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Abstract

We investigate a class of generalised stochastic complex matrices constructed from the class of all
doubly stochastic matrices and a special class of circulant matrices. We determine the exact values of
the structured singular values of all matrices in the class in terms of the constant row (column) sum.
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1. Introduction

For an unstructured perturbation, the largest singular values of certain matrices provide
a clean and numerically tractable method for evaluating robust stability. There is a
measure of stability similar to these largest singular values for a system that fails to be
robustly stable using structured singular values [1]. The structured singular value is a
useful tool for analysing the robustness of stability and the performance of dynamical
systems [3].

The structured singular value was introduced by Doyle in [2]. It is a matrix map
up : M, (C) — [0, o) defined by

M) = 0 if det( + MA) # 0 for all A € B,
He o 1/ minacg{||All> | det( + MA) = 0} otherwise.

Here, M,,(C) denotes the set of all n X n complex matrices, B denotes the set of all
diagonal blocks

B := {diag(6 Lk, - - ., 61k, A1, ..., Ay) | 6 € C, Aj € M, (C)} € M,,(C)

with Y7 ki + st':l n; = n and ||All, denotes the matrix 2-norm of A (which is also
equal to the largest singular value o,x(A) of A for A € M,(C)). Note that the complex
perturbation block structure B depends on the values of » (number of repeated scalar
blocks), s (number of full blocks) and the k; and n; (dimensions of each block).
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2] Structured singular values 59

Some basic properties of the structured singular value can be deduced from the
definition (see [2]). For any block structure B € M,,(C):

(1) pg(aM) = |a|ug(M) for any M € M, (C) and a € C;

(2) p(M) = 0max(M) for any M € B;

3) pM) < ug(M) < omax(M) for any M € M,,(C), where p(M) denotes the spectral
radius (the magnitude of the largest eigenvalue) of M;

(4) if we denote Dg := {diag(dily,,...,d i dri1ln,, ..., drsly,) | di € (0,00)} and
Uy :={U € B | U unitary}, then, for any M € M,(C),

. -1
max p(MU) < (M) < inf. x(DMD™), (1.1)

In fact, the first inequality in (1.1) is shown to be an equality in [2]:
us(M) = [r]ré%;;p(MU)- 1.2)

Unfortunately, the optimisation problem in (1.2) is not convex. The lower function
[(U) := p(MU) can have multiple local maxima which are not global and so the direct
calculation of maxyeq, p(MU) by gradient search might not find the actual maximum
[5]. In contrast, the function u(D) := 0-max(DMD™") does not have any local minima
which are not global, so computing infpep, Omax(DMD™) is a reasonable task [5].
As shown in [5], the equality ug(M) = infpep, Omax(DMD™") always holds when
2r + s < 3. Conditions under which the structured singular value reaches the upper
bound are given in [5, Theorem 4.5] and a condition under which the structured
singular value is equal to the spectral norm can be found in [5, Theorem 4.4].

By using these results, Yamamoto and Kimura showed in [6] that ug (M) = 0 nax (M)
when the matrix M is a square complex matrix satisfying SM = M'S for some
signature matrix S and the perturbation block structure B has r = Oorr = 1,5 = 1 (with
some conditions). It is well known that if M is a normal matrix, then p(M) = 0 px(M)
and thus by property (3) above, p(M) = ug(M) = omax(M) for any block structure
B € M,(C). Also, if M is a doubly stochastic matrix, then p(M) = o pnx(A) = 1 (this
fact does not necessarily hold for generalised doubly stochastic matrices) and again
us(M) = 1 for any block structure B € M,,(C). However, besides these three classes of
matrices, to the best of our knowledge, there are no explicit structured singular values
for other classes of matrices. Most of the literature related to computation is concerned
with the approximation of the upper bound (see, for example, [4] and the references
therein).

We investigate a class of generalised row (column) stochastic matrices (square
complex matrices having constant row (column) sum) appearing in (2.5). Matrices
in this class need not be normal nor radial (a matrix having the spectral norm equal to
the spectral radius). The explicit formula for the structured singular values of matrices
in this class is given in terms of the constant row (or column) sum.
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2. The results
Throughout, the block structure B is a subset of M,,(C) having the form
B := {diag(61lx,,...,0:l,, A1, ..., A) | 6; € C,Aj € M, (C)}

for some r, s € Ny (the set of all nonnegative integers). Let A be an n X n generalised
row stochastic matrix, meaning that there exists ¢ € C such that

DAj=c fori=1,...n, 2.1)
j=1

and denote the largest singular values of A by o, so that o (A) = o = ||A]|2-

PROPOSITION 2.1. Let A € M,(C) be a generalised row stochastic matrix with the
constant row sum c € C. Suppose that ||All, = o

(1) Then|c| < o.

(2) Iflc| = o, then A must have the constant column sum c, that is, A is a c-generalised
doubly stochastic matrix.

3) If|c| = o, then ug(A™) = o™ for all m € N and any block structure B C M,(C).

PROOF. Let T € C" be the vector all of whose components are one. By (2.1), AT =I.
By using the standard 2-norm || - || on C" and the Cauchy—Schwarz inequality,

IPITIP = (T, eT) = (eI, AT) = (cA*T, T) = [(eA* T, D) < lleA* T IT]I, 2.2)

where A* is the conjugate transpose of A. For any M € M,,(C) and any nonzero vector

yeC,
IMxl| _ 1Myl
Ml = sup 0 >
vy Il = Il
Thus, ||cA*T]| < [lcA%|IITII = Ie| |A* LT Since [|A*|l, = [|A]l; for any A € M,(C), (2.2)
becomes
lePITIP < (cA™T, Ty < lel ANl = orlel ITI1. (2.3)

By (2.3), if ¢ # 0, then o > |c|. Since o is always a nonnegative real number, if ¢ = 0,
then o > 0 = |c|. Hence, the statement (1) holds.

If 0=|c| =0 :=|lA], then A = O (the zero matrix) and thus the statement (2)
is obviously true. Suppose that O # |c| = 0. Then the inequality (2.3) and hence the
Cauchy—Schwarz inequality become equalities. This happens when cA*T =d'T for
some d’ € C, that is, ATT = df, where d := d'/¢ € C, giving the constant column sums

DAj=d forj=1,....n
i=1

By (2.3) with equality,

> -

TP = (d'T,1) = (cA*T, 1) = |clor|| T,
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which means that &’ = |c|o- = |c]> = ¢¢ and d = d’/¢ = c. Hence, (2) holds.
To prove (3), for the case |c| = o = ||A||,, we write ¢ = e for some 6 € R. Then

-

Al =cl = oe1,
so that oe” is an eigenvalue of A. Now,
o =loe’| <pA) < Al = o

and hence p(A) = 0. Foreachm € N, p(A™) = (p(A))™ and [|A"||> < [|A]l7 because || - |2
is a sub-multiplicative norm. By using the fact that p(M) < ug(M) < ||M||, for any
block structure B C M,,(C) and matrix M € M,(C),

" = (p(A)" = p(A") < u(A™) < ||A"l2 < Al = o™
for each natural number m, which proves (3). O

The next result is a consequence of Proposition 2.1(3).

COROLLARY 2.2. Let D1, D,,...,Dy be doubly stochastic matrices of size n X n and
01,02, .. .,0k be positive real numbers. Let

Sk(D) = (51D1 + 62D2 + e+ (5ka.
Then, for each m € N and any block structure B C M,,(C),
HB(SK(D)™) = (61 + 6 + -+ 5p)".

PROOF. Note that S(D) is a 6-generalised doubly stochastic matrix with constant row
SUM & := & + 6 + - - + 6. Since Sp(D)T = 61, we have p(Sy(D)) = 6. Also, ||Dill> = 1
for each i = 1,..., k. By the triangle inequality for the spectral norm || - ||,

k
0 < p(Sk(D)) < ISk(D)ll2 = 101Dy + 62D3 + - -+ + i Dyll2 < Z OillDill> = 6.
i=1

Hence, ||Sk(D)||> = d and thus the result follows from Proposition 2.1(3). O

It is still possible to calculate the structured singular value if the constant condition
on the row sum in the proposition is slightly relaxed.

COROLLARY 2.3. Let A € M, (C) be a matrix such that ||All, = 0. Let r; :== Y,;_, A be
the ith row sum for eachi = 1,...,nand c; := }};_, Ay be the jth column sum for each
j=1...,nlflr|=---=lrnl=0cor|c| = =|c,| = T, then

u(A™) = o
for each m € N and any block structure B C M,,(C) containing, respectively,

0,
-

diag(e’e‘,e’ ey or diag(e™,e”,..., "),

where rj := e and cj:=oce% foreachj=1,...,n.
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PROOF. Note that p(M*) = p(M) = p(MT) and p(MN) = p(NM) for M,N € M, (C).
Also, by (1.2), ug(M) = maxyeq, p(UM). So, for U € U,

ps(M") = (M) = ps(UM) = pp(MU). 2.4)
If || = =|ryl = 0 and r; = oe", where §; € R for each j=1,...,n, then A =
UAy, where U = diag(e’', e, ..., e") and Ay is a generalised row stochastic matrix

with the constant row sum o~ € C. By the condition on the perturbation block structure
B, we conclude that Ay = U*A with U* € Up. Hence, by (2.4), ug(Ap) = us(A) and the
result follows from Proposition 2.1(3).

If [c| =+ = eyl = o and ¢; = e, where y; € R foreach j = 1,...,n, then AT =
WB,, where W = diag(e', e, ..., e") and By is a generalised row stochastic matrix
with the constant row sum o € C. Then By = W*AT and W* € Ug, by the assumption
of B. Hence, by (2.4), up(Bo) = us(A) and again the result follows from Proposition
2.1(3). ]

Note that when r = 0 or k| = k; = --- = k, = 1, the assumption on the perturbation
block structure B in Corollary 2.3 will always be fulfilled. Furthermore, any matrix
satisfying the assumptions of Corollary 2.3 must have the following property.

PROPOSITION 2.4. Let A € M,(C) be a matrix such that ||All, = o. Let r; := Y};_, A
be the ith row sum for each i = 1,...,n and cj := };_, Ayj be the jth column sum for
eachj=1,...,n.

(1) The row sums satisfy \ri| = -+ = |ry| = o if and only if A = oWyD, where Wy :=
diag(e™, e, ..., e"%), ry := o', foreachk = 1,...,n, and D is a 1-generalised
doubly stochastic matrix with ||D||; = 1.

(2) The column sums satisfy |ci| = --- = |c,| = o if and only if A = cDW,, where
W, = diag(eiyl,eiyz,...,eiy“), cx = oe™, for each k=1,....n, and D is a
1-generalised doubly stochastic matrix with ||D||, = 1.

PROOF. Suppose that |r{| = --- = |r,| = o and write r; = oe® for each k= 1,...,n.
Then A = oWyD such that D is a generalised row stochastic matrix with constant row
sum 1. Since o = ||A|l, = |lcWgD|l, = o||D|l», it follows that ||D||, = 1. By Proposition
2.1(2), D must be a 1-generalised doubly stochastic matrix. The converse is obvious.
Statement (2) is proved simply by using the fact that ||A7||, = ||A|l, = o and by applying
statement (1) to A”. O

By Proposition 2.4, any matrix of the form
o diag(eie1 e et )D,

where D is a doubly stochastic matrix and 6,6, ...,0, € R, § € R*, will satisfy the
assumption of Corollary 2.3. For example, the matrix
i/20 0 i/20
A :=1|-i/20 —-i/20 0
0  (1+iV3)/40 (1+iV3)/40
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can be written in the form

| ' _ ‘ 12 0 1/2
A:Ediag(e’(”/z),e’(_”/z),e’(”/S)) 1/2 1/2 0|,
0 1/2 1/2

where the last matrix is a doubly stochastic matrix. By Corollary 2.3, ug(A™) = (0.1)™
for any m € N and any block structure B containing diag(e’™?, /%) ¢i"/3)) ‘We also
observe that the largest (in absolute value) eigenvalue of A is 0.0488352 + 0.0447302i,
which means that p(A) < ||A]|; = 0.1. Thus, A is not a radial matrix and hence not
normal.

Note further that if D is a 1-generalised doubly stochastic matrix with ||D||, = 1,
then |Dy| <1 for each i,j€{1,2,...,n}. To see this, note that if ||D||, = 1, then
IDx|| < |lx|| for any nonzero vector x € C". So, if |Dy| > 1, by choosing x = ¢; :=
[0,...,1,...,0]7 € C" (where 1 appears only in the ith position),

2 2 2 2 2 2
IDx||” = |DyjI” + - - +IDgl™ + - - - + [Dyjl™ 2 IDyi" > 1 = [|x[|,

which is a contradiction. If D is a 1-generalised doubly stochastic matrix, then ||D]
need not be 1. For example, the checkerboard matrix

is a 1-generalised doubly stochastic matrix with ||D||; = 5. To see this, note first that
Dv = 5v withv = [1,-1,1,-1,1]7, so that p(D) > 5. Now,

5 <p(D) <Dl < IDlF = \JIL, 52, 1D, = 5.

However, there are still many 1-generalised doubly stochastic matrices having spectral
norm 1 which are not doubly stochastic, as we can see from the following theorem.

THEOREM 2.5. Let k be a positive integer. Let a,ai,s,...,a; be positive real
numbers and b be a real number.

(1) Ifn =2k and a > |\b|, then the circulant matrix C°(a, b, @) having the row vector
[a + bi, a— bi, ar(a + bi), ar(a— bi),..., ar(a+ bi), ai(a — bi)]

as the first row will be a d.-generalised doubly stochastic matrix of size n X n with
the spectral norm ||C¢(a, b, @)|| = 8., where

O :=2a(l +ap + -+ + ay).
(2) Ifn =2k + 1, then the circulant matrix C°(a, b, @) having the row vector

la + bi, a— bi, ar(a+ bi), ay(a — bi),..., ai(a+ bi), ai(a — bi), a]
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as the first row will be a 6,-generalised doubly stochastic matrix of size n X n with
the spectral norm ||C°(a, b, @)|| = 6,, where

0o :=2a(l +ay + -+ ap) + aj.

PROOF. We first consider the case n =2k and a > |b|. It is well known that all
eigenvalues of the circulant matrix C¢(a, b, @) are

2k-2 1

A = 74720 + rz0% + 70 + -+ apzw + qzw* T, j=0,1,...,n—-1,
where z = a + bi and w = ¢*/". Then, for eachje{0,1,...,n—1},
Il = 1(z + 20)) + aa(z + 20)w¥ + @3(z + 20w + -+ + ax(z + 20w V|
= (2 +2/D(I1 + @20” + az0¥ + -+ + ™))
<(z+z2dD(0 +ay + a3 + -+ ay).

The triangle inequality becomes an equality when there are nonnegative real numbers
X; such that

¥ =x-1=x, foreach r=1,...,k—1.

Since a; > 0, x; is a positive real number and thus w? =1foreacht=1,....k—1.
This implies that

W+ Y+ Y = k-1
and that
WY+ ¥+ 0™ = 0¥k - 1).

Subtracting the first equation from the second equation and using w*¥ = w"¥ = I/ = 1,
we obtain w¥ — 1= (k—1)(1 —w¥). If w¥ #1, then 0 <k—1= -1, which is a
contradiction. So, the maximum of the |A;j| can only be reached when w¥ =1, that
is, when j = 0 or j = n/2. If j = n/2, then «/ = —1 and thus

Pppl=(z=2Z2DA +ar+ a3+ +ap) =2b|(1 + a2 + a3 + - + ).
If j = 0, then «/ = 1 and thus
Mol =(z+ZDA + s+ a3+ +ap) =2a(l+ar + a3 + -+ + @) 1= 6.
Since any circulant matrix is always normal and a > |b|, we conclude that
IC(a,b, )|, = max{I\] | j=0,1,...,n—1} = [A| = 6.
For the case n = 2k + 1, we compute, foreachj =0,1,...,n -1,

Il = 1z + Z)(1 + @20¥ + @30 + -+ + V) + 0™

< |z + 201 + 0¥ + 307 + - -+ + 4™ V)| + o |

<(z+zdD + @+ a3+ + @) + ay.
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By using the same process as the even case, the inequalities become equalities when
j=0orj=mn/2. Since n is odd, it follows that j = 0 and

IC°(a, b, @)ll = max{|\j| [ j=0,1,...,n—1}
= |)\,0| 2261(1 +ay+az+--+ap)+a) =0,
For example, if n =3 and a = 1/20,a; =9/10 and b = — V/3/20, then the matrix
(1-ivV3)/20 (1+iV3)/20 9/10
C = 9/10 (1-iV3)/20 (1+iV3)/20
(1+iV3)/20 9/10 (1-iv3)/20
is 1-generalised doubly stochastic (but not of course doubly stochastic) having 1, 1,0.7

as its singular values. By Corollary 2.3, ug((C°)™) = 1 for any block structure B C
M3(C) and

O

pus((cWyC?)") = o™

for any m € N, o € R*, W, := diag(e®, e, /) € M5(C) and any block structure B
containing Wj.
Ifn=4anda=1,b=-1/2and a, = 1/3 so that a > |b|, then

2-0/2 2+d/2 2-D)/6 2+0D)/6
|12+ D/6 2-D/2 2+D)/2 (2-1)/6
TlR=-D/6 2+D/6 2-D/2 2+0D)/2

Q2+D/2 2-D/6 2+D/6 2-1)/2

Ce

is an 8/3-generalised doubly stochastic matrix with ||C¢||, = 8/3. The condition in
statement (1) of Theorem 2.5 is essential. For example, if we choosen =4,a=1,b =2
and a, = 3, then a < |b| and the matrix

1+2i 1-2i 3+6i 3-6i
£ 3—-6i 1+2i 1-2i 3+6i
T13+6i 3-6i 1+2i 1-2i

1-2i 3+6i 3-6i 1+2i

is an 8-generalised doubly stochastic matrix having ||E||, = 16.

Note that any sum or product of circulant matrices is a circulant matrix. However,
a sum of a circulant matrix and a doubly stochastic matrix need not be normal (and
hence need not be circulant). For example, the matrix

S=C+
1/4 0 3/8 3/8 G-=-20/4 @Q+1/2 (7-4i))/24 (17+40)/24
1/4 0 3/8 3/8| [T+2)/12 2-0/2 (1+4)/8 (17 -4i)/24
1/4 1/2 5/32 3/32| [(7-20)/12 (5+1i)/6 (37-160)/32 (35 +16i)/32
1/4 1/2 3/32 5/32 G +20)/4 (G-9/6 41+16i)/96 (37 —16i)/32

is an 11/3-generalised doubly stochastic matrix with ||S||, = 11/3, but it is not normal,
as we can see by a direct calculation that §*S # SS*.
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The conclusion of Corollary 2.3 can be extended to give the following result.

COROLLARY 2.6. Let Dy, D»,...,Dy be respectively 8;-generalised row (or column)
stochastic matrices in M,(C) such that |\Dj|l» = 6; > 0 for each i =1,2,...,k. Then
Si(D) is a 5-generalised doubly stochastic matrix in M,(C) such that ||S(D)|l» = 6,
where 6 1= 01 + 02 + - - - + Oy and, for each m € N and any block structure B C M,,(C),

ps(Si(D)") = &™.

PROOF. By Theorem 2.1(2), the D; must be ¢;-generalised doubly stochastic matrices.
The result follows by exactly the same arguments as in the proof of Corollary 2.3. O

Let DC(n) be the set of all n X n doubly circulant matrices in Theorem 2.5 and D(n)
be the set of all doubly stochastic matrices. Let Qgi’(n) be the set of all n X n complex
matrices of the form

QS (n) = { Z d:D; + 2 C;
=1 =

D; € D(n), C; € DC(n),d;, a; € RY 5,1 € No},
(2.5)

where R denotes the set of all nonnegative real numbers. Then, by Corollary 2.6, any
matrix in Qg”(n) satisfies the assumptions of Corollary 2.3 and hence the structured
singular value, spectral norm and spectral radius are equal to the constant row sum
or column sum, which are independent from the perturbation block structure. From
the above discussion, matrices in this class are generalised doubly stochastic and have
spectral norm equal to the constant row sum. They are radial but need not be normal.

To sum up, the structured singular values can be calculated explicitly for the class
of matrices (which need not be radial nor normal) of the form

Q(6,7,6) := (6(WoXW,)" | X € Q5" (n); , Wy, W, € Diag(n),m € N, € R*},

where Diag(n) := {diag(e®, e, ...,e%) | 6,,...,6, € R} € M,(C); namely, by Corol-
lary 2.3, if X € Q" (n) has the constant row (column) sum r, then

He(O(WoXWy)") =6 - r"

for any Wy, W, € Diag(n), 6 € R*, m € N and any complex block structure B € M, (C)
containing Wy and W,
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