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This article studies panel data models with two-dimensional unobserved slope
heterogeneity and interactive fixed effects. We propose a two-step approach to
estimate the parameters in the model. We apply the proposed model to estimate
heterogeneous treatment effects at both individual and aggregate levels. Monte
Carlo simulations show that the proposed estimators perform remarkably well in
finite samples in comparison with some existing methods such as the synthetic
control ones. We apply our method to study the effect of economic liberalization
on economic growth and find a positive and significant aggregate average treatment
effect on the treated.

1. INTRODUCTION

Heterogeneity is a fundamental feature in many economic datasets and how to
model heterogeneity has been a central issue in econometrics (see, e.g., Heckman,
2001). In this article, we propose a linear panel data model with a general form
of heterogeneity. In our model, the outcome variable depends on both observable
covariates and unobservable factors in a heterogeneous way. The slope coefficients
of covariates are allowed to vary along both cross-sectional and time-series
dimensions. We also allow multiple latent common factors (i.e., interactive fixed
effects [IFEs hereafter]) to affect the outcome variable via an intercept term. Our
model nests many commonly used panel data models as special cases, such as
the homogeneous panel data model with IFEs, the random coefficient model, the
time-varying coefficient model, and the panel data model with two-dimensional
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2 XUN LU ET AL.

heterogeneity, among others (for details, see the literature review below). We
propose estimation and inference methods for our heterogeneous model. One
important application of our model is to estimate the counterfactual outcomes for
program evaluations.

An important feature of our model is that it allows the observable covariates,
X, to influence the outcome heterogeneously, varying across both individuals and
time. The importance of allowing heterogeneous effects has been well recognized
in panel data models, and the homogeneous slope coefficients are often rejected
empirically (see, e.g., Browning and Carro, 2007; Su and Chen, 2013). As we
estimate all the slope coefficients, ,3? and ,3,?, it is transparent to examine the role
of covariates in explaining the outcome. To illustrate the importance of allowing
for heterogeneous slopes, consider the famous Feldstein—Horioka puzzle in inter-
national economics (see, e.g., Feldstein and Horioka, 1980), where y;; and x;, are
the investment rate and saving rate for country i in year ¢, respectively. The standard
economic theory suggests that rational investors would invest in countries offering
the highest return if there were no regulations in international financial markets.
However, in practice, investors may face all kinds of regulations in investing in
foreign countries. Therefore, the effect of domestic saving rates on investment
rates depends on the constraints of capital mobility across countries. Based on this
argument, the slope coefficient (,32) of saving rates should be country-specific.
It should also be time-varying, as the international capital market environments
change over time. Lu and Su (2023) find strong evidence of heterogeneity in both
dimensions using a simpler model that does not incorporate a factor structure. In
our empirical study in Section 6, where we investigate the relationship between
countries’ economic growth and their consumption and investment shares, we also
find substantial heterogeneity in the effects of these two variables on growth (see
Figure | in Section 6). As Lu and Su (2023) argue, neglecting heterogeneity in
slope coefficients can result in model misspecification and undermine the validity
of subsequent estimation and inference in empirical research. A primary reason
for this is that the true, heterogeneous coefficient ﬂg may be correlated with x;,
potentially inducing endogeneity if ,32 is incorrectly specified as a constant.

Specifically, we assume that the outcome variable y; follows a general panel
data model with two-dimensional heterogeneity and a factor structure

Vi = By xi +AVf) +uy, i € [N, t € [T, (1.1)

where x;; is a K x 1 vector of observable covariates, f,o is an R® x 1 vector of
unobservable factors, A? is the corresponding factor loadings, R° is typically
unknown, and u;, is the idiosyncratic error term. Here, [a] = {1,2,...,a} for any
integer a > 1. Throughout this article, we use superscript “0” to denote true values.
)»?’fto is often referred to as the IFEs in the literature (see, e.g., Bai, 2009) and RO
is the number of unobservable factors. We assume that the slope coefficient B has
an additive structure:

B =B+ 8%, (1.2)
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ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 3

where B? and BY are two K x 1 random vectors. Without loss of generality, we
impose the normalization condition that £ (,B?) =0 and leave E (,33) unrestricted.'
E (,3_(,)) can be interpreted as the average effects of x;; on y;;. ,3? and 59 (orits centered
version ,3_(; — E(ﬂg)) represent the effect heterogeneity along the individual and
time dimensions, respectively. We allow ,B? and ﬂ_(; to be correlated with x;;,
therefore, model (1.1) is a correlated random-coefficient (CRC)-type model with
IFEs. In this model, we treat ,310 g, )»?, ,0, and RO all as unknown parameters. Note
that we do not allow dynamic models in this article, that is, x;, cannot be the lagged
dependent variable.’

We propose a two-step estimation procedure for our model. In the first step,
we obtain a preliminary consistent estimator of ﬂf ,B°, and @° via nuclear norm
regularization (NNR), where ©° is a T x N matrix with its (¢, i)th element given by
A?’]‘f). Nevertheless, due to the use of NNR, we can only establish slow convergence
rates for these estimators. In particular, we can only establish the weak consistency
of the NNR estimator of the low-rank matrix ®° in terms of Frobenius norm. But it
is sufficient for us to obtain a consistent estimator of the number of factors, say, via
a singular value thresholding procedure. In the second step, we adopt an iterative
procedure to conduct post-NNR (PNNR) estimation of all parameters, including

0 o A?, and f°. We establish the asymptotic properties of these estimators in the
large panel framework where both N and T tend to infinity. One key challenge is to
deal with the high dimensionality of the parameters. Note that the total dimension
of {ﬁ?, _9, k?,f?} isK(N+T —1)+R%(N+T), which increases with both N and
T. For example, in a reasonable setting where N = 100,7 = 100,K = 2, and
R® =2, it is close to 800.

As argued above, our model in (1.1) and (1.2) can be of independent interest and
applied directly to many empirical studies where {87, 8%} are usually the param-
eters of interest. The model’s utility is further demonstrated by its application to
estimating counterfactual outcomes, which is central to program evaluation and
treatment effect analysis. Following Rubin’s potential outcome framework, let y},
and y?t be the potential treated (intervened) and untreated outcomes for individual i
at time ¢, respectively. For example, consider the effect of economic liberalization
(openness) on economic growth where the binary treatment indicator is whether a
country is open and x;, is some observable covariates (e.g., investment share) that
can explain economic growth. y/, is the economic growth of country i at year ¢ if
it is open at year ¢, and y?t is its economic growth if it is closed. The treatment
effect is simply y), — yg. The fundamental issue here is that we only observe either
vy} or % but never both. We consider the treatment effect on the treated, that is,
those countries which switch from “closed” to “open” in certain years. For those
treated, we directly observe y},, but y?t is unobservable and counterfactual, which

lAlternauively, one can follow Lu and Su (2023) and write the slope vector as 89 + ﬂ? + /39, in which case we can
impose E (8Y) = E (8%) = 0 for identification.

2The main reason is that the two-dimensional heterogeneous coefficients create a complicated process for y;; if the
xjr is the lagged yj;, say y; ;1. For a discussion on this issue for a simpler model where the factor structure is absent,
see Lu and Su (2023). We leave this important extension of our model to future research.
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4 XUN LU ET AL.

has to be estimated. We provide a general approach to estimate the counterfactual
outcome in this framework. Specifically, we assume that the untreated potential
outcome yg follows models (1.1) and (1.2) by taking into account the unobserved
heterogeneity over both the countries and the years. Using the data of the control
individuals (those who are never treated), we estimate ;82 and j;) . Then we estimate
the individual-specific g and A? for the treated individuals and estimate the
counterfactual untreated outcome for them. For details, see our Algorithm 2 in
Section 4. We derive the asymptotic properties of various treatment effects on
the treated based on our estimated counterfactual outcomes. Our approach can be
viewed as an alternative to the popular synthetic control method (SCM) to estimate
counterfactual outcomes. Relative to SCM, our approach can potentially exploit
more information on covariates (x;;) when model (1.1) is correctly specified. In
addition, we allow B, to have a nonstationary distribution. The nonstationarity
of B can invalidate many existing inference procedures applied to SCM, such
as Chernozhukov, Wiithrich, and Zhu (2021), Masini and Medeiros (2021), and
Masini and Medeiros (2022). This is because S, typically enters the error term of
the SCM model, so nonstationary coefficients directly induce nonstationarity in
the error term. Consequently, this violates a fundamental stationarity assumption
underlying those inference methods. For a detailed discussion and evidence on
these points, please refer to the simulations in Section 5 of the main text and
Section S.7 of the Supplementary Material.

We apply our new method to evaluate the impact of economic liberalization on
economic growth using panel data for 60 countries over 30 years (1965-1994). The
outcome variable is annual economic growth, and the treatment indicator denotes
whether a country is classified as “open.” Two key covariates—the investment
share and consumption share of GDP—are included in the analysis. Our main
finding is that liberalization exerts a positive and statistically significant effect: the
aggregate average treatment effects on the treated (ATT) is 1.24% annual growth.
Country-level ATT estimates reveal substantial heterogeneity: 20 countries exhibit
positive effects, while 15 show negative effects. Additionally, we find that the
investment share is positively associated with the untreated potential outcome,
whereas the consumption share exerts a small negative effect. Overall, the results
support the view that openness fosters economic growth, though the magnitude
and direction of effects vary across countries.

Our article is closely related to several strands of literature. First, our article
pertains to the large literature on panel data models (see, e.g., Hsiao, 2022, for a
review). Our model can be thought of as a generalization of many widely used
panel data models. If we impose ﬂf + BY to be constant, our model becomes the
standard panel data model with IFEs (see, e.g., Bai, 2009; Moon and Weidner,
2015; Armstrong, Weidner, and Zeleneev, 2026). If we restrict that ﬁ_? =0 and
leave ,319 unrestricted, this is the random coefficient model (see, e.g., Pesaran, 2006;
Su, Shi, and Phillips, 2016; Li, Cui, and Lu, 2020). If we impose that ﬂ? = (0 while
leaving B unrestricted, our model becomes the time-varying coefficient model
(see, e.g., Zhu, 2017). If the factor structure )L?’ 0'is replaced by two-way additive
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ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 5

fixed effects, our model reduces to the panel data model with two-dimensional
heterogeneity studied in Keane and Neal (2020) and Lu and Su (2023).

Second, our article is related to the literature on the estimation of counter-
factual outcomes and treatment effects, which has been developing rapidly over
the last two decades. Due to space limitations, here we only provide a brief
review of the estimation methods with panel data. For cross-sectional data, see
Imbens and Wooldridge (2009) for a review. In two seminal papers, Abadie and
Gardeazabal (2003) and Abadie, Diamond, and Hainmueller (2010) propose the
SCM to estimate counterfactual outcomes, which has been widely applied to
many empirical contexts. SCM uses a weighted average of observed untreated
outcomes of untreated individuals to estimate the counterfactual for those treated.
As remarked in Athey and Imbens (2017), SCM is arguably the most important
development in program evaluation in the last decade. The literature on SCM has
been developing rapidly in the last two decades (see Abadie, 2021, for an excellent
review). We have seen extensive development on the generalization or inference on
SCM in the last decade. For example, Doudchenko and Imbens (2016) generalize
SCM by allowing the weights to be negative and their sum to differ from one, but
with an elastic-net type penalty. Xu (2017) proposes a generalized SCM based on
panels with IFEs where the slope coefficients of observable covariates are assumed
to be homogeneous. Athey et al. (2021) develop matrix completion estimators
for counterfactuals. Arkhangelsky et al. (2021) propose a synthetic difference-in-
differences method. Li (2020), Chernozhukov et al. (2021), Masini and Medeiros
(2021), and Masini and Medeiros (2022) propose different inference methods for
SCM, and Cattaneo, Feng, and Titiunik (2021) develop prediction intervals for
SCM. Typically, a certain form of stationarity of the error term is required for the
validity of inferences considered in these papers and inferences can be invalid when
nonstationarity is not properly accounted for, say when it appears in the parameter.
More recently, Chen (2023) shows that SCM can be represented as an online
learning algorithm and its predictions of counterfactual outcomes perform almost
as well as an oracle weighted average of control units’ outcomes. Note that our
estimator does not take a form of a weighted average of control units’ outcomes,
thus it is not in the class of estimators considered in Chen (2023). In addition, we
allow for nonstationarity in {8.,}, in which case typical SCM inference procedures
(e.g., Chernozhukov et al., 2021) that fail to take into account the covariate part
are asymptotically invalid.

Third, in terms of methodology, our approach is closely related to the burgeoning
literature on the use of NNR in econometrics, statistics, and machine learning
(see Koltchinskii, Lounici, and Tsybakov, 201 1; Negahban and Wainwright, 2011;
Rohde and Tsybakov, 2011; Negahban et al., 2012; Bai and Ng, 2019; Fan, Gong,
and Zhu, 2019; Athey et al., 2021; Ma, Su, and Zhang, 2022; Belloni et al., 2023;
Miao, Phillips, and Su, 2023; Chernozhukov et al., 2026; Moon and Weidner,
2026). All these previous works focus on the error bounds (in Frobenius norm)
for the NNR estimators, except Ma et al. (2022), Miao et al. (2023), Moon and
Weidner (2026), and Chernozhukov et al. (2026), who study inference problems
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6 XUN LU ET AL.

in linear/nonlinear panel or VAR models with low-rank structures. Like these latter
authors, we simply use the NNR to obtain consistent initial estimators and our final
objective is to establish the usual inference theory for the complete model in (1.1)
and (1.2).

The rest of the article is structured as follows. In Section 2, we propose our
estimation method for models (1.1) and (1.2). Section 3 establishes the asymptotic
properties of the estimators. In Section 4, we show how to apply our model to
estimate various treatment effects and study their asymptotic properties. Section 5
reports Monte Carlo simulation results. In Section 6, we apply our method to study
the effect of economic liberalization on economic growth. Section 7 concludes.
All proofs of the main results are relegated to the Appendix. The Supplementary
Material includes some detailed analyses and additional simulation and empirical
results.

Notation. Let I, denote an m x m identity matrix. For a real m x n matrix
A = (ay), we use [|A]l, |Alls, and [|A]« to denote its Frobenius norm, spectral
norm, and nuclear norm, respectively: ||A||sp = 11 (A), [|All = (72, Y0 ai)'/?,
and ||A]]x = ZZQF uix(A), where ui(A) denotes the kth largest singular value
of A for k < m An = min(m,n) and = signifies a definitional relationship. Let
lAllo, and ||A|l; denote the Lo, and L; norm of matrix A. That is, ||All, and
IA|l; are the maximum absolute row sum and column sum of A. Let pupmin(A) =
Wman(A) and pmax(A) = i (A). Let A’ denote the transpose of A. When A has
full rank, let Py = A(A’A)~'A’ and M, = I,, — P4. For a positive integer n, let
[n] = {1,2,...,n}. Let vec(-) denote the usual vectorization operator. Let mat(-)
be the reverse operator of vec(-): mat(vec(A)) = A. Let ® denote the Kronecker
product. Let 1{-} be the indicator function. Let blkdiag(A,...,A;) represent a
block-diagonal matrix with square diagonal blocks Aj,...,A;. The symbol 4

denotes convergence in probability, 4 convergence in distribution, and plim
probability limit. We use (N, T) — oo to signify that N and T pass to infinity jointly.

2. THE MODEL AND ESTIMATION METHOD

In this section, we first introduce the panel data model with two-dimensional
unobserved slope heterogeneity and IFEs. Then we propose a two-step approach
to estimate the parameters in the model.

2.1. The Model

The scalar form of our model is given by
Vi = B+ B i+ A f i, i€ [N, 1 €[T), @1

where x;;, j;) , A?, and u;, are defined as above. Note that ﬁ? and ﬂg are not separately
identified. In other words, equation (2.1) cannot be directly employed to construct a

least-squares estimator. To achieve identification, we assume E (,319) =0 and leave
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ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 7

E(BY) unrestricted. Define Bi. = ﬁ,? - 1%, szlﬂﬁ and B, = B+ 1%, Z]-VZI,BJ-Q. By

construction, Zszl ﬂJ = (. We can then rewrite the model as

Vi = B+ B xu +AVF +uy, i€ [N—1], te[T], (2.2)
N—1 ,

s = (= 2B+ B2) a4+ AN e, 1T 2.3)
j=1

Let BV =[8],.... 54 1 e RN-DK and B® = [f/,..., B;] € R™¥. Equations
(2.2) and (2.3) can be employed to construct a least squares estimator.

We establish two alternative representations of models (2.2) and (2.3). The
vector representation facilitates the analysis of the least-squares estimators for
elements in B =[B!, B?']' in the following discussion, while the matrix repre-
sentation is particularly useful for studying the estimator associated with the factor
structure.

To proceed, we introduce some notation. Let y;. = [y;1,yi2,...,yir] € Ry, =
Di6Yas - oyned € RN, and Y = [y).¥5.,...,¥y.] € RV Define u;,u,, and U
analogously. Let x;. = [x;1, Xi2, ..., x;7) € RT*K and x,, = [x1,, %0, ..., xn;] € RV¥K
be the covariate matrices that may appear in equations for individual i and time ¢,
respectively. Define

X1. / ng»)
Xil (2)
xV = , xl@ = ,and X® = 2

XN—1- /
—Xy. - —Xp.

2)
Xy,

TxTK ————
NTx(N—1)K NTxTK

Let X2 = X, X®]. Given the above notations, the model in (2.2) and (2.3)
can be rewritten in an NT-vector form:

Vector representation: Y =XVBV 4+ xPB? 101 y=x12310°+ U,
2.4)

where 0° = vec (©°). The vector B stacks all free unit- and time-specific slope
coefficients into a single (N + 7 — 1)K x 1 vector. Accordingly, for each pair
(i, 1), the corresponding row of X2 consists of an expanded regressor vector,
constructed by interacting x;, with the full set of unit and time dummies, while
imposing the normalization constraint Z?’: I B:i. = 0. Consequently, the product
X12B is equivalent to a regression specification that includes all unit—time
interactive effects involving x;;. Next, we introduce the matrix representation.
Denote the kth entries of x;;, Bi., and ﬂ., as X, it ,B'k,i., and Bk, .1, respectively. Let
X) be a T x N matrix with (¢, i)th entry x ;, for k € [K]. Similarly, we define Y
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8 XUN LU ET AL.

and U. Then we have the matrix representation:

K
Matrix representation: Y = Z(BvaXk + XkBk, N)+ e'+U, 2.5)
k=1

where ]:31{’]- = diag(,Bk,.l, Bk, Dy enn ,,B.k,AT) and Bk,N = diag(ﬂ.k’l.,ﬁ.k’z., cee ,ﬂ.qufl., —
Z?’;]l Br.i) are T x T and N x N diagonal matrices, respectively.
We now outline the main steps for estimating model (2.1):

1. Solve the nuclear-norm-regularized problem defined in (2.7) below. This step
yields a consistent estimator of the matrix ®° in terms of Frobenius norm.

2. Determine the number of factors using (2.8) or other methods discussed below
and obtain the initial estimators of the factors and factor loadings as in (2.9).
This step provides consistent estimators of the number of factors, factors, and
loadings.

3. Apply Algorithm 1, introduced in Section 2.3, to obtain the final estimators
of the slope coefficients and latent factors and loadings. This step refines
the estimators through iterations and produces the final estimators used for
statistical inference.

2.2. Initial Estimation: Nuclear Norm Regularized Estimation

In this section, we produce initial estimators of the parameters in the model. Define
the objective function as

|1©]]=

VNT’

where B € RV=14DK g —=vec (@), ® € R™", and yyr is a regularization
parameter such that yyr — 0 as (NV,T) — oo. Then the initial estimator is given

Lyr(B, ®)——|IY XEDB 0|1 + yar (2.6)

by

(B,,®,) = arg min Ly (B, ©). 2.7)
(B,©)

At any fixed ®, minimizing Lyr(B, ®) is a least-squares problem. Formally, we

can write

Lar(©) = m1n—||Y XIPB 9| = —(Y 0) M, (Y —6),

2NT

where M, = Myq.2) is the NT x NT projection matrix that projects out the columns
of X1:2 Hence, minimizing Ly7(B, ®) can be achieved by minimizing ﬁNT(G) +

JISIIES
VNI 757 - That is,

JCIIE
VNT

—argmln—(Y 0YM,.(Y —0) + vnr

©, =arg min Lnr(©) + yar

O]
VNT
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ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 9

Given the initial estimators 1§0 and (:)U, one can use various methods to determine
the number of factors R’. For example, we can estimate R via the singular value

thresholding as follows:
NAT 12

k=31 {m(&)) > ( o Sp) } 238)
i=1

where ,u,-(C:),,) denotes the ith largest singular value of O,. Alternatively, we can
estimate R® by some other methods, including the information criteria and panel
criteria methods of Bai and Ng (2002), the edge distribution estimator of Onatski
(2010), the eigenvalue ratio and growth ratio method of Ahn and Horenstein
(2013), and the cross-validation method of Jin, Miao, and Su (2021).

Given R, we can obtain preliminary estimators of the factors and factor loadings.
Consider the singular value decomposition (SVD) of ©, : ©, = LDV', where
D= diag (M1(®0) --,MNAT((%)) and L and V stack the left and right singular
vectors of ©,, respectively. We estimate F° and A, respectively, by

Fy=~NTL, gy and A, =V, 3Dy i/ VT (2.9)

where L* (k) denotes a submatrix of L that contains its first R columns and
D[R] (R] =diag (I‘Ll(oo) .- sﬂk(Ga))~

Remark 2.1. Here, we assume that /30 follows an additive structure as in (1.2).
Let B ;. By ... and B, denote the k-th elements of B, B7, and BY, respectively.
Since ﬂk = (ﬂk . D, ﬂk 4, the N x T matrix ﬂk = {,Bk q 1€ [N], t€[T]} has
rank two in general for each k € [K]. It is possible to generalize B, to have a
generic low-rank (factor) structure of rank Ry, namely, 8, = yig} . where y;
and gg_t are Ry, x 1 vectors for k € [K]. In that case, the NNR needs to be applied
to the slope coefficients too, as in Chernozhukov et al. (2026). However, inference
in such settings typically requires stronger assumptions and a sample-splitting
procedure, which we do not pursue in this article. See Remarks 3.6 and 3.7 in
Section 3.3 below.

Remark 2.2. While both our study and Moon and Weidner (2026) utilize
NNR, our contributions are distinct and address a fundamentally more challenging
problem. Moon and Weidner (2026) apply NNR to estimate a homogeneous model,
where the slope coefficient 87 is assumed constant. In contrast, we consider a
heterogeneous model, introducing high-dimensional parameters via the additive
form ;62 = ,810 + BY, varying across both individuals and time. This distinction is
crucial. As noted in the literature (e.g., Jiang et al., 2021), the convergence of PCA
estimators in panels with IFEs often hinges on a suitable initial estimator. The NNR
method provides a consistent starting point that facilitates convergence. However,
our article is one of the first to develop estimation and inference for a panel with
two-dimensional slope heterogeneity and IFEs. Therefore, while NNR serves a
similar initial-stage purpose, the subsequent analysis diverges completely.
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10 XUN LU ET AL.

2.3. Post Nuclear Norm Regularized Estimation

In this section we propose an iterative procedure to obtain updated estimators of
the regression coefficients, the factors, and the factor loadings. The algorithm goes
as follows:

Algorithm 1 Iterated estimator for B.

1. Fors =0, set ¥ = F, and A® = A,,.
2. Update B, by

o N . 2
B =argmin min mat(Y —X2B) —FOn — gAY’
B gERTXR,hERNXR
-1
=[X"P' (M0 ®Mpo)XHP] X2 (M0 @ Mp)Y. (2.10)

The corresponding sth step estimators for ,BJ and B., are denoted as ,3;_” and
,BAA(S), respectively.
3. Update FO*D and A“*D based on mat[Y — X2 B,]. Specifically, let SVD of
mat[¥ — X2 B,] be mat[y — X-2B,] = LD HerD P Egtimate FO and
A", respectively, by

~(s+1) _ 7 (s+1) NG (H—l) (s+1)
FOHD = ﬁL*V[R] and AT = PeEODE JNT,

where I:SJ[;}]) and f/f;g]) denote submatrices of L6t and V+D | respectively,

consisting of their first R columns.
4. Iterate steps 2 and 3 for, s* > 2 times.
Set B = By. Similar to the definitions B = [,81,...,/31/\,?1,,/3,/1...,,3_}]’,
we set B = [ﬁl,.. ,BN 1,,31,... ﬂT]’ The estimator for By. is given by
= —Z "Bi. Let F=F) and A = A", Denote rth row of F as f/ and
zth row of A as A;.

Note that the iterations in Algorithm 1 alternate between updating B, and
(F®,A®) for each iteration index s. However, the algorithm does not require
numerical convergence. Instead, it can be terminated after any finite number of
iterations s* > 2. The advantages of this approach are twofold:

1. Theoretical Perspective: We do not require the solution to correspond to the
global minimum of an optimization problem. As long as the initial estimators of
the factors and factor loadings are consistent, we can show that a finite number
of iterations yields the desired asymptotic properties. Moreover, our theoretical
analysis indicates that stopping at s* = 2 is sufficient, as additional iterations
do not improve the asymptotic efficiency of the estimators in theory.

2. Practical Perspective: In implementation, it is unnecessary to verify numerical
convergence, nor is there a concern that the algorithm may become trapped in
a local minimum.
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3. ASYMPTOTIC THEORY

In this section, we study asymptotic properties of the initial estimator, the infeasible
estimator that assumes F° and A are observed as an intermediate step and the
feasible estimator.

3.1. Asymptotic Properties of the Initial Estimators

To study the asymptotic properties of the initial estimators, we make the following
assumptions.

Assumption 1. For yyr = C, (N~Y2 4 771/2), where C, is a sufficiently
large positive constant, we have (NT)~'/?||mat (ML.U)||,, < X with probability
approaching one (w.p.a.l).

Assumption 2. (Restricted Strong Convexity). Let Cyr = {©® € RT*V
Mo ©M 0 ||* <3|©®—-MpOM,o H*} There exists a i > 0, independent of
N and T, such that for any § € RN with mat() € Cyr, we have 6'M,0 > 16’6,
w.p.a.1 conditional on (A®, F%).

Assumption 1 imposes some regularity conditions on M, U. It is close to the
condition imposed on the tuning parameter in Lemma 2 of Moon and Weidner
(2026), which studies the model with homogeneous slope coefficients. As one can
argue, it suffices to choose yyr = C, (N~1/2 4 T~'/2) for some sufficiently large
positive constant C, to ensure Assumption I to be satisfied under some primitive
conditions on {x;;, u;;}. Such a rate ensures that the NNR estimator of ® exhibits the
optimal rate of convergence in terms of Frobenius norm (see Theorem 3.1 below).
In our simulations and application, we follow the lead of Miao et al. (2023) and
set yyr = 0.5max(N~/2, T~1/2) for simplicity, and leave the optimal choice of yyr
for future research.

Assumption 2 imposes the celebrated restricted strong convexity (RSC) condi-
tion that was first introduced by Negahban and Wainwright (2012) and Negahban
et al. (2012). We conjecture that this condition can be verified under more
primitive assumptions by adapting the approach of Chernozhukov et al. (2026),
accounting for the additional complexity introduced by the high-dimensional
structure of our slope coefficients (see also Hong, Su, and Jiang, 2023; Moon and
Weidner, 2026).

The following theorem studies the consistency of the nuclear-norm regularized
estimator C:),, in terms of the Frobenius norm.

THEOREM 3.1. Suppose Assumptions [ and 2 hold. We have that ||@)D -

®O||/V NT < 3v2ROnr /1, wp.a.l.

Theorem 3.1 indicates that we can estimate the large-dimensional matrix ©°
consistently in terms of the Frobenius norm. Note that ®° is a high-dimensional
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12 XUN LU ET AL.

matrix with NT entries and ||©°|| = Op(+/NT) in general. This explains why we
need to normalize ||® -0 by V/NT in Theorem 3.1.

Let max; = max| <j<y and max, = max; <;<7. Define max; ;, max; ;, max, ;, min;,
and min, analogously. Next, we impose an assumption on the common factors and
factor loadings.

Assumption 3. (Conditions on Factor Structure).
() | AYA?=ZA| = Op(N~'/2) for some Ep > 0 and |FVF'— 55| =
Op(T~'/%) for some T > 0.
(ii) The eigenvalues of X }v/ ’y A }V/ 2 are all distinct.
(>iii) maxi||k?|| = Op(logN) and maxt|[f,0|| = Op(logT).

Assumption 3(i) and (ii) posits a strong factor structure, a standard condition
widely adopted in the literature (see, e.g., Bai and Ng, 2002; Bai, 2003, 2009;
Su et al., 2016; Moon and Weidner, 2017; Miao et al., 2023, among others).
Armstrong et al. (2026) propose a robust method for the estimation and inference
of the slope coefficients in homogeneous panels involving weak factors. Assump-
tion 3(iii) further imposes a uniform bound on the latent factors and factor loadings,
which serves to facilitate the theoretical analysis in the subsequent sections. It
holds when both A? and £ are sub-exponentially distributed.

The following theorem reports the consistency of IAQ, F v, and ZA\(,.

THEOREM 3.2. Suppose Assumptions 1-3 hold. Then we have

(i) P(R R% — 1as (N,T) — co.

(ii) f HF —F HH = Op (ynr) and |M —Mgpolls, = Op (ynr), where H isan
asymptotically nonsingular rotation matrix def ned in the proof.

Gii) 5 | Ao = A°GHY | = O (yvr) and 1Mz, ~ Moy = Op ().

Theorem 3.2(i) indicates that R is a consistent estimator of R®. Theorem 3.2(ii)
indicates that the columns of F, and F° span the same space asymptotically, so do
the columns of A, and A°.

Remark 3.1. The result in Theorem 3.1 bears a conceptual resemblance to
Lemma 2 of Moon and Weidner (2026), despite the significant increase in the
number of regressors due to our two-dimensional heterogeneity. Theorem 3.2
follows from Theorem 3.1 under standard conditions on the factors and loadings
in Assumption 3—a result also attainable for the homogeneous panel. The key
mechanism that accommodates the high dimensionality of our slope parameters
{B} and {BY} is the high-level RSC condition in Assumption 2. It could be
substantially more challenging to verify this RSC condition for our heterogeneous
model than for a homogeneous one, which is the necessary statistical price for our
more flexible specification.

Remark 3.2. Crucially, the results in Theorems 3.1 and 3.2 are preliminary.
Despite the fact that we can establish the consistency of ®,, F,, and A, in terms
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ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 13

of the Frobenius norm, we cannot obtain pointwise consistency or asymptotic
distributions for the elements of these estimators. The primary role of Theo-
rems 3.1 and 3.2 is to facilitate the analysis of the subsequent iterative (post-
NNR) estimators. It is in the study of these post-NNR estimators where the
substantive theoretical challenges and novelties of our article emerge. Due to
the high-dimensional nature of the slope parameters, analyzing the asymptotic
properties of the estimators for ﬂi(_] and BY becomes highly complex. As indicated
in Section S.1 of the Supplementary Material, even the analysis of the infeasible
estimators (assuming observed factors and loadings) is nontrivial. Furthermore, as
detailed in Section S.2 of the Supplementary Material, the unobserved nature of
the factors and loadings introduces additional layers of complication, substantially
deepening the theoretical analysis beyond the homogeneous case.

3.2. Asymptotic Properties of the Infeasible Estimator

Despite the consistency of the initial estimators FO and A© it is challenging
to study the asymptotic properties of Bi. and B, directly. Below we first study the
asymptotic properties of their infeasible version as given in (3.1) and then study
those of the feasible one. Our results show that the difference between the feasible
and infeasible versions is asymptotically negligible. As an intermediate result,
we first study the infeasible estimator in (3.1) in this section. Now we formally
introduce the infeasible estimator. Given F° and A are observed, we can estimate
Bby

B=[x"Y (M0 @ M) X2 ] XD (M0 @ Mjo)Y. @3.1)

Similar to the definition B = [ﬂ'{.,...,,31/\,71,,,3',’1,...,,31}]/, we set B = [,éi.,
...,3&71,,,BVf1,...,BTT]/. The infeasible estimator for By. is given by ,éN. =
—Zﬁvz]lﬁ,-.. In Section S.1 of the Supplementary Material, we show that
X12(M 0 ® Mz0)X 12 is invertible asymptotically. Therefore, B is well defined
in large samples.

Remark 3.3. The infeasible estimator in equation (3.1) can be applied to
estimate a heterogeneous panel data model that includes both observed time-
invariant regressors A and factors f:

Yie = (B + B xi + 1 g + Vif + ui,

where g; and y; are unknown coefficients.? In particular, the heterogeneous panel
data model with two-way fixed effects (TWFE) model, as in Lu and Su (2023),
arises as a special case. When A = f° = 1, the IFE structure simplifies to
k?’ g+ yl/f;o = g, + ¥, which represents the standard TWFE specification. An

important distinction lies in the assumptions regarding the regressors x;. Lu and
Su (2023) impose the condition that x;’s behave as idiosyncratic errors after

3we sincerely thank the co-editor and an anonymous referee for their helpful comments on this point.
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14 XUN LU ET AL.

projecting out the individual and time effects. Our assumptions on x; are more
general and less restrictive. Consequently, the theoretical results developed in this
section also apply directly to inference on the slope coefficients ,Bi(,) and BY within
the specification described above.

To study the asymptotic properties of the infeasible estimator, we first introduce
some notation and impose two regularity assumptions. Let X;. = M0x;., and let X;
denote the transpose of the #’th row of x;.. Similarly, define X., = M ,0x., and X;;.
Define

E Xk, = x Mpox;., §, = E XX, = X M ox.,,
gi = x[,MFou,-., and §, = x, M ou,,. 3.2)

LetQpobean (N—1)x T block-partitioned matrix whose (i, 1)-th block (of size
K x K) is given by &}, — 55 S0, fori € [N — 11,1 € [T]. Let 8yr =
min(v/N, /7).

Assumption 4. (Conditions on Regressors). For some universal positive con-
stants 0 < ¢; < ¢3 < 00, we have

(i) min; pmin(.) > ¢, Min (pin(S,) > ¢, Max;max(Si) < ¢z, and
max; fmax (8.1) < c3 w.p.a.l;

(i) max; T-' 0 xall© = 0p(1), max, N~' SN [lx[|I* = 0p(1) for some
¢ > 4, max;,||lx;|| = Op[log(NT)], max; |lx;| = Op[log(N)], and max, [lx;| =
Opl[log(1)];

(iii) there exists a sequence ayr — 0. ||Q2] |sp/\/_ = Op(ant), [IMpoXk|lsp/
V/NT = Op(ayr) and | XM yol|lsp/~/NT = Op(anr) for all k € [K].

Assumption 4 imposes regularity conditions on $;., 8.1, xi, £, and A?. Assump-
tion 4(i) introduces specific regularity requirements on §;. and §,, which are
constructed from the de-factored and de-factor-loading versions of x;;, denoted by
X;; and X;, respectively. These conditions can be verified under suitable primitive
assumptions, although they do exclude certain cases. Assumption 4 (ii) holds
under mild moment and weak dependence conditions on the sequence {x;}.
Assumption 4(iii) is central for ensuring the asymptotic non-singularity of the
Gram matrix X»?' (M, @ Mp)X1-? . For discussions on low-rank covariates, see,
for example, Moon and Weidner (2017) and Moon and Weidner (2026).

Remark 3.4. Assumption 4(iii) eliminates the possibility of low-rank regressors
in x; as in Bai (2009) and Armstrong et al. (2026). In particular, rank-one
regressors, including x;, that vary only across i or only across ¢ will certainly lead
to an identification issue. We present a simple example here. Consider the model
in Remark 3.3. Suppose a scalar x;; has rank one. Then it can be expressed as
X = a;e;, where a; and e, are both scalars that take value 0 with zero probability.
For this case, the model specification suffers from a fundamental identification
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ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 15

problem. For any vectors §; and §, of conformable dimensions, we have

. , . .80 , . .
Boxic+Vif) = Puaie, + v = (ﬂt + %) aie;+ (vi—aid) ') = Bixu+v'f,
t

and similarly,

20 )
a > aie;+ 1Y (g — e:82) = Bixy + A7 gf,

i

Bixie + )»?/gr = Braie, + A?’g, = (/31 +

where 8* = B, + 1f0,yl* =y —a,(S],,B =B+ 22 ’, and g’ = g; — ¢,6,. This
algebraic equ1valence demonstrates that the parameters in the model described in
Remark 3.3 are not identified in the presence of rank-one regressors. This issue
directly results in singular Gram matrix X"2"(M 0 ® Mz0)X-?. Further details
are provided in Section S.6 of the Supplementary Material.

Assumption 5. (Conditions on Error Terms).

(i) max, [u,| = Op(¥N),max;|u.ll = Op(VT).|[Ully, = Op(VN+T),
lUUJl,, = Op(T) and ||UU'[|5, = Op(N);

) 110, Sor 2% %uyll = Op(WNT), YL xiuuyy = Op(VT), Y0 Xty =
Op(VN). YL fouis = Op(VT), and Y1 W0u; = Op(v/N);

(iii) 27 , ||Z,T_ Futty| > = Op(NT) and 3 Y ||Z,N  Xigltig| | = Op(NT);

(v) YN L 87 it = Op(v/NT) and 010, 30 8 Kuiy = Op(V/NT);

(v) max; )Z, 12,_ gijil| = Op(~/NTlogN) for giji = Ajuj,uit,xilkj ujs,
)'citbé;ts_’ Xjoujr, and fto X8, xﬂu],,

(vi) max, Zs:l Zi Eist| = OP(\/WlogT) for &5, = f;ou,-xu,‘,,x,;‘fso’uis,
%k, S Sigttis, and A0%] 87 s

1 lt
.. T
(vil) max; |[>,_ i

= Op(v/TlogN) for &; = xpu; and fluy, and

= Op(+v/NlogT) for &; = xju;; and \Vu;;.

N
max; || i, &ir

Assumption 5 imposes some high-level conditions on terms related to u;’s.
Assumption 5(i) is standard in the literature on factor models (see, e.g., Lu and
Su, 2016; Moon and Weidner, 2017, 2026; Su and Wang, 2017; Chernozhukov
et al.,, 2026). Moon and Weidner (2017) provide several examples to verify
it. The rate conditions in Assumption 5(ii)—(vii) can be verified under some
primitive conditions on {xi,, flo, uit} by calling up certain exponential inequalities.
Assumption 5(ii) imposes pointwise asymptotic rate conditions on the relevant
partial sums. In particular, Zthl Xislljy = Op(ﬁ ) is interpreted for each fixed i, and
Zf]: | Xigllip = op(dﬁ ) is interpreted for each fixed ¢; neither condition is intended
to hold uniformly over its free index. The aggregate rate conditions required
in our analysis are imposed separately in Assumption 5(iii) and (iv), whereas
Assumption 5(v)—(vii) provides the required uniform bounds through maxima over
the relevant indices.
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16 XUN LU ET AL.

The following theorem establishes the asymptotic linear expansions of 3,-.
and B.,.

THEOREM 3.3. Suppose that N~'/*1og* T+ T~/?10g’ N — 0 as (N,T) — oo,
and Assumptions 3—5 hold. Then we have

(1) Ei. —B.= (X;,mei.)’IX;AMmui. +0p(1/N/T) uniformly over i € [N];

(ii) ,é., —B.= (X, M 0x,)~'x, M ou, +0p(1/~/N) uniformly overt € [T].

Theorem 3.3 establishes the asymptotic leading term for the infeasible estima-
tors. Under Assumptions 3-5, our theoretical analysis focuses on bounding the
higher-order remainders in the expansions of ,BV,: — fi. and B., — B.. For the relative
growth of N and 7', it suffices that N~'/21og? T+ T~'/?10g? N — 0, which contrasts
with the stronger rate requirement in Theorem 3.4.

3.3. Asymptotic Properties of the Feasible Estimators

The next theorem reports the linear expansions of 3,-. — ,8, and /§.t — ﬂt

THEOREM 3.4. Suppose that Assumptions 1-5 hold and (VN/T +
ﬁ/N) logz(NT) — 0. Then we have

() Bi. — Bi. = (X, Myox;) "X, Mou;. + 0p(1/+/T) uniformly over i € [N);

(ii) ,é., —B.= (X, M 0x,)~'x, M, ou, +0p(1/~/N) uniformly over t € [T].

Theorem 3.4 presents the uniform asymptotic expansions of B,-. — Bi. and 3.t —B.
under Assumptions -5, along with an additional rate condition on (N, T). The
required rate condition is stronger than that in Theorem 3.3, reflecting the need
to estimate the latent factors rather than treat them as observed. A standard rate
condition in the literature on factor models is (v/N/T + ~/T/N) — 0. Given
the greater complexity of our model and estimation procedure, we impose the
slightly stronger condition (v/N/T +~/T/N)log?*(NT) — 0 to satisfy the technical
demands of our asymptotic analysis.

We impose the following assumption to enable inference on the slope coeffi-
cients, factors, and factor loadings.

Assumption 6 (Conditions for Inference). (i) E (B7) = 0, Var (8{) = =5 > 0,
and E (u;|x;., B, B, FO, A°) = 0;

(ii) max; ||s, — s? ‘ = Op(T~'?1ogN) and max; ||s, - s2|| = Op(N~'?10gT) for
positive definite matrices s? and sf)t;

(i) <=3, B0 5 N(0, Sip). =X Mpow;, > N (0,;) for each i, and
e

d .. .
mxftMAou., — N(0,d.,) for each #, where @, and &, are positive definite
matrices;

oy Ly P 1 T P ..

(V) % Yoimy Xk = o and 7, xifY = pi for each i
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— e d .
(v) foreach 1, By = - 3L [A) = 1, ;. (8~ il = N (O,T') with T > 0;
. - 1. d .
(vi) foreach i, B; 7 = «/LT Z;T=1[ft0 — ,ug_’xf(s?) Yilui = N (0,T;) with T';. > 0.

Assumption 6(i) imposes moment and conditional mean restrictions on ,3,9
and u;, while Assumption 6(ii) imposes uniform rate conditions on §; and
S., defined in (3.2). Assumption 6(iii) imposes central limit theorems for the
aggregate slope heterogeneity and the score terms entering the estimators of
the unit- and time-specific slope coefficients. Assumption 6(iv)—(vi) imposes
probability limits and central limit theorems for terms entering the estimation of
the factors and factor loadings. All convergence statements in Assumption 6(iii)—
(vi) that contain a free index are pointwise. These conditions do not assert
joint convergence over multiple units or time periods. Accordingly, Theorem 3.5
establishes pointwise asymptotic normality for each fixed unit-specific coefficient
and each fixed time-specific coefficient, rather than joint or simultaneous inference
over i or f.

The following theorem reports the asymptotic distributions of 3,: and ,3.,.

THEOREM 3.5. Let Vg ;. = Z15/N + (s0) "1 ®,.(s") "1 /T and Vg ., = T15/N +
(sf),)_lcll,(sg)_l/N. Suppose that Assumptions [-6 hold and (\/N/T +
VT/N)1og*(NT) — 0. Then V; (B — B%) % N(0,T) for each fixed i € [N,

B.i i

and V/;_lt/z(,é., - /33) 4 N(0,Ig) for each fixed t € [T].

Theorem 3.5 provides pointwise inference only for each fixed i or #; it does
not establish joint or simultaneous inference across multiple units or time peri-
ods. Such inference, including inference after data-dependent selection, requires
additional conditions. For the cell-level slope B) = B + BY, the natural rate of
ﬁir — ﬁg is min{~/N, v/T}. If N/T — oo (resp. N/T — 0), the unit-specific (resp.
time-specific) error is the only leading term, and its marginal limit in Theorem 3.5
determines the limiting distribution. If N/T — « € (0, 00), both terms contribute.
Because Theorem 3.5 does not guarantee their joint asymptotic normality, in this
case, the expansions in Theorem 3.4 must be supplemented by the additional
condition that the two leading terms are asymptotically uncorrelated.

Uniform confidence bands for the collection {,319 : 1 <i < N} may also be of
practical interest. However, the uniform asymptotic expansions in Theorem 3.4 and
the marginal convergence results in Theorem 3.5 are not sufficient to justify such
inference. Uniform inference requires additional conditions and theoretical results,
including a uniform Gaussian approximation and the validity of an appropriate
bootstrap procedure. Moreover, this problem is more challenging than that in Lu
and Su (2023), as the latent factors and factor loadings must be estimated, and
their estimation errors need to be controlled uniformly alongside those of the
heterogeneous slope coefficients. We therefore leave the development of uniform
inference to future research.
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Given the results in Theorem 3.5, it is standard to construct pointwise confidence
intervals (CIs) for the elements of ﬁ? and BY. To this end, we need to estimate the
parameters that appear in the variance matrices Vg ;. and Vg

e The quantities s? and 5% can be estimated by §; = xX;M;x;. /T and §., =
x,,Mjx./N, respectively.

e Under the additional assumption that the ,319’5 are independent across i, X1g can
be estimated by the sample variance of Bi..

e Under the additional assumption that conditional on (A% x,),u;’s are uncorre-
lated across i, ®., equals the probability limit of %Zf’;l %%, u%. An estimator
of @, is given by o, = #Zi\;lzt}:ﬂ}i where ¥, = x;; —x,’t[\(f\/f\)’l):,-.

e Under the additional assumption that conditional on (¥ 0 x;.),u;’s are uncorre-
lated across ¢, ®;. equals the probability limit of % Zthl XX, u%. An estimator of

®,. is given by &;. = % ZITZI’)?,E,IQ,Z, where X = x; —Xé.ﬁ(ﬁ’ﬁ)qﬂ
If serial correlation is a concern, ®; represents the long-run variance

of ﬁ Z,T:l Xiui. In such cases, a heteroskedasticity-and-autocorrelation-

consistent (HAC) estimator should be employed to estimate ®;..

Remark 3.5. The variance matrices Var(ﬁ?) and Var(ﬁ_(,)) can be interpreted
as measures of heterogeneity in ,319 and BY, respectively. In practice, they can
be consistently estimated using the sample variances of 3,-4 and ﬁ.,. Under some
additional conditions to ensure uniform Gaussian approximation and bootstrap
validity, one may consider a formal statistical test of heterogeneity or conduct
uniform confidence bands on {8} or {8%}. But these certainly go beyond the
scope of the article and are left for future research.

Remark 3.6. We now compare the results in Theorem 3.5 with those in
Chernozhukov et al. (2026). Since we assume additive structure, /3? and B9 can
be separately identified under the location normalization E (ﬂ?) = (. This makes
it possible to obtain the linear expansions of ;. — B and 8., — B in Theorem 3.4
and to derive the asymptotic distributions of VTBi — ,3?) and v/N(B,— B9 in
Theorem 3.5. Given these results, we can also, under additional assumptions,

. 0 . . . 0

study the average effects by averaging B; over a group of individuals or 8 over a
group of time periods. In contrast, Chernozhukov et al. (2026) assume a low-rank
structure for /32 and focus on the estimation of certain group average effects at time
t. For example, one object of interest is ,Bg’t = @ll Zieg ,82 where G is a subset of
[N] and |G| denotes the cardinality of the set G. Under the restrictive condition that
|G| = o(NN) along with some other restrictive conditions, they derive the asymptotic
normality of

1 N _
IGI'/2 1] Zﬂiz —ﬂog,r
ieg

When 8§ = B+ Y, BG., = 157 Lica Bil = 17 2oicg B + B3 In order to identify
the time effect ,32, one needs to specify G to be [N], which is unfortunately ruled

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 14 Nov 2026 at 03:53:24, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/50266466626100620


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0266466626100620
https://www.cambridge.org/core

ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 19

out by the condition that |G| = o(N) in Chernozhukov et al. (2026). So the results
in our article and Chernozhukov et al. (2026) are quite different from each other
and they are derived under different sets of assumptions. See the next remark.

For the group average Bgt , define Bg‘, =|g|™! D i /§,-,. Then

-~

ﬂg,z —Bg, = éz (,éz _/3,0) + (,ét —,3?)

ieg

Conducting inference on this quantity thus requires an aggregate central limit
theorem for the first term, as well as a characterization of its joint limiting behavior
with the second. Under the conventional 4/T|G] rate for the first term, the relative
magnitudes of T'|G| and N determine which component dominates asymptotically.
Furthermore, if the target of inference is a population—rather than realized—group
mean, an additional central limit theorem is needed for the centered mean of the
true effects B2’s. These requirements are not implied by Theorems 3.4 and 3.5;
rather, they play a role analogous to that of Assumption 8(vi).

Remark 3.7. The assumptions in our article are generally weaker than those in
Chernozhukov et al. (2026), except for our assumption of an additive structure
for ,32. First, Chernozhukov et al. (2026) assume that the regressor x; has a
strong factor structure (x; = I;w; + e;;), where the zero-mean error term e;; is
serially independent and cross-sectionally weakly dependent. In contrast, we do
not explicitly model x;; and only require that the projection residual of x;—after
partialling out the effect of the factors and loadings in the y-equation—is weakly
dependent over 7 and ¢. In particular, we allow x;, to contain weak factors that are
not present in the y-equation. Second, Chernozhukov et al. (2026) assume that (i)
the error terms in both the y- and x-equations are independent across #; (ii) the
error term in the x-equation is conditionally independent across ¢ given the factors
in the y- and x -equations, the factor component in /32 and the error term in the
y-equation, and (iii) the error term in the y-equation is conditionally independent
across ¢ given the factors in the y- and x -equations, the factor component in ﬂg, and
the error term in the x-equation. Such (conditional) independence conditions across
t are not realistic in static panels with large T, especially in empirical research. By
contrast, we do not require these independence conditions; we only assume that the
error terms are weakly dependent over ¢. Third, Chernozhukov et al. (2026) assume
all loadings in the x- and y -equations and in ﬁiot are nonrandom and uniformly
bounded. They also assume sub-Gaussianity of {e;u;;}. We impose no similar
conditions. In particular, we allow the loadings to be random and require only
that all variables (including the error terms) have certain finite polynomial-order
moments.

To conduct inference on the factors and factor loadings, we first introduce

some notation. Define V = diag(vi,...,vz) and Q = VI/ZT’EI_\I/Z, where
v > vy > .-+ > vpo > 0 are the eigenvalues of EX/ZEFEII\/Z, and Y is the

corresponding matrix of eigenvectors satisfying Y'Y = Iz. Let Y = Y —
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mat(X""?B), and let Vyr denote the R° x R® diagonal matrix containing the
largest R eigenvalues of (NT)~'YY’, arranged in decreasing order. Define H =
(N"'AY AO)(T~'FY F)Vy;. The following theorem establishes the asymptotic
distributions of f, 4;, and the product ):2;‘,.

THEOREM 3.6. Suppose that Assumptions 1-6 hold and (VN/T +
VT/N)log*(NT) — 0. Let Vi = 20 E' T, 00/N and Vo, = fO'S;'T
70/ T. Then

Q) VNG — H'f?) 5 N (0,v=1QT,Q'V™") for each t € [T};
(i) VT (i — H'20) 5 N (0,(Q)'T:.07") for each i € [N];
(i) (Vi.io + Vo)~ 2G4 — 2970) 5 N (0.1) for each pair (i,1) € [N] x [T].

Theorem 3.6 provides pointwise distribution results. It does not establish joint or
simultaneous inference across multiple time periods or units. In particular, uniform
inference on the factor trajectory U,O},ST under the adopted normalization (equiv-
alently, on the rotated trajectory {H'f"},<r) requires additional conditions and a
uniform asymptotic linear expansion for f, — H’fto , analogous to the expansions in
Theorem 3.4, together with a uniform Gaussian approximation and valid critical
values for the corresponding maximum statistic. We leave the development of such
uniform inference to future research.

The covariance matrices I'.; and I'".;, as in Assumption 6(v) and (vi), are different
from that often appear in the factor literature. This point indicates the slow
convergences of ,BA.I and ,3,; enter the asymptotics of f, and A, respectively, and
both enter the asymptotic distribution of the estimator of the common component
2 £0.

4. ESTIMATION OF HETEROGENEOUS TREATMENT EFFECTS

In this section, we study the estimation of heterogeneous treatment effects by using
the model proposed in the last section.

4.1. Basic Setup

One key application of our asymptotic results is to estimate various heterogeneous
causal effects. To illustrate the main idea, we consider a simple setup where we
have N = N| + N, individuals where the first N; individuals (i € [N;]) never receive
any treatment, and the last NV, individuals (i € [N]\ [N;] = {N;+1,...,N}) receive
treatment at some potentially different time points. We focus on the case where
once a unit adopts the treatment, it stays treated afterward. We denote by T ; and
T ; the number of control and treated time periods for unit i such that 7y ; + 7 ; =
T. If individual i never receives treatment, then 7y ; = T and T} ; = 0. Following
the literature of the potential outcome framework, we use yilt and y?t to denote the
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potential outcome for individual i who receives and does not receive the treatment
at time ¢, respectively. Let y;; be the observed outcome: y; = y},dit + y?l (1—-d,;),
where d;; = 1{individual i receives treatment at time ¢} is the treatment indicator.
Let D° = {(i,t) | diy = 0,(i,t) € [N] x [T]} and D' = ([N] x [T)\D". Thus, we
observe y;,’s for (i,1) € DY and y;,’s for (i,1) € D!, respectively.

The individual treatment effect measures the difference between the treated and
control outcome:

1 0
Tit = Yir — Yir

We do not impose any assumptions on yilt and therefore 7. In particular, yl.l, does
not need to follow a model like that for y?,. 7;, can be heterogeneous across both i
and ¢ and it does not necessarily have a factor structure as assumed in Xiong and
Pelger (2023). We are only interested in the treatment effect on the treated, that is,
1;; for (i,) € D'. For them, we directly observe y}t, and therefore we only need to
model y?t. We assume that y?t is generated via the following data-generating process
(DGP):

Yo = (B2 +BY) xi + 220 +uy fori € [N] and 1 € [T, @.1)

where x;;, ﬁ?, 2,)\?, ,0, and u;, are as defined in the last section. As we do not
observe all y;,’s for (i,#) € [N] x [T], model (4.1) assists in imputing unobserved
Vi's.

Nevertheless, identification of the counterfactual untreated outcomes relies on
model (4.1), which is assumed to hold for all (i, 7), including treated cells for which
y?l is counterfactual. In particular, conditional on x;, the time-specific slope B9
and common factor f are shared across all units. Thus, rather than dispensing
with a parallel-trends-type restriction, our conditional factor model for untreated
outcomes imposes a factor-augmented stability condition in the same spirit as the
conditional parallel-trends assumption in the staggered difference-in-differences
literature.

Let G, = {i € INI\[N\], dy = 1} and Ty = -3 1, T1.i- Let |G| denote the
cardinality of the set G,, that is, the number of individuals who receive treatment
at time 7. In the following, we consider different levels of ATT:

U | T
1. Average treatment effect on the treated for i: 7;. = i Z,:TOJ 41 Tirr
2. Average treatment effect on the treated at time 7 : 7, = ﬁ Zieg, Tir.

3. Aggregate average treatment effect on the treated: 7 = zﬁ Z?]:Nl 41 ZtT:TQ,» +1 Tir-

Since we do not make any assumption on T, it is impossible to eliminate the
effect of u;; on the estimator of t;, for a single cross-sectional unit at a time period.
This motivates the above consideration of ATT. Of course, one can also consider
other forms of treatment effects, say, weighted treatment effects, or treatment
effects for certain selected groups of individuals or time periods. For each of the
above three types of treatment effects, we derive the asymptotic distributions based
on which we can test for the null hypothesis of no causal effects.
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Nevertheless, if one would like to assume that u;; has the same distribution over
either i or ¢, or both, we argue below that it is still possible to make inference on
7;; by relying on some other method.

4.2. Estimation of Heterogeneous Treatment Effects

Due to the presence of the two-dimensional unobserved slope heterogeneity in
(4.1), we assume that both Ny and T pass to infinity. This enables us to apply
the asymptotic results in Section 3 to derive the asymptotic properties of certain
estimators based on the data {(yir, Xit) }ie[n, | s - Then we can propose an estimator
for the counterfactual outcome y?, fori=Ny+1,...,Nand r=Ty;+1,...,T,
based on model (4.2) below.

Algorithm 2 (Estimation of the counterfactual outcome y?, for (i,f) € D).

1. Run the nuclear-norm-regularized estimation based on the model
vie = (B4 BY) xi 22 f0 4wy for (i,1) € [N1] x [TT. 4.2)

Obtain the preliminary estimator of the common component ®, which is now
a T x N matrix, based on which we obtain a consistent estimator of R°. Obtain
: : 040 0 70
the post-nuclear norm iterated estimators of {7, A{ }ie[Nl] and {B0.f; }IE[T],
denoted as {B;., Ai}iepv, ) and {B.1.fihierr)-
. 50 . 0 0
2. Given {B..fi}ierr), weestimate { 87, A }iE[N]\[NI]
sion for each i € [N]\ [N;] using the data {yil,x;t}

by running a time-series regres-
t€[Tp,i] :

By = BY % +0YF e T
Yit ﬁ.rxl[ - ,Blz Xit + iﬁ +eir orfe [ 0,1]7

where e;; signifies the regression error that includes the parameter estimation
error (PEE) from the early stage regression. Let ;. and A; denote the resulting
estimators of /3? and A?, respectively.

3. Estimate the counterfactual outcome y?z as )Azf)t = (Bi.+B.) xu+Af for (i,1) € D

Let 7;, = y;; — )72 for (i,1) € D'. 7 is an estimator of t;, that is asymptotically
unbiased but generally inconsistent. Then we can estimate t;., 7., and 7T as follows:

T N T

. 1 A A 1 . . 1 .

T = T~ E Ty, Ty = @ E Ty, and T = T E E Tir.
Li =Ty, ;+1 ! ieGy 24 i=N1+11=Tp ;+1

In the next section, we will study the asymptotic properties of 7;., 7, and T under
some regularity conditions, based on which one can make valid inferences on
Ti, T, and T.

For notational simplicity, here we consider the staggered treatment timing.
Our approach can actually handle any irregular treatment pattern as long as the
untreated period is reasonably long for the treated units. In this case, we simply
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run a time-series regression using the data from the untreated period in Step 2 of
Algorithm 2 and estimate the counterfactual outcome for the treated periods in
Step 3. Neither step requires regularly spaced time-series data.

4.3. Asymptotic Distributions

In this section, we study the asymptotic distributions of 7;, 7.,, and T. We first state
the potential outcome assumptions formally.

Assumption 7. (Conditions for Potential Outcomes). (i) The untreated and
treated potential outcomes, y?, and y},, are given by

{ y,t (50+’30) x1t+)\-0/ 0+u1l
ylr _y”+fm

where i € [N] and te[T].
(11) E(utt|xlts 0 FO AO {dis}sft) =0

Assumption 7(i) is common in the synthetic control literature. For example, it
is similar to Assumption 1 in Ferman and Pinto (2021) and Assumption 1 in Xu
(2017) except that our model specification is more general with covariates and
we allow for two-dimensional heterogeneity in the slope coefficients. Assump-
tion 7(ii) strengthens the exogeneity Assumption 6(i) by requiring that u;, be mean-
independent of the treatment history {djs}s<,. This is similar to Assumption 3 in
Ferman and Pinto (2021) and Assumption 2 in Xu (2017).

We now state some technical assumptions. With a little bit abuse of notation,
we continue to use Bk T _dlag(,Bk 1y ,Bk ) and Bk N = dlag(,Bk Ly oo ﬂk M- )to
denote estimators oka,T =diag (ﬁk,.l, ... ,,B;Q.T) and BkN1 = dlag(,Bk, Loy enns ﬂk,N1~
based on the data {(th»xn)}ze[N.] re[r]- The corresponding matrices Y (or X;) and
B (or B) are now of dimensions 7' x Ny and (Ny +T — 1)K x 1, respectively. Let
Y=Y- Zk 1(Bk X+ X By, v;) = Y—mat (X 2B). Let VN.T be the RO x RO
diagonal matrix of the first R” largest eigenvalues of (N;7)~ 1¥Y in decreasing
order along its main diagonal line. Let H = (N; ' A” A%)(T~'FUF )V,;IlT, where
A'= A% =19, 2% V. Letz; = (). f"H) and Z;; = (x],.£") . Similarly, x,, =
[X1s, ..., Xn,¢]" is now an Ny x K matrix. Let S; € RF> (K+RO) and S; € RROX(K+RO)
denote selection matrices such that S;A and S,A select the first K rows and the last
RO rows of A, respectively. Define

Wix =E(i), pr =E (f”) i =EQD),

2
Oiu= Tllllgloo K Z Z E(ultuzv)

t=Tp,;+1s=Tp ;+1

1 To,i
S 07 A ON—1 A Or
SiTy; = T E ZinZips T = (AT AT) T A7Xy,
0,1
=1
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S,’ = pllm SinO_i’

To,i—> 00

. . Ty,
Ty = plimy, o T, i =
\V TO,le

1 1 )
M.t x) = ZE('XJ[)\' ) Vi xn = pllm‘gr“}w |g | Z[Xit - X{,AO (AO/AO) )x?]s

——=— (], ,S1 + uHS)S 7,

j=1 "ieg
TOl TOl
Qi =T01;gm:ZZblkdlag (Ix. O") E [ZiZ},uinuis | blkdiag (Ix. (Q) "),

t=1 s=1

Ni
- . 1 _ _ 2
Bo= lim — > E{[V, o6 (=, 520 — pf 23 Ml )
17
j=1

Ni—o0
1 N TOI TOl
E= plim — T— blkdiag (Ix, 0™")
(N, T)—>o0c N2 i=%;r1 a To,i ;;

xE [Zitz;s”ituiv] blkdiag (HK, (3N ) @ 7
where blkdiag (-) signifies a block diagonal matrix. Let Ty = min;eiyp\n,1 70,; and
T, = NLz Zf\': vy +1 11,i- We add the following assumption.
Assumption 8.
. 1 To,i 2 1 T 2
() maxievpivy {7, £l Do (i = i )N+ mEHZz:TOJH(Xit — wiD)I” +

1 T 1 N T
m” Zz:To.iJrl (fro - Mf')||2 + N I Zj,k:NlJrl Zz,s=T0,,-+1 E()‘J('J)‘g/”jt“ksﬂ I} <
C;
(i1) maX:e[T]{HNLle,Mon-r ,||‘|‘||N1 Z 1G5 = ||+ | o — 7 |} =
0p(Ny *logT);
(iii) maxiepvmg || 7 3 2y — Sill = Op[(Tp/ logN)~/2] for some S; > 0;
0,i

(iv) for each i, \/;Tl__iZfT:To,H-lu” \/;‘TJZ’T:TOJ'HZ”M” A
N(O, €2 2);

(v) for each t € [T]\[minig[N] To.i]. as |G| — oo, J%Zieg, wy > N(0,02,)
and —&- Z [V 0 (8! ) (xﬂ Th o) = WS _1)‘0]’@ — N(0,E.);

(vi) m Z,-:NIH Zt:Toﬁl Ujs 4 N(O, au) and

To i d -

ﬁ Z?]:NH-l ‘XinT\/% > 2 ziuy — N (0, B);
(viD) maxiepvi{llNT) 2 S0 ||+ ([T T2 s X,
M ou,||} = Op(log (N1T)) for iy = v.; s s, xaXk,ir» and XX i With k € [K].

Assumption 8 imposes some conditions of {xi,, ui,,k?, f;o} that can be verified
under some primitive conditions. Assumption § contains three types of asymptotic
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conditions. First, parts (iv) and (v) impose pointwise convergence conditions.
These conditions support parts (i) and (ii), respectively, of Theorem 4.1. Second,
part (vi) imposes aggregate convergence conditions jointly over treated units and
post-treatment periods and is needed only for the overall average estimator in
Theorem 4.1(iii). Third, parts (i)—(iii) and (vii) impose uniform bounds over the
relevant unit and time indices. In establishing Theorem 4.1(iii), the aggregate limits
in part (vi), together with these uniform bounds, control the accumulation of the
leading terms and estimation remainders when averaging over both dimensions.
The following theorem states the asymptotic distributions of Z;., 7, and 7.

THEOREM 4.1. Suppose Assumptions 1-8 hold for {(y,-t,xi,)}[e[Nl],te[T] with obvi-
ous changes to take into account the change in the sample size. Suppose that
(N, /T +~T/N)log* (N, T) — 0 and % — r;€(0,1] as (N1, T) — oo. Then

(1) For each fixed treated unit i, as T\ ; — 00,

Vi (% —Ti.) <0,<7, .t L= g, >

ri

where Ei. = (14}, ,S1 4 1,07 287" i 2uS; (S i + 5507 1ay).
(i1) For each fixed time period t € [T]\ [mmle[Nl TO,,-], as |G;| — oo and %I —
r’l € [09 00)7

V16 (f-t - T~t) < N(O, O',iu +r.;E.,).

(iii) As T} — 0o and N, is either fixed or diverges to infinity such that N =
o(min(Ny,T,/logN, 5}‘{717/{T1 [log(N1D1*}).

VNTi (8 —7) 5 N(0,62+E).

Theorem 4.1 studies the asymptotic distributions of 7;,7,, and 7. To make
inferences, we need to consistently estimate the asymptotic variances. Let Zi =
(. f) for (i,1) € [N] x [T] and &y = y; — ,,(Bz +/§t) —)A»f, for (i,1) € DO.

Case (1). Since ol , and £; -, denote the long-run variance of {u;,} and {z;u;},
it is standard to use {u,,} and {z[,u[,} to estimate them by HAC estimators. The
main difficulty here lies in the fact that the above definition of i; only works for
the pre-treatment period when individual i receives the treatment in period z. When
(i,t) € D', we cannot consistently estimate u;,. Under the covariance stationarity
of {(uj,z;;u;r),t > 1}, we can estimate aﬁu and ; ., respectively, by

TO i TO i—1 TO i
i~,u § + 2 § w (r/m) E ulful t—r d
TO i —
t=1 t=r+1
1 To,i To,i—1 To,i
A A AL AD
Qi,zu ﬁ thZ” it + E w (r/m) E ZttZ, t—r +Zl 1— rZ,t) Mltul t—rs
=1 t=r+1
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where w (+) is a kernel function and m = my is a truncation parameter. Of course,
if {(ui, zizui;)} share the same variance—covariance matrix across i € [N]\ [Ni],
one can pool over the treated cross-sectional units to estimate the above variances
more accurately in finite samples. Then, we can estimate the asymptotic variance
of Tl,i (‘El - ‘[i.) by

__ R N Tyi ., N A
avar(yTiit) =67, + 2= (0 S+ 8877, Qi S+ Shity),
0,i

where ;. , = % Z,T:Toﬁlx,-,, fy = %Z,T:lf,, and S; 7, = % ZZS; ZuZl,. Alter-
natively, under the covariance stationarity of {z;,f> 1}, we can also use the
following estimators fi;. , = %Z,Tzl x;i and S; = %Z,TZI ZuZ;, to replace f[1;. , and
S’,- T, ;» Tespectively.

Case (2) Under the condition that {u,,,x,,, AO} are independent across i, we can
estimate (T . and E., respectively, by

)
o E 2 and
-Z,M \gr it

ie[NI\G:

1 &
2. N [V, . (8. ) (o — X, A A A) A — 5 (INTT A A) TP,

e

A 1 N Ny 2 a 1
WhiereA f'l = me,M;\X-r,ILA = NIZ YA, and D,y = @Zieg,[xit_
xftA(A’A)"ki]. Then we can estimate the asymptotic variance of /|G, | (f., - t,)
by

|gt| 2

avar(\/|G,|Ts) = ot =8

Ny

Case (3). We can estimate > and E by the panel HAC estimators 62 and &,
respectively, where

N N
A2 1 T. A2 A 1 fz /
au_NT 0,i0; 4 &= Q. 786G, 7l T,
240 -n 41 2 i=Ny+1
N

- 1 . T,
Ty=— E To.i» and @;. 7 = ———({1;.Si + /Lsz)Sl Tos"
N, | /
i=N1+1 T()’,T]

As in Case (1), here we use the covariance stationarity of {(u;,Z;u;),t > 1} to
obtain 62. Then we can estimate the asymptotic variance of VN, T, (f — f) by
avar(y/ NoT£) = 62 + .

Despite the fact that 7;; is generally inconsistent, we can still construct valid
ClIs for t;; under certain stationarity conditions on {u;}. This is because T; = t;; +
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ui+op (1) by Lemma A.7(i) in Section A.2 of the Supplementary Material. For
example, if {u;} for the treated units are strictly stationary over both i and 7, we
can establish the 100 (1 — &) % CI for 7; as [Ty + Gua/2 Tir + du,1-a/2 ] » Where, for
example, §,,q/2 denotes the a/2-sample quantile of {—it;,i € [N]\[N],1 € [To]}.
Similarly, if we further impose strict stationarity for {u;,} for both the control units
and treated units, we can use the sample quantiles of the combination of {—u;, i €
[NI\[N1],t € [To.,’]} and {—u;,i € [N1],t € [T]}. Alternatively, we can apply the
permutation test proposed by Chernozhukov et al. (2021) to conduct inference
for ;.

5. MONTE CARLO SIMULATIONS
5.1. Data-Generating Processes and Implementations

To examine the finite sample performance of our estimation method, we conduct
simulations with four DGPs. For all DGPs, the untreated outcome is generated as
inmodels (1.1) and (1.2), and the treatment effect (TE), t;, is randomly drawn from
the N (1, 1) distribution.

We first consider simple DGPs 1 and 2 to illustrate the main idea of our
approach. In both DGPs, x;; is a scalar, the number of factors (R%) is 2, x;, and
u;; are all generated from independent and identically distributed (IID) N (0, 1),
and A? and fto are drawn from IID N (0,1,). We consider two different cases for
BY and Y. In DGP 1 (heterogeneous case), B and B9 are IID N (0, 1) and N (1,1)
random variables. In DGP 2 (homogeneous case), ﬂf_) =0and ,3_? = 1foralliandzt.
Note that for DGP 2, our proposed model is over-fitted, therefore we can examine
the effect of over-fitting by comparing it with the traditional homogeneous model
where (,8,9 + BY) is restricted to be a constant.

DGPs 3 and 4 are more realistic. In both DGPs, there are two covariates
X = (X132, I,)/ and two factors f = (ff ! 01t 2) Correspondingly, define A? =
(101.20,)", B0 = (BY,.B0,) " and BS = (B . BY.,) . The details of the specifica-
tions are as follows:

ftol pftll—i_mvtlv foz ,Oftol2+\/]_,0 Vi,2,

X0 =025+0250F0 +niy i = pnii—1 +V 1= pis, Xai = 0.5v4,
up =,/1 +0~1X%,,<,8iz, and &, = pe; 1+ 1 — p?vis,

Vi1, V1,2, Vit 3 Vie.as Ay 1, and A, are drawn from IID N (0,I6) and v 5 is IID random
variable from the distribution of x* (1) —1.8), and #{ , are IDN (0, 1) and N (1,1)
random variables, and ,82 . =0and ,32 4= 1for all i and 7. Therefore, the slope
coefficient of x ; is heterogeneous and that of x; ;; is homogeneous. The difference
between DGPs 3 and 4 lies in p. In DGP 3, p = 0, therefore, there is no serial
correlation in xl,ilaf;?pf?p and u;. InDGP 4, p =1/3, so xl,it,ft(.)l,ft?z, and u;, are
all serially correlated. Note that DGP 4 is the most complicated where the error
term is conditionally heteroskedastic and serially correlated.
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For DGPs 1-3, we use the White-type estimator for the variance terms to
conduct inference. To improve the finite-sample performance, we impose the
condition that the treated data are stationary along both cross-sectional and time
dimensions. For DGP 4, we use an HAC-type estimator for the variance. It is well
known that the performance of the standard HAC estimator can be poor when
the time-series dimension is short (e.g., see the survey paper by Lazarus et al.,
2018). To partially address this issue, we impose the stationarity of both treated
and control data, and also apply a pre-whitening (PW) procedure as in Andrews
and Monahan (1992) and Lu and Su (2023). We use the growth ratio method
of Ahn and Horenstein (2013) to determine the number of factors in the initial
nuclear norm regularized estimation procedure, as it outperforms singular value
thresholding in our simulations and does not depend on any tuning parameter
other than the maximum number of factors allowed. We set the tuning parameter as
yar = 0.5max(N; />, T=1/2), following Miao et al. (2023). We consider different
combinations of Ny and T: (N;,T) = (40,40), (40,80), (80,40), (80,80), and
(120, 120) . We let N, = 0.25N, and Ty; = T1; = 0.5T. The number of replications
is 250.

5.2. Simulation Results

We first report the performance of our key Step 1 in Algorithm 2, where we
use the data of control units to estimate {8, 17};civ,1 and {BY,°}icrr). We define
the true slope coefficient as ﬂg = ,8? + BY% and the true factor component as
09 = 2. Correspondingly, define their estimators as f; = f; + B, and 6;, =
i;f‘,, respectively. For ease of reporting, we only present the results for the slope
coefficient of the first covariates for DGPs 3 and 4, where there are two covariates.
Table 1 reports the mean squared errors (MSEs) of ,31,,-, (the first element of ,35,)
and the correlation between Bl, i and ,BR i,.4 Specifically, we define

Ny T
1 A 2 /A
MSE; = WZZ@]»”_IB&J and pg = corr (ﬂl,inﬁ?,,-t),
i=1 =1

and average both measures over 250 replications. Table 1 also reports the MSEs

of él-, and the correlation between é[, and Gi(t) , which are defined as

N T
1 ~ 2 .
MSEy) = — E E (9,- —09) and py = corr (9,- ,90),
0 N] T o 12 it 109 1 Yit

averaging over 250 replications. Table 1 shows that our estimation procedure in
Step 1 works well. The correlations between f; ;; and ﬁgit and between 6;; and
93 are all above 0.97 for DGPs 1 and 2, and all above 0.85 for DGPs 3 and 4.
The MSEs of ,31,,-, and éi, decrease with N; and 7T, as expected. Our method can

4For brevity, we omit more detailed results, such as bias and variance, which are available upon request.
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TABLE 1. Performance of Step 1 in Algorithm 2

A: Performance of 31,,‘,

DGP 1 DGP 2 DGP 3 DGP 4
MSEg MSEg MSEg MSEg
(N1,T)  x100 Corr: pg x100 Corr: pg x100 Corr: pg x100 Corr: pg
(40,40) 6.02  0.985 6.02 - 16.33  0.962 17.53  0.959
(40,80) 4.34  0.989 4.49 - 10.85 0.974 11.71  0.972
(80,40) 442  0.989 4.39 - 10.73  0.974 1220 0971
(80,80)  2.77  0.993 2.73 - 6.92  0.983 7.74  0.981
(120,120) 1.77  0.996 1.79 - 442 0989 498  0.988
B: Performance of éi,
DGP 1 DGP2 DGP 3 DGP 4
MSEy MSEg MSEg MSEy

(N1,T) x 100 Corr: py x 100 Corr: py x 100 Corr: py x100 Corr: pg

(40,40) 10.78  0.975 10.87 0974 33.12 0924 37.64 0914
(40,80) 7.89  0.981 7.89  0.981 21.13  0.950 22.87 0.946
(80,40) 7.87  0.982 791  0.981 21.20 0951 24.57 0944
(80,80) 5.18  0.988 514  0.988 13.04  0.968 14.70  0.965
(120,120) 3.39  0.992 340  0.992 8.41  0.980 947 0977

Note: Corr stands for correlation. For the homogeneous DGP 2, pg (the correlation between ﬁi, and
,Bg) is not defined.

determine the correct number of factors with a high probability. For simple DGPs
1 and 2, we determine the number of factors with a correct rate of 100% for all
sample sizes considered. For more complicated DGPs 3 and 4, the correct rates
are all above 90% and close to 100% when the sample size is large.

We next examine the performance of our estimator of various treatment effects,
namely, Tj, T;., T.;, and 7. Table 2 reports their MSEs, which are defined as

1 N T 1 N
MSE;, = T, Z Z (fiz—fn)z, MSE;, = w Z (T — ti_)z,

=Ny +11=Ty j+1 =N
1 T
MSE:, = 7- l_%l (2,—7,)" and MSE; = (2 —7)’,

averaging over 250 replications. Note that 7, is not a consistent estimator of t;,
and MSE ;, converges to Var(u;;) in probability. MSE ; decreases at the rate 7' l.l ,
MSE ;, decreases at the rate |g,|*1, and MSE ; decreases at the rate of (N>7) .
Our simulation results confirm all these theoretical results. We also compare the
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four MSE measures between our heterogeneous (hetero) and the conventional
homogeneous (homo) models which assume that the slope coefficient ﬂf + 8% is
a constant. Consider the simple DGPs 1 and 2 first. Note that the homo model is
misspecified for DGP 1 and correctly specified for DGP 2. For DGP 1, our hetero
model performs much better than the homo model, as expected. For example, MSE
#, based on our hetero model and that based on the homo models are 1.08 and 3.17,
respectively, when (N, T) = (120, 120) . The large difference is easy to understand.
For DGP 1, the homo model effectively estimates

yir = BYxu + AV +ul, where uf, = (87 + Y — B0) xi +uy and B = E(BY).

That is, the homo model treats ( ,319 +B%— ,38 ),x,-, as part of the unpredictable error,
which is actually predictable. In contrast, our hetero model can capture all of the
predictable components. Note that for this DGP, Var (u;;) = 1 and Var (ul”,) =3,
which explains the large difference in MSE ;, . For the same reason, MSE ;,, MSE
z,» and MSE ; based on our hetero models are much smaller than those based
on the homo models. For DGP 2, where the true DGP is homogeneous, we find
that the performance of our hetero model is similar to that of the homo model
especially when the sample size is large, despite the fact that our hetero model is
vastly over-fitted. For example, MSE ;, based on our hetero model and the homo
model are 1.08 and 1.05, respectively, when (N, T) = (120, 120) . This comparison
in the simulations suggests that even when the true DGP is homogeneous (DGP
2), the estimation efficiency loss based on the overfitted hetero model is minimal.
Conversely, when the true DGP is heterogeneous (DGP 1), our hetero model
significantly outperforms the homo model. For DGPs 3 and 4, the performance of
our hetero model is much better than the homo model. We also compare with the
SCM and find that our hetero model outperforms SCM substantially for all DGPs
and all sample sizes.” In our setup, SCM can only predict the factor components.
Consider the simple DGPs 1 and 2 where the covariates x;; is cross-sectionally
independent. SCM cannot predict (,3? + ﬂg)/x,-, by taking the average of untreated
outcomes. Therefore, SCM is essentially based on the model

yir = co+AVF0 +ul, where u, = [(8° + B%) xis — co] + ui and
co = E[(B) + B xi],

and treats ], as an unpredictive error. MSE 2, based on SCM is at least as large

as Var (u;), which is equals to 4 and 2 for DGPs 1 and 2, respectively. The
main advantage of our approach is that we are able to utilize the information of
covariates. In the Supplementary Material, we compare our approach with SCM
for pure factor structures without any covariates and show that both approaches
work well. We emphasize that the superior performance of our approach crucially

5The SCM is implemented using Synth MATLAB Code written by Alberto Abadie, Alexis Diamond, and Jens
Hainmueller to whom we are indebted. One key issue in SCM is choosing predictors (see, e.g., Abadie, 2021). We
have tried several different ways and find that it performs best in general for our DGPs when the predictors include
the average of pre-treatment covariates (x;;) and all pre-treatment outcomes (y;r).
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TABLE 2. MSE of estimators of TE and ATT

DGP 1 DGP 2 DGP 3 DGP 4
(N1,T,N2,Toi, T1;) hetero homo synth hetero homo synth hetero homo synth hetero homo synth

A: MSE;, x 100 : TE for treated individuals at a given time

(40,40,10,20,20) 129 364 592 128 117 304 329 531 825 337 541 835
(40,80,10,40,40) 118 337 527 117 110 270 279 491 729 283 496 733
(80,40,20,20,20) 124 352 558 124 115 288 302 513 801 311 526 805
(80,80,20,40,40) 112 325 511 113 108 262 266 475 730 271 482 738
(120,120,30,60,60) 108 317 485 108 105 246 250 461 690 253 464 695

B: MSEz, x 100 : ATT for individuals

(40,40,10,20,20) 6.42 179 29.0 6.59 590 155 173 320 486 31.6 52.1 815
(40,80,10,40,40) 2.79 7.99 13.0 292 278 649 7.78 187 242 144 28.0 38.8
(80,40,20,20,20) 6.29 17.5 275 631 579 144 158 30.7 473 302 495 76.5
(80,80,20,40,40) 2.85 8.40 12.6 2.72 265 647 701 184 249 135 273 38.8
(120,120,30,60,60) 1.81 5.23 7.85 1.77 1.72 4.16 4.51 13.7 164 8.68 19.6 25.5

C: MSEz, x 100 : ATT for time periods

(40,40,10,20,20) 13.6 38.6 78.1 13.0 119 37.6 327 585 105 336 59.7 110
(40,80,10,40,40) 11.7 33.7 65.6 119 112 343 283 545 904 289 556 91.7
(80,40,20,20,20) 6.45 17.3 384 6.19 573 183 150 315 547 155 32.1 55.6
(80,80,20,40,40) 5.64 16.7 359 544 524 166 134 30.1 48.1 13.6 30.4 48.6
(120,120,30,60,60) 3.60 10.5 21.8 3.53 344 11.0 853 21.5 315 858 21.4 31.8

D: MSE; x 100 : Aggregate ATT

(40,40,10,20,20) 0.76 1.84 3.75 0.71 0.63 1.80 191 3.79 693 354 6.41 124
(40,80,10,40,40) 0.28 0.74 147 0.28 025 0.87 0.86 227 287 152 3.27 4.62
(80,40,20,20,20) 0.31 0.82 2.06 029 029 099 0.72 1.80 3.75 138 2.54 5.73
(80,80,20,40,40) 0.17 042 0.81 0.12 0.11 040 032 1.00 1.75 0.62 147 243
(120,120,30,60,60) 0.06 0.19 0.39 0.06 0.06 0.19 0.16 057 099 030 0.77 1.48

Note: hetero refers to the heterogeneous model proposed in this article, homo refers to the model where
the slope coefficients are imposed to be constant, and synth refers to SCM (synthetic control method).

depends on the correct specification of our model. In the Supplementary Material,
we design DGPs with grouped factor structure and show that SCM can outperform
our method in this special case.

Table 3 presents the actual coverage of the 95% CI for the TE, 7;; and ATT,
7;., T4 and 7. The CI of t; is based on the quantiles of the residuals and the Cls
of 7;, 7, and T are based on our asymptotic normality result in Theorem 4.1. The
actual coverages are slightly under-covered when the sample size is small, however
they are all close to 95% when the sample size is relatively large. This suggests
the validity of our inference procedure.

In Section S.7.3 of our Supplementary Material, we show that when B, is
nonstationary, the permutation test proposed in Chernozhukov et al. (2021) applied
to SCM may have severe size distortion. The nonstationarity of §., causes non-
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TABLE 3. Empirical coverage of 95% confidence intervals

DGP 1 DGP 2 DGP 3 DGP 4

(N, T,N2, ToisT1)) e @ Tt T T T T4 T T T Ty T T T Ty T

(40,40,10,20,20) 0.90 0.93 0.89 0.91 0.90 0.92 0.90 0.92 0.88 0.92 0.87 0.88 0.87 0.87 0.86 0.85
(40,80, 10,40,40) 0.930.950.92 0.95 0.93 0.94 0.92 0.94 0.92 0.93 0.91 0.92 0.91 0.89 0.90 0.89
(80,40,20,20,20) 0.90 0.92 0.90 0.92 0.90 0.93 0.90 0.95 0.89 0.92 0.89 0.93 0.88 0.89 0.88 0.91
(80,80,20,40,40) 0.93 0.94 0.93 0.92 0.93 0.94 0.93 0.96 0.92 0.94 0.92 0.96 0.91 0.92 0.92 0.93
(120, 120,30, 60,60) 0.94 0.94 0.93 0.95 0.94 0.95 0.94 0.94 0.93 0.94 0.93 0.94 0.93 0.92 0.93 0.94

stationarity of the error term in SCM, which invalidates many existing inference
procedures, such as Chernozhukov et al. (2021), Masini and Medeiros (2021),
and Masini and Medeiros (2022). Our approach estimates all 8., as unknown
parameters, and therefore is immune to this problem.

6. AN EMPIRICAL APPLICATION

In this section, we apply our new method to study the effect of economic
liberalization on economic growth, which is an important question in international
economics and has received considerable attention. Although it is intuitive to
argue that the effect of liberalization should be positive, empirical studies remain
challenging and the topic is still being heatedly debated; see, e.g., Sachs et al.
(1995), Rodriguez and Rodrik (2000), and Billmeier and Nannicini (2013, BN
hereafter).

We consider a sample of 60 countries over 30 years (1965-1994), that is,
N = 60 and T = 30. The construction of the sample is mainly based on data
availability. The outcome variable y;, is country i’s economic growth in year ¢.
The treatment indicator is whether a country is classified as “open” in year ¢. The
treatment variable is constructed by Sachs et al. (1995) and updated by Wacziarg
and Welch (2008). A country at one year is considered “close” if it satisfies
certain conditions, such as imposing high tariffs, using large nontariff barriers,
or having a socialist economic system, among others. For the detailed criterion
for being “close,” see, for example, BN (p. 985). There are many covariates that
can potentially explain economic growth (see, e.g., Durlauf, Johnson, and Temple,
2005, for a comprehensive literature review). Considering the relatively small
sample size here, we cannot include many covariates. We choose two important
ones: investment share (share of gross capital formation) and consumption share
(share of household consumption) out of a country’s GDP measured at current
purchasing power parities (PPPs). Investment and consumption are usually the two
major components of a country’s GDP. In our sample, the average investment share
is about 17% and the average consumption share is about 67%. The economic
growth data are constructed from the real GDP per capita data used in BN and
the treatment indicator is directly from BN. The data source of investment and
consumption share data is the Penn World Table.

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 14 Nov 2026 at 03:53:24, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/50266466626100620


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0266466626100620
https://www.cambridge.org/core

ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 33

There are 25 control countries, meaning that they remained “close” for the whole
sample period. Thirty-five countries are treated, meaning that they became open
at certain years. We rule out countries that were always open or open for more
than 20 years in our sample period.® The summary statistics are reported in Table
S.4 in Section S.7 of the Supplementary Material. The list of treated and control
countries can be found in Table S.5 in the Supplementary Material. In total, we
have 241 treated outcomes in our sample.

Table 4 reports estimates of treatment effects based on various methods. We first
consider our hetero model. We find that the estimate of the aggregate ATT is 1.24
with a 95% CI of [0.57, 1.92]. This suggests that being “open” can lead to 1.24%
economic growth annually on average. The positive effect is largely consistent
with the literature. For example, Sachs et al. (1995) state that “open economies
grow, on average, by 2.45 percentage points more than close economies, with a
highly statistically significant effect.” Romalis (2007) concludes that “eliminating
existing developed world tariffs would increase developing country growth rates
by 0.6 to 1.6 percent per annum.” We also try alternative methods, which are
labeled as “simple,” “synth,” and “homo” in Table 4. The “simple” method refers
to the regression of y;, on the binary treatment indicator and two covariates and the
coefficient on the treatment indicator is interpreted as a treatment effect. For the
aggregate ATT, TWFEs are included. The “synth” method refers to SCM where
we use the average of pre-treatment covariates and all pre-treatment outcomes as
predictors. The “homo” method refers to the same model as “hetero” except that
the slope coefficient /319 + BY is imposed to be constant. The estimates based on the
three alternative methods are all positive, though the magnitudes (0.62 [simple],
1.05 [synth], and 0.22 [homo]) differ. This suggests the robustness of the “positive
effects.”

Table 4 also presents the ATT for each individual treated country. We find
that 20 treated countries have a positive ATT, while 15 treated countries have a
negative ATT. Table 4 also reports their 95% Cls. Note that in our sample, the
time period is quite short, therefore, the Cls are usually wide. Only five countries’
ATT are statistically significant at the 5% level (Argentina, Chile, Ghana, Guinea,
and Uganda). Among the five countries, only one country (Guinea) has a negative
effect. Table 4 also reports the estimates based on alternative methods. Although
the exact estimates are different, there are some commonalities in the results. For
example, if we compare the results between our hetero model and the synthetic
control, 26 out of 35 ATT estimates share the same sign.

One important feature of our model is that we allow a general form of hetero-
geneity, which is supported by our empirical results. Figure 1 shows the histogram
of the demeaned estimates of §;. for investment share and consumption share.
Figure 1 also plots the demeaned estimates of §., for those two variables over time.
The detailed estimates are reported in Tables S.5 and S.6 in the Supplementary

6Note that we use the untreated data of the treated countries to estimate the counterfactual outcome. Therefore, we
cannot consider a country with a too short untreated period.
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TABLE 4. Treatment effects

hetero Estimates based on other methods
Estimates 95% CI Simple synth homo
Aggregate ATT 1.24 [0.57 1.92] 0.62 1.05 0.22

ATT for individual treated countries

Argentina 5.09 [0.62  9.57] 0.01 8.82 3.52
Benin 3.20 [—0.89 7.29] 2.61 1.67 —0.14
Botswana 2.61 [—0.54 5.76] —0.88 691 4.80
Brazil —2.13 [—-6.61 2.34] —-5.37 =3.74 —2.68
Cameroon —2.52 [—8.59 3.54] —-3.06 —5.51 —6.93
Cape Verde —2.00 [—647 2.48] —-0.81 —0.44 —-3.95
Chile 9.82 [6.53 13.10] 3.15 1.39 1.31
Colombia 0.46 [—2.90 3.83] 0.10 2.03 0.60
Costa Rica 0.38 [—2.99 3.74] 1.51 2.64 1.03
Gambia —2.14 [-542 1.14] —6.00 —-2.19 —-2.51
Ghana 3.76 [0.48  7.04] 443  2.00 0.18
Guatemala 2.23 [-1.39 5.86] 0.57 -0.14 0.16
Guinea -391 [-7.28 —0.55] 095 0.22 0.57
Honduras —224 [-6.72 2.23] —2.68 2.67 —0.60
Israel —1.34 [—4.62 1.94] 0.76  1.00 —0.08
Jamaica 1.15 [—-1.98 4.29] 1.71  0.87 1.54
Kenya —2.63 [—7.11 1.84] —348 —-3.64 —-2.37
Mali 2.40 [—-1.23 6.03] 2.60 041 1.16
Mexico —-0.53 [-3.90 2.83] 0.30 -—-1.13 —0.96
Morocco —1.13  [—4.34 2.09] —1.63 0.53 —-0.24
Nepal 0.47 [—4.00 4.95] 1.40 4.30 0.87
Niger 0.96 [-7.44 9.36] 325 —1.30 -3.04
Paraguay —1.31 [-5.14 2.51] —0.18 0.85 —1.14
Peru —1.39 [-5.22 2.43] —-2.07 -0.92 —1.09
Philippines 1.57 [—-2.06 5.20] 0.49  0.06 —-0.59
Romania —2.78 [—7.83 2.28] —8.31 —-6.24 —-7.97
South Africa —1.17 [-=5.65 3.30] —-091 —-0.68 -3.75
Sri Lanka 2.19 [-1.09 5.47] 0.74 1.86 2.22
Trinidad & Tobago 0.51 [—4.55 5.56] —1.23 -2.92 —1.66
Tunisia —1.86 [—5.69 1.96] —1.61 —1.18 0.83
Turkey 1.43 [—2.39 5.26] 049 2.11 1.09
Uganda 543 [1.80  9.05] 416 1.87 0.74
Uruguay 2.23 [-1.86 6.32] 191 296 1.12
Venezuela 2.23 [—2.24 6.71] 3.28 —0.48 —1.05
Zambia 2.77 [—3.29 8.84] —6.64 3.16 —2.23

Note: “hetero” refers to the heterogeneous model proposed in this paper, “simple” refers to regressing
the growth on the treatment indicator and covariates, “synth” refers to SCM (synthetic control method),
and “homo” refers to the model where the slope coefficients are imposed to be constant. The CI is based
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F1GURE 1. Estimates of 8;. and §.; (demeaned).

Material. We observe a wide range of variations in the estimates, in particular
the slope coefficient for investment share.” The average estimates of the slope
coefficients of investment share and consumption share are 0.381 and —0.026,
respectively. This shows that investment share has a large positive effect on a
country’s economic growth. We also find one unobservable factor, which suggests
one common factor or shock that drives all countries’ growth.

In sum, we find that the aggregate ATT of liberalization on countries’ economic
growth is positive and statistically significant. On average, “being open” leads
to 1.24% economic growth annually. The ATT for individual countries is quite

heterogeneous, though most of them are positive. We also find that investment
share has a large positive effect on economic growth.

7. CONCLUSION

In this article, we consider the heterogeneous panel data models with IFEs where
the slope coefficients of the covariates exhibit unobserved heterogeneity over both
the individual and time dimensions. We propose a two-step procedure to estimate

71t is noticeable that two estimates of g;. of investment share are larger than 2. These two countries are Ethiopia
(2.67) and Guinea (2.69). One possible explanation is that the levels of the investment share of those two countries
are low. The sample averages of investment share of these two countries are 5.1% and 5.6%, respectively, which are

significantly lower than the average of the whole sample (17.25%). We leave the systematic study on this interesting
question for future research.
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the parameters and study the asymptotic properties of the estimators. We apply the
proposed model to study the consistent estimation of the average of heterogeneous
treatment effects on the treated. As an empirical illustration, we investigate the
effect of economic liberalization on economic growth and find a positive and
significant aggregate ATT.

Our approach is based on a flexible outcome model with covariates and factor
structures and can be thought of as an alternative to the popular SCM for estimating
treatment effects. There are two main advantages of our approach. First, our
estimator exploits the information of covariates and is typically more efficient
than SCM if our model is correctly specified. Second, as emphasized above, some
existing inference procedures such as that of Chernozhukov et al. (2021), Masini
and Medeiros (2021), and Masini and Medeiros (2022) are typically invalid when
{/32} exhibits some nonstationary behavior. Our estimator treats { ﬁg} as unknown
parameters to estimate, and thus does not suffer from this issue.

There are several interesting topics for further research. First, although we allow
nonstationary {8}, we still impose stationarity on covariates and factors. It is
helpful to relax those assumptions. Second, a fruitful direction of future research
is to augment SCM with our outcome-based model, as in Ben-Michael, Feller, and
Rothstein (2021). Third, we do not consider unbalanced panels in the current study.
For unbalanced panels, we propose an algorithm to estimate the model parameters
in Section S.5 of the Supplementary Material without a formal justification. We
are exploring these topics in ongoing work.

This appendix establishes the main results of the article by drawing on several
technical lemmas proved in Sections S.1.3, S.2.4, S.3, and S.4 of the Supplemen-
tary Material. We use Op(-) and op(-) to denote the usual big O and small o in
probability, respectively. For a random matrix A that is typically high-dimensional,
we write A = Og, p(ayr) and A = oy, p(ayr) to indicate ||Alls, = Op(ayr) and
lAllsp = op(ant), respectively. For a matrix A,,x,, denote the maximum absolute
column-sum norm (£;-norm) and the maximum absolute row-sum norm (£..-
norm) as [|All1 = maxi<j<, ) i laj] and [|Allo = maxi<i<m ) la;|. When A is
an m-vector (n = 1), we have that ||A|| . represents the maximum of absolute value

2
ijv
where A;. denotes the ith row of A. The following inequalities will be used
frequently:

of its elements. We also define [|A[|2 0o = Maxi<i<m [|A; .|| = maXi<i<m Z;:l a

[Axlloo < IAll2,c0llx]l, |ABIl2,00 < [|Allco[|Bll2.00, and [[AB|l2,00 < |All2,00lBllsps

where x is a conformable vector and B is a matrix.

A. PROOFS OF THE MAIN RESULTS

A.1. Asymptotic Analyses for Section 3

To prove Theorem 3.1, we first introduce a lemma whose proof is similar to that of Lemma
A.1 of Miao et al. (2023).
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LEMMA A.l. () For any T x N matrix A, [|0° + MpoAM 0|l = 10%]]x +
||MF0AMA0||*»

(ii) For any conformable matrices A and B, |tr(A’B)| < ||A| lspl1Bllx.

(i) rank (A —Mpo AM 40) < 2RC.

(iv) For a matrix A with rank (A) =r, ||A]|« < J/T||All.

Proof of Theorem 3.1. Let A@ =6,—00and 39 =vec (A@). Comparing the values
of Ln7(©) + ynr 11O+ //NT at ©, and O, we have

PP G 11©0l1 118°]1x
0> ——8, Mg — — 8, MU - Al
Z oy oMo — 1m0 M +YNT JNT YNT JNT (A.D)

[P AVIPN R 1A + @« 118°]1x
= ——5§, My — —8,M U -

N7 0008 = 1 0p Vi +VNT JNT YNT JNT

1w o 1w [100 + Mo AgM yo|lx — [|Ae — Mz AgM 0|
ZTNTSQMXSQ_WSQMXU_i_VNT F A */—NT £ A
~ T||®°||*

VNT

| BV (B IIMpoAoM polls —1Ae —Mpo AeM ol
= 8§, Mg — — 8, MU ,

N7 0 w00 — N oV YNT JNT

where the second inequality holds by the triangle inequality and the last equality follows by
Lemma A.1(i). Note that Sé M, U =tr [A’@ mat(M,U)]. By Lemma A.1(ii), Assumption 1,
and the triangle inequality, the following inequality holds w.p.a.1:

ImatM:0)llsp Ao lls _ yar l1Aolls

+NT V' NT 2 JNT
wr IMpoAeMpolls | yvr 1A —MpoAgM ol

1
ﬁléngUl =

<= (A.2)
2 ~/NT 2 ~NT
Combining inequalities (A.1) and (A.2), we have that
| PR IMpo AeM o0l 1Ae —MpoAeM 0|l
— 38, M9 + ——=— <3 . (A.3)
NT 9 Vilx09 T VNT /—NT YNT /—NT

Inequality (A.3) implies that Ag € Cyr, where Cyy is defined in Assumption 2. By
Assumption 2, inequality (A.3), and Lemma A.1 (iii) and (iv), there exists a positive constant
 such that

Ao —MpAgM Ag —MpAgM
Ao FLJAYC) A0||*§3)’NT /TROII o) r0AeM ol

~NT ~NT
—llAe
<3YnNT 2Ro%, w.p.a.l.

,l,L Al A
ﬁfgefse <3ynr

Aol _ 32RO
It follows that JAT <

= = T UNT 0

Proof of Theorem 3.2. (i) The proof follows from that of Theorem 3.2 in Hong et al.
(2023) and thus omitted.
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(i) Let Sp =T 1FYFO 5, = N"TAYAD, and A = S_l/zv, where v is the RO x RO

1/2

matrix whose columns are the eigenvectors of § F/ 2S Sy~ Conditional on R=RO we

can bound 7~1/2 HFO —FOqH H . Specifically, we can follow Miao et al. (2023) and apply
the Davis—Kahan sin (®) theorem (e.g., Yu, Wang, and Samworth, 2015) to obtain the
following bound: T-1/2 Hf?o —Fa H = Op (yn1) under Assumptions 1-3, which implies
that M, —Mpgoll = Op (yN1) -

(iii) Analogous arguments of the last point show that N—1/2 HZA\O—AO(I:IA)’ =
Op (ynr) and M3 —Myoll = Op (yn1)-

To prove Theorem 3.3, we introduce Lemmas A.2 and A.3 and some notations. Let

0= xLD M o e M X(l,z):[ Qi Qn } (Ad)
¢ A? ) 021 O»

XU oMoy = | X My @M U] _ gD

q= A FOY = X(z)/(MA()@MFo)U =1q@ ]

where Oy = X(k)’(MAo ®M[F0)X(l) for k,l = 1,2. In Section S.1 of the Supplementary
Material, we show that 0 is invertible w.p.a./ under Assumption 4. Define the inverse of Q,
an (N—14+T)K x (N — 1+ T)K matrix, as

QE[@II @12]E~71 [Qll On ]_
Qa1 Q2 O 02

where @kl has the same size as le.

LEMMA A2, Let gV = @ & - i]}v_l) and ¢ = @ da - q’T)/ Sup-
pose Assumptions 3-5 hold. Then we have:

() 11V7 Q12 [|oc = OplQ0g? N +10g> 1)/ VN;

(ii) [IVNQ219"[loc = Op[(log® N +1og> T) /T};

Git) [V Q119 — 8} /VTlloo = Opl(log? N +10g? T)/v/T;

@) [IVNQ24? —8}% /v/Nlloo = Opl(log? N +1og? T) /+/N1.

LEMMA A.3. Suppose Assumptions 3=5 hold. Then we have:
i) VT(ty_, ®T)Q11q =83 an/VT + Opl(log? N +10g T)//N;
(i) VT(ty_; ®1x)Q129® = Opl(log> N +log? T) /v/N].

The proofs of Lemmas A.1-A.3 are provided in Section S.1.3 of the Supplementary
Material.

Proof of Theorem 3.3. §tep 1. Obtain explicit expression of B-B.
Recall the definition of B as in (3.1), we have

v . -1
B—B=[x12 00 @Mp)x12] T X2 (M 0 @ Mp0)U.

As both X(]'z)/(MAo ® MFO)X(]’Z) and X(l’z)’(MAo ® Mpo)U are high-dimensional
objects, it is essential to carefully analyze their properties. After proper normalization, we
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have
iy | YT [ e T T
v - W(é(z)—i?(z)) L VNTQ21 NQxn  [l4®/VN

_ [\/T@nq(l) +ﬁ@12q(2)]
VNQ21qV +VNQp2q? |’

where Lyt = blkdiag(mK(N,l), «/NHKT).
Step 2. Verify that max1<,<N 1||f(/§l - Bi) —éi__lqi/«/TH = op(1) and

$1. 81 q1
Recall that S(l) = , S(z) = s q‘(ll) = ,
SN—1. S aN-1
q1
qéz) = L S(I; = (Zthlulfjcllt(thzlklfx/lt)_l’""ZtT:IMN—le;V—l,t
gr
Ly ™) and 8gla? = (S (O )

N . N . . —1\/
SN ik (O gk T
Verifyingmax1<,<N 1||f(,31 —Bi) —5_1511/f||=0P(1),andmaxlft§T||~/N(,3»t—

~ . 1
‘anq(l)-Flezq(z)— ])qu)/f

=op(1).
VNQ21qV + VNQyq® - S, S qa)/fH o

This result is a direct consequence of Lemma A2 1) ||f@12q(2)||oo = op(1),
@ IWNQ219V oo = 0p(1), 3) [IVTQ114D = $7}a5" /v/Tlloo = 0p(1), and (4)
VN G229 =85 4’ /¥Nlloo = 0p (D).

Step 3. Verify VT (By. — Bn.) = 55 an/¥T +op(D).

It remains to study ,éN. — Bn., where By. = — Zf/:_ll Bi. = —(t}v_l ®]IK)B(1) and /éN‘ =
- Zf\]:_ll Bi. = —(y_y ®1Ig)BY) . Then we have

Bn.—Bn. = —(y_ 1 @) B—BD) = )y, 01 Q11q" — (y_, @1x)Q129?,

Whefe _ﬁ(‘;\/—l R IxQ1qV = —é]?,_lé]/v/ﬁ—{— Op(logZN/+/N) andv ﬁ(té\/—l ®
Ix)Q129® = OplogN/+/N), by Lemma A3. It follows that ~T(By. — Bn.) =
—53 an /T +0p(log2 N/V/N). 0

To prove Theorem 3.4, we introduce Lemmas A.4 and A.5 and some notations. Let A €
RV*R’ and F e RT*R’ Define

OAF) =X 12" i, @ Mp)X 12 and Ogy(A, F)
=X®" Mp @Mp)XD for ke {1,2}.
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Next, define the projected score vectors
q VA, F) = XYM @Mp)U and 2 (A, F) = XD/ (M @ Mp)U,

so that the vectors q(l) and q(z) from the previous section are obtained by evaluating at the
true factors and loadings (AO,F 0). Further, define

a0y (A F) =X M, @ Mp)vee(FOAY) and g5 (A, F) = X' (M @ Mp)vec(FOAY),

which equal zero when (A, F) = (AO,FO).

LEMMA A 4. Under the conditions for Theorem 3.4, we have
1) O(AD, FDy g asymptotically non-singular, with expansion

o
QAP FOH™ =@ 10— 04D FP)aY,
j=0
where ||LyrQLyrllsp = Op(D), and |ILyrQY2,1(Q — QAP FONQVLyrllgp =

op(; o
(ii) IIIL;,}(Q(A(Z) F®)— Q)L 1112, 00 = Op(85 7 log(NT)), and ||Lyp (Q(AP, F?)) —

OLytlsp = Op(v'N + 657 10g(NT));
(iii) [1g5" (A@, F@)[| = 0p (D), and |lqP (AP, FD)|| = op(V/N);
(i) [[Ly7q(A® F?)|| = Op(vN+T).

LEMMA A.5. Under the conditions for Theorem 3.4, we have

0) HLNT@(q<A<2> FO)—g)|_ = op). and |LyrQ@AP.FO) — gl =
OP(\/Wa 7log?(NT));

(i) HLNr@qe(A<2>,F<2>>H = op(1);

(i) |[LyrQ ™ Lytll00 = Op(og(NT)/v/NT) and |[LyrQQ? "™ QLyrllsp =
Op(log2(NT)8y 7);

(iv) | LarQLy — bikdiag S}, 85)) |, = 0p(o logvT),

where expressions of Q) and Q(2 rem) are provided in the proof and Q —
DAQ FO) = (o0 4 HR.rem)

The proofs of the above two lemmas are given in Section S.2.4 of the Supplementary
Material.

Proof of Theorem 3.4. We show that 32 is asymptotically equivalent to the infeasible
estimator, that is, ||Ly7(B2 —B)||co = 0op(1). Then Theorem 3.3 leads to the desired result.

Recall that By — B = Q(A®), F(2))~1 [q([\@),ﬁ@) Tap (i\@),ﬁ@))]. By Lemma A.4
(i), we have

Lyr(By — B) = LyrQ [q(m),ﬁ(m) +q ([\(2)71&(2))]

+LyrQI0 — O(A®, FP)1QLyrsq
=A]+Ay+A3,
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where Ay = LyrQq(A,F?), Ay = LyrQgo (A2, F2), A3 = Ly QIO —~ O(A®),
FOQLnrsq, and 8q = 322 Ly (@ — QAP FO)QLyrY Ly IqAP, F@) +
qp (A(z),F(z))].It suffices to study Ay, Ay, and Az:

1. []A; — LyrQqll0o = 0p(1). This result is implied by Lemma A.5(i).

2. ||A2]lco = op(1). This is implied by Lemma A.5(ii).

3. Finally, we show ||A3||co = op(1) below.

By Lemma A 4, we have that |[Ly1(q(A®),F®) 4 qg (AP, FP))|| = Op(VN+T1).
By the fact that

o .
a2 ) MO A j N

> (L@ 0AP FO) ALy )| = 0p(1), and |[LyrQLirlyp = Op (D),
J=0 sp
we have [|8q|] = Op(v/N +T). By the identity that Q(A@, F?) — O = 9(®) 4 Q2. rem)
as in Lemma A.5(iii), we have
LyrQI0 — O(A®  F)1QLyr8q = LyrQ0 ™ QLy7dq + Lyr Q0> "™ QLyrs

NTQIQ — (A, F)]QLyTéq = Lyr QO™ QLyréq + LyrQQ QLyrdq.
The spectrum norm bound of Q@7 in Lemma A.5(iii) further implies

ILNTQOP "™ QLy78ql| = Op(v/N + T8 10g>(NT)) = 0p(1). For ||ILyr Q0 QLyr8q,
we have

ILATQO QLT84 00
< | (LyrQLyr — blkdiag($ 71, Lo1oC)QLyrs H
H( NTQLNT — blkdiag( (1) (2)) Nr@ 7 QLyTdq o
: -1 (00)
+ | bikdiag S ) 85) L 0 Qlwrsa|
= |Enr QL - bikding ). 85|, [Ear 0 Qarsal
. —1 a— _
+IIblkdiag(S7 ], 85D oo HLNTQ<°°>@ILNT8qHOO =431 +432.
Tobound A3 | and A3 5, we firstbound HLK,}Q(OO)@]LNT&qH and H]L;,}Q(OO)@LNTaqH
o0
By Lemma A.5(iii), we have
L0 QL78qlloo < [1Lj7 Q™ Lyt 12,00 - ILnrQLy78al| = Op (857 log(NT)),

and ||L,;}Q(°°)QLNT5q|| = Op(WN+Téy log(NT)). 1t follows that
A3z 1 = Op(v/N+ 8 log (NT)) = op(1) where we also use Lemma A.5(iv). Sim-
ilarly, A3, = OP((SNTlog(NT)) = op(1) as ||b1kd1ag(S(_1§,S(_2%)||oo = Op(1) and
[LA70COQLnrsa| = 0p(sy7 1o2VT)). Then [143]1o0 = 0p(1). 0

i 3. 0y _ T 1 N 0
Proof of Theorem 3.5. (i) Note that vT(f;. — f°) = —\/;ﬁ SN B+
(%x;,MFoxl) 1.1 x . Mpou;. +op(1) by Theorem 3.4(i). Then by Assumption 6(i)-

(iii) and the Slutsky theorem, we have v/T(f;. — B) 4 N, Isip+6H o)™
provided % — k € (0,00] as (N, T) — oco. When % — 0 as (N,T) — oo, we have instead
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that
W(ﬁi.—ﬁ?)——fZﬂ +\/; 7X:Mpox;) ! f X, Mpou;. +0p(1)

1
ﬁ25,9+op<1) L NOZp).
j=1

Summarizing the two cases, we have that V (/31 ,819) —d> N(O,Ig), for Vg ;. =
Sig/N+ )19~ 1/T.

(i) VN (B — B = = S0 B+ (XM pox.) ™" X Mo +0p(1) by Theo-
rem 3.4(ii). Then by Assumption 6 (i)—(iii) and the Slutsky theorem, we have VN (B.; —
B L NO. 21+ @D, 0

To prove Theorem 3.6, we need the following lemma whose proof is given in Section S.3
of the Supplementary Material.

LEI\/{MA A.6. Under ﬁondili'ons for Theorem 3.6, we have 5

(i) fi = H'fY = Vi TV FOL S 00 — 39%), (B — B)] + Oplsy7 log? (NT)]
Lmiforrflly int; A ]

(ii) A; —Hfl)u? = H/% ZIT=1 [ftouit —ftox;t(ﬁi. —Bi)l+ 013[6_2 log? (NT)] uniformly in

~n -1

(i) Aff = 20 = Y (NTIAYA0) T YN 1[,\%,-, WA By — Bl +
Fa@ O FO VLS T (0uy — £0x] (Bi. — Bi) 1+ OplSy log? (NT) ] uniformly in (i,1) .

Proof of Theorem 3.6. (i) By Lemma A.6(i) and Theorem 3.4(ii),
VNG —H'F?)

_ /01
VTF NZ

—

)\ Ujr — -x§,(/§-z - Ié~t):| +0p (W(Sﬁ% log(NT))

N
A 1 1 1 1
—1p—17/ 70 Z 0 Z 0,/ / -1 /
= VNTT F'F 7N ' )\'l Ujr — N Z )\.l xit(NX_IMAOX.t) ﬁX_IMAOu.t
+op(1)

—1 2 : 1
=V A u; ,u (S )~ X M ou. +op 1
Q = it Mg xA\S-t hN A t ( )

i=1

N (0, V*1QF¢Q’V*1),

where the third line follows from the fact that Vi Lyvsoadr 'FFO L Q as in Bai
(2003) and Assumption 6.
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(i) By Lemma A.6(ii) and Theorem 3.4(i),
VTG —H™1Y)

H’\}Té[ft it =X (B = i) |+ 0p (VT8 log (V) )

T T
1 0 0./ -1
=H' | 7= fiui— 4, X Mpoxi) ™ =X Mo, | +op (1)
ﬁt:l t 1 f
HIZJ’, uis — I}, xf(so)‘ ﬁx P Mpou;. ¢ +op (1)

SN(0.@)ro),

where the third line follows from the fact that H 2> Q_1 as in Bai (2003) and Assumption 6.
(iii) By Lemma A.6(iii) and Theorem 3.4(i) and (ii),

M=

~n —-11 ~ .
07 -0 0 —1 07,0 0 0
Nfi =2t = Ai/<N AYA ) v [xj uj,—xjx]/.t(ﬂ.t—ﬂ.t)]

~.
Il
LR

51
M~

o (T*lFO’FO)_ [f?uis X (B Bi~)] +0p (51\7% log(NT))

o
Il

N
1 1
05 —1 } : 0 / 0y—1 /
:)\,l EA N )\‘] Mjl_M-t,x)L(SJ) NXAtMAOu.[
j=1

> Zfs tis = o (55) 7 v Mo, +0p(Sx7)-
v_l
Following the arguments as used in the proof of Theorem 3 in Bai (2003), we can show that
—1/2 23 d
(Vi + Vo) "2 G =291 S N .. D

A.2. Asymptotic Analysis for Section 4

To prove Theorem 4.1, we need the following two lemmas whose proofs are given in Section
S.4 of the Supplementary Material.

LeEmMA A.7. Suppose Assumptions 1-8 hold and (/N1/T + \/T/Nl)log2 (NiT) — 0.
Then ] ]

() i —w = ui, - X, (B — Bi) — [x;, — AWAYAYTTAYX 1B — B —

—1 N, To,i -2

A WNTTAY A Z, 0 xjouj, —f0 HSle T T(‘) Yo Zisttis + Op 8y 7 log? (N1 T)) =
Zl:l &ir1 +0,,(8N1T10g (N1T)) uniformly ini € [N]\[N1] and t € [T]\[Tp,;];

.. To,i 5 5 — , .o

(i) 7 X1 &ixjy (B = o) = Op (S, log? (N1 T)) uniformly in i for &y = xir.f{ and
1;
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N Tq i 6 — . ..
(iii) 77 1T0 Z ! Zzol A]()x]’t(ﬂ (=B = Op(z‘,i}\,leog2 (N1T)) uniformly in i

(iv )mZzegt it ﬂz)—oP(l) as |G| — oo;

sl 1 To,
) \/ﬁ >ieG,S i Toi Too 'lz,suls =op(1) as |G| — oo.

LEMMA A 8. Let & 1,1 =2,...,5, be as defined in Lemma A.7(i). Suppose Assump-
tions 1-8 hold and (\/N /T+ f/Nl)log (N1T) — 0. Then
Ty, /

i) &Ny = \/— ARV S &2 =
T 141 2t=Tg 1+1 —N1+1\/7
SIS'_li/LZ,TEiZit“iI‘FOP(l);
(ll)SaNT—mZ, Nl+1zt To+15i,3 = op(D);
(iii) $4NT = m Z?IZNI.H Zt:TO,i+1 &it,a = op(1);

1 Tll

. z _ 1 N T _
(iv) &syr = «/ﬁzi:Nﬁ]Zt:To.inh,S = - _N1+1 \/—Mf

—1 1 Toi _
SQSLTOJmzszlzwu”—l-o;)(l).

Proof of Theorem 4.1. (i) By Lemma A.7(i), we have that uniformly in i € [N]\ [N;]
and t € [T]\[T,;],

~ . -1 A .
i — i = i — X By — i) — 1, = 2% (AVA%) A% 1By — B
1 To,i
—1
-2 (N] AO/A0> ZA Wy ftO’HSZSl ToiTy ZZ””U

+Opl8y i log® (N1 T)]
=& 18283 +tE8ia+8ins+ Op[%zr log?(N1T)].

Then
| T 5
> (Fu—T)=)_ Z sn1+op<1>_Zsl i +op(1).
VTl*iz=T0,,~+1 I=1 T“z Toi+1 =1

. . . = d
It suffices to study each term in the last summation. First, §;. 17 = \/% ZtT:TO 1 Uit =

N(O, o ) by Assumption 8(iv). For Sl o7 and 5, 57, we have, by Theorem 3.4(i),

Ty 1 T
Eor=— 77— Y x/ToiBi—B)
ToiTvi,_5—
=To,i+1

1—r; « )
= l'“;'-,x To,i(Bi. — Bi.) +op(1)
1
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TOl
1_
= S ZTOIﬁZZ,,u,t+0p(1) and

TOl

Z i, TO,\/—ZZmuw
s—1

tT0+l

To,i
/1
== fHSZS, TOI\/— ZZH“H"’OP(I)

By Lemma A.7(ii) and (iii),

§i~,5T =-
TO i

Eiar = m Z Xy (B —B)

t=Top,;+1

1
AO/ _
Nl\/ﬁt T? 2 X1(Bs— Bt)

T1,i0pl8y 7 log> (N1 T)] = 0p(1).

+A?/ (NI_IAO’AO)

—1
s £. _ 0/ (A—1 A0/ A0 1 T Nt 20, _
In addition, &;. 47 = —2; (N] AV A ) MvTo y 1=Tp i+1 y =1 )‘j ujr = op(1) under
our assumptions. It follows that

\/T Z % —Tit) =& 17 + & 21 i sT+op(1)
lt_

To,i+1
[ [1=r, L
= \/ﬁ Z Ujr — v (M, XSI +/'LfHSZ) i Toi m ZZ[?MIY+0P(1)
t=Top,i+1
d 2 1 - 1 ey —1
—>N<07‘Ti. S1 +MfQ S2]S Ql zuS [Slﬂl x SZ(Q) Mf]>7

where we recall that S; =plim 7, ;00 Si, 75 ;-
(ii) For any 7 > min; Ty ; + 1, we have, by Lemma A.7(i),

W

J%Z 2 — Z anz+0p(1>_25,w+op<1)

=1 eg, =1

Note that &, 1y = ﬁ > icG, Uit 4 N(O, O’%’ u) by Assumption 8(v). For &, 3y and
t
£.1.4N, we have, by Theorem 3.4(ii),

ét,3N __ |gt| Z T ¥, AO/ (AO/AO) AO/X.;]\/Nil(Bq — B

Ny Igl
- 1
=7 (sf)t) ﬁxf,MAouA,+0p(l), and
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Ny

. G/l 0 (=1, 0y 0\ "L 1 0
E an=— A-(N AA) — Y20,
t,4N Nllgt|2l 1 mjzzljjt

1

= —rh T ==Y uip+op(1),
T
\/Nlj:l

where r.¢ = lim(g, |, vy)— o0 |Gil /N1y 4 = Pl |, o0 gy Dieg, ¥y — 4 (AY A0 ™!
AYx,], and SO, = plim Nl_)OONix’ M ox.;. By Lemma A.7 (iv) and (v), §t2N =

£ 1
J@Z:eg, ir(B — Bi) = op(), and &, sy = _ﬁO/ngwzlégt i,To,i To,i
To,i

Y2 Zisttis = op(1). In sum, we have

Tlt

«/@Z I‘ll

= S.r, IN +§t,3N+§-t,4N+Op(1)

1
mez@lt

Ny
—1 1 1 1 0
— VT “‘"( ) \/]TIX{fMAou'f_MSLEA ﬁE )»jujz +op(1)
J=1

1
= g
Vigl 2

Ny
1 -1 -1 ,
_ /r.,ﬁ Z {v-/t,xk (SOZ) [th —x{[AO (AO/AO> )\j(')]ujt — M&EAI)‘?MJT} +op(1)
j=1

1 1 -
= 7T fz[”m<0) (x-"’_nlcxk}\jo)_“;EAIA})]M-/I*‘OP(I)
i€G,

—%N(O,a%_’u—{—r.,E.;),

where we recall that JT o =plim y, - coX: tAO(AO’AO)_ and . = limy, 00 1\%1 Zj\’:ll

BV, o (%) =D~ 33
(iii) 71 — oo and N, is either fixed or diverge to infinity such that N,T| =
o(sz{,lT[log(Nl 7)172) and N logN = o (Ty),

T

1 5 N
N YYD Eaitop)
11:

1i=N+1t=Tp,i+1

1
= Z Z Ttt_fzt
VN2 Ty i=Ny+11=Tp ;+1
5 -
=Y &nr+op(D).
l_

Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 14 Nov 2026 at 03:53:24, subject to the
Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/50266466626100620


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0266466626100620
https://www.cambridge.org/core

ESTIMATION OF HETEROGENEOUS PANEL DATA MODELS 47

By Lemma A.8(i)—(iv),

= &Nt + o +EsnT +0p(1)
N T

1
_ _ Z Z Ujr
VN2 Ty i=N1+11=Tp,;+1

LA T
= (. St WpHSD)S, 1) —= ) Zirttig+0p(1)

N i=Ny +1/To,iT1 VToi o

—d>N<0,o',3+ ),

= 1 N 1 ~Toi / / :
where E =limy, 7)— 0o N Zi=N1+l i Ty Lo, Sz:1 E [Zitzl‘suituis] o 0 =limy— 0o 0t T,

o Ty, i / / -1
a“d“l,T—m(“ix,gl"'“fHSZ)Si,Tm' O
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