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TESTING FOR EMBEDDABILITY BY
STATIONARY REVERSIBLE
CONTINUOUS-TIME MARKQOV
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Given an observation of a discrete-time procgés = 0...n} assumed to be Mar-

kov, stationaryand time reversiblenve develop dconservativetest procedure of
embeddability by a continuous-time reversible Markov procelss test statistic is
derived from a set of moment inequality restrictions implied by the spectral prop-
erties of such continuous-time procesdéest interesting is that the embeddability
condition of interest is a direct extension of the well-known embeddability problem
by a two-state Markov chaifempirical experiments show that the embeddability
hypothesis is rejected more frequently for exchange rate daily data than for stock
indices data

1. INTRODUCTION

Continuous-time models are extensively used in finance theory and in labor mar-
ket analysisComputations with continuous-time models are often easier than in
the discrete framework he treatment of data observed at different frequencies
may be done unambiguousBnd a continuous-time model is a better represen-
tation of a structural phenomenon because its structure does not depend on a
specific observation ruléTherefore faced with a sequendey,, ..., Y:,,) of ob-
servations of a real variable measured at discrete ttgyes, t,,, an econometri-
cian will frequently specify a latent continuous-time procgsshose realizations
at timet,, ..., t, are assumed to be the observed data

There is in general an infinite family of continuous-time models such that the
probability distribution ofY;, i = 1,2,...,n, coincides with the data-generating
processand the set of latent continuous-time candidates is usually restricted to
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aclass characterized by some properiiée main example is given by the Markov
processesf the discrete-time observations are generated by a Markov process
the underlying continuous-time model will be constrained to satisfy the Markov
property More properties may be required for the latent progcsssh as conti-
nuity or regularity of the sample pathsomogeneity or stationaritgnd so on

Given this set of limitations two questions arise naturake existence of the
procesqgY;} satisfying the hypothesis and the unicity of such a continuous-time
processThe first question is called the embeddability problem and the second
one the aliasing probler large literature exists on embeddability in the case of
finite state space Markov processes and a presentation of this particular question
was given by GewekeéMarshall and Zarkin(1986. The embeddability problem
of discrete-time ARMA models by continuous-time ARMA processes was ad-
dressed by Chan and To(itp87 and He and Wan(1989. The aliasing property
will not be discussed in this papewxe refer the interested reader to Bergstrom
(1984.

The paper is concerned with the embeddability of discrete-time real observa-
tions by a stationary reversible continuous-time Markov prac&ssmportant
example of such continuous-time processes is provided by the class of stationary
scalar diffusions characterized by the stochastic differential equation

d¥ = u(Y) dt+ o (V) dW, 1)

where{W,,t = 0} is a scalar Brownian motion andandc are two real-valued
functions called the drift and the diffusion coefficietnder minor regularity
conditions stationary scalar diffusions are also time reversible in the following
sensefor anys < t, the distribution ofY; given Y = y coincides with that of;
givenY, =y.

Afirst necessary condition of embeddability follows from the observation that
if the underlying process is stationary continuous-time Markov protiess the
discrete-time data are necessarily generated by a stationary Markov piocess
this paper we assume this first embeddability condition satisfied we focus on
restrictions implied by the reversibility of the process

To illustrate the kind of restrictions that will be imposed by the embeddability
we first consider in Section 2 two examplélse embeddability of a finite state
space Markov process and the embeddability of an autoregressive Gaussian pro-
cess by an Ornstein—Uhlenbeck diffusion modgction 3 briefly recalls the
main tools convenient to relate the discrete-time process to the underlying re-
versible Markov continuous-time proceffsuch existsThese toolsessentially
based on the semigroup of conditional expectation operators and the infinitesimal
generator of the continuous-time Markov progesfow us to derive a set of
restrictions on the first-order autocorrelations of the pro¢geses Hanson and
Scheinkman1995. These restrictions are testable and should be tested before
using the discrete-time observation to estimate the characteristics of the under-
lying continuous-time procesthe trend and the diffusion coefficients in the case
of scalar diffusions
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Section 4 presents the test of embeddability we propose and its main proper-
ties Section 5 is devoted to a further analysis of the implicit null hypothesis of
our test through two interesting examples and provides further restrictions to be
tested for the embeddability by stationary scalar diffusions

Finally Section 6 presents some empirical resiithereas the embeddability
hypothesis is not rejected for stock index daily déteurns out to be rejected for
many exchange rates’ daily daféis is consistent with a fairly well-documented
observation thatalthough one may sometimes accept that stock price indices
follow univariate diffusion processes whose volatility depends only on time and
the concurrent value of the procesach an assumption is much more heroic for
exchange ratésecause extremely high values of kurtosis coefficients lead one
to introduce hidden Markov procesgssochastic volatility processg® capture
this evidence of mixture of distribution©f course observable time series of
exchange rates with hidden Markov stochastic volatility are no longer Markov
but it appears that testing for embeddabilityithout directly questioning Mar-
kovianity) is a powerful trick to reject the univariate diffusion hypothesis

2. TWO INTRODUCTORY EXAMPLES
2.1. The Finite State Space Markov Processes

The observationg,, ..., Y; are assumed to be valued in a finite state sjiaee
{1,...,K}, and we suppose for simplicity thiat- t;_, is constant and equal to 1 by
convention Then we drop the indekand the data are denoted by the sequence
Yo, .., Yn. The data-generating process is a homogeneous Markov model charac-
terized by the transition matrix

T = (Ti(j,weexe Tk =P, =K[Y_1=])) 2

and by the initial distributiolQ = (Q;);ce. The process is assumed to be station-
ary, andQ satisfies the conditio®’'T = Q’, whereQ'’ is the transpose matrix €J.
The elements of (andQ) may be consistently estimated from the datied the
asymptotic distributions of these estimators are well knésee e.g., Billings-
ley, 1961). Then one can assume thiaandQ are known from the sample

The embeddability problem raises the question of the existence of a standard
Markov stationary continuous-time process whose discrete-time observations are
generated by the previous Markov chairhomogeneous continuous-time Mar-
kov process is characterized by the transition probabilities

T(t) = (Tj(t) (), weexe Ti(t) = P(Yeuu = KIY, =)
and the stationary marginal distribution must vei@yT (t) = Q' for anyt. The
matricesT (t) satisfy in particular the relatioRy = T, T, if s+ u=t. We restrict our

attention to standard Markov processes or equivalently to strongly continuous
matricesT, satisfying
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0 ifk+j

1 ifk=j )

lim Ti(t) = {
This property implies that the sample paths are right continuous

The discrete-time process is characterized by the transitiand the embed-
ding question is then the followings it possible to construct a family(t) strongly
continuous such thak = T(1)? Intuitively this question is tantamount to the
“divisibility” of Tinto T(a)andT(1— «) suchthafl = T(a)T(1— a) fora €
(0,2).

The solution of this problem requires the definition of the ma#riof intensi-
ties This matrix is defined by

1 L
Ay = lt'?(]) 1 Ti(t) if j#Kk,

k=]

It turns out thaisee Cox and Miller1965

A't'
r!

T(t) = expAt= io . (6)

Then the embeddability issue reduces to the existence of a matiith positive
elementgexcept on the diagonal that is defined (4y) solution of the equation
T = expA. (7)

If Ais computed from7), the family T(t) may be deduced fror®6).
The cas& = 2 can be easily treatddeg e.g., Fougére and Kamionkd992.
Let

T= Tll 1- Tll and A= _A12 A12 (8)
1- T22 T22 A21 _AZl '

The marginal probability is defined by

1 - T22 l - Tll
1-T)+A-Tp) A-Ty)+1A-Ty) )
The joint distribution of(Y;, Y, 1) is then symmetricTherefore time reversibility
is fulfilled in discrete timeThe matrixA has two eigenvalues 0 ard A, + A1)
and can be represented in the fofm= DAD’ whereA is the diagonal matrix of

eigenvalues an® an orthonormal matrix of eigenvectofsrom (6), it follows
that

1 0
T(t):D 0 e*(AlszAm)t D (9)
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The eigenvalues oF (t) are 1 ance™A2™*20t € (0,1), and the eigenvectors of
T(t) are identical to those @A.

The eigenvalues of are 1 and T, + T,,) — 1, and the equatio = expA
admits a solution if and only if

Ti1+ T, —1>0. (10)
An elementary computation shows ttia0) is equivalent to
Ele(V)e(Yi11)] >0 foranye:E—R. (11)

This expectation does not dependiand involves the joint distribution of two
successive elements

The problem is considerably more complicate&ifs greater than 2 because
the eigenvalues of andA are not necessarily redlo the best of our knowledge
general necessary and sufficient conditions for embeddability are not fully avail-
able in the literaturésome conditions are given by Geweke e} 5986).

2.2. The Gaussian AR(1) Process

We stillassume that the observation times satisft;_, =1 and that the discrete-
time sampl€yo, ..., Y,) is Markovian homogeneous with state space equil to
The transition probability is Gaussian and satisfies

Y [ Y_1=y~N(py,7?>) [p/<L1 (12)

The stationary marginal probability distributi@pis normal with zero mean
and variance equal t6%/(1 — p?). The parameters? andp may be estimated
from the samplgand they are now assumed to be known

The purpose is now the search for a continuous-time diffusion process that
generates a data-generating process on discrete-time observations satlslying
It is well known that the Ornstein—Uhlenbeck process is the only diffusion with
Gaussian stationary distribution satisfying the condit,|Y,_, = y) = py (see
Appendix O, and we therefore restrict our attention to continuous-time pro-
cesse®; such that

dy = —kY, dt+ o dW (k> 0,0 >0). (13)
By a simple integration we get
2

-y ey T Aok
Yol Ye1=Yy N<e y,2k[1 e ]>-

The model12) is then compatible witli13) if and only if p is positive(seg e.qg.,
Chan and Tong1987. If it is the case the knowledge ¢f and 72 uniquely
determines the knowledge kfando.
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Finally let us remark that the conditign> 0 is equivalent to the condition
Ele(Y)e(Yii1) >0 (14)

for any nonzer@ square integrable with respect to the marginal distribufitre
expectation ir{14) is taken over the joint distribution @¥;,Y; 1), which does not
depend on. Although (14) seems to be an elementary property of the bivariate
normal distributionit is not so easy to chedkee Appendix A for a direct proof
Neverthelesst can be easily understood thanks to the Hilbert basis of Hermite
polynomials through the following arguments

(i) Let{g,] € N} bethe Hermite polynomialsee Appendix Brelative to the\/(0- 72/
1 — p?) probability They define an orthonormal basis bt(Q)-(E(gje,) = O if
j # € andE(e?) = 1). Then it is easily checked that

E(g;(Y:0) [Yi=y) = Pjsj(Y),

i.e, theg's are the eigenvectors corresponding to eigenvalues equaldbthe
operator

e~ E(e(Yi) | Yi=y) (15)

(i) Fore =g, (14) isimmediatefor a general element of L2(Q), the result follows
from its decomposition on the badis;, | € N}.

As we shall show in the following sectipificondition (14) is violated then the
discrete-time AR1) Gaussian process is not embeddable by any stationary re-
versible continuous-time Markov process

3. ANECESSARY CONDITION OF EMBEDDABILITY BY STATIONARY
REVERSIBLE MARKOV PROCESSES

In this section{Y;, t = 0} is ann-dimensional stationary reversible continuous-
time Markov process on a probability spat@, 7, P). Let Q be the proba-
bility measure induced oRR" by Y, and L?(Q) the Hilbert space of
(equivalence classes pmeasurable complex-valued functiodndefined onR"
for which [zn|f(y)|2dQ(y) < oo. The scalar product om?(Q) is (f,g) =
[rnT(y)a(y) dQ(y), wheref(y) is the natural conjugate d{y).

For anyt = 0, the conditional expectation operatfrdefined by

Tie(y) = E[e(Y) [ Yo=Y], ¢ €LXQ) (16)

mapsL2(Q) into itself. It is then well known thaf{7;, t = 0} is a semigroup of unit
norm linear operators that we assume to be strongly continueys;¢ — ¢ (in
L2(Q)) ast goes to zero for any € L2(Q)).

Under the strong continuity conditiopthe semigroup is differentiable at zero
for some functions in?(Q). Preciselyfor ¢ € L2(Q), the so-called infinitesimal
generatorA is such thatde is defined as the limit in the sense b#(Q) of
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(1/t)[T;¢ — ¢] ast 4 0, whenever this limit existsThe domainD(.A) of this
generator is the family of functions € L2(Q) for which A¢ is well defined
Under the strong continuity conditipiis then well known thab (.A) is dense in
L2(Q) and.A is a closed operator drf(Q) (see Pazyl983 Corollary 25, p. 5).

The reversibility of the continuous-time proceds,t = 0} implies that the
conditional expectation operator is self-adjoiné., for anyt = 0, (7, ¢, ) =
(o, Ty for all ¢, € L2(Q). This proves that the infinitesimal generatdris
self-adjoint a crucial property for our set of moments restrictioNstice thaf
for scalar diffusiongtime reversibility is almost implied by stationarityee Sec-
tion 5.2 for more details

Before presenting the basic result for our testing proceduedirst recall the
definition of the spectrum of a linear operatéior somex € C, consider the
linear operatonZ — A, whereT is the identity operator df?(Q). The termA is
said to belong to theesolvent setf A if (i) AZ — A is one-to-ong(ii) the range
of AT — Ais L?(Q), and(iii) (AZ — A)~1is a bounded linear operator &A(Q).
The spectrum ofd is the set of thosg € C that do not belong to the resolvent set
and will be denoted by Sp4) in the sequel

Closed self-adjoint operators have closed real spectsem\Weidmanr198Q
Theorem 514, p. 98 and Theorem 23, p. 108. Moreover becausel is the
infinitesimal generator of a contraction semigrobyp the Hille—Yosida theorem
(see Pazyl983 Theorem 3L, p. 8), we have

Sp(.A) is a closed subset ¢f-00,0]. a7

Notice that zero is always an eigenvalue associated with the constant eigenvector
We first derive the basic moments conditions for our testing procedure by a

heuristic argumentAs defined the infinitesimal generator is the derivative at

zero of the associated semigroup of linear operators in the sengé@y. This

suggests thal; can be obtained from the infinitesimal generator by @xXp as

in the Markov chain cas@). However becaused is an unbounded operatohe

last expression can not be defined in the usual. Whg correct link between the

semigroup and its associated infinitesimal generator is established through

the well-known exponential formula

t —n
Tio = lim (I— —.A> [

n—oo n

(see Pazy1983 Theorem &3, p. 33). Such an exponential formula suggests that
the spectrum of; is obtained by exponentiating the spectrunti.df and there-
fore we expect to have $@;,) C [0,1] for all t = 0, as a consequence ¢f7).
Therefore

(o, Tip) =0 foranyt=0, ¢ € L?(Q) (18)
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(for the equivalence between &p) C [0,1] and (18), see Weidmann198Q
Proposition(3), p. 197). Fort = 1 the last property can be written for real-valued
functions

Ele(M)e (Y1)l =0 fort=0, ¢ € LX(Q). (19)

The last derivation of the moments conditid8) fails to be rigorous because
we do not have S¥;) C [0,1] as a consequence (f7) together with the ap-
proximate exponential formuldéndeed the spectrum of a linear operator can be
decomposed in three nonintersecting parke point spectrura,(A) is the set of
eigenvalues ofd, i.e., A € g,(A) if Al — Ais not one-to-ongAn element of the
spectrumi is said to be in the continuous spectrugi.A) if Al — A is one-to-ong
butits range is a proper subset3fQ) dense ir.2(Q). Finally, an element of the
spectrumi is said to be in the residual spectrum( A) if Al — A is one-to-one
and its range is not denselif(Q).

Bounded self-adjoint operators have no residual spectamth thens, (7;) is
void (see Dunford and SchwartZ963 Lemma 3 p. 904). Furthermorethe point
spectra of4 and7; for all t > O are related by

el C g, (T;) C et U {0} (20)

(see Pazyl983 Theorem 24, p. 46). However concerning the continuous spec-
trum, we only have

e C ay(T),

and the converse does not hdkke Pazyl1983 Theorem 26, p. 47). We are
nevertheless able to prove the following theorem

THEOREM Let(Y;) be a uniariate continuoudime timereversible station
ary Marka processThen the discretéime(Y;) process is time neersiblg sta-
tionary, Markavian and satisfies

Ele(Y)e(Y,. )] =0 Op € L*Q).
Proof See Appendix D

Hence the well-known embeddability condition in the two-state Markov chain
framework(reviewed in Section.2) holds for stationary reversible continuous-
time Markov processe$iowever in contrast with the two-state Markov chain
caseitis only a necessary condition of embeddabilisge Section 5 for further
discussion of this issue

Obviously the first-order autoregressive process with negative autoregressive
coefficient considered in Section2does not satisfy relatiail9) (¢ (x) = xisin
L2(Q) and violates conditiori19)) and therefore can not be embedded by any
stationary reversible continuous-time Markov proc#&gkereas this example is
very simple to solvein general it is not so easy to find a(Q) function that
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violates condition(19). In the remainder of this papewre exploit(19) to con-
struct a(conservativetest of embeddability of an observed discrete-time process
by a stationary reversible continuous-time Markov process

4. A CONSERVATIVE TEST OF EMBEDDABILITY BY STATIONARY
REVERSIBLE CONTINUOUS-TIME MARKOV PROCESSES

4.1. The Null Hypothesis

As announced in the introductipwe assume in this section that the observation
of the discrete-time proce¥si =0,1,2,...,nallows the statistician to check that
it is stationaryMarkovian and time reversibldn particular we denote byQ the
common probability distribution of eact) that can be estimated from discrete-
time observations

Thereforg we assume in the sequel th@tis given and then.2(Q) is well
defined The null hypothesis of interest is the infinite $&fof moment inequality
restrictions

Ho: e € L2(Q) E[e(Y)e(Y41)] = 0. (21)

Because ?(Q) is a separable Hilbert spadeadmits a countable Hilbert basis
{¢;,] = 0}. Moreover L?(Q) contains the constant functigrend therefore we
can assume Wo.g. that ¢o = 1. In this paperwe do not address the issue of
estimating the Hilbert basig;, ] = 0}, and we consider it as givefor a similar
approachsee ConleyHansenLuttmer, and Scheinkmarl995.

We denote byK, the Hilbert space spanned By, ..., ¢, and byHg, the null
hypothesis

Hop: O € Ky E[e(Y)e(¥1)] = O. (22)

The purpose of this section is to construct a consistent test of asymptotic size
a for Hy, for a givenp. Of course such a test is conservativelfrbecause, is
a proper subset df?(Q). The subspack, does not contaip, because the con-
stant functions satisfy obvioushy, for any discrete-time proce$¥,i = 0...n},
and therefore there is no need to include them in the set of test functions

Notice that if one wants to increase the set of restrictignghe null hypoth-
esisHop, and the additional hypothesido(p + 1) : E[@p1(Y) @ps1(Yiz1)] = 0
have to be considered jointlyndeed ifHop; is rejected as soon a3, or
Ho(p + 1) are rejected at level, then it is cleaf that the size of the resulting test
of Hp may be dramatically greater than

Moreover the joint test of the set of restrictions impliedHly, has to be per-
formed only for values op relatively small with respect to the sample sizés
a matter of fagtbecauseK, is a finite-dimensional Hilbert spacély, can be
written in the following parametric form

Hop: 00 ERP  6'T,0 =0, (23)
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wherel, is the matrix of sizgp whose( j,k) coefficient iSE[¢;(Y) @k(Yi1)],
j,k=1,...,p. Therefore the test statistic bf,, will be founded on the empirical
counterpart of},. Of courseif p > n, such an empirical counterpartis a singular
matrix, and thern(23) contains an infinite set of redundant restrictioBesidesif
p is not sufficiently small with respect tg, there is a substantial risk of multi-
colinearity which also induces a singularity problem

Thanks to the time reversibility of the proce$sis a symmetric matrix and
then can be diagonalized in an orthonormal basi® &fvith real eigenvalues
ThereforeH,, can be rewritten in

Hop: Ap =0, (24)

where, is the smallest eigenvalueskf In the following the ranked eigenval-
ues ofT}, are denoted by

Ap=Ab=...=AB<1, (25)

where the last inequality follows from the contracting feature of the conditional
expectation operator for any discrete-time prodéss = 0...n}.

4.2. Definition of the Testing Procedure

We consider a Wald test procedure based on the asymptotic probability distribu-
tion of a consistent estimator af,.
Anatural estimator of the moment matfixis the associated empirical coun-

terpart
R 1 n—1
== §)¢(\ﬁ)¢’(m1), (26)

where¢(x) is the column vectofy;(x),j = 1...p). However from the time re-
versibility of the process

I, = E[¢(Y) ' (Yii0)] = E[(Yira)p' (Y], (27)

and thereforga more accurate consistent estimator is obtained by

L, =41, + 1,1, (28)

where

R 1 n—1

B == 3 (Y2 (Y). (29)
i=0

In contrast withl,” and T}, the estimatof}, fulfills the symmetry condition of
truel, so that it can be diagonalized in an orthonormal baskf. We denote
by

~

Ap:’\t

I

-S)A\B
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its eigenvaluesThe test statistic o, is deduced from the asymptotic proba-
bility distribution ofA We shall prove later that

VA[A, — 2,] 25 N[0,02] asn — oo, (30)

where-2> denotes convergence in the distribution sefi$® one-sided test of
= 0 is then defined by the critical region

VA,
&

= —Up—q, (31)

whereu, _, is the(1— ) quantile of the\V(0,1) distribution ands is a consistent
estimator ofo.

The following section is devoted to the proof(80) and the way to estimate
for practical application of the test procedure

4.3. Asymptotic Distribution of }tp

The term?\ is a well-defined function of“ For sake of simplicitywe shall
assume that the true unknown malf‘phasp distinct eigenvaluesnd therefore
F fulfills the same property fon sufficiently large Notice that for large the set
of eigenvalues of}, converges to the spectrum of the conditional expectation
operator whose eigenvalues are known to be sirtgge Weidmannl987), and
therefore the last assumption holds asymptotic&lsverthelessthe procedure
described subsequently can be easily adapted to the case of multiple eigenvalues
but with cumbersome notations

Our simplifying assumption is useful for the application of the delta theorem
because we have in this case at our disposal an easy expression of the derivative
of Ap with respect to each coefficien, of I

Ape(A
Y =2 (32)

e .
N | (TR
j=2

whereA,,(A) is the cofactor of thek, €) coefficient of the matrix}, — Al, | being
the identity matrix ofRP (seg e.g., Gandolfq 1981). From the delta theorem and
(32), the key ingredient for the asymptotic probability distributi@rp.d.) of /\
is the ap.d. of F or more precisely of vecf}) where vech is the operator that
stacks the eIements on and below the main diagonal of a symmetric r{ssteix
for instanceLitkepoh| 1991, p. 465).

Assuming some ergodicity and mixing properties of the underlying discrete-
time Markov proces¥; (seg e.g., the Doeblin conditions in Dogll953 Theo-
rem 75, p. 232), the ap.d. of fp is given by

JA(vechi}, — vechr,) 2 N(O,3) (33)
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and therefore we deduce thal. of A,

VA(Ap — Ap) 55 N(0,0°2),

where

dAp
g2 = ——P— (vechl,)s

d(vechl,)’ (vechly) (34)

dAp
a(ve hF b)
anddAp/d(vechIy)(vechly) is the column matrix of sizp(p + 1)/2 defined by
< Iy I, ) VR W) W Iy )

9711’ 9721’“" 87p,1’ 5712’ 3722’ T Yp,p

evaluated at the poirt,.
A natural consistent estimatér? of o2 is obtained from the empirical coun-

terpart of(34):
52 = L(v hF)EL(v hi}). 35
77 9(vechr L)' e = 5 (ve chIy) e (59)

The variance estimator given ii85) requires a consistent estimatiénof 3,
which is not a trivial issue because the order of serial correlation of a nonlinear
functiong(Y)) d (Y1) + d (Y1) p(Y,) of the Markov processY; )iy is gener-

ally unknown Nevertheless this issue is now well documenigatticularly in

the generalized method of momen@&MM ) literature(seg e.g., Ogaki 1993.

As a matter of facts is the asymptotic covariance matrix qiﬁvechf“p, where
components of veclj, are defined by

1 n—1
Ve = n 2 Uie(Yis Yie1)s (36)
i=0
wheref¢ =1,...,pandk=¢,..., pwith
Ure(Vis Yier) = slec(Vi) @e(Yie1) + e(Vien) o (Yi)]. (37)
Let us denote by

’f/ = (’)A’j)lsjgp(erl)/Z

the vector vecﬂi‘p whose components afg,, € =1,...,p,k=4¢,...,p,and in the
same way

P (Y, Yivr) = (Vs Vi) 1=j=p(pt1/2-
Theny = 1/n 310 4 (i, yi+1) and the matrix is by definition

1"
3= Varas[\/ﬁ'f’] = Varas|: 2 lp(YlaYl+1):| (38)

li
n=oco
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with

Dll—‘

-1 25 COMUONN DI (39

Following the notations of Andrewd991), the estimand, can be rewritten as

n—1
I = E Rn(h)’ (40)
h=—-n+1

where

1 n—1

H OV[ll/ +l)’l//(Yj—h7Yj—h+l)] forh=0

=h

Roh) = 1 | -

n Cov[ ¢ (Yj1n, Yisnsea)s ¥ (Y, Yj+1)] forh <O.

j=—h

Indeedin our stationary framewortkhe terms of the suni, (h) are identical and

3 =lim,-, J,is nothing but 2r times the spectral density matrix of the stationary
procesgy (Y;));en evaluated ah = 0. Neverthelesghe class of estimators af
proposed by Andrewil 991 and suggested by the Parzd®57) class of kernel
estimators of this spectral density can be used for more general alternatives of
nonstationary processabe considered estimators bfhave the form

R n—1 h )
In= 2 k(_> Rn(h)a (41)
h=—n+1 S’l

wherek(-) is a real-valued kerng§, is a bandwidth parameteand
1S m ’
- Eh Y Ys1) = Fnlth [Y-nYonsa] forh=0

Rn(h) = 1 :1 1 ) (42)
H [l»[/( j+hs j+h+l) lr//n]l!//[Yj,Yj+1] forh<O

with

_ 1 n—1
In=— 2 ¥ (¥, Y1)
ni%
The estimators corresponding to these kernels generally place zero weights on

Rn(h) for h=S, (k(x) = 0 for |x| = 1) so thatS, — 1 can be interpreted as a lag
truncation parameteWe can use for instance the Bartlett's ketnel

‘ —|x| for|x]=1
) = otherwise (43)
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Among the usual kernelthe Bartlett and the more complicated Parzen’s kernels
have the advantage of generating positive semidefinite estimatarsndiinite
samplesAndrews (1991) advocated an estimator &f that uses the so-called
quadratic spectral kernethich fulfills the same positivity requirement but does
not place zero weights on af;(h); Andrews(1991) showed that it is an optimal
kernel in the sense that it minimizes asymptotic mean squared error among the
estimators of this form which are guaranteed to be positive semidefiides-

over Andrews(1991) provided formulas for optimal choice of the bandwidth
parameter for a variety of kernelbhese formulas include unknown parameters
and Andrews proposed an automatic bandwidth estimator in which these un-
known parameters are estimated from the data

5. IMPLICIT NULL HYPOTHESIS
5.1. Null Eigenvalues

The set of moment restrictiori4é9) has been derived under the assumption that
the semigroup of conditional expectations induced by the underlying continuous-
time process is strongly continugusnecessary condition for the definition of
the infinitesimal generatad. The purpose of this section is to prove thaten in
the case where the data-generating process is embeddable by a continuous-time
processthe moment restrictions conditidf, does not imply the strong conti-
nuity of the underlying continuous-time process

Of coursea one-sided test such &&l) has little power against the boundary of
the null hypothesisBy continuity the power of this test is exactly equal to the
level @ when 0 is an eigenvalue of the operaice., when there exists a nonde-
generatep € L?(Q) satisfying

Ele(We (V1)) = 0. (44)

Notice that the existence of such an eigenfunction does not prevent the discrete-
time process from being embeddable by a strongly continuous continuous-time
process in generdsee Pazyl983 Theorem 24, p. 46). We now exhibit an ex-
ample of a discrete-time process satisfying the testing hypotisésid em-
beddable by a continuous-time process that is not strongly continuous

Consider the following discrete-time homogeneous Markov process

The marginal probability distributio is the standardv(0,1) normal probability dis-
tribution.
The transition probability is defined by its density function

f(y[x) = 20(Y){7[xy=01 + (1 — 7)[yy=0)}» (45)

whereq is the density function o = N(0,1), 7 is a real parameter ii0,1], and

1 ifxy>0
I =
Dy=0] 0 otherwise
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It is clear that this definition is consistent because

f(y[x)aq(x) = f(x[y)a(y), (46)

which proves that

1 fly[x)a(x) dx = q(y).

The time reversibility of the associated discrete-time process follows from the
symmetry property46). Indeed becausé(- | x) is by definition the density func-
tion of Y, 1 givenY; = x, the density function o¥; givenY;,, = xis also defined

by
fy v (Y, X
fyiv, . (Y1X) = %
_ flylam
= —q ) thanks to(46)
= f(y[x).

If 0 < 7 < 1, the ergodicity of this process follows directly from Proposi-
tion 9.3.24 of FlorensMouchard and Rolin(1990 because in this case the joint
probability distribution of(Y;, Y, 1) is equivalent to the product of their marginal
distributions and then the Doeblin condition is satisfied

The operatof7 is then defined by

T (¢)(X) = E[e(Yis1)]Y = X]
= Ipeol mE[@ (Y4 1) Vi1 > 0]+ (1 — m)E[@(Yir1)|Yir1 = 0]}
+ ]I[xso]{(l_ 77')E[€‘7(Yi+1)|Yi+1 > O] + 77'E[QD(Yi+1)|Yi+1 = 0]}

An eigenvector associated to a nonzero eigenvaligethen necessarily of the
form

@(y) = alfy~q + bl[y=0). (47)

In the following we show that the discrete-time proceés embeddable by a
continuous-time proces#otice that the discrete-time proce¥sis not em-
beddable by any reversible scalar diffusido see this we refer to Hanseétheink-
man and Touzi(1995, who proved that any function lying in the domain of the
infinitesimal generator of a reversible scalar diffusion is continuously differen-
tiable Because

T (Ity=07) (X) = [0 + (L — 7)[y=0],

T (Iry=07) (X) = (1 — 7)px0) T Tx=01,
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it is clear that any nonzero eigenvalu@ssociated to an eigenvector defined by
a andb satisfies

{wa+ (1—m)b=1a

(1—m)a+ 7b= Ab.

By adding these two equations we get
a+b=Ai(a+bh).

Therefore

EitherA =1 and therb=a
Ora+b=0andthem =27 — 1

In other words Aq = 1 andA, = 277 — 1 are the two nonzero eigenvalugs
o # 3) with associated normalized eigenvectegsy) = 1 ande,(y) = Iry=0] —
I;y=0- Moreover if ¢ is orthogonal to botlz, ande,, ¢ is orthogonal to both
I;y=0y andI}yq), and thenZe = 0. This proves that 0 is an eigenvalue associ-
ated to the eigenspace orthogonaktcande,.

Now suppose that; = 277 — 1 > 0. Then the discrete-time process is clearly
embeddable by the following continuous-time process

1+ 24 — Ay

2

1
Ti(e)(x) = H[x>0]{ Ele(Y)|Y, > 0] + Ele(WIY: < 0]}

A4

— Atl

1+
+ Iry=0 5 Ele(Y)|Y, > 0] +

E[QD(Yt)Yt<0]}-

However such a continuous-time process is not strongly contindodgeed con-

sidering any functiorp orthogonal to the eigenfunctiorrg ande,, we see that

T.¢ = 0 for anyt > 0 and therefor&; ¢ does not converge g ast goes to zero
Hence in the case 2 — 1 > 0, although our necessary embeddability condi-

tion E[¢(Y)¢(Yi,1)] = 0 is satisfied the underlying continuous-time process

does not satisfy the strong continuity condition assumed in Section 3 to define the

infinitesimal generator

5.2. The Case of Stationary Scalar Diffusions

Stationary scalar diffusions are widely used in financial applicationsler mild
regularity conditions they are natural candidates in the class of stationary revers-
ible continuous-time Markov process@herefore if Ho, is rejected for given
data(see Section)ahen such processes can not be used to model the dynamics of
the dataThis section recalls some known results on stationary scalar diffusions
Let {W,,t = O} be a scalar Brownian motion aif), ,P) and consider the
scalar diffusion proces¥;, t = 0} satisfying the stochastic differential equation

d¥ = u(Y) dt+ o (Y)dW (48)
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in the domair{l, r}, which can be bounded or unboundebbsed semiclosedor
open In the case where one or both boundaries are in the state space of the
processwe shall consider it as a reflecting boundaffiere are many results in
the literature that establish the existence and uniqueness of a Markov process
{Y;,t = 0} satisfying(48). One set of sufficient conditions requires that the dif-
fusion coefficienio 2 be strictly positive with a bounded and continuous second
derivative and that the local meanhave a bounded and continuous first deriv-
ative These conditions also imply th@;, t = 0} is a Feller process with contin-
uous sample path

To ensure the existence of a stationary megsweeassume that the speed
measure function is integrabliee.,

flr m(y) dy < oo, (49)
where
1 y2
m(y) = oZ—(y) exp[f U'U;—E:)) dx], <y, yo<r. (50)
Yo

Under this assumptiqiif we use the measur@ with density

m(y)

flr m(X) dx,

to initialize the procesghen the Markov procesd;,t = 0} generated via the
stochastic differential equatidd8) is stationary(see Karlin and Taylgrl98],
p. 241).

Next define the infinitesimal generator of the stationary scalar diffusion
Y,,t = 0} in the Hilbert spacd.?(Q) as in Section 3Under mild regular-
ity conditions the set of twice-continuously differentiable functions with com-
pact supportCZ is a core for the infinitesimal generatot (see Ethier and
Kurtz, 1986 Hansen and Scheinkmah994. Now considering theCZ func-
tions ¢ andy, the reversibility condition Ae, ) = (¢, Ay) is easily verified
by a simple integration by part$herefore the conditions ensuring t@g is a
core for A also guarantee thad is self-adjoint and the proce$;,t = 0} is
reversible

Given a discrete-time procedbe set of moment restrictior{49) is a neces-
sary condition of embeddability by stationary scalar diffusioftsus if Hyp, is
rejectedthen embeddability by stationary scalar diffusions is rejedtedvever
such a necessary condition of embeddability by stationary scalar diffusions is far
from being sufficient because it is easy to construct discrete-time processes em-
beddable by a stationary reversible continuous-time Markov process that is not a
scalar diffusionsee the following section

q(y) = I<y<r (51)
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Further testable conditions of embeddability by stationary scalar diffusions
can be derived from the spectral properties of stationary scalar diffusnuiesd
if the top of the spectrum aof is isolated then it is possible to estimate the
associated eigenfunctiandowever stationary scalar diffusions are completely
identified from the stationary density and an eigenelement whose eigenvalue is
the closest to zer(see Hansen et.all995. Therefore one further testable em-
beddability condition is the followinglhe estimation of the latter eigenelements
and the stationary distribution implies a precfieeoretical spectral decompo-
sition of the infinitesimal generator if the discrete-time process is embeddable by
a stationary scalar diffusiomhe eigenelements corresponding to the discrete
part at the top of the spectrum can be estimated directly from the data as in
Hansen et al1995. The embeddability test consists in an adequacy test between
the estimated eigenelements and the theoretical ones implied by the estimation of
the stationary scalar diffusion

5.3. To Be (a Diffusion) or Not to Be

This section provides an example of discrete-time process embeddable by a
strongly continuous stationary ergodic Markov process that is not a diffusion
LetQ=N(0,72) be the marginal probability ar@;);cx the orthonormal basis
of Hermite polynomialgey = 1) of L%(Q).
Let us conside( p;,o#) and( p1,02) such that

. 01
0<p <1 i=12, and =———==7? 52
i 1—p2 1-p2 (52)

and define the conditional probability distribution giveby the mixture
7N pix,0f]+ (1 —m)N[ p2x,0%].

Because the operator associated to the normal transifion x, ;2] is
Ti(QD) = E Pi]E[QDSj]Sj
i=0

(notice thagthanks to(52), 71 and7 2 have the same eigenvectpihe operator
7 associated to the mixture is

T(¢) = X [mpi+ (1 - m)plE(ee)) ;.
j=0
In other words(¢;);cy are also the eigenvectorsﬁfand(wp{ +(1—- w)pé)jeN
are the corresponding eigenvalu€ébkey are positiveand the discrete-time pro-
cess is indeed embeddable by the continuous-time process defined by the semi-
group
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Ti(p) = _20<wpi +(1— ) pl)'Elpe)s;.
P

This semigroup is strongly continugad the associated infinitesimal generator
is

Alg) = _21 Log[7pi + (1 — 7) pA]E(es))s;. (53)
-

Now we can claim that such a continuous-time process is not a scalar diffusion
processAs is shown in Appendix Bthe only scalar diffusion process whose
eigenvectors are the Hermite polynomials associated to the marginal distribution
Q = N(0,72) is the Ornstein—Uhlenbeck proceBsit the eigenvalues associated
to the Ornstein—Uhlenbeck process are of the fpfnwhich is inconsistent with
(53) whensrisnot0 or 1

6. EMPIRICAL IMPLEMENTATION FOR FINANCIAL DATA

Financial applications provide us with an interesting setup for our testing proce-
dure In the financial literature there are “basically” two classes of continuous-
time models that are considered

(i) Stationary scalar diffusions are very popular because they produce closed form
solutions for pricing and hedging strategiesen if closed form solutions are not
available numerical methods are easy to implement and provide fast solutions

(i) Bivariate diffusions are known as stochastic volatility models and can be seen as
the continuous-time limit of EG) ARCH modelswhich are known to fit financial
data very well(Nelson 1990. However such models are more difficult to use in
practice because closed form solutions are more difficult to derive and the usual
numerical methods turn out to be time consuming

As recalled in Section.3, stationary scalar diffusions are time reversible un-
der minor regularity conditionsThis result does not hold in general for multi-
variate diffusions Thereforg in contrast with scalar diffusionsnultivariate
diffusions are not in the class of stationary reversible Markov procgasdghe
set of moments restrictiond9) allows us to discriminate between these two
modelsHence our testing procedure provides a very simple tool to check whether
given data can be modeled by a stationary scalar diffusisrargued in Sec-
tion 5.2, if the embeddability hypothesid9) is not rejectedmore restrictions
should be tested to be able to accept the stationary scalar diffusion madeling
However if the embeddability hypothesis is rejected then modeling by stationary
scalar diffusions is rejected

We perform the test witp = 5 elements of 2(Q):3

¢ =x —E(x), j=1...5
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TABLE 1. Stock index data

VRA,/G  Decision(5% leve)

JP Morgan France —0.55 —
JP Morgan World —1.48 —
Morgan Stanley France —1.11 —
Morgan Stanley World ~ —3.05 reject
CAC40(France —1.59 —
DAX (Germany -1.72 reject
NIKKEI (Japan -1.53 —
S&P (USA) —2.45 reject

and the variance matrix of (33) is estimated as indicated in Section 4 using the
Bartlett kernel43). The rejection limit to the 5% level is.@5.

The test procedure is implemented for stock index déiaternational stock
indices(4 series of daily observations from October 1989 to November 1&¢d
4 stock indices for the major marke series of daily observations from Sep-
tember 1987 to June 1994s indicated in Table.The embeddability hypothesis
is only rejected for the Morgan Stanley WostHe DAX, and the S&P indices data
and is close to rejection for the CAC40 indé@r the 5% level.

Next the test procedure is implemented for exchange rate data for the 15 EEC
countries vsthe French fran¢l4 series of daily observations from October 1989
to November 199as indicated in Table.Zhe embeddability hypothesis is now
rejected for all but 2 serigd=inland and United Kingdojn(to the 5% level.

TABLE 2. Exchange rate datas. French frang

VRA,/& Decision(5% leve)

Europe(ECU) —2.28 reject
Germany —247 reject
Belgium —2.45 reject
Italy -3.77 reject
Switzerland —-1.97 reject
Netherlands —-4.61 reject
Spain —-2.17 reject
United Kingdom -0.92 —

Ireland —2.57 reject
Norway -2.02 reject
Sweden -4.19 reject
Finland —1.32 —
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These findings are consistent with the well-known observation that exchange
rate volatility data are more volatile than stock index data and therefore should be
modeled by multifactor models

NOTES

1. Indiscrete timethis is the debate GARCH vstochastic volatility modelingrhe evidence of
mixture of distributions that supports the stochastic volatility paradigm for exchange rates was al-
ready well documentedeg e.g., Ghysels Harvey and Renault1996), Kim, Shephardand Chib
(1996, and Shephar1996.

2. Let W,(-) denote the critical region of a given test procedure at the lavahd W, (-) the
corresponding acceptance regidinen undeiHg

PIW.(Hop) U W, (Ho(p + 1))] = 1 = P[W, (Hop)]P[W, (Ho(p + 1)) W, (Hop)]
=1- (1 - &)P[W,(Ho(p + 1))|W, (Hop)]
= a;

the inequality is generally strict because the test statistids,0p + 1) andHg, are generally not
perfectly correlated

3. Actually the functionspj,j = 1,...,5 are assumed to be LF(Q). A more rigorous approach
would be to start by estimating the stationary distribution of the data and then considering a basis of
the impliedL?(Q) Hilbert space Such a basis can be obtained by rescaling the process using the
estimated stationary density to resort to the Hilbert sp&¢e, 1].
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APPENDIX A

Itis clearly sufficient to check that

Ele(M)e(Y2)] >0

with a given functionp, 0 < p < 1, and
Y, ~ N(0,1)

Yo | Yy =y~ N(py,1-p?).
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In other wordswe have to prove that the functidthdefined by

1 exp _ﬁ_(YZ_PYﬂZ dy, dy
T2 0% 2 " 20—y |

is positive for 0< p < 1 Introducing

H(p) = fRZ @m) e (y)e(y2)

1 2
1) = 2m) V) exp[—z(lyfpz)],

the functionH(-) can be written

B PY1Y2 P2yt
H(p) = fRZ fo(Yl)fp(Y2)eXP[ 1-p2 :| EXP{ 2(1— p2)1| dy,dys.

Now notice thatH is clearly an analytical function of0,r) for anyr, 0 <r < 1 and
thereforefor 0 < p < 1 we have

[ee] p P
H(p) = > HP(0) —.
p=0 pl
To prove the required result is sufficient to check that
H®PO)=0 Op€EN,
H®(0) >0 for somep € N.

But,

and thanks to Lebesgue’s theorem of dominated convergence

PP P2y | f,(y2)ys
o=o P! JR 2(1—-p?) |(1—p*)P

v p?y2 L (y2)ys
- ;JZOEUR fO(yl)yfeXp[_z(TpZ)] dyl]{fR(l_—Wdyz}. (A1)

Differentiating with respect tp, we get

[ f,(y2)yE
H®(p) = [ fR fo<y1>yfexp_—2(ff;z)] dyl]{ fR a0 dyz} + pGy(p).

It then follows that

et p

folyn)y? exp[— dy, dy,

i fR fo( YZ)yzp d)b}

2

= HR fo(y1)yf dyl_ =0. (A2)

H(®(0) = UR fo(yl)y{’dyl}
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Finally suppose thatl (P (0) = 00p € N. Theng is orthogonal to any®, p € N in the
sense of£2(Q), which clearly impliesp = 0.

APPENDIX B

In this appendix we prove that the only scalar diffusion that admits the Hermite polynomi-
als as eigenvectors is the Ornstein—Uhlenbeck pro@éssfirst(nondegenerajdiermite
polynomials associated to the normal distributié(0, 7 2) are proportional to the functions

1(X) =X,
@2(X) = —X2 + 72,
03(X) = —x3 + 372x.

Consider a scalar diffusion with local meai-) and local variance (-) and suppose that
(¢i,A¢),i = 1...3 are eigenelements of the associated infinitesimal generaor

Agi(x) = u(¥)e'(X) + 302(X) " (X) = Aje(x),  i=1..3, Ox
Then it is easily seen that the two first eigenelements proyidendo:
M(x) = A;x and o?(x) = (A, — 241)X2% — A,72

It remains to check thdips, A3) is an eigenelement od. Direct computation shows that
this is possible if and only if

Ao =2Aq,

which proves the required result

APPENDIX C

In this appendix we prove that the only scalar diffusion embedding a Gaussiél) AR
process is the Ornstein—Uhlenbeck procésshe framework(11), the stationary distri-
bution of the Gaussian AR) process is given by

X2 7.2
exp— —— Wwithy2=
yN 2 2y? 1-p2

q(x) =
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Asrecalled in Section.3, the infinitesimal generator of any stationary scalar diffusion can
be expressed in terms of the stationary density

1
Ap(x) = 3 02<X)q(><>so/(><)}, foranye € D(A).

1 9
a(x) ax
Now because the Gaussian AR process satisfieE(Y,,1|Y; = y) = py, the function
¢1(X) = x is an eigenvector of the conditional expectation operdicassociated to the
eigenvalue. As recalled in Section,3his shows that the functiop, is an eigenvector of
the infinitesimal generatad associated to the eigenvalud = In p. Using the preceding
expression of the infinitesimal genergtae get

a1
&{5 UZ(X)q(X)} = —kxq(x).

Now from Hansen et a(1998 we have that lim,..o2(x)q(x) = 0, and therefore by
integrating the last equation fromeo to somex € R we have

1 X
5a2(x>q(x) = —kﬁ ya(y) dy

ky?q(x), (C.1)
which proves that the local variance function is a constant

—272Inp

o?(x) = 2ky? = —— pr

Direct computation shows that the local mean coefficient is a linear function

APPENDIX D

In this appendixwe provide a rigorous derivation of the moments condititi8.

(i) We first prove the required result far € D(.A). As a self-adjoint operatpthe
infinitesimal generatord admits a unique spectral representation in terms of a
(unigue spectral famil{E(A), A € R}. Thereforefor anye € D(.A), we have

¢ = f;dE(A)so,

where the integration is confined to the nonpositive real line by virtu€l@f.
Furthermorebecausg7;, t = 0} is a strongly continuous semigroup of self-adjoint
(and then normabounded operatorsach?Z; admits the spectral representation on
D(A):
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0
Ti¢ =f e“dE(M) e
(see Rudin1991 Theorem 138, p. 382). We then have
0
o) = [ e*laEMI2 =0

(ii) Toextend the resultto any€ L?(Q), we use the fact tha®(.A) is dense in2(Q)
(see Pazy1983 Corollary 25, p. 5). Then let(¢,,)nen be a sequence of elements of
D(A) convergingin the sense df?(Q)) to somep € L?(Q). Then by the Cauchy—
Schwartz inequality and the fact tHatis a contraction operat@f T, ¢|| = | ¢|), we
see that

KT @, 0) — (Zy ony0n)| = KTr,0 — @n) + (Te(@ — @n), on)|
= e — enllel + lenl).

By sendingn to infinity, we see that the right-hand-side term of the last inequality
converges to zero becausg— ¢ in the sense df2(Q) and(¢n)nen is bounded in
L2(Q) as a converging sequendéhis provides the required result
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