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Sound entering the ear is known not only to transmit signals to the nerve system, but
also to generate vortex-like steady streaming in the cochlea. This streaming has been
suggested as the primary vehicle for drug delivery in the inner ear (Sumner, Mestel &
Reichenbach, 2021, Sci. Rep., vol. 11, 57). An alternative vehicle by pure diffusion alone
has also been suggested by Sadreev et al. (2019, Front. Cell. Neurosci., vol. 13, 161).
This paper purports to examine both mechanisms analytically, and compare their relative
importance, based on the two-dimensional model of Allen (1977, Acoust. Soc. Am., vol. 61,
110-119). First, we reconstruct the fluid mechanics of the Békséy vortices by an asymptotic
theory of multiple scales as a complement to the two-dimensional numerical theory of
Edom, Obrist & Kleiser (2014, J. Fluid Mech., vol. 753, 254-278). For discerning the
difference between Sumner, Mestel & Reichenbach (2021) and Sadreev et al. (2019), we
combine sound-induced streaming and molecular diffusion by modeling the drug as a
solute of known diffusivity. It will be shown that due to the high frequency of sound,
advection is augmented by the Lagrangian velocity, but molecular diffusion still dominates
drug transport in the cochlear duct, unlike Taylor dispersion of pollutant by tides in a
shallow river.

Key words: biomedical flows, flow-vessel interactions

1. Introduction

In a laboratory model of the cochlea using a rubber membrane at middle depth, von
Békésy (1960) found two eddies in the perilymph on opposite sides of the membrane,
when periodic pressure is applied at the stapes. Among the observed features, an eddy was
found in the immediate neighbourhood of helicotrema at low frequencies, but closer to the
stapes at high frequencies. Also, the eddy moves closer to the stapes if the membrane is
thicker, or is gradually stiffened during the test due to significant water absorption.
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Tonndorf (1970) explained on physical grounds that von Békésy eddies owe their
existence to nonlinear convective inertia. This view was recognised by Lesser & Berkley
(1972), who also gave a two-dimensional linearised theory of the travelling wave.
Extending the classical work of Rayleigh on acoustic streaming in organ pipes, Lighthill
(1992) began an analytical study of streaming in ears. He also cited evidence that
the streaming may cause steady deflection of hair cells, and stimulate neural activity
on the reception of a signal. Further numerical details were revealed by the excellent
computational studies of Edom (2013) and Edom e al. (2014). For comprehensive reviews
of the physiology and fluid physics of the inner ear, readers are referred to Dallos, Popper
& Fay (1996), Reichenbach & Hudspeth (2014) and Obrist (2019).

As is well-known, steady streaming in wavy flows near a stationary wall is caused by
Reynolds stresses in the viscous boundary layer, usually much thinner than the wavelength
(Rayleigh 1884; Schlichting 1960; Batchelor 1967). Related phenomena have been found
in media of different sizes over a wide range of wave frequencies, such as water waves
over a flat sea bed (Longuet-Higgins 1953; Hunt & Johns 1963; Carter, Liu & Mei 1973)
or over a rippled seabed (Hara & Mei 1990), in sound waves in vessels (Lighthill 1978),
and ultra-high-frequency waves in microfluidics (Bruus 2008; Vanneste & Biihler 2011).
Additional physics of induced streaming was discovered by Riley (1965) and Stuart (1966),
who found a secondary boundary layer outside the Stokes layer when oscillations are so
strong that the stream Reynolds number is not small, i.e.,

w?A? A2
R, = =0(=)=0(), (1.1)
wv 52

where v is the fluid viscosity, w is the sound frequency, A is the flow amplitude of
oscillations, and 6 = +/v/w is the thickness of the oscillatory boundary layer. In the
human ear, this double layer phenomenon cannot occur, however, as seen by the following
estimate. The viscosity of the fluid (perilymph) is v = O(1) mm?s~!. For sound of
frequency w/21 = 2000 Hz to 100 Hz, the resonant displacement of the basilar membrane
(BM) near the characteristic place varies from A =0.1 pm to A = 1.0 pm. For example,
at f = w/27 = 1000 Hz, the Stokes layer thickness is § = /v/w = 12.6 pum = O (10 pm).
The maximum is A/8 = 107>—10~!, making A < § < h. Hence Ry is too small for double
layers to exist.

To complement existing numerical solutions of two-dimensional Navier—Stokes
equations, our first aim here is to provide an analytical examination of the steady streaming
in the cochlea. Focus is on weak nonlinearity due to small BM displacement, i.e.
A= 0(e8) = O(e%h), where € < 1. After examining the linearised wave motion by
Wentzel-Kramers-Brillouin (WKB) approximation, higher-order details of streaming in
the essentially inviscid core and the Stokes boundary layers are worked out. The results
will then be used to compare the role of streaming versus the role of molecular diffusion
in the transport of a passive scalar, which may be of relevance to drug delivery in the inner
ear.

2. Governing equations for a two-dimensional cochlear duct

Distinguished by hats, physical variables are normalised by the following scales: half-
depth h, oscillation amplitude A, and sound frequency w. The normalised (hatless)
variables are defined by

T=t/o, GD=@h @ D) =Aow w), p=(pAc’h)p, b=Ab. 2.1

Unlike oscillatory flows in blood vessels (Wang & Tarbell 1992), where the wavelength
is much longer than the vessel radius, sound wavelength in human ears can be so short
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Figure 1. A two-dimensional model of the cochlea. The BM displacement is exaggerated.

as to be comparable to the depth of cochlear duct. In dimensionless terms, the cochlea of
total depth 24 is separated in the middle by the moving BM at z = €2 b(x, t), where

,» A
ec=—xk1 (2.2)
h
is a small parameter that also characterises weak convective inertia. In both the upper duct
(scala vestibuli, €2b < z < 1) and the lower duct (scala tympani, —1 <z < €2b), the flow
is governed by the dimensionless Navier—Stokes equations:

L (2.3)
0x az '
au 2 ou ou ap 29 w2
— — — === V2u, 2.4
8t+6 <u8x+w8z) 8x+,36 u (2.4)
ow [ dw dw ap 9 2w
w LACRIICL P V2w, 2.5
» +e€ (u8x+w8z) 8Z+ﬁe w (2.5)
with
pr=- 82—“2—0<1> (2.6)
e2hn2 AR ’ '

where fe signifies the small effect of viscosity. In Lighthill (1992), no top wall is
considered and the Stokes boundary layer thickness is comparable to the wavelength,
which is different from the case considered in this study.

Referring to figure 1, the kinematic boundary conditions are

ob 2
u=0, w=— atz=¢€¢b 2.7)
ot
on the BM, and
u=0, w=0 atz=1(orz=-1) (2.8)

on the top (or bottom) wall of the upper (or lower) duct.
As in Lesser & Berkley (1972), we will assume that the oval and round windows at the
stapes (x, X = 0) oscillate in opposite directions:

—Ue " fce., €2b<z<1,

. 29
+Upe " +ce., —1<z<e%D, 2:9)
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mE’)gem™2  R(X’)dynscm™3 K (") dyncm™3
Allen (1977) 0.10 60017’ 2 x 107 e =34
Lesser & Berkley (1972, figure 7) 0.05 3000 e~ !5% 1 x 10 e=30%
Lien & Cox (1973) 0.20 6003 0.86 x 107 e 1 0%
Neely (1981), Steele & Taber (1979) 0.15 200 1 x 102 ¢—2.0%"
Peterson & Bogert (1950) 0.143 0 1.72 x 109 =208
Siebert (1974) 0.01 5 22857 0.20 x 102 e~ 1:5%'
Edom ez al. (2014) 0 0 6.25 x 1010 ¢—3.84%"
Sumner et al. (2021) 0.00215¢' 0% 0.67,33.6, 134 6.72 x 107e=5%'

Table 1. Spatial variations of mass, damping and stiffness of the BM proposed in previous studies. The unit of
%' is centimetres , X’ = 10% , 1 dyn is 105 N. The first six citations are compiled by Neely (1981).

where U, is the half-amplitude of the velocities of the oval and round windows, uniform
across width —1 < z < 1. The signs on the right-hand side are chosen so that the BM
displacement amplitude By; defined later (in (3.15)) is positive at x = 0.

In dimensional form, the linear dynamic boundary condition on the BM is

3%h b o~ =~
— +R=+Kb=—py+p- atz=b, (2.10)
t 2 at

where m, R, K are the mass, damping and stiffness per unit area of the BM. All of these
vary with X along the duct at the scale of O(5—10 mm), as shown in table 1. In addition,
P+ and p_ are the fluid pressures on the upper and lower sides of the BM, respectively.
In more recent studies, (2.10) has been modified by adding a cubic term to examine Hopf
bifurcations (Equiluz et al. 2000; Reichenbach & Hudspeth 2014). But the time scale for
such bifurcations due to cubic nonlinearity is much longer than that for steady streaming
due to quadratic nonlinearity to be considered here. For this reason, only the linear model
(2.10) is considered in this work.
Making use of (2.1), (2.10) can be rendered dimensionless to

3%b b )
M| —+4+2efpo—+0°b)|=—py+p- atz=¢€"b, (2.11)
012 ot
where
R K f
M m efs _ «/K/m _ resonance frequency 2.12)

oh’ " 2JKm' =T e T forcing frequency
with € fr being the coefficient of internal friction. The parameters have been assumed by
past authors to have very different dependences on X, as listed in table 1. Most authors
have chosen similar models for m and K so that the resonance frequency (1/2n)/K/m
decreases exponentially along the cochlea as shown in figure 2. However, vastly diverse
values of the internal friction R (X ) have been chosen by past authors, as shown in figure 3.
Among them Peterson & Bogert (1950) and de Boer & MacKay (1980) have assumed
this damping to be negligible. Allen (1977) assumed weak damping, €fr =0.0212.
On the other hand, Lesser & Berkley (1972) assumed significantly stronger damping,
€fr = 0.212. These diverse assumptions are likely due to the difficulty of measuring local
values. Alternatively, Edom et al. (2014) represent the BM by an internal force in the
momentum equation, and assume m and R to be zero, but allow both transversal 'ﬁy and
axial 77, deflections, with different stiffnesses K y=K and K. Opinions on the axial
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Figure 2. Resonant frequencies of the BM models used by past authors.
102 3 T T T T T T 3
i Allen (1977) o
L |— — — Lesser & Berkley (1972) | e
10] = Lien (1973) """""" -
Flm-—— Neely (1978)
----------- Siebert (1974) '_,""

10 15 20 25 30 35
x (mm)

Figure 3. Internal friction ratio R/(2+/mK) of the BM models used by past authors.

deflection appear uncertain (Edom 2013), and the value K, = K, /100 was assumed by
Edom et al. (2014). In the present study, only the transversal displacement of the BM
is considered. In this study, we choose weak damping in (2.10) as in Allen (1977). This
assumption simplifies the mathematics and yields numerical results consistent with past
studies.

Inside the BM boundary layers of thickness Az = O(¢), we will express all unknowns
as the sum of an essentially inviscid part (unprimed) and a viscous part (primed). The
primed terms depend on x and the BM boundary layer coordinate ¢ = z/B¢€ defined later
(in (4.4)). It follows from (2.5) that the boundary layer correction for pressure p’ is nearly
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uniform across the boundary layer:

a /

P _ 0(e?), where ¢ = —. (2.13)

ag Be
Therefore, up to O (¢), the pressure inside the BM boundary layer is dominated by the
inviscid and linear core pressure p = po + €p; at z =0, with an error of O(e?). Lesser
& Berkley (1972) have shown that u™(—z) = —u"(z), w (—z) =w*(z) and p~(—z) =
—p*t(z), where the superscripts + and — represent the upper and lower ducts, respectively,
so that

P |_o=—p" - (2.14)
As a consequence, the net pressure acting on the BM is
[P + P 1m2p = —2[pf +€p]._o+ O, (2.15)

where par , p]Jr are the first two terms in the power series of p™. Substituting (2.15) into
(2.11), we get

92 5
o)y: M (ﬁ +o )b = —Zp(ﬂzzo, (2.16)

ab
O(e): 2frMo— = —2p}

5 (2.17)

|z:O :

The kinematic boundary conditions (2.7) and (2.8) apply for the upper duct. In conclusion,
the two-duct problem is reduced to that for the upper duct only as in Lesser & Berkley
(1972). Hereafter, we will simply use p as the pressure in the upper duct for brevity.

3. Approximations in the potential core
In the core, let us define the stream function ¥ such that

_ w

= s w = — . 31
! 0z 0x G-
The dimensionless Navier—Stokes equations (2.4) and (2.5) can be rewritten as
0 0y o ( Ou ou ap 2 20V
—— — — | =—— Ve—, 3.2
a1z € (“ax+waz> ox TPEVT, (3.2)
0 oY 5 dw ow ap 2 20
- — — ) == Ve—, 33
rax 1€ (”ax+waz) 2 PV oy (3-3)
which have been reduced by Rayleigh (1884) to
0 0 0
B2V — — VY =€ (u— +w— | Vv, (3.4)
ot ox 9z
where V21 is the vorticity
ou Jw
Vi =—— —. 3.5
v dz  Ox (3-5)
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If ¢ and p are expanded in power series of €, then

Vo + ey + Y t--) - %VZ(WO ey +elyat--)

3 B}
=e? [uo——l-wo—] V(Yo + eyt + €Y+ ). (3.6)
0x 0z

At orders O(€”) and O(e), the momentum equations are approximately linear, and the
flow is irrotational:
IVZiyo  IViy
a o
which imply in turn

0, implying Vo= V3y; =0, (3.7)

V2po=V?p; =0. (3.8)

Zweig, Lipes & Pierce (1976) first applied the WKB approximation to sound
propagation in the cochlea that requires the wavelength to be much shorter than the
longitudinal length scale of cochlea non-uniformity. Boundary layer effects were not
considered. It has been shown by Steele & Taber (1979) that this approximation is very
close to the more accurate numerical solution of Neely (1981). A similar approach was
applied by Lighthill (1981) and Reichenbach & Hudspeth (2014). Based on the sharp
length contrast i/€py = O(€), where £pys is the characteristic scale of longitudinal
variation of BM properties, we introduce the fast (x) and slow (X = €x) coordinates so
that x = k (X), and invoke multiple scale analysis. Let

[V, u, w, pl={[%o1. Uor, Wor, Poi]| + €[¥u1, Un, Wir, Pi]} e @50 +cc. + O(e?),

(3.9
where @ (x, t) is the wave phase defined by
X
®=S(x)—t, S(x):/ k(XHdx', X' =ex’, (3.10)
and
0S8
k(X)=k(X)h=— (3.11)
ox
is the local wavenumber with kh = O(1).
Using (3.9), it then follows from (3.2) and (3.3) that
1 a(Por, Pu1) .
(Por, Pu1) = E(UOI’ Un), BT =1(Wor, Wi1) (3.12)
at the orders O (") and O (¢), respectively.
We also get from (3.8) at these orders:
Py k“ Py =0, (3.13)
82P11 2 0K 8P01
a2 <P 1oy Por — 2k —— (3.14)
Since (2.11) is linear, we can take the BM displacement to be
b=bo+ 0(€?) = {Bo(X) ™" +cc.} + 0. (3.15)
1015 A15-7
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The kinematic boundary conditions on the lower and upper walls are
Yo _dby . d Po;

wo = — =— 1le. = — By, =0, 3.16
0 ™ a7 32 o, 2 (3.16)
0 0P,
wo=—Y0_ o qe MPo_o oy 3.17)
ox 0z
The solution of (3.13) is
coshx (1 —2)
Py =—-Byj————, (3.18)
Kk sinh k
and the corresponding stream function is
Yo(X, x, 2, ) =¥ e +cc, (3.19)
with
Boi sinh k(1 —z
Yo (X, )= 22— % ( ). (3.20)
K sinh «
The associated velocity components are
‘ oY, h(l —
uo = Upp e'® +c.c., with Uy = o = _BOICOS.K—(Z)s (3.21)
0z sinh k&
i€ . . . inh « (1 —
wo = Woi '@ + c.c., with Wy = —ik¥y = —iBy; w (3.22)
sinh «

On the oscillating BM, (2.16) and (2.17) at orders 0 (€% and O (¢€) become
M (=1 +02)Bor = —2Po1 =0, (3.23)

—2ifrMo Boy = —2 P11 |50 (3.24)

Equations (3.16) and (3.23) can be combined to a homogeneous condition for Py; on the
BM:

dPy 2Py
3z M@o?2—-1)
Together with (3.16), the boundary value problem for Py is homogeneous. The eigenvalue
condition

z=0. (3.25)

1
Kk tanhk = —
Mo?2—1

is also the dispersion relation between «x (X) and o (X). Let us denote the characteristic
place by X,, where o(X,) =1. If 0 > 1, then « is real for X < X, i.e. w </ K/m;
waves propagate. Otherwise, if o < 1, then k is imaginary for X > X,; waves attenuate
exponentially. Equation (3.26) is the zero-friction approximation of the fuller dispersion
relation

(3.26)

K tanh x = 3 ! - . (3.27)
Mo?—1—eQiofr)
Here, k is complex for all X in the entire cochlea, which leads to more cumbersome
mathematics.
To complete the determination of Py; (or Bogp), we need to examine the solvability of
P11 by including the effect of boundary layers.

1015 A15-8
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The leading-order core velocities ug, wo are given in (3.21) and (3.22). Explicit
expressions of the first-order solutions Pi1, ¥1 and u, w; will not be needed for
examining the mean streaming at order O (€2).

4. Oscillations in boundary layers at O (¢*)

In the oscillatory boundary layers near z = €?b and z =1, the total stream function is
Y + ', where the prime signifies viscous corrections in the BM or top boundary layers,
normalised according to

;0‘/
f= . 4.1
v Awd 4.1
In physical dimensions, the total stream function is
U+ =h(A0) ¥ +8(Aw) ¥ = h(A0) (¥ +€BY), (4.2)

where v’ varies in depth according to the scale §/h = Be = O(¢). Hence u and u’ are
comparable in order, and w’ = O(€) w is much smaller than w. The governing equation
for the viscous vorticity v/ is obtained by first replacing ¥ in (3.4) by ¥ + €8/, and then
subtracting (3.4) from the result:

ad d ad
B> VHepY) — —VAPY) =€ |t u)— + w+w)— [ V(Y. (43)
ot ox 0z
Let us begin by examining the boundary layer problems at leading orders.

4.1. The BM boundary layer
First, consider the boundary layer near the BM. Let us define the boundary layer coordinate

_ <
_IBe’

and consider ¥', u’ and w’ as functions of (X, x, ¢, ). The BM displacement is {pp =
€2b/(Be) = €by/p + O(€>). Let us expand

¢ 4.4)

2
V=3 "V (X.x.0.0)+ 0(), (4.5)

n=0

where )’ = (', u’, w’). The viscous velocities inside the BM boundary layer are

a /
u; = aﬁ” , n=0,1,2, 4.6)
RV RV RV
/_ r_ 0 I _ 1 0
wy=0, w;= e Wy ﬂ—ax ﬂ—aX . 4.7a,b,c)

Note in particular that w’ = O(¢) u’ in the boundary layer.
Within the boundary layer, the core flow velocities can be expanded in Taylor series
about z =0:
d(uo, wo)

(u, w)(X, x, €BE, 1) = (uo, wo)|;=0 + € [(m, w1)+ﬂ§T] +0(e?). (4.8)
g z=0

1015 A15-9
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Substituting (4.5) and (4.8) into (4.3), we get the perturbation equations for v, at the
three leading orders n =0, 1, 2:

g W _, 4.9)
act  aracr
. [caa—u;) X %(wl|zzo+wﬁ)} 3832036 wol|3z=o 833;;{’ 4.11)

where w(’) =0 from (4.7a) has been used.

On the BM surface z = €%by, i.e. { =e€by/p, we replace u and w by u +u’ and w +
w’, respectively, in (2.7), and perform Taylor expansions about z =¢ =0 up to O(€?),
to get

0
<uo +euy + 62u2 + ezb()ﬂ)
9z z=0
2.7
/ / € 8”6 2.7 62 8M/l 62 28 Uy _
+ (u0+6u1+3b0¥+6 u2+Fb0§+wboa—é_2 C_O—O, (412)
9 z2 dw] ab
<wo +ew + 2wy + ezboﬂ> + (ew/l +ew) + by 1) =2 @13)
Separating different orders in (4.12), the boundary values of u),, n =0, 1, 2, can be
related to u,, and u),_,, u),_,, ... as follows:
u6|§20 = —uol,_, (4.14)
b() u;
/ 0
uyl, n=—uy|. ,—— — , (4.15)
1'{_0 |z_0 ﬂ 8{ =0
d bo du’ b3 3%u|
|, _y=—(ua+bp2) (2 %) (4.16)
¢= 9z J.—o B 0¢ 2B% 0c2 =0

The viscous stream functions v,, n =0, 1, 2, can be solved from (4.9)—(4.11) subject
to (4.14)—(4.16) at z = ¢ = 0 and the vanishing condition v’ — 0 at { — oc. In addition to
(3.16) for wgl,—o, the boundary values for w;, w, are readily obtained from (4.13):

wilz—0 = —wi[,_g> (4.17)

dwo by dw

— _ i _ 1
wale=0 = —wp|, g = bo = T (4.18)

Equation (4.18) is listed here for completeness but will not be needed later.

1015 A15-10
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Let us apply the WKB approximation to derive the lower-order solutions for the BM
boundary layer:

Y= (X, 0) e fec., Yl =¥ (X, )+ W, (X, 0) e +cc),  (4.19a,b)

2
V=0, 0+ Y ¥, (X, )™ + e, (4.20)

m=1

where ¥, is the amplitude of the mth harmonic of ;.
Focusing first on the first harmonic:

v, RZ0
Uy = 8_{01 e fcc., uy= Yll e® +cc., (4.21a,b)
8 lI// ei@
why =— 0¥ %) +cc. (4.22)
ox
We substitute (4.19a) into (4.9), to find
a*w R
U4i—0—9 ¢>0. (4.23)
8{4 3§2
The boundary conditions are
v, Boi
iV} = —UOI |Z=0 = at é_ = O, (424)
9% r=o tanh x
from (4.14) and (3.21), and lllél and 8':!/61/8{ vanish as { — oo. The solution is
561 = Uorlimo [ Gt =20 e (425)
01{—Olz=0{ ¢)dg = @nhe v :
where
: 1—i .
G@)=e V¢, with v/—i= —e /4, (4.26)
V2
Thus the axial component of the boundary layer velocity is
/ alI/(;l By

e® 4 cc. = —Uoi ;=0 G(¢) el® 4 cc = e~ V-i¢+HO +c.c. (4.27)

o1 = aC tanh k

Substituting (4.25) into (4.22), the leading order O(€) transversal component of the
boundary layer velocity is

wi =wj, =W, e +cec, (4.28)
where
Wi (X, £) = —ikB W, = ikf—0 e Vi . (4.29)
tanhk /—i
In particular, the boundary value of Wy at z =0 is found from (4.17) and (4.29):
Witlz=0 = = Wi lc=0 = ik ™/* Upi .0 = —ixﬁ% e/, (4.30)
which will be needed to determine By.
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4.2. Top wall boundary layer
For the region near the top wall, we introduce the boundary layer coordinate

-z
n= Be (4.31)
The top boundary layer solution is easily found:
/ 00 ., Bo e—V—in
W4y = Uil /n Goyan' = LS (432)

The longitudinal velocity component in the layer is

LV Z N . By P
Uy = — O el® 4 ce.=—Upilm1 G() e'© +cc.= ——— e VIO e

an sinh x
(4.33)
and the transversal component is
w' =w) =W e +cc., (4.34)
where
W0, ) = iy = —iep 20 (435)
,n) = —ik = —ikB— _— .
1 7 o1 sinhk /—i

Similar to (4.17), the boundary value of the core velocity Wy at z =1 is found as
4 B .
Witle=1 = =Wy ly=0 = —ikB ™/ Ugi o= = iscf——r— ™4, (4.36)
sinh x

Both (4.30) and (4.36) are needed in P;; to complete Py; and the wave field of 0(€% in
the inviscid core, as shown below.

5. The O(€®) waves in the potential core

To ensure the solvability of the inhomogeneous boundary value problem of Pjj, we apply
Green’s formula to Py; and Pyy:

/] P A Py —P A Poy | dz = | Py 221 pap‘)11
— — K — — — K = _— _— .
|70\ 522 A o1 | dz 01—~ =5 .

(5.1)
In view of (3.13) and (3.14), the left-hand side of (5.1) becomes
1 1
d Py oK . d 5
Py (2k—— 4+ —Py |dz=—1— Ps dz. 5.2
/0 Ol(Kaerax‘“)Z 101)(/0"0IZ (5.2)
Using (3.12), (3.22) and (4.36), we get
dP; Py Uo . .
Py— — Pi— =|— (W) — P (iWy)
3Z 8Z z=1 K z=1
/a2 inja B
= B, ‘ =Bt ——, 53
p Ol =1 P sinh” k 3
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Similar use of (3.12), (3.22), (3.24) and (4.30) gives

P d Py Uoi .. .
Pyp—— — P —— = | —Win)—Pu(Wy)
Z 2 1z=0 K z=0

. B2 )
=—Be™* ﬁ —ifrMo B}, (5.4)

With these results, the solvability condition (5.1) becomes

da (v, ) . 1 1
—i— | kP3(X,7)dz=ifrMo B2, + Be'™* B> ( + ) 55
dXx /0 01( ) Jr ol p ol tanh?k  sinh? (5-5)

In view of (3.18) and the integral

1
1
/ cosh? k(1 — z)dz = — (2« + sinh 2k), (5.6)
0 4k
(5.5) becomes an ordinary differential equation for Bgl:
d (2K +sinh 2« 2) in/d )
— | ————B§ | =—Mo +/2e7 1 Bj;, 5.7
dx < 42 sinh? k! (/r Jv)By S
where
fv= i ( 1 + 1 ) (5.8)
= V2Mo tanh?x  sinh®k /) '
It is shown in Appendix A that (5.7) can also be reduced to
d (C4E) = Ceb (5.9)
dx Ve '
where E is the normalised wave energy per unit length of the cochlear duct,
E(X)=2Mo?|By |, (5.10)
C¢(X) is the normalised group velocity,
C.(X) = 2 2k +sinh 2« 5.11)
7 Mo? 4k2sinh?k .
and £(X) is the dimensionless decay length defined by
1 1 1
(5.12)

X))

The lengths £r =2fF/(0Cyg) and Ly =2 fy /(0 C,) represent respectively the spatial
distances of decay due to the BM internal friction and boundary layer dissipation.
With the boundary value of By or E given at the oval window (X = 0), the solution is

simply
C,E X ax’
§ =exp (—/ — ) , (5.13)
(CgE)o 0o ¢X')

where (CgE)o stands for (CgE) evaluated at X =0. This result is a slight extension
of Steele & Taber (1979) and Steele & Miller (1980), who allowed finite BM friction
but ignored boundary layer dissipation. Using (5.10) and (5.11), the spatial variation
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Figure 4. Dimensional BM amplitude along the cochlear duct: (a) amplitude A |Boi| and (b) phase ¢p,. In
(a), the solid lines represent (5.14), and the circles represent the approximation (5.15) between the peak at X,
and X, where o(X,)=1.

of | Byt |? is

2 2 X /
B2 = P CalBul), (‘f di) G149
(@2Mo2C,), b (X))

where (-)x stands for () evaluated at X. In figure 4, the amplitudes and phases of By are
plotted in physical dimensions for three frequencies, f =500, 1000, 2000 Hz, assuming
the same velocity amplitude 30 um s~! at the oval window. It can be shown after some
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algebra that the downslope portion of (5.14) can be reduced to

1 o
X, —x P\ Tx, —x
| Bo1 (X)| ~ | Bo1 (X p)| *1 - Xp <X < X, (5.15)

where « is the length scale

__Jrttv
M (do/dX)?

Here, X, is the characteristic place where o(X,) =1, where (), signifies evaluation
at X4, and X, is the location of the peak of |Boi| as marked in figure 4(a) for
f =1000 Hz.

In figure 4(a), both (5.14) (solid curves) and the approximation of (5.15) for the
downslope of |By;| (circles) are plotted. The maximum BM amplitude occurs at X ~
21.57, 17.55, 13.51 mm for these frequencies, from the lowest (500 Hz) to the highest
(2000 Hz). Figure 4(b) shows that before reaching the peak, the phase change in By is
less than O(0.1m). The phase increases rapidly to approximately (5—10)7 after passing
the peaks. These findings are consistent with previous analytical results for the complex
dispersion relation by Allen (1977, figure 7) and Neely (1981, figure 4).

In this numerical example, the cochlear depth 7 =1mm and the BM parameters
by Allen (1977) (see table 1) are taken. From (2.9), the amplitude of the oval
window velocity is assumed to be 2, =2Awl, =30 ums~!, which corresponds to
a sound pressure level 76 dB at f =1000Hz (Sim et al. 2010; Edom er al. 2014),
and is typical in a noisy restaurant or in busy city traffic. For illustration, we choose
A=2U,/w=30/2nf pm=9.55,4.77,2.39 nm for f =500, 1000, 2000 Hz, respec-
tively. Correspondingly, the nonlinearity parameter is € =/A/h = (3.09, 2.18, 1.55)
x 1073, respectively.

As shown in figure 2, the resonance frequency at the oval window X =0
is approximately 20000 Hz in Allen’s model, which is much higher than f =
O(1000 Hz) under consideration. Therefore, at the oval window X =0, o > 1 so

that
2 1 2 1
Kk ~tanhk~ | —————~ [ — <1 atX =0, 5.17)
Mo?|x—o—1 M o|x=o

according to the dispersion relation (3.26). In view of (3.21), Uy (X =0, z) & — By
(X =0)/tanh ¥ = — B (X = 0)/k is approximately constant over the oval window. After
using (2.9), we find the boundary values for By :

(5.16)

Boy (X = 0) ~ —k Upy (X =0, z)=/cuo=§. (5.18)
Figures 5 and 6 show the dimensional wavelength 27t/ k and group velocity C, ¢ =AwCy,
respectively, for f =500, 1000, 2000 Hz. Figure 7 shows the longitudinal variations of
the decay length, if/€, hlF /e and hfy /€. All of these quantities decay along the cochlea
from the oval window, and fall to zero rapidly when approaching the characteristic place
where o (X,) =1. As shown in figure 7, the decay is dominated by viscous dissipation
near the oval window where ¢ & £y, and by the BM friction instead near the characteristic
place where £ ~ (.
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Figure 5. Dimensional BM wavelength 27/« .

/=2000 Hz

1
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Figure 6. Dimensional BM group velocity ég =AwCy = (dw/0k).

Figure 8 shows the BM displacement at three instants ¢t =0, t/2, = for f = 1000 Hz.
The BM crests advance towards the apex, and the peak amplitude is approximately
80 nm, consistent with the estimate 100 nm (0.1 pwm) for BM amplitude
in§1.

At O (¢€), the oscillatory flow in the core is not needed for calculating the mean streaming
at O(€2) and is thus not pursued. We now turn to the O(¢e) dynamics inside the BM and
top boundary layers.
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Figure 7. Dimensional decay lengths: i€ /e (thick solid line), i€ /€ (thin solid line) and h€y /e (dashed line)
for f = 1000 Hz.
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=
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S
o 20t .
g
< 40t .
—60 | ]
_80 [ ‘* -
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Figure 8. The leading-order BM displacement b= A(Bg el®®D L cc) at t =0 (red solid line), r =7 /2
(green dashed line) and 7 = pi (blue solid line) for f = 1000 Hz. The envelope £2A|By;| is represented by
black dashes.

6. Oscillations in boundary layers at O (¢)
6.1. The BM boundary layer

Inside the BM boundary layer, the viscous stream functions ¥, ¥3, ... are forced by
quadratic forcing terms. Hence higher harmonics will appear. The mth harmonic of v,
will be denoted by ¥, .
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Consider the O (¢) part of (4.10). Due to BM oscillations at 0 ("), a zeroth harmonic
emerges, whose amplitude must satisfy

A2 | RS
10 _ — iB(’)‘l—Ol—l—c.c. , (6.1)
3;4 ,3 8{3
and be subjected to
v/ 1 R
1 _ - B, o 4 cc. at ¢ =0. (6.2)
3¢ B dc?

Integrating (6.1) in ¢ three times, and requiring (6.2) at ¢ =0 and ¥, — 0 as { — oo, we
get the steady streaming at O (¢):

IZN S
u/lo = ? = B (le)kl lI/O/l + C.C.) = _E (Bakl F +c.c. ). (63)

Integrating (6.3) in ¢ once more, and using (4.25), we obtain

¢ aw! 1 ¢ a2y 1
v, = / —10qp7 = B, — d¢’' +cec.= Fi (B3 Uotl:=0 G +c.c.)

. 8{/ _E ~ 01 8§2
2 By 2 2 |Boi*
__21Bal by 2Bl a8 (6.4)
B tanh B tanh

where G is given by (4.26). Using (6.4), (6.3) becomes more explicitly

— oWl 2 |Byl? —<
M/IZMIIOZ 10:—| Oll e V2 cos g T .
a¢ B tanh « N/

This relatively strong streaming of O (¢) is caused by the oscillating BM, represented
by the right-hand side of (4.10). Following (6.5), u’l is directed from the base towards
the apex when —7t/4 < ¢/+/2— /4 <7/2, ie. 0<{ <3+/2m/4, and then turns back
towards the base before essentially vanishing for ¢ > 7+/27/4. As a side remark, in sound
waves over a flat wall, or water waves over a flat sea bed, the induced streaming is much
weaker (of order O (€2)) because the solid boundary is stationary (Longuet-Higgins 1953;
Batchelor 1967).

In view of (4.7h) and (6.4), the transverse viscous streaming is negligible at O (¢):

6.5)

— oY 0w/
wiy=w] =— a_xl = —ﬂ—axlo =0. (6.6)
At order O (¢), the oscillatory part ¥, of the boundary layer flow must satisfy
Gl ZON 20
i =0, ¢>0, 6.7)
act ac?
and the boundary condition on the BM
v, .
T —Uiilz=0 = —« Pi1l;=0 = —ikfrMo By at{ =0, (6.8)
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in view of (3.12) and (3.24), and vanishes at large ¢. Similar to lllél of (4.25), the solution
of ¥{, is

/ o / / e_\/jig
V(@) =Unlmo [ GG de =i Mo = (69)
11 z : «/?1
The corresponding axial velocity has amplitude
ow/ . =
=5t = ~Unl=o G@O)=—ixfr Mo B eV '¢. (6.10)

The transversal component Wl’ | has been found earlier, in (4.29).

6.2. Top wall boundary layer
Inside the top wall boundary layer, 0 < n < oo, the viscous part has no time average:

W, =0, u;=0, 0<n<oo, (6.11)

where 7 is defined in (4.31). The first harmonic solution is similar to (4.32),

o
¥ =—Ulil=1 / Gmhdy', 0<n<oo, (6.12)
n
and the corresponding velocity components are
/o alI/l/l _ ro_ /

The explicit expression for U1q|;=1 is not needed to obtain the 0 (€?) streaming, hence it
is omitted here.
We now turn to the Eulerian streaming at order O (€2).

7. Eulerian streaming at O (e?)
7.1. Streaming in the potential core
Recall from (3.6) that the O (¢2) part gives

B> Vi — € —V Vo=¢€"|up— +wo— | V¥o. (7.1)
ox 0z
In view of (3.7), we conclude that
9 2 . 2 25—
gv Yo=0, ie. VY =V-yy. (7.2)
Taking the period average of (3.6), we get, at O (%),
B2 ad 0 —
BV =t = 64(”08— + w08—> V2 =0. (73)
x Z

Let the solution be of the form
Uo(X, 2) =ao(X) +a1(X) z+ ax(X) 2+ az(X) 2. (7.4)

Four boundary conditions are needed to find ag, a1, az, as.
First, there is no normal flux on the top wall:

Waol.=1 =0. (7.5)
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Next, the flow cannot pass beyond the characteristic place where o = 1. Hence the total
mean flux at any x along the cochlea must vanish:

0= +eBY) o1 y=0 — (¥ +€BV¥) —2p, O<x<L. (7.6)

Using (3.9) and (4.5), and expanding v, at z = €2bg and Y, at & =ebo/B, we get the first
average above, i.e.

(W + €BY) 1 yo = € V2l:=1 = €Wyl .1, (7.7)

and the second average

o bo OV,
W+ eBY),_p=¢€ (wz +boalzo) +eB (ew{ +e§°ai§°) , (7.8)
z=0 =0

where errors of O (€?) are omitted. Substituting these results into (7.6), and using (7.5) and
(6.4), the second boundary condition for ¥¢ at z = 0 is found:

- _ WO _ * _ 2 2
Yol=0 = ¥2l:=0 = —| bo—— = —B§,Uot|;=0 + c.c.= ——Byi|*.  (7.9)
0z /), tanh
Two more boundary conditions for dW;(/dz are still needed.
Consider first the BM. Taking the time average of (4.16), we get

Mol —m Wleco— o2l 1,0 (7.10)
—_— =u =—u — bo— —— i
e T B0 | _,
From (7.23) that will be obtained later,
o 1 dG
7 _ :_3k|U01|§:0+E <BOIU11|Z =0 —— i C.c.)_ (7.11)

Using (4.6) and (6.9), the last term of (7.10) is
1 ouy

1, 3%y 1 dG
5 08{ {_OZE By, o2 +cc. | = ﬁ B()1U11|z 0d§ +cc. |, (7.12)

which cancels out the second term of (7.11). In view of (3.7) and (3.16), the second term
of u3|;—o in (7.10) becomes

dug dwg [! dwo 2
bop— = — wo dt’ =—K —|—— wo dt’ =2k |Wo1 |Z=0‘ (7.13)

9z |, 0x dt :

z=0 z=0
With these results, we find from (7.10) the third boundary condition at z = 0:
12N — 2 2 ( 3 ) 2

— =us|,—0 =3k |Upi|2_n — 26| Wo1l2_y = — 2k | |Bo1l*, 7.14
5z |, 2lz=0 |Uot 17— [Wotlz—o —— | Boi | (7.14)

which is directed towards the apex.
Since ujz|;=1 + u/zlnzo = 0 at the top wall, the fourth boundary condition for ¥y is, after
using (7.27) that will be obtained later,
0¥
0z

— 3k
— 2
=Un|;=1 = —U’ =3k |Uotl;=) = —
2ln=0 ¢ sinh?

| Boi |>. (7.15)
K

z=1
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Close to the oval window, « is small. This boundary velocity is approximately 3|Bo;|?/«,
equal to the leading term of (7.14) near the BM. Near the characteristic place where
o =1, « is large and (7.15) tends to vanish rapidly.

The solution of (7.4) satisfying all four boundary conditions (7.5), (7.9), (7.14) and (7.15)
is finally found:

2 3k
W0 = |Bor | [(223—322+1)—+(z3—2z2+z)( > —2/<)
tanh « tanh2 «

3k
3 2
+ (@ =z 716
( )Sinth] (716)

and

R11Z 12(z2 — z 3k
;= — =By |? ¥+(3z2—4z+1) 57— — 2
tanh « tanh” «

3
L322 ] a1
sinh” k

We define the Eulerian stream function and the longitudinal Eulerian current in the core
by ¥r and Uf, as follows:

2 Vg 2
Vg =e"¥(X,z2), Ug(X, z)=a—Z=e . (7.18)
The transverse component of the Eulerian current is of higher order:
We(X, 2) =€ w3, (7.19)
with
0¥y 3 ) d )
=——=—(2z27-3 1) — B
= =5x =) G5 | e B0
d 3k
3 2 2
—(z7—2z74+2) — —2k ) |B
(z Z+2) ax [(tanh2/< K) [ Boi | }
d 3k
- (37 -22 —[ B 2]. 7.20
( )dX Sinh2K| ol (7.:20)

Sample boundary values of u; at z=0 (BM) and z =1 (top) are plotted in figure 9.
In comparison, u; along the BM is of order O (0.01—0.1 w ms™ 1), much greater than that
along the top wall. Numerical results of « corresponding to the maximum u; in figure 9
are large: 8.70, 9.56, 10.52 for f =500, 1000, 2000 Hz, respectively, so that tanh x = 1
and «/ sinh? k ~ (. Thus the maximum Wy occurs close to z =1/3, where, from (7.17),
uy ~ k| Boi |2 (3z2 —4z+41) =0 and the maximum value of ¥ 4 1S approximately
4ic| Boy |2/217.

7.2. Viscous streaming in boundary layers
First, consider the BM boundary layer. The time average of (4.11) gives the governing
equation for ), = ¥, :

G2 RS dwo R 3y
act = (M0|z=0 + MO) W + <w1|z=0 +< e o + w1> e + w0|z=0F,
(7.21)
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Figure 9. Dimensional Eulerian streaming velocity Ur =c?Aw iz = *Aw (0¥20/0z) at the top (z =1) and
the lower (z = 0) core boundaries.

which represents the balance between time-averaged diffusion and transport of vorticity
Bzwé /9¢2. Similar to the Reynolds stress in turbulence, the first term on the right-hand
side represents axial convection, and the second and third terms represent transversal
convection 821&6/ 92 and azxp{ /3¢2 in the Stokes layer. Details for solving (7.21) are
given as (B7) and (B9) in Appendix B. The explicit results are

¢ 1
o = c|Uoi Py / K€ ds' + 2 (B Unleeo G0) +cc)

KlelZ/g N 2 2 N B
= K d¢’ — —«k|B Mo et/ sin —, 7.22
anh?e ) (¢") d¢ 5 | Boil” fF N (7.22)
— Y] 1 dG

u/zo:u/zz 850:K|UOI|§:0K(§)+E(BglU11|z:OE+C.C.>

k| Boi |* 2 ’ V. ( ¢ TE)

=— K + —«k|B Mo e /V2gin | = — = . (7.23

—— ) 5 |Botl” fF 53 (7.23)
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where Uqp|,—0 is given by (6.8), and

K(r)=e V28 4 e8/V2 [(—4 —V20)c0s == + (2= ~/2¢) sin i] (7.24)

V2 V2

is real. In particular, K increases from —3 at { =0 to a maximum 0.4805 at ¢ = 3.9409,

then deceases to zero as ¢ — co. Similarly, u_’2 vanishes beyond the boundary layer.
The viscous correction in the BM boundary layer is

_ _ 2B 2
Uy = ed (X, 0) + 20X, ¢) = e= PO —0/v2 (i _ E)

B tanh « J2 o4
x| Boi|? 2 ) A (é“ ﬂ)}
+ €2 K()+ —«|B Mo e $/V2gin | = — — , > 0.
[tanth (©) ﬁlfl otl” fF N ¢

(7.25)

For the top-wall boundary layer, we replace ¢ above by n defined in (4.26), and By by
zero in (7.23), to get

n K n
l1/2/()=—K|U01|§:1f Ko dn' = ——— |301|2/ K(n') dn', (7.26)
00 sinh” k 00
so that
—_ 0%y, 2 x| Bon |
g =ty = ——5 B =ty K(m) = 225 K ). (7127)

and the viscous correction in the top boundary layer is

— k| Bop |
Ué;:ezu/z(X, n) = e’ _| o1l
si

Note again that Uy, inside the BM boundary layer is dominated by ¢ Z and is greater than
Ug = O(€2) in the core and UjE n) = O (€?) in the top wall layer.
Inside the BM and top boundary layers, the corrections in transverse streaming are

ow! 3 (2|Bnl> _ V2 ¢

;3 10 3 ¢/V2 _
Wg=—¢ ,B—a =e’B 3 iﬂtanh/c e cos ﬁ} c=0(), (7.29)
Wi =0, n=0(1). (7.30)

7.3. Numerical results

Using (4.2), (6.4) and (7.16), the total dimensional stream function of Eulerian streaming
across the depth up to O (€?) is

(WE)oral = Awh[€* W (X, 2) + €2 ¥ (X, )]. (7.31)

Figure 10 shows (@E),oml of (7.31) for f =1000Hz. The mean eddies are localised
near the characteristic place. At the eddy centre, the peak stream function is dominated
by Awhe?Wy. For different f, the shapes of |Byi| and streaming velocity Ug = €2 >
at the edges of boundary layers are qualitatively similar, but the values of the stream
function are quite different: max(¥>o) = 0.08428, 0.02635, 0.00785 W ms~! mm for
f =500, 1000, 2000 Hz. The pattern is similar to figure 5(a) of Edom et al. (2014),
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Figure 10. Streamlines of total Eulerian drift (@E),Oml Awhe? (W (X, )+ B8 lIIIO(X £)) across the
cochlear duct, for f =1000Hz. The eddy centre is at x— 17.64 mm. Omitted are similar results for
f =500, 2000 Hz, where the maximum stream function max(lllzo) =0.08428, 0.00785 pm s ~1 mm occurs
at x = 21.66, 13.61 mm, respectively.

obtained by discrete computations with different BM properties. The numerical results
show that for higher frequencies, the eddy is closer to the stapes, in agreement with the
experimental observations of von Békésy (1960). This feature has been utilised in the
computational study of Sumner et al. (2021), who proposed that multi-frequency sound
can help drug delivery over a longer portions of the cochlea.

The streamlines are more crowded on the downstream side of the eddy. As shown in
figure 4(a), the peak of | By | drops to zero much more rapidly ahead of the peak locatlon
than behind it. Following (7.31), the stream function lI/E depends linearly on |B()1| thus
the streamlines between zero and maximum ahead of the peak location pass a much
narrower area than those behind it. R

Shown in figure 11 are the dimensional profiles of the core Eulerian current Ug =
AwUFE and the total Eulerian current (U);p;q1 = Aw (U + U1/5 (¢) +U’(n)) in the axial
direction at three different stations, X = 16.5, 17.5 and 18.0 mm. For f = 1000 Hz, the
Eulerian streaming is the strongest around X = 17.5 mm, approximately 0.25 mm upstream
of the point where u>|,— is at its peak, as shown in figure 9. Inside the BM boundary layer,
the mean axial Eulerian current is of O (¢), as shown by (7.25), but vanishes outside the
boundary layer. Inside the core and the top boundary layer, the axial current is weaker and
of O(e?). The profiles of (U E)total are similar to the numerical result of figure 5(b) by
Edom et al. (2014) based on different BM properties.

8. Stokes and Lagrangian drifts
8.1. Stokes drift

As is well known, the total Stokes drift in the entire cochlea can be derived from the
oscillatory currents according to

8.1)

o, w) [ o, w) [’
W) [ 2 [ gt
dx 0z

(Us, Ws)1ora1 = € {

where (u, v) include both the core and boundary layer parts.
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Figure 11. Dimensional core and total mean Eulerian axial velocities U, £ = AwUg (dashed line) and
(UE)iotal = Aw(Ug + U (£) + U (n)) (solid line), at three stations: (a) ¥=16.5, (b) ¥=17.5 and
(¢) X =18.0 mm, for f = 1000 Hz. The embedded plots are the magnified profiles of the BM boundary layer.

Consider first the transverse part Wy in the entire duct. Since (wé(;), w{)(n)) < wp, we
invoke irrotationality so that (8.1) becomes, up to O (€2),

d ! 9 ! 9 ! 9 !
(W)1otar = € %/ udt/—%/ wdt'} = —ke? 8—1;)/ udt’—a—b;f w dt’

1015 A15-25



https://doi.org/10.1017/jfm.2025.10343

https://doi.org/10.1017/jfm.2025.10343 Published online by Cambridge University Press

Y Liand C.C. Mei

=—K€2% (w/udt’ —u / wdﬂ) = 0(63). (8.2)

Next, consider the axial Stokes drift Ug in the inviscid core. The derivative du/dz is
of 0(€°) in the core, but of O(1 /€) inside the boundary layers. In the core, du/dz =
dup/dz + O(e) = dwp/dx + O (€) by irrotationality. Using (8.1), Us is found to be

8 t 8 t R -
Us(X,Z)z—K€2{§/ ugdﬂ+%/ LU()dl‘/}:KEz {u%+wé}

scosh 2k (1 — z)

=2ce’(|Uni|* + [Wor |*) = 2«€*| Bl | > (8.3)
sinh” x
In particular, at the lower and upper walls,
,cosh 2k 5 , 1
Us(X, 0) =2ke?| B . Us(X, 1) =2ke"| Bo| 3 (8.4)
sinh? k sinh” «
The corresponding stream function is
2, ,cosh 2k (1 —2)
Us(X,2) =Ws(X,z=0)+ [ 2«e’|Boi|"———5———dz
0 sinh” k&
sinh 2k — sinh 2k (1 — z
=Wg(X, z=0)+ €| By | . d-2 (8.5)

where Wg(X, z=0) is to be determined after solving the Stokes drift stream function
inside the boundary layer.

Furthermore, inside the BM boundary layer, the viscous correction to the core Stokes
drift is given by

ou [ ou [
Ué:&(%f udﬂ+£/ wdﬂ)—Ug(X,z:O). (8.6)

Substituting the following into (8.6),

u=uo|=0 + ug+ O(e), (8.7)
owg , )
w=wopl,=0 +€ | B — + wil;=0 + w; | + O(€”), (8.8)
9z z=0
du  dug du,
= — + 0(e), 8.9
ax dx z=0+ dx +0(€) (8.9)
0 10 0 1 ou/
u_ 1o (ﬂ +— >+0( ), (8.10)
3z ﬂe a9 0z |,—g B 3¢
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and using w(, = 0 of (4.7a), we get first

—0 + ug)

d(uol dug
Ug(X, ¢) =€ Zax

t
_ "ydy — 2 77Y
/ (uolz=0 + ug) € ax

t
/ ug|;=o dt’
z=0

1 ou), (! 1ouy, [!
+e2 -0 w()dt/+€2— 1/ wo dt’

Be 3¢ B 9t
1 dul, [! a
20 [ (ot w e 0| ar 8.11)
z=0

Replacing d/0x by —« (d/0t) for the first harmonic, the first line on the right-hand side
of (8.11) becomes

e ((olemo + ) — udlo=0) =k |1 = GO = 2) |Unt 2y, (8.12)

Since wql|,—o = dbg/0t, f " wo dr’ = by, the second line of the right-hand side of (8.11)
becomes
€ * 62 *
— — (B§Uoilz=0 G(¢) +c.c.) — 5 (B5i U l:=0 G(¢) +c.c.), (8.13)

B

after using (3.15), (4.6), (4.25) and (6.9), where G(¢) is given by (4.26). Notice that the
first term in (8.13) is of O(€), hence an order of magnitude greater than the core Stokes
drift of O (€?).

Using (3.20), (4.25), (4.29), (4.30) and dwo/dz = —(dup/dx), the third line of the
right-hand side (8.11) becomes

dG . 4 4 .
€2|:—U()1|Z=0 @« ei® +c.c.] / {U01|z=0 |:in G(¢)de — iK{i| el? —I—c.c.}
0

dGg* ¢
:K62|U01|§:0[ G (/ G(;’)dg/—;>+c.c.] (8.14)
d¢ \Jo

Summarising (8.12), (8.13) and (8.14), and using (6.3), (6.5) and (6.8), the viscous
correction for Stokes drift in the BM boundary layer is, up to O (€?),

, €[ . G
Us(X, )= _E By Uoi ;=0 — +c.c.

¢
_f<3*u oo2S 4 )+ 2| Uo Py H(C)
5 01 U11lz=0 T: c.c. €~k |Uoil;— e
_21Bal iy (L_E>
- 6/BtanhKe cos J2 4
2 N I S x| Boi |
—GZEIBmIZKfFMae §/¥2 gin (E—Z)HZ —— H(), (8.15)
where
2 dG* £ / /
HEO =211 =GP -2+ | fOG@)d@—; Fec
:2eﬁg—ef/ﬁ[(4—ﬁ§)cos%+(2—ﬁ§)sin%]. (8.16)
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Because of (8.2), the viscous correction for the stream function of Stokes drift depends
only on the O (¢) part of Ug:

d d 2 |Boi |2 { =
Ue(X,0)= | Ug(X, d:/ —¢/N2 STV a4 o
j0= [ Usx o oo{ e e eos (L= D) far 0@
2| B |? —t/V2 ¢ 3
—_— — + 0(€). 8.17
,Btanh/ce cosﬁ+ (€”) (8.17)
Outside of the BM boundary layer, the viscous correction vanishes.
Atz=¢=0,
’ 2 |BOI |2
0="Ys(X,z2=0)+ef¥(X,=0)=¥s(X,z=0) + , (8.18)
tanh «
which gives
2|B
Ws(X, 7 =0) = —¢ _2 2Bl (8.19)
tanh «

Substituting (8.19) into (8.5), the stream function of Stokes drift in the core is obtained:

5 2|Boil* ., , sinh 2« — sinh 2« (1 —z)
—— +¢€"|Bol 3
tanh k sinh” k
Finally, by setting By, to zero, replacing (Uo1, Wor);=0 by (Uo1, Wo1);=1, and replacing
¢ by nin (8.15), the axial Stokes drift in the top wall boundary layer is
0
)

smn~ K

Us(X, z) =—¢ (8.20)

H(n). (8.21)

Us(X, ) =€
Inside the top boundary layer, the stream function correction due to U (X, n) is of order
O(€3). Thus the total stream function for the Stokes drift is
(Fs)ioral = Awh [Fs(X, 2) + B W5(X, O)]

inh 2« — sinh 2k (1 — 2
= e?Awh | By | [sm - .sz =2 + (e_f/ﬁ cos £ 1)] )
sinh” k tanh k V2
(8.22)

The profiles of the core Stokes drift ﬁg:Aw Us and (ﬁg)mml =Aw(Us(X,2)+
Ug(X,¢)+ Ug(X, n)) are displayed in figure 12 at three different stations, X = 16.5,
17.5 and 18.0 mm. Note that the Stokes drift in the core is of O(e?), but its viscous
correction Ug = O(¢) inside the BM boundary layer is greater, as shown in (8.3) and
(8.15), respectively. Dominated by U g of O(e), the total Stokes drift (ﬁg)mml just above
the BM is directed towards the base, opposite the Eulerian current. This feature can also
be seen from (7.25) and (8.15), where the O(e) terms are the same in magnitude but
opposite in signs. Figure 13 shows the streamlines of W across the whole depth. The total
Stokes drift profile and streamline patterns in figures 12 and 13 are similar to figure 7 of
Edom e al. (2014).

8.2. Lagrangian drift

By definition, the Lagrangian drift of a fluid particle is the sum of the Eulerian and Stokes
drifts. Using (7.19), (7.29), (7.30) and (8.2), the transverse Lagrangian drift across the
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Figure 12. Dimensional core and total mean axial Stokes drift 175 = AwUyg (dashed line) and (ﬁs)mml =
Aw(Us(X, 2) + Uy(X, £) + Ug(X, 1)) (solid line) at three stations: (a) X = 16.5, (b) ¥ = 17.5 and (¢) ¥ = 18.0
mm, for f = 1000 Hz. The embedded plots are the magnified profiles of the BM boundary layer.

entire cochlear duct is weak:

(WD total = (WE)roral + (Ws)1ora1 = O(€2).

(8.23)

The total axial Lagrangian drift throughout the cochlear duct is the sum of parts from
the core and from the boundary layers: (UL )ora1 = UL (X, 2) + Ui (X,¢)+ Ui (X, n).
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Figure 13. Streamlines of the Stokes drift (@5),0,,11 of a across the cochlear duct, for f = 1000 Hz.

Inside the core, the axial Lagrangian drift is obtained by adding (7.18) and (8.3):

UL(X,z) =Ug + Us = (i3 + 2«|Ug1 |* 4 2| Wor |*)

12(z2 — 2) )

— 4+ (Bz"—4z+1 -2
Kk tanh « + Gz 2+l tanh?

3 h 2« (1 —

i +2cos K ( z)}’

nh” k sinh? k

=&’k | Bor |2 {

+ (327 = 22)— (8.24)
si
where u3 is given by (7.17). The values inside the two boundary layers are dominated by
those at the core edges:
5k |Boi |*
— 2 K| Bo |

UL(X, 0) =5k |Uni [}y =€, (8.25)
tanh” «

. 25K|BOI|2

UL(X, 1) =5 |Un |2 =€ (8.26)

. l
sinh? k

in view of (7.14) and (7.15).
It can be shown after some algebra that Up|,—o between X, and X, can be
approximated by

20
exp| — ———
Upl.—o ~ 52| Bo | ~ 5¢? | Boi (Xp)I? p< (X*_X))

Llz=0 o1 o XX
exp| — ————
do X, —X,)

\ax), T ® ox
(8.27)

Equation (8.27) is shown by circles in figure 14, and compares very well with numerical
evaluation of (8.25) (solid curves) for f =500, 1000, 2000 Hz.
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Figure 14. Lagrangian streaming Uy atZ =0 of (8.25), for f =500, 1000, 2000 Hz. Circles represent (8.27).

Moreover, within the BM boundary layer, the viscous correction is

/ / / 2 2 2 |BOI|2
Up=Up+Usg=¢€"k|Uoil;—o [K()+ H()] =€k —=—N(0), (8.28)
tanh” «
after using (7.25) and (8.15), where the profile function is
_ £
N =K@ +H(@)=3e V2 —8e Vi cos % (8.29)

which is plotted in figure 15. The total Lagrangian drift Uy 4+ U; > 0 grows from 0 at
the BM, up to its maximum 5.565€2K|U01|§=0 at ¢ & 3.257, and then drops slightly to

5¢2k|Uo |§:o at the outer edge.
Similar to (8.28), the longitudinal Lagrangian drift inside the top boundary layer is

2 k |301 |2
sinh? k
Since U; in both the BM and top boundary layers is of 0 (€?), the viscous correction

of Lagrangian drift in both boundary layers is of O(e?). Thus up to O(e?), the stream
function of Lagrangian drift over the whole depth is contributed from the core only, as is
clearly shown by the sum of the Eulerian streaming (Wg)orar 0f (7.31) and the Stokes drift
(¥s)iotal of (8.22):

P orat(X, 2) = (TE)roral + (¥s)roral
2 3k
=¢*|Boil? [(223—3Z2+1)—+(z3—212+z)( 5 —2/<>
tanh « tanh” k
3k sinh 2« — sinh 2« (1 — 2) 2 ]

sinh? « sinh? k tanh «

Up(X,n) =€k |Uni |2, N(n) =€ N(@. (8.30)

4 (@) (8.31)

where the O (¢) parts in (@E)toml and (Q/\S)m,al inside the BM boundary layer cancel out.

1015 A15-31


https://doi.org/10.1017/jfm.2025.10343

https://doi.org/10.1017/jfm.2025.10343 Published online by Cambridge University Press

Y Liand C.C. Mei

12 T T T T T T

10} .
8+ .
¢ 6f -
41 i
2L i
O Il
—6 1 2
N(©)
Figure 15. Lagrangian velocity profile N (¢) in the BM boundary layer. The maximum N, = 0.565 occurs
at ¢ =3.257.

The depth profiles of the dimensional Lagrangian drift U, L and (U L)tgtal are plotted
in figure 16. Within the BM boundary layer, the O(¢) parts of Uy U.. and Ug U'. cancel each

other, hence U i is of order O(e?), as that in the core. Figure 17 shows the Lagrangian
stream function over the whole depth given by (8.31). The total Lagrangian profiles and
flow pattern shown in these figures are similar to figure 6 of Edom et al. (2014).

Next we turn to the drug transport in the cochlea.

9. Drug delivery in the cochlea

Drug delivery to the inner ear can be achieved either by surgical intracochlear injection
through the oval and round windows, or by the non-invasive transtympanic method of first
flooding the middle ear with the drug, which is then allowed to leak across the windows
(Patel et al. 2019). Two different mathematical theories of drug transport have been
reported. In one, Sadreev et al. (2019) ignored wave-induced streaming and considered
only pure molecular diffusion in a calm perilymph. Longitudinal attenuation is affected
by an empirical term called ‘cleaning’. On the other hand, Sumner et al. (2021) proposed
multi-frequency sound to spread the drug widely along the cochlea, but ignored molecular
diffusion altogether. They focused solely on the wave streaming effect by solving the full
Navier—Stokes equations computationally for the Lagrangian drift of fluid particles, and
further accounted for particle collisions.

To assess the relative importance of these two mechanisms, let us consider both mass
diffusion and streaming at first.

From the measurements by di Cagno et al. (2018) of nine drugs, the range of mass
diffusivity in blood is D = (3—9) x 10~* mm? s~!, which is much smaller than the
momentum diffusivity of water-like perilymph with v = O (1) mm? s~!. In principle,
two sharply different boundary layers exist: the momentum layer of thickness O(8) =
O(/v/2n f), and the much thinner mass layer of thickness O(5.) = O(v/D/27f). In
Sadreev et al. (2019), the mass diffusivity D =9.59 x 10~* mm? s~! of salicylate was
used. Using D =103 mm? s~! and f = 1000 Hz for illustration, we get 8, = 0.39 um,
which is much thinner than the momentum boundary layer § = O (12.6 um).
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Figure 16. Dimensional core and total mean axial Lagrangian drift U 1 = AwU[, (dashed line) and (ﬁ Liotal =
Aw(Ur(X,2)+ U (X, )+ Uy (X, 1)) (solid line) at three stations: (a) X =16.5, (b)) X=17.5 and (c) X =
18.0 mm, for f = 1000 Hz. The embedded plots are the magnified profiles in the BM boundary layer.

In dimensional form, the drug concentration C(X,Z,7) in the inner ear (cochlear core
and boundary layers) is governed by the full equation

9¢ A3C+A8C D 82C+82C >0, 0<x<L, b<Z<h, (9.1
- U—r: W— = —= —= !, > U, <X <L, <z<n, .
a7 Yox Vs %2 | 92 ¢
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Figure 17. Lagrangian streaming (@L),MI of (8.31) across the cochlear duct, for f = 1000 Hz.
subjected to the no-flux conditions along the upper wall,
aC N
9z
and along the moving BM surface at 7 = 77\(3?, /t\)
9C  9baC ~
____=O’ A:bA,t 9.3
9z  9x ax e=bGx.1) ©-3)
In dimensionless terms, the governing equation is
9C 2 (€ 4 ,3C D a2c+azc ©04)
— 4 lu—+w— )= , .
at dx dz wh? \ 9x2 972
where
D v/w\ (D SN? 8\ 20 4
— (X)) (Z)=(= =) = . 9.5
e () (0)=(G) (3) = 09
Based on present estimates, we have
, A ) S¢
€=—<L1, —-=pe, —=ye, (B,y)=0(). 9.6)
h h )
The normalised boundary conditions are
aC ,0bdC ’
— —e"—— =0, =€e"b(x,t), 9.7
0z eaxax z=eblx 1) ©.7)
and
aC
— =0, z=1. 9.8)
0z

We assume also that C(x, z, 0) = 0 initially. Because the flow in both the upper and lower
cochlear ducts are mirror images of each other, it suffices to consider the transport in the

upper duct only.
1015 A15-34


https://doi.org/10.1017/jfm.2025.10343

https://doi.org/10.1017/jfm.2025.10343 Published online by Cambridge University Press

Journal of Fluid Mechanics

Let us consider an example of non-invasive delivery by first flooding the middle ear with
a drug of concentration C,, that is kept constant for finite duration 7':

~ N ’ ? T, o~
C(0,7%, z):{gm tﬂ;; 0<Z<l1. (9.9)

Beginning from 7 = 0, leakage through the oval window into the cochlear duct is allowed.
From 7 = T onwards, drug is no longer leaked from the middle ear. Sound of frequency
f is sent into the cochlear duct from 7 = T'. The drug begins to spread according to (9.4).
No leakage through the downstream end of the cochlear duct is allowed at any time:

oC ~
€ o z=L. >0 9.10)
0x

Let us switch to normalised equations and first show that the diffusive transports in both
momentum and mass diffusion boundary layers are much less important than those in the
inviscid core. Let the drug concentration be C in the core, C + C’ in the viscous layer
where the normalised depth is ¢, = (z — €2b) /e = O(1), and C + C’ + C” inside the still
thinner mass layer where the normalised depth is &, = (z — €2b) / e2=0().

Within ¢, = O(1) and €*r = O(1), we have u, w = O(e*). Then C”(x, &, €*1) is
governed to leading order by

0Ch 207G

aein P a2 ©-10)
subjected to the boundary conditions
| 96 0(e?) 0 and C{=0 > 1 (9.12)
Er— € , = an =V, , .
62 aé_m n 0 é'm

and the initial condition C”(x, &, 0) = 0. The solution is clearly C{(x, p, e*r) =0.
Consider next the momentum boundary layer within ¢,/e = O(1). Subtracting (9.4)
from (9.1), C’ is governed approximately with O (e3) error by

aC’
ot

aC 92¢C’
2uls — 2 2/82

, 9.13
0x v foes ( )

+ €2 |:(u+u/)8C/ v 8C/]

ox < oc,

after invoking w’' =0, w =¢€u and 9/9z = (1/¢€) (3/3¢y). Expanding C’, u, w in power
series of €, and using the fact that ug, u6 are simple harmonic in ¢, we find from the period
average of (9.13) that 8C6 /0t =0 at leading order, and

2
dC) L C)

2, _
3N =y e , €1t=0(0). 9.14)

In view of the boundary conditions that dC(/d¢, =0 at ¢, =0 and at ¢, > 1, and
the initial condition Cy(x, ¢, 0) =0, we also find Cj(x, ¢, €2¢) =0 in the momentum
boundary layer. Therefore, only the core concentration Cy(x, z, t) matters.
Expanding («, w) and C in power series of €, and denoting T = €*¢, (9.4) gives at O (?)
and O(e):
aCyp 0C;

= o =0, hence Co=Cy(x,z, 1), C;=0. (9.15)
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At order O (62), we obtain, after time integration,

' 3C : C
Cr=— / ugde' ) =2 — / odr’ ) =2 (9.16)
ox 82

The perturbation equation at O(e®) does not affect Co, hence is not needed. Finally, at
O(¢*), we have

aCy aC aC aC aC aC 92Cy  9%C
—0—0- 4I (Mo 2-1-142 O)+( 0—2+ 2—0>=)/2,32(—0+—0).

It ot dx dx 9z 9z x> 9z?
9.17)
Taking the period average of all terms above, and invoking w; = 0 by continuity,
3Co __3Co 3Cy 3Cy 5, (3°Co  3°Co
— 4 — tug— two—— = —+— ). 9.18
e L P PR W A O19

where u3 is given by (7.17). In view of (9.16), we have
aC, 3Cy /f 32Co /’ 32Co
— — = dt’ | — — dr’
o= + wo 9z (uo uo 92 wo [ wo 92
! ! 32C p) aC
— u()/ wodt/—i-w()/ ug dt’ 0 I/t()/ —dt/-i- 0/ w() =0
0x 82
"a aC
- (uo / 0 g 4 / > 0, (9.19)
0x

Using the identity a [bdi’+b [adi’=(3/3t)([adt’ [bdt')=0, continuity and
irrotationality at the leading order, and the relations 9 (ug, wo)/dx = —« (9 (1o, wo)/0t),
all but the last line on the right-hand side of (9.19) vanishes, so that (9.19) reduces to

0C> 0C, dup /t oup /t 2Cy
2w =2 dr + 20 dar | &2
1o 0x +wo 9z (Bx o+ 0z wo 0x
dug (! dwg [! 9Co
— [ 20 dr + 220 dr ) &0
K(at/”(’ +az/w° ax

— (2 +wd) = (9.20)

where Ug is the the Stokes drift in the core given by (8.3).
Substituting (9.20) into (9.18), the core concentration Cy is governed by

3Co ([ Us\3Co 5 ,(3*Co 93*Co
o) =0 -+ —. 9.21
o <u2+ 62) ax 7 P a2 T 972 ©21)
Using (7.18) and (8.24), (9.21) becomes
dCo dCo 32Cy  9°Cy
2 2,272 _
€ ¥+UL8——E V4 ,8 (3x2 W s WhereUL—UE+US, (922)
or in dimensional form,
3Co 32Cy  9°C
U, =D|—+—), 9.23
o T L(x, A) (8352 toz (9.23)
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where U, = AwUy is the Lagrangian drift velocity in the core.

It may be recalled that in past transport theories on convective diffusion of pollutant in
long waves in pipes or channels (Taylor 1953; Aris 1960), and of drugs in blood flowing
in an artery (Wang & Tarbell 1992), the wave frequency is sufficiently low such that the
wavelength is much longer than the channel depth or artery radius. Convection is limited
to Eulerian streaming U = €2 u3, but diffusion is augmented by Taylor dispersion. In the
present problem, the frequency is, however, high enough so that the sound wavelength is
comparable to the cochlear depth, resulting in the addition of Stokes drift with no change
in effective diffusivity.

Let us consider non-invasive delivery. A drug of concentration C,, is initially filled in
the middle ear, and is allowed to seep through the oval window at x = 0 into the inner ear
(cochlea) for a finite duration 7':

Co(0,Z2,1)=C,, =constant, O0<7<T, x=0, 0<Z<h. (9.24)
Initially, C is zero everywhere in the cochlea:
Co=0, 7=0, 0<X<L, 0<Z<h. (9.25)
Atall 7 > 0, there is no leakage at the apex,
% =0, x=1L, (9.26)
and along the BM and the top cochlear wall,
88—2\0 =0, z=0,=+h. (9.27)
Let the solution of (9.23) be the sum of two parts,
Co=CpE. 1)+ CE.2.7), (9.28)

where Cp is a consequence of simple diffusion without sound, and C accounts for the
additional effect of convective diffusion by sound.
Here, Cp is readily found by separation of variables or Laplace transform:

o g () - 1\ 2 ]? ~
Y o sin ~—+ exp | — Dt [(n-i—Q) Z] -1, <T,

(n+%)rr
Cp
— = 1\ -
o +3 P 2 (9.29)
Cn |3ty 2 gin (727 [exp (~07[(n+3) 7])
(nt7)m

_exp(—DG— T) [<n+%) %]2)], T>T.

Figure 18 shows (9.29) at different times. The drug is first injected from middle ear for
T =2h (figure 18a) and T =4h (figure 18b), and then released for natural diffusion,
as indicated by the jump of Cp at x =0 between r =1.99, 3.99 h and r =2.01, 4.01 h,
respectively. -

Substituting (9.28) into (9.23), C is governed by the forced convective diffusion equation

aC ~ aC 32C  9*C . aCp  ~ R
— U—A— - —_— :_U = t 07 EO9L$ eoah$
T (ax2+a?2) oz (o0l L) ze(0. ]
(9.30)
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Figure 18. Pure diffusion in the cochlea according to (9.29). Drug of concentration C,, first enters from
middle ear for (a) T =2h, (b) T =4 h, and is then released.

and satisfies the boundary conditions

and

as well as the initial condition

C=0, 7>0, x=0,
aC - R
— =0, >0, x=L,
ax

C(x,2,7=0)=0, x€l0, L]

(9.31)

(9.32)

(9.33)

The initial boundary value problem (9.30)—(9.33) defined in X € [0, L] can be solved
numerically by applying the spectral method (Trefethen 2000) for x derivatives, and
finite differences for 7 derivatives. However, the effort shows that molecular diffusion far
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Figure 19. Spreading of drug of initial concentration Cy, removed 2 h after release from middle ear:
(@) concentration Cp by pure diffusion alone without sound. Sound-induced C at 7= 0 for sound pressure
level 76 dB for frequencies (b) f =500 Hz, (¢) 1000 Hz and (d) 2000 Hz.

outweighs advective transport by wave-induced streaming, as illustrated in the following
numerical examples for sound frequencies f =500, 1000, 2000 Hz and pressure level
76 dB (typical of a noisy restaurant or city traffic). Drug of concentration C,, is first
released from the middle ear into the cochlea for the finite duration 7 =2h. Sound is
turned on for 7 > T. Figure 19 compares the drug concentration first by pure diffusion
Cp(x, t), and then the concentration C by sound-induced streaming for three frequencies,
f =500, 1000, 2000 Hz. It is seen that C/C,, is not only quite negligible compared to
Cp/Cy,butalso highly localised within a small neighbourhood of the characteristic place,
which shifts farther downstream for lower frequencies.

As shown in figure 19(b), the growth of C slows down as 7 becomes larger, and diffusion
must be comparable to forcing Uy, 0Cp/9dx around the peak. Thus

¢ _pcr c C (9.34)
—, or ~ ——Cp. .
L DL P
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Using D =~ 1073 mm? s~ !, L = 35 mm, we find

al -3 12
i ~ M 1— ~0.01 for sound pressure level 76 dB. (9.35)
Cp 103 35
It is clear that molecular diffusion far dominates the drug transport everywhere in the
cochlea, as assumed by Sadreev et al. (2019), while sound-induced streaming considered
by Sumner et al. (2021) provides only insignificant enhancement near the characteristic
place (resonance point) and is negligible elsewhere.

10. Concluding remarks

Based on the model assumption that the basilar membrane (BM) has weak internal friction,
an approximate theory is developed for sound-induced vibration and steady streaming
in the cochlear duct. We have shown that the model of Allen (1977) for small friction
inside the BM not only simplifies analytical derivations, but also yields results that are
qualitatively consistent with other linearised theories based on different model parameters,
as well as the nonlinear numerical computations of Edom et al. (2014). The analytical
theory is further applied to examine drug transport for medical treatment of the inner ear.
By assuming the drug to be a diffusive solvent, it is found that due to the comparable
magnitude of wavelength and duct depth, molecular diffusion in the core of the cochlea is
the dominant agent of drug transport, as assumed by Sadreev et al. (2019), unlike the focus
on wave-induced streaming alone by Sumner et al. (2021). This diffusion mechanism is
also very different from Taylor’s dispersion, which governs the spreading of pollutants in
rivers invaded by tides.

In reality, the internal geometry of the inner ear is three-dimensional. The lateral width
of the BM is smaller than the cochlear diameter and varies slowly along the cochlear axis
(see figure 1 in Lesser & Berkley 1972). Application of the slender-body approximation to
the full Navier—Stokes equations would require a three-dimensional theory. However, the
required effort is likely much more involved and is worthwhile if new physical features are
revealed by more detailed experiments.

Declaration of interests. The authors report no conflict of interest.

Appendix A. Spatial decay of wave energy
First we rewrite the dispersion relation (3.26) in dimensional form:

M 1+92 = 2 (A1)
@? ) khtanhkh’

where §2 = /K /m = wo . Differentiating both sides of (A1) with respect to k,

QMR 0w 2 I kh (A2)
> 9k k*h \tanhkh = sinh®kh /)’
gives the group velocity, in dimensionless form,
Cg:LAg:LB_a): 1 3 1 K _ 2 2/<—|—sinh2/c‘ (A3)
wh wh 0k 2Mo? k2 \tanhk  sinh? x Mo? 4k2 sinh? k
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Replacing (2« + sinh 2«) /(4k? sinh? ) by Mo2C ¢/2 and rearranging (5.7), we get

2(fr +2e7 4 fy)
B 0Cq

d
e (2Mo?B3 Cy) = (2Mo? B3, Cy). (Ad)

i®p,

Substitution of By; = |Boi]| e into (A4) gives

d 2 2 2i® . dOp 2 2 2i®
[&(ZMG | Boi | Cg)]e1 Bor 4 2i WM(ZMG |Boi]* C,)e™Pon

2 2 —in/4 L
__ (fF'i‘f; fV) (2M(72|301|2 Cg)e210301' (AS)
olyg

Eliminating %81 from both sides, and equating the real and imaginary parts separately,
we get

d 2(fF + fv) 2 2

—(2Mo?|By |2 C,) = -2 (2Mo? |By > C A6

dX( o” |Boi|” Cy) oC, (2Mo” | Boi|” Cy), (A6)
dep, _ fv (A7)
dXx an'

The result (A6) extends existing theories by including viscous dissipation in the boundary
layer fy in addition to the internal membrane friction fr. From (A7), the phase change in
By is caused solely by the boundary layer dissipation.

Physically, the term 2M o | By |2 represents the total wave energy E(X), i.e. the sum of
the kinetic energy of both the fluid and the vibrating BM, and the potential energy due to
BM displacement:

! 1 (9b\* 1
E(X):/ (i +wl)dz+-M | —) +=Mo2b?
0 27 \ar 2

2 2 2 2 2
= anhx |Boi|” + M |Boi |~ + Mo~ | Boi |7, (A8)

where the first term represents the average kinetic energy of perilymph both above and
below the BM. Using the dispersion relation (3.26), (A8) becomes

E(X)==[M(=1+0°) + M + Mo?]|Bo|> =2Mo? | By > (A9)
Finally, (A6) is a simple statement of energy flux:
d (C,E) = Ceb (A10)
dx 577 e

where

Lo 1 2ff 1 2fy
(X)) X)X LX) oG y(X) oGy

(A1)

represent the decay lengths of total energy, BM friction and viscous dissipation,
respectively. Here, £(X) is longer for lower BM damping (fr) or weaker viscous
dissipation in boundary layers ( fy). Numerically, the behaviours of £y (X) and £y (X)
are similar to £(X) as shown in figure 7.
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Integration of (A10) gives
C,E Xodx’
———— —exp | — — - (A12)
(CgE)x=0 o (X))

Appendix B. Detailed derivation of ¥,

We first simplify the time average of the right-hand side of (4.11). Following (3.20), (4.25),
(4.29) and (4.30), and using dwg/dz = —dug/dx, the first line of the right-hand side of
(4.11) becomes

33y, owo
(u0|z=0 + ”6) 0 (;

. wilz=0 + wi) 2

9x 32 9z |, B g3
=ik|Unl’y | (1 = G) dG*+/{ [1-G(h]d &6 +cc
=1K|U011,—0 d§ 0 { I d§2 .C.
. , d [dG* /C i ]
—1K|U()1|Z:0d{ [ ), [1-G(H]dt [ +cec. (B1)

Using (3.16), (4.7a) and (6.9), the second line of the right-hand side of (4.11) is

1 8by 33y . B d’G
-z =—i 2 Ul,e0 — +c.c. B2
B o1 003 1 11lz=0 a2 +cc (B2)

Therefore, (4.11) becomes

'ty d [dG* [¢ B d’G
20 ) 2 / / 701
ot _{mlUmIZZOE[dg /0 [1-G(« )]d§i|—1—13 U11|z=0—d§2}+c-c-
(B3)
Since 83W2/0/8§3 vanishes as ¢ — oo, integration of (B3) in [{, oo] gives
GAUZ , 3G* ¢ Bj dG
= 1k |Up |>Z 1-G(H]de' —i =2 Uy m0 — c (B4
e {IKI o1l7—o T /0 [ (¢h]d¢" —i 5 11]z=0 ac +cc. (B4

One more integration of (B4) over [¢, co] under the condition (8211/2/0 / 8{2)| =000
gives

3w B*
T = {iKIUmI?:o J (@) =i =% Unle=o G(;)} +cc., (BS)
where
¢ faG* (¢ 1 .
J@):/OO (3_5//0 [1-G6@M] dé”) dg' = 7 {ie‘ﬁf +(W2¢ —2i)e—~ﬁ<}.
(B6)

Since u_/2 = 0W,,/0¢ must vanish as ¢ — oo and —iG = d?>G /d¢?, one more integration
of (BS) yields

— AWy, [P, 5 1 dG
uy = a = /oo W d¢" =« |Uol;—g K() + 5 (B(fl Ui l;=o @ +c.c.) , (B7)
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where K (¢) is a real function given by

¢
K@) = i/ J(&Hd¢ +cc.

o]

—j [_%eﬁt +i(1++i0) e~ Vit +\/ie“ﬁ§:| +c.c.

—e V2 4 t/V2 [(—4 —V2¢) cos % +(2—2¢)sin %] - (BY)

Integrating (B7) once more in ¢, we get
/ 2 ¢ / / 1 *
Vi =xlUoilg | K(©)de'+ 2 (B Unl=o G©) +ce). (B9)
o
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