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The problem we consider here is based on the following question posed by Frangois
Jaeger in 1981 at a combinatorics meeting in Eger (Hungary):

Question 1.1. Consider the n-dimensional vector-space over GF(5). Is it true that for any
two bases By, B, there exists a hyperplane H which is disjoint from By U B,? The answer is
positive if M(By U B,) is a regular matroid. The question is equivalent to the following: is
it true that for every n X n non-singular matrix A over GF(5) there exists a vector X such
that neither x nor Ax has any 0-components?

Frangois Jaeger (1947-1997) is mostly known for his work in Knot Theory and in
particular his discovery of the connections between link invariants and the Bose-Mesner
algebra of certain association schemes. A conference in his honour was held in Grenoble
(France) in 1998.

A somewhat more general version of his question deserves the name Jaeger’s Conjecture:

Conjecture 1.2. Let A be a non-singular matrix defined over the finite field GF(q), q > 3.
Then there exists a vector X such that neither x nor AX has any 0-component.

For small ¢ the statement is false as can be seen from the matrices (} (1)) and (} ;) over
GF(2) and GF(3) respectively. A very nice proof of Jaeger’s conjecture in the case that
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q is a proper prime power was given by Alon and Tarsi [1]; an essentially equivalent
version using the idea of a Rédei polynomial appears in Ball and Lavrauw [2], and it is
this proof we will present here.

Before continuing however let us mention a couple of equivalent formulations of this
conjecture. As in Jaeger’s original question we may reformulate it as:

Variation 1. Let V be a vector-space over GF(q), q > 3, with two bases A and B. Then
there exists a hyperplane in V disjoint from both.

Or yet another equivalent version:

Variation 2. Let V be an n-dimensional vector space over GF(q ), provided with two bases:
{ay,...,a,} and {by,...,b,}. Must there exist a vector ¢ in V all of whose coordinates with
respect to both bases are nonzero?

Here is (my version of) Ball and Lavrauw’s version of Alon and Tarsi’s proof of Jaeger’s
Conjecture in the case that ¢ = p", n> 1. Let X = (Xy,...,X,) and Y =(Yy,...,Y,) be
related by

Xiar +--+X,a, = Ylbl +- 4+ ann-

We may define an inner product in such a way that the a; form an orthonormal basis.
We then consider the dual basis of the b;, say b; so (b, b;) = 0;j. So X and Y are linearly
related by Y; = (X,b]) and X; = > ,(b,a;)Y; =: L;i(Y).

Suppose a vector ¢ with the required properties does not exist. Then the ‘Reédei-
polynomial’

R(X) = [, b)) = [[(X1bj + Xabj + - + X,.b;,),

1 1

vanishes for all X with X1,..., X, non zero, for if we consider:
C=X131 +"'+Xnan = Ylbl +”'+an}1,

then all X; non-zero implies that at least one of the Y; is zero, but Y; = (X,b;). This
implies that R(X) is in the ideal ((Xf—1 —1)|i=1,...,n), so we have

R(X) := [J(X.b) = FuX)(X{' = 1) + - + F(X) (X4 = 1),

for certain (homogeneous) polynomials F; of degree n — ¢ 4+ 1. Now consider the change
of variables X — Y and let Fi(X) =: Gi(Y ). In terms of Y our equation becomes

[[Y =G (LY = 1)+ 4 Gu(Y) (La(Y)*" = 1).

For g a proper prime power this is impossible, because the coefficient of any square free
monomial in L;(Y)4~! is a multiple of (¢ — 1)! which is zero mod p.
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