Mathematika 65 (2019) 542-556  © 2019 University College London
doi:10.1112/50025579319000020

NEWTON’S METHOD FOR STOCHASTIC FUNCTIONAL
EVOLUTION EQUATIONS IN HILBERT SPACES

MONIKA WRZOSEK

Abstract. 'We apply Newton’s method to stochastic functional evolution
equations in Hilbert spaces using semigroup methods. The first-order convergence
is based on our generalization of the Gronwall-type inequality. We also establish a
second-order convergence in a probabilistic sense.

§1. Introduction. Stochastic evolution equations (SEE) in Hilbert spaces
are generalizations of Itd stochastic equations [21] to the infinite dimensional
case. The theory has been greatly motivated by various branches of science
(e.g. physics, chemistry, biology). For example, stochastic partial differential
equations of the evolutionary type are used to describe wave propagation (in
random media [14] and turbulence [9]) or the dynamics of populations [13].
They also appear in the study of nonlinear filtering of diffusion processes [15],
stochastic flows [25] and control theory [26].

Numerous papers present different approaches to the theory of SEE including
the variational approach [30, 34], the martingale (measure) approach [32], the
white noise approach [12, 20], the method based on the monotonicity of the
drift [29] and finally the semigroup approach [10, 11], which we use in the paper.

The evolution models are considered in different spaces, a consequence of the
choice of approach. Semigroup methods are usually applied in Hilbert spaces
since real-valued stochastic integration extends directly to processes with values
therein. These results by Da Prato and Zabczyk [10] have been generalized to the
case of a certain class of Banach spaces. Van Neerven and Veraar reformulate
the integration theory for Hilbert spaces and develop the tools and techniques
to study SEE in UMD spaces [28] (which for example cover L”-spaces for p €
(1, 00)) or in martingale type 2 spaces [6] that include L?-spaces for p € [2, 00).

The existence and uniqueness of mild solutions to stochastic functional
evolution equations are considered in [31] by using an analytic semigroup
approach and fractional power operator arguments. In [22] Jahanipur discusses
the problem under assumptions of demicontinuous drift satisfying a semimono-
tone condition instead of Lipschitz one. In [16, 17] Govindan studies the
existence of mild solutions by the comparison theorem. See references therein
for more details.

Numerical approximation of solutions to SEE has been discussed by several
authors. In [18] Gyongy applies explicit and implicit numerical schemes
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to SEE with monotone operators in Banach spaces. In [19] Hausenblas
considers the Galerkin approximations for space discretization, the Euler and
the Crank—Nicholson schemes for time discretization. The work of Bessaih
et al [4] addresses the numerical approximation of shell models of turbulence.
Weak convergence of finite element approximations can be found in [24].
Finite-element-based space-time discretizations of the incompressible Navier—
Stokes equations are studied in [7]. The splitting-up method is investigated in
[3,5,8, 27].

Newton’s methods for stochastic differential equations are studied by
Kawabata and Yamada in [23] and Amano in [1]. In [2] Amano develops
techniques to prove a probabilistic second-order convergence of Newton’s
methods. In [33] we derive further non-trivial generalizations to the case of
stochastic functional differential equations with Hale functionals. The aim of
the present paper is to apply Newton’s method to stochastic functional evolution
equations in a semigroup setting. Consider the stochastic semilinear delay heat
equation

9 82 0 1
—u(t,X)——u(t,x)=/ / SOy, u(t+s,y))dyds
0

ot ax2 -
0 1 )
+/ /b(x,y,u(t+s,y))dydsW(t) (1.1)
—ry JO

with the boundary conditions u(¢,0) = u(¢,1) = 0, ¢t € [0, T], and the initial
condition u(t, x) = ¢(¢, x) fort € [—r, 0], x € [0, 1], r1, r» > 0, where
o(t,) € L*([0,1]) fort € [—r,0Lr > r1,r;
W(', x) € C([_rv 0]7 R) for x € [07 1]
and W(t), t € [0,T] is the real standard Brownian motion. Let H =

L%([0, 1]) and A = 8?/9x be the linear operator of second-order differentation
with respect to the spatial variable with the domain

D(A) = {u € L*([0,1]) : u/, u” € L*([0, 1]) and u(0) = u(1) = 0}.
Then A : D(A) € H — H generates a strongly continuous semigroup S(¢). If
we define F, B : C([—r, 0], H) — H by
0

1
F(lﬁ)(X):/ /Of(x,y,lﬁ(S)(y))dyds,

—r

0 pl
B(W)(X)=/ /Ob(x,y,l/f(S)(y))dyds,

then the initial-boundary value problem (1.1) can be written as an abstract
evolution equation

du(t) = (Au(t) + F(up))dt + B(u;) dW (1),
up = .
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The paper is organized as follows. In §2 we recall some definitions and introduce
basic notations. We establish a first-order convergence (§4) and a probabilistic
second-order convergence (§5) of Newton’s method. The result in §4 is based on
the Gronwall-type inequality presented in §3.

§2. Formulation of the problem. Fix T > 0. Let (2, F,P) be a complete
probability space and let (F;);c[0,77 be a normal filtration. Let (H, (-, -)) and
(U, (-, )u) be separable Hilbert spaces with the norms denoted by | - ||,
|| - ||y respectively and let L(U, H) be the Banach space of all linear, bounded
operators from U into H with the norm

ITlw.my = sup [Tull, uecU,TeLU,H).
lully<1

Define L(H) := L(H, H).Let Q be an U -valued linear, bounded and symmetric
non-negative operator such that Tr Q < oo. For U; D U an Uj-valued stochastic
process W(t),t € [0, T] is called a Q-Wiener process on [0, T] if:

W) =0;

W has continuous trajectories;

W has independent increments, and;

W (t) — W(s) has normal distribution with mean 0 and variance (¢ — s)Q,
forO<s <t <T.

Let Uy = Q'/?U. By HS Uy, H) we denote the space of all Hilbert—Schmidt
operators from Uy to H. We recall that a linear and bounded operator 7' : Uy —
H is said to be Hilbert—Schmidt if

o0
D ITer]? < oo,
k=1

where {ex} € Up is a complete orthonormal base. The space HS(Ugy, H)
equipped with the norm

00 1/2
1T llms = (Z ||Tek||2)
k=1

is a separable Hilbert space with the scalar product

0

= (Sex.Ter), S.T € HS(U, H).

k=1
Fix 0 < r < o0. By C, := C([—r,0], H) denote the Banach space of all
continuous functions v : [—r, 0] — H with the norm

lvle, = sup [lus)]l.

—r<s<0
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Set F; := JFo fort € [-r,0]. For p > 2, X, r is the Banach space of all
continuous F;-adapted processes X : [—r, T] x @ — H such that

1/p
”X”p,t:(E[ sup IIX(S)IIPD < 0o.

—r<s<t

For a process X € X, 7 and ¢ € [0, T'], Hale-type operator X; : [—r, 0]x Q2 — H
is defined by
X/(t)=X(t+r1t) forte[-r0]

We consider on H the following stochastic functional evolution equation:

dX(t) = (AX () + F(t, X;))dt + B(t, X)) dW (1), t€][0,T]

2.1)
X(@) =), tel[-r0]

where:
(i) A is theinfinitesimal generator of a strongly continuous semigroup
S@t) = ¢4 r>0inHand N = sup [|S@)||L(m) for some N > 0;

t€l0,T] (2 2)

(i) F:[0,T] x  x C, — H is a measurable mapping;
(iii) B:[0,T] x Q x C, — HS(Uyp, H) is a measurable mapping;
(iv) W(t)is a Q-Wiener process on U; D U; and
(v) ¢e Xp,O-

Since F; = Fo for t € [—r,0) the process ¢ is deterministic and thus
independent of the Q-Wiener process on [0, 7]. We assume that the mappings
F and B satisfy the Lipschitz condition with respect to the functional variable:

£, x) = F@ y)ll < Llx = ylle, (2.3)
[1B(t, x) = B(t, y)llgs < Llx = ylle, (2.4)

for some non-negative constant L, ¢t € [0, T] and x, y € C,. A stochastic process
X € &, 7 is said to be a mild solution of (2.1) if

T
IP’(/ IX ()| ds < oo) =1

and for arbitrary ¢ € [0, T'], we have

t

X(t) = S)e(0) + / S(t — $)F(s, X,) ds
0
t
+/ S(t — 5)B(s, X;)dW(s), P-as. 2.5)
0

with X (¢) = ¢(¢) fort € [—r, 0].
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§3. Gronwall-type inequality. By L(C,, H) and L(C,, HS) we denote the
space of all linear and bounded operators from C, to H and C, to HS(Uy, H)
respectively with the norms

ITillL,,my == sup [Tiv]l,
[lvlle, <1

T2l ms) = sup [Tavlms
[lvlle, <1

forveC,,T1 € L(C,, H)and T; € L(C,, HS). The following lemma plays the
key role in the proof of the convergence theorem in §4.

LEMMA 3.1. Suppose that o1 (t) : [0, T] — H, aa(¢) : [0, T] > HS(Up, H)
are continuous, Ty € L(C,, H), T» € L(C,, HS) and there exists a non-negative
constant L such that

IT1 (Dl vy <L, T2l Hms) < L 3.1

fort € [0, T]. Then for a process X € X, r satisfying the stochastic functional
evolution equation

dX () = (AX(1) + a1 (t) + T (1) Xy) dt + (a2 (t) + T2(0) X;) dW (1),
tel0,T]
X1t)=0, te[-r0]
(3.2)
we have

t
_ -1 4 D
X115, < 4P~ Cyet” LN / (NP |l |15, + Ellloz () 1551 ds
0

fort €[0,T].
Proof. By the fact that
(x| + [yD? < 2P~ (x|P + |yl?) forp > 1 (3.3)

we have

X117, = IE[sup ||X,~||f’]

<t
p:|

i
/ S — 9)lea(s) + Ta(s) Xs1d W
0

f
gzp_llE[sup / S — )l (5) + T1 ()X, 1ds
0

<t

p
—{—21’_11E[sup ]

<t

=271 + D).
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By (2.2) and the Holder inequality for some C; > 0 dependent on 7':

i
I < NpClE[SHP/ i (s) + Tl(s)Xs”pds]
i<t Y0
t
< NPCIE[/ llai (s) + T1(S)Xs||pds].
0
By (3.3) and (3.1) we have
t
I < 2”1NPC1E[/ lloer ()17 + ||T1(S)Xs||pd5}
0
t
<2y [ (el + 271X ds
0
By [10, Proposition 7.3] there exists Ca > 0 dependent on T such that
t
I < CzE[/ laa(s) + T2 () X |15y g dS]-
0
By (3.3) and (3.1) we have
t
I < 2"_1C2/ Ellla2() 5] + LP1X1I.5) ds.
0
Hence for C3 = max{Cy, C»}:
1 t
1X15, < 4P~ C3/0 (NPllerllp.s + Elllaz() 1561 ds
t
+4P71C3LP (NP + 1)/ X155 ds.
0
For a fixed ¢y such that 0 < #yp < T we have
To
X110, <477'cy / (NPllar 15 5 + Elllaa () 155D ds
0
t
+4P~1C3LP (NP + 1)/ X155 ds
0
for 0 <t < 9. Applying the Gronwall inequality we obtain
- fo
IXID, < 4P~ Cyet CLINT+ D f (NPt |15 + Ellloa ()11 ;1) ds.
0
Since ¢ is fixed arbitrarily we have
t
IXI5, < 4Pl Cyet ™ LI NI+ / (NPt |15, + Elllor2 ()1 1) ds.
0

This completes the proof. O
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§4. Convergence of Newton’s method. We formulate the Newton scheme for
problem (2.1). Let X0 ¢ Xp.1, XO@) = ¢(t) fort € [—r, 0] and

dx® @) = [AXEV @) + P, X + Fue, X — x(O))dr
+1Bt, XP) + By (t, xF)y(xFD — xI)1aw o),
x® V) = @), tel-r0], 4.1)

where F, € L(C,, H) and B, € L(C,, HS) are Fréchet derivatives of F and
B with respect to the functional variable v € C,. Let AX ® )y = x*+tD () —
XO@),

AFO@¢ X)) = F@t, X*™) - Ft, x®),
AB® @, X)) = B, X*V) — B(r, xP).

We have the following differential equations for increments A X €+1:

dAX® D ()
=[AAX® D)+ AFO @, X)) — For, XP)ax®
+ Fy(t, X5 ax*D7 ar
+1ABO (1, X)) — By(t, X)AX®P + Byt, T AxE D 1aw (1),

4.2)
THEOREM 4.1. Suppose that there exists a non-negative constant L such
that
| Fo @, v)lLe,.m < L, (4.3)
By (t, VL, ms) < L (4.4)
fort €10, T], v € C, which implies the Lipschitz condition
IF(, x)— F(, )l < Llx —vyle,, IB(t, x) — B(t, Y)llus < Lllx — ylle,

fort €10, T1, x,y € Cr. Then the Newton sequence (X®)cn defined by (4.1)
converges to the unique solution X of equation (2.1) in the following sense:

lim |X® — X, 7 =0.
k—o00

Proof. We show that (X (k))keN satisfies the Cauchy condition with respect to
the norm || - || ,,7. We apply Lemma 3.1 with

ai(s) = AFO (s, X5) — Fu(s, XYAXP | Ty(s) = Fy(s, XDy,
ax(s) = ABP (s, X)) — By(s, XHAXP Tos) = By(s, XD
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and obtain

k+1
lax byl

t
< 4p—1C3e4p—|C3L/’(NI’+1)le/ ||AF(k)(, X) _ Fl)(" X(k))AX(k)”Z,S ds
0

t
+4p_1c3e4""03L"<N"+1>f/ E[|AB® (s, Xy)
0

— By(s, XIHAaxP |7 S1ds.
By (3.3), (2.3), and (2.4) we have
IAF® (s, X;) = Fu(s, X AXPP <27 LP | AX P8
and
IAB® (s, X5) — Bu(s, X AXP|Y ¢ <27 L2 AXP)]

Hence we have the estimate

”AX(k-H)”Z’t < 23p—1C3Lpe4ﬂ—1C3L"(NP+1)t(Np +1) /Ot ||AX(")||§,S ds.

Since t < T we have

t
Iax®yr < c /0 IAx® D, ds, (4.5)

where
C = 23p71C3Lp€4p’lC3Lp(Np+l)T(Np +1).

The recursive use of (4.5) leads to

(1) P Ck+1tk+1 O P
IAX Ip.r < WHAX p.e-
Thus
Cktp—1ktp—1 ckk
(k+p) _ x )P - v (g
X XN <( TR ot )HAX p.e-

We conclude that (X®)),cy is a Cauchy sequence in the Banach space X, 7.
Therefore it is convergent to X, which is a solution to equation (2.1). This
completes the proof. O
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§5. Probabilistic second order convergence of Newton’s method.

THEOREM 5.1. Suppose that (4.3) and (4.4) hold and assume additionally
that there exists a non-negative constant M such that

£y (2, v) = Fy (8, V)L, 1) < Mllv —vllc,, (5.1
1Bu(z, v) — By(t, V)L, .ms) < Mllv—1llc, (5.2)

forv, v € C,. Then forany T > 0, p > 2 there exists C > 0 such that

P( sup [AXPDII<p = sup ||Ax(k+‘><t>||<Rp2>>1—6TR—P
0<t<T 0<t<T

forallR >0,0<p<1,k=0,1,2,....

Proof. Define the sets

Ajj?,:{w: sup ||Ax(k>(s)||<p} for0<p<1,0<¢<T,k=0,1,2,....

0<s<t
We consider the sequence (AX k), ey restricted to the sets Aﬁ,k’),. For this reason

we multiply equation (2.5) by 1, , the characteristic function of the set Ag‘)t:
put 5

t
1A(k>Ax<k+1>(z)=1A<k)/ S — ) F&*D (s, Xy) ds
Pt ot Jo

t
+1,0 /0 St —5)B&MD (s, X)) dW (s),
where

FEED G Xy = AFR @, X)) — Fot, X AXP + Fo, xF ) ax 0,
BERD G, X)) = ABP @, X)) — Bo(t, X AXP + By, xFTD) axED.

Applying (3.3) and by the fact that for s < ¢,
k k
AN AN = Lo =1y01,0
we have

||1AL’f),AX(k+1)”£J

< 2PIE|:1A(1<) sup

Pl Fe[0,1]

7
/ S — s)F* D (5 X)) ds
0

|

i
+2P—‘E[1A(k) sup /S(f—s)B(k‘k+l)(s,Xs)dW(s)
0

Pt Fel0,1]

|
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|
|

f
/O 1,0 S( — $)BEFD (s, X ) dW (s)
By the Holder inequality for some C4 > 0 dependent on 7', (2.2) and (3.3) we
get

7
<21’_1E[ sup /1A2k>S(f—s)F(k’k+1)(s,Xs)ds
0 .8

7€[0,1]

+ ZPIE[ sup
7e€[0,1]

=277V + D).

r
Ji <NPC4E[ sup / L | FEDG, Xs>||1’ds]
fef0,,1/0 77"

t
< NpC4E[/ 1,m ||F(k’k+l)(5, Xl ds]
o
t
< 2P“NPC4E[/ 1w IAFR (s, X,) = Fols, XE)Ax O P ds]
0 K]

t
42771 NPC4E[/ Lo IFy(s, X*FDyA x KDy p ds:|.
0 5

From the fundamental theorem of calculus and (5.1) it follows that
IAF® (s, X5) — Fy(s, X AX P

1
< sup [AXPOEN [ 1F 65, X0 +0AX0) — Fy(s, XL, 1) d6
S€[0,s] 0

1
<=M sup [AXPE).
2 5e0.]

Hence by (4.3),
1 t
Ji < —N”M”C4E[ / Lo [AX D ()] ds]
2 0 ps
t
- 2P_1NPLPC4IE[/ Lo |AX D (5))|7 dsj|.
0o
Recall that [AX® (5)|| < p on Agf)s for 0 < § < 5. Thus we have
1 t
Ji < 5N”M”C4p2pt +2”_1N”LPC4/ 11,0 AXEED)L ds.
0 ps

We estimate J,. Since 5
].A;)k)SB(k’k—i_l)(S, XS)

isan H S(Uyp, H)-valued predictable process, we apply [10, Proposition 7.3] with
some constant C5 > 0 dependent on 7" and (3.3):
]

i
J2=E[ sup /IALk)S(f—s)B(k’kH)(s, Xy) dWs
0 8

re[0,t]

https://doi.org/10.1112/50025579319000020 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579319000020

552 M. WRZOSEK
1
< E 1 é(k,k-ﬁ-]) X P
Cs [/0 l A®) (s, X )l ys ds
t
< ZP“CsE[/O 1,6 1AB (s, Xs) = Bu(s. X{)AXP I ds]
t
+2P—1CSEU 1, [IBy(s, X§k+1))AX§k+l)||ZSds:|.
0 s

From the fundamental theorem of calculus and (5.2) it follows that
1AB® (s, X;) — Bu(s, X AXE |l s

1
< sup |[AXP G /0 IBu(s, X® +0AX8) — By (s, XO) L, s) dO
5€[0,s]

1 -
<=M sup [AXP G2
5€[0,s]

Hence

1 !
I < —Mf’cm[ / 1w 1AX D ()] ds]
2 0 P,

t
+ 21’1LPC5E[/ Lo [AXEHD ()17 ds}.
0 [
Recall that [[AX® (5)|| < p on A%} for 0 < § < s. Thus we have
1 t
J < SMPCsplt +2P—1LPC5/O 11,40, AXEEDID ds.

Finally, for C¢ = max{C4, Cs} we have the estimate
11,0 AXEFDYE < 2P~1(Jy + 1)
Pt
< 2P2MP Cop?P (NP 4 1)t + 4771 LPCo(NP + 1)
t
x/ 11,0 AXEEDYE ds.
0 pS

Applying the Gronwall inequality we obtain
11,0 AXEHDP < 2P72MP Cep®P (NP + 1re LI o),
Pt

The Chebyshev inequality yields

P( sup [AXP ) <p A sup [AXEHD ()] > Rp2)

0<s<t 0<s <t

1
_ (k+1) 2 (k+1), P
= P[lA(k) sup |AX D) > Rp ] < Roo 11,0 AXEEDE,

Pl OLs<t

S %ZP*ZMpCde + Dyt LGN — GrRP
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Hence for any R > 0 we have

P( sup [AXP ) <p = sup |AXED () <Rp2) >1-CtRP.

0<s<t 0<s<t

This completes the proof. O

§6. Applications.

Example 1. Taking A =0, H =R and C, = C([—r, 0], R) in problem (2.1)
we arrive at the stochastic functional differential equation of the form

{dX(t) — F(t, X)) dt + B(t, X)) dW(r), t€l0,T] 61

The Newton scheme for problem (6.1):

dxX® @y = (Fa, X)) + Fy e, X)X — xar
+1B(t, X*) + By(t, Xy (x*D — xINaw (), €10, T]
X D) = or), 1e[-r0]

is investigated in [33]. The techniques to prove the probabilistic second-order
convergence in the non-functional setting are developed in [2] by Amano, whose
proof is based on solving an error stochastic differential equation and introducing
a certain representation of the solution (see [2, Lemma 2.5]) with components
easy to estimate. There is a significant difference between the functional and non-
functional case: Amano uses Itd isometry whereas the functional case demands
the Doob inequality with some tricks to overcome difficulties arising from the
impossibility of constructing explicit solutions to functional SDEs.

We give examples of stochastic partial differential equations to illustrate
the main assumptions implying the first-order and probabilistic second-order
convergence of Newton’s method.

Example 2. Consider a special case of problem (1.1):

2

0 1
ibt(t,x) - a—u(t,X) =/ / sin(B(x, y)u(t +s,y))dyds
ot 9x2 —r JO

0 1
+/ /sin(,B(x,y)u(t+s,y))dydsW(t),
—rp J0
(6.2)

where 8 : [0, 1]> — R is a continuous function and thus bounded by a positive
constant K. Define F, B : C, — L2([0, 1]) by

0 pl
F(W)(X)=/ /Osin(ﬁ(x,y)W(&y))dyds,
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0 1
B()(x) = / fo sin(B(x, y)¥ (s, y)) dyds.

The Fréchet derivatives Fy (), By (¢) : C, — L%([0, 1)),
0 1
(Fy(Y)h)(x) = f /O cos(B(x, )Y (s, y)B(x, y)h(s, y)dyds,

0 1
(By (¥)h)(x) =f /0 cos(B(x, Y)Y (s, y))B(x, y)h(s, y)dyds
satisfy the following conditions:

I Fy (W e, .r2qo.11)

< Kry,
1By (Yl L, 20,11y <

)
)
Hence the assumptions of Theorem 4.1 are satisfied and the Newton sequence

for (6.2) converges to the solution u of equation (6.2). Moreover, the Fréchet
derivatives Fy (), By () satisfy the Lipschitz condition

| Fy (2, ¥1) — Fy (8, ¥l L, 120, 1)) < K?rillyn — ¥alic,,
By (. 1) — By (t, ¥2) |l e, 2q0.17) < K2r2llvn — ¥allc, -

Thus the assumptions of Theorem 5.1 are satisfied. Therefore we obtain the
probabilistic second-order convergence of Newton’s method for (6.2).
Similar results can be obtained in the modification of (6.2):

2

9 9 1
5”(“”_@”(“”:/0 sin(B(x, yu(y (1), y))dy

1
" /0 sin(BGx, Yu(y (1), ) dyW(r),

where y : [0, T] — [—r, T], y(t) < t.

Example 3. Consider the stochastic semilinear delay heat equation (cf. [22,
Example 1, pp. 1250-1252])

2 0

%u(r,x) - %u(r,x) = . fu+s,x))ds

0
+ / b(u(t + s, x))dsW(z) (6.3)

-

with the initial and boundary conditions as in problem (1.1). Let H =
L?([0,1]), A = 8%/0x* and f,g : R = R, f(u) = g(u) = sinu. Define
F,B:C. — L*([0, 1]) by
0 0
F(W)(X)=/ sin(y (s, x)) ds, B()(x) =f sin(Y (s, x)) ds.

—r -
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The Fréchet derivatives Fy (), By (¢) : Cr — L2([0, 1]) satisfy the following
conditions:

1 Fy (e, r2qo,11)

<,
1By (WllLe,.L2q0.17) <

)
) r.

Therefore by Theorem 4.1 the first-order convergence of Newton’s method
for (6.3) is obtained. However, since the Fréchet derivatives of F and B are
not Lipschitz, the assumptions of Theorem 5.1 are not satisfied. Furthermore,
second-order convergence problems appear even if we reduce the equation to the
following form:

du(t) = (Au(t) + F(t,us))dt +dW(2),

where F(ts W)(x) =31n1//(y(t)_tsx)sy : [07 T] - [_r7 T]9 V(t) gt
It is surprising that for the corresponding deterministic problem (B = 0) one
obtains the second-order convergence of Newton’s method.
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