r. |
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