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This article considers the problem of inference for nested least squares averaging
estimators. We study the asymptotic behavior of the Mallows model averaging es-
timator (MMA; Hansen, 2007) and the jackknife model averaging estimator (JMA;
Hansen and Racine, 2012) under the standard asymptotics with fixed parameters
setup. We find that both MMA and JMA estimators asymptotically assign zero
weight to the under-fitted models, and MMA and JMA weights of just-fitted and
over-fitted models are asymptotically random. Building on the asymptotic behav-
ior of model weights, we derive the asymptotic distributions of MMA and JMA
estimators and propose a simulation-based confidence interval for the least squares
averaging estimator. Monte Carlo simulations show that the coverage probabilities
of proposed confidence intervals achieve the nominal level.

1. INTRODUCTION

In the past two decades, model averaging from the frequentist perspective has
received much attention in both econometrics and statistics. Model averaging
considers the uncertainty across different models as well as the model bias from
each candidate model via effectively averaging over all potential models. Differ-
ent methods of weight selection have been proposed based on distinct criteria; see
Claeskens and Hjort (2008) and Moral-Benito (2015) for a literature review. De-
spite the growing literature on frequentist model averaging, little work has been
done on examining the asymptotic behavior of the model averaging estimator.

Recently, Hansen (2014) and Liu (2015) study the limiting distributions of the
least squares averaging estimators in a local asymptotic framework where the
regression coefficients are in a local n´1{2 neighborhood of zero. The merit of

We thank three anonymous referees, the co-editor Liangjun Su, and the editor Peter C.B. Phillips for many con-
structive comments and suggestions. We also thank conference participants of SETA 2016, AMES 2016, and CFE
2017 for their discussions and suggestions. Xinyu Zhang gratefully acknowledges the research support from National
Natural Science Foundation of China (Grant numbers 71522004, 11471324 and 71631008). Chu-An Liu gratefully
acknowledges the research support from the Ministry of Science and Technology of Taiwan (MOST 104-2410-H-
001-092-MY2). All errors remain the authors’. Address correspondence to Chu-An Liu, Institute of Economics,
Academia Sinica, Taipei 115, Taiwan; e-mail: caliu@econ.sinica.edu.tw.

816 c© Cambridge University Press 2018

https://doi.org/10.1017/S0266466618000269 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466618000269


INFERENCE AFTER MODEL AVERAGING 817

the local asymptotic framework is that both squared model biases and estimator
variances have the same order Opn´1q. Thus, the asymptotic mean squared error
remains finite and provides a good approximation to finite sample mean squared
error in this context. However, there has been a discussion about the realism of
the local asymptotic framework; see Hjort and Claeskens (2003b) and Raftery
and Zheng (2003). Furthermore, the local asymptotic framework induces the local
parameters in the asymptotics, which generally cannot be estimated consistently.

In this article, instead of assuming drifting sequences of parameters, we con-
sider the standard asymptotics with fixed parameters setup and investigate the
asymptotic distribution of the nested least squares averaging estimator. Under the
fixed parameter framework, we study the asymptotic behavior of model weights
selected by the Mallows model averaging (MMA) estimator and the jackknife
model averaging (JMA) estimator. We find that both MMA and JMA estimators
asymptotically assign zero weight to the under-fitted model, that is, a model with
omitted variables. This result implies that both MMA and JMA estimators only
average over just-fitted and over-fitted models but not under-fitted models as the
sample size goes to infinity. Unlike the weight of the under-fitted model, MMA
and JMA weights of just-fitted and over-fitted models have nonstandard limiting
distributions, but they could be characterized by a normal random vector. Build-
ing on the asymptotic behavior of model weights, we show that the asymptotic
distributions of MMA and JMA estimators are both nonstandard and not pivotal.

To address the problem of inference for least squares averaging estimators, we
follow Claeskens and Hjort (2008), Lu (2015), and DiTraglia (2016) and con-
sider a simulation-based method to construct the confidence intervals. The idea of
the simulation-based confidence interval is to simulate the limiting distributions
of averaging estimators and use this simulated distribution to conduct inference.
Unlike the naive method, which ignores the model selection step and takes the
selected model as the true model to construct the confidence intervals, the pro-
posed method takes the model averaging step into account and has asymptotically
the correct coverage probability. Monte Carlo simulations show that the cover-
age probabilities of the simulation-based confidence intervals achieve the nomi-
nal level, while the naive confidence intervals that ignore the model selection step
lead to distorted inference.

As an alternative approach to the simulation-based confidence interval, we con-
sider imposing a larger penalty term in the weight selection criterion such that the
resulting weights of over-fitted models could converge to zeros. We show that this
modified averaging estimator is asymptotically normal with the same covariance
matrix as the least squares estimator for the just-fitted model. Therefore, we can
use the critical value of the standard normal distribution to construct the tradi-
tional confidence interval.

There are two main limitations of our results. First, we do not demonstrate that
the proposed simulation-based confidence intervals are better than those based
on the just-fitted or over-fitted models in the asymptotic theory. The simulations
show that the average length of the proposed confidence intervals is shorter than
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those of other estimators. However, this could be a finite sample improvement,
and it would be greatly desirable to provide the theoretical justification in a fu-
ture study. Second, we do not demonstrate any advantage of model averaging in
the fixed parameter framework. We show that both MMA and JMA estimators
asymptotically average over the just-fitted model along with the over-fitted mod-
els. In general, however, there is no advantage of using over-fitting models in the
asymptotic theory. Although our simulations show that both MMA and JMA es-
timators could achieve the mean square error reduction, we do not provide any
theoretical justification of this finite sample improvement.

We now discuss the related literature. There are two main model averaging ap-
proaches, Bayesian model averaging and frequentist model averaging. Bayesian
model averaging has a long history, and has been widely used in statistical and
economic analysis; see Hoeting, Madigan, Raftery, and Volinsky (1999) for a liter-
ature review. In contrast to Bayesian model averaging, there is a growing body of
literature on frequentist model averaging, including information criterion weight-
ing (Buckland, Burnham, and Augustin, 1997; Hjort and Claeskens, 2003a; Zhang
and Liang, 2011; Zhang, Wan, and Zhou, 2012), adaptive regression by mixing
models (Yang, 2000, 2001; Yuan and Yang, 2005), Mallows’ Cp-type averag-
ing (Hansen, 2007; Wan, Zhang, and Zou, 2010; Liu and Okui, 2013; Zhang,
Zou, and Liang, 2014), optimal mean squared error averaging (Liang, Zou, Wan,
and Zhang, 2011), jackknife model averaging (Hansen and Racine, 2012; Zhang,
Wan, and Zou, 2013; Lu and Su, 2015), and plug-in averaging (Liu, 2015). There
are also many alternative approaches to model averaging, for example, bagging
(Breiman, 1996; Inoue and Kilian, 2008), LASSO (Tibshirani, 1996), adaptive
LASSO (Zou, 2006), and the model confidence set (Hansen, Lunde, and Nason,
2011), among others.

There is a large literature on inference after model selection, including Pötscher
(1991), Kabaila (1995, 1998), Pötscher and Leeb (2009), and Leeb and Pötscher
(2003, 2005, 2006, 2008, 2017). These articles point out that the coverage prob-
abilities of naive confidence intervals are lower than the nominal values. They
also claim that no uniformly consistent estimator exists for the conditional and
unconditional distributions of post-model-selection estimators.

The existing literature on inference after model averaging is comparatively
small. Hjort and Claeskens (2003a) and Claeskens and Hjort (2008) show that the
traditional confidence interval based on normal approximations leads to distorted
inference. Pötscher (2006) argues that the finite sample distribution of the aver-
aging estimator cannot be uniformly consistently estimated. Our article is closely
related to Hansen (2014) and Liu (2015), who investigate the asymptotic distribu-
tions of the least squares averaging estimators in a local asymptotic framework.
The main difference is that our limiting distribution is a nonlinear function of the
normal random vector with mean zero, while their limiting distributions depend
on a nonlinear function of the normal random vector plus the local parameters.

The outline of the article is as follows. Section 2 presents the model and the
averaging estimator. Section 3 presents the MMA and JMA estimators. Section
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4 presents the asymptotic framework and derives the limiting distributions of the
MMA and JMA estimators. Section 5 proposes a simulation-based confidence in-
terval and a modified least squares averaging estimator with asymptotic normality.
Section 6 examines the finite sample properties of proposed methods, and Section
7 concludes the article. Proofs are included in the Appendix.

2. MODEL AND ESTIMATION

We consider a linear regression model:

yi “ x1
1iβ1 ` x1

2iβ2 ` ei , (1)

Epei |xi q “ 0, (2)

Epe2
i |xi q “ σ 2pxi q, (3)

where yi is a scalar dependent variable, xi “ px1
1i ,x1

2i q1, x1ipk1 ˆ1q and x2ipk2 ˆ1q
are vectors of regressors, β1 and β2 are unknown parameter vectors, and ei is an
unobservable regression error. The error term is allowed to be homoskedastic or
heteroskedastic, and there is no further assumption on the distribution of the error
term. Here, x1i contain the core regressors that must be included in the model
based on theoretical grounds, while x2i contain the auxiliary regressors that may
or may not be included in the model. The auxiliary regressors could be any nonlin-
ear transformations of the original variables or the interaction terms between the
regressors. Note that x1i may only include a constant term or even an empty ma-
trix. The model (1) is widely used in the model averaging literature, for example,
Magnus, Powell, and Prüfer (2010), Liang et al. (2011), and Liu (2015).

Let y “ py1, . . . , ynq1, X1 “ px11, . . . ,x1nq1, X2 “ px21, . . . ,x2nq1, and e “
pe1, . . . ,enq1. In matrix notation, we write the model (1) as

y “ X1β1 ` X2β2 ` e “ Xβ` e, (4)

where X “ pX1,X2q and β “ pβ1
1,β

1
2q1. Let K “ k1 ` k2 be the number of regres-

sors in the model (4). We assume that X has full column rank K .
Suppose that we have a set of M candidate models. We follow Hansen (2007,

2008, 2014) and consider a sequence of nested candidate models. In most appli-
cations, we have M “ k2 ` 1 candidate models. The mth submodel includes all
regressors in X1 and the first m ´ 1 regressors in X2, but excludes the remain-
ing regressors. We use X2m to denote the auxiliary regressors included in the mth
submodel. Note that the mth model has k1 ` k2m “ Km regressors.

In empirical applications, practitioners can order regressors by some manner or
prior and then combine nested models. Similar to Hansen (2014), for all the fol-
lowing theoretical results, we do not impose any assumption on the ordering of re-
gressors, i.e., the ordering is not required to be “correct” in any sense. A candidate
model is called under-fitted if the model has omitted variables with nonzero slope
coefficients. A candidate model is called just-fitted if the model has no omitted
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variable and no irrelevant variable, while a candidate model is called over-fitted
if the model has no omitted variable but has irrelevant variables.1 Without loss of
generality, we assume that the first M0 candidate models are under-fitted. Obvi-
ously, we have M ą M0 ě 0.

Let I denote an identity matrix and 0 a zero matrix. Let 𝚷m be a selection matrix
so that 𝚷m “ pIKm ,0KmˆpK ´Kmqq or a column permutation thereof and thus Xm “
pX1,X2mq “ X𝚷1

m . The least squares estimator of β in the mth candidate model
is pβm “ 𝚷1

mpX1
mXmq´1X1

my. We now define the least squares averaging estimator
of β. Let wm be the weight corresponding to the mth candidate model and w “
pw1, . . . ,wM q1 be a weight vector belonging to the weight set W “ tw P r0,1sM :řM

m“1 wm “ 1u. That is, the weight vector lies in the unit simplex in R
M . The

least squares averaging estimator of β is

pβpwq “
Mÿ

m“1

wm pβm . (5)

3. LEAST SQUARES AVERAGING ESTIMATOR

In this section, we consider two commonly used methods of least squares averag-
ing estimators, the Mallows model averaging (MMA) estimator and the jackknife
model averaging (JMA) estimator.

Hansen (2007) introduces the Mallows model averaging estimator for the ho-
moskedastic linear regression model. Let Pm “ XmpX1

mXmq´1X1
m and Ppwq “řM

m“1 wmPm be the projection matrices. Let } ¨ }2 stand for the Euclidean norm.
The MMA estimator selects the model weights by minimizing a Mallows criterion

Cpwq “ }pIn ´ Ppwqqy}2 ` 2σ 2w1K, (6)

where σ 2 “ Epe2
i q and K “ pK1, . . . , KM q1. In practice, σ 2 can be estimated

by pσ 2 “ pn ´ K q´1}y ´ XpβM }2. Denote pwMMA “ argminwPW Cpwq as the MMA
weights. Note that the criterion function Cpwq is a quadratic function of the weight
vector. Therefore, the MMA weights can be found numerically via quadratic pro-
gramming. The MMA estimator of β is

pβppwMMAq “
Mÿ

m“1

pwMMA,m pβm . (7)

Hansen (2007) demonstrates the asymptotic optimality of the MMA estima-
tor for nested and homoskedastic linear regression models, i.e., the MMA es-
timator asymptotically achieves the lowest possible mean squared error among
all candidates. However, the optimality of MMA fails under heteroskedasticity
(Hansen, 2007).

Hansen and Racine (2012) introduce the jackknife model averaging estimator
and demonstrate its optimality in the linear regression model with heteroskedastic
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errors. Let hm
ii be the i th diagonal element of Pm . Define Dm as a diagonal matrix

with p1 ´ hm
ii q´1 being its i th diagonal element. Let rPm “ DmpPm ´ Inq ` In andrPpwq “ řM

m“1 wm rPm . The JMA estimator selects the weights by minimizing a
cross-validation (or jackknife) criterion

J pwq “ }pIn ´ rPpwqqy}2. (8)

Similar to the MMA estimator, the JMA weights can also be found numeri-
cally via quadratic programming. Denote pwJMA “ argminwPW J pwq as the JMA
weights. Thus, the JMA estimator of β is

pβppwJMAq “
Mÿ

m“1

pwJMA,m pβm . (9)

Hansen (2007) and Hansen and Racine (2012) demonstrate the asymptotic op-
timality of the MMA and JMA estimators in homoskedastic and heteroskedastic
settings, respectively.2 To yield a good approximation to the finite sample behav-
ior, Hansen (2014) and Liu (2015) investigate the asymptotic distributions of the
MMA and JMA estimators in a local asymptotic framework where the regres-
sion coefficients are in a local n´1{2 neighborhood of zero. Unlike Hansen (2014)
and Liu (2015), which assume a drifting sequence of the parameter, we study
the asymptotic distributions of the MMA and JMA estimators under the standard
asymptotics with fixed parameters setup in the next section.

4. ASYMPTOTIC THEORY

We first state the regularity conditions required for asymptotic results, where all
limiting processes here and throughout the text are with respect to n Ñ 8.

Condition (C.1). Qn ” n´1X1X pÑ Q, where Q “ Epxi x1
i q is a positive definite

matrix.

Condition (C.2). Zn ” n´1{2X1e dÑ Z „ Np0,𝛀q, where 𝛀 “ Epxi x1
i e

2
i q is a

positive definite matrix.

Condition (C.3). h̄n ” max
1ďmďM

max
1ďiďn

hm
ii “ oppn´1{2q.

Condition (C.4). 𝛀n ” n´1 řn
i“1 xi x1

i e
2
i

pÑ 𝛀.

Conditions (C.1), (C.2), and (C.4) are high-level conditions that permits the
application of cross-sectional, panel, and time-series data. Conditions (C.1) and
(C.2) hold under appropriate primitive assumptions. For example, if yi is a sta-
tionary and ergodic martingale difference sequence with finite fourth moments,
then these conditions follow from the weak law of large numbers and the central
limit theorem for martingale difference sequences. The sufficient condition for
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Condition (C.4) is that ei is i.i.d. or a martingale difference sequence with finite
fourth moments. Condition (C.3) is quite mild. Note that Li (1987) and Andrews
(1991) assumed that hm

ii ď cKmn´1 for some constant c ă 8, which is more re-
strictive than Condition (C.3) under our model (1). Conditions (C.1) and (C.2) are
similar to Assumption 2 of Liu (2015). Condition (C.3) is similar to Condition
A.9 in Hansen and Racine (2012) and Assumption 2.4 in Liu and Okui (2013).
Condition (C.4) is similar to the condition in Theorem 3 of Liu (2015).

4.1. Asymptotic Distribution of the MMA Estimator

The weights selected by the MMA estimator are random, and this must be taken
into account in the asymptotic distribution of the MMA estimator. The following
theorem describes the asymptotic behavior of the MMA weights of under-fitted
models.

THEOREM 1. Suppose that Conditions (C.1)–(C.2) hold. Then for any m P
t1, . . . , M0u,pwMMA,m “ Oppn´1q. (10)

Theorem 1 shows that the MMA weights of under-fitted models are Oppn´1q.
This result implies that the MMA estimator asymptotically assigns zero weight to
the model that has omitted variables with nonzero parameters β2.

We next study the MMA weights of just-fitted and over-fitted models, i.e., m P
tM0 ` 1, . . . , Mu, and the asymptotic distribution of the MMA estimator. Let S “
M ´ M0 be the number of just-fitted and over-fitted models, which is not smaller
than 1. Excluding the under-fitted models, we define a new weight vector λ “
pλ1, . . . ,λSq1 that belongs to a weight set

L “
#
λ P r0,1sS :

Sÿ
s“1

λs “ 1

+
. (11)

Note that the weight vector λ lies in the unit simplex in R
S . For s “ 1, . . . , S, let

𝛀s “ 𝚷M0`s𝛀𝚷1
M0`s , Qs “ 𝚷M0`sQ𝚷1

M0`s , and Vs “ 𝚷1
M0`sQ´1

s 𝚷M0`s be
the covariance matrices associated with the new weight vector, where 𝛀 and Q
are defined in Conditions (C.1)–(C.2).

THEOREM 2. Suppose that Conditions (C.1)–(C.2) hold. Then we have

?
nppβppwMMAq ´βq “

M0ÿ
m“1

pwMMA,m
?

nppβm ´βq `
Mÿ

m“M0`1

pwMMA,m
?

nppβm ´βq

“ Oppn´1{2q `
Mÿ

m“M0`1

pwMMA,m𝚷1
mp𝚷mQn𝚷1

mq´1𝚷mZn

Ñ
Sÿ

s“1

rλMMA,sVsZ (12)
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in distribution, where rλMMA “ prλMMA,1, . . . ,rλMMA,Sq1 “ argmin
λPL

λ1𝚪λ and 𝚪 is an

S ˆ S matrix with the ps, jqth element

�s j “ 2σ 2 KM0`s ´ Z1Vmaxts, juZ. (13)

Theorem 2 shows that the MMA weights of just-fitted and over-fitted mod-
els have nonstandard asymptotic distributions since 𝚪 is a nonlinear function of
the normal random vector Z. Furthermore, the MMA estimator has a nonstan-
dard limiting distribution, which can be expressed in terms of the normal random
vector Z. The representation (12) also implies that in the large sample sense, the
just-fitted and over-fitted models can receive positive weight, while the under-
fitted models receive zero weight. Note that the least squares estimator with more
variables tends to have a larger variance in the nested framework. Thus, there is no
advantage of using irrelevant regressors or over-fitting models in the asymptotic
theory in general.3

Hansen (2014) and Liu (2015) also derive the asymptotic distribution of the
MMA estimator. Both articles consider the local-to-zero asymptotic framework,
that is, β2 “ β2n “ 𝜹{?

n and 𝜹 is an unknown local parameter. Note that the
local parameters generally cannot be estimated consistently. The main difference
between Theorem 2 and results in Hansen (2014) and Liu (2015) is that our lim-
iting distribution does not depend on the local parameters.

4.2. Asymptotic Distribution of the JMA Estimator

We now study the asymptotic behavior of the JMA weights and the asymptotic
distribution of the JMA estimator.

THEOREM 3. Suppose that Conditions (C.1)–(C.3) hold. Then for any m P
t1, . . . , M0u,

pwJMA,m “ oppn´1{2q. (14)

Similar to Theorem 1, we show that the JMA estimator asymptotically assigns
zero weight to under-fitted models. The next theorem provides the asymptotic
distribution of the JMA estimator.

THEOREM 4. Suppose that Conditions (C.1)–(C.4) hold. Then we have

?
nppβppwJMAq ´βq “

M0ÿ
m“1

pwJMA,m
?

nppβm ´βq `
Mÿ

m“M0`1

pwJMA,m
?

nppβm ´βq

“ opp1q `
Mÿ

m“M0`1

pwJMA,m𝚷1
mp𝚷mQn𝚷1

mq´1𝚷mZn

Ñ
Sÿ

s“1

rλJMA,sVsZ (15)
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in distribution, where rλJMA “ prλJMA,1, . . . ,rλJMA,Sq1 “ argmin
λPL

λ1𝚺λ and 𝚺 is an S ˆ
S matrix with the ps, jqth element

�s j “ trpQ´1
s 𝛀sq ` trpQ´1

j 𝛀j q ´ Z1Vmaxts, juZ. (16)

Similar to Theorem 2, we show that the JMA estimator has a nonstandard
asymptotic distribution. The main difference between Theorems 2 and 4 is the
limiting behavior of the weight vector, i.e., rλMMA,s and rλJMA,s . The first term of �s j

in (13) is the limit of the penalty term of the Mallows criterion, and the second
term of �s j is the limit of the in-sample squared error }y ´ XpβM0`maxts, ju}2 sub-

tracting the term }e}2, where }e}2 is unrelated to λ. Since the second term of �s j

is the same as the last term of �s j in (16), the asymptotic distributions of MMA
and JMA estimators differ only in the limit of the penalty terms. Note that for the
homoskedastic situation, 𝛀 “ σ 2Q, by which we have trpQ´1

s 𝛀sq “ σ 2 KM0`s ,
and thus rλMMA,s “ rλJMA,s . This result means that the limiting distributions of the
MMA and JMA estimators are the same for the homoskedastic situation, which is
reasonable and expected.

5. INFERENCE FOR LEAST SQUARES AVERAGING ESTIMATORS

In this section, we investigate the problem of inference for least squares averaging
estimators. In the first subsection, we propose a simulation-based method to con-
struct the confidence intervals. In the second subsection, we propose a modified
JMA estimator and demonstrate its asymptotic normality.

5.1. Simulation-Based Confidence Intervals

As shown in the previous section, the least squares averaging estimator with data-
dependent weights has a nonstandard asymptotic distribution. Since the asymp-
totic distributions derived in Theorems 2 and 4 are not pivotal, they cannot be
directly used for inference. To address this issue, we follow Claeskens and Hjort
(2008), Lu (2015), and DiTraglia (2016), and consider a simulation-based method
to construct the confidence intervals.

In Theorems 2 and 4, we show that the asymptotic distribution of the least
squares averaging estimator is a nonlinear function of unknown parameters σ 2,
𝛀, and Q, and the normal random vector Z. Suppose that σ 2, 𝛀, and Q were all
known. Then, by simulating from Z defined in Condition (C.2), we could approxi-
mate the limiting distributions defined in Theorems 2 and 4 to arbitrary precision.
This is the main idea of the simulation-based confidence intervals. In practice,
we replace the unknown parameters with the consistent estimators. We then sim-
ulate the limiting distributions of least squares averaging estimators and use this
simulated distribution to conduct inference.

We now describe the simulation-based confidence intervals in details. Let pei

be the least squares residual from the full model, i.e., pei “ yi ´ x1
i
pβM , where
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pβM “ pX1Xq´1X1y. Then, pσ 2 “ pn ´ K q´1 řn
i“1 pe2

i is the consistent estimator of

σ 2. Also, pQ “ 1
n

řn
i“1 xi x1

i “ Qn and p𝛀 “ 1
n

řn
i“1 xi x1

i pe2
i are consistent estima-

tors of Q and 𝛀, respectively. We propose the following algorithm to obtain the
simulation-based confidence interval for βj .

• Step 1. Estimate the full model and obtain the consistent estimators pσ 2, pQ,
and p𝛀.

• Step 2. Generate a sufficiently large number of K ˆ 1 normal random
vector Zprq „ Np0, p𝛀q for r “ 1, . . . , R. For each r , we compute the
quantities of the asymptotic distributions derived in Theorems 2 or 4
based on the sample analogue pσ 2, pQ, and p𝛀. That is, we first calculatepVs “ 𝚷1

M0`s
pQ´1

s 𝚷M0`s and pQs “ 𝚷M0`s pQ𝚷1
M0`s for a given M0. We

then compute
řS

s“1
rλprq

MMA,spM0qpVsZprq or
řS

s“1
rλprq

JMA,spM0qpVsZprq, whererλprq
MMApM0q “ argmin

λPL
λ1p𝚪prqpM0qλ, rλprq

JMA “ argmin
λPL

λ1p𝚺prqpM0qλ, and the

ps, jqth element of p𝚪prqpM0q and p𝚺prqpM0q are

p�prq
s j pM0q “ 2pσ 2KM0`s ´ Zprq1 pVmaxts, juZprq,p�prq
s j pM0q “ trppQ´1

s
p𝛀sq ` trppQ´1

j
p𝛀j q ´ Zprq1 pVmaxts, juZprq,

for M0 “ 0, . . . , M ´ 1, respectively.

Let 𝚲prq
MMA, j pM0q and 𝚲prq

JMA, j pM0q be the j th component ofřS
s“1

rλprq
MMA,spM0qpVsZprq and

řS
s“1

rλprq
JMA,spM0qpVsZprq, respectively.

We then compute

𝚲prq
MMA, j prwJMAq “

M´1ÿ
M0“0

rwJMA,M0`1𝚲
prq
MMA, j pM0q,

𝚲prq
JMA, j prwJMAq “

M´1ÿ
M0“0

rwJMA,M0`1𝚲
prq
JMA, j pM0q,

where rwJMA are the modified JMA weights defined in the next subsection.4

• Step 3. Let pqj pα{2q and pqj p1 ´ α{2q be the pα{2qth and p1 ´ α{2qth quan-

tiles of 𝚲prq
MMA, j prwJMAq or 𝚲prq

JMA, j prwJMAq for r “ 1, . . . , R, respectively.

• Step 4. Let pβj ppwq be the j th component of pβppwq, where pw is either pwMMA

or pwJMA. The confidence interval of βj is constructed as

CIn “
” pβj ppwq ´ n´1{2pqj p1 ´ α{2q, pβj ppwq ´ n´1{2pqj pα{2q

ı
. (17)
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Given the consistent estimators pσ 2, pQ, and p𝛀, the proposed confidence interval
CIn yields valid inference for βj .5 Thus, the confidence interval CIn has asymp-
totically the correct coverage probability as R, n Ñ 8.6

Note that both Lu (2015), and DiTraglia (2016) propose a two-step algorithm to
construct the simulation-based confidence intervals since they need to construct a
confidence region for the local parameters first. Our proposed algorithm is a one-
step procedure since the limiting distributions derived in Theorems 2 and 4 do not
depend on the local parameters.

5.2. Asymptotic Normality of Averaging Estimators

From the analysis in Section 4, we know that the MMA and JMA weights of
under-fitted models converge to zeros, but the weights of the over-fitted mod-
els converge to random vectors rλMMA,1, . . . ,rλMMA,S or rλJMA,1, . . . ,rλJMA,S . This is the
main reason that the asymptotic distributions of the MMA and JMA estimators
are nonstandard. As an alternative approach to the simulation-based confidence
interval, we can consider a larger penalty term in the weight selection criterion
such that the resulting weights of over-fitted models could converge to zeros. Uti-
lizing this idea, we could have asymptotic normality of the least squares averaging
estimator.

We now present the details. We add a penalty term to the cross-validation cri-
terion defined in (8) and obtain the following criterionrJ pwq “ }pIn ´ rPpwqqy}2 ` φnw1K, (18)

where φn is a tuning parameter to control the penalization level. Note that the
modified JMA weights can also be found numerically via quadratic programming.
Denote rwJMA “ argminwPW rJ pwq as the modified JMA weights. Thus, the modi-
fied JMA estimator of β is defined as

pβprwJMAq “
Mÿ

m“1

rwJMA,m pβm . (19)

The following theorem presents the asymptotic normality of the modified JMA
estimator.

THEOREM 5. Suppose that Conditions (C.1)–(C.3) hold and φn Ñ 8. Then
for any m P tM0 ` 2, . . . , Mu, we have

rwJMA,m “ Oppφ´1
n q. (20)

Further if φnn´1{2 Ñ 0, then we have
?

nppβprwJMAq ´βq Ñ V1Z „ Np0,𝚷1
M0`1Q´1

1 𝛀1Q´1
1 𝚷M0`1q (21)

in distribution, where V1 “𝚷1
M0`1Q´1

1 𝚷M0`1, Q1 “𝚷M0`1Q𝚷1
M0`1, and𝛀1 “

𝚷M0`1𝛀𝚷1
M0`1.
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The first part of Theorem 5 shows that the modified JMA weights of over-fitted
models are Oppφ´1

n q, which implies that the modified JMA estimator asymptot-
ically assigns zero weight to the over-fitted models as φn Ñ 8. For the tuning
parameter φn , we suggest to use logpnq, which corresponds to the penalty term in
the Bayesian information criterion.

Recall that the pM0 ` 1qth model is the just-fitted model. The second result of
Theorem 5 shows that the modified JMA estimator is asymptotically normal with
the same covariance matrix as the least squares estimator for the just-fitted model.
Since the asymptotic distribution is normal, we can use the standard normal criti-
cal value to construct the traditional confidence interval for βj .

6. SIMULATION STUDY

In this section, we study the finite sample mean squared error and the coverage
probability of the least square averaging estimator in comparison with other alter-
native approaches to model averaging.

6.1. Simulation Setup

We consider a linear regression model with a finite number of regressions

yi “
kÿ

j“1

βj xj i ` ei , (22)

where x1i “ 1 and px2i , . . . ,xki q1 „ Np0,𝚺xq. The diagonal elements of 𝚺x are
ρ, and off-diagonal elements are ρ2. We set ρ “ 0.7. The error term is gener-
ated by ei “ σiηi . For the homoskedastic simulation, ηi is generated from a stan-
dard normal distribution, and σi “ 2.5 for i “ 1, . . . ,n. For the heteroskedastic
simulation, ηi is generated from a t-distribution with 4 degrees of freedom, and
σi “ p1`2|x4i |`4|xki |q{3 for i “ 1, . . . ,n. We let px1i ,x2i q be the core regressors
and consider all other regressors auxiliary. We set k “ 10 and consider a sequence
of nested submodels. Thus, the number of models is M “ 9.

Three cases of the regression coefficients are studied:

Case 1. β “ `
1,1,c,c2,c3,c4,0,0,0,0

˘1
,

Case 2. β “ `
1,1,c4,c3,c2,c,0,0,0,0

˘1
,

Case 3. β “ `
1,1,c,c2,0,0,c3,c4,0,0

˘1
.

We set c “ 0.5. The numbers of under-fitted models are M0 “ 4, 4, and 6 for Cases
1, 2, and 3, respectively. The regression coefficient is a decreasing sequence for
Cases 1 and 3, but not for Case 2. Only in Case 1 is the ordering of regressors
correct. The ordering of regressors is not correct from the 2nd to 5th models in
Case 2, and the ordering of regressors is not correct from the 4th to 6th models in
Case 3.
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6.2. Comparison with Other Approaches

In the Monte Carlo experiments, we consider the following estimators:

1. Least squares estimator for the just-fitted model (labeled JUST).

2. Least squares estimator for the largest model (labeled FULL).

3. Akaike information criterion model selection estimator (labeled AIC).

4. Bayesian information criterion model selection estimator (labeled BIC).

5. Adaptive LASSO estimator with bootstrap confidence intervals (labeled
ALASSO).

6. MMA estimator with simulation-based confidence intervals (labeled
MMA-S).

7. JMA estimator with simulation-based confidence intervals (labeled
JMA-S).

8. MMA estimator with bootstrap confidence intervals (labeled MMA-B).

9. JMA estimator with bootstrap confidence intervals (labeled JMA-B).

10. Modified JMA estimator (labeled JMA-M).

We briefly discuss each estimator and how to construct the confidence inter-
vals for each estimator. The JUST estimator is the least squares estimator for the
pM0 ` 1qth model, while the FULL estimator is the least squares estimator for
the Mth model, i.e., the largest model. Let pβj pmq denote the j th component ofpβm for m “ M0 ` 1 or M . For JUST and FULL, the confidence interval of βj is
constructed as

CIn “
” pβj pmq ´ z1´α{2sp pβj pmqq, pβj pmq ` z1´α{2sp pβj pmqq

ı
, (23)

where z1´α{2 is 1´α{2 quantile of the standard normal distribution and sp pβj pmqq
is the standard error computed based on the mth model.

The AIC criterion for the mth model is AICm “ n logppσ 2
mq ` 2Km , wherepσ 2

m “ 1
n

řn
i“1 pe2

mi and pemi is the least squares residual from the model m. The BIC
criterion for the mth model is BICm “ n logppσ 2

mq ` logpnqKm . For both AIC and
BIC, we construct the confidence intervals by a naive method. The naive approach
ignores the model selection step and takes the selected model as the true model to
construct the confidence intervals. For AIC and BIC, the naive confidence interval
of βj is constructed as

CIn “
” pβj p pmq ´ z1´α{2sp pβj p pmqq, pβj p pmq ` z1´α{2sp pβj p pmqq

ı
, (24)

where pm is the model selected by the AIC or BIC criterion, pβj p pmq is the coefficient
estimator under the selected model, and sp pβj p pmqq is the standard error computed
by taking pm as the true model.
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Zou (2006) proposed the adaptive LASSO estimator that simultaneously per-
forms variable selection and estimation of the nonzero parameters in a linear re-
gression model. The adaptive LASSO estimator minimizes the residual sum of
squares subject to an �1 penalty:

rβ “ argmin
β

¨̋
nÿ

i“1

pyi ´ x1
iβq2 ` λn

Kÿ
j“1

|βj |
| pβj |γ

‚̨, (25)

where pβ “ p pβ1, . . . , pβK q1 “ pX1Xq´1X1y “ pβM , λn is a turning parameter, and
γ ą 0.7

We follow Chatterjee and Lahiri (2011) and use a residual bootstrap method to
construct the confidence intervals for the adaptive LASSO estimator; see Chat-
terjee and Lahiri (2013) for the higher-order refinement of the bootstrap method,
and Camponovo (2015) for a pairs bootstrap method for LASSO estimators. Letrei “ yi ´ x1

i
rβ be the ALASSO residual, and re`

i “ rei ´ n´1 řn
i“1 rei be the cen-

tered value. The random samples te1̊ , . . . ,en̊ u are drawn from the centered resid-
uals tre`

1 , . . . ,reǹ u with replacement. The bootstrap samples are constructed by

yi̊ “ x1
i
rβ` ei̊ , and the bootstrap estimator is

rβ˚ “ argmin
β

¨̋
nÿ

i“1

pyi̊ ´ x1
iβq2 ` λn

Kÿ
j“1

|βj |
| pβ j̊ |γ

‚̨, (26)

where pβ˚ “ p pβ1̊ , . . . , pβK̊ q1 “ pX1Xq´1X1y˚. Let rqj̊ pαq be the αth quantile of the

bootstrap distribution of |?np rβ j̊ ´ rβj q|, where rβ j̊ and rβj are j th component ofrβ˚
and rβ, respectively. The bootstrap confidence interval of βj is constructed as

CIn “
” rβj ´ n´1{2rqj̊ pαq, rβj ` n´1{2rqj̊ pαq

ı
. (27)

The MMA and JMA estimators are defined in (7) and (9), respectively. The
simulation-based confidence intervals for MMA-S and JMA-S are based on (17).
We also consider a pairs bootstrap method to construct the confidence inter-
vals for both MMA and JMA estimators.8 More precisely, let tz1, . . . ,znu be
the observation sample, where zi “ pyi ,x1

i q1. The random samples tz1̊ , . . . ,zn̊ u
are drawn from tz1, . . . ,znu with replacement. Let pwM̊MA and pwJ̊MA be the boot-
strap MMA and JMA weights by minimizing (6) and (8) based on the bootstrap
sample tz1̊ , . . . ,zn̊ u, respectively. The bootstrap MMA and JMA estimators are

defined as pβ˚ppwM̊MAq “ řM
m“1 pwM̊MA,m

pβ˚
m and pβ˚ppwJ̊MAq “ řM

m“1 pwJ̊MA,m
pβ˚

m wherepβ˚
m “𝚷1

mpX˚1
m Xm̊q´1X˚1

m y˚. Let pβ j̊ ppw˚q be the j th component of pβ˚ppw˚q, wherepw˚ is either pwM̊MA or pwJ̊MA. Let pqj̊ pαq be the αth quantile of the bootstrap distribu-

tion of |?np pβ j̊ ppw˚q´ pβj ppwq|. For MMA-B and JMA-B, the bootstrap confidence
interval of βj is constructed as
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CIn “
” pβj ppwq ´ n´1{2pqj̊ pαq, pβj ppwq ` n´1{2pqj̊ pαq

ı
. (28)

The modified JMA estimator is calculated based on (19). Let pβj prwJMAq be the
j th component of pβprwJMAq. For JMA-M, the confidence interval of βj is con-
structed as

CIn “
” pβj prwJMAq ´ z1´α{2sp pβj pmqq, pβj prwJMAq ` z1´α{2sp pβj pmqq

ı
, (29)

where m “ M0 ` 1.
For each setting, we generate R “ 499 and B “ 499 random samples to con-

struct the simulation-based confidence intervals and bootstrap confidence inter-
vals, respectively. To evaluate the finite sample behavior of each estimator, we
focus on the estimate of β4. We report the variance (Var), the mean square error
(MSE), the median absolute deviation (MAD), the coverage probability of a nom-
inal 95% confidence interval (CP(95)), and the average length of the confidence
intervals (Len). The number of Monte Carlo experiments is 500.

TABLE 1. Simulation results in three cases for n “ 100

Homoskedastic setup Heteroskedastic setup
Method Var MSE MAD CP(95) Len Var MSE MAD CP(95) Len

Case 1 JUST 0.244 0.244 0.329 0.950 1.988 0.341 0.343 0.415 0.934 2.033
FULL 0.289 0.289 0.335 0.952 2.129 0.376 0.379 0.442 0.924 2.079
AIC 0.186 0.198 0.250 0.256 1.870 0.245 0.250 0.250 0.328 1.963
BIC 0.060 0.106 0.250 0.020 1.749 0.085 0.125 0.250 0.030 2.047
ALASSO 0.224 0.229 0.250 0.960 2.033 0.257 0.260 0.250 0.956 2.080
MMA-S 0.102 0.119 0.250 0.964 1.396 0.134 0.149 0.250 0.948 1.409
JMA-S 0.100 0.118 0.250 0.966 1.396 0.113 0.129 0.250 0.962 1.408
MMA-B 0.102 0.119 0.250 0.984 1.824 0.134 0.149 0.250 0.988 1.957
JMA-B 0.100 0.118 0.250 0.982 1.799 0.113 0.129 0.250 0.990 1.926
JMA-M 0.072 0.098 0.250 0.984 1.988 0.082 0.105 0.250 0.992 2.033

Case 2 JUST 0.291 0.292 0.340 0.932 2.007 0.322 0.322 0.390 0.934 2.048
FULL 0.319 0.319 0.363 0.930 2.148 0.359 0.359 0.400 0.924 2.109
AIC 0.222 0.222 0.125 0.376 1.942 0.246 0.246 0.125 0.390 1.921
BIC 0.074 0.082 0.125 0.018 1.867 0.093 0.097 0.125 0.040 1.919
ALASSO 0.217 0.217 0.125 0.942 2.045 0.243 0.243 0.125 0.934 2.060
MMA-S 0.126 0.127 0.135 0.958 1.434 0.138 0.138 0.160 0.936 1.442
JMA-S 0.123 0.125 0.137 0.958 1.434 0.121 0.122 0.138 0.952 1.441
MMA-B 0.126 0.127 0.135 0.978 1.824 0.138 0.138 0.160 0.984 1.945
JMA-B 0.123 0.125 0.137 0.976 1.800 0.121 0.122 0.138 0.986 1.907
JMA-M 0.091 0.093 0.125 0.982 2.007 0.091 0.092 0.125 0.992 2.048

Case 3 JUST 0.291 0.291 0.377 0.950 2.083 0.417 0.417 0.422 0.906 2.107
FULL 0.305 0.305 0.389 0.948 2.141 0.453 0.453 0.434 0.894 2.133
AIC 0.201 0.206 0.250 0.274 1.898 0.355 0.356 0.250 0.308 2.042
BIC 0.065 0.103 0.250 0.014 1.763 0.166 0.184 0.250 0.030 2.006
ALASSO 0.222 0.224 0.250 0.968 2.042 0.389 0.389 0.250 0.912 2.136
MMA-S 0.110 0.120 0.250 0.974 1.411 0.203 0.208 0.250 0.912 1.451
JMA-S 0.106 0.117 0.250 0.976 1.411 0.175 0.182 0.250 0.934 1.462
MMA-B 0.110 0.120 0.250 0.992 1.845 0.203 0.208 0.250 0.962 1.973
JMA-B 0.106 0.117 0.250 0.990 1.815 0.175 0.182 0.250 0.958 1.949
JMA-M 0.077 0.094 0.250 0.994 2.083 0.139 0.151 0.250 0.972 2.107
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6.3. Simulation Results

Tables 1 and 2 present the finite sample performance of the least square aver-
aging estimators and other approaches for n “ 100 and n “ 400, respectively.
We first compare the variance, MSE, and MAD of the least square averaging
estimators with alternative estimators. The simulation results show that JMA-M
performs well and dominates other estimators in most cases. When the sample
size is small, i.e., n “ 100, MMA and JMA have similar variances and MSEs for
the homoskedastic setup, but JMA has a smaller variance and MSE than MMA
for the heteroskedastic setup. Both MMA and JMA achieve lower variances and
MSEs than other estimators, including JUST, FULL, AIC, and ALASSO, in both
homoskedastic and heteroskedastic setups. When the sample size is large, i.e.,
n “ 400, the variances and MSEs of MMA and JMA are similar, and both MMA
and JMA have smaller variances and MSEs than other estimators except JMA-M.
The MAD of most estimators are quite similar, except that JUST and FULL have
larger MADs for n “ 100.

Recall that Theorems 1 and 3 show that both MMA and JMA estimators aver-
age over the just-fitted model along with the over-fitted models as n Ñ 8. In gen-
eral, there is no advantage of using over-fitting models in the asymptotic theory.

TABLE 2. Simulation results in three cases for n “ 400

Homoskedastic setup Heteroskedastic setup
Method Var MSE MAD CP(95) Len Var MSE MAD CP(95) Len

Case 1 JUST 0.063 0.063 0.173 0.942 0.974 0.081 0.082 0.186 0.952 1.099
FULL 0.070 0.070 0.176 0.942 1.025 0.087 0.087 0.189 0.954 1.128
AIC 0.074 0.075 0.250 0.520 0.927 0.081 0.083 0.250 0.480 1.072
BIC 0.058 0.083 0.250 0.084 0.896 0.055 0.084 0.250 0.092 1.075
ALASSO 0.076 0.080 0.250 0.962 1.016 0.087 0.093 0.250 0.960 1.082
MMA-S 0.049 0.054 0.213 0.942 0.770 0.053 0.060 0.222 0.956 0.874
JMA-S 0.049 0.054 0.212 0.940 0.770 0.048 0.057 0.227 0.954 0.842
MMA-B 0.049 0.054 0.213 0.962 0.911 0.053 0.060 0.222 0.984 1.028
JMA-B 0.049 0.054 0.212 0.962 0.909 0.048 0.057 0.227 0.986 1.014
JMA-M 0.043 0.053 0.235 0.972 0.974 0.041 0.056 0.250 0.990 1.099

Case 2 JUST 0.067 0.067 0.182 0.938 0.974 0.079 0.079 0.178 0.958 1.108
FULL 0.070 0.070 0.193 0.960 1.025 0.081 0.081 0.192 0.962 1.125
AIC 0.074 0.075 0.181 0.780 0.969 0.083 0.084 0.159 0.730 1.092
BIC 0.054 0.056 0.125 0.120 0.934 0.062 0.063 0.125 0.134 1.071
ALASSO 0.057 0.057 0.125 0.976 1.013 0.065 0.066 0.125 0.972 1.078
MMA-S 0.049 0.049 0.150 0.954 0.808 0.055 0.055 0.140 0.952 0.913
JMA-S 0.049 0.049 0.149 0.954 0.808 0.049 0.050 0.131 0.966 0.886
MMA-B 0.049 0.049 0.150 0.976 0.892 0.055 0.055 0.140 0.972 1.005
JMA-B 0.049 0.049 0.149 0.974 0.890 0.049 0.050 0.131 0.976 0.982
JMA-M 0.042 0.042 0.130 0.980 0.974 0.042 0.043 0.125 0.986 1.108

Case 3 JUST 0.068 0.068 0.174 0.948 1.004 0.089 0.090 0.206 0.952 1.114
FULL 0.070 0.070 0.179 0.950 1.024 0.090 0.091 0.198 0.954 1.124
AIC 0.070 0.071 0.250 0.502 0.931 0.085 0.086 0.250 0.482 1.055
BIC 0.047 0.079 0.250 0.062 0.910 0.062 0.086 0.250 0.088 1.065
ALASSO 0.077 0.080 0.250 0.974 1.024 0.085 0.089 0.250 0.970 1.078
MMA-S 0.045 0.049 0.201 0.962 0.766 0.056 0.061 0.240 0.962 0.872
JMA-S 0.045 0.049 0.200 0.960 0.766 0.050 0.057 0.239 0.966 0.841
MMA-B 0.045 0.049 0.201 0.988 0.911 0.056 0.061 0.240 0.986 1.023
JMA-B 0.045 0.049 0.200 0.988 0.909 0.050 0.057 0.239 0.988 1.008
JMA-M 0.039 0.047 0.222 0.988 1.004 0.044 0.056 0.250 0.994 1.114
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The simulations show that it is possible that MMA, JMA, and JMA-M perform
better than JUST and FULL in terms of MSE in finite samples.9 However, we do
not have any theoretical justification of this finite sample improvement. A rigor-
ous demonstration is beyond the scope of the present article and is left for future
research.

We now compare the coverage probability and the average length of the confi-
dence intervals of the least square averaging estimators with other estimators. As
we expected, the coverage probabilities of JUST and FULL are close to the nom-
inal values in most cases, but the coverage probabilities of the naive confidence
intervals for AIC and BIC are much lower than the nominal values. Unlike the
naive method, the coverage probabilities of MMA-S and JMA-S are close to the
nominal values in most cases. Furthermore, the average length of the confidence
intervals of MMA-S and JMA-S is shorter than those of other estimators. How-
ever, we do not demonstrate that the proposed confidence intervals are better than
those of JUST and FULL in the asymptotic theory. It would be greatly desirable
to provide the theoretical justification in a future study.

The simulation results also show that the coverage probabilities of ALASSO
and JMA-M generally achieve the nominal values. The average length of the con-
fidence intervals of JMA-M is the same as that based on JUST, which is shorter

TABLE 3. Simulation results for different numbers of models for n “ 100

Homoskedastic setup Heteroskedastic setup
Method Var MSE MAD CP(95) Len Var MSE MAD CP(95) Len

M “ 7 JUST 0.261 0.261 0.346 0.936 1.922 0.344 0.344 0.401 0.952 2.066
FULL 0.285 0.285 0.352 0.934 2.069 0.385 0.385 0.408 0.932 2.129
AIC 0.194 0.202 0.250 0.232 1.855 0.244 0.245 0.250 0.298 2.077
BIC 0.070 0.113 0.250 0.016 1.742 0.099 0.129 0.250 0.028 2.170
ALASSO 0.216 0.221 0.250 0.960 2.005 0.297 0.298 0.250 0.958 2.117
MMA-S 0.107 0.121 0.250 0.960 1.379 0.137 0.144 0.250 0.958 1.474
JMA-S 0.106 0.120 0.250 0.970 1.379 0.112 0.121 0.250 0.972 1.458
MMA-B 0.107 0.121 0.250 0.986 1.790 0.137 0.144 0.250 0.998 1.994
JMA-B 0.106 0.120 0.250 0.984 1.773 0.112 0.121 0.250 0.994 1.973
JMA-M 0.076 0.098 0.250 0.988 1.922 0.084 0.099 0.250 0.992 2.066

M “ 11 JUST 0.243 0.243 0.318 0.962 2.031 0.341 0.341 0.358 0.924 2.109
FULL 0.275 0.275 0.349 0.962 2.168 0.380 0.380 0.384 0.922 2.145
AIC 0.181 0.186 0.250 0.334 1.887 0.256 0.259 0.250 0.316 2.057
BIC 0.049 0.095 0.250 0.022 1.764 0.103 0.134 0.250 0.046 2.073
ALASSO 0.192 0.194 0.250 0.986 2.044 0.270 0.273 0.250 0.954 2.152
MMA-S 0.094 0.105 0.250 0.982 1.423 0.139 0.149 0.250 0.944 1.431
JMA-S 0.094 0.105 0.250 0.984 1.423 0.117 0.130 0.250 0.958 1.446
MMA-B 0.094 0.105 0.250 0.996 1.853 0.139 0.149 0.250 0.988 2.037
JMA-B 0.094 0.105 0.250 0.996 1.819 0.117 0.130 0.250 0.990 1.987
JMA-M 0.065 0.083 0.250 0.994 2.031 0.087 0.107 0.250 0.994 2.109

M “ 15 JUST 0.269 0.269 0.367 0.968 2.098 0.391 0.392 0.370 0.916 2.180
FULL 0.303 0.303 0.394 0.962 2.246 0.410 0.412 0.423 0.930 2.191
AIC 0.183 0.190 0.250 0.314 1.926 0.260 0.263 0.250 0.300 2.094
BIC 0.054 0.096 0.250 0.022 1.850 0.092 0.125 0.250 0.026 1.769
ALASSO 0.190 0.195 0.250 0.974 2.076 0.288 0.293 0.250 0.942 2.177
MMA-S 0.094 0.108 0.250 0.982 1.448 0.144 0.155 0.250 0.950 1.408
JMA-S 0.096 0.110 0.250 0.978 1.448 0.116 0.130 0.250 0.968 1.444
MMA-B 0.094 0.108 0.250 0.998 1.946 0.144 0.155 0.250 0.988 2.135
JMA-B 0.096 0.110 0.250 0.994 1.879 0.116 0.130 0.250 0.988 2.070
JMA-M 0.067 0.088 0.250 0.998 2.098 0.086 0.104 0.250 0.988 2.180
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than that based on FULL. Both MMA-B and JMA-B perform well, and the av-
erage length of the confidence intervals of MMA-B and JMA-B is shorter than
those based on JUST and ALASSO. Comparing the results of Cases 1–3, we find
that the performance of least square averaging estimators is relatively unaffected
by the ordering of regressors.

We now consider an extended setup to investigate the effect of the number of
models on the mean squared error and the coverage probability. The data gen-
erating process is based on (22) and the regression coefficients are determined
by the following rule: β “ `

1,1,c,c2, . . . ,ck0 ,01ˆk0

˘1
. The number of irrelevant

variables k0 is varied between 3, 5, and 7, and hence the numbers of models are
7, 11, and 15 for k0 “ 3, 5, and 7, respectively.

Tables 3 and 4 report simulation results for M “ 7, 11, and 15. The variances
and MSEs of most estimators slightly increase as the number of models increases
when n “ 400, but they are quite similar for M “ 7, 11, and 15 when n “ 100.
Similar to Tables 1 and 2, the coverage probabilities of MMA-S and JMA-S gen-
erally achieve the nominal values in most cases, and the average length of the
confidence intervals is shorter than those of other estimators in all cases. Overall,
the finite sample performance of most estimators is quite robust to different values
of k0.

TABLE 4. Simulation results for different numbers of models for n “ 400

Homoskedastic setup Heteroskedastic setup
Method Var MSE MAD CP(95) Len Var MSE MAD CP(95) Len

M “ 7 JUST 0.058 0.058 0.156 0.940 0.941 0.076 0.076 0.185 0.952 1.058
FULL 0.066 0.066 0.176 0.928 0.999 0.077 0.077 0.173 0.960 1.085
AIC 0.067 0.068 0.250 0.500 0.926 0.080 0.081 0.250 0.498 1.039
BIC 0.040 0.075 0.250 0.062 0.905 0.055 0.083 0.250 0.086 1.046
ALASSO 0.075 0.078 0.250 0.962 0.991 0.086 0.089 0.250 0.962 1.062
MMA-S 0.041 0.048 0.198 0.954 0.749 0.051 0.056 0.222 0.958 0.847
JMA-S 0.041 0.048 0.198 0.950 0.749 0.047 0.054 0.222 0.962 0.819
MMA-B 0.041 0.048 0.198 0.982 0.900 0.051 0.056 0.222 0.988 0.996
JMA-B 0.041 0.048 0.198 0.978 0.899 0.047 0.054 0.222 0.986 0.985
JMA-M 0.035 0.047 0.237 0.992 0.941 0.040 0.053 0.250 0.990 1.058

M “ 11 JUST 0.063 0.063 0.185 0.962 0.992 0.084 0.084 0.200 0.940 1.104
FULL 0.069 0.069 0.185 0.958 1.038 0.090 0.090 0.195 0.934 1.129
AIC 0.067 0.068 0.250 0.544 0.934 0.088 0.089 0.250 0.518 1.058
BIC 0.046 0.077 0.250 0.076 0.900 0.071 0.091 0.250 0.096 1.033
ALASSO 0.072 0.076 0.250 0.982 1.032 0.092 0.095 0.250 0.952 1.076
MMA-S 0.042 0.048 0.193 0.962 0.772 0.060 0.064 0.219 0.950 0.878
JMA-S 0.042 0.048 0.198 0.962 0.772 0.056 0.062 0.224 0.948 0.850
MMA-B 0.042 0.048 0.193 0.986 0.905 0.060 0.064 0.219 0.976 1.027
JMA-B 0.042 0.048 0.198 0.986 0.905 0.056 0.062 0.224 0.980 1.014
JMA-M 0.036 0.047 0.227 0.992 0.992 0.050 0.059 0.247 0.988 1.104

M “ 15 JUST 0.071 0.071 0.179 0.948 1.014 0.088 0.089 0.192 0.940 1.107
FULL 0.075 0.076 0.182 0.948 1.054 0.092 0.092 0.208 0.940 1.127
AIC 0.076 0.076 0.250 0.562 0.928 0.078 0.079 0.250 0.528 1.053
BIC 0.067 0.084 0.250 0.126 0.891 0.061 0.084 0.250 0.116 1.040
ALASSO 0.084 0.085 0.250 0.974 1.055 0.085 0.090 0.250 0.962 1.085
MMA-S 0.050 0.052 0.208 0.956 0.779 0.052 0.057 0.219 0.948 0.864
JMA-S 0.050 0.052 0.208 0.956 0.779 0.048 0.055 0.216 0.946 0.837
MMA-B 0.050 0.052 0.208 0.990 0.927 0.052 0.057 0.219 0.980 1.027
JMA-B 0.050 0.052 0.208 0.990 0.925 0.048 0.055 0.216 0.978 1.010
JMA-M 0.045 0.050 0.229 0.990 1.014 0.042 0.053 0.240 0.990 1.107
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7. CONCLUSION

In this article, we study the asymptotic behavior of two commonly used model
averaging estimators, the MMA and JMA estimators, under the standard asymp-
totics with fixed parameters setup. We investigate the behavior of the MMA and
JMA weights as the sample size goes to infinity, and show that both MMA and
JMA estimators have nonstandard asymptotic distributions. To address the prob-
lem of inference after model averaging, we provide a simulation-based confidence
interval for the least squares averaging estimator and propose a modified JMA
estimator with asymptotic normality. The simulation results show that the cov-
erage probabilities of the proposed methods generally achieve the nominal val-
ues, and both MMA and JMA estimators can provide the MSE reduction in the
fixed parameter framework. However, we do not provide any theoretical justi-
fication of this finite sample improvement, and it would be greatly desirable to
demonstrate the theoretical justification in a future study. Another possible exten-
sion would be to extend the proposed inference method to non-nested candidate
models.10

NOTES

1. In the case where there is no true model among all candidate models, i.e., all candidate models
have omitted variables or irrelevant variables, the just-fitted model is the model that has no omitted
variable and the smallest number of irrelevant variables, and the over-fitted model is the model that
has no omitted variable but more irrelevant variables than the just-fitted model.

2. It is possible that the MMA and JMA estimators are not asymptotically optimal in our frame-
work. This is because the condition (15) of Hansen (2007) and the condition (A.7) of Hansen and
Racine (2012) do not hold under the standard asymptotics with a finite number of regressions. These
sufficient conditions require that there be no submodel m for which the bias is zero, which does not
hold in our framework since the just-fitted and over-fitted models have no bias.

3. When the error term is heteroskedastic, it is possible that adding an irrelevant variable could
decrease the estimation variance; see the example on pages 232–234 of Hansen (2018).

4. Note that the value of M0 is unknown in practice. As suggested by a referee, we average over
all models when we simulate the asymptotic distribution. Based on Theorem 5, one would expect the
modified JMA weights of under-fitted and over-fitted models should be small in the finite sample.

5. The proposed simulation-based method can be easily extended to joint tests. Suppose that the
parameter of interest is θ “ gpβq for some function g : RK Ñ R

L . Let pθ “ gppβppwMMAqq be the
estimate of θ. Applying the delta method to Theorem 2, we have

?
nppθ´θq Ñ řS

s“1
rλMMA,sG1VsZ

in distribution, where G “ BBβ gpβq1. Then we can conduct joint tests similarly to the proposed algo-

rithm.
6. Note that our asymptotic results are pointwise but not uniform. Although developing the uniform

inference results is important, such an investigation is beyond the scope of this article, and thus it is
left for future research.

7. In the simulations, we set γ “ 2 and select the turning parameter λn by the generalized cross-
validation method.

8. As an alternative, one could consider a residual bootstrap method to construct the confidence
intervals for MMA and JMA. However, the simulation shows that the residual bootstrap method does
not perform well as the pairs bootstrap method.

9. Our simulations show that the MMA, JMA, and JMA-M methods often assign positive weights
to under-fitted models, and these models generally have smaller variances than JUST and FULL. This
may be the reason that MMA, JMA, and JMA-M achieve smaller MESs than JUST and FULL in finite
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samples. To eliminate the effects of under-fitted models, we also consider the case where the under-
fitted models are not included in the candidate models. The simulation results show that the MSEs of
MMA, JMA, and JMA-M are larger than those of JUST, but smaller than those of FULL in this case.

10. It is not straightforward to extend our results to the non-nested models. This is because there
is no simple relationship between the squared sum of residuals of the just-fitted or over-fitted model
with the product of residual vectors of two non-nested under-fitted models.
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APPENDIX

Proof of Theorem 1. Let l “ p1, . . . ,1q1, an M-dimensional vector. SinceřM
m“1 wm “ 1, we have w1K “ w1Kl1w “ w1lK1w. Thus, 2w1K “ w1pKm `

Kj qm, jPt1,...,Muw. Let am “ y1pIn ´ Pmqy and 𝚽 be an M ˆ M matrix with the
m j th element


mj “ amaxtm, ju ` pσ 2pKm ` Kj q. (A.1)

It is easy to verify that Cpwq “ w1𝚽w for any w P W , and am ď aj for m ą j . Let
m be an index belonging to t1, . . . , M0u. Define

rwm “ p pwMMA,1, . . . , pwMMA,m´1,0, pwMMA,m`1, . . . , pwMMA,M0, . . . , pwMMA,M ` pwMMA,mq1.
Then it follows that

0 ď Cprwmq ´CppwMMAq
“ rw1

m𝚽rwm ´ pw1
MMA𝚽pwMMA

“ prwm ` pwMMAq1𝚽prwm ´ pwMMAq
“ p2pw1

MMA ` p0, . . . ,0,´ pwMMA,m ,0, . . . ,0, pwMMA,mqq𝚽p0, . . . ,0,´ pwMMA,m ,0, . . . ,0, pwMMA,mq1

“ pw2
MMA,mpam ´ aM q ` 2pw1

MMA𝚽p0, . . . ,0,´ pwMMA,m ,0, . . . ,0, pwMMA,mq1

“ pw2
MMA,mpam ´ aM q ` 2 pwMMA,m pw1

MMAp
1M ´
1m , . . . ,
M M ´
Mmq1

“ pw2
MMA,mpam ´ aM q ` 2 pwMMA,m

Mÿ
j“1

pwMMA, j p
M j ´
mj q

“ pw2
MMA,mpam ´ aM q ` 2 pwMMA,m

Mÿ
j“1

pwMMA, j paM ´ amaxtmju ` pσ 2 K M ´ pσ 2 Kmq

ď pw2
MMA,mpam ´ aM q ` 2 pw2

MMA,mpaM ´ am q ` 2 pwMMA,m pσ 2
Mÿ

j“1

pwMMA, j pK M ´ Kmq

“ pw2
MMA,mpam ´ aM q ` 2 pw2

MMA,mpaM ´ am q ` 2 pwMMA,m pσ 2pK M ´ Kmq. (A.2)

Thus, when pwMMA,m ‰ 0, we havepwMMA,m ď pam ´ aMq´12pσ 2pKM ´ Kmq. (A.3)

Let βmc “ 𝚷mcβ. It is straightforward to show that for any m P t1, . . . , M0u,

am ´ aM

“ pe ` Xmcβmc q1pIn ´ Pmqpe ` Xmcβmc q ´ e1pIn ´ PMqe

“ pXmcβmc q1pIn ´ PsqpXmcβmc q ` 2e1pIn ´ PmqXmcβmc ´ e1pPs ´ PMqe. (A.4)

From Conditions (C.1)–(C.2), for any j P t1, . . . , Mu, we obtain that

e1Pj e “ Opp1q, e1pIn ´ Pj qXj cβ j c “ Opp1q (A.5)

andpσ 2 “ Opp1q. (A.6)
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It follows from Condition (C.1) that there exists a positive definite matrix rQ such
that

n´1rXm,Xmc s1rXm,Xmc s “ n´1
„

X1
mXm X1

mXmc

X1
mXm X1

mXmc

j
Ñ rQ “

« rQ11 rQ12rQ21 rQ22

ff
.

In addition, X is assumed to be of full column rank, and it is well known thatˇ̌̌̌
ˇ rQ11 rQ12rQ21 rQ22

ˇ̌̌̌
ˇ “ |rQ11||rQ22 ´ rQ21 rQ´1

11
rQ12|,

so |rQ22 ´ rQ21 rQ´1
11

rQ12| ą 0, which, along with Condition (C.1), implies

n´1pXmcβmc q1pIn ´ PsqpXmcβmc q
“ n´1β1

mc tX1
mXmc ´ X1

mXmpX1
mXmq´1X1

mXmc uβmc

Ñ β1
mc prQ22 ´ rQ21 rQ1

11
rQ12qβmc ą 0. (A.7)

From (A.4), (A.5), and (A.7), we have

npam ´ aMq´1 “ Opp1q. (A.8)

The result (10) is implied by (A.3), (A.6), and (A.8).

Proof of Theorem 2. Let 𝚽˚ “ 𝚽´ }e}2ll1, where the second term }e}2ll1 is
unrelated to w. Therefore, we have

pwMMA “ argminwPW w1𝚽˚w.

Rewrite pwMMA “ ppw1
1, pw1

2q1 such that pw1 contains weights of under-fitted models.
Correspondingly, we also rewrite 𝚽˚ as

𝚽˚ “
ˆ
𝚽1̊1 𝚽1̊2
𝚽2̊1 𝚽2̊2

˙
.

From Conditions (C.1)–(C.2), we have n´1pam ´ }e}2q “ Opp1q for 1 ď m ď M0
and

am ´ }e}2 “ Opp1q
for M0 ă m ď M . Thus, by (10) we have

pτ1 ” pw1
1𝚽1̊1 pw1 “ opp1q and pτ2 ” pw1

1𝚽1̊2 pw2 “ opp1q, (A.9)

where pτ1 and pτ2 are two scales. Let S “ M ´ M0 so that 𝚽2̊2 is an S ˆ S matrix.
From (A.1), we know that the ps, jqth element of 𝚽2̊2 can be written as


2̊2,s j “ pσ 2pKM0`s ` KM0` j q ´ e1PM0`maxts, jue,
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which converges to �s j (defined in (13)) in distribution. As in the proof of The-
orem 3 of Liu (2015), by Theorem 3.2.2 of Van der Vaart and Wellner (1996)
or Theorem 2.7 of Kim and Pollard (1990), we have pw2 Ñ rλMMA in distribution.
From Conditions (C.1)–(C.2), we know that for any m P t1, . . . , M0u,

pβm “𝚷1
mpX1

m Xmq´1X1
my “ 𝚷1

mpX1
mXm q´1X1

m Xβ`𝚷1
mpX1

m Xmq´1X1
me “ Opp1q. (A.10)

Thus, from (10), we have
?

n
´pβppwMMAq ´β

¯
“

M0ÿ
m“1

pwMMA,m
?

nppβm ´βq `
Mÿ

m“M0`1

pwMMA,m
?

nppβm ´βq

“
M0ÿ

m“1

pwMMA,m
?

nppβm ´βq `
Mÿ

m“M0`1

pwMMA,m
?

n𝚷1
mpX1

mXmq´1X1
me

“ Oppn´1{2q `
Mÿ

m“M0`1

pwMMA,m𝚷1
mp𝚷mQn𝚷1

mq´1𝚷mZn. (A.11)

In addition, both rλMMA,s and Vs can be expressed in terms of Z and Q. Thus, the
result (12) holds.

Proof of Theorem 3. Denote Cm as an n ˆ n diagonal matrix with the i th
diagonal element

Cm,ii “ hm
ii {p1 ´ hm

ii q.
Therefore, we have Dm “ Cm ` In . Let 𝚿 be an M ˆ M matrix with the pm, jqth
element

�mj “ pe ` Xmcβmc q1pIn ´ PmqpCm ` Cj ` CmCj qpIn ´ Pj qpe ` Xj cβ j c q ´ 2Km pσ 2.

Therefore, it follows that

y1pIn ´ PmqDmDj pIn ´ Pj qy

“ y1pIn ´ PmqpIn ` Cm ` Cj ` CmCj qpIn ´ Pj qy

“ amaxtm, ju ` y1pIn ´ PmqpCm ` Cj ` CmCj qpIn ´ Pj qy

“ amaxtm, ju ` pe ` Xmcβmc q1pIn ´ PmqpCm ` Cj ` CmCj qpIn ´ Pj qpe ` Xj cβ j c q
“ 
mj ` pe ` Xmcβmc q1pIn ´ PmqpCm ` Cj ` CmCj qpIn ´ Pj qpe ` Xj cβ j cq

´pσ 2pKm ` Kj q
“ 
mj ` �mj ` pσ 2pKm ´ Kj q.
Then we have

J pwq “ Cpwq ` w1𝚿w. (A.12)
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Let m be an index belonging to t1, . . . , M0u. Define

wm “ p pwJMA,1, . . . , pwJMA,m´1,0, pwJMA,m`1, . . . , pwJMA,M0, . . . , pwJMA,M ` pwJMA,mq1.

Using (A.12), we have

0 ď J pwmq ´J ppwJMAq
“ Cpwmq ´CppwJMAq ` w1

m𝚿wm ´ pw1
JMA𝚿pwJMA

“ Cpwmq ´CppwJMAq ` pw2
JMA,mp�M M ` �mm ´ �Mm ´ �mMq

`2 pwJMA,m

Mÿ
j“1

pwJMA, j p�M j ´ �mj q.

So similar to (A.3), we know that when pwJMA,m ‰ 0,

pwJMA,m ď pam ´ aM q´1
´

2pσ 2pK M ´ Kmq ` pwJMA,mp�M M `�mm ´�Mm ´�mM q

`2
Mÿ

j“1

pwJMA, j p�M j ´�mj q
¯
. (A.13)

Let SpAq be the largest singular value of a matrix A. We know that any two n ˆ n
matrices A and B,

SpABq ď SpAqSpBq and SpA ` Bq ď SpAq `SpBq,
which, along with Conditions (C.1)–(C.3), implies that for any m, j P t1, . . . , Mu,

pe ` Xmcβmc q1pIn ´ PmqpCm ` Cj ` CmCj qpIn ´ Pj qpe ` Xj cβ j cq
ď }e ` Xmcβmc }}e ` Xj cβ j c }StpIn ´ PmqpCm ` Cj ` CmCj qpIn ´ Pj qu
ď }e ` Xmcβmc }}e ` Xj cβ j c }t2h̄n ` ph̄nq2u
“ oppn1{2q. (A.14)

From (A.6), (A.12), and (A.14), we know that �mj “ oppn1{2q for any m, j P
t1, . . . , Mu, which, along with (A.6), (A.8), and (A.13), implies (14).

Proof of Theorem 4. From (A.12), we need to focus on 𝚿. It is seen that for
any m P t1, . . . , Mu,

e1diagpPm
11, . . . , Pm

nnqe “
nÿ

i“1

e2
i x1

m,i pX1
mXmq´1xm,i

“ tr
´

pn´1X1
mXmq´1n´1

nÿ
i“1

e2
i xm,i x1

m,i

¯
“ tr

´
p𝚷mQn𝚷1

mq´1𝚷m𝛀n𝚷1
m

¯
.
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From Condition (C.3), similar to (A.14), we have that for any m P t1, . . . , Mu,

e1PmpCm ` Cj ` CmCj qpIn ´ Pj qe ď }Pme}S ppCm ` Cj ` CmCj qpIn ´ Pj qq}e}
ď }Pme}h̄n}e}
“ opp1q.

Similarly,

e1PmpCm ` Cj ` CmCj qPj e “ opp1q.
From the above results, we have, for m, j R t1, . . . , M0u,

�m j “ e1pIn ´ PmqpCm ` Cj ` CmCj qpIn ´ Pj qe ´ 2Kmσ 2

“ tr
´

p𝚷mQn𝚷1
mq´1𝚷m𝛀n𝚷1

m

¯
` tr

´
𝚷j Qn𝚷1

j q´1𝚷j𝛀n𝚷1
j

¯
` prm j ´ 2Km pσ 2,

where prmj “ opp1q. Now, by Condition (C.4) and arguments similar to the proof
of (12), we can obtain (15).

Proof of Theorem 5. Let m be an index belonging to tM0 ` 2, . . . , Mu. Define

qwm “ p rwJMA,1, . . . , rwJMA,M0`1

` rwJMA,m, rwJMA,M0`2, . . . , rwJMA,m´1,0, rwJMA,m`1, . . . , rwJMA,M q1.

Using the derivation steps in (A.2), we have qw1
m𝚽qwm ´ rw1

JMA𝚽rwJMA “ Opp1q.
Then, from (A.5), (A.6), (A.12), and (A.14), we know thatrJ pqwmq ´ rJ prwJMAq
“ qw1

m𝚽qwm ´ rw1
JMA𝚽rwJMA ` pφn ´ 2pσ 2q rwJMA,mpKM0`1 ´ Kmq ` Opp1q

“ Opp1q ` pφn ´ 2pσ 2q rwJMA,mpKM0`1 ´ Kmq ` Opp1q. (A.15)

Since rwJMA “ argminwPW rJ pwq, we have rJ prwJMAq ď rJ pqwmq, which along with
(A.15) and KM0`1 ´ Km ă 0 implies that

pφn ´ 2pσ 2q rwJMA,mpKm ´ KM0`1q “ Opp1q. (A.16)

The above result together with (A.6) and φn Ñ 8 implies that rwJMA,m “ Oppφ´1
n q,

which is (20).
From the proofs of Theorems 1 and 3 and Conditions (C.1)–(C.3), it is straight-

forward to obtain that for any m P t1, . . . , M0u, we have

rwJMA,m “ Oppφn{nq ` oppn´1{2q. (A.17)

Now, by (20), (A.10), (A.17), Conditions (C.1)–(C.2) and (C.4), and
φnn´1{2 Ñ 0, we have (21).
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