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In this work, experiments using a pendulum apparatus were conducted for two
particles engaged in oblique, wetted collisions over a range of impact angles, impact
velocities, coating thicknesses, liquid viscosities, particle materials, and particle radii.
From previous studies on normal or head-on collisions, the two particles bounce
apart if the Stokes number (a ratio of particle inertia to viscous forces) exceeds
a critical value, whereas they stick together if the Stokes number is below this
critical value. However, for oblique collisions, an additional outcome is observed
at moderate Stokes numbers and impact angles, in which the spheres initially stick
together, rotate as a doublet, and then separate due to centrifugal forces. We refer to
this outcome as ‘stick–rotate–separate’. For subcritical Stokes numbers exhibiting this
new outcome, the experimental results for the apparent coefficient of normal restitution
and angle of rotation from impact to separation show only weak dependence on the
fluid viscosity and thickness and the dry restitution coefficient, whereas they both
decrease with increasing particle radius. These results are in contrast with those
for supercritical Stokes numbers in which the spheres bounce upon impact. An
accompanying theory based on lubrication forces, the glass transition of the liquid
layer, and solid deformation and rebound agrees well with experimental results and
gives insight into the observed trends.
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1. Introduction
Collisions between wetted (liquid-coated) particles are observed in a plethora

of systems in nature such as pollen capture and avalanches, and in industrial
operations such as granulation, pneumatic transport and drying of wetted particles.
The liquid coatings cause cohesive forces, which influence particle-level interactions
and macroscopic properties of wet-particle systems. In wetted systems, forces between
particles can be categorized as capillary (static) forces or viscous (dynamic) forces.
The focus of this work is on the latter.

Experiments on macroscopic (bulk) flow of wetted particles (Lekhal et al. 2006;
Xu, Orpe & Kudrolli 2007; Liu, Yang & Yu 2011) have been conducted to examine
ability to flow, the formation of agglomerates, etc. and have revealed interesting trends
such as the relationship between particle segregation and liquid-bridge formation.

† Email address for correspondence: hrenya@colorado.edu
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One common method to further understand the experimental observations is through
discrete element method (DEM) simulations (Mikami, Kamiya & Horio 1998; Talu,
Tardos & Khan 2000; Li & McCarthy 2005; Chaudhuri et al. 2006; Weber & Hrenya
2006; Kantak, Hrenya & Davis 2009). The DEM contains microscopic (particle-level)
descriptions of the inter-particle forces due to the liquid bridge between particles,
though more have focused on the capillary (static) forces than on the viscous
(dynamic) forces. Another way to model macroscopic flows is through population
(continuum) balances, which describe agglomeration processes via a rate equation
(Iveson 2002). For both DEM simulations and population balances, accurate models of
the microscopic forces are required for good predictions. Previous theoretical studies
have produced expressions for the capillary force between two particles connected
by a bridge that agree well with experimental measurements (Fisher 1926; Mason
& Clark 1965; Cross & Picknett 1968; Lian, Thornton & Adams 1993). On the
other hand, theories to describe the viscous force at the particle level, particularly the
agglomeration/de-agglomeration behaviour, are relatively limited.

In this work, a microscopic approach is taken to investigate wetted collisions
between two particles in which viscous (dynamic) forces dominate over capillary
(static) forces, and the liquid flow is in the low-Reynolds-number regime.
Consequently, Stokes flow prevails and the normal Stokes number,

Stn = mv0,n/6πµa2, (1.1)

has been found to be a key dimensionless parameter (Davis, Serayssol & Hinch 1986;
Lian, Adams & Thornton 1996). Here, m = m1m2/(m1 + m2) is the reduced mass, v0,n

is the normal component of the relative impact velocity, µ is the liquid viscosity, and
a= a1a2/(a1 + a2) is the reduced radius, where the subscripts 1 and 2 refer to particles
1 and 2, respectively. For normal collisions, de-agglomeration or rebound of colliding
particles occurs for values of Stn greater than a critical Stokes number, namely St∗n.
The value of St∗n can be determined either empirically via experiments or theoretically
by considering the properties of both the fluid and the solid particles (Ennis, Tardos &
Pfeffer 1991; Davis, Rager & Good 2002; Donahue, Hrenya & Davis 2010a). Recent
experiments on normal collisions between a particle and a wetted wall have verified
the lubrication force for Stn < St∗n (Marston, Wong & Thoroddsen 2010). In immersed
collisions dominated by Stokes flow, velocity reversal of a particle impacting on a wall
occurs when Stn is greater than a critical value of Stokes number, St∗n, approximately
equal to 10 (Joseph et al. 2001; Gondret, Lance & Petit 2002) for both normal
and oblique collisions. Experiments on wetted particle–wall oblique collisions have
shown that, for a range of Stn greater than St∗n, the normal and tangential motions
are approximately decoupled, which suggests that the value of St∗n found in head-on
collisions might also demarcate agglomeration versus de-agglomeration in oblique
collisions (Kantak & Davis 2004). However, the ability of St∗n to predict agglomeration
versus de-agglomeration in oblique collisions was not verified due to experimental
limitations.

Unlike previous efforts, here we investigate oblique collisions between a dry particle
and a wetted particle (the theory also applies to oblique collisions between two wetted
particles, while the experiments would need minor modification for both particles to be
wetted prior to collision). Experiments are performed using a pendulum apparatus
and are compared to theoretical predictions. In contrast to oblique, particle–wall
collisions, the target is now mobile, such that an agglomerated doublet (connected
by a liquid bridge) can form and rotate. Recently, we observed a new outcome for
oblique, particle–particle collisions in which two colliding particles initially form an
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agglomerate and then later de-agglomerate due to centrifugal forces (Donahue et al.
2012). In that work, a corresponding theory was developed that agrees well with
the regime map of outcomes for impact angle versus Stn, and both experiments and
predictions show that the new outcome occurs at large impact angles for Stn < St∗n.
Here, we expand the range of parameters to different liquid viscosities, coating
thicknesses, particle materials and particle radii and analyse the corresponding trends
of the (wet) normal restitution coefficient and rotation angle. Surprisingly, the trends
depend on whether a de-agglomerating collision occurs for Stn > St∗n or Stn < St∗n.
Furthermore, the theory established in Donahue et al. (2012) is able to predict the
trends and provides further insight into the physical mechanisms responsible for
particle reversal and de-agglomeration.

2. Experimental setup
The experimental setup is composed of two solid spheres suspended with pendulum

strings of 1 m length, as shown in figure 1. The pendulums strings are attached from
above to a rotating glass plate. The string holding the striker is attached to the centre
of the plate, so that when the plate is rotated its position does not change (figure 1b).
The string holding the target particle is attached one particle diameter away from the
striker string. As the plate is rotated, the position of the target particle moves relative
to the striker such that a range of impact angles is possible (figure 1c). Prior to
the collision, the striker particle is held in place by a gate that employs a solenoid
as the release mechanism. The position of the gate can be moved along the track
to achieve different impact velocities. The gate cradles the particle (figure 1b) for
accurate positioning and to ensure minimal rotational motion is imparted to the striker.
The target particle is coated with silicon oil, which is contained in a bath positioned
underneath the target particle. The bath lifts to coat the particle, and the time that the
liquid is allowed to drip from the particle prior to collision determines the thickness of
the liquid coating at collision.

2.1. Materials
The pendulum string is attached to the particles via a small tube welded on the top
of the particle. The string is ice fishing line manufactured by Berkley, chosen for its
high spring constant (stiff) of 1.2 kN m−1, which balances the centrifugal acceleration
of the striker particle as it swings through an arc before it collides with the stationary
target particle. The particles are either chrome steel (AISI 52100) or stainless steel
(316 grade). The properties of the chrome-steel particles are: dry restitution coefficient
edry = 0.99; Young’s modulus E = 2.03 × 1011 N m−2; Poisson’s ratio v = 0.28;
density ρ = 7830 kg m−3; reduced radius a = 6.4 or 4.0 mm. The properties of the
stainless-steel particles are: dry restitution coefficient edry = 0.90; Young’s modulus
E = 1.93 × 1011 N m−2; Poisson’s ratio v = 0.35; density ρ = 8030 kg m−3; reduced
radius a = 6.4 mm. The particles are coated with oil of viscosities 5.1, 12, or 99 Pa s
at 25 ◦C, which is the nominal temperature of the experiments, and all three oils have
densities of 0.97 g cm−3. The oil is a general-purpose, silicone fluid manufactured
by Brookfield Engineering Laboratories. To summarize the properties, a list of the
collisional parameters can be found in table 1. The notation used to describe each
case refers to viscosity, namely low (µlow), medium (µmed ), or high (µhigh); coating
thickness, namely small layer (x0,small), medium layer (x0,med ), large layer (x0,large), or
extra-large layer (x0,xlarge); particle material, namely chrome steel (cs) or stainless steel
(ss); and particle radius, namely large (alarge) or small (asmall).
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FIGURE 1. (Colour online) Experimental setup: schematic of (a) the side view of the
pendulum apparatus; (b) the release mechanism; and (c) top view of the pendulum apparatus.

Liquid Coating Steel Particle
Case viscosity

(Pa s)
thickness

(µm)
particle
material

radius
(mm)

µlow x0,med ss alarge 5.12 270 Stainless 12.7
µlow x0,small ss alarge 5.12 180 Stainless 12.7
µmed x0,med cs asmall 12.0 263 Chrome 7.9
µmed x0,large cs alarge 12.0 418 Chrome 12.7
µmed x0,large ss alarge 12.0 420 Stainless 12.7
µmed x0,med cs alarge 12.0 270 Chrome 12.7
µmed x0,med ss alarge 12.0 270 Stainless 12.7
µhigh x0,large ss alarge 99.0 850 Stainless 12.7

TABLE 1. Experimental parameters.

2.2. Methods
To characterize the collisions, two sets of measurements are performed: (i) off-line
measurements of the thickness of the liquid layer coating the target particle; and
(ii) on-line measurement of pre- and post-collisional velocities (translational and
rotational) and impact angle. First, measurements of the coating thickness are made
independently from the collisions with a high-resolution Pentax SLR K110D with
6.1 megapixels. Wide-angle distortion is minimized using a zoom lens that allows the
camera to be placed approximately 1.5 m away from the coated particle. Photographs
are taken every 3 s during the dripping process, and the process is repeated five
times. The lighting, aperture, and shutter speed are set at levels to make the particle,
and particularly the edge of the particle, well defined and dark with respect to the
background. The photographs are analysed in Matlab, and the coating thickness is
found from a given photograph by subtracting the edge-to-edge distance of the dry-
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particle photograph from the wet particle, and then dividing the resulting quantity by 2.
The coating thickness is then found for a particular drip time from a linear fit of these
off-line data 5 s before and after the drip time. The error in the measurements of the
coating thickness is approximately ±5 µm.

Second, the particle positions, and hence the relevant velocities and geometries, are
tracked in time throughout the collisional process using a high-speed camera that is
placed above the rotating glass plate. The camera is manufactured by DVC (model 340
M) with a 640× 480 pixel resolution. However, depending on the impact velocity and
angle, the effective resolution ranges between approximately 200 × 75 and 400 × 175
pixels. Similar to the high-resolution camera, a Navitar 7000 zoom lens allows the
camera to be placed approximately 1 m from the particles, so that wide-angle effects
are essentially eliminated. The camera operates at 40 MHz with a frame rate of 250
and 400 Hz depending on the resolution. Two fluorescent dots are painted on the top
of each particle, and the apparatus is lit using fluorescent lights only. In this way,
the camera tracks only the dots, so that linear and angular velocities and the impact
angle can be extracted using image tools in Matlab. Depending on the impact angle
and the impact velocity, the translational-velocity error ranges between 0.010 and
0.023 m s−1, the rotational-velocity error ranges between 0.006 and 0.015 rad s−1, and
the impact-angle error ranges between 0.9◦and 6.2◦. Each pixel is between 300 and
360 µm, depending on the focus of the camera. The two particles are considered to be
separated when they reach a separation distance of three pixels. This distance was the
minimum distance at which the outcomes determined by this criterion are consistent
with the outcomes observed via visual inspection. Furthermore, the rotation angle is
weakly dependent on this criterion.

3. Theory description
To illuminate the dominant physical mechanisms, the theory from Donahue et al.

(2012) for two-particle, wetted, oblique collisions is used. In addition to the typical
fluid forces, tension from the pendulum strings is included. As the doublet rotates
from its impacting position, tension from strings arises that resist normal and
rotational motion. The relevant dimensionless numbers are the Reynolds number Re,
and the capillary number Ca. The largest Reynolds number (ratio of fluid inertia
to fluid viscous forces in the liquid gap between colliding particles) encountered
experimentally is

Remax = ρv0,nx0/µ= 0.04, (3.1)

where ρ is the liquid density, v0,n = v0 cos θ0 is the initial normal component of
relative velocity between particles, θ is the angle between the relative velocity and
the line connecting the centres of the particles at initial contact and the subscript 0
indicates the initial impact value, x0 is the initial coating thickness, and µ is the liquid
viscosity (figure 2). Therefore, the collisions occur at low Re, and the dynamics of
the liquid between the particles is governed by Stokes flow (lubrication). The smallest
capillary number (ratio of viscous forces in the liquid gap between the particles to
capillary forces between the particles) encountered is

Camin = 3µav0,n/σx0 = 1500, (3.2)

where σ is the surface tension of the silicon oil. Since Ca� 1, capillary forces are
negligible, as was confirmed by Salcudean et al. (2009). Finally, an evaluation of the
Stokes number for a particle suspended in air shows that resistance from the interstitial
air is negligible.
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Solid
particle Liquid 

layer

Target

Striker

FIGURE 2. Impact geometry.

3.1. Lubrication
The viscous (lubrication) force that resists the relative motion of the particles acts in
both the normal and the tangential directions. For small deformations and for x� a,
the normal component of the lubrication force has been derived by Kantak & Davis
(2006) for liquid-coated spheres as

FL,n = 6πµa2vn

x

(
1− x

x0

)2

, (3.3)

where the subscript n indicates the normal direction. The normal vector, n, is a unit
vector that points from the centre of the target to the centre of the striker (figure 2).
In the tangential direction, the force between two immersed particles was solved
numerically by O’Neill & Majumdar (1970) such that

FL,t =−24πµa2

(
1
3

ln
2a

x0
(ω − ξ)+ 1.2720ω + 0.1583ξ

)
, (3.4)

where ω = (v/4a) sin θ is the angular velocity of the doublet about the centre of mass
of the doublet, ξ is the angular velocity of each single particle about its centre of mass
(i.e. rotational velocity of particle), and the subscript t indicates the tangential direction
(figure 2). Here, we restrict our model to rotation about an axis normal to the plane
of motion, so that the motion of the two spheres during collision is constrained to a
single (horizontal) plane. In this work, the particles are wetted rather than immersed;
therefore, the second and third terms on the right-hand side of (3.4) are omitted since
they are due to the viscous resistance from the liquid in the outer region (absent for
wetted particles) away from the liquid gap between the particles. Since both particles
initially do not rotate about their centres (ξstriker = ξtarget = 0) and the fluid exerts an
equal-magnitude force on each particle, the corresponding angular accelerations of the
two identical particles are also equal; therefore, throughout the collision the particles
have equal angular velocities (ξstriker = ξtarget = ξ ). Finally, when ω = ξ , the surfaces of
the particles do not move relative to each other and thus there is no shearing of the
fluid between the particles (i.e. FL,t = 0).
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3.2. String tension
To accurately model the experiments, the force of tension from the pendulum strings
must be accounted for. In particular, at the moment the striker particle collides with
the target particle, tension only acts in the vertical direction parallel to gravity;
therefore, string tension does not influence the collision at the moment of impact
(i.e. tension is balanced by gravitational force). However, as the particles begin to
rotate about the centre of mass of the doublet, the pendulum strings are no longer
aligned with gravity. Consequently, tension from the pendulum strings emerges in both
the normal and tangential directions. In the normal direction, this tension is

FS,n = 8mga

`
sin2

(
β

2

)√
1− 16a2

`2
sin2

(
β

2

)
, (3.5)

where g is the acceleration due to gravity, ` is the length of the pendulum string,
and β is the angle the doublet has rotated from the time of the initial impact. In the
tangential direction, the tension from the strings is

FS,t =−4mga

`
sin(β)

√
1− 16a2

`2
sin2

(
β

2

)
. (3.6)

3.3. Kinematic equations
The kinematic equations corresponding to the experimental setup are

dx

dt
=−vn, (3.7)

m
dvn

dt
= FL,n + FS,n − 4maω2, (3.8)

dβ
dt
= ω, (3.9)

4ma
dω
dt
= FL,t + FS,t + 2mvnω, (3.10)

8
5

ma
dξ
dt
=−FL,t. (3.11)

Equations (3.7)–(3.11), together with expressions given above for the lubrication and
tension forces (equations (3.3)–(3.6)), are solved in time for x, β, vn, ω and ξ . The
particles approach each other with an initial separation equal to the initial (measured)
coating thickness x0 (equation (3.3)), normal impact velocity vn,0 = v0 cos θ0, initial
angular velocity of the agglomerate ω0 = v0 sin θ0/(4a), and initial angular velocity of
each particle ξ0 = 0. If the initial angular velocity for either particle is not zero, then
a slightly more complicated analysis would be required, with (3.4) and (3.11) modified
to account for the rotation of each particle. Upon approach, the particles may stick
(agglomerate) if their normal relative acceleration and velocity drop to zero. During
the collisional process, the particles may reverse direction due to: (i) centrifugal
forces; or (ii) encountering a reversal criterion also present in normal collisions (i.e.
glass transition of liquid layer, elastohydrodynamics, or surface roughness), which
is discussed in more detail below (§ 3.4). As the particles move away from each
other, they may stick (agglomerate) if their normal acceleration and velocity drops
to zero due to viscous resistance. Otherwise, de-agglomeration is said to occur when
their separation distance reaches x0. Additionally, the simulations are stopped and are
considered to stick (agglomerate) if the doublet rotates 180◦ from its initial position (at
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FIGURE 3. (Colour online) Experimental results and theoretical predictions of the angular
velocity of (a) a doublet (ω) and (b) particles (ξ ) over time for a collision of case
µmed x0,thick cs alarge for Stn = 1.1 and θ0 = 46◦. The initial, rapid decline of the doublet
angular velocity over short times (t <∼0.01 s) is due to the tangential lubrication force, while
the slower decline at longer times is due to the string tension.

which point the strings cross) or if the angular velocity of the doublet reverses before a
separation distance equal to x0 is achieved.

To assess the accuracy of the theory, predictions of the angular velocity of the
doublet (ω) and the angular velocity of the particles (ξ ) over time are compared to
experimental results in figure 3. The error in ω is generally smaller than the error in
ξ , since two sets of two dots painted on the top of each particle spaced further apart
are used to determine ω, whereas only one set of dots is used to find ξ . As mentioned
previously, when ω = ξ (time ∼0.01 s), the surfaces of the particles no longer rotate
relative to each other, and the doublet has formed an approximately rigid dumbbell.
The initial rapid decline in ? and the corresponding rapid increase in ξ over this short
time is due to the tangential lubrication as the doublet quickly forms a dumbbell. At
longer times, the relatively slow decline in ω and ξ results from string tension. As
mentioned previously, the tangential lubrication theory used here is a modified version
of that for two immersed spheres; since the results for the conditions in figure 3 are
representative of the rest of the parameter space, the modified immersed theory serves
as a good approximation for wetted particles.

3.4. Reversal criteria

As stated previously, when the particles approach each other for normal (head-
on) collisions, three mechanisms have been identified that cause the particles to
deform and then reverse their relative motion: (i) glass transition of the liquid;
(ii) elastohydrodynamic forces; and (iii) particle roughness. First, the pressure in
the liquid gap rapidly increases during approach; if the pressure exceeds the glass-
transition pressure, pgt, then the liquid behaves as a solid and the particles reverse
direction. The glass-transition rebound separation is

xgt =
√

3µavnx2
0

(pgt − patm) x2
0 + 3µavn

≈
√

3µavn

(pgt − patm)
when xgt� x0, (3.12)
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where patm is the atmospheric pressure (Donahue et al. 2010b). The glass transition
can be viewed as a limiting case of non-Newtonian behaviour, wherein the effective
viscosity of the liquid film becomes very large at very high compressive pressures
(Barnocky & Davis 1989). In recent work, Marston et al. (2010) have shown that
a different non-Newtonian effect due to shear thinning in the thin liquid layer for
certain fluids can also affect rebound. Second, the large lubrication pressures cause
the solid particle to deform; the stored energy in this deformation leads to reversal in
the relative normal motion if the following separation length scale, determined using a
coupling of elastic and lubrication theories (i.e. elastohyrdrodynamics), is reached:

xr = (6πΘµa3/2vn/
√

2)
2/5
, (3.13)

where Θ = 2(1 − v2)/πE2 and v is Poisson’s ratio and E is Young’s modulus (Davis
et al. 1986). Finally, the surface roughness, xb, is assumed to be 1 µm based on
previous measurements of similar materials (Barnocky & Davis 1988), and the particle
surfaces will touch and the relative normal particle velocity will reverse if this
separation is reached. If the theory predicts that any one of the three reversal criteria
has been met upon approach (i.e. the gap x decreases to the largest of xgt, xr, or xb),
then the particles deform and rebound with their normal relative velocity reversed and
multiplied by the dry restitution coefficient edry to account for the (kinetic) energy
dissipation experienced by the particle during deformation.

To assess the accuracy of the new component of our theory (involving rotational
motion of oblique collisions), it is essential to start with accurate predictions for
normal (head-on) collisions. In previous work, the glass-transition rebound criterion
dictated the reversal process for the conditions investigated and was critical in
the prediction of the correct outcomes and trends for normal three-body collisions
(Donahue et al. 2010b). In that three-body work, a pendulum apparatus was also
used, and the materials and the range of parameters used were similar to this work.
The theory used in Donahue et al. (2010b) is the same as in this work for head-on
collisions with ω = ξ = 0. Therefore, not surprisingly, the glass-transition state is the
first reversal criterion met in the theoretical predictions here. In particular xgt > xb and
xgt > xr, because the steel spheres employed are relatively smooth and stiff. Due to
a lack of well-established data for the value of pgt for silicon oil, the value of pgt

has been chosen for each different viscosity oil used based on the experimental value
obtained for St∗n.

Figure 4 compares the normal wet restitution coefficient, ew,n, found in experiments
for normal collisions against the theoretical predictions. Since, for normal collisions,
ew,n is a ratio of the magnitude of the relative post-collisional velocity to that of the
pre-collisional velocity, ew,n = 0 when the particles stick (agglomerate), and ew,n > 0
when the particles bounce (de-agglomerate). Here, Stn increases due to an increase
in impact velocity, as all other parameters remain unchanged. In figure 3, St∗n = 1.5,
representing the value of Stn at which ew,n transitions to a non-zero value. The current
theoretical predictions agree well quantitatively and qualitatively with experimental
results. Two other theories are also compared to experimental results. The theory
of Kantak & Davis (2006) uses a complete treatment of elastohydrodynamics to
model a wetted collision, but with constant viscosity. The theoretical predictions of
Kantak & Davis (2006) have a somewhat fortuitous match of St∗n, since not including
the glass transition provides for closer approach and more resistance that balances
the lack of (known) resistance upon rebound due to presumed cavitation; however,
ew,n is underpredicted for Stn > St∗n. The more simplified theory by Davis (1987), in
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FIGURE 4. (Colour online) Restitution coefficient for normal (head-on) collisions for case
µmed x0,large ss alarge compared for the current theory, Davis (1987), and Kantak & Davis
(2006).

(a)

(b)

(c)

FIGURE 5. Top-view snapshots (using high-speed camera) of collisions with outcomes of
(a) stick (S), (b) stick–rotate–separate (SRS), and (c) bounce (B) for parameters of case
µmed x0,large cs alarge and θ0 = 45◦. Only the normal impact velocity was changed between
the three subfigures, such that the impact velocities are: (a) 0.25 m s−1 (Stn = 0.95);
(b) 0.29 m s−1 (Stn = 1.1); and (c) 0.34 m s−1 (Stn = 1.3). The time between each frame
is 20 ms, for each of these cases.

which particles only rebound due to surface roughness, has the simple form Stn = edry
(1 − St∗n/Stn) for Stn > St∗n, where St∗n = ln(x0/xb). Here, xb is chosen such that St∗n
matches the experimental value. Again, the theory underpredicts the value of ew,n for
Stn > St∗n. Compared to the other two theories that do not include the glass transition,
the current theory is the appropriate choice for this work.

4. Results and discussion
In figure 5, three sets of collision snapshots with different outcomes are shown, with

only the impact velocity changed between the three sets. Two of the outcomes were
also observed in previous experimental works involving wetted normal particle–particle
and oblique particle–wall systems, namely stick (S, figure 5a) in which the striker
particle forms an agglomerate with the target object, and bounce (B, figure 5c) in
which the striker collides with the target and essentially immediately separates (Kantak
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FIGURE 6. (Colour online) (a) Regime map of outcomes, (b) normal restitution coefficient
and (c) rotation angle for case µmed x0,large cs alarge. The inset in (c) is a close-up of the
theoretical predictions and experimental results in the vicinity of St∗n.

& Davis 2004; Donahue et al. 2010a). The third outcome is only observed in oblique
particle–particle collisions and is shown in figure 5(b) (Donahue et al. 2012). Here,
the two particles collide and initially stick together, and then at a later time after the
agglomerate has rotated through a significant angle, the two particles de-agglomerate
due to centrifugal forces. This outcome, characterized by collisions that eventually
separate but have collision durations greater than for head-on collisions, is named
stick–rotate–separate (SRS).

As a first validation of the theory, figure 6 contains experimental data and theoretical
predictions for case µmed x0,thick ss alarge. Figure 6(a) shows the regime map of
outcomes over a range of impact angles and Stn. The symbols represent outcomes
of individual experimental collisions (stick, stick–rotate–separate, and bounce), and the
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lines represent the boundaries between the various outcomes predicted by the theory.
The collision outcomes observed in the experiments show good agreement with the
theoretical predictions, except that the observed impact angle that separates stick and
stick–rotate–separate for a given Stn is higher than the predicted boundary. For normal
collisions (θ0 = 0◦), the Stokes number at the transition between stick and bounce, St∗n,
is equal to 1.4. For oblique collisions, experiments and theoretical predictions show
generally that, if Stn < St∗n, particles either stick or stick–rotate–separate, whereas
if Stn > St∗n, particles bounce. For Stn < St∗n, sticking (S) occurs at small impact
angles, while stick–rotate–separate (SRS) occurs at higher impact angles due to greater
doublet rotational velocity and centrifugal forces. The boundary between stick and
stick–rotate–separate for Stn < St∗n appears to be ∼20◦ higher in the experiments than
for the theory, meaning that a large impact angle and, hence, a larger rotational
velocity of the doublet after impact were required to achieve separation. A possible
explanation is that fluid was drawn into the gap region by capillary forces during
collision, thereby increasing the lubrication resistance to separation.

In collisions between dry particles, the normal restitution coefficient has traditionally
been defined as en = −(vf · n0)/(v0 · n0), where the subscripts 0 and f represent the
initial and final values, respectively. This definition is sufficient for dry collisions,
since the collision duration is short and particles do not rotate far; in other words,
n does not vary significantly during the collision. But, when the particles do rotate
significantly, as is true for sufficiently oblique collisions between wetted particles, so
does the normal vector. Anomalous behaviour of the restitution coefficient due to the
rotation of the colliding particles was first observed in nanocluster collisions reported
by Saitoh et al. (2010). Therefore, in this work, a modified definition of the (wetted)
normal restitution coefficient used is

en =−(vf ·nf )/(v0 ·n0). (4.1)

Using this modified definition of the normal restitution coefficient, ew,n is plotted
versus Stn in figure 6(b) for a range of impact angles. For each specified impact angle,
symbols represent experimental collisions within 5◦ of the given angle, and curves
represent the theoretical predictions. The theory agrees well with the experiment
and correctly predicts the trend of ew,n as the impact angles changes. In particular,
the curves of ew,n for impact angles of 15◦and 30◦ are similar to the curve of the
0◦ collisions in both experiment and theory. Therefore, the small change in the value
of ew,n at small impact angles indicates that centrifugal forces associated with the
rotating pair play a negligible role in the de-agglomeration of these (nearly head-
on) collisions. The curves of ew,n for larger impact angles of 45◦and 65◦ show that
collisions de-agglomerate (ew,n > 0) for Stn < St∗n in both experiment and theory, and
this de-agglomeration is the stick–rotate–separate (SRS) mechanism due to centrifugal
forces. The corresponding predictions for Stn > St∗n are instead dominated by the same
bounce (B) mechanisms that cause reversal in normal collisions, which is why they
appear to collapse on the θ0 = 0◦ curve. The discontinuity in the slope observed at
St∗n is due to the different mechanisms responsible for de-agglomeration for Stn < St∗N
versus Stn > St∗n. The scatter in measured ew,n increases as θ0 increases, since the
uncertainty in the measured θ0 increases with θ0 and more error is associated with the
stick–rotate–separate outcome due to the sensitivity of rotation angle to impact velocity
(figure 6c).

In addition to examining the normal components of motion, the rotational motion
of an agglomerate is also investigated in terms of the rotation angle, θR, defined
as the angle through which an agglomerate rotates between initial impact and

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
2.

29
7 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2012.297


140 C. M. Donahue, W. M. Brewer, R. H. Davis and C. M. Hrenya

0.6

0.4

0.2

0
0 0.5 1.0

Stn

1.5 2.0 2.5 0 0.5 1.0

Stn

1.5 2.0 2.5

0.8(a) (b)

100

200

300
e w

,n

FIGURE 7. (Colour online) Theoretical predictions of (a) normal restitution coefficient and
(b) angle rotated for case µmed x0,large cs alarge at several impact angles with pendulum strings
(solid curves) and without pendulum strings (dashed curves).

de-agglomeration:

θR =
∫ tc

0
ω(t) dt, (4.2)

where tc is the collision duration (i.e. the time during which the spheres are in
near-contact with x< x0 during the collision). Therefore, if either the collision duration
or the doublet angular velocity ω increases, θR also increases. Figure 6(c) is a plot
of θR versus Stn for those collisions that de-agglomerate (SRS and B). Near St∗n, a
sharp decrease in θR is observed for a given θ0 in both experiment and theory as
the outcome transitions from stick–rotate–separate to bounce. This observation stems
from the fact that the collision duration of a stick–rotate–separate collision (Stn < St∗n)
is much longer than that of a bounce collision (Stn > St∗n), allowing the particles to
rotate further during the collision. Moreover, for Stn > St∗n, θR increases as θ0 increases
for a given Stn in both experiment and theory, which is more clearly seen in the
inset. In this region, the relative normal velocity of the particles reverses direction due
to the normal reversal criteria (e.g. x = xgt); therefore, the collision duration is short
and primarily dependent on impact velocity (collision duration decreases as impact
velocity increases) and not on θ0. However, as θ0 increases, the angular velocity of the
agglomerate increases so that the particles rotate a larger distance in the same amount
of time.

On the other hand, for Stn < St∗n the opposite trend is observed in figure 6(c); the
rotation angle decreases as impact angle increases at fixed Stn in both experiment and
theory. In this region, the centrifugal force is responsible for de-agglomeration, and
the magnitude of the centrifugal force increases with impact angle in proportion to
the square of the angular velocity. Therefore, the decrease in the collision duration
due to increased centrifugal forces dominates over the increased angular velocity, and
the particles do not rotate as far as θ0 increases. While the theory predicts well
the qualitative features of the experimental observations, a quantitative mismatch still
persists. This quantitative mismatch may be due to the deformation of the liquid bridge
as the particles move apart and liquid is pulled into the bridge.

The theory not only predicts the dynamics of the collisions, but, because it allows
physical mechanisms to be turned ‘on’ and ‘off’, the influence of each factor can be
ascertained. In figure 7, ee,n and θR are plotted both with string tension included and
with string tension removed. Note that the values of ew,n and θR are largely unaffected
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FIGURE 8. (Colour online) Normal restitution coefficient from (a) experiment and (b) theory,
and rotation angle from (c) experiment and (d) theory as the dry restitution coefficient is
increased from 0.90 (open symbols, dashed curves) to 0.99 (closed symbols, solid curves) for
cases µmed x0,large cs alarge and µmed x0,large ss alarge.

by turning off the string tension in regions where collisions had de-agglomerated
with string tension (i.e. for θ0 = 15◦, Stn > 1.4; for θ0 = 30◦, Stn > 1; for θ0 = 45◦,
Stn < 0.5; and for θ0 = 65◦, Stn > 0.2). Therefore, as described in the next section, the
trends in ew,n and θR for de-agglomerating collisions are also not greatly affected by
the presence of the pendulum strings. Except for one instance, string tension generally
does not affect the observed trends in ew,n and θR for de-agglomerating collisions.
However, for a given impact angle, the value of Stn that demarcates agglomeration
versus de-agglomeration, St∗(θ0), is largely influenced by string tension, since without
string tension all oblique collisions are predicted to de-agglomerate (as also shown
in Donahue et al. 2012); therefore, in this work the trends of St∗(θ0) are not
analysed. (In figure 7, with string tension, St∗(θ0 = 0◦) = 1.4, St∗(θ0 = 15◦) = 1.3,
St∗(θ0 = 30◦)= 0.9, St∗(θ0 = 45◦)= 0.4, St∗(θ0 = 65◦)= 0.1.)

4.1. Effect of solid elasticity
To determine the role of the elasticity of the solid sphere in a wetted collision, the
cases µmed x0,large ss alarge and µmed x0,large cs alarge are compared so that only particle
material changes from the softer stainless steel (edry = 0.90) to the harder chrome steel
(edry = 0.99). Figure 8(a) is a plot of experimental values of ew,n versus Stn for a
range of impact angles. Open and closed symbols represent stainless steel and chrome
steel, respectively. The value of St∗n (the critical Stn for de-agglomeration in head-on
collisions) is not sensitive to edry and neither are the values of ew,n for Stn < St∗n.
However, for Stn > St∗n, as edry is increased, the value of ew,n increases. Figure 8(b)
shows the corresponding theoretical predictions. The experimental data and model
curves are plotted on separate but adjacent graphs, so that the large numbers of data
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FIGURE 9. (Colour online) Normal restitution coefficient from (a) experiment and (b) theory,
and rotation angle from (c) experiment and (d) theory as viscosity is increased from
5 Pa s (open symbols, dashed curves) to 12 Pa s (closed symbols, solid curves) for cases
µlow x0,med ss alarge and µmed x0,med ss alarge.

symbols do not obscure the trends shown by the theory curves. The theory agrees
well with the experimental trends of ew,n, though there are quantitative differences as
noted earlier. The theory is especially useful here to provide insight into the cause
of this trend. In particular, the value edry only affects the theoretical predictions if
Stn > St∗n and bouncing occurs. Then, one of the three normal reversal criteria is met,
and the relative velocity at that point is reversed and multiplied by edry to account
for the dissipation of energy in the solid particle during deformation. However, when
Stn < St∗n, and the particles reverse direction due to centrifugal forces, they do not
deform and the value of edry is not used.

To see how edry affects the rotational motion of the doublet, the experimental θR

is plotted versus Stn in figure 8(c), and no difference in θR is noted between the
two values of edry examined. Since the values of edry vary by only a small amount
(<10 %), the collision duration negligibly decreases as edry increases. Furthermore, the
particle material does not affect the angular velocity (equations (3.10) and (3.11)).
Since collision duration and angular velocity are unaffected by edry, θR also does not
depend on edry. The theory is able to correctly predict the trends, though it does exhibit
some quantitative mismatch (figure 8d).

4.2. Effect of liquid viscosity
To investigate the effect of liquid viscosity, the cases µlow x0,med ss alarge and
µmed x0,med ss alarge, in which only the viscosity changes, are compared. Figures 9(a)
and 9(b) are plots of ew,n versus Stn for the experiments and theoretical predictions,
respectively. Both experiment and theoretical predictions show St∗n decreases as
viscosity increases (the particles more readily bounce at fixed Stn, which requires
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larger impact velocity for larger viscosity). For the low-viscosity-oil collisions,
St∗n ∼ 2.0, whereas for medium-viscosity-oil collisions, St∗n ∼ 1.0 (figure 9a).

In figure 9(a,b), for Stn > 2.0 (low-viscosity St∗n = 2.0), as viscosity increases, ew,n

increases for a given value of Stn because higher lubrication pressures cause the glass
transition to be reached with less penetration and a smaller fraction of the particle
kinetic energy is lost. However, for Stn < 1.0 (medium-viscosity St∗n = 1.0), where no
glass-transition criterion is met and therefore the value of pgt is irrelevant, the value
of ew,n in this region is not sensitive to changes in viscosity. Again, the theory allows
further insight into the mechanics of the collision. Specifically, velocity reversal for
Stn < St∗n is due only to centrifugal forces. As viscosity increases, the collision velocity
must also increase in proportion at fixed Stn, so that the penetration depth when
the relative normal motion is arrested is unchanged. Similarly, the fractional recovery
of the normal velocity when the particles separate is unchanged, and so ew,n is left
unaffected by changes in viscosity.

In figures 9(c) and 9(d), θR is plotted against Stn using the experimental data
and theoretical predictions, respectively, again for cases with differing viscosities. For
Stn > 2.0 (low-viscosity St∗n = 2.0), θR decreases as viscosity increases for a given
Stn because the glass transition is reached more quickly. However, for Stn < 1.0
(high-viscosity St∗n = 1.0), no glass transition is predicted to occur and θR is essentially
unaffected by changes in viscosity at fixed Stn. Again, higher viscosity requires higher
impact velocity at fixed Stn. The resulting increase in rotational velocity is offset by
a proportional decrease in collision duration due to the increased centrifugal force.
The theory agrees well with the observed trends; however, a quantitative mismatch is
observed for Stn < St∗n.

4.3. Effects of liquid-layer thickness

Figure 10 shows experimental data (figure 10a) and corresponding theoretical
predictions (figure 10b) for ew,n for two cases with different thicknesses of the liquid
coating, namely µmed x0,med ss alarge and µmed x0,large ss alarge. For both the experiments
and theory, St∗n increases as the coating thickness increases. When Stn < 1.0 (thin-layer
St∗n = 1.0), no obvious difference is observed in the experimental values of ew,n as the
coating thickness is changed, and likewise only very minor differences are observed
in the theory. The energy lost to viscous dissipation to bring relative normal motion
to rest is independent of the fluid-layer thickness, and so the viscous losses as the
particles subsequently separate due to centrifugal forces are also nearly independent of
the layer thickness, so ew,n is nearly independent of x0 when Stn is less than the thin-
layer St∗n. Conversely, for Stn > 1.4 (thick-layer St∗n = 1.4), more viscous dissipation
occurs for the larger coating thickness as the separation between the surfaces decreases
to the critical gap value specified by the dominant reversal criterion, and then increases
again after reversal, and so ew,n decreases with increasing x0.

In figures 10(c) and 10(d), θR is plotted against Stn for experimental results and
theoretical predictions, respectively. Only small changes in θR are observed for Stn less
than the thin-layer St∗n, since the angular velocity is not sensitive to coating thickness
(equation (3.10)), and the collision duration is approximately the same. In contrast, for
Stn greater than the thick-layer St∗n, as coating thickness increases, the particles must
penetrate a larger distance during approach and reversal, so the collision duration
increases, which results in an increase in θR in both experiment and theoretical
predictions. The theory continues to predict the experimentally observed trends, but
a quantitative mismatch is again observed for Stn < St∗n.
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FIGURE 10. (Colour online) Normal restitution coefficient from (a) experiment and
(b) theory, and rotation angle from (c) experiment and (d) theory as the coating thickness
is increased from 270 µm (open symbols, dashed curves) to 420 µm (closed symbols, solid
curves) for cases µmed x0,med ss alarge and µmed x0,large ss alarge.

4.4. Effect of particle size

Finally, figure 11 shows the effect of particle radius on ew,n and θR for the cases
µmed x0,med cs asmall and µmed x0,med cs alarge. Here, particle material density is held
constant so that particle mass also increases with radius. In figures 11(a) and 11(b),
ew,n is plotted against Stn for the experimental results and theoretical predictions,
respectively. The value of St∗n remains constant as particle radius increases for both
experiment and theoretical predictions. Furthermore, over the entire range of Stn for
de-agglomerating collisions (Stn > 1.1), the values of ew,n remain constant as particle
radius increases for both experiment and theoretical predictions (within experimental
error). Since figure 11(a,b) is plotted in terms of Stn, which takes into account the
changes in particle inertia and fluid resistance with changes in particle radius, the
curves associated with the different radii collapse for Stn > St∗n. For Stn < St∗n, the
theory predicts a decrease in ew,n with an increase in radius. This change is due to the
balance of lubrication and centrifugal forces in (3.8), with vn decreasing in proportion
to 1/a2 (equation (3.3)).

In figures 11(c) and 11(d), θR is plotted against Stn for experimental results and
theoretical predictions, respectively, for systems with different particle radii. Again,
plotting θR versus Stn causes the curves associated with the different radii to nearly
collapse for Stn > St∗n. However, for Stn < St∗n, a decrease in θR as particle radius
increases is observed in both experiment and theoretical predictions. This decrease is
due to string tension. As seen in (3.6), string tension increases with particle radius, so
that the larger particles are slowed down more and do not rotate as far.
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FIGURE 11. (Colour online) Normal restitution coefficient from (a) experiment and
(b) theory, and rotation angle from (c) experiment and (d) theory as the radius is increased
from 7.9 mm (open symbols, dashed curves) to 12.7 mm (closed symbols, solid curves) for
cases µmed x0,med cs asmall and µmed x0,med cs alarge.

4.5. Summary of results

The trends are summarized in table 2 for all of the parameters discussed. The theory
consistently predicts the observed trends in ew,n and θR, which supports the physical
interpretation of the experimental results presented in this work. For most parameters,
different trends are observed for Stn < St∗n (stick–rotate–separate) than for Stn > St∗n
(bounce), since different mechanisms are responsible for de-agglomeration.

5. Concluding remarks
Unlike previous efforts on wetted collisions, which focused on normal

particle–particle collisions and normal and oblique particle–wall collisions, the focus
of this work is on oblique collisions between two particles. In this system, the wetted
particles can agglomerate and rotate as a doublet, so that centrifugal forces play
a role in the dynamics. To better understand the interplay between the underlying
physical mechanisms, a theory developed in Donahue et al. (2012) is used with
a combination of experiments and lubrication (low-Reynolds-number) theory. In
this work, the parameter space of the collisions is extended to include changes
in viscosity, coating thickness, particle material, and particle radius. The theory
consistently predicts the experimentally observed trends in the wetted restitution
coefficient (ew,n) and the angle that the agglomerate rotates during the collision (θR)
as parameters are changed. Surprisingly, the trends are different depending on whether
de-agglomeration occurs for values of Stn less than St∗n or greater than St∗n, the value
of the Stokes number at which normal (head-on) collisions transition from stick to
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For Stn < St∗n For Stn > St∗n Figure

As edry ↑, ew,n ↔ (Experiment) ↑ (Experiment) 8
↔ (Theory) ↑ (Theory)

As edry ↑, θR ↔ (Experiment) ↔ (Experiment) 8
↔ (Theory) ↔ (Theory)

As µ ↑, ew,n ↔ (Experiment) ↑ (Experiment) 9
↔ (Theory) ↑ (Theory)

As µ ↑, θR ↔ (Experiment) ↓ (Experiment) 9
↔ (Theory) ↓ (Theory)

As x0 ↑, ew,n ↔ (Experiment) ↓ (Experiment) 10
↔ (Theory) ↓ (Theory)

As x0 ↑, θR ↔ (Experiment) ↑ (Experiment) 10
↔ (Theory) ↑ (Theory)

As a ↑, ew,n ↓ (Experiment) ↔ (Experiment) 11
↓ (Theory) ↔ (Theory)

As a ↑, θR ↓ (Experiment) ↔ (Experiment) 11
↓ (Theory) ↔ (Theory)

TABLE 2. Summary of trends of ew,n and θR at fixed Stn (↑ increase, ↓ decrease, ↔ no or
small change).

bounce. Since the collision dynamics and de-agglomeration are primarily influenced by
the particle deformation and reversal criteria associated with normal collisions when
Stn > St∗n, the same trends are observed here as in previous normal particle–particle
collisions (Donahue et al. 2010b). However, centrifugal forces, which dominate the
de-agglomeration process for Stn < St∗n, do not have the same dependence on the
experimental parameters; accordingly, the values of ew,n and θR are not very sensitive
to any of the parameters varied for both experiment and theory predictions (within
experimental error). Therefore, the resulting trends for ew,n and θR are different when
Stn < St∗n than when Stn > St∗n (as summarized in table 2). Furthermore, while the
pendulum strings affect the Stn at which agglomeration occurs, they do not affect
significantly the values of ew,n and θR for the outcomes stick–rotate–separate and
bounce; thus, strings do not affect a majority of the trends found, except for one – the
effect of particle radius on θR.

In this work, a micro-level (particle-level) approach has been taken to study the
collisions between wetted particles. Such work is crucial to understanding macro-level
behaviour of many-particle systems, since collisions between particles in such systems
are typically oblique. In descriptions of many-particle systems, normal collisions
alone are not sufficient to describe the trends of bulk flow when input parameters
are varied, since collisions that reverse direction due to centrifugal forces exhibit
consistently different trends. Furthermore, the work here, together with previous work
on oblique particle–wall collisions and normal collisions between more than two
particles, provides the foundation for discrete element method (DEM) simulations of
many-particle systems (Barnocky & Davis 1988; Kantak & Davis 2004; Donahue
et al. 2010b). Additionally, the surprising influence of centrifugal forces on de-
agglomeration is expected to lead to the development of better population balance
(continuum) models that more accurately take into account oblique collisions.
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