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Abstract. A A-graph system is a labeled Bratteli diagram with shift transformation. It is a
generalization of finite labeled graphs and presents a subshift. The present author has
previously constructed a C*-algebra Og¢ associated with a A-graph system £ that is a
generalization of the Cuntz—Krieger algebras. In this paper, we introduce an entropic
quantity for the A-graph system £, called the volume entropy for £ and written as Ayo1(£).
The volume entropy /y01(£) is invariant under shift equivalence of A-graph systems, and
yields a new topological conjugacy invariant of subshifts. We prove that Voiculescu’s
non-commutative topological entropy for the canonical completely positive map of the
C*-algebra Og is the volume entropy /o (£).

0. Introduction

For a finite set X, a subshift (A, o) is a topological dynamics defined by a closed
shift-invariant subset A of the compact set »Z of all bi-infinite sequences of ¥ with
shift transformation o defined by o ((x;)jcz) = (xi+1)iez- The present author has
previously introduced notions of a A-graph system and a symbolic matrix system as
presentations of subshifts [Ma2]. They are generalized notions of a A-graph (= labeled
graph) and a symbolic matrix for sofic subshifts. We henceforth denote by Z and by
N the set of all non-negative integers and the set of all positive integers, respectively.
A A-graph system £ = (V, E, A, t) consists of a vertex set V = Vo U ViUV, U---, an
edge set E = Ep1 U Ej2UEz3U---, alabeling map A : E — X and a surjective
map (= t+1) ¢ Vig1 — V; foreach [ € Zy with a certain compatible condition.
A symbolic matrix system (M, I) over ¥ consists of two sequences of rectangular
matrices (M 141, I11+1),! € Z4+. The matrices M ;41 have their entries in formal sums
of ¥ and the matrices /; ;41 have their entries in {0, 1}. They satisfy the commutation
relations: I ;41 Mit1142 = Mii+1li+1,142 for I € Z,. It is required that each row
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of I; ;41 has at least one 1 and each column of /; ;11 has exactly one 1. A A-graph
system naturally arises from a symbolic matrix system (M, I'). The labeled edges from a
vertex vf € V; to a vertex vé‘H € Vi41 are given by the (i, j)-component M; ;41(i, j) of
M 1+1. The map ¢(= y 141) is defined by t1,1+1(v5.+1) = vf precisely if ; ;+1(i, j) = 1.
The A-graph systems and the symbolic matrix systems are the same objects and give rise
to subshifts by gathering label sequences appearing in the labeled Bratteli diagrams of the
A-graph systems. Conversely we have a canonical method to construct a A-graph system
and a symbolic matrix system from an arbitrary subshift [Ma2]. They are called the
canonical A-graph system and the canonical symbolic matrix system for subshift A and
written as £& and (M2, 1Y), respectively.

In [Ma3], the present author introduced a unital nuclear C*-algebra Og¢ from a A-graph
system £ and studied its structure. For a A-graph system £ = (V, E, X, () over X, let
{vll, e, Uﬁn(l)} be the vertex set V;. The C*-algebra Og¢ is generated by partial isometries
S« corresponding to the symbols « € X and projections Ef corresponding to the vertices
vf. eVi,i=1,...,m(),l € Z,. Itisrealized as a universal unique C*-algebra subject to
certain operator relations among S,, @ € X and Ef, i=1,...,m(),l € Z4+ encoded by
the structure of £. If £ satisfies condition (I) and is irreducible, the C*-algebra Og is shown
to be simple and purely infinite [Ma3, Ma7]. The C*-algebras Og¢ are generalizations of
the Cuntz—Krieger algebras [CK].

An entropic quantity for a A-graph system has been introduced by Krieger and the
present author in [KM3], that is called A-entropy written as %) (£). It measures a growth
rate of the cardinalities of the vertex sets {V;};cz,. In this paper, we first introduce a
notion of volume entropy for A-graph system £, that will be written as /y01(£). It measures
a growth rate of the cardinalities of the sets of labeled paths. We denote by P;(£) the set of
all labeled paths starting at a vertex in Vy and terminating at a vertex in V;, and by * P;(£)
its cardinality. The volume entropy is defined by the formula

hyor(£) = lim sup ! log" P (£).
[—o00 l

We first show that &y (£) is invariant under shift equivalence of A-graph systems.

This implies that the volume entropy yields a topological conjugacy invariant of subshifts

(Corollary 1.2). In §2, we show that hy,(£) is given by the topological entropy

of a topological dynamical system (og, X¢) associated with the A-graph system £

(Theorem 2.1).

Voiculescu has introduced in [Vo] a notion of (non-commutative) topological entropy
ht(e) for an automorphism (or an endomorphism) « of a unital nuclear C*-algebra.
The notion extends the classical topological entropy of topological dynamical systems.
Brown has extended Voiculescu’s non-commutative topological entropy for unital nuclear
C*-algebras to exact C*-algebras [Br]. As an example of computation of non-commutative
topological entropy, Choda has computed in [Ch, Ch. 2] the topological entropy ht(¢x)
of the canonical endomorphism ¢y on the Cuntz algebra Oy, proving ht(¢n) = log N,
the topological entropy of the full N-shift. Boca and Goldstein have extended in [BG]
her result to Cuntz—Krieger algebras. They proved that the topological entropy ht(¢4)
for the canonical completely positive map ¢4 on the Cuntz—Krieger algebra O4 for an
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irreducible 0 — 1 matrix A is equal to logr(A), the topological entropy of the associated
topological Markov shift, where r(A) denotes the Perron—Frobenius eigenvalue of A.
Pinzari et al in [PWY] have studied non-commutative topological entropy in a more
general setting (cf. [JP]). They have given some estimates in such entropic quantities
for the canonical completely positive maps on the C*-algebras of Hilbert C*-bimodules
with finite basis. The C*-algebra O¢ associated with A-graph system £ is regarded as
a C*-algebra of Hilbert C*-bimodule with finite basis. By applying their result [PWY,
Theorems 7.4 and Theorem 7.10] to our C*-algebras Og, the inequalities

htop(AS) < ht(yg) < htop(AS) + 28, (L)

hold, where yg¢ is the canonical completely positive map of Og, Ag is the subshift
presented by £ and £, (£) is the A-entropy defined by

1

h;. (L) = limsup — log *V;.
[—o00 l

Our main purpose in this paper is to compute the entropy h#(y¢) in terms of the A-graph

system. We will prove that the equality

hi(yg) = hvol(£)

holds (Theorem 3.2 and Corollary 3.6). As a corollary, the topological entropy ht(y¢) on
the C*-algebra Og¢ is invariant under shift equivalence of A-graph systems. Therefore,
the topological entropy hf(yea) for the canonical A-graph system for subshift A yields
a topological conjugacy invariant of subshifts. Since At(ygaa) is equal to hyo(£2) for a
subshift A, the value ht(yga) is greater than or equal to the topological entropy Aop(A)
of the subshift. If the subshift is sofic, hf(yga) coincides with the topological entropy of
the sofic shift. There are, however, examples of non-sofic subshifts A such that af(ygaa) is
strictly greater than its topological entropy hp(A). Examples are the Dyck shifts and the
Motzkin shifts that are calculated in §4.

1. The volume entropy for a A-graph system

For a A-graph system £ = (V, E, A, ¢) over X, the vertex set V; and the edge set Ej ;4|
at each [ € Z are finite sets. An edge e in E; ;41 has its source vertex s(e) in V; and its
terminal vertex # (e¢) in V;41. Every vertex in V has outgoing edges and every vertex in V/,
except in Vp, has incoming edges. It is then required that there exists an edge in Ej ;41
with label « and terminal v € V; if and only if there exists an edge in E;—;; with label
a and terminal ¢(v) € V;. Foru € V;_j and v € Vj4, we put

E'(u,v) ={e € Eji1:t(e) = v,1(s(e)) = u},
E(m,v)={eec E_1:5(e) =u,t(e) =1(v)}.

Then there exists a bijective correspondence between E‘(u, v) and E,(u, v) that preserves
labels. This property is called the local property of A-graph system. We put X; = ¥ and
define

Al = {(x(el),)\(ez), o e]]zice € Eivit(e) =s(eip).i € N}
ieN
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and
Ag = {(a,-),-eZ e[][=i: @ air1,..)eAie Z}.
i€’

Then Ag is a subshift over X called the subshift presented by £. A finite sequence
nw = (u1,...,uk) of uj € X that appears in Ag is called an admissible word of £
of length || = k. Denote by AIE the set of all admissible words of length k£ of £
and put A = Ureo A/E: where A% denotes the empty word . Throughout this paper,
£ is assumed to be left-resolving, which means that e, ¢’ € E with A(e) = A(¢') and
t(e) = t(e') implies e = ¢'.

A symbolic matrix system is a matrix presentation of a A-graph system. Strong shift
equivalence and shift equivalence between two symbolic matrix systems have been
algebraically formulated in [Ma2] as a generalization of strong shift equivalence and
shift equivalence for non-negative matrices [Wi] and for symbolic matrices [BK, Na].
Topological conjugacy classes of subshifts are completely characterized as strong shift
equivalence classes of their canonical symbolic matrix systems. Strong shift equivalence
implies shift equivalence. A-graph systems are said to be shift equivalent if the
corresponding symbolic matrix systems are shift equivalent. Several shift equivalence
invariants of A-graph systems have been studied in, e.g., [Ma2]. In this paper we define
a new invariant Ay (£) of A-graph system, called the volume entropy, that will be caught
in operator algebraic entropy in §3. For a A-graph system £ = (V, E, A, ), we denote by
P;(£) the set of all labeled paths starting at Vjy and terminating at V;, and by 1P(L) its
cardinality.

PROPOSITION 1.1. The volume entropy hyo (£) defined by setting
1
hyol(£) = limsup — log * P, (£)

[—o00 l
is invariant under shift equivalence of A-graph systems.
Proof. Let £ and £ be A-graph systems over ¥ and X’ with vertex sets V and V',
respectively. Suppose that £ and £’ are shift equivalent with lag N for some N € N, that
is, the corresponding symbolic matrix systems (M, I) and (M’, I') are shift equivalent

with lag N. We denote by m(I) and m'(l) the cardinal numbers Y, and ﬁVl’ , respectively.

They are the row sizes of M ;41 and M; ;. ,, respectively. Then (M, I) and (M', I') are

said to be shift equivalent (with lag N) if there exist alphabets C, D and specifications
p1:2-C—>C-%, ¢p:¥-D—->D-X

and
vi: SN >C-D, y: ()W >D.C

such that for each [ € Z,, there exist an m(l) x m’(l + N) matrix H; over C and an
m'(l) x m(I + N) matrix K; over D satisfying the following equations:

91 , , @
M Hipr = My anvss Mg K = KM i48+1,

Vi , , V2
LN Mignvon = HiKien, L on Mgy oy = KiHign
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and

/
iviHisr = Hidlyyonsr Kot = Kilien en.

Here a specification ¢ : ¥1 — X; between finite alphabets ¥, ¥, means a bijection from

a subset of X onto a subset of X, and the notation M é M, for symbolic matrices
M over X1 and M over X; and a specification ¢ : ¥; — X, means the equality
e(M1(i, j)) = Ma(i, j) for each component of matrices. Hence, each vertex of V/ N
has an incoming edge corresponding to a component of H;, which is labeled by a symbol
of C. Similarly each vertex of V;42y has an incoming edge corresponding to a component
of K4+, that is labeled by a symbol of D. Hence, the inequalities

PPI(L) < PPN (L) < PPN (D)
hold for all / € Z. Therefore, we have the assertion. O

For a subshift A, we denote by £ the canonical A-graph system for A. We then
define the volume entropy /Ayo1(A) of A as the volume entropy yo1(£2) of the A-graph
system £, By [Ma2] (cf. [Mad4]), two subshifts A and A’ are topologically conjugate
if and only if their canonical A-graph systems £* and 22 are strong shift equivalent.
Strong shift equivalence implies shift equivalence. Hence, we have the following.

COROLLARY 1.2. The volume entropy hyol(A) is invariant under topological conjugacy
of subshifts.

PROPOSITION 1.3. Let Ag be the subshift presented by a A-graph system £. Then the
inequalities

htop(A,Q) < hyot(£) < htop(AE) + h(£) < 2hvoi(£)
hold, where hop(A ¢) is the topological entropy of the subshift Ag.

Proof. Let ﬁAIS be the cardinal number of the set of admissible words of A ¢ with length /.
Since ’:Ai: < 1P (L), the inequality hop(Ag) < hyoi(£) is obvious. As £ is left-resolving,
apathin P;(£) is determined by its label sequence and its terminal vertex. Hence, we have

"PIL) < PAL x
so that we obtain the inequality
hvol(£) < hiop(Ag) + i (£).
As hiop(Ag), ha(£) < hyot(£), we get the desired inequalities. O

Wolfgang Krieger has klndly suggested to the author that the volume entropy /yo1(£) i is
reahzed as the A-entropy h; (2) of the path A-graph system € of £, where the vertex set Vi
of € consists of the path set P;(£). The author would like to thank Wolfgang Krieger for
his suggestion.
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2. Topological entropy of the associated dynamical system
For a A-graph system £, let Q¢ be the projective limit

Qe = {(ul)lez+ S 1_[ Vi t1,1+1(ul+1) = ul,l S Z+}
lEZ+

of the system ¢; ;41 : Vi1 — Vi, 1 € Z4. We endow Q¢ with the projective limit topology
from the discrete topologies on V;, ! € Z so that it is a compact Hausdorff space. Let E¢
be the set of all triplets (1, @, w) € Qg x ¥ x Qg such that there exists e; ;+1 € Ejj+1
satisfying ul = s(er1+1), witl = t(er1+1) and o = A(e;4+1) for each ! € Z; where
u= (ul)lez+, w= (wl)lez+ € Qg. Theset E¢ C Qg X X x Qg is a continuous graph in
the sense of Deaconu [De, De2] (see also [Ma3, Proposition 2.1]). It has been also studied
in [KM] as a Shannon graph. Following Deaconu [De2] and Krieger [Kr2], we consider
the set X ¢ of all one-sided paths of E¢:

Xeo = {(Ol,', Uj)iecN € H(E X Qg¢) (Ui, i1, ui+1) € Egforalli e N
ieN
and (ug, a1, u1) € Eg¢ for some ug € Qg}.
The set X¢ becomes a zero-dimensional compact Hausdorff space under the relative
topology from the infinite product topology of ¥ x Qg¢. The shift map o¢ : (o, U;);eN €
Xg = (@41, Ui+1)ieN € X g is a local homeomorphism by [Ma3, Lemma 2.2]. We have

a topological dynamical system (Xg¢,o¢) of a compact Hausdorff space X¢ with a
continuous map og.

THEOREM 2.1. hyo(£) = hop(og) : the topological entropy of (X g, 0¢).

Proof. For jt = (111, ..., i) € AX, vl € v, put
Ui, vh) = {(@tn, tn)nen € Xg i o1 = i1, ..., o = g, ul = vl}

where uy = (”i)lez .- Note that the following identities hold:

U= |J U@,
L(‘Ué—H):Uf
m(l+1)
U vp =) | Wo v :ifste) = vj. o) = a.1(e) = o}
acx j=1

forsome e € Ej 41},

oi UG v)) = UBu,v).

BeX

Putforl <k <!

e = U, o) i e Aov) e Vii=1,...,mD}.
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Then 2 = | J ;s ks is a family of generating open sets of X ¢. For vf eV, vé‘H € Viy1,

k<l
we denote by A; ;+1(i, j) the number of edges starting at vf. and ending at v?jrll . The matrix

Ay 41 is obtained from M; ;1) by substituting 1 for all the symbols in M; ;11, where
(Mi.141, 11,141) is the symbolic matrix system of £. Put Ag, = Ao,1412- - An—1n-
For an open covering B of X ¢, denote by N(®8) the minimum number of a subcovering
of B. Since 2 | is the minimum subcovering of 2 of X ¢, one has

m(0) m(1)

NE@)=>" " Aol )

i=0 j=1
For open coverings B, B’ we denote by 9B Vv B’ the open covering
BB ={UNV:UecB,Vec®B)

AsAvog'(A) 2 Apy and Avog ' (A) D Az o, the minimum subcovering of Av og ' (A)
is 202 2. Hence, one has

m(0) m(2)

N@AVo ' @)=Y > Aoal, j).
j=1

i=0 j

Similarly one knows that the minimum subcovering of 2V oo ! R)v---Vog Q) is Ap.y-
Hence, one has

m(0) m(n)

NAVo @ V- Vo " @) =" Y Aol ).
i=0 j=1

Since 2 is a generator of the topology of X ¢, one obtains

1
hiop(og) = lim sup o log N2 v (751(9[) Ve vog ()

n—oo

(cf. [Wa]). As 'P,(2) = YO 7;”1) Ao.n(i, j), one concludes that /p(og) =

hyo(£). d

Hiroki Matui has pointed out that the dynamical system (X oa, 0ga) for a subshift A is
obtained by a completion of the right one-sided subshift (A, o) of (A, o) with respect to
a certain metric on A,

3. Non-commutative topological entropy in Og

We first recall basic definitions of non-commutative topological entropy defined in [Vo]
and [Br] (see also [RS]). Let A be an exact C*-algebra. We denote by P f(A) the set of
all finite subsets of A. For a faithful x-representation of A on a Hilbert space H, we denote
by CPA(r, A) the set of triples (¢, ¥, B), where B is a finite-dimensional C*-algebra and
¢ : A — B,y : B— B(H) are contractive completely positive maps. For w € P f(A)
and 6 > 0, the completely positive §-rank

rep(, w; §) = inf{rank B : (¢, ¥, B) € CPA(xw, A), || o p(a) — m(a)|| < & fora € w}
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where rank B denotes the dimension of a maximal abelian *x-subalgebra of B. As proved
in [Br], rep(r, w; §) is independent of the choice of 7. We may assume that A is faithfully
represented on H and denote rcp(m, w; §) by rep(w; §). Let y : A — A be a completely
positive map. Define

1
ht(y, w; §) = limsup — logrep(w U y (@) U - -+ U y”*l (w); 8),

n—oo N
ht(y, w) = sup ht(y, w; §).
§>0

The (non-commutative) topological entropy ht(y) of y : A — A is defined by setting

ht(y) = sup hit(y, w).
weP f(A)

Let us now briefly review the C*-algebra O¢ associated with A-graph system £, that
has been originally constructed in [Ma3] to be a groupoid C*-algebra of a groupoid
of a continuous graph obtained by £ (cf. [De, De2, Re]). Let £ = (V,E, A,t) be a
left-resolving A-graph system over X. The vertex set V; is denoted by {vll, cee, Uﬁn(l)}'
Define the transition matrices Ay 41, I;1+1 of £ by setting fori = 1,2,...,m(), j =
L2,....m(I+1), e X,

1 if s(e) = vf, Ae) =a,t(e) = vé‘H for some e € Ej 41,

A La,j)= .
L1 /) {O otherwise,

i D =,
I 1, = ’ X J l
LG ) {O otherwise.
The C*-algebra Og¢ is realized as the universal unital C*-algebra generated by partial
isometries Sy, € X and projections Ef,i = 1,2,...,m(l),l € Z4 subject to the
following operator relations called (£):
Y SuSp =1, G.1)
aeX
m(l) m(l+1)
YEl=1. El= ) LG HES, 3.2)
i=1 j=1
SgSHE] = E|SpS}. (3.3)
m(l+1)
SiEISp = Y AunG, B, HEST, (34)
Jj=1

forp € X,i =1,2,...,m(),] € Z,. It is nuclear [Ma3, Proposition 5.6] and purely
infinite, simple if £ is irreducible with condition (I) (cf. [Ma, Ma3]). Suppose that £
satisfies condition (I). The C*-algebra Og¢ is the unique C*-algebra subject to the above
relations (£). Hence, the correspondence S, — zSy, Ell — Ell forz e T = {z €
C : |z| = 1} yields an action ag of T called the gauge action. Let 4; be the finite-
dimensional commutative C*-subalgebra of Og¢ generated by Ef,i = 1,2,...,m().
By the relations (3.2), the algebra 4; is naturally regarded as a subalgebra of A;y;.
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For k < [, let F ,i be the finite-dimensional C*-subalgebra of Og generated by
SuE!SE, w,v e A%, i =1,2,...,m(l). By the relations (3.1) and (3.4), 7} is naturally
regarded as a subalgebra of f,ﬂﬂ Let F¢ be the C*-subalgebra of Og generated by the
algebras .7-'}(. It is an AF-algebra realized as the fixed point algebra O%g of Og¢ under ag.
In what follows, we assume that £ is irreducible with condition (I).

Let ye : O¢ — Og be the canonical completely positive map defined by setting

ye(X) = Z Se XSk, X e Og.
aEX
We will compute the topological entropy ht(y¢) of the completely positive map yg.

Let ¢ be a KMS-state for the gauge action on Og. A KMS-state for gauge action
always exists at maximal inverse temperature by a similar argument to [MWY] or [PWY].
Since £ is irreducible, a KMS-state is automatically faithful (cf. [MWY, Lemma 4.3]).
We first note the following lemma.

LEMMA 3.1. Let ¢ be a KMS-state for the gauge action on Og¢ at inverse temperature
log B for some B > 1. Fors < t, s,t € Z4, there exists a conditional expectation
EL 2 Fo — F! with respect to the state ¢.

Proof. Define £! : Fo — F} by setting

E3 (S EfSyy.op)

o
Spy EES:.
o(E!)
PPl 0s)

" ifk <sandl <rt,

t * .
e P,.(M!V’S)Svlmw ifk <sandl > t,

— 1

- go(S,us-H"'MkEiSIjq+|---vk)
t

<P(P,'(M)U,S))

t *
Sttty P v, 50

ifk >sand g1 - g = Vg1 -0 Vg,

0 ifk >sand gy i 7 Vg1 - Vi,

where the projection P it(p,,v,s

YR Ell Stlmw # 0. There exist two labeled paths from vertices in V;_; to the vertex vg,

whose label sequences are @1 - - - ug and vy - - - vg.

Case 1 (k < sand ! > t). Put vf(ﬂ ) = Ll”(vf.) € V;. By the local property of

A-graph system, there exist paths labeled by s - - - px and vy - - - v that end at v’

; ; i(p,v,s)°
We put Pi(u,u,s) = Ei(ﬂ,u,s)‘

Case 2 (k > s and pug41 - - - [k = Vg1 - - - V). There exists a vertex v

) € A; is defined as in the following way. Assume that

[—(k—s)
i(@,v,s)

[—(k—s) 1
H(.s) and ends at v;.

in Vi—(k—s)
such that the labeled path pgy1--- k(= vg41--- Vi) starts at v
We have two subcases.

Case 2.1 (I — (k —s) < t). Put P! = EIZ*79) The projection belongs to the

i(i,v,s) i(p,v,s)
algebra A;_(x—y) that is a subalgebra of A;. Hence, S, ..., Pi’(M’U’S)S;"] ..y, belongs to F{.
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Case 2.2 (I — (k —s) > 1). Putvl, o = Ll—<’<—S>—f(vf(‘ljf‘vjj))) € V,. By the local
property of A-graph system, there exist paths labeled by w1 - - - s and vy - - - v that end at
Vir(uov.s)- This means Sy Ef(, oSy ., # 0. We then put P/ E

— t
. .. . (w,v,8) = i (,v,8)”
As the following equalities are straightforward,

m(l+1)
ENEN = > I, DENET,
j=1
m(l+1)

EV S ELSt ) = Y D Avit Gy oy NEN Sy B SS ),
acy  j=I1

the map &' : Fe — F! is well-defined. Since ¢ is a KMS-state at inverse temperature
log B, the equality

1
(p(SMXSZ) = 8M,UW¢(XS;SM), XeFe,ne A’E
holds (cf. [PWY, Proposition 9.1] and [MWY, Proposition 3.3]). Hence, the equality
@ o & = ¢ is direct. O

Our purpose is to show the following theorem.
THEOREM 3.2. ht(ye) < hyol(£).

We will prove Theorem 3.2, combining appropriate analogues of Boca and Goldstein
[BG] for Cuntz—Krieger algebras and Pinzari et al [PWY] for full C*-dynamical systems.
Assume that the algebra Qg is faithfully represented on a Hilbert space. Put for i, k <

Q= (SuESElul <h | <ki=12....md)}

For a finite set w C Q%,k’ put

L(w) = max{|ul, |[v| : SLE!S} € w},

Afw =1 € A% 1l < L),

() =*A] (-
For p € Z, we denote by O¢®¢[ p] the pth spectral subspace for the gauge action «¢:
Oc*[pl ={X € Og : (ag),(X) =z"X,z € T}.
Let &, : Og — Og%t[p] be defined by setting
Ep(X) =/ P(ag),(X)dz, X € Og.
zeT

In particular & : Og — Qg% = Faq is a conditional expectation. Motivated by [PWY],

we define contractive completely positive maps. We put ¢y : Og — Myw)(Fg) by
setting

P00) (X) =[S, E -1 (X)Sulpveny, . X € Og.
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Let & : Fg¢ — F! be the conditional expectation with respect to a KMS-state ¢ for
the gauge action on Og defined in Lemma 3.1. For n € Z4, define ¢} : Og —
Moy ® .7-'1;('2) 4 DY setting
. I
¢,(X) = (id ® ELJ(FZ)M) o o) (X), X € Og.

Let f € [2(Z) be a function on Z such that || f|l> < 1 and |f = f(p) — 1] < § for

—L(w) < p < L(w) where f(q) = f(—q). Define a contractive completely positive map
U Moy ® flLTZHn — Og by setting

U (Xplpwens, )= D LARDFAVD S X0 Sy

L(w) /
M’VEAL(m)

LEMMA 3.3. For X € w, if X € Og“%[p], one has
Iy o™ (X)— X|| <8 forneZ,.
Proof. Since id ® EILJEZHn (D) (X)) = Pp(w) (X), it suffices to show that
17 0 gow) (X) — XI| < 8.

One sees that

¥/ 0 Po(uy (X) = Z FAD FAVD S, S i (X) Sy S

M,veA’i(w)

= > fUuDf(vDS.S;XS,S]

lul~v|=p

=y f(s)f(r)(z S,LSZ)X(Z Svs;")
s—r=p [p]=s [vl=s

= f* f(p)X.

Hence, we have
1V 0 Poy(X) — Xl =1 f * f(p) — 1] <8

because || X| = 1. O

LEMMA 3.4. Forw C Qﬁl v 8> 0andn €N, there exist contractive completely positive
maps
. [+ . 1+
iy Og = Mow) ® Fiire ¥ 1 Mooy ® F ), — Og

such that

K24 ol (Y)—Y| <8, forY ewUyg(w)U---U ygfl(a)).
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Proof. Take Y = y/é(X) forsome X e wand j = 0,1,...,n — 1. Since ||y| = 1, one
sees |[Y] = 1. As X € Op%L[p] for some p € Z,onehas Y = yé(X) € Op*L[p]. By the
preceding lemma, one gets the desired inequality. O

PROPOSITION 3.5. Forw C Qél’k, 8 > 0andn € N, the inequality
rep(@Uyg(@) U Uya™ (@):8) < 0(0)*Prin(L)
holds.
Proof. By the preceding lemma, we have
rep(@Uye(@) U+ Uyd™ (); 8) < rank (M) ® Fpin ).

Since one sees that

rank (Fyin )= Y. ALl )
i=1,....m(—L(w)),
j=1,...m(l+n)
< Y Aoial, ) ="Piia(9),
i=1,..,m(0),
j=1,....m(+n)
the desired inequality holds. a

Proof of Theorem 3.2. For w C Qél w» 6 > 0, by the preceding proposition, it follows that

1
hi(yg, ; 8) < limsup —10g 6 (©)*Prn (L) = hyol (L)
n—oo N
and hence ht(ye, ®) < hyo(£). As the linear span of Qél!k, h,k < 1,1 € Z+ is dense
in O¢, by the Kolmogorov-Sinai type property, one has

ht(ye) = sup hi(yg; ).
wCQil,k

Therefore, we get the inequality h#(ye) < hyol(£). a
We reach the following main result.
COROLLARY 3.6. ht(ye) = hyo(£).

Proof. Let Dg be the commutative C*-subalgebra of all diagonal elements of the
AF-subalgebra F¢. The algebra Dg is generated by the elements of the form S, Ell Sy
weA*i=1,...,m(l),l € Z. Itis invariant under the completely positive map yg|p,
such that the dynamical system (Dg, yg|p,) is canonically isomorphic to the dynamical
system (C(Xg),0q). By the endomorphism version of [Ve, Proposition 4.8], we know
that ht((rz) = hp(og) and that is Ay (£) by Theorem 2.1. As there exists a projection
of norm one from Og to Dg, one sees that t(ye) = ht(yelp,) by [Vo, Proposition 4.4].

Therefore one concludes that /o1 (£) < ht(y¢) so that hye (L) = ht(ye). O

COROLLARY 3.7. hi(yg) = hi(yelre) = hi(yglpg) = hiop(og) = hvol(£).
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Let A be a subshift and Op be the C*-algebra associated with A. The algebra
Oy is simply the C*-algebra Oga associated with the canonical A-graph system £
(cf. [CM, Ma, Ma3]). We denote by y, the canonical completely positive map yaa on the
algebra Oga. We put hyo(A) = hyol(£2). Hence, we have the following.

COROLLARY 3.8. hiop(A) < ht(ya) = hyot(A) < hiop(A) + hi(A) where hy (A) is the
A-entropy h; (£2) defined in [KM3].

The last inequality sharpens the inequality of [PWY, Theorem 7.10].

4. Examples

4.1. The sofic shifts. Let G = (V, E, ) be a left-resolving finite labeled graph with
vertex set V, edge set E and labeling map A : E — X. As in [Ma3, Lemma 2.1], the
labeled graph naturally defines a A-graph system £g. Since each level of the vertex set
of £g is V, the volume entropy hvo1(£g) of £g coincides with the topological entropy
of the sofic shift Ag presented by the labeled graph G (cf. [Kit, LM]). The C*-algebra
Og, associated with the A-graph system £g is isomorphic to a Cuntz—Krieger algebra
(cf. [Ma3, Proposition 7.1, [Ca, To]]). We have in this case

ht(VSg) = htop(Ag)-

On the other hand, a topological Markov shift is a sofic shift and any Cuntz—Krieger algebra
is realized as a C*-algebra Og,, for some finite labeled graph G. The above equality shows
Boca and Goldstein’s result [BG] for Cuntz—Krieger algebras.

4.2. The B-shifts. For areal number 1 < 8 € R, let Ag be the B-shift, that is defined
by B-adic expansion of real numbers [Ré, Pa, Bl]. The symbolic matrix systems of the
canonical A-graph systems £g of Ag have been seen in [KMW]. As in that paper, if Ag
is sofic, the equalities ht(yAﬂ) = hyol(Ag) = hwop(Ap) are clear. Otherwise, the cardinal
number “P, (Ap) of the vertex set at level n is n + 1. Hence, the A-entropy h;(Ag) = 0 so
that we also have

ht(yng) = hvol(Ag) = hiop(Ap).

The equality Af(ya ﬁ) = hiop(Ap) was first shown in [PWY, Theorem 7.10], and Aop(Ap)
is known to be log § (cf. [Bl, Wa]).

4.3. The Dyck shifts. The theory of symbolic dynamics has a close relationship with
automata theory and language theory. In the theory of language, there is a class of
universal languages due to W. Dyck. The corresponding symbolic dynamics generated by
the languages are called the Dyck shifts Dy for2 < N € N (cf. [Kr, Kr3, Kr4]). They are
non-sofic subshifts. Its alphabet X consists of the 2N brackets: (1,..., (¥, )1,...,)N-
Let us denote the brackets by a1, ..., oy, B1, ..., By, respectively. The Dyck inverse
monoid [Kr3, Kr4] has the relations

aifp=1 fori=1,...,N, o;fj=0 fori#j “.1)
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and aword y1, ..., ¥, of Xy is admissible for Dy precisely if ]_[2: 1 Ym # 0. This means
that the forbidden words consist of words that do not obey the standard bracket rules.

In [KM2], the Cantor horizon A-graph system £"(PN) of the Dyck shift Dy has been
studied. The Cantor horizon A-graph system of Dy is a minimal irreducible component of
the canonical A-graph system of Dy. The C*-algebra Ogacipy) is purely infinite, simple
with infinite-order K-theory groups (cf. [Ma8]). Let VlCh(DN ) be the vertex set at level /
of £CMDPN) | The cardinal number of VlCh(DN )is N and every vertex has N 4 1 incoming

edges. Hence, every vertex of VlCh(DN ) has (N + 1)! predecessors so that
ey = (N + 1) x N

Therefore, we have
hvol(SCh(DN)) =log(N + 1) +log N.

In [Ma6], the canonical A-graph system £P¥ of the Dyck shift Dy has been studied.
Let VZDN be the vertex set at level / of £°¥. The cardinal number of VZDN is (1/(N — 1))
(N1~ 1) and every vertex of VlDN except one vertex has N + 1 incoming edges, and the
one exceptional vertex has 2N incoming edges. It is easy to see that the inequalities

P (LN < 2P (ePV) < By (£Ch PN

hold so that
Byl (£PV) = hyo (L€ PV = Jog(N + 1) + log N.

As the topological entropy of the Dyck shift Dy is log(N + 1) (see [Kr]), the value
Byol (£CHPN)Y = By (£PV) = Tog(N + 1) + log N is strictly larger than the topological
entropy hop(Dn ).

5. The Motzkin shifts
There is another natural grammar called Motzkin system that has first appeared in
Krieger’s papers [Kr3, Kr4]. It is a grammar generated by the Dyck system and its unit.
The subshift for the Motzkin system is called the Motzkin shift [Kr3, Kr4]. Consider the
alphabetZ1 ={o1,...,an, B1,..., BN, 1} suchthatay, ...anN, B1, ..., By satisfy (4.1).
The Motzkin shift My of order N is a subshift over E}V such that a word ¢ - - - ¢, of E}V
is admissible for My precisely if ]_[2: 1 ¢m # 0 (see [Kr3, Krd4]).

In [Ma5], the Cantor horizon A-graph system £¢*MN) of the Motzkin shift My has
been studied. The C*-algebra Ogcnay) is purely infinite, simple with infinite order
K-theory groups. Let VlCh(MN ) be the vertex set at level [ of £C"MN), The cardinal

Ch(My)

number of V; is N' and every vertex has N + 2 incoming edges. Hence, every

vertex of VlCh(MN ) has (N + 2)l predecessors so that
eV = (N +2)) x N,

Therefore, we have
hyoi (£ MN)) = log(N +2) + log N.

The canonical A-graph system £ for the Motzkin shift My can be calculated in the
same manner as the canonical A-graph system £PV for the Dyck shift Dy as in [Ma6].
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We know the volume entropy for the canonical A-graph system £V of the Motzkin shift
My in a similar way to the Dyck shift. We then have

yol (EMN) = hyon (£CHMN)) = Jog(N 4 2) + log N.

The value Ay (£ MN)Y = by (EMV) = log(N + 2) + log N is strictly larger than the
topological entropy hop(Mpy) = log(N + 2) of the Motzkin shift My .
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