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Abstract
In this article, we describe completely the singularities appearing in Calogero–Moser varieties associated (at any
parameter) to the wreath product symplectic reflection groups. We do so by parameterizing the symplectic leaves
in the variety, describing combinatorially the resulting closure relation, and computing a transverse slice to each
leaf. We also show that the normalization of the closure of each symplectic leaf is isomorphic to a Calogero–Moser
variety for an associated (explicit) subquotient of the symplectic reflection group. This confirms a conjecture of
Bonnafé for these groups.

We use the fact that the Calogero–Moser varieties associated to wreath products can be identified with certain
Nakajima quiver varieties. In particular, our result identifying the normalization of the closure of each symplectic
leaf with another quiver variety holds for arbitrary quiver varieties.

Contents

1 Introduction 2
1.1 Symplectic leaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Transverse slices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 The cyclic group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 The hyperoctahedral group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Method of proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.6 Leaf closures in quiver varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.7 Outline of the article . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Quiver varieties 8
2.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Root systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Quiver varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.5 Deframing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.6 Admissible reflections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.7 The symplectic leaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.8 Leaf closures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.9 Normality of a leaf closure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

© The Author(s), 2026. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use, distribution and reproduction,
provided the original article is properly cited.

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2026.10249
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 18:35:35, subject to the Cambridge Core terms of use

doi:10.1017/fms.2026.10249
https://orcid.org/0000-0002-7045-4177
https://orcid.org/0000-0002-7705-1784
https://orcid.org/0000-0001-7301-2932
https://creativecommons.org/licenses/by/4.0
https://crossmark.crossref.org/dialog?doi=10.1017/fms.2026.10249&domain=pdf
https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2026.10249
https://www.cambridge.org/core


2 G. Bellamy, R. Maksimau and T. Schedler

3 Calogero–Moser varieties 14
3.1 The McKay correspondence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 Calogero–Moser varieties as quiver varieties . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Parabolic subgroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

4 Nonzero level 17
4.1 Roots pairing to zero with c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
4.2 Another presentation of the affine Weyl group . . . . . . . . . . . . . . . . . . . . . . 18
4.3 The symplectic leaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

5 Zero level 23
5.1 Roots pairing to zero with c . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
5.2 The symplectic leaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
5.3 Leaf closures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

6 Combinatorics 27
6.1 Residues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
6.2 ℓ-cores . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
6.3 Action of the affine Weyl group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
6.4 J-cores . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

7 Quiver varieties for the cyclic quiver 30
7.1 Quiver varieties for the cyclic quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
7.2 Reflection isomorphism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
7.3 Quiver varieties vs Calogero–Moser varieties . . . . . . . . . . . . . . . . . . . . . . 31
7.4 Semisimple representations in Repc(Q

ℓ) . . . . . . . . . . . . . . . . . . . . . . . . . 32
7.5 Symplectic leaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
7.6 C×-fixed points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
7.7 Combinatorial parameterization of symplectic leaves . . . . . . . . . . . . . . . . . . 37

8 Slices to symplectic leaves 39
8.1 Transverse singularities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
8.2 Transverse singularities in Calogero–Moser varieties . . . . . . . . . . . . . . . . . . 42

9 The hyperoctahedral group 44
9.1 The proof of Theorem 1.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
9.2 Leaf closures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

References 49

1. Introduction

Calogero–Moser varieties first appeared as the phase space of the Calogero–Moser Hamiltonian [13].
Much later it was shown by Etingof–Ginzburg [21] that one can associate to any finite subgroup of the
symplectic linear group a flat family of Calogero–Moser varieties, where the original Calogero–Moser
phase space is recovered as the Calogero–Moser variety associated to the symmetric group.

In the world of symplectic representation theory, where interesting representation theory is viewed
as modules over quantization algebras of singular symplectic varieties, the representation theory of
semisimple Lie algebras is encoded as modules over quantizations of the nilpotent cone. Replacing
the nilpotent cone by the quotient of a symplectic vector space by a finite subgroup of the symplectic
linear group, the quantizations one obtains are spherical symplectic reflection algebras. Parallel to this,
Calogero–Moser varieties appear as deformations of the finite quotient, in the same way that regular
(co)adjoint orbit closures in a semisimple Lie algebra deform the nilpotent cone. Just as in the case of
regular orbit closures, the geometry of the Calogero–Moser varieties reflects the representation theory
of spherical symplectic reflection algebras.

Since they are symplectic singularities, Calogero–Moser varieties have a finite stratification by
symplectic leaves; this can also be seen in terms of their construction by deforming symplectic quotient
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singularities, where the leaves correspond to the conjugacy class of a stabilizer subgroup. Their analogues
in the case of the nilpotent cone and its deformations are the ubiquitous coadjoint orbits. In this article we
describe both the (étale local) singularities transverse to each leaf (“going up” in the Hasse diagram of
the stratification) and the normalization of the closure of each leaf (“going down” in the aforementioned
Hasse diagram).

Let Γ ⊂ 𝑆𝐿(2,C) be a finite group and Γ𝑛 = Γ𝑛�𝔖𝑛 the associated wreath product group, acting as a
symplectic reflection group on the symplectic vector space𝑉 := (C2)𝑛. To this one associates a family of
symplectic reflection algebras H𝑐 (Γ𝑛) deforming C[𝑉] �Γ𝑛, and of Calogero–Moser varieties Z𝑐 (Γ𝑛),
defined as the spectrum of the centers of H𝑐 (Γ𝑛). See Section 3 below for details. For each c, we:

◦ Parameterize the symplectic leaves 𝔏 of Z𝑐 (Γ𝑛).
◦ Describe combinatorially the closure order on leaves (i.e., the Hasse diagram).
◦ Identify the normalization of each leaf closure with another Calogero–Moser variety.
◦ Describe the transverse slices to each leaf as a (framed) finite type Nakajima quiver variety.

In [1, 27] it was shown that, to each symplectic leaf in Z𝑐 (Γ𝑛), one can attach a “label” of a conjugacy
class (P) of parabolic subgroups P of Γ𝑛; here “parabolic” means the subgroup is the stabilizer subgroup
for some vector in V. There can be multiple (or no) leaves attached to each conjugacy class of parabolic
subgroups. The leaves labeled by (P) are those induced, in a precise sense, from zero-dimensional leaves
in a Calogero–Moser variety for P. Let 𝑁Γ𝑛 (P) be the normalizer of P in Γ𝑛. Then 𝑁 (P) = 𝑁Γ𝑛 (P)/P
acts symplectically on 𝑉P and one can consider the corresponding Calogero–Moser variety. Motivated
by the conjectural relationship between rational Cherednik algebras at 𝑡 = 0 and Harish-Chandra theory
for finite groups of Lie type, it has been conjectured by Bonnafé [11, Conjecture B] that, given a
(finite) complex reflection group 𝑊 < GL𝑛 and any class function on the set of reflections in W,
the normalization of the closure of any symplectic leaf on the associated Calogero–Moser variety is
isomorphic to a Calogero–Moser variety for the group 𝑁𝑊 (P)/P. The statement of the conjecture makes
sense for the more general situation of finite subgroups 𝑊 < Sp2𝑛 of the symplectic group. In the case
𝑊 = Γ𝑛 < Sp2𝑛 of wreath product groups (which are complex reflection groups in the subcase where Γ
is cyclic), we prove this:

Theorem 1.1. If the leaf 𝔏 is labeled by the class (P) then there exists 𝑤 ∈ 𝑊aff such that

𝔏 � Z𝑤∗ (𝑐) (𝑁 (P), 𝑉P),

where 𝔏 is the normalization of the closure of 𝔏 in Z𝑐 (Γ𝑛).

It is difficult to work out explicitly which affine Weyl group element w appears in Theorem 1.1.
However, one can read off the parameter 𝑤∗(𝑐) (up to the action of the nonaffine Weyl group, which
does not change the isomorphism class of the variety) directly from the leaf 𝔏; see Proposition 4.16 and
Remark 7.17.

Let R denote the set of roots in the affine root system associated to Γ via the McKay correspondence.
Let 𝛿 ∈ 𝑅+ denote the minimal imaginary positive root. One may think of c as a linear functional c on
the space spanned by the roots R. Then there is a natural notion of “level,” which is the scalar c(𝛿).
In order to both state and to prove our results, we must treat the nonzero level c(𝛿) ≠ 0 and zero level
c(𝛿) = 0 separately. Since level zero is more degenerate, we focus in the introduction on nonzero level.

1.1. Symplectic leaves

At the nonzero level, the root system 𝑅c = {𝛼 ∈ 𝑅 | c(𝛼) = 0} is finite and we denote by Δ (c) ⊂ 𝑅+c
the set of simple roots. We define a function 𝜚 : NΔ (c) → Q by 𝜚(𝛽) = 𝛽0 + 1

2 (𝛽, 𝛽), where 𝛽0 is the
coefficient at the extending simple root and (−,−) is the Cartan pairing, and a partial ordering 𝜂 � 𝛽 if
and only if 𝜂 − 𝛽 ∈ NΔ (c) and 𝜂 ≠ 𝛽. Then Ξ(c) denotes the set of all 𝛽 in NΔ (c) such that 𝜂 ∈ NΔ (c)
with 𝜂 � 𝛽 implies that 𝜚(𝜂) > 𝜚(𝛽).
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4 G. Bellamy, R. Maksimau and T. Schedler

Theorem 1.2. There is a bijection between {𝛽 ∈ Ξ(c) | 𝜚(𝛽) ≤ 𝑛} and the symplectic leaves of Z𝑐 (Γ𝑛),
𝛽 ↦→ 𝔏(𝛽), such that

(i) dim𝔏(𝛽) = 2𝑚, and
(ii) the leaf 𝔏(𝛽) is labeled by the parabolic conjugacy class (Γ𝑚),

where 𝑚 := 𝑛 − 𝜚(𝛽).

Next, we consider the closure ordering on the set of symplectic leaves in Z𝑐 (Γ𝑛).

Proposition 1.3. For 𝛽, 𝜂 ∈ Ξ(c) with 𝛽 ≠ 𝜂, we have 𝔏(𝜂) ⊂ 𝔏(𝛽) if and only if 𝜂 � 𝛽.

Observe that, since 𝔏(𝛽) is automatically closed under the Hamiltonian flow, the condition 𝔏(𝜂) ⊂
𝔏(𝛽) is equivalent to 𝔏(𝜂) ∩ 𝔏(𝛽) ≠ ∅.

A natural question arising from Theorem 1.1 is whether the closure of a leaf is a normal variety. We
show:

Proposition 1.4. When c(𝛿) ≠ 0, each leaf closure 𝔏 ⊂ Z𝑐 (Γ𝑛) is normal.

When c(𝛿) = 0, it is easily seen that leaf closures in Z𝑐 (Γ𝑛) are not generally normal.

1.2. Transverse slices

Under the assumption c(𝛿) ≠ 0, one can show (Lemma 4.2) that there exists an element w in the affine
Weyl group 𝑊aff such that 𝑅0 := 𝑤(𝑅c) is a parabolic root subsystem of R; this means that 𝑅0 is a
root system generated by a subset of the simple roots Δ ⊂ 𝑅+. The latter corresponds to a (finite type,
possibly disconnected) subgraph G(𝑐) of the affine Dynkin diagram G(Γ).

Theorem 1.5. Let 𝔏 be a symplectic leaf of Z𝑐 (Γ𝑛). There exist dimension vectors w and 𝒗 such that
the transverse slice to 𝔏 is isomorphic to the (framed) quiver variety 𝔐0 (G(𝑐), w, 𝒗).

We explain in Section 8.2 how to compute G(𝑐), w, and 𝒗 directly from the root 𝛽 labeling the leaf
𝔏. In most cases, the quiver variety 𝔐0(G(𝑐), w, 𝒗) is not isomorphic to any Calogero–Moser variety.

Remark 1.6. As a converse to Theorem 1.5 we note the following.

1. Let G be a finite type simply laced graph (i.e., ADE graph) and Γ the finite subgroup of SL(2,C)
whose McKay graph is the affine Dynkin graph G̃. For any pair (w, 𝒗) of dimension vectors for G,
we show that there exist n, c, and a leaf 𝔏 such that the framed Nakajima quiver variety 𝔐0(G, w, 𝒗)
(of finite type) can be realized as the transverse slice to 𝔏 in Z𝑐 (Γ𝑛).

2. As a special case, if we take Γ = Z/ℓZ and let 𝑆(𝜇, 𝜈) be any Slodowy slice of type A, then for 𝑛, ℓ
sufficiently large one can always find a parameter c and a leaf 𝔏 ⊂ Z𝑐 (Γ𝑛) such that the singularity
transverse to 𝔏 is isomorphic to 𝑆(𝜇, 𝜈). Thus, each type A Slodowy slice occurs as a singularity in
some Calogero–Moser variety. Equivalently, one could talk about slices in the affine Grassmannian
of type A occurring in Calogero–Moser varieties of type A.

See Proposition 8.7 and Remark 8.8 for details.

1.3. The cyclic group

Among the finite subgroups of 𝑆𝐿(2,C), the cyclic group is distinguished in that the associated
Calogero–Moser variety has an important additional symmetry. Namely, there is a Hamiltonian C×-
action with finitely many fixed points. This means that we can give a more explicit combinatorial
description of the leaves in this case. The combinatorics that arise are important in the representation
theory of restricted rational Cherednik algebras and the conjectural links to certain finite groups of Lie
type.
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Let Γ = Z/ℓZ be a cyclic subgroup of C× ⊂ 𝑆𝐿(2). In this case, the Calogero–Moser variety Z𝑐 (Γ𝑛)
can be described as the quiver variety 𝔐c(Qℓ ,Λ0, 𝑛𝛿), where Qℓ is the cyclic quiver of length ℓ. As
explained in Section 6.3, the affine Weyl group 𝑊aff of type Ãℓ−1 acts on the space of parameters c. To
have a good combinatorial description of 𝔐c (Qℓ ,Λ0, 𝑛𝛿), we would prefer to replace c by a parameter
whose stabilizer in 𝑊aff is a parabolic subgroup. By applying a sequence of admissible reflections to c,
we get a different parameter c′ whose stabilizer in 𝑊aff is a parabolic subgroup 𝑊𝐽 for some parabolic
type 𝐽 ⊂ Z/ℓZ. This sequence of reflections replaces the dimension vector 𝑛𝛿 with some other dimension
vector 𝛼. Finally, our Calogero–Moser variety can be described as the quiver variety 𝔐c′ (Qℓ ,Λ0, 𝛼).
We can write 𝛼 = 𝑛𝛿 +Res ℓ (𝜈), where 𝜈 is an ℓ-core (i.e., 𝜈 is a partition without removable ℓ-hooks),
and Res ℓ (𝜈) is the ℓ-residue of 𝜈.

It is known from [23, Prop. 8.3 (i)] that the C×-fixed points of this variety are labeled by the J-cores
of elements of P𝜈 (𝑛ℓ + |𝜈 |), where P𝜈 (𝑛ℓ + |𝜈 |) is the set of partitions of 𝑛ℓ + |𝜈 | whose ℓ-core is 𝜈;
a J-core of a partition is the partition obtained from it by removing all possible removable boxes with
residues in J. For each J-core as above, we give an explicit construction of a quiver representation giving
the corresponding C×-fixed point.

Moreover, we provide a combinatorial construction of the symplectic leaves of the Calogero–Moser
variety, showing that they are parameterized by ℓ-cores of J-cores of elements of

∐𝑛
𝑛′=0 P (𝑛′ℓ + |𝜈 |).

We show that the map sending the C×-fixed point to the symplectic leaf containing it corresponds
combinatorially to the ℓ-core map. This shows in particular that the symplectic leaves containing at least
one C×-fixed point are those coming from 𝑛′ = 𝑛.

1.4. The hyperoctahedral group

Calogero–Moser varieties associated to finite Coxeter groups are important because it is expected that
their geometry is related to Harish-Chandra theory for finite groups of Lie type [9]. Two infinite families
are particularly interesting: dihedral groups and Weyl groups of type B, since these are the infinite
families for which there exist “unequal parameters”; equivalently, for which there are both long and
short roots. The dihedral groups are studied in [8, 10]. As an extended example, we explain in greater
detail what our results mean for the infinite family of Weyl groups of type B. Thus, Γ = Z/2Z and
Γ𝑛 = 𝑊 (B𝑛). Here, the parameters are 𝑐 = (𝑐1, 𝑐𝛾) ∈ C2.

As in the general situation, the singularities appearing in Z𝑐 (B𝑛) fall into two distinct families.
When c(𝛿) = 𝑐1 ≠ 0, they are certain nilpotent orbit closures in 𝔤𝔩(𝑁) and when c(𝛿) = 𝑐1 = 0 they
are symplectic quotient singularities for products of symmetric groups. Based on the underlying ext-
quiver that describes the local singularities, one may think of these as finite and affine type A situations,
respectively.

Let Gr(𝑘, 𝑁) denote the Grassmannian of k-planes in C𝑁 . Then 𝑇∗Gr(𝑘, 𝑁) is a symplectic
resolution of

O(𝑘, 𝑁) = SpecC[𝑇∗Gr(𝑘, 𝑁)] .

Here O(𝑘, 𝑁) is the nilpotent orbit in 𝔤𝔩(𝑁) consisting of all matrices X of rank k with 𝑋2 = 0. When
2𝑘 ≤ 𝑁 , it is the nilpotent orbit labeled by the partition (2𝑘 , 1𝑁−2𝑘 ). Moreover,

O(𝑘, 𝑁) = O(𝑘, 𝑁) �O(𝑘 − 1, 𝑁) � · · · �O(0, 𝑁)

shows that the closure relation is a total order.
We denote the set of all partitions of n by P (𝑛). If 𝜆 = (𝜆1, 𝜆2, . . . ) is such a partition, set

𝔖(𝜆) :=
∏

𝑖≥1𝔖𝑛𝑖 with 𝑛𝑖 := |{𝑘 | 𝜆𝑘 = 𝑖}|. Let 𝔖𝜆 ⊂ 𝔖𝑛 be the parabolic subgroup of the symmetric
group 𝔖𝑛 labeled by 𝜆. The length of the partition 𝜆 is denoted ℓ(𝜆).
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6 G. Bellamy, R. Maksimau and T. Schedler

Theorem 1.7. Let 𝑐 = (𝑐1, 𝑐𝛾) be nonzero.

(i) If 𝑐1 = 0, 𝑐𝛾 ≠ 0, and 𝑝 ∈ 𝔏𝜆 for 𝜆 ∈ P (𝑛), then

(Z𝑐 (B𝑛), 𝑝) �
(
(𝔥 × 𝔥∗)/𝔖𝜆 × 𝑇∗Cℓ (𝜆) , (0, 0)

)
,

where 𝔥 is the reflection representation for 𝔖𝜆.
(ii) If 𝑐𝛾 = 𝑚𝑐1, with 𝑐1 ≠ 0 and 1 ≤ 𝑚 ≤ 𝑛 − 1, and 𝑝 ∈ 𝔏𝑘 for 𝑘 (𝑘 + 𝑚) ≤ 𝑛, then

(Z𝑐 (B𝑛), 𝑝) �
(
O(𝑘, 2𝑘 + 𝑚) × 𝑇∗(C𝑛−𝑘 (𝑘+𝑚) ), (0, 0)

)
.

(iii) If 𝑐𝛾 = −𝑚𝑐1, with 𝑐1 ≠ 0 and 1 ≤ 𝑚 ≤ 𝑛 − 1, and 𝑝 ∈ 𝔏𝑘 for 𝑘 (𝑘 + 𝑚) ≤ 𝑛, then

(Z𝑐 (B𝑛), 𝑝) �
(
O(𝑘, 2𝑘 + 𝑚) × 𝑇∗(C𝑛−𝑘 (𝑘+𝑚) ), (0, 0)

)
.

For all other values of c, Z𝑐 (B𝑛) is smooth.

The proof is, to a large extent, an application of Martino’s thesis [32]. It will be given in Section 9.1
below.

Theorem 1.8. Let 𝑐 = (𝑐1, 𝑐𝛾) be nonzero.

(i) If 𝑐1 = 0, and 𝜌 ∈ P (𝑛), then

𝔏𝜌 � Z𝑐′ (Z2 �𝔖(𝜌)),

where 𝑐′(𝑡) = 1 for all reflections 𝑡 ∈ (Z/2Z)ℓ and 𝑐′(𝑠) = 0 for all reflections s in 𝔖(𝜌).
(ii) If 𝑐𝛾 = 𝑚𝑐1, with 𝑐1 ≠ 0, 1 ≤ 𝑚 < 𝑛 and 𝑘 ≥ 0 with 𝑘 (𝑘 + 𝑚) ≤ 𝑛, then

𝔏𝑘 � Z𝑐′ (B𝑛−𝑘 (𝑘+𝑚) ).

where 𝑐′1 = 1 and 𝑐′𝛾 = 𝑚 + 2𝑘 .
(iii) If 𝑐𝛾 = −𝑚𝑐1, with 𝑐1 ≠ 0, 0 ≤ 𝑚 < 𝑛 and 𝑘 ≥ 0 with 𝑘 (𝑘 + 𝑚) ≤ 𝑛, then

𝔏𝑘 � Z𝑐′ (B𝑛−𝑘 (𝑘+𝑚) ),

where 𝑐′1 = 1 and 𝑐′𝛾 = 𝑚 + 2𝑘 .

In part (i), the Calogero–Moser variety Z𝑐′ ( (Z/2Z) � 𝔖(𝜌)) comes from the natural action of
(Z/2Z)ℓ (𝜌) � 𝔖(𝜌) on Cℓ (𝜌) .

1.5. Method of proof

As the reader can already see from the above theorems, describing the singularities of the Calogero–
Moser varieties Z𝑐 is tractable because these varieties are isomorphic to certain (framed) affine quiver
varieties. Such isomorphisms only appear to exist for the wreath product groups. They were first
constructed when Z𝑐 (Γ𝑛) is smooth in [21] and it was shown in [33] that the isomorphisms extend to
the case where the Calogero–Moser variety is singular. The isomorphisms are Poisson and hence identify
symplectic leaves. Then we can leverage the finite stratification of quiver varieties by representation
type constructed by Crawley-Boevey [15] (and identified with the stratification by symplectic leaves in
[33, 4]). This gives the parameterization and ordering on leaves in Z𝑐 (Γ𝑛). Finally, we use Crawley-
Boevey’s étale local normal form [17] using ext-quivers (the hyperkähler version of this result is
described in [36, Section 6]), to describe the transverse slices to leaves.
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1.6. Leaf closures in quiver varieties

Since we are using throughout the fact that Z𝑐 (Γ𝑛) is a quiver variety, it is useful to consider more
generally the geometry of leaf closures in arbitrary quiver varieties.

Let𝔐c (𝛼) be the (unframed) affine quiver variety with dimension vector 𝛼 and deformation parameter
c associated to the graph G. The closed points of𝔐c (𝛼) parameterize isomorphism classes of semisimple
representations of the deformed preprojective algebra Πc of dimension 𝛼.

Let Σc denote the set of all dimension vectors for which there exists a simple Πc-module. As recalled
in Section 2.7, the symplectic leaves 𝔏𝜏 of 𝔐c (𝛼) are the representation type strata and are labeled by
decompositions of 𝛼:

𝜏 = (𝑛1, 𝛼
(1) ; . . . ; 𝑛𝑘 , 𝛼 (𝑘) )

where 𝛼 (𝑖) ∈ Σc,
∑
𝑖 𝑛𝑖𝛼

(𝑖) = 𝛼 and each real root occurs at most once. Each closed point in the stratum
𝔐c (𝛼)𝜏 corresponds to a semisimple representation 𝑀 = 𝑀 ⊕𝑛1

1 ⊕· · ·⊕𝑀 ⊕𝑛𝑘𝑘 , where the 𝑀𝑖 are pairwise
nonisomorphic simple Πc-modules and dim 𝑀𝑖 = 𝛼 (𝑖) . We think of 𝜏 as a function from the set Σc into
P , the set of all partitions, such that ∑

𝛽∈Σc

|𝜏(𝛽) | 𝛽 = 𝛼.

To any such function we associate a product of symmetric groups

𝔖𝜏 =
∏
𝛽∈Σc

𝔖(𝜏(𝛽)).

Theorem 1.9. There is a morphism
∏

𝛽∈Σc 𝔐c (𝛽)ℓ (𝜏 (𝛽)) /𝔖(𝜏(𝛽)) →𝔐c(𝛼) whose image equals 𝔏𝜏 .
The resulting map ∏

𝛽∈Σc

𝔐c (𝛽)ℓ (𝜏 (𝛽)) /𝔖(𝜏(𝛽)) → 𝔏𝜏

is the normalization of 𝔏𝜏 .

Remark 1.10. We remark that, technically, the space
∏

𝛽∈Σc 𝔐c(𝛽)ℓ (𝛽) /𝔖(𝜏(𝛽)) is not a quiver variety,
although it is if all of the 𝛽 that occur are either real or isotropic imaginary roots (geometrically meaning
that 𝔐c(𝛽) has dimension 0 or 2), since for isotropic imaginary 𝛽 we have 𝔐c(𝛽)𝑛/𝔖𝑛 = 𝔐c (𝑛𝛽)
by [16].

1.7. Outline of the article

In Section 2 we recall the background results on quiver varieties that we require later. We also prove
the result describing the normalization of a leaf closure in an arbitrary quiver variety. Section 3 then
introduces Calogero–Moser varieties and explains the labeling of leaves by parabolic subgroups and
the identification with quiver varieties. Sections 4 and 5 consider the leaf closures (ordering and
identification with other Calogero–Moser varieties) in the nonzero and zero levels respectively. Then,
we recall in Section 6 some background material on combinatorics before turning to the case of Γ
a cyclic group in Section 7. Section 8 describes the transverse slices to each leaf. Finally, Section 9
describes our results in greater detail in the case of the Weyl group of type B.
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2. Quiver varieties

2.1. Notation

Throughout, N := {0, 1, 2, . . . } = Z≥0.

Definition 2.1. A partition is a tuple 𝜆 = (𝜆1, 𝜆2, . . . , 𝜆𝑟 ) of positive integers (with no fixed length)
such that 𝜆1 � 𝜆2 � · · · � 𝜆𝑟 > 0, 𝑟 � 0. Set |𝜆 | =

∑𝑟
𝑖=1 𝜆𝑖 and ℓ(𝜆) = 𝑟 . If |𝜆 | = 𝑛, we say that 𝜆 is

a partition of n. Denote by P (resp. P (𝑛)) the set of all partitions (resp. the set of all partitions of n).
By convention, P (0) contains one (empty) partition, with ℓ(∅) = 0. For 𝜆 ∈ P (𝑛), let 𝔖𝜆 =

∏𝑟
𝑡=1𝔖𝜆𝑡

be the corresponding parabolic subgroup of the symmetric group 𝔖𝑛. We also set 𝔖(𝜆) :=
∏

𝑖≥1𝔖𝑛𝑖 ,
where 𝑛𝑖 := |{𝑘 | 𝜆𝑘 = 𝑖}|.

2.2. Graphs

We fix a finite unoriented graph G with vertex set 𝐼 = {0, 1, . . . , 𝑟}. Let H be the set of pairs consisting
of an edge together with a choice of orientation of that edge. For ℎ ∈ 𝐻, write 𝑠(ℎ) for the source vertex
of h and 𝑡 (ℎ) for the target vertex. To this graph we associate a root lattice 𝑄 =

⊕
𝑖∈𝐼 Z𝑒𝑖 and a weight

lattice 𝑃 =
⊕

𝑖∈𝐼 ZΛ𝑖 . We set

𝑃+ =
𝑟∑
𝑖=0
Z≥0Λ𝑖 , 𝑄+ =

𝑟∑
𝑖=0
Z≥0𝑒𝑖 .

For 𝛼 ∈ 𝑄, we write throughout 𝛼 =
∑
𝑖∈𝐼 𝛼𝑖𝑒𝑖 , where 𝛼𝑖 ∈ Z. If 𝑎𝑖, 𝑗 denotes the number of edges

between vertices 𝑖, 𝑗 ∈ 𝐼 then we define a symmetric bilinear form (−,−) on Q, called the Cartan
pairing, by

(𝑒𝑖 , 𝑒 𝑗 ) = 2 · 1𝑖, 𝑗 − 𝑎𝑖, 𝑗 ,

where 1𝑖, 𝑗 is the Kronecker delta. If i is a loopfree vertex then there is a reflection 𝑠𝑖 : 𝑄 → 𝑄 defined
by 𝑠𝑖 (𝛼) = 𝛼 − (𝛼, 𝑒𝑖)𝑒𝑖 .

There is also the dual reflection,

𝑠∗𝑖 : HomZ(𝑄,C) → HomZ(𝑄,C).

For an element c ∈ HomZ (𝑄,C), we abbreviate c𝑖 = c(𝑒𝑖). In particular, we identify HomZ (𝑄,C)
with C𝐼 . The dual reflection 𝑠∗𝑖 is given by (𝑠∗𝑖 c) 𝑗 = c 𝑗 − (𝑒𝑖 , 𝑒 𝑗 )c𝑖 . The subgroup 𝑊G of the group of
automorphisms of the abelian group Q generated by all reflections 𝑠𝑖 is the Weyl group associated to
the graph. For each w =

∑
𝑖∈𝐼 w𝑖Λ𝑖 ∈ 𝑃, there is also a twisted action of 𝑊G on Q given by

𝑠𝑖 ★w 𝛼 = 𝑠𝑖 (𝛼) + w𝑖𝑒𝑖 . (2.1)

Remark 2.2. When the graph contains no loops, one can associate to G a Kac–Moody algebra 𝔤 [24]
with Cartan subalgebra 𝔥. Then the 𝑒𝑖 are the simple roots and the Λ𝑖 are the fundamental weights, so
that Q is the root lattice, and P is the lattice of weights of the derived subalgebra 𝔤′ := [𝔤, 𝔤]. As a
result we have a natural inclusion 𝑄 ⊂ 𝔥∗, and if we make a choice of complement 𝔡 of 𝔥 ∩ 𝔤′ in 𝔥, this
induces another natural inclusion 𝑃 ⊂ 𝔡⊥ ⊂ 𝔥∗, with 𝑃 + 𝑄 a full lattice in 𝔥∗. Moreover, the (possibly
degenerate) Cartan pairing on Q extends to a nondegenerate pairing on 𝔥∗ such that (Λ𝑖 , 𝑒 𝑗 ) = 𝛿𝑖 𝑗 , and
the action of 𝑊G extends to 𝔥∗, defined by

𝑠𝑖 (w) = w − (w, 𝑒𝑖)𝑒𝑖 = w − w𝑖𝑒𝑖 .

Then 𝑠𝑖 (w−𝛼) = w−𝑠𝑖★w𝛼. Alternatively, the action★w can be viewed as coming from the usual action
on dimension vectors of the Weyl group of the deframed graph; see Section 2.5 and [37, Definition 2.3].
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In the case of an affine Dynkin graph with 0 a chosen extending vertex, the subspace 𝔡 is a line,
and we choose it to be annihilated by all of the simple roots 𝑒𝑖 , 𝑖 > 0 of the finite Dynkin subgraph.
The resulting lift of P to 𝔥∗ is independent of the choice of 𝔡 up to an automorphism of 𝔤 satisfying
𝑑 ↦→ 𝑑 + 𝑡𝑐 for 𝑑 ∈ 𝔡 and c a central element of 𝔤.

2.3. Root systems

Set 𝑝(𝛼) = 1 − (1/2) (𝛼, 𝛼). The support of a vector 𝛼 ∈ 𝑄 is the full subgraph whose vertices are
{𝑖 ∈ 𝐼 | 𝛼𝑖 ≠ 0}. The fundamental region F is the set of all 𝛼 ∈ 𝑄+ with connected support and with
(𝛼, 𝑒𝑖) ≤ 0 for all i. The real roots (respectively imaginary roots) are the elements of Q which can be
obtained from the coordinate vector at a loopfree vertex (respectively ± an element of the fundamental
region) by applying some sequence of reflection at loopfree vertices. Recall that a root 𝛽 is isotropic
imaginary if 𝑝(𝛽) = 1 (equivalently (𝛽, 𝛽) = 0) and anisotropic imaginary if 𝑝(𝛽) > 1. Abusing
terminology, we will simply say that a root 𝛼 is (a) real if 𝑝(𝛼) = 0, (b) isotropic if 𝑝(𝛼) = 1, and (c)
anisotropic if 𝑝(𝛼) > 1.

We recall the following important set, first defined by Crawley-Boevey. Fix c ∈ Hom(𝑄,C). Let Σc
denote the set of all positive roots 𝛼 such that c(𝛼) = 0 and

𝑝(𝛼) > 𝑝(𝛽 (0) ) + · · · + 𝑝(𝛽 (𝑘) )

for all proper decompositions 𝛼 = 𝛽 (0) + · · · + 𝛽 (𝑘) into a sum of positive roots 𝛽 (𝑖) also satisfying
c(𝛽 (𝑖) ) = 0. Then [15, Theorem 1.2] says that there exists a simple representation of dimension 𝛼 for
the deformed preprojective algebra Πc associated to G if and only if 𝛼 ∈ Σc.

2.4. Quiver varieties

We fix a pair (w, 𝛼) ∈ 𝑃+ × 𝑄+. Let (𝑉𝑖)𝑖∈𝐼 and (𝑊𝑖)𝑖∈𝐼 be tuples of complex vector spaces with
dim𝑉𝑖 = 𝛼𝑖 , dim𝑊𝑖 = w𝑖 . Consider the action of the group 𝐺 (𝛼) :=

∏
𝑖∈𝐼 𝐺𝐿(𝛼𝑖) on the space

Rep(w, 𝛼) :=
⊕
ℎ∈𝐻

HomC(𝑉𝑠 (ℎ) , 𝑉𝑡 (ℎ) )
⊕
𝑖∈𝐼

HomC (𝑊𝑖 , 𝑉𝑖)
⊕
𝑗∈𝐼

HomC(𝑉 𝑗 ,𝑊 𝑗 ). (2.2)

There is an involution (−)∗ on H such that ℎ∗ has the same underlying edge as h but opposite orientation.
Fix 𝜖 : 𝐻 → {±1} such that 𝜖 (ℎ∗) = −𝜖 (ℎ). The subset of oriented edges (arrows) h in H with 𝜖 (ℎ) = 1
form a quiver Q whose double Q has arrow set H. The function 𝜖 specifies a symplectic form on
Rep(w, 𝛼), making the action of 𝐺 (𝛼) Hamiltonian. We identify 𝔤(𝛼) with its dual using the trace
form so that the moment map 𝜇 : Rep(w, 𝛼) → 𝔤(𝛼) for this action, uniquely specified by 𝜇(0) = 0, is
given by

𝜇(𝑋, 𝑣, 𝑤) =
∑
ℎ∈𝐻

𝜖 (ℎ)𝑋ℎ∗𝑋ℎ + 𝑤𝑣.

We will sometimes write 𝜇𝛼 instead of 𝜇 to specify 𝛼. Let c ∈ HomZ(𝑄,C) � C𝐼 , identified with the
tuple of scalar matrices (c𝑖 Id𝑉𝑖 )𝑖∈𝐼 ∈ 𝔤(𝛼). The framed quiver variety is

𝔐c(w, 𝛼) = 𝜇−1 (c)//𝐺 (𝛼).

In the above, we equip 𝔐c (w, 𝛼) with the reduced scheme structure. Then 𝔐c(w, 𝛼) is an irreducible
normal affine variety [15, 16, 17]. Except for sections 8 and 9, we will be exclusively interested in the
case where w = Λ0. In this case, we write

Xc(𝛼) := 𝔐c(Λ0, 𝛼)
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for brevity. When w = 0, we write 𝔐c(𝛼) = 𝔐c (0, 𝛼) and Rep(0, 𝛼) = Rep(𝛼). We may also sometimes
write Rep(Q, 𝛼) instead of Rep(𝛼) to recall that this is the representation space for the double quiver Q.
The definition of 𝔐c(w, 𝛼) depends on the choice of function 𝜖 (equivalently, on the quiver Q), though
there is a canonical isomorphism between the spaces 𝔐c(w, 𝛼) defined using different 𝜖 . When we need
to indicate the dependence of 𝔐c(w, 𝛼) on Q we write 𝔐c(Q, w, 𝛼) and when we only need to specify
G, we’ll write 𝔐c(G, w, 𝛼).

2.5. Deframing

If w ≠ 0, one can always use Crawley-Boevey’s trick to “deframe” the framed quiver and realize
𝔐c (w, 𝛼) as an unframed quiver variety 𝔐c𝛼 (𝑒∞ + 𝛼) associated to a new graph G′ where the new
vertex set 𝐼 ′ has one additional vertex ∞ and there are w𝑖 additional edges between the vertex ∞ and
vertex i and no loops at ∞. Here c𝛼 (𝑒𝑖) = c(𝑒𝑖) for 𝑖 ≠ ∞ and c𝛼 (𝑒∞) = −c(𝛼). Moreover, we have
defined the action ★w in (2.1) precisely so that 𝑠𝑖 (𝑒∞ + 𝛽) = 𝑒∞ + 𝑠𝑖★w 𝛽 for 𝑖 ∈ 𝐼 ⊂ 𝐼 ′ and 𝛽 ∈ 𝑄 ⊂ 𝑄 ′.
We define 𝐸w

c ⊂ 𝑄+ to be the set of dimension vectors 𝛾 ∈ 𝑄+ such that 𝑒∞ + 𝛾 ∈ Σc𝛾 (G′).
When the graph G has no loops, we can associate to it, as in Remark 2.2, a Kac–Moody Lie algebra

𝔤 with Cartan subalgebra 𝔥 such that 𝑄 ⊂ 𝔥∗ is the root lattice of 𝔤, and P is the lattice of weights of the
derived subalgebra 𝔤′ = [𝔤, 𝔤]. We can lift P to a subset of the dual 𝔥∗, and then 𝑃 + 𝑄 spans 𝔥∗. Thus
sums in 𝑃 +𝑄 can be interpreted as weights of 𝔤.

With this in mind, the dimension vector w ∈ 𝑃+ labels an integrable highest weight 𝔤-module 𝐿(w).
For a fixed w ∈ 𝑃+, we define the quadratic function

𝑝w(𝛽) := 𝑝(𝛽) + w · 𝛽 − 1, ∀ 𝛽 ∈ 𝑄.

Then 𝑝w(𝛽) = 𝑝(𝑒∞ + 𝛽). It follows from [38, Theorem 2.15] that we can equivalently define 𝐸w
c to be

set of 𝛾 ∈ 𝑄+ such that

(i) w − 𝛾 is a weight of 𝐿(w);
(ii) 𝑝w(𝛾) > 𝑝w (𝛽 (0) ) + 𝑝(𝛽 (1) ) + · · · + 𝑝(𝛽 (𝑘) ), where 𝛾 = 𝛽 (0) + 𝛽 (1) + · · · + 𝛽 (𝑘) is a proper

decomposition with 𝛽 (0) ∈ 𝑄+, w − 𝛽 (0) a weight of 𝐿(w) and 𝛽 (𝑖) ∈ Σc(G) for 𝑖 ≥ 1.

This is because 𝑒∞ + 𝛾 is a root for G′ if and only if w − 𝛾 is a weight of the representation 𝐿(w). We
note that 0 ∈ 𝐸w

c but 0 never belongs to Σc.
When w = Λ0, we drop w from the notation and write 𝐸c = 𝐸Λ0

c .

2.6. Admissible reflections

A reflection 𝑠𝑖 is said to be c-admissible if c𝑖 ≠ 0. In this case, it was shown by Maffei [29] (and Nakajima
[37] in the hyperkähler setting) that there is an isomorphism 𝔐c(w, 𝛼) � 𝔐𝑠∗𝑖 (c) (w, 𝑠𝑖 ★w 𝛼), where
𝔐𝑠∗𝑖 (c) (w, 𝑠𝑖 ★w 𝛼) = ∅ if 𝑠𝑖 ★w 𝛼 ∉ 𝑄+. Moreover, by [28, Lemma 6.4.3] this isomorphism is Poisson.

More generally, we say that 𝑤 ∈ 𝑊G is c-admissible if there exists a decomposition 𝑤 = 𝑠𝑖𝑘 · · · 𝑠𝑖1
such that 𝑠𝑖 𝑗 is 𝑠∗𝑖 𝑗−1

· · · 𝑠∗𝑖1 (c)-admissible. In this case, 𝔐c (w, 𝛼) � 𝔐𝑤∗ (c) (w, 𝑤 ★w 𝛼).
If c′ ∈ 𝑊G · c and 𝑤 ∈ 𝑊G an element of minimal length with the property that 𝑤∗(c) = c′ then [18,

Corollary 5.2] says that w is c-admissible.

2.7. The symplectic leaves

The quiver variety 𝔐c (w, 𝛼) has a finite stratification by (locally closed, smooth) symplectic leaves.
This stratification equals the stratification by representation type [4, Theorem 1.9]. To explain what this
means, we first recall that a decomposition 𝜏 of 𝛼 with respect to (w, c) is tuple

𝜏 = (𝛽 (0) , (𝑛1, 𝛽
(1) ; . . . ; 𝑛𝑘 , 𝛽 (𝑘) )), (2.3)
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where 𝛽 (0) ∈ 𝐸w
c , 𝛽 (𝑖) ∈ Σc for 𝑖 ≥ 1 and 𝛼 = 𝛽 (0) +

∑𝑘
𝑖=1 𝑛𝑖𝛽

(𝑖) . Note that the 𝛽 (𝑖) need not be pairwise
distinct. In the case w = 0, the term 𝛽 (0) is omitted and we think of 𝜏 as a function 𝜏 : Σc → P such
that

∑
𝛽∈Σc |𝜏(𝛽) |𝛽 = 𝛼. Here 𝜏(𝛽) := (𝑛𝑖1 ≥ 𝑛𝑖2 ≥ . . . ) if 𝑖1, 𝑖2, . . . are all indices such that 𝛽 (𝑖 𝑗 ) = 𝛽.

The leaf 𝔏𝜏 labeled by the decomposition 𝜏 parameterizes all isomorphism classes [𝑀] of represen-
tations 𝑀 = 𝑀0 ⊕

(⊕𝑘
𝑖=1 𝑀 ⊕𝑛𝑖𝑖

)
, where each 𝑀𝑖 for 𝑖 ≠ 0 is a simple representation of the deformed

preprojective algebra Πc𝛼 (G′) of dimension 𝛽 (𝑖) , 𝑀0 is the representation of dimension 𝑒∞ + 𝛽 (0) , and
𝑀𝑖 � 𝑀 𝑗 for 𝑖 ≠ 𝑗 . If a real root occurs more than once in 𝜏 then 𝔏𝜏 = ∅. Otherwise, it is nonempty.
The result [15, Theorem 1.3] says that when 𝜏 is written in the form (2.3) then

dim𝔏𝜏 = 2

(
𝑝w (𝛽 (0) ) +

𝑘∑
𝑖=1

𝑝(𝛽 (𝑖) )
)
. (2.4)

We note that the stratification by symplectic leaves satisfies the frontier condition: 𝔏 ∩ M ≠ ∅
implies that 𝔏 ⊂M.

2.8. Leaf closures

In Sections 2.8 and 2.9, we assume w = 0. Note that, as explained in Section 2.5, we can always deframe
a framed quiver variety. Therefore, our results in 2.8 and 2.9 also apply to framed quiver varieties. Recall
that for a decomposition 𝜏, 𝔏𝜏 is the symplectic leaf labeled by 𝜏.

We give the proof of Theorem 1.9, which we recall below.

Theorem 2.3. There is a morphism
∏

𝛽∈Σc 𝔐c (𝛽)ℓ (𝜏 (𝛽)) /𝔖(𝜏(𝛽)) →𝔐c(𝛼) whose image equals 𝔏𝜏 .
The resulting map ∏

𝛽∈Σc

𝔐c (𝛽)ℓ (𝜏 (𝛽)) /𝔖(𝜏(𝛽)) → 𝔏𝜏

is the normalization of 𝔏𝜏 .

We begin by noting that it follows from the main result of [17] that
∏

𝛽∈Σc 𝔐c (𝛽)ℓ (𝛽) is normal.
Hence the product

∏
𝛽∈Σc 𝔐c(𝛽)ℓ (𝛽) /𝔖(𝜏(𝛽)) is normal. We will apply the following result.

Lemma 2.4. Let 𝑋,𝑌 be irreducible affine varieties, with X normal. If 𝑓 : 𝑋 → 𝑌 is a morphism which
restricts to an isomorphism 𝑈 → 𝑉 on open subsets, with complement of codimension at least two in X
and Y respectively, then X can be identified with the normalization of Y such that f is the normalization
map.

Proof. If 𝑝 : 𝑌 → 𝑌 is the normalization of Y then 𝑓 = 𝑝 ◦ 𝑓 factors through p. Moreover, since
p is finite 𝑉 := 𝑝−1 (𝑉) will have complement of codimension at least two in 𝑌 , with 𝑓 restricting
to an isomorphism 𝑈 → 𝑉 . Therefore, replacing Y by 𝑌 , we may assume Y is normal too. By the
(𝑆2) property (a version of Hartogs’ Lemma), every global function on U uniquely extends to a global
function on X, so that 𝑋 = Spec Γ(𝑈,O𝑈 ) and similarly for Y. As a result, the pullback map 𝑓 ∗ induces
an isomorphism Γ(𝑉, O𝑉 )

∼→ Γ(𝑈, O𝑈 ). �

We construct the morphism ∏
𝛽∈Σc

𝔐c(𝛽)ℓ (𝜏 (𝛽)) /𝔖(𝜏(𝛽)) →𝔐c(𝛼).
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First, there is a closed embedding
∏

𝛽∈Σc Rep(Q, 𝛽)ℓ (𝛽) → Rep(Q, 𝛼) given by taking direct sum of
representations:

((𝑀𝛽,𝑖)ℓ (𝜏 (𝛽))𝑖=1 )𝛽 ↦→
⊕
𝛽

ℓ (𝜏 (𝛽))⊕
𝑖=1

𝑀
⊕𝜏 (𝛽)𝑖
𝛽,𝑖 .

If 𝐺 (𝜏) =
∏

𝛽∈Σc 𝐺 (𝛽)
×ℓ (𝜏 (𝛽)) is the group acting on the product

∏
𝛽∈Σc Rep(Q, 𝛽)ℓ (𝛽) then 𝐺 (𝜏) ⊂

𝐺 (𝛼) and the closed embedding is equivariant for 𝐺 (𝜏). Differentiating this inclusion gives an embed-
ding of Lie algebras

⊕
𝛽∈Σc

𝔤(𝛽)⊕ℓ (𝜏 (𝛽)) ↩→ 𝔤(𝛼). This fits into a commutative diagram⊕
𝛽∈Σc

Rep(Q, 𝛽)ℓ (𝛽) Rep(Q, 𝛼)

⊕
𝛽∈Σc

𝔤(𝛽)⊕ℓ (𝜏 (𝛽)) 𝔤(𝛼)

∏
𝜇
ℓ (𝛽)
𝛽

𝜇

implying that there is a closed embedding of schemes (
∏

𝜇
ℓ (𝛽)
𝛽 )−1(c) ↩→ 𝜇−1 (c). Since this is 𝐺 (𝜏)-

equivariant it induces a map

(
∏

𝜇
ℓ (𝛽)
𝛽 )−1(c)//𝐺 (𝜏) → 𝜇−1 (c)//𝐺 (𝛼).

Taking the reduced scheme structure on both sides we get a map
∏

𝛽∈Σc 𝔐c(𝛽)ℓ (𝛽) → 𝔐c(𝛼). The
group

∏
𝛽∈Σc 𝔖(𝜏(𝛽)) acts naturally on the left hand side. It is clear on the level of points that the

above map factors through the action of this group. However, to see this algebraically, we note that∏
𝛽∈Σc 𝔖(𝜏(𝛽)) ↩→ 𝑁𝐺 (𝛼) (𝐺 (𝜏))/𝐺 (𝜏) and so we get an induced map(

(
∏

𝜇
ℓ (𝛽)
𝛽 )−1(c)//𝐺 (𝜏)

)
/
∏
𝛽∈Σc

𝔖(𝜏(𝛽)) → 𝜇−1 (c)//𝐺 (𝛼).

In other words, this is a morphism
∏

𝛽∈Σc 𝔐c(𝛽)ℓ (𝛽) /𝔖(𝜏(𝛽)) → 𝔐c (𝛼). As noted previously, the
left hand side is normal. Inside 𝔐c(𝛽)ℓ (𝛽) we write 𝔐c (𝛽)ℓ (𝛽) ,◦ for the (dense) open set consisting
of pairwise distinct, and simple, representations. The set of points in 𝔐c(𝛽) parameterizing simple
representations is the open stratum and hence is even dimensional with complement of codimension at
least two. This implies that the complement to 𝔐c(𝛽)ℓ (𝛽) ,◦ in 𝔐c (𝛽)ℓ (𝛽) has codimension at least two
as well. Notice that 𝔖(𝜏(𝛽)) acts freely on this open set. The image of

∏
𝛽∈Σc 𝔐c (𝛽)ℓ (𝛽) ,◦ equals the

symplectic leaf 𝔏𝜏 . Moreover, ∏
𝛽∈Σc

𝔐c (𝛽)ℓ (𝛽) ,◦/𝔖(𝜏(𝛽)) → 𝔏𝜏

is a bijection on closed points. Since both domain and image are smooth, this is an isomorphism. Taking
affine closures, it induces a morphism∏

𝛽∈Σc

𝔐c(𝛽)ℓ (𝛽) /𝔖(𝜏(𝛽)) → 𝔏𝜏 .

This must necessarily agree with the previous map.

Lemma 2.5. The smooth locus of 𝔏𝜏 equals 𝔏𝜏 and the singular locus has codimension at least two.

Proof. First, we note that 𝔐c(𝛼) has symplectic singularities. Therefore it is holonomic in the sense
of Kaledin [25]. Then [25, Proposition 3.1] implies that the singular locus of 𝔏𝜏 has codimension at
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least two. Moreover, [25, Lemma 1.4] says that the Poisson structure on the smooth locus of 𝔏𝜏 is
nondegenerate. Since 𝔏𝜏 is a union of leaves, with unique leaf 𝔏𝜏 of top dimension, we deduce that 𝔏𝜏

is the smooth locus of 𝔏𝜏 since the Poisson structure is degenerate along all other leaves. �

Then the main result follows from the following.

Lemma 2.6. The map
∏

𝛽∈Σc 𝔐c (𝛽)ℓ (𝛽) /𝔖(𝜏(𝛽)) → 𝔏𝜏 is the normalization of 𝔏𝜏 .

Proof. Let 𝐴 = O[𝔏𝜏] and B the ring of functions on
∏

𝛽∈Σc 𝔐c(𝛽)ℓ (𝛽) /𝔖(𝜏(𝛽)). Then 𝜙 corresponds
to an inclusion 𝐴 ↩→ 𝐵. Lemma 2.5 guarantees that the hypotheses of Lemma 2.4 hold. Therefore the
statement of the lemma follows from the latter result. �

Example 2.7. Consider the case where G is the graph with one vertex and one loop. Then 𝔐0(𝑛) �
C2𝑛/𝔖𝑛 and Σ0 = {𝑒1}. This means that the strata are labeled by 𝜏 : {𝑒1} → P such that |𝜏(𝑒1) | = 𝑛.
This is precisely the set of partitions of n. Therefore we think of 𝜏 = (1𝜏1 , 2𝜏2 , . . . ) as a partition of n.
Then 𝔐0 (𝑒1) = C2 so for a given partition, the normalization of 𝔏𝜏 is the map

C2ℓ (𝜏) /
∏
𝑖≥1

𝔖𝜏𝑖 → 𝔏𝜏 .

Notice, in particular, that when each part occurs in 𝜏 at most once (this means 𝜏𝑖 ≤ 1 for all i) then
the normalization of 𝔏𝜏 is just C2ℓ (𝜏) . The leaf closure 𝔏𝜏 is normal if and only if 𝜏 = (𝑚𝑘 ) has a
rectangular Young diagram. This can be deduced from [41, Lemma 2.2], just as in [41, Proposition
8.1.2] which considers instead the closure of strata in C𝑛/𝔖𝑛.

2.9. Normality of a leaf closure

Having identified the normalization of a leaf closure, it is natural to ask if the leaf closure itself is
normal. This is addressed in detail in [5]. In the case of Calogero–Moser varieties, we will see below
that the answer is no in general. However, we give one situation (which often occurs in the context of
Calogero–Moser varieties) where the leaf closure is normal.

Proposition 2.8. Assume that 𝜏 = (𝑛1, 𝛽; 𝑛2, 𝛼
(2) ; . . . ; 𝑛𝑘 , 𝛼 (𝑘) ), where every 𝛼 (𝑖) for 𝑖 ≥ 2 is real.

Then 𝔏𝜏 � 𝔐c (𝛽) is normal.

Proof. Note that since 𝛼 (𝑖) is real, 𝔐c (𝛼 (𝑖) ) is a single point. Therefore, Theorem 1.9 says that
𝜄 : 𝔐c(𝛽) → 𝔏𝜏 is the normalization map. The morphism 𝜄∗ : C[𝔏𝜏] → C[𝔐c (𝛽)] is necessarily
injective. We must show that it is surjective. By [26, Theorem 1], both the ring C[𝔐c (𝛽)] and the ring
C[𝔐c (𝛼)] are generated by traces of oriented cycles 𝜔 in G. If 𝜔 is an oriented cycle starting and end-
ing at vertex j and 𝑋 ∈ 𝜇−1 (c) then we write Tr 𝜔(𝑋) for the trace of the endomorphism 𝜔(𝑋) of 𝑉 𝑗

(Tr 𝜔(𝑋) does not depend on the choice of j). Let 𝑀𝑖 denote the simple Πc-module of dimension 𝛼 (𝑖)

and choose some 𝑋𝑖 ∈ 𝜇−1
𝛼(𝑖)
(c) above 𝑀𝑖 . Then, as described above, we have a commutative diagram

𝜇−1
𝛽 (c) 𝜇−1

𝛼 (c)

𝔐c(𝛽) 𝔐c(𝛼)

𝜄0

𝜄

where 𝜄0 (𝑋) = (𝑋 ⊗ Id𝑛1 +𝑋2 ⊗ Id𝑛2 + · · · + 𝑋𝑘 ⊗ Id𝑛𝑘 ). If [𝑀] ∈ 𝔐c(𝛽) and 𝑋 ∈ 𝜇−1
𝛽 (c) is any (not

necessarily semisimple) lift of [𝑀], then
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(𝜄∗ Tr 𝜔) ( [𝑀]) = (𝜄∗0 Tr 𝜔) (𝑋)
= Tr 𝜔(𝑋 ⊗ Id𝑛1 +𝑋2 ⊗ Id𝑛2 + · · · + 𝑋𝑘 ⊗ Id𝑛𝑘 )
= 𝑛1 Tr 𝜔(𝑋) + 𝑛2 Tr 𝜔(𝑋2) + · · · + 𝑛𝑘 Tr 𝜔(𝑋𝑘 )
= 𝑛1 (Tr 𝜔) ( [𝑀]) + 𝑛2 Tr 𝜔(𝑋2) + · · · + 𝑛𝑘 Tr 𝜔(𝑋𝑘 ).

Hence, Tr 𝜔 = 1
𝑛1
(𝜄∗ Tr 𝜔 − (𝑛2 Tr 𝜔(𝑋2) + · · · + 𝑛𝑘 Tr 𝜔(𝑋𝑘 ))) in C[𝔐c (𝛽)] and the result follows. �

In terms of framed quiver varieties 𝔐c (w, 𝛼), Proposition 2.8 says that if

𝜏 = (𝛽 (0) , (𝑛1, 𝛽
(1) ; . . . ; 𝑛𝑘 , 𝛽 (𝑘) ))

is a decomposition where every 𝛽 (𝑖) ∈ Σc, for 𝑖 = 1, . . . , 𝑘 , is a real root then 𝔏𝜏 � 𝔐c(w, 𝛽 (0) ) is
normal.

3. Calogero–Moser varieties

The canonical symplectic form on C2 induces a symplectic form on 𝑉 := (C2)𝑛. Recall that Γ ⊂ SL2(C)
is a finite group. Let Γ𝑛 = Γ �𝔖𝑛 = Γ𝑛 � 𝔖𝑛 ⊂ Sp(𝑉). This is a symplectic reflection group; that is, Γ𝑛
is generated by its symplectic reflections, which are the elements 𝑠 ∈ Γ𝑛 with rk(1− 𝑠) |𝑉 = 2. The set of
symplectic reflections in Γ𝑛 is denoted S . To each symplectic reflection s, we associate the degenerate
2-form 𝜔𝑠 on V which equals 𝜔 when restricted to Im(1− 𝑠) and is zero on Ker(1− 𝑠). If 𝛾 ∈ Γ\{1} then
we write 𝛾𝑖 for the element of Γ𝑛 which is 𝛾 in the ith position and one elsewhere. The transpositions
in 𝔖𝑛 are 𝑠𝑖, 𝑗 . Assuming 𝑛 > 1, the symplectic reflections in Γ𝑛 are 𝛾𝑖 , for 1 ≤ 𝑖 ≤ 𝑛 and 𝛾 ∈ Γ \ {1},
together with 𝑠𝑖, 𝑗𝛾𝑖𝛾

−1
𝑗 , for 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛 and 𝛾 ∈ Γ. When 𝑛 = 1, Γ𝑛 = Γ and the symplectic reflections

in Γ𝑛 are just elements of Γ \ {1}. When 𝑛 = 0, we set 𝑉 = {0} and 𝔖𝑛 = Γ𝑛 = {1}.
Given a conjugate invariant function 𝑐 : S → C, we define the symplectic reflection algebra H𝑐 (Γ𝑛)

(at 𝑡 = 0) to be the quotient of 𝑇𝑉 � Γ𝑛 by the relations

𝑢 ⊗ 𝑣 − 𝑣 ⊗ 𝑢 =
∑
𝑠∈S

𝑐(𝑠)𝜔𝑠 (𝑢, 𝑣)𝑠, ∀𝑢, 𝑣 ∈ 𝑉.

The center of the symplectic reflection algebra H𝑐 (Γ𝑛) is denoted Z𝑐 (Γ𝑛) and the Calogero–Moser
variety is Z𝑐 (Γ𝑛) := Spec Z𝑐 (Γ𝑛). The ring H𝑐 (Γ𝑛) is prime and thus Z𝑐 (Γ𝑛) is a domain. Moreover, it
is known to be integrally closed [21, Lemma 3.5] and hence Z𝑐 (Γ𝑛) is a normal variety. Since Z𝑐 (Γ𝑛)
has a quantization given by the spherical subalgebra of H𝑐 (Γ𝑛) at 𝑡 = 1, it has a Poisson structure that
is generically nondegenerate; see [21]. When 𝑛 = 0, we define Z𝑐 (Γ𝑛) = {pt}.

Let us agree that when we write Γ = Z/ℓZ, we mean that Γ is the subgroup of SL2 (C) whose

elements are of the form
(
𝜁 0
0 𝜁−1

)
, where 𝜁 is an ℓth root of unity.

Remark 3.1. Assume that Γ = Z/ℓZ. The inclusion C× ⊂ SL2 (C) given by

𝜉 ↦→
(
𝜉 0
0 𝜉−1

)
yields a C×-action on V. This action induces a C×-action on H𝑐 (Γ𝑛) by automorphisms (this action is
trivial on CΓ𝑛). This induces a C×-action on Z𝑐 (Γ𝑛).

3.1. The McKay correspondence

Let Γ ⊂ SL(2,C) be a finite group and G the simply laced affine Dynkin graph associated to Γ via
the McKay correspondence. Thus, I is identified with the set of isomorphism classes of irreducible
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Γ-modules in such a way that 0 ∈ 𝐼 corresponds to the trivial representation. Then Δ = {𝑒0, 𝑒1, . . . , 𝑒𝑟 }
is a set of simple roots for the affine root system 𝑅 ⊂ 𝑄. We let 𝛿 =

∑
𝑖∈𝐼 𝛿𝑖𝑒𝑖 denote the positive root

that spans the radical of (−,−) on Q. It satisfies 𝛿0 = 1. For the remainder of the article, 𝑊aff := 𝑊G is
the affine Weyl group associated to the affine Dynkin diagram defined by Γ. Let 𝑅c denote the set of
roots 𝛼 in R such that c(𝛼) = 0. We will fix a lift 𝑃 ⊆ 𝔥∗ satisfying the conditions of the last paragraph
of Remark 2.2, which is unique up to automorphism of 𝔤.

If Γ is nontrivial, then roots 𝑒1, . . . , 𝑒𝑟 are a set of simple roots for a finite root system Φ ⊂ 𝑅. This
root system is irreducible and 𝜃 ∈ Φ+ denotes the longest positive root. Then 𝛿 = 𝑒0 + 𝜃. We denote by
𝚲 ⊂ 𝑄 the root lattice for Φ.

If Γ is trivial then we define 𝛿 := 𝑒0 and 𝚲 = 0.
Let 𝐿(Λ0) be the integrable highest weight module with highest weight Λ0 (the basic representation)

for the affine Lie algebra 𝔤 with root system R (when Γ is trivial, we take the infinite-dimensional
Heisenberg Lie algebra as in [39]). We recall the properties of 𝐿(Λ0). First, recall that a weight of 𝐿(Λ0)
is an element 𝑣 ∈ 𝔥∗ of the dual of the Cartan subalgebra such that 𝐿(Λ0)𝑣 ≠ 0, when Γ is nontrivial.
For Γ trivial, we replace 𝔥∗ with the two-dimensional vector space spanned by 𝛿 = 𝑒0 and Λ0. Note that
𝑃,𝑄 ⊂ 𝔥∗ are free abelian groups of rank 𝑟 + 1, with sum 𝑃 +𝑄 a full lattice in 𝔥∗, which has dimension
𝑟 + 2. A weight v of 𝐿(Λ0) is called maximal if 𝑣 + 𝛿 is not a weight. Finally, for 𝑣 =

∑
𝑖 𝑣𝑖Λ𝑖 ∈ 𝑃, then

for every 𝜆 ∈ C, we say that 𝑣 + 𝜆𝛿 is dominant if 𝑣𝑖 ≥ 0 for all i (otherwise 𝑣 + 𝜆𝛿 is not dominant).
Lemma 3.2.
(i) The weights of 𝐿(Λ0) are Λ0 − 𝑚𝛿 − 1

2 (𝜈, 𝜈)𝛿 + 𝜈 for some (unique) 𝑚 ≥ 0, 𝜈 ∈ Λ.
(ii) The weights Λ0 − 1

2 (𝜈, 𝜈)𝛿 + 𝜈, 𝜈 ∈ Λ, are precisely the maximal weights of 𝐿(Λ0).
(iii) Λ0 is the unique dominant maximal weight.
(iv) The maximal weights of 𝐿(Λ0) form a single 𝑊aff-orbit.
(v) There exists 𝑤 ∈ 𝑊aff such that

𝑤

(
Λ0 − 𝑚𝛿 − 1

2
(𝜈, 𝜈)𝛿 + 𝜈

)
= Λ0 − 𝑚𝛿.

Proof. These all follow from [14, Theorem 20.23]. Specifically, part (i) is [14, Theorem 20.23(c)],
(ii) is [14, Theorem 20.23(b)] and part (iii) is [14, Theorem 20.23(a)]. Part (iv) then follows from
[14, Corollary 20.15] and [14, Theorem 20.23(a)]. This implies that there exists 𝑤 ∈ 𝑊aff such that
𝑤(Λ0 − 1

2 (𝜈, 𝜈)𝛿 + 𝜈) = Λ0. Since 𝑊aff acts trivially on 𝛿, part (v) follows from part (iv). �

3.2. Calogero–Moser varieties as quiver varieties

In the case of Γ𝑛 with 𝑛 > 1, there are two types of conjugacy classes of symplectic reflections. Namely,
the set

S0 = {𝑠𝑖, 𝑗𝛾𝑖𝛾−1
𝑗 | 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛 and 𝛾 ∈ Γ}

forms a single conjugacy class and each {𝛾𝑖 | 𝛾 ∈ C, 1 ≤ 𝑖 ≤ 𝑛} is another conjugacy class, as C runs
over all nontrivial conjugacy classes in Γ. Therefore, 𝑐 = (𝑐1, 𝑐). Here 𝑐 : Γ \ {1} → C is a conjugate
invariant function and 𝑐1 is the value of c on S0. From 𝑐 we get the element 𝑧(𝑐) ∈ 𝑍 (CΓ) by setting
𝑧(𝑐) :=

∑
𝛾∈Γ\{1} 𝑐(𝛾)𝛾. When 𝑛 = 1, the conjugacy classes of symplectic reflections are just the C and

𝑐 = (𝑐); there is no 𝑐1.
From c, we define a parameter c ∈ HomZ(𝑄,C) by

c(𝑒𝑖) := −1
2
𝑐1 |Γ| Tr𝑆𝑖 eΓ + Tr𝑆𝑖 𝑧(𝑐), ∀0 ≤ 𝑖 ≤ 𝑟. (3.1)

Here 𝑆𝑖 is the irreducible representation (of dimension 𝛿𝑖) of Γ corresponding to vertex i and eΓ
is the trivial idempotent in CΓ. When 𝑛 = 1, one should take an arbitrary 𝑐1 in (3.1). The variety
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Xc(𝑛𝛿) = 𝔐c(Λ0, 𝑛𝛿) does not depend on 𝑐1 when 𝑛 = 1. The following is [33, Theorem 1.4],
generalizing [21, Theorem 1.13].

Theorem 3.3. For all 𝑛 ≥ 0, there is an isomorphism Z𝑐 (Γ𝑛)
∼→ Xc(𝑛𝛿) of Poisson varieties.

Note that, with our conventions, the theorem still makes sense when 𝑛 = 0 since Xc(0) is a point.
The number c(𝛿) is usually called the level. Since we are at 𝑡 = 0, there are isomorphisms

Z𝑐 (Γ𝑛)
∼→ Z𝑞𝑐 (Γ𝑛) and Xc(𝑛𝛿)

∼→ X𝑞c(𝑛𝛿) for any 𝑞 ∈ C×, compatible with the identification of
Theorem 3.3. Therefore, we only need to consider the cases c(𝛿) = 1 and c(𝛿) = 0.

3.3. Parabolic subgroups

A subgroup P ⊂ Γ𝑛 is said to be a parabolic subgroup if it is the stabilizer of some vector 𝑣 ∈ 𝑉 .
Parabolic subgroups play an important role in the classification of symplectic leaves in the Calogero–
Moser variety. First, we explicitly describe the parabolic subgroups of Γ𝑛.

Lemma 3.4. The parabolic subgroups of Γ𝑛 are, up to conjugacy, of the form Γ𝑚 ×𝔖𝜆, where 𝜆 is a
partition with 𝑛 = |𝜆 | + 𝑚. The normalizer of this parabolic can be described as

𝑁Γ𝑛 (Γ𝑚 ×𝔖𝜆) = Γ𝑚 × ((𝔖𝜆 × Γℓ (𝜆) ) � 𝔖(𝜆)) = Γ𝑚 × 𝑁Γ𝑛−𝑚 (𝔖𝜆),

and hence 𝑁Γ𝑛 (Γ𝑚 ×𝔖𝜆)/(Γ𝑚 ×𝔖𝜆) �
∏

𝑖≥1 Γ𝑛𝑖 , where 𝑛𝑖 = |{𝑘 | 𝜆𝑘 = 𝑖}| as in Definition 2.1.

Proof. The fact that the parabolic subgroups are all conjugate to a subgroup of the form Γ𝑚 ×𝔖𝜆 is
standard; see, for example, the proof of [6, Proposition 3.4]. If we let 𝑈 ⊂ (C2)𝑛 denote the set of points
of the form (0, . . . , 0, 𝑣1, . . . , 𝑣1, 𝑣2, . . . , 𝑣2, . . . , 𝑣ℓ (𝜆) ) where 𝑣𝑖 ∈ C2 with (Γ · 𝑣𝑖) ∩ (Γ · 𝑣 𝑗 ) = ∅ for
𝑖 ≠ 𝑗 and there are 𝜆1 copies of 𝑣1, 𝜆2 copies of 𝑣2 etc., then Γ𝑚 ×𝔖𝜆 is the stabilizer of any 𝑢 ∈ 𝑈 and
𝑁Γ𝑛 (Γ𝑚 ×𝔖𝜆) is the set of elements of Γ𝑛 mapping U into itself. Then it is straightforward to check that

𝑁Γ𝑛 (Γ𝑚 ×𝔖𝜆) = Γ𝑚 × ((𝔖𝜆 × Γℓ (𝜆) ) � 𝔖(𝜆)).

The final isomorphism follows from the fact that Γℓ (𝜆) � 𝔖(𝜆) =
∏

𝑖≥1 Γ𝑛𝑖 . �

Let P be a parabolic subgroup of Γ𝑛. By definition, it is normal in its normalizer 𝑁 (P). Let Ξ :=
𝑁 (P)/P be the quotient. The conjugacy class of P in Γ𝑛 is denoted (P). The algebra H𝑐 (Γ𝑛) has a
canonical filtration given by placing Γ𝑛 in degree zero and V in degree one. Then Z𝑐 (Γ𝑛) inherits a
filtration by restriction and gr(Z𝑐 (Γ𝑛)) � C[𝑉∗]Γ𝑛 by [21, Theorem 3.3]. If 𝔭 ⊂ Z𝑐 (Γ𝑛) is the prime
ideal defining the closure of a symplectic leaf of Z𝑐 (Γ𝑛), then [31, Theorem 2.8] says that gr(𝔭) is a
prime ideal defining the closure of a symplectic leaf in 𝑉∗/Γ𝑛. Since the leaves of 𝑉∗/Γ𝑛 are in bijection
with conjugacy classes of parabolic subgroups of Γ𝑛, the leaves in Z𝑐 (Γ𝑛) can also be labeled by
conjugacy classes of parabolic subgroups of Γ𝑛. However, the same conjugacy class can label several
different leaves.

This labeling of symplectic leaves by conjugacy classes of parabolic subgroups is important because
Losev has shown that there is a notion of induction of leaves whose construction depends on this
labeling. Let PSpec(P)Z𝑐 (Γ𝑛) denote the set of all leaves in Z𝑐 (Γ𝑛) that are labeled by the conjugacy
class (P). Here PSpec denotes the set of Poisson prime ideals. We fix a representative P in (P). There
is a unique zero-dimensional leaf {0} in 𝑉∗/Γ𝑛; it is labeled by (Γ𝑛). Next, we consider the algebra
H𝑐 |P (P, (𝑉P)⊥), the symplectic reflection algebra defined by the subgroup P, the restriction 𝑐 |P, and
the subspace (𝑉P)⊥ ⊂ 𝑉 , where the orthogonal is with respect to the symplectic form on V. The
group Ξ acts on the Calogero–Moser variety Z𝑐 |P(P, (𝑉P)⊥), permuting the Poisson prime ideals. The
set PSpec(P)Z𝑐 |P(P, (𝑉P)⊥) of zero-dimensional leaves in PSpecZ𝑐 |P(P, (𝑉P)⊥) is stable under this
action. By [27, Theorem 1.3.2(4)]:
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Theorem 3.5. There exists a bijection

(PSpec(P)Zc |P(P, (𝑉P)⊥))/Ξ 1:1←→ PSpec(P)Z𝑐 (Γ𝑛).

We note an immediate corollary.
Corollary 3.6. If c(𝛿) ≠ 0 then each leaf 𝔏 ⊂ Z𝑐 (Γ𝑛) is labeled by (Γ𝑚), where 2(𝑛 − 𝑚) = dim𝔏.
Proof. By Theorem 3.5, the leaf 𝔏 is labeled by some conjugacy class (P) with dim𝔏 = dim𝑉P.
Lemma 3.4 says that P = Γ𝑚 ×𝔖𝜆 with 𝑛 = 𝑚 + |𝜆 |. Moreover, this leaf corresponds to a Ξ-orbit of
zero-dimensional leaves in

Zc |P(P, (𝑉P)⊥) = Zc |Γ𝑚 (Γ𝑚,C2𝑚) ×
∏
𝑖

Z𝑐1 (𝔖𝜆𝑖 , 𝔥𝑖),

where 𝔥𝑖 is the reflection representation for 𝔖𝜆𝑖 . We note that

c(𝛿) =
𝑟∑
𝑖=0
(dim 𝑆𝑖)

(
−1

2
𝑐1 |Γ| Tr𝑆𝑖 eΓ + Tr𝑆𝑖 𝑧(𝑐)

)
= −1

2
𝑐1 |Γ| + TrCΓ 𝑧(𝑐) = −1

2
𝑐1 |Γ|

where we have used the fact that 𝑧(𝑐) is a sum over the nontrivial conjugacy classes in Γ. Thus, c(𝛿) ≠ 0
implies that 𝑐1 ≠ 0. In this case, each Z𝑐1 (𝔖𝜆𝑖 , 𝔥𝑖) is smooth by [21, Theorem 1.24]. In particular, it
has no zero-dimensional leaves unless 𝔥𝑖 = {0}, that is, 𝜆𝑖 = 1. Thus, 𝜆 = (1𝑛−𝑚) and 𝔖𝜆 = {1}. �

4. Nonzero level

Throughout this section, we assume that c(𝛿) ≠ 0. Without loss of generality, c(𝛿) = −1.

4.1. Roots pairing to zero with c

Recall that 𝑅+c is the set of roots in 𝑅+ that dot to zero with c. We say that 𝛼 ∈ 𝑅+c is minimal if 𝛼 cannot
be written as a sum of two vectors in 𝑅+c . Let Δ (c) ⊂ 𝑅+c be the set of minimal vectors.
Lemma 4.1. The set Δ (c) is a set of simple roots for the root system 𝑅c such that the corresponding
positive roots are precisely 𝑅+c .
Proof. We note that 𝑅c = 𝑅+c ∪ −𝑅+c since 𝑅 = 𝑅+ ∪ −𝑅+. Moreover, every root in 𝑅+c can be written as
a positive (integer) sum of minimal roots. The lemma follows. �

We say that a root subsystem 𝑆 ⊂ 𝑅 is a parabolic root subsystem if there exists Δ𝑆 ⊂ Δ such that
Δ𝑆 is a set of simple roots for S.
Lemma 4.2. There exists 𝑤 ∈ 𝑊aff such that 𝑤(𝑅c) ∩Δ is a set of simple roots for 𝑤(𝑅c). In particular,
𝑤(𝑅c) is a (proper) parabolic root subsystem of R.
Proof. We write c = cre +

√
−1cim, where cre, cim ∈ R𝑟+1. Then cre (𝛿) = −1 and cim (𝛿) = 0. Since

cre (𝛿) = −1, [24, Proposition 3.12(c)] implies that cre is in the Tits cone. Therefore, there exists 𝑤 ∈ 𝑊aff

such that the real part c′re of c′ := 𝑤∗(c) belongs to the (dual) fundamental domain.
Then 𝑤(𝑅c) = 𝑅c′ . Since c′(𝛿) = c(𝛿) = −1, the set 𝑅c′ consists of real roots. The subgroup 𝑊 ′

of 𝑊aff generated by these real roots is contained in the stabilizer subgroup 𝑊aff
c′ of c′. However, by

[24, Proposition 3.12(a)], 𝑊aff
c′ is generated by the 𝑠𝑖 , 𝑖 = 0, . . . , 𝑟 such that 𝑠∗𝑖 (c′) = c′. That is, by the

reflections along the roots in Δ ∩ 𝑅c′ . Hence 𝑊 ′ = 𝑊aff
c′ and Δ ∩ 𝑅c′ is a set of simple roots for 𝑅c′ . In

particular, 𝑅c′ is a parabolic subsystem of R. Since it does not contain any imaginary roots, it must be a
proper subsystem. �
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This means that, up to the action of 𝑊aff, the root system 𝑅c is given by deleting a certain number of
nodes in the affine Dynkin diagram. Since 𝑅c is a finite root system, the element w in Lemma 4.2 can
be chosen so that 𝑤(Δ (c)) = 𝑤(𝑅c) ∩ Δ .

Recall that we have defined in (2.1) a twisted action of 𝑊aff on Q by

𝑤 ★ 𝛼 = 𝑤(𝛼 − Λ0) + Λ0.

Here we have taken w = Λ0 and omitted it from the notation. For 𝜈 ∈ 𝚲 and m a non-negative integer,
define

𝛾(𝑚, 𝜈) := 𝑚𝛿 + (1/2) (𝜈, 𝜈)𝛿 − 𝜈.

Lemma 4.3. Let 𝛼 ∈ 𝑄+. Then Λ0 − 𝛼 is a weight of 𝐿(Λ0) if and only if there exists 𝜈 ∈ 𝚲 and 𝑚 ≥ 0
such that

𝛼 = 𝛾(𝑚, 𝜈).

Moreover, if Λ0 − 𝛼 is a weight of 𝐿(Λ0) then there exists 𝑤 ∈ 𝑊aff such that 𝑤 ★𝛼 = 𝑚𝛿.
Proof. This is a reformulation of Lemma 3.2(i) and (v). �

Recall from Sections 2.3 and 2.5 that we have defined the sets Σc ⊂ 𝑅+c and 𝐸c ⊂ 𝑄+ (for w = Λ0).
Lemma 4.4. Assume c(𝛿) = −1.
(i) Σc = Δ (c); and

(ii) 𝑛𝛿 ∈ 𝐸c.
Proof. Part (i). If 𝛽 ∈ Σc then 𝛽 is a positive real root since c(𝛿) = −1. In particular, 𝑝(𝛽) = 0.
Therefore, being in Σc means that it does not admit any proper decomposition into a sum of positive
roots in 𝑅+c . But this is precisely the definition of being in Δ (c).

Part (ii) is [3, Proposition 4.2(i)] since 𝑛𝛿 ∈ 𝐸c precisely when 𝑒∞ + 𝑛𝛿 ∈ Σc𝑛𝛿 . �

4.2. Another presentation of the affine Weyl group

Recall that the affine Weyl group has another presentation. We have 𝑊aff = 𝑊 � 𝚲, where W is the
nonaffine Weyl group. For each 𝛽 ∈ 𝚲, denote by 𝑡𝛽 the image of 𝛽 in 𝑊aff. Each element of 𝑊aff can
be written in a unique way in the form 𝑤 · 𝑡𝛽 , where 𝑤 ∈ 𝑊 and 𝛽 ∈ 𝚲. We can also extend the notation
𝑡𝛼 to 𝛼 ∈ 𝑄 by setting 𝑡𝛼 := 𝑡𝜋 (𝛼) for each 𝛼 ∈ 𝑄, where 𝜋 is the following map

𝜋 : 𝑄 → 𝑄/Z𝛿 � 𝚲.

Lemma 4.5. Assume 𝛼, 𝛽 ∈ 𝑄. Then we have 𝑡𝛽 ★𝛼 ≡ 𝛼 − 𝛽 mod Z𝛿.
Proof. This statement is a special case of [24, (6.5.2)]. �

Each vector 𝛼 ∈ 𝑄 defines a linear functional 𝛼 ∈ HomZ(𝑄,C) by 𝛼(𝑣) := (𝛼, 𝑣). Note that the
kernel of the map 𝑄 → HomZ(𝑄,C) is spanned by 𝛿.
Lemma 4.6. For each 𝛽 ∈ 𝑄 and c ∈ HomZ(𝑄,C), we have 𝑡∗𝛽 (c) = c + c(𝛿)𝛽.
Proof. The statement follows from [24, (6.5.2)]. �

4.3. The symplectic leaves

We define on Q a quadratic function

𝜚(𝛽) := 𝛽0 + (1/2) (𝛽, 𝛽). (4.1)
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Remark 4.7. If Γ ≠ {1} then the affine Dynkin graph G contains no loops. As in Remark 2.2, the bilinear
form (−,−) extends to P and satisfies (Λ0,Λ0) = 0; see [24, (6.2.2)]. Then the quadratic function 𝜚 can
be rewritten as 𝜚(𝛽) = (1/2) (Λ0 + 𝛽,Λ0 + 𝛽).

Write ΣΣc := NΣc, which by Lemma 4.4 equals NΔ (c). If 𝑠 = |Δ (c) | then Lemma 4.2 implies that
ΣΣc � N𝑠 . Define a partial ordering � on ΣΣc by 𝜂 � 𝛽 if 𝜂 ≠ 𝛽 and 𝜂 − 𝛽 ∈ ΣΣc. Let Ξ(c) denote
the set of all vectors 𝛽 ∈ ΣΣc such that 𝜂 ∈ ΣΣc and 𝜂 � 𝛽 implies that 𝜚(𝜂) > 𝜚(𝛽). In other words,
if 𝛽 ∈ ΣΣc then 𝛽 belongs to Ξ(c) if and only if it is maximal, under the partial ordering �, in the set
{𝜂 ∈ ΣΣc | 𝜚(𝜂) ≤ 𝜚(𝛽)}. Our goal is to prove the following.

Theorem 4.8. There is a bijection between {𝛽 ∈ Ξ(c) | 𝜚(𝛽) ≤ 𝑛} and the symplectic leaves of Z𝑐 (Γ𝑛),
𝛽 ↦→ 𝔏(𝛽), such that

(i) dim𝔏(𝛽) = 2𝑚, and
(ii) the leaf 𝔏(𝛽) is labeled by the parabolic conjugacy class (Γ𝑚),

where 𝑚 := 𝑛 − 𝜚(𝛽).

Proof. Let𝔏 be a leaf of Xc(𝑛𝛿). Then, as explained in Section 2.7,𝔏 is labeled by some decomposition
type 𝜏 = (𝛽 (0) , (𝑛1, 𝛽

(1) ; . . . ; 𝑛𝑘 , 𝛽 (𝑘) )). By Lemma 4.3, 𝛽 (0) = 𝛾(𝑚, 𝜈) for some 𝜈 ∈ 𝚲 and 𝑚 ≥ 0.
Moreover, since 𝑛𝛿 ∈ 𝐸c by Lemma 4.4(ii), we must have 0 ≤ 𝑚 ≤ 𝑛 with 𝑚 = 𝑛 if and only if
𝜏 = (𝑛𝛿, (∅)). The roots 𝛽 (𝑖) for 𝑖 ≥ 1 belong to 𝑅+c . In particular, they are real roots since c(𝛿) = −1;
this forces 𝛽 (𝑖) ≠ 𝛽 ( 𝑗) for 𝑖 ≠ 𝑗 since 𝔏 ≠ ∅. We may write

𝛽 := 𝑛1𝛽
(1) + · · · + 𝑛𝑘 𝛽

(𝑘) ∈ ΣΣc.

Since 𝛾(𝑚, 𝜈) + 𝛽 = 𝑛𝛿, we have 𝑚𝛿 + (1/2) (𝜈, 𝜈)𝛿 − 𝜈 + 𝛽 = 𝑛𝛿, or 𝑚𝛿 + (1/2) (𝜈, 𝜈)𝛿 − 𝜈 = 𝑛𝛿 − 𝛽.
Taking the coefficient of 𝑒0 gives 𝑚 + (1/2) (𝜈, 𝜈) = 𝑛 − 𝛽0 and 𝜈 = 𝛽 − 𝛽0𝛿. Then

𝑛 − 𝑚 = 𝛽0 + (1/2) (𝜈, 𝜈)
= 𝛽0 + (1/2) (𝛽 − 𝛽0𝛿, 𝛽 − 𝛽0𝛿)
= 𝛽0 + (1/2) (𝛽, 𝛽) = 𝜚(𝛽).

Hence 0 ≤ 𝜚(𝛽) ≤ 𝑛 and 𝑚 = 𝑛 − 𝜚(𝛽). This implies that 𝛽 belongs to the set {𝛽 ∈ ΣΣc | 𝜚(𝛽) ≤ 𝑛}.
Since 𝑝(𝛽 (𝑖) ) = 0 for 𝑖 ≥ 1 and

𝑝w (𝛽 (0) ) = 𝑝Λ0 (𝛾(𝑚, 𝜈)) = 𝑚 = 𝑛 − 𝜚(𝛽),

the formula (2.4) implies that dim𝔏 = 2𝑚 = 2(𝑛 − 𝜚(𝛽)).
Next we show that 𝛾(𝑚, 𝜈) ∈ 𝐸c implies that 𝛽 ∈ Ξ(c). If 𝛽 ∉ Ξ(c) then there exists 𝜂 � 𝛽 in ΣΣc

with 𝜚(𝜂) ≤ 𝜚(𝛽). Let 𝑚′ = 𝑛 − 𝜚(𝜂) ≥ 0 and 𝜈′ = 𝜂 − 𝜂0𝛿 so that 𝛾(𝑚′, 𝜈′) + 𝜂 = 𝑛𝛿. Then

𝛾(𝑚, 𝜈) − 𝛾(𝑚′, 𝜈′) = (𝑛𝛿 − 𝛽) − (𝑛𝛿 − 𝜂) = 𝜂 − 𝛽 ∈ ΣΣc.

But this implies that

𝛾(𝑚, 𝜈) = 𝛾(𝑚′, 𝜈′) + 𝜁 (1) + · · · + 𝜁 (𝑠) (4.2)

for some 𝜁 (𝑖) ∈ Δ (c). Since 𝑝Λ0 (𝛾(𝑚′, 𝜈′)) = 𝑚′ ≥ 𝑚 = 𝑝Λ0 (𝛾(𝑚, 𝜈)) and 𝑝(𝜁 (𝑖) ) = 0, this contradicts
the fact that 𝛾(𝑚, 𝜈) ∈ 𝐸c. Thus, 𝛽 ∈ Ξ(c).

Conversely, assume we have chosen 𝛽 ∈ Ξ(c) with 𝜚(𝛽) ≤ 𝑛. If 𝜈 := 𝛽 − 𝛽0𝛿 ∈ 𝚲 then

𝑛𝛿 − 𝛽 = (𝑛 − 𝜚(𝛽))𝛿 + 1
2
(𝜈, 𝜈)𝛿 − 𝜈 = 𝛾(𝑚, 𝜈) ≥ 0,
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where 𝑚 = 𝑛− 𝜚(𝛽). Repeating the argument of the previous paragraphs shows that if 𝛾(𝑚, 𝜈) ∉ 𝐸c then
there must exist 𝑚′, 𝜈′ and 𝜁 (𝑖) , with 𝑚′ ≥ 𝑚, such that decomposition (4.2) holds. But, again, if we write
𝜂 = 𝑛𝛿 − 𝛾(𝑚′, 𝜈′) then 𝜂 − 𝛽 =

∑
𝑖 𝜁
(𝑖) ∈ ΣΣc and hence 𝜂 � 𝛽. Then 𝜚(𝜂) = 𝑛 − 𝑚′ ≤ 𝑛 − 𝑚 = 𝜚(𝛽)

implies that 𝛽 ∉ Ξ(c).
Part (ii). As shown in Corollary 3.6, the leaves are labeled by (Γ 𝑗 ) for some j when c(𝛿) = −1. The

leaves of dimension 2𝑚 are all labeled by (Γ𝑚), so (ii) follows from (i). �

By Lemma 3.4, the normalizer of Γ𝑚 in Γ𝑛 is just Γ𝑚 itself. Therefore, in this case, Losev’s induction
result says that there is a bijection between the zero-dimensional leaves in Z𝑐 (Γ𝑚) and the 2(𝑛 − 𝑚)-
dimensional leaves in Z𝑐 (Γ𝑛). It is natural to ask what the relation is between Theorem 4.8 and Losev’s
induction result, Theorem 3.5. This is clarified by the following corollary. For 𝛽 ∈ Ξ(c) with 𝜚(𝛽) ≤ 𝑛,
write 𝔏𝑛 (𝛽) for the corresponding leaf in Z𝑐 (Γ𝑛).

Corollary 4.9. The zero-dimensional leaves in Z𝑐 (Γ𝑛) are labeled by {𝛽 ∈ Ξ(c) | 𝜚(𝛽) = 𝑛}. The rule
𝔏𝑛 (𝛽) ↦→ 𝔏𝑛+𝑘 (𝛽), for 𝛽 ∈ Ξ(c) with 𝜚(𝛽) = 𝑛, defines a bijection between zero-dimensional leaves in
Z𝑐 (Γ𝑛) and 2𝑘-dimensional leaves in Z𝑐 (Γ𝑛+𝑘 ).

Proof. Theorem 4.8 makes it clear that for 0 ≤ 𝑚 ≤ 𝑛, the codimension 2𝑚 leaves in Z𝑐 (Γ𝑛) are in
bijection with the codimension 2𝑚 leaves in Z𝑐 (Γ𝑛+𝑘 ) since they are both in bijection with the elements
𝛽 of Ξ(c) satisfying 𝜚(𝛽) = 𝑚. �

The codimension two leaves are particularly easy to enumerate. Note that even though the root system
Φ is irreducible, the system Φc is not irreducible in general.

Lemma 4.10. The codimension two leaves in Z𝑐 (Γ𝑛) are in bijection with the irreducible factors of Φc.

Proof. By Theorem 4.8, we wish to find the vectors in Ξ(c) with 𝜚(𝛽) = 1. Recall 𝜚(𝛽) = 𝛽0 +
(1/2) (𝛽, 𝛽). Since 𝑅c is a finite root system, 𝛽 ≠ 0 implies that 0 ≠ (𝛽, 𝛽) ∈ 2Z≥0. Thus, (𝛽, 𝛽) = 2
and 𝛽0 = 0. In other words, 𝛽 ∈ ΣΣc ∩𝚲. Since (𝛽, 𝛽) = 2, this forces 𝛽 ∈ Φc. Then, belonging to Ξ(c)
and Φ+c means that 𝛽 must be the highest positive root in one of the irreducible factors of Φc. �

Example 4.11. Take Γ = Z/2Z so that Γ𝑛 is the Weyl group of type B. Then 𝑄 = Z𝑒0 +Z𝑒1 and the real
positive roots are

{𝑚𝑒0 + (𝑚 + 1)𝑒1 |𝑚 ∈ Z≥0} ∪ {𝑚𝑒0 + (𝑚 − 1)𝑒1 |𝑚 ∈ Z>0}.

Note that we assume c(𝛿) = −1, which becomes c0 + c1 = −1. Hence,

Δ (c) =
⎧⎪⎪⎨⎪⎪⎩
{𝑚𝑒0 + (𝑚 + 1)𝑒1} if c = (𝑚 + 1,−𝑚), 𝑚 ∈ Z≥0,
{𝑚𝑒0 + (𝑚 − 1)𝑒1} if c = (1 − 𝑚, 𝑚), 𝑚 ∈ Z>0,
∅ otherwise.

Therefore, in the interesting cases, ΣΣc = N𝛼 and 𝜚(𝑘𝛼) = 𝑘 (𝑘 + 𝑚). Moreover, Ξ(c) = ΣΣc in this
case. Therefore, the leaves of Z𝑐 (Γ𝑛) are in bijection with the set {𝑘 ≥ 0 | 𝑘 (𝑘 + 𝑚) ≤ 𝑛}.

More generally, if Γ is again arbitrary and 𝑅c is a product of rank one root systems, equivalently
(𝛼, 𝛽) = 0 for all 𝛼 ≠ 𝛽 inΔ (c), then the above argument shows that the leaves ofZ𝑐 (Γ𝑛) are in bijection
with the set {𝑘 ∈ N𝑠 |

∑
𝑖 𝑘𝑖 (𝑘𝑖 + 𝑚𝑖) ≤ 𝑛}. Here 𝑚𝑖 is the coefficient of 𝑒0 in the ith root 𝛼 in Δ (c).

Finally, we describe the closure of leaves in Z𝑐 (Γ𝑛). Recall that G′ is the deframed graph corre-
sponding to G and w = Λ0.

Lemma 4.12. The root vector 𝑒∞ + 𝛾(𝑚, 𝜈) belongs to the fundamental region 𝐹 ′ for G′ if and only if
𝜈 = 0 and 𝑚 > 1.
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Proof. We have

(𝑒∞ + 𝛾(𝑚, 𝜈), 𝑒𝑖) =
⎧⎪⎪⎨⎪⎪⎩
−(𝜈, 𝑒𝑖) 𝑖 ≥ 1
−(𝜈, 𝑒0) − 1 𝑖 = 0
2 − (𝑚 + (1/2) (𝜈, 𝜈)) 𝑖 = ∞.

Therefore, if 𝜈 = 0 then 𝑒∞ + 𝛾(𝑚, 𝜈) belongs to the fundamental region if and only if 𝑚 > 1. Thus, we
must show that 𝑒∞ + 𝛾(𝑚, 𝜈) is not in the fundamental region if 𝜈 ≠ 0.

Consider the case 𝑚 = 0. Let 𝑣 = Λ0 − 1
2 (𝜈, 𝜈)𝛿 + 𝜈 be the corresponding weight for the basic

representation 𝐿(Λ0). By Lemma 3.2, it is dominant if and only if 𝜈 = 0. But being dominant means
that (𝑣, 𝑒𝑖) ≥ 0 for all 𝑖 = 0, . . . , 𝑟 . Since (𝑣, 𝑒𝑖) = (𝜈, 𝑒𝑖) for 𝑖 ≥ 1 and (𝑣, 𝑒0) = (𝜈, 𝑒0) + 1, we deduce
that the equations −(𝜈, 𝑒𝑖) ≤ 0 for 𝑖 ≥ 1 and −(𝜈, 𝑒0) − 1 ≤ 0 force 𝜈 = 0. Thus, 𝜈 ≠ 0 implies that
𝑒∞ + 𝛾(𝑚, 𝜈) is not in the fundamental region 𝐹 ′.

Finally, if 𝑒∞ + 𝛾(𝑚, 𝜈) = 𝑒∞ or 𝑒∞ + 𝛿 then it is clearly not in the fundamental region. �

Proposition 4.13. Let 𝑚 ≥ 0 and 𝜈 ∈ 𝚲. If 𝛾(𝑚, 𝜈) belongs to 𝐸c then there exists a c-admissible
𝑤 ∈ 𝑊aff such that 𝑤 ★ 𝛾(𝑚, 𝜈) = 𝑚𝛿.

Proof. As in the proof of Lemma 4.12, we work with dimension vectors on the deframed graph G′
(associated to the framing vector w = Λ0). Then 𝑠𝑖 (𝑒∞ + 𝛾) = 𝑒∞ + (𝑠𝑖 ★ 𝛾) for 𝑖 = 0, . . . , 𝑟 . Let 𝐹 ′

denote the fundamental region for G′. We must show that there is a c-admissible 𝑤 ∈ 𝑊aff ⊂ 𝑊G′ such
that 𝑤(𝑒∞ + 𝛾(𝑚, 𝜈)) = 𝑒∞ + 𝑚𝛿.

Note that 𝑤(𝑒∞+𝛾(𝑚, 𝜈)) is a positive root for all 𝑤 ∈ 𝑊aff that are c-admissible since the coefficient
of 𝑒∞ in 𝑤(𝑒∞ + 𝛾(𝑚, 𝜈)) is always one. Let 𝛽 be minimal among all such 𝑤(𝑒∞ + 𝛾(𝑚, 𝜈)) under
the dominance ordering. We claim that (𝛽, 𝑒𝑖) ≤ 0 for all 𝑖 ≥ 0. Indeed, if c′ = 𝑤∗(c) and c′𝑖 = 0
then (𝛽, 𝑒𝑖) ≤ 0 by [15, Lemma 7.2] since 𝛽 ∈ Σc′𝛽 (G

′). Therefore, if (𝛽, 𝑒𝑖) > 0 then necessarily
c′𝑖 ≠ 0. But then 𝑠𝑖 is c′-admissible and 𝑠𝑖 (𝛽) < 𝛽, which contradicts the minimality of 𝛽. If we write
𝛽 = 𝑒∞ + 𝑚′𝛿 + 1

2 (𝜈
′, 𝜈′)𝛿 − 𝜈′ then 𝑚′ = 𝑝(𝛽) = 𝑝(𝑒∞ + 𝛾(𝑚, 𝜈)) = 𝑚. This implies that

(𝛽, 𝑒∞) = 2 − (𝑚 + (1/2) (𝜈′, 𝜈′)). (4.3)

If 𝑚 > 1 then we deduce that 𝛽 is in the fundamental region since (𝜈′, 𝜈′) ≥ 0. In particular, 𝛽 ∈
𝐹 ′ ∩ (𝑊G′ · (𝑒∞ + 𝛾(𝑚, 𝜈))). By Lemma 3.2 and Lemma 4.12, 𝑒∞ + 𝑚𝛿 ∈ 𝐹 ′ ∩ (𝑊G′ · (𝑒∞ + 𝛾(𝑚, 𝜈)))
too. But |𝐹 ′ ∩ (𝑊G′ · (𝑒∞ + 𝛾(𝑚, 𝜈))) | ≤ 1 by [24, Proposition 3.12(b)]. The claim follows.

If 𝑚 = 1 then equation (4.3) becomes (𝛽, 𝑒∞) = 1 − (1/2) (𝜈′, 𝜈′). Therefore, 𝛽 is again in 𝐹 ′ when
(𝜈′, 𝜈′) > 0, that is, when 𝜈′ ≠ 0. But this contradicts Lemma 4.12. If 𝜈′ = 0 then 𝛽 = 𝑒∞+𝛿 = 𝑒∞+𝑚𝛿.

Finally, we consider the case 𝑚 = 0. Again, if (𝜈′, 𝜈′) > 2 then 𝛽 ∈ 𝐹 ′ by (4.3), which contradicts
Lemma 4.12. If (𝜈′, 𝜈′) = 2 then 𝜈′ is in the finite root system Φ. But then (𝛽, 𝑒𝑖) = −(𝜈′, 𝑒𝑖) ≥ 0
for 𝑖 = 1, . . . , 𝑟 implies that 𝜈′ = 𝜃 is the highest positive root and hence 𝛽 = 𝑒∞ + 𝑒0. But then
(𝛽, 𝑒0) = 2 − 1 = 1 contradicting the assumption that (𝛽, 𝑒𝑖) ≤ 0 for all 𝑖 ≥ 0. If 𝜈′ = 0 then
𝛽 = 𝑒∞ = 𝑒∞ + 𝑚𝛿, as required. �

Note that the equation (3.1) defines an isomorphism between the vector spaces of parameters c for
the symplectic reflection algebra and the space HomZ(𝑄,C). Therefore, it implicitly defines an action
of 𝑊aff on the space of parameters, which we also write 𝑐 ↦→ 𝑤∗(𝑐), for 𝑤 ∈ 𝑊aff.

Theorem 4.14. Let 𝛽 ∈ Ξ(c) with 𝑚 := 𝑛 − 𝜚(𝛽) ≤ 𝑛. There exists a c-admissible element 𝑤 ∈ 𝑊aff

such that 𝔏𝑛 (𝛽) � Z𝑤∗ (𝑐) (Γ𝑚). In particular, the leaf closure 𝔏𝑛 (𝛽) is normal.

Proof. We let 𝜈 = 𝛽− (Λ0, 𝛽)𝛿. Then, by Proposition 4.13, there exists a c-admissible element 𝑤 ∈ 𝑊aff

such that 𝑤 ★ 𝛾(𝑚, 𝜈) = 𝑚𝛿. Write 𝛽 =
∑𝑠
𝑖=1 𝑛𝑖𝜂

(𝑖) with 𝜂 (𝑖) ∈ Δ (c). Then the proof of Theorem 4.8
shows that 𝔏𝑛 (𝛽) is the leaf labeled by the representation type

𝜏 = (𝛾(𝑚, 𝜈), (𝑛1, 𝜂
(1) ; . . . ; 𝑛𝑠 , 𝜂 (𝑠) )).
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Since every 𝜂 (𝑖) is a real root, Proposition 2.8 implies that 𝔏(𝛽) � Xc(𝛾(𝑚, 𝜈)) is normal. The fact that
w is c-admissible means that

Xc(𝛾(𝑚, 𝜈)) � X𝑤∗ (c) (𝑚𝛿) � Z𝑤∗ (𝑐) (Γ𝑚). �

Remark 4.15. For any w in the finite Weyl group W, the Calogero–Moser varieties Z𝑐 (Γ𝑛) and
Z𝑤∗ (𝑐) (Γ𝑛) are isomorphic. This follows from the isomorphism Xc(𝑛𝛿) � X𝑤∗ (c) (𝑛𝛿), which can be
deduced from the reflection isomorphisms of Section 2.6 just as in [12, Corollary 3.6] noting that if
1 ≤ 𝑖 ≤ 𝑟 such that c𝑖 = 0 then we still have Xc(𝑛𝛿) � X𝑠∗𝑖 (c) (𝑛𝛿) because 𝑠∗𝑖 c = c in this case.

Noting that we assume c(𝛿) = −1, the parameter 𝑤∗(c) can be computed explicitly in terms of the
vector 𝛽 as follows.

Proposition 4.16. Let 𝛽 ∈ Ξ(c) with 𝑚 := 𝑛 − 𝜚(𝛽) ≤ 𝑛. Then 𝔏𝑛 (𝛽) � Xc′ (𝑚𝛿), where c′ = c + 𝛽.

Proof. We continue with the setup of the proof of Theorem 4.14. In particular, 𝑤 ∈ 𝑊aff is a c-admissible
element with 𝑤 ★ 𝛾(𝑚, 𝜈) = 𝑚𝛿 and 𝛾(𝑚, 𝜈) + 𝛽 = 𝑛𝛿. Recall from Section 4.2 that w can be written
𝑤 = 𝑥𝑡𝑢 , for some (unique) 𝑥 ∈ 𝑊 and 𝑢 ∈ 𝑄. Then 𝑤★𝛾(𝑚, 𝜈) = 𝑚𝛿, together with Lemma 4.5, means
that there exists 𝑟 ∈ Z such that

𝑒∞ + 𝑚𝛿 = 𝑤(𝑒∞ + 𝑚𝛿 + (1/2) (𝜈, 𝜈)𝛿 − 𝜈)
= 𝑥𝑡𝑢 (𝑒∞ + 𝑚𝛿 + (1/2) (𝜈, 𝜈)𝛿 − 𝜈)
= 𝑥(𝑒∞ + 𝑚𝛿 + (1/2) (𝜈, 𝜈)𝛿 − 𝜈 − 𝑢 + 𝑟𝛿)
= 𝑒∞ + (𝑚 + 𝑟 + (1/2) (𝜈, 𝜈))𝛿 − 𝑥(𝜈 + 𝑢).

Comparing the coefficient of 𝑒0 in these equalities implies that 𝑚 + 𝑟 + (1/2) (𝜈, 𝜈) = 𝑚, that is,
𝑟 = −(1/2) (𝜈, 𝜈). Then 𝑥(𝜈 + 𝑢) = 0, that is, 𝑢 = −𝜈.

Therefore, Lemma 4.6 says that 𝑤∗(c) = 𝑥∗𝑡∗−𝜈 (c) = 𝑥∗(c − c(𝛿)𝜈). Recall that 𝜈 = 𝛽 − (Λ0, 𝛽)𝛿 and
hence 𝛽 = 𝜈. Since c(𝛿) = −1, it follows that 𝔏𝑛 (𝛽) � X𝑥∗ (c′) (𝑚𝛿). But X𝑥∗ (c′) (𝑚𝛿) � Xc′ (𝑚𝛿) by
Remark 4.15. �

The partial order on leaves is described as follows.

Proposition 4.17. Assume 𝛽, 𝜂 ∈ Ξ(c) with 𝛽 ≠ 𝜂 and 𝜚(𝛽), 𝜚(𝜂) ≤ 𝑛. Then 𝔏(𝛽) ∩ 𝔏(𝜂) ≠ ∅ in
Z𝑐 (Γ𝑛) if and only if 𝜂 � 𝛽.

Proof. For brevity, set 𝛼 = 𝑒∞ + 𝑛𝛿.
First, we assume that 𝜂 � 𝛽. Then there exist simple Πc𝑛𝛿 -modules 𝑀0, 𝑁0 and semisimple Πc𝑛𝛿 -

modules 𝑀1 = 𝑁11 and 𝑁12 such that dim 𝑀0 = 𝛼− 𝛽, dim 𝑀1 = 𝛽, dim 𝑁0 = 𝛼−𝜂 and dim 𝑁12 = 𝜂− 𝛽.
Let 𝑁1 = 𝑁11 ⊕ 𝑁12 so that dim 𝑁1 = 𝜂. Then [𝑀0 ⊕ 𝑀1] ∈ 𝔏(𝛽) and [𝑁0 ⊕ 𝑁1] ∈ 𝔏(𝜂). To show that
𝔏(𝛽) ∩ 𝔏(𝜂) ≠ ∅ it suffices, by [4, Proposition 3.6] and [4, Corollary 3.25], to argue that the 𝑀𝑖 and
𝑁𝑖 can be chosen such that Stab𝐺 (𝑀0 ⊕ 𝑀1) ⊂ Stab𝐺 (𝑁0 ⊕ 𝑁1), where 𝐺 = 𝐺 (𝛼). Since there are no
homomorphisms between 𝑀0 and the 𝑁𝑖 or between 𝑁0 and 𝑁11, 𝑁12, we have

Stab𝐺 (𝑀0 ⊕ 𝑀1) = AutΠc (𝑀0) × AutΠc (𝑀1) � C× × AutΠc (𝑀1),
Stab𝐺 (𝑁0 ⊕ 𝑁1) = AutΠc (𝑁0) × AutΠc (𝑁1) � C× × AutΠc (𝑀1 ⊕ 𝑁12).

The claim follows.
Conversely, if 𝔏(𝛽) ∩ 𝔏(𝜂) ≠ ∅ with 𝜂 ≠ 𝛽 then there exists [𝑀] ∈ 𝔏(𝛽) and [𝑁] ∈ 𝔏(𝜂) such that

Stab𝐺 (𝑀) � Stab𝐺 (𝑁). We wish to argue that 𝜂 � 𝛽. As in the previous paragraph, we decompose
𝑀 = 𝑀0 ⊕ 𝑀1 and 𝑁 = 𝑁0 ⊕ 𝑁1. If Δ (c) = {𝜂 (1) , . . . , 𝜂 (𝑠) } and 𝐿(𝜂 (𝑖) ) are the simple Πc-modules
with dim 𝐿(𝜂 (𝑖) ) = 𝜂 (𝑖) then 𝑀1 =

⊕𝑠
𝑖=1 𝐿(𝜂 (𝑖) ) ⊗ 𝑈𝑖 , where dim𝑈𝑖 = 𝛽𝑖 , and
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Stab𝐺 (𝛼) (𝑀) = C× ⊗
𝑠⊗
𝑖=1

𝐺𝐿(𝑈𝑖),

with first factor C× = AutΠc (𝑀0). Let C×𝑀1
⊂ Stab𝐺 (𝛼) (𝑀) be the torus that acts by weight one on 𝑀1

and acts trivially on 𝑀0. Let 𝑉 𝑗 be the vector space at vertex j as in (2.2), with 𝑉∞ = 𝑊0 � C since
𝛼∞ = 1. Then Stab𝐺 (𝛼) (𝑀) acts on each 𝑉 𝑗 and 𝑀1 =

⊕
𝑗 (𝑀1∩𝑉 𝑗 ) as a Stab𝐺 (𝛼) (𝑀)-module. Notice

that

𝑉 𝑗 = (𝑀0 ∩𝑉 𝑗 ) ⊕ (𝑀1 ∩𝑉 𝑗 ) = 𝑉 𝑗 (0) ⊕ 𝑉 𝑗 (1),

where 𝑉 𝑗 (𝑚) is the subspace of 𝑉 𝑗 of weight m with respect to C×𝑀1
. We have 𝑀0 ∩ 𝑉∞ = 𝑉∞ � C

because 𝑀1 ∩ 𝑉∞ = 0. Now, by assumption, C×𝑀1
⊂ Stab𝐺 (𝛼) (𝑁). Crucially, C×𝑀1

acts trivially on 𝑁0.
Indeed, 𝑁0 is a simple Πc-module so C×𝑀1

must act as a scalar. But 𝑉∞ = 𝑀0 ∩𝑉∞ = 𝑁0 ∩𝑉∞ ⊂ 𝑁0 so
C×𝑀1

must act trivially on 𝑁0. Therefore, for every 𝑗 ≥ 0, 𝑉 𝑗 (0) = 𝑀0 ∩𝑉 𝑗 ⊃ 𝑁0 ∩𝑉 𝑗 which means that

𝛼 𝑗 − 𝛽 𝑗 = dim 𝑀0 ∩𝑉 𝑗 ≥ dim 𝑁0 ∩𝑉 𝑗 = 𝛼 𝑗 − 𝜂 𝑗

and hence 𝜂 � 𝛽. If 𝜂 = 𝛽 then Stab𝐺 (𝑀) would be a proper subgroup of Stab𝐺 (𝑁) which is also
conjugate to Stab𝐺 (𝑁), which is impossible. Thus, 𝜂 � 𝛽. �

5. Zero level

In this section we consider the parameters c for which c(𝛿) = 0.

5.1. Roots pairing to zero with c

Recall that R is the affine root system associated to the finite group Γ andΦ the standard finite subsystem.

Lemma 5.1. If c(𝛿) = 0 then 𝑅+c = Φ+c ∪ {𝑚𝛿 ± 𝛼 |𝑚 > 0, 𝛼 ∈ Φ+c } ∪ Z>0𝛿.

Proof. Recall that 𝑅+ = Φ+ ∪ {𝑚𝛿 ± 𝛼 |𝑚 > 0, 𝛼 ∈ Φ+} ∪ Z>0𝛿. The result follows. �

This means that 𝑅c = (Φc + Z𝛿) ∪ (Z \ {0})𝛿.

Lemma 5.2. Assume c(𝛿) = 0.

(i) Σc = {minimal elements in Φ+c } ∪ {𝛿} ∪ {𝛿 − 𝛼 | 𝛼 maximal elements in Φ+c }.
(ii) If 𝛼 ∈ 𝐸c then 𝑝Λ0 (𝛼) = 0, that is, 𝑒∞ + 𝛼 is a real root.

Proof. Part (i). It follows directly from Lemma 5.1 that the set {minimal elements in Φ+c } ∪ {𝛿} is
contained in Σc. Consider now 𝑚𝛿 ± 𝛼, where 𝑚 > 0 and 𝛼 ∈ Φ+c . The element 𝑚𝛿 + 𝛼 can be written
as the sum 𝛿 + · · · + 𝛿 plus a sum of vectors in {minimal elements in Φ+c } (adding up to 𝛼) which shows
that the real root 𝑚𝛿 + 𝛼 does not belong to Σc. Similarly, if 𝑚 > 1 then 𝑚𝛿 − 𝛼 can be written as 𝑚 − 1
copies of 𝛿 plus the real root 𝛿 − 𝛼, again implying that it does not belong to Σc.

Finally, we consider 𝛿 − 𝛼, where 𝛼 ∈ Φ+c . If 𝛼 is not maximal then it is clear that 𝛿 − 𝛼 does not
belong to Σc. If 𝛼 is maximal, then the only roots in 𝑅+c that are less than 𝛿 − 𝛼 are all of the form
𝛽 ∈ Φ+c , where 𝛼 and 𝛽 belong to different irreducible factors of Φ+c . In this case, we can never express
𝛿−𝛼 as a sum of such 𝛽; in other words, 𝛿−𝛼 is minimal in 𝑅+c . It follows that this vector belongs to Σc.

Part (ii). If 𝛼 ∈ 𝐸c then, by Lemma 4.3, 𝛼 = 𝑚𝛿 + (1/2) (𝜈, 𝜈)𝛿 − 𝜈. Let 𝛽 = (1/2) (𝜈, 𝜈)𝛿 − 𝜈, so
that 𝑒∞ + 𝛽 is a positive real root for G′, again by Lemma 4.3. Notice that c(𝛿) = 0 and c𝛼 (𝑒∞ + 𝛼) = 0
implies that c𝛼 (𝑒∞ + 𝛽) = 0 too. If 𝑚 > 0, then 𝛼 ∈ 𝐸c implies

𝑚 = 𝑝Λ0 (𝛼) > 𝑝Λ0 (𝛽) + 𝑝(𝛿) + · · · + 𝑝(𝛿) = 𝑚.

Then we have 𝑚 = 0. �
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5.2. The symplectic leaves

We enumerate the irreducible factors of Φc as

Φc = Φ1 ∪ · · · ∪Φℓ .

We recall that a composition of length ℓ is an ℓ-tuple (𝜌1, . . . , 𝜌ℓ) of non-negative integers.

Proposition 5.3. The symplectic leaves 𝔏(𝜆, 𝜌) in Z𝑐 (Γ𝑛) are labeled by pairs (𝜆, 𝜌), where 𝜆 ∈ P is
a partition, 𝜌 is a composition of length ℓ and |𝜆 | + |𝜌 | = 𝑛.

Proof. For each i, we denote by 𝛼(𝑖)1, . . . , 𝛼(𝑖)𝑟𝑖 the simple roots in Φ+𝑖 . If 𝜃 (𝑖) is the longest root in Φ𝑖

then

𝜃 (𝑖) = ℎ(𝑖)1𝛼(𝑖)1 + · · · + ℎ(𝑖)𝑟𝑖𝛼(𝑖)𝑟𝑖 .

Let us explain how to associate to the pair (𝜆, 𝜌) a decomposition of 𝑛𝛿. Lemma 5.2(1) implies that the
root 𝛿 admits a decomposition (1, 𝛿 − 𝜃 (𝑖); ℎ(𝑖)1, 𝛼(𝑖)1; . . . ; ℎ(𝑖)𝑟𝑖 , 𝛼(𝑖)𝑟𝑖 ) in Σc. Multiplying through
by 𝜌𝑖 gives a decomposition of 𝜌𝑖𝛿. Then the decomposition of 𝑛𝛿 corresponding to (𝜆, 𝜌) is

(0, (𝜆1, 𝛿;𝜆2, 𝛿; . . . ; 𝜌1, 𝛿 − 𝜃 (1); 𝜌1ℎ(1)1, 𝛼(1)1; . . . ; 𝜌1ℎ(1)𝑟1 , 𝛼(1)𝑟1 ; 𝜌2, 𝛿 − 𝜃 (2); . . . )), (5.1)

see (2.3) for the notation. We check that these are the only decompositions of 𝑛𝛿.
First, it is shown in [16, Theorem 1.1] that 𝑒∞ + 𝑛𝛿 admits a canonical decomposition with re-

spect to Σc𝑛𝛿 (G′) such that any other decomposition of 𝑒∞ + 𝑛𝛿 is a refinement of this decompo-
sition. In this particular case, the canonical decomposition is computed in [3, Proposition 4.2] and
equals (0, (1, 𝛿; . . . ; 1, 𝛿)). Therefore, we must have 𝛽 (0) = 0 in every decomposition; that is, every
decomposition is of the form (0, (𝑛1, 𝛽

(1) ; . . . )) where (𝑛1, 𝛽
(1) ; . . . ) is a decomposition of 𝑛𝛿 in Σc.

The occurrences of 𝛿 (with multiplicity) in such a decomposition define a partition 𝜆. Discarding
these, we are left with decompositions of 𝑚𝛿 using only the roots in {minimal elements in Φ+c } and
{𝛿 − 𝛼 | 𝛼 maximal elements in Φ+c }. All these roots are real, so only occur once (with multiplicity) in
any decomposition. If 𝛿 − 𝜃 (𝑖) occurs (with multiplicity 𝜌𝑖 say), then the 𝛼(𝑖) 𝑗 must also occur with
multiplicity 𝜌𝑖ℎ(𝑖) 𝑗 . This implies that our decomposition has the form (5.1). �

Example 5.4. If c = 0, then Σ0 = {𝛿, 𝑒0, . . . , 𝑒𝑟 } and Z𝑐 (Γ𝑛) = 𝑉∗/Γ𝑛. Write 𝛿 =
∑𝑟
𝑖=0 𝛿𝑖𝑒𝑖 . The

decompositions of 𝑛𝛿 are all of the form

𝜏 = (0, (𝜆1, 𝛿; . . . ;𝜆𝑘 , 𝛿; 𝑚𝛿0, 𝑒0; . . . ; 𝑚𝛿𝑟 , 𝑒𝑟 ))

where 𝑛 = 𝑚 +
∑𝑟
𝑖=0 𝜆𝑖 . Here, m is acting as a composition of length ℓ = 1. The leaf 𝔏𝜏 is labeled by

the parabolic Γ𝑚 ×𝔖𝜆 and we see that there is a bijection between leaves and parabolic subgroups, as
expected.

5.3. Leaf closures

The combinatorics somewhat obscure the geometry of the situation when c(𝛿) = 0. Write 𝑋c for the
Calogero–Moser variety Z𝑐 (Γ). This is the two-dimensional Calogero–Moser variety obtained when
𝑛 = 1. It is a deformation of the Kleinian singularity C2/Γ. Then c(𝛿) = 0 is the same as 𝑐1 = 0 and in
this case H𝑐 (Γ𝑛) = H𝑐 (Γ)⊗𝑛 � 𝔖𝑛 = H𝑐 (Γ𝑛) � 𝔖𝑛. This implies that Z𝑐 (Γ𝑛) = Z𝑐 (Γ𝑛)𝔖𝑛 ; see, for
example, [2, Section 6.9]. Geometrically, Z𝑐 (Γ𝑛) � 𝑆𝑛𝑋c. The variety 𝑋c has an open leaf 𝑋

reg
c and ℓ

zero-dimensional leaves {𝑝𝑖}, in bijection with the irreducible components Φ𝑖 of Φc. Then the leaves
of Z𝑐 (Γ𝑛) are of the form 𝑆𝜆𝑋

reg
c × {𝜌1𝑝1 + · · · + 𝜌ℓ 𝑝ℓ }.

The ordering on leaves is rather unnatural from the point of view of partition combinatorics. First,
we consider points in the regular locus of 𝑋c. Let 𝜋c : 𝑋𝑛

c → 𝑆𝑛𝑋c be the quotient map. Then 𝑆𝜂𝑋
reg
c ⊂
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𝑆𝜆𝑋
reg
c if and only if the stabilizer 𝔖𝜆 of a point in 𝜋−1

c (𝑆𝜆𝑋
reg
c ) is conjugate to a subgroup of the

stabilizer 𝔖𝜂 of a point in 𝜋−1 (𝑆𝜂𝑋 reg
c ). This happens precisely when we can write each row 𝜂𝑖 of the

partition 𝜂 as a sum 𝜆𝑖,1 + · · · + 𝜆𝑖,𝑟𝑖 of rows from 𝜆. This motivates the following definition.

Definition 5.5. Let 𝜂, 𝜆 be partitions and 𝜁, 𝜌 compositions of length ℓ.

(i) 𝜆 is a constituent of 𝜂 if 𝜂 = (𝜂1, . . . , 𝜂𝑠) and there exist 1 ≤ 𝑗1 < · · · < 𝑗𝑘 ≤ 𝑠 = ℓ(𝜂) such that,
after reordering the parts of 𝜆,

𝜆 = (𝜆1,1, . . . , 𝜆1,𝑟1 , 𝜆2,1, . . . , 𝜆2,𝑟2 , . . . , 𝜆𝑘,1, . . . , 𝜆𝑘,𝑟𝑘 )

with 𝜂 𝑗𝑖 = 𝜆𝑖,1 + · · · + 𝜆𝑖,𝑟𝑖 for each 1 ≤ 𝑖 ≤ 𝑘 .
(ii) We say that (𝜂, 𝜁) < (𝜆, 𝜌) if and only if (𝜂, 𝜁) ≠ (𝜆, 𝜌) and the following two conditions hold.

First, 𝜆 is a constituent of 𝜂. Second, if 1 ≤ 𝑗1 < · · · < 𝑗𝑘 ≤ ℓ(𝜂) are as in part (i) then there is a
partition of the complement 𝐼1 � · · · � 𝐼ℓ of {1, . . . , 𝑠} \ { 𝑗1, . . . , 𝑗𝑘 } such that

𝜁𝑖 = 𝜌𝑖 +
∑
𝑗∈𝐼𝑖

𝜂 𝑗

for all 1 ≤ 𝑖 ≤ ℓ.

Proposition 5.6. The closure order on leaves is given by 𝔏(𝜂, 𝜁) ⊂ 𝔏(𝜆, 𝜌) with 𝔏(𝜂, 𝜁) ≠ 𝔏(𝜆, 𝜌) if
and only if (𝜂, 𝜁) < (𝜆, 𝜌).

Proof. Note that the symmetric group 𝔖𝑛 acts by permuting the entries of 𝑋𝑛
c and 𝑆𝑛𝑋c = 𝑋𝑛

c /𝔖𝑛.
Given (𝜆, 𝜌) with 𝜆 = (𝜆1, . . . , 𝜆𝑠), let us partition

{1, . . . , 𝑛} = 𝐽1 � · · · � 𝐽𝑠 � 𝐽𝑠+1 � · · · � 𝐽𝑠+ℓ (5.2)

linearly (that is, if 𝑎 ∈ 𝐽𝑖 , 𝑏 ∈ 𝐽 𝑗 and 𝑖 < 𝑗 then 𝑎 < 𝑏) such that |𝐽𝑖 | = 𝜆𝑖 for 𝑖 ≤ 𝑠, and |𝐽𝑖+𝑠 | = 𝜌𝑖 for
1 ≤ 𝑖 ≤ ℓ. Then we define 𝐶 (𝜆,𝜌)𝑋c to be the set of points (𝑥1, . . . , 𝑥𝑛) ∈ 𝑋𝑛

c such that (a) 𝑥𝑖 = 𝑥 𝑗 if
and only if 𝑖, 𝑗 ∈ 𝐽𝑘 for some k, (b) if 𝑖 ∈ 𝐽 𝑗 for some 𝑗 ≤ 𝑠 then 𝑥𝑖 ∈ 𝑋

reg
c , and (c) if 𝑖 ∈ 𝐽 𝑗+𝑠 for some

1 ≤ 𝑗 ≤ ℓ then 𝑥𝑖 = 𝑝 𝑗 . The locally closed set 𝐶 (𝜆,𝜌)𝑋c is a connected component of

𝜋−1(𝑆𝜆𝑋 reg
c × {𝜌1𝑝1 + · · · + 𝜌ℓ 𝑝ℓ }) =

⋃
𝜎∈𝔖𝑛

𝜎(𝐶 (𝜆,𝜌)𝑋c).

It is straightforward to check that there exists 𝜎 ∈ 𝔖𝑛 such that 𝜎(𝐶 (𝜂,𝜁 )𝑋c) ⊂ 𝐶 (𝜆,𝜌)𝑋c if and only if
(𝜂, 𝜁) ≤ (𝜆, 𝜌). Then the claim of the proposition follows from the fact that 𝜋c is a finite surjective map
and

𝔏(𝜆, 𝜌) = 𝜋c

(
𝜋−1

c (𝑆𝜆𝑋
reg
c × {𝜌1𝑝1 + · · · + 𝜌ℓ 𝑝ℓ })

)
= 𝜋c

(
𝐶 (𝜆,𝜌)𝑋c

)
. �

Lemma 5.7. The conjugacy class of parabolics associated to 𝔏(𝜆, 𝜌) is (Γ|𝜌 | ×𝔖𝜆).

Proof. Let 𝔭 � Zc (Γ𝑛) be the prime Poisson ideal defining the closure of 𝔏(𝜆,𝜌) . We must show that
gr(𝔭) � C[𝑉∗]Γ𝑛 defines the locus of points whose stabilizer is conjugate to a parabolic containing
Γ|𝜌 | ×𝔖𝜆. We use the notation in the proof of Proposition 5.6.

Recall that Z𝑐 (Γ𝑛) = Z𝑐 (Γ𝑛)𝔖𝑛 and 𝑋𝑛
c = Spec Z𝑐 (Γ𝑛) = Spec Z𝑐 (Γ)⊗𝑛. Let 𝔮 � Z𝑐 (Γ𝑛) be the

prime ideal defining the closure of 𝐶 (𝜆,𝜌)𝑋c in 𝑋𝑛
c . The variety 𝑉∗/Γ𝑛 = 𝑋𝑛

0 /𝔖𝑛 has leaves 𝔏(𝜆, 𝑚)
labeled by conjugacy classes (Γ𝑚 ×𝔖𝜆) of parabolic subgroups. Here we think of m as a composition
of length one. The preimage of 𝔏(𝜆,𝑚) in 𝑋𝑛

0 has irreducible components the images of 𝐶 (𝜆,𝑚)𝑋0 under
the action of 𝔖𝑛. Assume that we have shown that the zero set of the ideal gr(𝔮) contains the closure of
𝐶 (𝜆,𝑚)𝑋0. Then the fact that𝔭 = 𝔮𝔖𝑛 and that F𝑖Z𝑐 (Γ𝑛) = (F𝑖Z𝑐 (Γ𝑛))𝔖𝑛 imply that gr(𝔭) = (gr(𝔮))𝔖𝑛 .
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Thus, the zero set of gr(𝔭) contains 𝜋0 (𝐶 (𝜆,𝑚)𝑋0) = 𝔏(𝜆, 𝑚). But the main result of [31] says that the
zero set of gr(𝔭) is the closure of a leaf in 𝑆𝑛𝑋0 = 𝑉∗/Γ𝑛 of dimension

dim𝔏(𝜆, 𝜌) = 2|𝜆 | = dim𝔏(𝜆, 𝑚).

We deduce that the zero set of gr(𝔭) is 𝔏(𝜆, 𝑚) as required.
Therefore, we are reduced to showing that the zero set of the ideal gr(𝔮) contains the closure of

𝐶 (𝜆,𝑚)𝑋0. If 𝔪𝑖 � Z𝑐 (Γ) is the maximal ideal defining the point 𝑝𝑖 ∈ 𝑋c and 𝔮𝜆 the ideal defining the
closure of 𝐶𝜆𝑋c in 𝑋𝑛−𝑚

c then

𝔮 = 𝔮𝜆 ⊗ Z𝑐 (Γ)⊗𝑚 +
𝑚∑
𝑗=1

Z𝑐 (Γ)⊗(𝑛−𝑚+ 𝑗−1) ⊗ 𝔪𝑖 𝑗 ⊗ Z𝑐 (Γ)⊗(𝑚− 𝑗) .

Since the filtration on Z𝑐 (Γ)⊗𝑛 is the product filtration,

gr(𝔮) = gr(𝔮𝜆) ⊗ Z0 (Γ)⊗(𝑛−𝑚) +
𝑚∑
𝑗=1

Z0(Γ)⊗(𝑛−𝑚+ 𝑗−1) ⊗ 𝔪0 ⊗ Z0 (Γ)⊗(𝑚− 𝑗) ,

where 𝔪0 = gr(𝔪𝑖) is the augmentation ideal in Z0 (Γ) = C[C2]Γ. Thus, we may assume that 𝑚 = 0
and 𝜆 a partition of n.

Recall that for a filtered algebra 𝑅 =
⋃

𝑖 F𝑖𝑅, the symbol 𝜎(𝑥) of a nonzero element 𝑥 ∈ 𝑅 is
the image of x in (F𝑖𝑅)/(F𝑖−1𝑅) ⊂ gr𝑅, where i is the smallest integer such that 𝑥 ∈ F𝑖𝑅. Recall
also that Z0(Γ) = C[A, B, C]/(𝐹), for some polynomial F. If 𝐴, 𝐵, 𝐶 ∈ Z𝑐 (Γ) are elements whose
symbols A = 𝜎(𝐴), B = 𝜎(𝐵), C = 𝜎(𝐶) are generators for Z0 (Γ) then Z0 (Γ𝑛) is generated by
the symbols of the 𝐴𝑖 , 𝐵𝑖 , 𝐶𝑖 for 𝑖 = 1, . . . , 𝑛, where 𝐴1 = 𝐴 ⊗ 1 ⊗ · · · ⊗ 1 etc. Using the partition
(5.2), the ideal 𝔮 is generated by all 𝐴𝑖 − 𝐴 𝑗 , 𝐵𝑖 − 𝐵 𝑗 , 𝐶𝑖 − 𝐶 𝑗 , where 1 ≤ 𝑖 < 𝑗 ≤ 𝑛 with 𝑖, 𝑗 both
belonging to some 𝐽𝑘 for 𝑘 ≤ 𝑠. But then the ideal defining the closure of 𝐶 (𝜆,0)𝑋0 is generated by
the 𝜎(𝐴𝑖) − 𝜎(𝐴 𝑗 ), 𝜎(𝐵𝑖) − 𝜎(𝐵 𝑗 ), 𝜎(𝐶𝑖) − 𝜎(𝐶 𝑗 ). Since 𝐴𝑖 and 𝐴 𝑗 have the same degree under the
filtration we have 𝜎(𝐴𝑖−𝐴 𝑗 ) = 𝜎(𝐴𝑖) −𝜎(𝐴 𝑗 ) etc. It follows that 𝐶 (𝜆,0)𝑋0 ⊂ 𝑉 (gr(𝔮)), as claimed. �

In general, leaf closures are not normal when c(𝛿) = 0. For instance, when Γ = {1} and c = 0, we
have Γ𝑛 = 𝔖𝑛 and Z0(𝔖𝑛) = C2𝑛/𝔖𝑛. This is the situation considered in Example 2.7.

Let 𝔏(𝜆, 𝜌) denote the normalization of 𝔏(𝜆, 𝜌). Recall that if 𝜆 = (𝜆1, 𝜆2, . . . ) is a partition then
we set 𝔖(𝜆) :=

∏
𝑖≥1𝔖𝑛𝑖 where 𝑛𝑖 := |{ 𝑗 | 𝜆 𝑗 = 𝑖}|.

Proposition 5.8. Assume c(𝛿) = 0. Then

𝔏(𝜆, 𝜌) �
𝑘∏
𝑖=1

Z𝑐 (Γ𝑛𝑖 ) = Z𝑐 (𝑁Γ𝑛 (P)/P), (5.3)

where (P = Γ𝑚 � 𝔖𝜆) is the parabolic conjugacy class associated to 𝔏(𝜆,𝜌) .

Proof. Note that the conjugacy class of parabolic associated to 𝔏(𝜆, 𝜌) is specified in Lemma 5.7. The
composition 𝜌 corresponds to the representation type

(𝜌1, 𝛿 − 𝜃 (1); 𝜌1ℎ(1)1, 𝛼(1)1; . . . ; , 𝜌1ℎ(1)𝑟1 , 𝛼(1)𝑟1 ; 𝜌2, 𝛿 − 𝜃 (2); . . . ),

all of whose terms are real roots. Therefore, Theorem 2.3 says that

𝔏(𝜆, 𝜌) � 𝔐c(G(Γ), 𝛿)𝑠/𝔖(𝜆) �
𝑘∏
𝑖=1

𝑋𝑛𝑖
c /𝔖𝑛𝑖 ,
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where 𝑠 = ℓ(𝜆) = 𝑛1 + · · · + 𝑛𝑘 and the second isomorphism is due to the fact that 𝔐c (𝛿) = 𝑋c. Since
Z𝑐 (Γ𝑛) = 𝑆𝑛𝑋c when c(𝛿) = 0, the first isomorphism of (5.3) follows. The second isomorphism is just
the description of 𝑁Γ𝑛 (P)/P given in Lemma 3.4. �

6. Combinatorics

In this section we introduce the additional combinatorics required to treat in greater generality the case
where Γ is of type A, that is, Γ is a cyclic group.

Assume ℓ ∈ Z>0. We set Γ = Z/ℓZ. The associated set of simple roots is Δ = {𝑒0, 𝑒1, . . . , 𝑒ℓ−1}. The
minimal imaginary root is 𝛿 =

∑
𝑖∈Z/ℓZ 𝑒𝑖 . We consider the following quiver Qℓ . The set of vertices of

Qℓ is Δ (we also identify this set with Z/ℓZ) and the arrows of Qℓ are of the form 𝑒𝑖 → 𝑒𝑖+1 for each
𝑖 ∈ Z/ℓZ.

We also allow ℓ = ∞. In this case, we mean that Q∞ is the infinite linear quiver with set of vertices
Δ = {𝑒𝑖 , 𝑖 ∈ Z} and arrows 𝑒𝑖 → 𝑒𝑖+1 for 𝑖 ∈ Z. Let us also use the convention that for ℓ = ∞ we have
Z/ℓZ = Z. Then we still have Δ = {𝑒𝑖 , 𝑖 ∈ Z/ℓZ} for ℓ = ∞.

6.1. Residues

Assume 𝑛 ∈ Z�0. We will identify partitions with Young diagrams. The partition 𝜆 corresponds to a
Young diagram with r lines such that the ith line contains 𝜆𝑖 boxes. For example, the partition (4, 2, 1)
corresponds to the Young diagram

Assume ℓ ∈ Z>0 ∪ {∞}. We say that a box b of the Young diagram is at position (r,s) if it is in row r
and column s. The ℓ-residue of the box b is the number 𝑠 − 𝑟 modulo ℓ; we say that the integer 𝑠 − 𝑟 is
the∞-residue of the box b. Then we obtain a map

Res ℓ : P → ZZ/ℓZ, 𝜆 ↦→ Res ℓ (𝜆),

such that for each 𝑖 ∈ Z/ℓZ the number of boxes with ℓ-residue i in 𝜆 is (Res ℓ (𝜆))𝑖 . (In particular, we
obtain a map Res∞ : P → ZZ.) For ℓ = ∞, we mean that ZZ/ℓZ = ZZ is the direct sum (and not the
direct product) of Z copies of Z. In other words, our convention is that for an element 𝛼 = (𝛼𝑖)𝑖∈Z ∈ ZZ,
only a finite number of integers 𝛼𝑖 are nonzero.

Example 6.1. For the partition 𝜆 = (4, 2, 1) and ℓ = 3 the 3-residues of the boxes are

0 1 2 0
2 0
1

In this case Res ℓ (𝜆) = (3, 2, 2) because there are three boxes with residue 0, two boxes with residue 1,
and two boxes with residue 2.

We say that a box of a Young diagram is removable if it has no boxes to its right or below it. In other
words, a box b is removable for 𝜆 if 𝜆\𝑏 is still a Young diagram. We say that a box b is addable for 𝜆
if b is not a box of 𝜆 and 𝜆 ∪ 𝑏 is still a Young diagram. For 𝑖 ∈ Z/ℓZ, we say that a box is i-addable or
respectively i-removable if it is an addable or respectively removable box with ℓ-residue i.

For 𝜆, 𝜇 ∈ P , we write 𝜇 � 𝜆 if the Young diagram of 𝜇 can be obtained from the Young diagram of
𝜆 by removing a sequence of removable boxes.
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6.2. ℓ-cores

Assume ℓ ∈ Z>0.

Definition 6.2. The partition 𝜆 is an ℓ-core if there is no partition 𝜇 � 𝜆 such that the Young diagram
of 𝜇 differs from the Young diagram of 𝜆 by ℓ boxes with ℓ different ℓ-residues.

See [7] for more details about the combinatorics of ℓ-cores. Let Cℓ ⊂ P be the set of ℓ-cores. Set
Cℓ (𝑛) = P (𝑛) ∩ Cℓ .

If a partition 𝜆 is not an ℓ-core, then we can get a smaller partition whose Young diagram is obtained
from the Young diagram of 𝜆 by removing ℓ boxes with different ℓ-residues. We can repeat this operation
again and again until we get an ℓ-core. It is well known that the ℓ-core that we get is independent of the
choice of the boxes that we remove. Then we get a function

Coreℓ : P → Cℓ .

If 𝜇 = Coreℓ (𝜆), we will say that the partition 𝜇 is the ℓ-core of the partition 𝜆.

Example 6.3. The partition (4, 2, 1) from the previous example is not a 3-core because it is possible to
remove the three bottom boxes. We get

0 1 2 0

But this is still not a 3-core because we can remove three more boxes and we get

0

This shows that the partition (1) is the 3-core of the partition (4, 2, 1).
Remark 6.4. Assume that 𝜇 = Coreℓ (𝜆) and 𝜇 is obtained from 𝜆 by removing 𝑟ℓ boxes. Then
Res ℓ (𝜆) = Res ℓ (𝜇) + 𝑟𝛿. In particular, if we have two partitions 𝜆 (1) and 𝜆 (2) with the same ℓ-cores
and such that |𝜆 (1) | = |𝜆 (2) |, then they have the same ℓ-residues. More generally, if two partitions 𝜆 (1)

and 𝜆 (2) have the same ℓ-cores then we have Res ℓ (𝜆 (1) ) = Res ℓ (𝜆 (2) )+𝑟𝛿, where 𝑟 = (|𝜆 (1) |− |𝜆 (2) |)/ℓ.

For 𝜈 ∈ Cℓ , set P𝜈 = {𝜆 ∈ P; Coreℓ (𝜆) = 𝜈} and P𝜈 (𝑛) = P𝜈 ∩ P (𝑛).

6.3. Action of the affine Weyl group

Assume ℓ ∈ Z>0. Then 𝑊aff is the affine Weyl group of type Ãℓ−1. For ℓ � 2 it is the Coxeter group
with associated Coxeter system (𝑊aff , 𝑆aff), where 𝑆aff = {𝑠𝑖 | 𝑖 ∈ Z/ℓZ} and the Coxeter graph has
vertices the elements of Z/ℓZ and we have an edge between i and 𝑖 + 1 for each 𝑖 ∈ Z/ℓZ. We also
extend this notion to the case ℓ = 1 by setting 𝑊aff = 1 in this case. We denote by ℓ the length function
ℓ : 𝑊aff → Z�0. The nonaffine Weyl group W (isomorphic to the symmetric group 𝔖ℓ) is a parabolic
subgroup of 𝑊aff generated by 𝑠1, . . . , 𝑠ℓ−1 (for ℓ = 1 we mean that 𝑊 = 1).

We consider the 𝑊aff-action on 𝑄 � ZΔ � ZZ/ℓZ given by 𝑠 𝑗 ★ 𝛼 = 𝛼′, where

𝛼′𝑖 =

{
𝛼𝑖 if 𝑖 ≠ 𝑗 ,

1 𝑗 ,0 + 𝛼𝑖+1 + 𝛼𝑖−1 − 𝛼𝑖 if 𝑖 = 𝑗 .

The 𝑊aff-action here is the action defined in (2.1), where ★ = ★Λ0 .
We also consider the 𝑊aff-action on HomZ(𝑄,C) � CZ/ℓZ given by

𝑠∗𝑗 (c)𝑖 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
c𝑖 if 𝑖 ∉ { 𝑗 − 1, 𝑗 , 𝑗 + 1},
c 𝑗 + c𝑖 if 𝑖 ∈ { 𝑗 − 1, 𝑗 + 1},
−c𝑖 if 𝑖 = 𝑗 .
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Similarly to §2.2, we write 𝑤∗(c) and not 𝑤(c) to distinguish this action from the usual action on the
root lattice. This definition agrees with the definition given in §2.2.

In type Ãℓ−1, the Z-linear map 𝑄 → CZ/ℓZ, 𝛼 ↦→ 𝛼, introduced in Section 4.2 is given explicitly by

(𝑒𝑟 )𝑖 = 2 · 1𝑖,𝑟 − 1𝑖,𝑟+1 − 1𝑖,𝑟−1.

Note that this map is different from the obvious inclusion ZZ/ℓZ ⊂ CZ/ℓZ.

Remark 6.5. [7, Section 3] defined an 𝑊aff-action on Cℓ . Let us recall this construction. Fix 𝑖 ∈ Z/ℓZ
and 𝜈 ∈ Cℓ .

(1) If 𝜈 has neither i-removable boxes nor i-addable boxes, then we have 𝑠𝑖 (𝜈) = 𝜈.
(2) Assume that 𝜈 has no i-removable boxes and has at least one i-addable box. Then 𝑠𝑖 (𝜈) is obtained

from 𝜈 by addition of all i-addable boxes.
(3) Assume that 𝜈 has no i-addable boxes and has at least one i-removable box. Then 𝑠𝑖 (𝜈) is obtained

from 𝜈 by removing all i-removable boxes.
(4) The situation when the ℓ-core 𝜈 has an i-addable box and an i-removable box at the same time is

impossible.

By construction, the map Res ℓ : Cℓ → ZZ/ℓZ is 𝑊aff-invariant. Moreover, the ℓ-residue of the empty
partition is zero. The stabilizer of the empty partition in 𝑊aff is W and the stabilizer of 0 ∈ ZZ/ℓZ in
𝑊aff is also W. This implies that we have 𝑊aff-invariant bijections

𝑊aff/𝑊 � Cℓ � 𝑊aff ★ 0 ⊂ ZZ/ℓZ,
𝑤𝑊 ↦→ 𝑤(∅) ↦→ 𝑤 ★ 0.

Since Res ℓ is a 𝑊aff-invariant map and Res ℓ (∅) = 0, the bijection Cℓ � 𝑊aff ★ 0 is given by the map
Res ℓ . In particular, we see that an element ZZ/ℓZ is a residue of an ℓ-core if and only if it is in the
𝑊aff-orbit of 0.

Moreover, since we have 𝑤★ (𝛼+𝑛𝛿) = 𝑤★𝛼+𝑛𝛿 and since each 𝑊aff-orbit in ZZ/ℓZ contains exactly
one element of the form 𝑛𝛿 (see [12, Lem. 2.8]), each element 𝛼 ∈ ZZ/ℓZ has a unique presentation in
the form

𝛼 = Res ℓ (𝜈) + 𝑛𝛿, 𝜈 ∈ Cℓ , 𝑛 ∈ Z. (6.1)

The following lemma is a reformulation of [7, Remark 3.2.3].

Lemma 6.6. Fix 𝜈 ∈ Cℓ and 𝑖 ∈ Z/ℓZ. Let w be the unique element of 𝑊aff such that 𝑤(∅) = 𝜈 and such
that w is the shortest element in the coset 𝑤𝑊 ∈ 𝑊aff/𝑊 . The situations (1), (2), (3) in Remark 6.5 are
equivalent to the following situations (1), (2), (3) respectively:

(1) 𝑠𝑖𝑤 ∈ 𝑤𝑊 and ℓ(𝑠𝑖𝑤) > ℓ(𝑤),
(2) 𝑠𝑖𝑤 ∉ 𝑤𝑊 and ℓ(𝑠𝑖𝑤) > ℓ(𝑤),
(3) 𝑠𝑖𝑤 ∉ 𝑤𝑊 and ℓ(𝑠𝑖𝑤) < ℓ(𝑤).

6.4. J-cores

Fix a subset 𝐽 ⊂ Z/ℓZ.

Definition 6.7. We say that a box of a Young diagram is J-removable if it is removable and its residue
is in J. We say that a Young diagram is a J-core if it has no J-removable boxes. Denote by C𝐽 the set of
all J-cores.

To each partition 𝜆 ∈ P we can associate a partition Core𝐽 (𝜆) ∈ C𝐽 obtained from it by removing
J-removable boxes (probably in several steps). The result Core𝐽 (𝜆) does not depend on the order of
operations.
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Lemma 6.8. For each 𝜇 ∈ C𝐽 , we have Coreℓ (𝜇) ∈ C𝐽 .

Proof. This statement is quite obvious when we see the partition 𝜇 as an abacus, see for example,
[7, §2] for the definition of an abacus.

However we can give another proof based on the representation theory of quivers and the results of
Section 7. Fix some J-standard c ∈ CZ/ℓZ. Since 𝜇 is a J-core, the representation 𝐴𝜇 constructed in
Section 7.6 is simple by Lemma 7.19. Then the dimension vector Res ℓ (𝜇) of this representation is in 𝐸c.

Now, let 𝜈 be the ℓ-core of 𝜇. Assume that 𝜈 is obtained from 𝜇 by removing 𝑟ℓ boxes. Then
Res ℓ (𝜇) = Res ℓ (𝜈) + 𝑟𝛿 ∈ 𝐸c and hence Lemma 7.27 implies that 𝜈 is a J-core. �

7. Quiver varieties for the cyclic quiver

7.1. Quiver varieties for the cyclic quiver

Assume ℓ ∈ Z>0 ∪ {∞}. Consider a dimension vector 𝛼 = (𝛼𝑖)𝑖∈Z/ℓZ ∈ ZZ/ℓZ�0 � 𝑄+ for the quiver Qℓ .
For ℓ = ∞, we always assume additionally that 𝛼 ∈ ZZ has a finite number of nonzero components.

Let Q
ℓ be the double quiver of Qℓ . That is, Q

ℓ is the quiver obtained from Qℓ by adding an opposite
arrow to each arrow of Qℓ . We would also like to have a framed version adding a 1-dimensional framing
only for the vertex 𝑒0. Similar to the notation given in §3.1, let Qℓ (∞) be the quiver obtained from Qℓ by
adding an extra vertex 𝑒∞ and an extra arrow 𝑒∞ → 𝑒0. Denote by Qℓ (∞) the double quiver of Qℓ (∞).
For each dimension vector 𝛼 as above for the quiver Qℓ , consider the dimension vector 𝛼̂ = 𝛼 + 𝑒∞
for the quiver Qℓ (∞) (we just add the dimension 1 component for the extra vertex). Let us consider
the quiver variety Xc(𝛼) as in §2.4. Since we wish to define an action of C× on Xc(𝛼), we spell out in
greater detail the definition of Xc(𝛼) in this particular case.

An element of Rep(Qℓ (∞), 𝛼̂) is a tuple (𝑋,𝑌, 𝑥, 𝑦), where

𝑋 = (𝑋𝑖)𝑖∈Z/ℓZ, 𝑋𝑖 ∈ Hom(C𝛼𝑖+1 ,C𝛼𝑖 ) 𝑌 = (𝑌𝑖)𝑖∈Z/ℓZ, 𝑌𝑖 ∈ Hom(C𝛼𝑖 ,C𝛼𝑖+1 ),

𝑥 ∈ Hom(C,C𝛼0), 𝑦 ∈ Hom(C𝛼0 ,C).

The group 𝐺 (𝛼) acts on Rep(Qℓ (∞), 𝛼̂). We consider

𝜇𝛼 : Rep(Qℓ (∞), 𝛼̂) −→
⊕

𝑖∈Z/ℓZ End(C𝛼𝑖 )

(𝑋𝑖 , 𝑌𝑖 , 𝑥, 𝑦)𝑖∈Z/ℓZ ↦−→ (𝑋𝑖𝑌𝑖 − 𝑌𝑖−1𝑋𝑖−1 + 1𝑖,0𝑥𝑦)𝑖∈Z/ℓZ

the corresponding moment map. If c = (c𝑖)𝑖∈Z/ℓZ ∈ CZ/ℓZ, we denote by Ic (𝛼) the family (c𝑖 IdC𝛼𝑖 )𝑖∈Z/ℓZ.
Finally, we set

Yc(𝛼) = 𝜇−1
𝛼 (Ic(𝛼)).

We get the following description of the variety:

Xc(𝛼) = Yc(𝛼)//𝐺 (𝛼).

Remark 7.1. We extend the definition of Xc(𝛼) to the case where 𝛼 ∈ ZZ/ℓZ by the convention that
Xc(𝛼) = ∅ whenever at least one of the 𝛼𝑖 is negative.

Let Rep(Q) be the category of (finite dimensional) representations of the quiver Q. We can view each
element of Rep(Q, 𝛼) as an object in Rep(Q) with dimension vector 𝛼.

Now, assume ℓ ∈ Z>0.

Definition 7.2. Consider the following map 𝜄 : Rep(Q∞(∞)) → Rep(Qℓ (∞)).
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For each finite dimensional representation (𝑋,𝑌, 𝑥, 𝑦) of Q∞(∞) with the underlying vector space
𝑉 =

⊕
𝑗∈Z𝑉 𝑗 we can associate a representation (𝑋 ′, 𝑌 ′, 𝑥 ′, 𝑦′) of Qℓ (∞) with the underlying vector

space 𝑉 ′ =
⊕

𝑖∈Z/ℓZ𝑉
′
𝑖 where

𝑉 ′𝑖 =
⊕
𝑗∈Z

𝑗≡𝑖 mod 𝑙

𝑉 𝑗 , 𝑋 ′𝑖 =
⊕
𝑗∈Z

𝑗≡𝑖 mod 𝑙

𝑋 𝑗 , 𝑌 ′𝑖 =
⊕
𝑗∈Z

𝑗≡𝑖 mod 𝑙

𝑌 𝑗 ,

𝑥 ′ is the composition of x with the natural map 𝑉0 → 𝑉 ′0, 𝑦′ is the composition of y with the natural map
𝑉 ′0 → 𝑉0.

7.2. Reflection isomorphism

By Section 2.6, we have an isomorphism

X𝑠∗𝑗 (c) (𝑠 𝑗 ★𝛼) � Xc(𝛼) if c 𝑗 ≠ 0. (7.1)

Note that this isomorphism takes into account the convention of Remark 7.1.
The isomorphism above motivates one to consider the following equivalence relation on the set

ZZ/ℓZ × CZ/ℓZ. Let ∼ be the transitive closure of

(𝛼, c) ∼ (𝑠𝑖 ★𝛼, 𝑠∗𝑖 (c)) if c𝑖 ≠ 0.

The isomorphism (7.1) implies that if (𝛼, c) ∼ (𝛼′, c′) then we have an isomorphism of algebraic
varieties Xc(𝛼) � Xc′ (𝛼′).

Remark 7.4. Let 𝑊aff
c denote the stabilizer of c in 𝑊aff. Assume that c is such that 𝑊aff

c is a parabolic
subgroup of 𝑊aff. Then we can describe the set of pairs that are equivalent to (𝛼, c) in the following
way. They are of the form (𝑤 ★ 𝛼, 𝑤∗(c)), where w is the element of shortest length in the right coset
𝑤𝑊aff

c ∈ 𝑊aff/𝑊aff
c .

7.3. Quiver varieties vs Calogero–Moser varieties

Assume ℓ ∈ Z>0. Recall that we assumed Γ = Z/ℓZ. Let us review the isomorphism in Theorem 3.3 in
this case. We include the additional C×-action.

Assume that 𝑛 ≥ 2. We set 𝜁 = exp(2𝜋
√
−1/ℓ). We denote by s the permutation matrix corresponding

to the transposition (1, 2) and we set

𝑡 = diag(𝜁, 1, . . . , 1) ∈ Γ𝑛.

Then s, t, 𝑡2,. . . , 𝑡ℓ−1 is a set of representatives of conjugacy classes of reflections in Γ𝑛. For simplicity,
we set

𝑎 = 𝑐𝑠 and 𝑘 𝑗 =
1
ℓ

ℓ−1∑
𝑖=1

𝜁−𝑖 ( 𝑗−1)𝑐𝑡𝑖

for 𝑗 ∈ Z/ℓZ. Then

𝑘0 + · · · + 𝑘ℓ−1 = 0 and 𝑐𝑡𝑖 =
∑

𝑗∈Z/ℓZ
𝜁 𝑖 ( 𝑗−1) 𝑘 𝑗 (7.2)
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for 1 ≤ 𝑖 ≤ ℓ − 1. Finally, if 𝑖 ∈ Z/ℓZ, we set

c𝑖 =
{
𝑘−𝑖 − 𝑘1−𝑖 if 𝑖 ≠ 0,
−𝑎 + 𝑘0 − 𝑘1 if 𝑖 = 0.

(7.3)

and c = (c𝑖)𝑖∈Z/ℓZ.
There is aC×-action on Xc(𝑛𝛿) given by 𝜉 · (𝑋,𝑌, 𝑥, 𝑦) = (𝜉−1𝑋, 𝜉𝑌, 𝑥, 𝑦). The following proposition

is a C×-equivariant version of Theorem 3.3 in this situation, see also Remark 3.1. However, the choice
of the parameter c in terms of c here is different from the choice made in Theorem 3.3 by multiplication
by a constant. This choice is made to be compatible with [12].

The following result is proved in [23, Theorem 3.10]. (Note that our 𝑘𝑖 is related to Gordon’s 𝐻𝑖 via
𝐻𝑖 = 𝑘−𝑖 − 𝑘1−𝑖 .)

Proposition 7.7. There is a C×-equivariant isomorphism of varieties

Z𝑐
∼−→ Xc(𝑛𝛿).

In the above isomorphism, the parameter a of the variety Z𝑐 corresponds to − (
∑
𝑖∈Z/ℓZ c𝑖) = −c(𝛿)

for Xc(𝑛𝛿). Note that 𝑎 = −c(𝛿) is invariant under the transformation of the parameter c ↦→ 𝑠∗𝑗 (c). From
now on, we assume 𝑎 ≠ 0.

Remark 7.8. All statements in Section 7.3 also make sense for 𝑛 = 1 with the following modifications.
We have no transposition s, so we have no parameter a. On the other hand, for 𝑛 = 1, the variety Xc(𝑛𝛿)
does not depend on c0.

We can also use the convention that for 𝑛 = 0 the Calogero–Moser variety is a point. Then Proposi-
tion 7.7 still holds.

Recall also from [21, §11] the following result, which follows from Proposition 7.7.

Lemma 7.9. If 𝑛 ≥ 0, then Xc(𝑛𝛿) is normal of dimension 2𝑛.

7.4. Semisimple representations in Repc(Q
ℓ)

Denote by Repc(Q
ℓ) the additive category of representations (𝑋,𝑌 ) of Q

ℓ satisfying the moment map
relations 𝜇𝛼 (𝑋,𝑌 ) = Ic(𝛼), where 𝛼 is the dimension vector of the representation (𝑋,𝑌 ). Since we
assume 𝑎 ≠ 0, we are in the setup of Section 4. Then the set Σc of dimension vectors of simple
representations in Repc(Q

ℓ) is the same as the set of simple roots Δ (c) in 𝑅c. The set of dimension
vectors of semisimple representations is the set ΣΣc of (possibly zero) sums of the elements of Σc.
Moreover, since each element of ΣΣc has a unique decomposition as a sum of elements of Σc = Δ (c),
for each 𝛼 ∈ ΣΣc there exists a unique up to isomorphism semisimple representation in Repc (Q

ℓ). Let
us denote this representation by 𝐿(𝛼). We see in particular that for each 𝛼 ∈ ZZ/ℓZ�0 , the variety 𝔐c (𝛼)
is either a singleton or empty. More precisely, we have

𝔐c (𝛼) =
{
{𝐿(𝛼)} if 𝛼 ∈ ΣΣc,

∅ else.

7.5. Symplectic leaves

Denote by Repc(Qℓ (∞)) the category of representations (𝑋,𝑌, 𝑥, 𝑦) of Qℓ (∞) whose dimension vector
is of the form 𝛼̂ for some 𝛼 ∈ ZZ/ℓZ and satisfying the moment map relations 𝜇𝛼 (𝑋,𝑌, 𝑥, 𝑦) = Ic(𝛼).
This category is not additive because we have imposed that the representations have dimension 1 at the
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vertex ∞. However, it does make sense to add an object of Repc(Q
ℓ) and an object of Repc(Qℓ (∞)),

getting an object of Repc(Qℓ (∞)).
An object M of Repc(Qℓ (∞)) is indecomposable as a representation of the quiver Qℓ (∞) if and only

if the only possible decomposition 𝑀 = 𝑀0 ⊕ 𝑀1 with 𝑀0 ∈ Repc(Qℓ (∞)) and 𝑀1 ∈ Repc (Q
ℓ) is

𝑀 = 𝑀 ⊕ 0.

Remark 7.10. Assume 𝛼 ∈ 𝐸c. Then, by Proposition 4.13, the pair (𝛼, c) is equivalent to a pair of
the form (𝑛𝛿, c′) with 𝑛 � 0. In particular, by Proposition 7.7, the variety Xc(𝛼) is isomorphic to the
Calogero–Moser variety Xc′ (𝑛𝛿).

Each object 𝑀 ∈ Repc (Q
ℓ) has a unique decomposition 𝑀 = 𝑀0⊕𝑀1 such that 𝑀0 ∈ Repc(Qℓ (∞)),

𝑀1 ∈ Repc(Q
ℓ) and 𝑀0 is indecomposable. Set dimreg 𝑀 = dim 𝑀0 ∈ ZZ/ℓZ.

Take a point [𝑀] ∈ Xc(𝛼) presented by a semisimple representation 𝑀 ∈ Repc(Qℓ (∞)).

Lemma 7.11. Two points [𝑀], [𝑀 ′] ∈ Xc(𝛼) are in the same symplectic leaf if and only if we have
dimreg(𝑀) = dimreg(𝑀 ′).

Proof. Let us decompose M as a direct sum of simple representations 𝑀 =
⊕𝑘

𝑟=0 𝑀𝑟 , where 𝑀0 ∈
Repc(Qℓ (∞)) and other summands are in Repc(Q

ℓ).
Once we know the dimension vector 𝛼′ of 𝑀0, we know automatically k and the dimension vectors

of 𝑀1, 𝑀2, . . . , 𝑀𝑘 (up to a permutation) because 𝐿(𝛼 − 𝛼′) is the unique semisimple representation in
Repc(Q

ℓ) of dimension vector 𝛼 − 𝛼′. Then the statement follows from the description of symplectic
leaves given in [4, Theorem 1.9]. �

For two dimension vectors 𝛼 and 𝛼′ we set𝔏𝛼
𝛼′ = {[𝑀] ∈ Xc(𝛼); dimreg (𝑀) = 𝛼′}. By Lemma 7.11

𝔏𝛼
𝛼′ is either a symplectic leaf of Xc(𝛼) or is empty. Note that the labeling used here is different from

the labeling of symplectic leaves in Section 4. The leaf 𝔏𝛼
𝛼′ here corresponds to 𝔏(𝛼 − 𝛼′) in Section 4.

Lemma 7.12. The symplectic leaves 𝔏𝛼
𝛼′ ⊂ Xc(𝛼) define a finite stratification of Xc(𝛼) into locally

closed subsets. For two symplectic leaves 𝔏𝛼
𝛼′ and 𝔏𝛼

𝛼′′ of Xc(𝛼) we have 𝔏𝛼
𝛼′ ⊂ 𝔏𝛼

𝛼′′ if and only if
𝛼′′ − 𝛼′ ∈ ΣΣc.

Proof. This statement is a special case of [4, Proposition 3.6]. See also the proof of Proposition 4.17
for more details. �

Proposition 7.13. (i) For each dimension vector 𝛼 such that Xc(𝛼) ≠ ∅, there is a decomposition
𝛼 = 𝛼0 + 𝛼1 such that 𝛼0 ∈ 𝐸c and 𝛼1 ∈ ΣΣc such that for any other decomposition 𝛼 = 𝛼′0 + 𝛼′1 with
𝛼′0 ∈ 𝐸c and 𝛼′1 ∈ ΣΣc we have 𝛼0 − 𝛼′0 ∈ ΣΣc.

(ii) 𝔏𝛼0 is the unique open symplectic leaf in Xc(𝛼).
(iii) We have an isomorphism of varieties

Xc(𝛼0) � Xc(𝛼), [𝑀] ↦→ [𝑀 ⊕ 𝐿(𝛼1)] .

Proof. By [32, Corollary 1.45], the smooth locus of Xc(𝛼) is a symplectic leaf. Then it should be of the
form 𝔏𝛼

𝛼0 for some 𝛼0. Since Xc(𝛼) is irreducible by [16, Corollary 1.4], we have 𝔏𝛼
𝛼0 = Xc(𝛼). Then,

by Lemma 7.12, for any other symplectic leaf 𝔏𝛼
𝛼′0

we have 𝛼0 − 𝛼′0 ∈ ΣΣc. This proves (𝑖) and (𝑖𝑖).
Part (𝑖𝑖𝑖) follows from [16, Theorem 1.1]. �

Now, we set Xc(𝛼)reg = 𝔏𝛼
𝛼0 . Assume that 𝛼 and 𝛼′ are such that 𝔏𝛼

𝛼′ is nonempty.

Lemma 7.14. The closure of 𝔏𝛼
𝛼′ is isomorphic to Xc(𝛼′).
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Proof. Lemma 2.6 and Proposition 2.8 imply that the map

𝜙 : Xc(𝛼′) → 𝔏𝛼
𝛼′ , [𝑀] ↦→ [𝑀 ⊕ 𝐿(𝛼 − 𝛼′)]

is an isomorphism. �

Corollary 7.15. The closure of each symplectic leaf 𝔏𝛼
𝛼′ of the variety Xc(𝛼) is isomorphic to a variety

of the form Xc′ (𝑟𝛿) for some 𝑟 � 0 and some c′ ∈ CZ/ℓZ.

Proof. First of all, note that 𝛼′ ∈ 𝐸c. By Remark 7.10, the pair (𝛼′, c) is equivalent to some pair of the
form (𝑟𝛿, c′) where 𝑟 � 0 and c′ ∈ CZ/ℓZ. Then the isomorphism (7.1) yields Xc(𝛼′) � Xc′ (𝑟𝛿). �

Combining the corollary above with Proposition 7.7 yields the following theorem.

Theorem 7.16. The closure of each symplectic leaf of the Calogero–Moser variety of type 𝐺 (ℓ, 1, 𝑛) with
𝑎 ≠ 0 is isomorphic to a Calogero–Moser variety of type 𝐺 (ℓ, 1, 𝑟) for some 𝑟 ∈ [0; 𝑛]. In particular,
all leaf closures are normal when 𝑎 ≠ 0.

Remark 7.17. We explain the relationship between the parameters of the two Calogero–Moser vari-
eties in Theorem 7.16. The Calogero–Moser variety Z𝑐 (𝐺 (ℓ, 1, 𝑛)) is isomorphic to the quiver variety
Xc(𝑛𝛿). The closure of the symplectic leaf 𝔏𝑛𝛿

𝛼′ is isomorphic to Xc(𝛼′). Just as in the proof of Proposi-
tion 4.16, we can find 𝑤 ∈ 𝑊aff that realizes the equivalence between (𝛼′, c) and (𝑤 ★𝛼′ = 𝑟𝛿, 𝑤∗(c)).
Set c′ = 𝑤∗(c). We have an isomorphism Xc(𝛼′) � Xc′ (𝑟𝛿). Since 𝑤★𝛼′ = 𝑟𝛿, Lemma 4.5 implies that
𝑤 = 𝑥𝑡𝛼′ , where 𝑥 ∈ 𝑊 . Then, by Lemma 4.6, c′ = (𝑥𝑡𝛼′ )∗ (c) = 𝑥∗(c − 𝑎𝛼′). Moreover, the action of
the element 𝑥 ∈ 𝑊 on CZ/ℓZ corresponds to some permutation of the parameters 𝑘0, 𝑘1, . . . , 𝑘ℓ−1 (see
[12, Remark 3.5]) and a permutation of the parameters does not change the Calogero–Moser variety up
to isomorphism, see Remark 4.15.

Therefore, the parameters 𝑎, 𝑘0, 𝑘1, . . . , 𝑘ℓ−1 (corresponding to c) of the original Calogero–Moser
variety Z𝑐 (𝐺 (ℓ, 1, 𝑛)) are related to the parameters 𝑎′, 𝑘 ′0, 𝑘

′
1, . . . , 𝑘

′
ℓ−1 (corresponding to c′) of the

new Calogero–Moser variety 𝔏𝑛𝛿
𝛼′ � Z𝑐′ (𝐺 (ℓ, 1, 𝑟)) as follows:

𝑎′ = 𝑎, 𝑘 ′𝑖 = 𝑘𝑖 + (𝛼′1−𝑖 − 𝛼′−𝑖).

In the case where n, resp. r, is equal to 1, we can forget the parameter a, resp. 𝑎′. In the case 𝑟 = 0, the
variety Xc′ (𝑟𝛿) is just a point.

7.6. C×-fixed points

For each 𝐽 ⊂ Z/ℓZwe denote by 𝑊𝐽 the parabolic subgroup of 𝑊aff generated by 𝑠𝑖 for 𝑖 ∈ 𝐽. Let us say
that c is J-standard if the stabilizer 𝑊aff

c of c in 𝑊aff is equal to 𝑊𝐽 . We say that c ∈ CZ/ℓZ is standard if it
is J-standard for some 𝐽 ⊂ Z/ℓZ. For a standard c, the set J is the set of indices 𝑖 ∈ Z/ℓZ such that c𝑖 = 0.

Now, let us describe the C×-fixed points of Xc(𝛼). First of all, each pair (𝛼, c) is equivalent to a pair
whose c is standard by Lemma 4.2.

The following lemma is obvious.

Lemma 7.18. Assume that c is J-standard. Then we have Σc = {𝑒𝑖; 𝑖 ∈ 𝐽}.

Let us now assume that c is J-standard. For each partition 𝜇, we construct a C×-fixed point in
Xc(Res ℓ (𝜇)). This construction is essentially the same as [40, Section 5]. However [40] assumes that
the variety Xc(Res ℓ (𝜇)) is smooth and we don’t need this assumption.

We are going to use the Frobenius forms of partitions: each partition 𝜇 can be described by some
𝑘 ∈ Z�0 and 𝑎1, . . . , 𝑎𝑘 , 𝑏1, . . . , 𝑏𝑘 ∈ Z�0, where k is maximal such that the Young diagram of 𝜇
contains a box in position (𝑘, 𝑘) and for each 𝑟 ∈ [1; 𝑘] there are 𝑎𝑟 boxes on the right of (𝑟, 𝑟) and 𝑏𝑟
boxes below (𝑟, 𝑟). In other words, we see the Young diagram of the partition 𝜇 as a union of k hooks.

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2026.10249
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 18:35:35, subject to the Cambridge Core terms of use

https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2026.10249
https://www.cambridge.org/core


Forum of Mathematics, Sigma 35

The box at position (𝑖, 𝑗) is in the rth hook if min(𝑖, 𝑗) = 𝑟 . The numbers 𝑎𝑟 and 𝑏𝑟 are the lengths of
the arm and of the leg of the rth hook respectively.

For 𝑖 ∈ Z, we use the convention that c𝑖 means c(𝑖 mod 𝑙) . Set 𝛽𝑟 =
∑𝑎𝑟
𝑖=−𝑏𝑟 c𝑖 .

Let V be a complex vector space with basis {𝑣𝑟 , 𝑗 ; 𝑟 ∈ [1; 𝑘]; 𝑗 ∈ [−𝑏𝑟 , 𝑎𝑟 ]}. It has a Z-grading
𝑉 =

⊕
𝑗∈Z𝑉 𝑗 such that 𝑣𝑟 , 𝑗 ∈ 𝑉 𝑗 . Consider two endomorphisms X and Y of this vector space given by

𝑋 (𝑣𝑟 , 𝑗 ) =
{
𝑣𝑟 , 𝑗−1 if 𝑗 > −𝑏𝑟 ,
0 if 𝑗 = −𝑏𝑟 ,

and

𝑌 (𝑣𝑟 , 𝑗 ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
∑ 𝑗
𝑖=−𝑏𝑟 c𝑖)𝑣𝑟 , 𝑗+1 +

∑
𝑡>𝑟 𝛽𝑡𝑣𝑡 , 𝑗+1 if 𝑗 ∈ [−𝑏𝑟 ,−1]

−(
∑𝑎𝑟
𝑖= 𝑗+1 c𝑖)𝑣𝑟 , 𝑗+1 −

∑
𝑡<𝑟 𝛽𝑡𝑣𝑡 , 𝑗−1 if 𝑗 ∈ [0; 𝑎𝑟 − 1],

−
∑
𝑡<𝑟 𝛽𝑡𝑣𝑡 , 𝑗−1 if 𝑗 = 𝑎𝑟 ,

Consider also the linear maps 𝑥 : C→ 𝑉0 and 𝑦 : 𝑉0 → C given by

𝑥(1) = −
𝑘∑
𝑟=1

𝛽𝑟 𝑣𝑟 ,0 and 𝑦(𝑣𝑟 ,0) = 1.

Then (𝑋,𝑌, 𝑥, 𝑦) yields a representation 𝐴∞𝜇 of the quiver Q∞(∞). Applying the map 𝜄 as in Def-
inition 7.2, we get a representation 𝐴𝜇 of the quiver Qℓ (∞). It satisfies the moment map relation
𝜇𝛼 (𝐴𝜇) = 𝐼c(𝛼).

Lemma 7.19. Assume that c is J-standard.

(i) If 𝜇 is a J-core, then 𝐴𝜇 is simple.
(ii) Assume that b is a removable box of 𝜇 with ℓ-residue 𝑖 ∈ 𝐽. Then we have either a short exact

sequence

0→ 𝐿(𝑒𝑖) → 𝐴𝜇 → 𝐴𝜇\𝑏 → 0

or a short exact sequence

0→ 𝐴𝜇\𝑏 → 𝐴𝜇 → 𝐿(𝑒𝑖) → 0.

Proof. First, we prove (ii). Assume that b is the box as in the statement. Assume that it is in the rth
hook. Let j be the∞-residue of b.

Assume first 𝑗 < 0. We have 𝑋 (𝑣𝑟 , 𝑗 ) = 𝑌 (𝑣𝑟 , 𝑗 ) = 0. Then the vector 𝑣𝑟 , 𝑗 spans a subrepresentation
isomorphic to 𝐿(𝑒𝑖). We get a short exact sequence

0→ 𝐿(𝑒 𝑗 ) → 𝐴𝜇 → 𝐴𝜇\𝑏 → 0.

Now, assume 𝑗 � 0. Then we see that 𝐴𝜇\𝑏 is a subrepresentation of 𝐴𝜇. It is spanned by all basis
vectors except 𝑣𝑟 , 𝑗 . Then we have a short exact sequence

0→ 𝐴𝜇\𝑏 → 𝐴𝜇 → 𝐿(𝑒 𝑗 ) → 0.

Now, let us prove (i). First of all, we note that the assumption that c is J-standard implies that if for some
𝑎, 𝑏 ∈ Z, 𝑎 � 𝑏 we have c𝑎 + c𝑎+1 + . . . + c𝑏−1 + c𝑏 = 0, then we have c𝑎 = c𝑎+1 = . . . = c𝑏−1 = c𝑏 = 0.
If 𝜇 is a J-core, then the numbers 𝛽1, 𝛽2, . . . , 𝛽𝑘 are nonzero. Indeed, if some 𝛽𝑟 is zero, then 𝛽𝑘 is also
zero. Then the ℓ-residues of all boxes of the kth hook are in J. In particular, the kth hook contains a
removable box whose residue is in J. This contradicts the fact that 𝜇 is a J-core.
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In view of Lemma 7.18, if the representation 𝐴𝜇 is not simple, then it must either contain a sub-
representation of the form 𝐿(𝑒𝑖), or it must have a quotient of the form 𝐿(𝑒𝑖). Let us show that both
situations are impossible when 𝜇 is a J-core.

Assume that 𝐴𝜇 has a subrepresentation isomorphic to 𝐿(𝑒𝑖). Let v be a vector that spans this
subrepresentation. We can write 𝑣 =

∑
𝑗∈Z, 𝑗≡𝑖 mod 𝑙

𝑣 𝑗 , where 𝑣 𝑗 ∈ 𝑉 𝑗 . Take j in this decomposition such

that 𝑣 𝑗 ≠ 0. Then the vector 𝑣 𝑗 also spans a subrepresentation of 𝐴𝜇 isomorphic to 𝐿(𝑒𝑖).
Let t be the number of boxes of 𝜇 with the ∞-residue j. Write 𝑣 𝑗 =

∑𝑡
𝑟=1 𝜆𝑟𝑣𝑟 , 𝑗 . Then 𝑋 (𝑣) = 0 is

only possible when 𝜆1 = . . . = 𝜆𝑡−1 = 0, so the vector 𝑣𝑡 , 𝑗 spans 𝐿(𝑒𝑖).
Assume 𝑗 < 0. Since the box b corresponding to the vector 𝑣𝑡 , 𝑗 cannot be removable, the diagram of

𝜇 either contains the box below b or the box on the right of b. In the first case we must have 𝑋 (𝑣𝑡 , 𝑗 ) ≠ 0
and in the second case we must have 𝑌 (𝑣𝑡 , 𝑗 ) ≠ 0. This is a contradiction.

Assume 𝑗 > 0. Then 𝑋 (𝑣𝑡 , 𝑗 ) ≠ 0. This is a contradiction.
Assume 𝑗 = 0. Then, since 𝛽1 ≠ 0, 𝑌 (𝑣𝑡 ,0) ≠ 0 is only possible for 𝑡 = 1. However, this implies

that 𝜇 contains only one hook, that is, we have 𝑘 = 1. Since the box b corresponding to the vector
𝑣1,0 cannot be removable, the diagram of 𝜇 either contains the box below b or the box on the right
of b. The first case is not possible because it implies 𝑋 (𝑣1,0) ≠ 0. In the second case we must have
c1 + c2 + . . . + c𝑎1 = 0. However, this implies 𝑎1 = 0 and then the unique box with ∞-residue 𝑎1 is
removable. This is a contradiction.

Now, assume that 𝐴𝜇 has a quotient isomorphic to 𝐿(𝑒𝑖). Then the dual representation 𝐴∗𝜇 contains a
submodule isomorphic to 𝐿(𝑒𝑖). An argument as above shows that this is impossible if 𝐴𝜇 is a J-core. �

Denote by 𝐴′𝜇 the semisimplification of 𝐴𝜇, that is, 𝐴′𝜇 is the direct sum of the Jordan-Hölder
subquotients of 𝐴𝜇.

Corollary 7.20. Assume 𝜇 ∈ P and set 𝜆 = Core𝐽 (𝜇). Then the representation 𝐴′𝜇 has the following
decomposition as a direct sum of simple representations

𝐴′𝜇 = 𝐴𝜆 ⊕
⊕
𝑗

𝐿(𝑒 𝑗 ),

where the sum is taken by the multiset of ℓ-residues of 𝜇 \ 𝜆.

Definition 7.21. We say that the representation (𝑋,𝑌, 𝑥, 𝑦) of Qℓ (∞) is Z-gradable if it is isomorphic
to the image by 𝜄 (see Definition 7.2) of some representation L of Q∞(∞). In this case we say that L is a
graded lift of (𝑋,𝑌, 𝑥, 𝑦).

A Z-gradable representation yields a C×-fixed point in Xc(𝛼). (This follows from the fact that 𝜄 is
C×-invariant and that any element of C× sends a representation of Q∞(∞) to an isomorphic one.)

Lemma 7.22. Assume that (𝑋,𝑌, 𝑥, 𝑦) is simple and Z-gradable. Then its Z-grading is unique.

Proof. Since we assume 𝑎 ≠ 0, the vector 𝑣 = 𝑥(1) must be nonzero (here 1 is a vector spanning the
∞-component of the representation, which is isomorphic to C). Then v should be in Z-degree 0. Since
the representation is simple, the vectors of the form 𝑋𝑎1𝑌𝑏1 . . . 𝑋𝑎𝑘𝑌𝑏𝑘 (𝑣) and the vector 1 span the
representation. But then the vector 𝑋𝑎1𝑌𝑏1 . . . 𝑋𝑎𝑘𝑌𝑏𝑘 (𝑣) must be in Z-degree 𝑏1 − 𝑎1 + . . . + 𝑏𝑘 − 𝑎𝑘 .
This shows that the Z-grading is unique. �

Example 7.23. If 𝜇 is a J-core, then the representation 𝐴𝜇 is simple. It is Z-gradable by construction.
Its graded lift 𝐴∞𝜇 is unique. The Z-graded dimension of the graded lift 𝐴∞𝜇 is Res∞(𝜇).

Corollary 7.24. For 𝜇, 𝜂 ∈ P𝜈 (𝑛ℓ + |𝜈 |), the representations 𝐴′𝜇 and 𝐴′𝜂 are isomorphic if and only if
𝜇 and 𝜂 have the same J-cores.

Proof. Let 𝜆 and 𝜌 be the J-cores of 𝜇 and 𝜂 respectively.
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Assume that 𝐴′𝜇 and 𝐴′𝜂 are isomorphic. We see from Corollary 7.20 that the representations 𝐴𝜆 and
𝐴𝜌 are also isomorphic. Now, Example 7.23 implies Res∞(𝜆) = Res∞(𝜌), which yields 𝜆 = 𝜌.

Now, assume that we have 𝜆 = 𝜌. Since we have 𝜇, 𝜂 ∈ P𝜈 (𝑛ℓ + |𝜈 |), the partitions 𝜇 and 𝜂 have the
same residues equal to Res ℓ (𝜈) + 𝑛𝛿. Then 𝜇 \𝜆 and 𝜂 \ 𝜌 have the same residues. Then Corollary 7.20
implies that 𝐴′𝜇 and 𝐴′𝜂 are isomorphic. �

Remark 7.25. For each partition 𝜇, we have a C×-fixed point [𝐴′𝜇] ∈ Xc(Res ℓ (𝜇)) presented by the
representation 𝐴′𝜇. Assume 𝛼 ∈ 𝐸c, see Remark 7.10. Write 𝛼 = Res ℓ (𝜈) + 𝑛𝛿, where 𝜈 ∈ Cℓ . By
[23, Proposition 8.3 (i)], the C×-fixed points in Xc(𝛼) are parameterized by J-cores of elements of
P𝜈 (𝑛ℓ + |𝜈 |). On the other hand, we have already constructed the same number of C×-fixed points [𝐴′𝜇]
for 𝜇 ∈ P𝜈 (𝑛ℓ + |𝜈 |), see Corollary 7.24. This implies that each C×-fixed point in Xc(𝛼) is of the form
[𝐴′𝜇].

7.7. Combinatorial parameterization of symplectic leaves

Lemma 7.26. The following conditions are equivalent.

(i) The pair (𝛼, c) is equivalent to a pair of the form (𝑛𝛿, c′) with 𝑛 � 0.
(ii) We have 𝛼 ∈ 𝐸c.

Proof. (𝑖𝑖) implies (𝑖) by Remark 7.10.
Now, let us prove that (𝑖) implies (𝑖𝑖). Assume that (𝛼, c) satisfies (𝑖). Since the isomorphism (7.1)

sends simple representations to simple representations by construction, it is enough to assume 𝛼 = 𝑛𝛿.
Let 𝛼0 be associated to 𝛼 = 𝑛𝛿 and c as in Proposition 7.13. Then (𝑖𝑖) is equivalent to 𝛼0 = 𝛼.

Assume that 𝛼0 ≠ 𝛼. Since the pair (𝛼0, c) satisfies (𝑖𝑖), it also satisfies (𝑖). So, it must be equivalent
to a pair of the form (𝑛′𝛿, c′). Since we have 𝛼0 − 𝑛′𝛿 ∈ ZZ/ℓZ�0 and 0 ≠ 𝑛𝛿 − 𝛼0 ∈ ZZ/ℓZ�0 , we get 𝑛 > 𝑛′.

Now, we get Xc(𝑛𝛿) � Xc(𝛼0) by Proposition 7.13 (𝑖𝑖𝑖) and we have Xc(𝛼0) � Xc′ (𝑛′𝛿) by (7.1).
This is impossible because by Lemma 7.9 we have dimXc(𝑛𝛿) = 2𝑛, dimXc′ (𝑛′𝛿) = 2𝑛′ and 𝑛′ < 𝑛. �

The following lemma is a combinatorial version of Proposition 4.13.

Lemma 7.27. Assume that c is J-standard. Then 𝛼 ∈ 𝐸c if and only if we have

𝛼 = Res ℓ (𝜈) + 𝑟𝛿

with 𝑟 � 0 and 𝜈 ∈ Cℓ ∩ C𝐽 .

Proof. The parabolic subgroup 𝑊𝐽 of 𝑊aff is the stabilizer of c in 𝑊aff. Writing 𝛼 = Res ℓ (𝜈) + 𝑟𝛿 as
in (6.1), we have 𝑟 ∈ Z and 𝜈 ∈ Cℓ .

Assume 𝛼 ∈ 𝐸c. Then Lemma 7.26 implies that 𝑟 � 0 and we can find 𝑥 ∈ 𝑊aff (see Remark 7.4)
such that 𝑥(𝛼) = 𝑟𝛿 and x is the shortest element in the coset 𝑥𝑊𝐽 ∈ 𝑊aff/𝑊𝐽 .

Let w be the shortest element in 𝑥−1𝑊 . We have 𝜈 = 𝑥−1 (∅) = 𝑤(∅). Assume that 𝜈 is not a J-
core. Then we have |𝑠𝑖 (𝜈) | < |𝜈 | for some 𝑖 ∈ 𝐽; this corresponds to the case (3) in Remark 6.5. Then
Lemma 6.6 implies ℓ(𝑠𝑖𝑤) < ℓ(𝑤). Then we also have ℓ(𝑠𝑖𝑥−1) < ℓ(𝑥−1) or equivalently ℓ(𝑥𝑠𝑖) < ℓ(𝑥).
This contradicts the fact that x is the shortest element in 𝑥𝑊𝐽 . Thus, 𝜈 must be a J-core.

Now, assume that we have 𝛼 = Res ℓ (𝜈) + 𝑟𝛿 for 𝑟 � 0 and 𝜈 ∈ Cℓ ∩ C𝐽 . Let w be the element
of 𝑊aff such that 𝑤(∅) = 𝜈 and such that w is the shortest element in 𝑤𝑊 . It is enough to prove that
w is the shortest element in 𝑊𝐽𝑤. Indeed, if we prove this, then by Remark 7.4 we have (𝛼, c) ∼
(𝑤−1 ★ 𝛼, (𝑤−1)∗(c)) = (𝑟𝛿, (𝑤−1)∗(c)) and then by Lemma 7.26 we have 𝛼 ∈ 𝐸c.

Since 𝜈 is a J-core, for each 𝑖 ∈ 𝐽 we have |𝑠𝑖 (𝜈) | � |𝜈 |. This means that for each 𝑖 ∈ 𝐽, we are either
in situation (1) or in situation (2) of Remark 6.5. In both cases Lemma 6.6 yields ℓ(𝑠𝑖𝑤) > ℓ(𝑤). �

Remark 7.28. Assume that c is J-standard and fix 𝛼 ∈ 𝐸c. By Lemma 7.27 above, we can write 𝛼 in the
form 𝛼 = Res ℓ (𝜈) + 𝑛𝛿 with 𝑛 � 0 and 𝜈 ∈ Cℓ ∩ C𝐽 . Then by Lemma 7.26, the pair (𝛼, c) is equivalent
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to (𝑛𝛿, c′) for some c′ ∈ CZ/ℓZ. Then Lemma 7.9 implies that the variety Xc(Res ℓ (𝜈) + 𝑛𝛿) is normal
of dimension 2𝑛.

We see that the elements of 𝐸c are in bijection with the pairs (𝜈, 𝑟) where 𝜈 is an ℓ-core that is a
J-core and 𝑟 ∈ Z�0.

Assume that c is J-standard. Then we have a partial order � on 𝐸c given by 𝛼 � 𝛼′ if 𝛼 − 𝛼′ ∈∑
𝑗∈𝐽 Z�0𝑒 𝑗 . In other words, we have 𝛼 � 𝛼′ if and only if 𝔏𝛼

𝛼′ ≠ ∅. Using the bijection above, we may
consider the order � as an order on the set (Cℓ ∩ C𝐽 ) × Z�0.

Lemma 7.29. We have (𝜈1, 𝑟1) � (𝜈2, 𝑟2) if and only if 𝑟1 � 𝑟2 and there exists a partition 𝜆 ∈
P𝜈1 (|𝜈1 | + ℓ(𝑟1 − 𝑟2)) such that Core𝐽 (𝜆) = 𝜈2.

Proof. Assume (𝜈1, 𝑟1) � (𝜈2, 𝑟2). Then dimXc(Res ℓ (𝜈1) + 𝑟1𝛿) = 2𝑟1 and dimXc(Res ℓ (𝜈2) + 𝑟2𝛿) =
2𝑟2 by Remark 7.28. By Corollary 7.15 and its proof, the normalization of the closure of the symplectic
leaf 𝔏Res ℓ (𝜈1)+𝑟1 𝛿

Res ℓ (𝜈2)+𝑟2 𝛿
is isomorphic to Xc(Res ℓ (𝜈2) + 𝑟2𝛿). In particular,

dimXc(Res ℓ (𝜈1) + 𝑟1𝛿) � dim𝔏Res ℓ (𝜈1)+𝑟1 𝛿
Res ℓ (𝜈2)+𝑟2 𝛿

implies 𝑟1 � 𝑟2.
Now, (𝜈1, 𝑟1) � (𝜈2, 𝑟2) implies Res ℓ (𝜈1) + 𝑟1𝛿 � Res ℓ (𝜈2) + 𝑟2𝛿 and then (𝜈1, 𝑟1 − 𝑟2) � (𝜈2, 0).

This means that the variety Xc(Res ℓ (𝜈1) + (𝑟1 − 𝑟2)𝛿) contains the symplectic leaf 𝔏Res ℓ (𝜈1)+(𝑟1−𝑟2) 𝛿
Res ℓ (𝜈2) .

This symplectic leaf is 0-dimensional, so it is a C×-fixed point. Then by Section 7.6, this should be a
point of the form [𝐴′𝜆] for some 𝜆 ∈ P𝜈1 (|𝜈1 | + 𝑙 (𝑟1 − 𝑟2)). By Corollary 7.20, we have dimreg(𝐴′𝜆) =
Res ℓ (Core𝐽 (𝜆)). Then [𝐴′𝜆] ∈ 𝔏

Res ℓ (𝜈1)+(𝑟1−𝑟2) 𝛿
Res ℓ (𝜈2) implies Core𝐽 (𝜆) = 𝜈2.

Conversely, if 𝑟1 � 𝑟2 and there exists such a partition 𝜆, then the C×-fixed point [𝐴′𝜆] of
Xc(Res ℓ (𝜈1) + (𝑟1 − 𝑟2)𝛿) is a symplectic leaf. Since dimreg(𝐴′𝜆) = Res ℓ (Core𝐽 (𝜆)) = Res ℓ (𝜈2),
this is the symplectic leaf 𝔏Res ℓ (𝜈1)+(𝑟1−𝑟2) 𝛿

Res ℓ (𝜈2) . Then we have (𝜈1, 𝑟1 − 𝑟2) � (𝜈2, 0). This implies
Res ℓ (𝜈1) + (𝑟1 − 𝑟2)𝛿 � Res ℓ (𝜈2) and hence (𝜈1, 𝑟1) � (𝜈2, 𝑟2). �

Assume that c is J-standard and 𝛼 ∈ 𝐸c. Write 𝛼 = Res ℓ (𝜈) + 𝑛𝛿, 𝜈 ∈ Cℓ ∩ C𝐽 , 𝑛 � 0.

Corollary 7.30. For 𝛼′ ∈ ZZ/ℓZ�0 , the following conditions are equivalent.

(i) We have 𝔏𝛼
𝛼′ ≠ ∅.

(ii) There exists a partition 𝜆 ∈ P𝜈 (𝑛′ℓ + |𝜈 |) for some 𝑛′ ∈ [0; 𝑛] such that

𝛼′ = Res ℓ (Core𝐽 (𝜆)) + (𝑛 − 𝑛′)𝛿.

Proof. Write 𝛼′ = Res ℓ (𝜈′) + 𝑟 ′𝛿. Then 𝔏𝛼
𝛼′ ≠ ∅ is equivalent to (𝜈, 𝑛) � (𝜈′, 𝑟 ′). By the lemma above,

this is equivalent to 𝑛 � 𝑟 ′ and the existence of a partition𝜆 ∈ P𝜈 (ℓ(𝑛−𝑟 ′)+|𝜈 |) such that Core𝐽 (𝜆) = 𝜈′.
Moreover, the condition Core𝐽 (𝜆) = 𝜈′ is equivalent to Res ℓ (Core𝐽 (𝜆)) = Res ℓ (𝜈′) = 𝛼′ − 𝑟 ′𝛿. Now
we see that (𝑖) is equivalent to (𝑖𝑖) with 𝑛′ = 𝑛 − 𝑟 ′. �

In particular, we see that the symplectic leaves of Xc(𝛼) are parameterized by ℓ-cores of J-cores
of elements of P𝜈 (𝑛′ℓ + |𝜈 |) for 𝑛′ ∈ [0; 𝑛]. Note that by Lemma 6.8, the ℓ-cores of J-cores are also
J-cores. We sum up this in the following proposition.

Proposition 7.31. The symplectic leaves of Xc(𝛼) are parameterized by a subset of the set Cℓ ∩C𝐽 . This
subset is the image of the set

∐𝑛
𝑛′=0 P𝜈 (𝑛′ℓ + |𝜈 |) by the map Coreℓ ◦Core𝐽 .

Since each pair (𝑛𝛿, c) is equivalent to a pair of the form (𝛼, c′) such that c′ is J-standard for some J
and 𝛼 ∈ 𝐸c′ (see Lemma 7.26), the description above gives a parameterization of the symplectic leaves
of an arbitrary Calogero–Moser variety of type 𝐺 (ℓ, 1, 𝑛) with 𝑎 ≠ 0.
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Example 7.32. Assume ℓ = 2. In this case the set C2 of 2-cores is labeled by nonnegative integers. We
have C2 = {𝜈𝑡 | 𝑡 ∈ Z�0} where 𝜈𝑡 is the partition staircase 𝜈𝑡 = (𝑡, 𝑡 − 1, 𝑡 − 2, . . . , 2, 1) of 𝑡 (𝑡 + 1)/2
(𝜈0 is the empty partition). The two possible nontrivial examples of J are 𝐽0 = {0} and 𝐽1 = {1}. Then
the 2-cores 𝜈2, 𝜈4, 𝜈6, . . . are 𝐽0-cores and not 𝐽1-cores, the 2-cores 𝜈1, 𝜈3, 𝜈5, . . . are 𝐽1-cores and not
𝐽0-cores, the 2-core 𝜈0 = ∅ is a 𝐽0-core and a 𝐽1-core.

Let us write 𝑐 = (𝑐1, 𝑐𝛾) for the parameters of the Calogero–Moser variety to make this example
easily comparable to Section 9. We always assume 𝑐1 ≠ 0 here. Let us understand how the combinatorial
parameterization of symplectic leaves of the Calogero–Moser variety looks from the point of view of
Proposition 7.31. Assume that we have 𝑐𝛾 = ±𝑚𝑐1 with integer 𝑚 > 0. Then the Calogero–Moser variety
is isomorphic to the quiver variety Xc′ (𝑛𝛿) with c′ = (±𝑚 − 1,∓𝑚). Then there is a c′-admissible w
such that

𝑤(c′) =
{
(−1, 0) if 𝑚 is even,
(0,−1) if 𝑚 is odd.

Set c = 𝑤(c′). Set 𝐽 = 𝐽1 if m is even and 𝐽 = 𝐽0 if m is odd. The parameter c is J-standard. Note
that we have 𝑤(𝜈0) = 𝜈𝑚−1; in particular, the Calogero–Moser variety is isomorphic to Xc′ (𝑛𝛿) �
Xc(𝑛𝛿 + Res ℓ (𝜈𝑚−1)).

Now, we would like to find all possible 𝜈′ ∈ (Coreℓ ◦Core𝐽 ) (
∐𝑛

𝑛′=0 P𝜈𝑚−1 (𝑛′ℓ + |𝜈𝑚−1 |)). If 𝑛 � 𝑚,
then each 𝜆 ∈

∐𝑛
𝑛′=0 P𝜈𝑚−1 (𝑛′ℓ + |𝜈𝑚−1 |)) is a J-core. (To see this, we need to use the presentation of

cores by abaci, see [7, Section 2].) In this case, we get (Coreℓ ◦Core𝐽 ) (𝜆) = Coreℓ (𝜆) = 𝜈𝑚−1. So,
the only possible 𝜈′ that we may get is 𝜈′ = 𝜈𝑚−1. In this case the Calogero–Moser variety is smooth.
Now, if 𝑛 � 𝑚 + 1 then it is also possible to get 𝜈′ = 𝜈𝑚+1. If 𝑛 � 2(𝑚 + 2) then it is also possible to
get 𝜈′ = 𝜈𝑚+3, etc. If 𝑛 � 𝑘 (𝑚 + 𝑘) then it is also possible to get 𝜈′ = 𝜈𝑚−1+2𝑘 . Finally, we see that
the symplectic leaves are labeled by the following subset of C2 ∩ C𝐽 : {𝜈𝑚−1, 𝜈𝑚+1, 𝜈𝑚+3, . . . , 𝜈𝑚−1+2𝑘 }
where k is the maximal nonnegative integer such that 𝑛 � 𝑘 (𝑚 + 𝑘).

The case 𝑚 = 0 is a bit special; 𝜈𝑚−1 does not make sense here. Assume 𝑐𝛾 = 0. Then the Calogero–
Moser variety is isomorphic to Xc(𝑛𝛿) with c = (−1, 0). Set 𝐽 = 𝐽1. In this case, the Calogero–Moser
variety is never smooth for 𝑛 > 0, the symplectic leaves are labeled by {𝜈0, 𝜈1, 𝜈3, . . . , 𝜈2𝑘−1} where k
is the maximal positive integer such that 𝑛 � 𝑘2.

8. Slices to symplectic leaves

In this section we describe the transverse slices to the symplectic leaves in the Calogero–Moser variety.

8.1. Transverse singularities

In this section, we explain how Crawley-Boevey’s étale local normal form [17] can be used to explicitly
compute a transverse slice to each symplectic leaf 𝔏 in a quiver variety. A transverse slice (𝑆, 𝑜) to a
2𝑘-dimensional leaf 𝔏 is a pointed Poisson variety together with a local isomorphism (𝔐c (𝛼), 𝑝) �
(A2𝑘 × 𝑆, (0, 𝑜)) of Poisson varieties for each 𝑝 ∈ 𝔏. Here A2𝑘 is equipped with the usual symplectic
structure. “Local isomorphism” usually means formally local; however, it is a consequence of Crawley-
Boevey’s construction that “local isomorphism” will mean étale locally in this article. Since the local
isomorphism is Poisson, {𝑜} will be a symplectic leaf in S so that the leaf in A2𝑘 × 𝑆 containing (0, 𝑜)
is A2𝑘 × {𝑜}.

Before we state the result, we introduce one piece of notation. Let 𝐿 ⊂ 𝐻 denote the set of loops in the
set H of oriented edges of our graph G. For each dimension vector 𝛼, taking trace at loops defines a 𝐺 (𝛼)-
equivariant map T̃r𝐿 : Rep(𝛼) → C2ℓ , where 2ℓ = |𝐿 |. The restriction of this map to 𝜇−1(c) descends
to Tr𝐿 : 𝔐c(𝛼) → C2ℓ ; let 𝔐0

c (𝛼) := Tr−1
𝐿 (0). Provided 𝛼𝑖 ≠ 0 for all i, 𝔐c (𝛼) � 𝔐0

c (𝛼) × C2ℓ .
Given a leaf 𝔏 ⊂ 𝔐c (𝛼) labeled by a representation type 𝜏 = (𝑛1, 𝛽

(1) ; . . . ; 𝑛𝑘 , 𝛽 (𝑘) ) as in (2.3),
we define a new graph G(𝜏) (the ext-graph) as follows. The vertices of G(𝜏) are 𝑓1, . . . , 𝑓𝑘 , thought of
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as being labeled by the roots 𝛽 (𝑖) . In G(𝜏), there are −(𝛽 (𝑖) , 𝛽 ( 𝑗) ) edges between i and j if 𝑖 ≠ 𝑗 and
𝑝(𝛽 (𝑖) ) loops at i. The k-tuple n = (𝑛1, . . . , 𝑛𝑘 ) forms a dimension vector for the ext-graph G(𝜏). Note
that when 𝛽 (𝑖) ≠ 𝛽 ( 𝑗) , [19, Proposition 2.6] says that −(𝛽 (𝑖) , 𝛽 ( 𝑗) ) = dim Ext1Πc (𝑀𝑖 , 𝑀 𝑗 ) ≥ 0, where
𝑀𝑖 , 𝑀 𝑗 are simple Πc-modules of dimension 𝛽 (𝑖) and 𝛽 ( 𝑗) respectively. If 𝛽 (𝑖) = 𝛽 ( 𝑗) then 𝑝(𝛽 (𝑖) ) ≥ 0
implies that −(𝛽 (𝑖) , 𝛽 ( 𝑗) ) < 0 only when 𝛽 (𝑖) is real, in which case 𝑖 = 𝑗 because real roots can only
appear once in any given representation type.

Theorem 8.1. For each 𝑝 ∈ 𝔏 there is a local isomorphism

(𝔐c(G, 𝛼), 𝑝) � (𝔐0 (G(𝜏), n), 0) � (𝔐0
0 (G(𝜏), n) × A2ℓ , (0, 0)).

Moreover, (𝔐0
0 (G(𝜏), n), 0) is a transverse slice to 𝔏 at p.

Proof. The local isomorphism follows directly from [17, Corollary 4.10]. The only thing to check
is the last statement. For (𝔐0

0 (G(𝜏), n), 0) to be a transverse slice, we require (a) the isomorphism
𝔐0 (G(𝜏), n) � 𝔐0

0 (G(𝜏), n) × A2ℓ is Poisson, with the nondegenerate Poisson structure on A2ℓ , and
(b) dimL = 2ℓ.

Recall that O(𝔐0 (G(𝜏), n)) is generated by traces of oriented cycles. If 𝔩 is the necklace Lie algebra
of G(𝜏) then the morphism 𝔩 → O(𝔐0 (G(𝜏), n)) given by 𝜔 ↦→ Tr 𝜔 is a surjective Lie algebra
homomorphism, where the codomain is a Lie algebra via the Poisson bracket; see [42, Theorem 1.8]. As
a closed subvariety, A2ℓ ⊂ 𝔐0 (G(𝜏), n) is the zero set of all functions Tr 𝜔 as 𝜔 runs over all oriented
cycles that contain at least one arrow between distinct vertices (equivalently, whose support is more
than one vertex). If 𝐼 ⊂ 𝔩 is the span of all such cycles then one can check from the necklace formula
that I is an ideal of 𝔩. Moreover, the formula implies that O(𝔐0(G(𝜏), n)) → O(A2ℓ) is a morphism of
Poisson algebras confirming (a).

The leaf in 𝔐0(G(𝜏), n) containing the point 0 is labeled by representation type
(𝑛1, 𝑓1; 𝑛2, 𝑓2; . . . ; 𝑛𝑘 , 𝑓𝑘 ) and hence has dimension

2
𝑘∑
𝑖=1

𝑝( 𝑓𝑖) = 2
𝑘∑
𝑖=1

𝑝(𝛽 (𝑖) ) = 2ℓ,

confirming (b). �

We end with basic observations that allow us to explicitly identify the transverse slices in examples;
these observations will be useful later. The first is immediate.

Lemma 8.2. Assume that 0 is a vertex for the graph G and 𝛼 a dimension vector with 𝛼0 = 1. If ℓ is
the number of loops at vertex 0 then 𝔐c(G, 𝛼) � 𝔐c (G◦, 𝛼) × C2ℓ , where G◦ is the graph obtained by
removing the ℓ loops at 0.

Remark 8.3. In the setting of Theorem 8.1, assume that 𝑛𝑖 = 1 for all imaginary 𝛽 (𝑖) . Since 𝛽 is
imaginary if and only if 𝑝(𝛽) > 0, this means that n𝑖 = 1 for all vertices i in G(𝜏) with at least one loop.
Then combining Theorem 8.1 with Lemma 8.2 shows that 𝔐0

0 (G(𝜏), n) � 𝔐0(G(𝜏)◦, n), where G(𝜏)◦
now means “remove all loops in G(𝜏).”

Let G(1), . . . , G(𝑘) be a collection of graphs with dimension vectors 𝛼(1), . . . , 𝛼(𝑘) and distin-
guished vertex 0 𝑗 ∈ G( 𝑗) such that 𝛼( 𝑗)0 𝑗 = 1 and G( 𝑗) has no loops at 0 𝑗 for all j. We form the new
graph G by gluing these graphs at the distinguished vertex (labeled 0 in G). Note that each G( 𝑗) is a full
subgraph of G. There is a dimension vector 𝛼 for G with 𝛼0 = 1 such that 𝛼 |G( 𝑗) = 𝛼( 𝑗) for all j. Let c( 𝑗)
be parameters for the G( 𝑗) such that c( 𝑗) (𝑒0 𝑗 ) = 0. They extend to a parameter c for G with c(𝑒0) = 0.

, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/fms.2026.10249
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 16 Nov 2026 at 18:35:35, subject to the Cambridge Core terms of use

https://www.cambridge.org/core/terms
https://doi.org/10.1017/fms.2026.10249
https://www.cambridge.org/core


Forum of Mathematics, Sigma 41

Lemma 8.4. Assume that the graphs G(1), . . . , G(𝑘) etc. are given as above. Then there is a closed
embedding

𝑘∏
𝑗=1

𝔐c( 𝑗) (𝛼( 𝑗)) ↩→𝔐c (𝛼). (8.1)

If dim𝔐c (G, 𝛼) = 2𝑝(𝛼) and dim𝔐c( 𝑗) (G( 𝑗), 𝛼( 𝑗)) = 2𝑝(𝛼( 𝑗)) for all 𝑖 = 1, . . . , 𝑘 then this
embedding is an isomorphism.

Proof. Let Rep(𝛼) be the representation space, with w = 0, as in (2.2). Then Rep(𝛼) =
∏𝑘

𝑗=1 Rep(𝛼( 𝑗))
and there is a diagonal embedding 𝐺 (𝛼) ↩→

∏𝑘
𝑗=1 𝐺 (𝛼( 𝑗)) such that the identification is 𝐺 (𝛼)-

equivariant. We claim that the resulting embedding

𝑘⊗
𝑗=1
C[Rep(𝛼( 𝑗))]𝐺 (𝛼( 𝑗)) ↩→ C[Rep(𝛼)]𝐺 (𝛼)

is an isomorphism. As noted in the proof of Proposition 2.8, C[Rep(𝛼)]𝐺 (𝛼) is generated by all traces
Tr 𝜔 of oriented cycles 𝜔 in G. If such a cycle does not pass through 0 then it is entirely contained in
one G( 𝑗) and is clearly invariant under the larger group. If 𝜔 does pass through 0, then we may write

Tr 𝜔 =
∏
𝑥

Tr 𝜔(𝑥)

where 𝜔(𝑥) is a cycle beginning and ending at 0, passing through that vertex just once. Then 𝜔(𝑥) again
lies entirely in some G( 𝑗) and is invariant under the larger group. The claim follows.

Next, the relations defining 𝜇−1 (c) at vertex 0 can be written
∑𝑘

𝑗=1 𝜇−1
𝑗 (c( 𝑗)) = 0, where 𝜇 𝑗 is the

moment map for 𝐺 (𝛼( 𝑗)) acting on Rep(𝛼( 𝑗)). Thus, 𝐼 (𝜇−1 (c)) ⊂ 𝐼 (𝜇−1
1 (c(1)), . . . , 𝜇

−1
𝑘 (c(𝑘))) in

C[Rep(𝛼)] and we get a surjection

C[𝜇−1 (c)]𝐺 (𝛼) =
(
C[Rep(𝛼)]/𝐼 (𝜇−1(c))

)𝐺 (𝛼)
→

(
C[Rep(𝛼)]/𝐼 (𝜇−1

1 (c(1)), . . . , 𝜇
−1
𝑘 (c(𝑘)))

)𝐺 (𝛼)
=

(
C[Rep(𝛼)]/𝐼 (𝜇−1

1 (c(1)), . . . , 𝜇
−1
𝑘 (c(𝑘)))

)∏
𝑗 𝐺 (𝛼( 𝑗))

=
𝑘⊗
𝑗=1
C[𝜇−1

𝑗 (c( 𝑗))]𝐺 (𝛼( 𝑗)) .

Geometrically, this is the closed embedding (8.1).
Finally, we assume that dim𝔐c(G, 𝛼) = 2𝑝(𝛼) and dim𝔐c( 𝑗) (G( 𝑗), 𝛼( 𝑗)) = 2𝑝(𝛼( 𝑗)) for all

𝑖 = 1, . . . , 𝑘 . Write 𝛼( 𝑗) = 𝛼( 𝑗)′+𝑒0 so that (𝛼( 𝑗)′, 𝛼(𝑠)′) = 0 for 𝑗 ≠ 𝑠 and 𝛼 = 𝛼(1)′+· · ·+𝛼(𝑘)′+𝑒0.
Then, using that (𝑒0, 𝑒0) = 2,

𝑝(𝛼) = 1 − (1/2) (𝛼(1)′ + · · · + 𝛼(𝑘)′ + 𝑒0, 𝛼(1)′ + · · · )

= −
𝑘∑
𝑖=1
((1/2) (𝛼(𝑖)′, 𝛼(𝑖)′) + (𝑒0, 𝛼(𝑖)′))

= 𝑘 − (1/2)
𝑘∑
𝑖=1
((𝛼(𝑖)′, 𝛼(𝑖)′) + 2(𝑒0, 𝛼(𝑖)′) + (𝑒0, 𝑒0))

=
𝑘∑
𝑖=1

𝑝(𝛼(𝑖)).
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Therefore, the assumption dim𝔐c(G, 𝛼) = 2𝑝(𝛼) and dim𝔐c( 𝑗) (G( 𝑗), 𝛼( 𝑗)) = 2𝑝(𝛼( 𝑗)) for all
𝑖 = 1, . . . , 𝑘 implies that (8.1) is a closed embedding of irreducible varieties of the same dimension.
Thus, it is an isomorphism. �

Lemma 8.2 says that we can forget any loops at a vertex i with 𝛼𝑖 = 1 and Lemma 8.4 says that we
can “break” the graph into its connected parts at vertex i if it has no loops and 𝛼𝑖 = 1.

8.2. Transverse singularities in Calogero–Moser varieties

Assume first that c(𝛿) = −1. We fix a leaf 𝔏(𝛽) in Z𝑐 (Γ𝑛). Recall that the set Δ (c) = {𝜂 (1) , . . . , 𝜂 (𝑠) }
of minimal roots in 𝑅+c is a set of simple roots for the root system 𝑅c.

As explained previously, we may assume that 𝑤(Δ (c)) = 𝑤(𝑅+c ) ∩ Δ and hence 𝑅+c is conjugate to
a parabolic subsystem of R. Let G(c) be the subgraph of the affine Dynkin graph G(Γ) obtained by
deleting the vertices not in 𝑤(𝑅+c ) ∩ Δ . Then G(c) is a disjoint union of finite Dynkin diagrams. Since
𝛽 ∈ Ξ(c), we may write 𝛽 = 𝑣1𝜂

(1) + · · · + 𝑣𝑠𝜂
(𝑠) and think of 𝒗 = (𝑣1, . . . , 𝑣𝑠) as a dimension vector

for G(c). We define a framing vector w = (𝑤1, . . . , 𝑤𝑠) for G(c) by

𝑤𝑖 := (𝛽 + Λ0, 𝜂
(𝑖) ).

Theorem 8.5. Let 𝛽 ∈ Ξ(c) with 𝜚(𝛽) ≤ 𝑛. The transverse slice to 𝔏(𝛽) in Z𝑐 (Γ𝑛) is isomorphic to
the framed quiver variety 𝔐0 (G(c), w, 𝒗).

Proof. Recall from the proof of Theorem 4.8 that 𝛽 corresponds to the representation type

𝜏 = (𝛾(𝑚, 𝜈), (𝑣1, 𝜂
(1) ; . . . ; 𝑣𝑠 , 𝜂 (𝑠) )),

where 𝜈 = 𝛽 − 𝛽0𝛿 and 𝑚 = 𝑛 − 𝜚(𝛽). The ext-graph G(𝜏) in this case is obtained from G(c) by adding
one additional vertex∞ corresponding to the vector 𝛾(𝑚, 𝜈) and 𝑚 = 𝑝(𝛾(𝑚, 𝜈)) loops at the vertex∞.
The dimension at vertex∞ is 1 and the number of arrows from∞ to 𝜂 (𝑖) is

−(𝑒∞ + 𝛾(𝑚, 𝜈), 𝜂 (𝑖) ) = (𝛽 − 𝑛𝛿 − 𝑒∞, 𝜂
(𝑖) ) = (𝛽 − 𝑒∞, 𝜂

(𝑖) ) = (𝛽 + Λ0, 𝜂
(𝑖) ) = 𝑤𝑖 .

Therefore, Lemma 8.2 says that 𝔐0 (G(𝜏), 𝑒∞ + 𝒗) � 𝔐0 (G(𝜏)◦, 𝑒∞ + 𝒗) × C2𝑚; see also Remark 8.3.
But G(𝜏)◦ equals the graph G(c)′ we obtain by deframing G(c) with respect to framing vector w; see
Section 2.5. In other words,

𝔐0 (G(𝜏)◦, 𝑒∞ + 𝒗) � 𝔐0 (G(c), w, 𝒗).

Therefore, Theorem 8.1 implies that a transverse slice to 𝔏(𝛽) is given by 𝔐0 (G(c), w, 𝒗). �

Our next goal is to show that if G is any finite type (ADE) graph and Γ ⊂ SL(2,C) the group
corresponding to the affine Dynkin graph G̃, then every framed Nakajima quiver variety associated to
G can be realized as a transverse slice to 𝔏 in Z𝑐 (Γ𝑛) for some leaf 𝔏 and 𝑛, 𝑐.

Lemma 8.6. Let Φ ⊂ 𝑅 be the finite root system and affine root system, respectively, associated to
Γ ⊂ SL(2,C). Assume c(𝛿) = 1 and we are given {𝜂 (1) , . . . , 𝜂 (𝑟 ) } ⊂ 𝑅+c such that the Cartan matrix C,
with 𝐶𝑖, 𝑗 := (𝜂 (𝑖) , 𝜂 ( 𝑗) ) for 1 ≤ 𝑖, 𝑗 ≤ 𝑟 , is equivalent to the Cartan matrix of Φ. Then {𝜂 (1) , . . . , 𝜂 (𝑟 ) }
is a set of simple roots for 𝑅+c and 𝑅+c � Φ.

Proof. First, we note that 𝐶𝑖, 𝑗 ≤ 0 for 𝑖 ≠ 𝑗 since C is assumed equivalent to the Cartan matrix for Φ.
This implies that {𝜂 (1) , . . . , 𝜂 (𝑟 ) } is a set of simple roots for a root subsystem Ψ of 𝑅c by [20, Lemma 1].
The rank of C is r. By Lemma 4.2, 𝑅c is equivalent to a parabolic root system in R. Therefore, the
rank of 𝑅+c is at most r too. This means that 𝑅c must also have rank exactly r. Since 𝑅c is equivalent
to a parabolic root system in R, its Cartan matrix 𝐶 (c) with respect to Δ (c) is equivalent to a (proper)
submatrix of the Cartan matrix for the affine root system R.
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Therefore, we are in the following situation: we have a finite root system 𝑅c obtained by deleting one
vertex of the simply laced affine Dynkin graph G̃, which contains a subsystem Ψ of type G. We claim
that Ψ = 𝑅c. First note that 𝑅c must be irreducible. Indeed, Ψ is an irreducible subsystem of the same
rank as 𝑅c, which means that the Weyl group 𝑊 (Φ) acts irreducibly on its reflection representation
𝔥 = SpanR(Ψ) = SpanR(𝑅c), so 𝑊 (𝑅c) must also act irreducibly since 𝑊 (Ψ) ⊂ 𝑊 (𝑅c). In type
A, D, E6 the equality is clear since all irreducible parabolic subsystems of Ã𝑟 , resp. D̃𝑟 or Ẽ6, obtained
by deleting one vertex are of type A𝑟 , resp. of type D𝑟 or type E6. In Ẽ7, the irreducible parabolic
subsystems of rank 7 are of type E7 or A7. But |Ψ| = |E7 | = 126 > 56 = |A7 | so we must have Ψ = 𝑅c
of type E7. Finally, in Ẽ8, the irreducible parabolic subsystems of rank 8 are of type E8, D8, A8. But
|Ψ| = |E8 | = 240 > 112 = |D8 |, 72 = |A8 |, so we must have Ψ = 𝑅c. �

Proposition 8.7. Let G be a finite type Dynkin graph and Γ ⊂ SL(2,C) the group corresponding to the
affine Dynkin graph G̃. For any pair (w, 𝒗) of dimension vectors for G, there exist n, c, and a leaf 𝔏 such
that 𝔐0 (G, w, 𝒗) is isomorphic to the transverse slice to 𝔏 in Z𝑐 (Γ𝑛).

Proof. Let Φ denote the finite root system associated to G. First, note that [34, Proposition 3.9] says
that there exists 𝒗′ ≤ 𝒗 such that 𝔐0 (G, w, 𝒗) � 𝔐0 (G, w, 𝒗′) with

∑𝑟
𝑖=1 𝑤𝑖Λ𝑖 −

∑
𝑖 𝑣
′
𝑖𝑒𝑖 a dominant

weight; here 𝒗′ = (𝑣′1, . . . , 𝑣
′
𝑟 ). This means that

𝑘𝑖 := 𝑤𝑖 −
∑
𝑗

𝑣′𝑗 (𝑒𝑖 , 𝑒 𝑗 ) ∈ Z≥0, ∀1 ≤ 𝑖 ≤ 𝑟.

Let c𝑖 = −𝑘𝑖 and c0 = 1 +
∑𝑟
𝑖=1 𝛿𝑖𝑘𝑖 so that c(𝛿) = 1. Let 𝜂 (𝑖) = 𝑒𝑖 + 𝑘𝑖𝛿. Then 𝜂 (𝑖) ∈ 𝑅+c for all i. Notice

that 𝐶𝑖, 𝑗 := (𝜂 (𝑖) , 𝜂 ( 𝑗) ) = (𝑒𝑖 , 𝑒 𝑗 ), implying that the Cartan matrix C equals the Cartan matrix for Φ.
Lemma 8.6 then implies that Δ (c) = {𝜂 (1) , . . . , 𝜂 (𝑟 ) }. If 𝛽 :=

∑𝑟
𝑖=1 𝑣′𝑖𝜂

(𝑖) then we claim that 𝛽 ∈ Ξ(c).
Indeed, assume that 𝜂 =

∑𝑟
𝑖=1 𝑢𝑖𝜂

(𝑖) ∈ ΣΣc with 𝜂 � 𝛽; that is, 𝑢𝑖 ≥ 𝑣′𝑖 for all i and 𝜂 ≠ 𝛽. Then,

2(𝜚(𝜂) − 𝜚(𝛽)) = 2𝜂0 + (𝜂, 𝜂) − 2𝛽0 − (𝛽, 𝛽)

= 2
𝑟∑
𝑖=1

𝑢𝑖𝑘𝑖 + (𝜂, 𝜂) − 2
𝑟∑
𝑖=1

𝑣′𝑖𝑘𝑖 −
∑
𝑖, 𝑗

𝑣′𝑖𝑣
′
𝑗 (𝑒𝑖 , 𝑒 𝑗 )

= 2
𝑟∑
𝑖=1

𝑢𝑖
���𝑤𝑖 −

𝑟∑
𝑗=1

𝑣′𝑗 (𝑒𝑖 , 𝑒 𝑗 )
��� + (𝜂, 𝜂) − 2

𝑟∑
𝑖=1

𝑣′𝑖
���𝑤𝑖 −

𝑟∑
𝑗=1

𝑣′𝑗 (𝑒𝑖 , 𝑒 𝑗 )
��� −

∑
𝑖, 𝑗

𝑣′𝑖𝑣
′
𝑗 (𝑒𝑖 , 𝑒 𝑗 )

= 2
𝑟∑
𝑖=1
(𝑢𝑖 − 𝑣′𝑖)𝑤𝑖 − 2

∑
𝑖, 𝑗

𝑢𝑖𝑣
′
𝑗 (𝑒𝑖 , 𝑒 𝑗 ) +

∑
𝑖, 𝑗

𝑢𝑖𝑢 𝑗 (𝑒𝑖 , 𝑒 𝑗 ) +
∑
𝑖, 𝑗

𝑣′𝑖𝑣
′
𝑗 (𝑒𝑖 , 𝑒 𝑗 )

= 2
𝑟∑
𝑖=1
(𝑢𝑖 − 𝑣′𝑖)𝑤𝑖 + (u − 𝒗′, u − 𝒗′),

where u =
∑𝑟
𝑖=1 𝑢𝑖𝑒𝑖 . Now, (−,−) is positive definite on𝚲 and 0 ≠ u−𝒗′ ∈ 𝚲. Hence, (u−𝒗′, u−𝒗′) > 0.

This implies that 𝜚(𝜂) > 𝜚(𝛽) and thus 𝛽 ∈ Ξ(c).
Finally, note that

(𝛽 + Λ0, 𝜂
(𝑖) ) =

𝑟∑
𝑗=1

𝑣′𝑗 (𝜂 ( 𝑗) , 𝜂 (𝑖) ) + (Λ0, 𝜂
(𝑖) ) =

𝑟∑
𝑗=1

𝑣′𝑗 (𝑒 𝑗 , 𝑒𝑖) + 𝑘𝑖 = 𝑤𝑖 .

Then the claim of the proposition follows from Theorem 8.5 if we take any 𝑛 ≥ 𝜚(𝛽). �

Note that taking 𝑛 = 𝜚(𝛽) in the proof of Proposition 8.7 shows that the finite type quiver variety
𝔐0 (G, w, 𝒗) can be realized as a transverse slice to a zero-dimensional leaf in some Calogero–Moser
variety.
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Remark 8.8. If G = Aℓ−1, for some ℓ ≥ 2, then the quiver varieties 𝔐0 (G, w, 𝒗) are isomorphic to type
A Slodowy slices 𝑆(𝜇, 𝜈) (and any type A Slodowy slice can be realized this way); see [36, Section 8]
and [30]. By [35], we may equivalently identify 𝔐0(G, w, 𝒗) with a slice in the affine Grassmannian of
type A. Therefore, given any Slodowy slice of type A or any slice in the affine Grassmannian of type A,
one can always find n, c, and a leaf 𝔏 ⊂ Z𝑐 (Γ𝑛), with Γ = Z/ℓZ, such that the singularity transverse to
𝔏 is isomorphic to this slice.

Now we assume that c(𝛿) = 0. For each irreducible factor Φ𝑖 of Φc we have a finite subgroup Γ(𝑖)
of SL(2,C) whose affine Dynkin diagram (via the McKay correspondence) is the affinization of the
Dynkin diagram of Φ𝑖 .

Lemma 8.9. If 𝜌 = (0, (𝑛, 𝛿 − 𝜃 (𝑖); 𝑛ℎ(𝑖)1, 𝛼(𝑖)1; . . . )) and 𝑝 ∈ 𝔏(∅, 𝜌), then (Z𝑐 (Γ𝑛), 𝑝) �
(C2𝑛/Γ(𝑖)𝑛, 0).

Proof. If we consider first the representation type (1, 𝛿 − 𝜃 (𝑖); ℎ(𝑖)1, 𝛼(𝑖)1; . . . ) then the corresponding
ext-graph is just G(Γ(𝑖)), with dimension vector 𝛿(𝑖), the minimal imaginary root for G(Γ(𝑖)). This
implies that the ext-graph for (∅, 𝜌) is the affine Dynkin diagram associated to Γ(𝑖) and the dimension
vectors are (Λ0, 𝑛𝛿(𝑖)). Then the isomorphism follows from Theorem 3.3. �

Proposition 8.10. Assume c(𝛿) = 0. If 𝑝 ∈ 𝔏(𝜆, 𝜌) then

(Z𝑐 (Γ𝑛), 𝑝) �
(
C2 |𝜆 |/𝔖𝜆 ×

ℓ∏
𝑖=1
C2𝜌𝑖/Γ(𝑖)𝜌𝑖 , 0

)
.

Proof. Recall from (5.1) that the leaf 𝔏(𝜆,𝜌) is labeled by representation type

(0, (𝜆1, 𝛿;𝜆2, 𝛿; . . . ; 𝜌1, 𝛿 − 𝜃 (1); 𝜌1ℎ(1)1, 𝛼(1)1; . . . ; 𝜌1ℎ(1)𝑟1 , 𝛼(1)𝑟1 ; 𝜌2, 𝛿 − 𝜃 (2); . . . )).

The ext-graph associated to (𝜆, 𝜌) has a central vertex corresponding to the factor 𝑒∞. The dimension
at this vertex is one. One can check that the hypotheses of Lemma 8.4 hold because 𝑝(𝑒∞ + 𝑛𝛿) =
𝑝Λ0 (𝑛𝛿) = 𝑛 and

ℓ (𝜆)∑
𝑖=1

𝑝Λ0 (𝜆𝑖𝛿) +
ℓ∑
𝑗=1

𝑝Λ0 (𝜌 𝑗𝛿( 𝑗)) =
ℓ (𝜆)∑
𝑖=1

𝜆𝑖 +
ℓ∑
𝑗=1

𝜌 𝑗 = |𝜆 | + |𝜌 | = 𝑛.

Therefore, the associated quiver variety can be expressed as a product, one factor for each con-
nected component of the graph we get by breaking the graph at this central vertex; see (9.7) for
a visualization. The representation type (0, (𝜆𝑖 , 𝛿)) has as its ext-graph the one-vertex and one-
loop (or Jordan) graph and dimension vectors (Λ0, 𝜆𝑖𝑒0). The ext-graph of the representation type
(0, (𝜌𝑖 , 𝛿 − 𝜃 (𝑖); 𝜌𝑖ℎ(𝑖)1, 𝛼(𝑖)1; . . . ; 𝜌𝑖ℎ(𝑖)𝑟𝑖 , 𝛼(𝑖)𝑟𝑖 )) is described in Lemma 8.9. Thus,

𝔐0 (G(𝜏), n) �
ℓ (𝜆)∏
𝑗=1

X0(G𝐽 , 𝜆 𝑗𝛿) ×
ℓ∏
𝑖=1

X0(G(Γ), 𝜌𝑖𝛿(𝑖)).

It has been shown in [22, Lemma 2.11] that each X0(G𝐽 , 𝜆 𝑗𝛿) is isomorphic to C2𝜆 𝑗/𝔖𝜆 𝑗 . Theorem 3.3
says that X0(G(Γ), 𝜌𝑖𝛿(𝑖)) � C2𝜌𝑖/Γ(𝑖)𝜌𝑖 . The claim follows. �

9. The hyperoctahedral group

As an extended example, we consider the case where Γ𝑛 is the hyperoctahedral group. That is, Γ = Z/2Z
and Γ𝑛 is the Weyl group of type B𝑛.
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9.1. The proof of Theorem 1.7

The rational Cherednik algebra H𝑐 (Γ𝑛) (at 𝑡 = 0) associated to the Weyl group Γ𝑛 = 𝑊 (B𝑛) depends
on the choice of a pair of parameters 𝑐 = (𝑐1, 𝑐𝛾) ∈ C2. We recall the following theorem by Martino
[33, Theorem 8.2].

Theorem 9.1. Let 𝑐 = (𝑐1, 𝑐𝛾).

(i) Z𝑐 (Γ𝑛) is singular if and only if 𝑐1 = 0 or 𝑐𝛾 = 𝑚𝑐1 for some integer −𝑛 < 𝑚 < 𝑛.
(ii) If 𝑐1 = 0 but 𝑐𝛾 ≠ 0, then the symplectic leaves of Z𝑐 (Γ𝑛) are parameterized by the set P (𝑛) of

partitions of n. For 𝜆 ∈ P (𝑛), the corresponding leaf 𝔏𝜆 has dimension 2ℓ(𝜆), where ℓ(𝜆) is the
length of 𝜆.

(iii) If 𝑐𝛾 = 𝑚𝑐1, with 𝑐1 ≠ 0, then there is a bijection 𝑘 ↦→ 𝔏𝑘 ,

{symplectic leaves 𝔏 of Z𝑐 (Γ𝑛) }
1:1←→ {𝑘 ∈ Z≥0 | 𝑘 (𝑘 + 𝑚) ≤ 𝑛} .

Moreover, dim𝔏𝑘 = 2(𝑛 − 𝑘 (𝑘 + 𝑚)).

In this case, the graph G is the affine Dynkin quiver of type Ã1 (with 2 vertices). The minimal
imaginary root is 𝛿 = 𝑒0 + 𝑒1. By Theorem 3.3, there is an isomorphism Z𝑐 (Γ𝑛) � Xc(𝑛𝛿), where

c = (−𝑐1 + 𝑐𝛾 ,−𝑐𝛾). (9.1)

Part (ii) of Theorem 9.1 is a special case of Proposition 5.3, where the condition 𝑐𝛾 ≠ 0 means that the
surface 𝑋c is smooth and hence the leaves are labeled by pairs (𝜆, 𝜌), where 𝜌 is an empty composition.
The leaf 𝔏(𝜆) for 𝜆 ∈ P (𝑛) is labeled by the representation type

𝜏 = (0, (𝜆1, 𝛿; . . . ;𝜆ℓ , 𝛿)). (9.2)

Part (iii) of Theorem 9.1 is a special case of Theorem 4.8. It was already shown in [32, Proposition 5.7]
that, when 𝑐𝛾 = ±𝑚𝑐1, the leaf 𝔏𝑘 is labeled by the representation type

𝜏 = (𝑛𝛿 − 𝑘𝜂 (1) , (𝑘, 𝜂 (1) )), (9.3)

where 𝜂 (1) is unique (real) root in 𝑅+c . Thus, 𝛽 = 𝑘𝜂 (1) ∈ Ξ(c). Specifically, 𝜂 (1) = 𝑚𝑒0 + (𝑚 − 1)𝑒1
when 𝑐𝛾 = 𝑚𝑐1 with 1 ≤ 𝑚 < 𝑛 and 𝜂 (1) = 𝑚𝑒0 + (𝑚 + 1)𝑒1 when 𝑐𝛾 = −𝑚𝑐1 with 0 ≤ 𝑚 < 𝑛. See
also Example 7.32 for the combinatorial parameterization of symplectic leaves in this case.

Recall from the introduction that O(𝑘, 𝑁) denotes the 𝐺𝐿(𝑁)-orbit of all matrices 𝑋 ∈ 𝔤𝔩(𝑁) of
rank k with 𝑋2 = 0.

Lemma 9.2. Assume 𝑐𝛾 = 𝑚𝑐1 for 1 ≤ 𝑚 ≤ 𝑛 − 1 and 𝑐1 ≠ 0. Then there is an isomorphism of étale
germs

(Z𝑐 (Γ𝑛), 𝑝) � (O(𝑘, 2𝑘 + 𝑚) × 𝑇∗(C𝑛−𝑘 (𝑘+𝑚) ), 0)

for any 𝑝 ∈ 𝔏𝑘 and 𝑘 ∈ Z≥0 such that 𝑘 (𝑘 + 𝑚) ≤ 𝑛.

Proof. We note, for the computations below, that

(𝑒∞, 𝛿) = −1, (𝑒∞, 𝜂 (1) ) = −𝑚, (𝛿, 𝜂 (1) ) = 0.

The lemma is a special case of Theorem 8.5. In this case, there exist simple representations 𝑀, 𝑁 of the
deformed preprojective algebra such that dim 𝑀 = 𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) , dim 𝑁 = 𝜂 (1) and p corresponds to
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the point 𝑀 ⊕ 𝑁 ⊕𝑘 . We have

𝑝(𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) ) = 𝑝Λ0 (𝑛𝛿 − 𝑘𝜂 (1) ) (9.4)

= 1 − (1/2) ((𝑒∞, 𝑒∞) + 2𝑛(𝑒∞, 𝛿) + 𝑘2 (𝜂 (1) , 𝜂 (1) ) − 2𝑘 (𝑒∞, 𝜂 (1) )) (9.5)

= 𝑛 − 𝑘 (𝑚 + 𝑘). (9.6)

Theorem 8.1 says that the germ (Xc(𝑛𝛿), 𝑝) is isomorphic to the quiver variety (𝔐0 (G(c), (𝑘, 1)), 0),
where G(c) is the graph with 2 vertices, 𝑝(𝜂 (1) ) = 0 loops at the first vertex, 𝑝(𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) ) =
𝑛 − 𝑘 (𝑚 + 𝑘) loops at the second vertex and

−(𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) , 𝜂 (1) ) = 2𝑘 + 𝑚

edges between the first and second vertex. This means that G(c) is the (2𝑘 +𝑚)-Kronecker graph. Notice
that (𝑘, 1) is an indivisible imaginary root with 𝑝((𝑘, 1)) = 𝑘 (𝑘 +𝑚). It is straightforward to check that
𝔐0 (G(c), (𝑘, 1)) = O(𝑘, 2𝑘 + 𝑚). �

Identical to Lemma 9.2, we have:

Lemma 9.3. Assume 𝑐𝛾 = −𝑚𝑐1 for 0 ≤ 𝑚 ≤ 𝑛 − 1 and 𝑐1 ≠ 0. Then there is an isomorphism of étale
germs

(Z𝑐 (Γ𝑛), 𝑝) � (O(𝑘, 2𝑘 + 𝑚) × 𝑇∗(C𝑛−𝑘 (𝑘+𝑚) ), 0)

for 𝑝 ∈ 𝔏𝑘 and 𝑘 ∈ Z≥0 such that 𝑘 (𝑘 + 𝑚) ≤ 𝑛.

Lemma 9.4. Assume 𝑐1 = 0 and 𝑐𝛾 ≠ 0. If 𝜆 ∈ P (𝑛) and 𝑝 ∈ 𝔏𝜆 then we have an isomorphism of étale
germs

(Z𝑐 (Γ𝑛), 𝑝) � ((𝔥 × 𝔥∗)/𝔖𝜆 × 𝑇∗Cℓ (𝜆) , 0),

where 𝔥 denotes the reflection representation for 𝔖𝜆.

Proof. In this case, there exist pairwise nonisomorphic simple representations 𝑀∞, 𝑀1, . . . , 𝑀ℓ of the
deformed preprojective algebra such that dim 𝑀∞ = 𝑒∞ and dim 𝑀𝑖 = 𝛿 for 𝑖 > 0 so that the point
p corresponds to the semisimple representation 𝑀0 ⊕ 𝑀 ⊕𝜆1

1 ⊕ · · · ⊕ 𝑀 ⊕𝜆ℓℓ . Theorem 8.1 says that
(Z𝑐 (Γ𝑛), 𝑝) is isomorphic to the quiver variety 𝔐0(G(c), (1, 𝜆1, . . . , 𝜆ℓ)), where G(c) is a graph with
one central vertex ∞, ℓ outer vertices, and an edge between ∞ and each outer vertex and a single loop
at each outer vertex. This is illustrated as

𝜆2• 𝜆1•

𝜆3• 1•

𝜆4•

(9.7)

Let G𝐽 be the one loop (and one vertex) graph. Since the dimension at the central vertex is 1 and one
can check that the hypotheses of Lemma 8.4 hold, we can “break” the quiver variety at this vertex to get
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an isomorphism

𝔐0(G(c), (1, 𝜆1, . . . , 𝜆ℓ)) � X0(G𝐽 , (𝜆1)) × · · · × X0(G𝐽 , (𝜆ℓ)).

It is well known [22, Lemma 2.11] that if 𝔥 is the reflection representation for 𝔖𝑛 then

X0(G𝐽 , (𝑛)) � C2𝑛/𝔖𝑛 � (𝔥 × 𝔥∗)/𝔖𝑛 × 𝑇∗C.

The result follows. �

Remark 9.5. In the case 𝑐1 = 1 and 𝑐𝛾 = 𝑚𝑐1, and 𝑛 = 𝑘 (𝑘 + 𝑚), there is a bijection between the
symplectic leaves O(𝑟, 2𝑘 + 𝑚) in O(𝑘, 2𝑘 + 𝑚) and the leaves 𝔏𝑟 in Z𝑐 (Γ𝑛). This bijection preserves
dimension. Moreover, in both cases the order one gets is a total ordering.

9.2. Leaf closures

In this section, we give a proof of Theorem 1.8.

Theorem 9.6. If 𝑐1 = 1 and 𝑐𝛾 = 𝑚 with 1 ≤ 𝑚 < 𝑛 then

𝔏𝑘 � Z𝑐′ (Γ𝑛−𝑘 (𝑘+𝑚) )

where 𝑐′1 = 1 and 𝑐′𝛾 = 𝑚 + 2𝑘 .

Proof. In order to apply Theorem 1.9, we work in the quiver variety Xc(𝑛𝛿). By (9.1), the parameter c
equals (𝑚 − 1,−𝑚). As noted in the proof of Lemma 9.2, the semisimple representations M belonging
to 𝔏𝑘 are of the form 𝑀 = 𝑀0 ⊕ 𝑀 ⊕𝑘1 , where dim 𝑀0 = 𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) and dim 𝑀1 = 𝜂 (1) . Since
𝑚 ≥ 0, 𝜂 (1) = 𝑚𝑒0 + (𝑚 − 1)𝑒1 as in [32, Lemma 5.4]. Then the decomposition 𝜏 labeling 𝔏𝑘 is
(𝑛𝛿 − 𝑘𝜂 (1) , (𝑘, 𝜂 (1) )). Proposition 2.8 says that the leaf closure is normal and this closure can be
identified with

Xc(𝑛𝛿 − 𝑘𝜂 (1) ) ×𝔐c(𝜂 (1) ) � Xc(𝑛𝛿 − 𝑘𝜂 (1) )

because 𝜂 (1) is a real root so 𝔐c(𝜂 (1) ) = {pt}. Therefore, we need to identify Xc(𝑛𝛿 − 𝑘𝜂 (1) ) with a
Calogero–Moser variety. Note that 𝑝Λ0 (𝑛𝛿− 𝑘𝜂 (1) ) = 𝑛− 𝑘 (𝑚 + 𝑘) by (9.6). We need to find a sequence
of admissible reflections taking 𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) to 𝑒∞ + (𝑛 − 𝑘 (𝑚 + 𝑘))𝛿. It is shown in the proof of
[32, Proposition 5.7(2)] that

𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) =

{
(𝑠1𝑠0)𝑘 (𝑒∞ + (𝑛 − 𝑘 (𝑚 + 𝑘))𝛿) if 𝑐𝛾 = 𝑚𝑐1 for 1 ≤ 𝑚 < 𝑛,
𝑠0(𝑠1𝑠0)𝑘−1(𝑒∞ + (𝑛 − 𝑘 (𝑚 + 𝑘))𝛿) if 𝑐𝛾 = −𝑚𝑐1 for 0 ≤ 𝑚 < 𝑛.

(9.8)

In other words,

(𝑠0𝑠1)𝑘 (𝑒∞ + 𝑛𝛿 − 𝑘𝜂 (1) ) = 𝑒∞ + (𝑛 − 𝑘 (𝑚 + 𝑘))𝛿 =: 𝛼′.

Since (𝑒∞, 𝑒0) = −1, (𝑒∞, 𝑒1) = 0 and (𝑒0, 𝑒1) = −2, we have

𝑠0(𝑎𝑒∞ + 𝑏𝑒0 + 𝑐𝑒1) = 𝑎𝑒∞ + (𝑎 − 𝑏 + 2𝑐)𝑒0 + 𝑐𝑒1, 𝑠1(𝑎𝑒∞ + 𝑏𝑒0 + 𝑐𝑒1) = 𝑎𝑒∞ + 𝑏𝑒0 + (2𝑏 − 𝑐)𝑒1.

The dual action on parameters is given by

𝑠∗0(c) = (−c0, c1 + 2c0), 𝑠∗1(c) = (c0 + 2c1,−c1).
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Hence 𝑠∗0𝑠
∗
1(c) = (−c0 − 2c1, 2c0 + 3c1). Applying this to c = (𝑚 − 1,−𝑚), an induction shows that

(𝑠∗0𝑠
∗
1)
𝑘 (𝑚 − 1,−𝑚) = (𝑚 + 2𝑘 − 1,−𝑚 − 2𝑘) =: c′.

Moreover, a quick induction shows that the sequence of reflections 𝑠0𝑠1 · · · 𝑠0𝑠1 is admissible for this
c. Therefore, Xc(𝑛𝛿 − 𝑘𝜂 (1) ) � Xc′ (𝛼′). If we write c′ = (−𝑐′1 + 𝑐′𝛾 ,−𝑐′𝛾), as in (9.1), then 𝑐′1 = 1 and
𝑐′𝛾 = 𝑚 + 2𝑘 . We deduce that Xc(𝑛𝛿 − 𝑘𝜂 (1) ) � Z𝑐′ (Γ𝑛−𝑘 (𝑘+𝑚) ) where 𝑐′ = (1, 𝑚 + 2𝑘). �

Remark 9.7. We could also apply Proposition 4.16 to compute the parameter c′ in the proof of Theo-
rem 9.6, thus avoiding the computations with (𝑠0𝑠1)𝑘 . Since c(𝛿) = −1 in our setting, Proposition 4.16
shows that

𝔏𝑘 � Xc(𝑛𝛿 − 𝛽) � Xc+𝛽 ((𝑛 − 𝑘 (𝑚 + 𝑘))𝛿),

where 𝛽 = 𝑘𝜂 (1) = 𝑘𝑚𝑒0 + 𝑘 (𝑚 − 1)𝑒1. Then 𝛽 = (2𝑘,−2𝑘) and hence c′ = (𝑚 + 2𝑘 − 1,−𝑚 − 2𝑘).

Theorem 9.8. If 𝑐1 = 1 and 𝑐𝛾 = −𝑚 with 0 ≤ 𝑚 < 𝑛 then 𝔏𝑘 � Z𝑐′ (Γ𝑛−𝑘 (𝑘+𝑚) ) where 𝑐′1 = 1 and
𝑐′𝛾 = 𝑚 + 2𝑘 .

Proof. This is identical to the proof of Theorem 9.6, except that now c = (−(𝑚 + 1), 𝑚) and

𝑛𝛿 − 𝑘𝜂 (1) = (𝑛 − 𝑘𝑚)𝑒0 + (𝑛 − 𝑘 (𝑚 + 1))𝑒1.

This means that (𝑛 − 𝑘 (𝑚 + 𝑘))𝛿 = (𝑠0𝑠1)𝑘−1𝑠0 ★ (𝑛𝛿 − 𝑘𝜂 (1) ) and

c′ := (𝑠∗0𝑠
∗
1)
𝑘−1𝑠∗0(−(𝑚 + 1), 𝑚) = (𝑚 + 2𝑘 − 1,−𝑚 − 2𝑘).

since 𝑠∗0(c) = (𝑚 + 1,−𝑚 − 2). Once again, induction shows that the sequence 𝑠0, 𝑠1, . . . , 𝑠0, 𝑠1, 𝑠0 is
admissible for c. Therefore, Xc(𝑛𝛿− 𝑘𝜂 (1) ) � Xc′ ( (𝑛− 𝑘 (𝑚+ 𝑘))𝛿). If we write c′ = (−𝑐′1 +𝑐

′
𝛾 ,−𝑐′𝛾), as

in (9.1), then 𝑐′1 = 1 and 𝑐𝛾 = 𝑚+2𝑘 and thus 𝑐1 = 1. We deduce that Xc(𝑛𝛿− 𝑘𝜂 (1) ) � Z𝑐′ (Γ𝑛−𝑘 (𝑘+𝑚) )
where 𝑐′ = (1, 𝑚 + 2𝑘). �

Theorem 9.9. If 𝑐1 = 0, 𝑐𝛾 = 1, and 𝜌 ∈ P (𝑛), then 𝔏𝜌 � Z𝑐′ (Z2 �𝔖(𝜌)), where 𝑐′(𝑡) = 1 for all
reflections 𝑡 ∈ Zℓ2 and 𝑐′(𝑠) = 0 for all reflections (= transpositions) in 𝔖(𝜌).

Proof. By (9.1), the parameter c equals (−1, 1). As noted in the proof of Lemma 9.4, the semisimple
representations M belonging to 𝔏𝜌 are of the form 𝑀 = 𝑀0 ⊕ 𝑀

⊕𝜌1
1 ⊕ · · · ⊕ 𝑀

⊕𝜌ℓ
ℓ , where dim 𝑀0 = 𝑒∞

and dim 𝑀𝑖 = 𝛿 otherwise. Since 𝑒∞ is a real root, Xc(0) is a point. Therefore, Theorem 1.9 says that
𝔏𝜌 � 𝔐c(G(Γ), 𝛿)ℓ/𝔖(𝜌), where ℓ = ℓ(𝜌). Since c0, c1 ≠ 0, the quiver variety 𝔐c(G(Γ), 𝛿) is the
generic deformation of the Kleinian singularity C2/Z2. In other words, 𝔐c(G(Γ), 𝛿) � Z𝑐𝛾 (Z2), where
𝑐𝛾 = 1. It follows that 𝔐c(G(Γ), 𝛿)ℓ/𝔖(𝜌) � Z𝑐′ (Z2 �𝔖(𝜌)), where 𝑐′(𝑡) = 1 for all reflections 𝑡 ∈ Zℓ2
and 𝑐′(𝑠) = 0 for all reflections (= transpositions) in 𝔖(𝜌). �
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Index of notation
Φ finite (irreducible) simply laced 𝔐c (w, 𝛼) framed quiver variety 10

root system 14 𝔐c (𝛼) unframed (w = 0)
𝚲 root lattice of Φ 14 quiver variety 10
Φ+ positive roots in Φ 14 Xc(𝛼) framed quiver variety with w = Λ0 10
𝜃 highest root in Φ+ 14 𝑊G Weyl group associated to graph G 8
𝑊 Weyl group of Φ 18 Γ finite subgroup of 𝑆𝐿(2,C) 14
𝑅 affine simply laced root system 14 P parabolic subgroup of Γ𝑛 20
𝑅+ positive roots in 𝑅 14 𝔖𝑛 symmetric group on 𝑛 letters 14
Δ = {𝑒0, . . . , 𝑒𝑟 } set of simple Qℓ cyclic quiver of length ℓ

roots in 𝑅+ 14 (infinite linear quiver for ℓ = ∞) 27
𝛿 minimal imaginary root in 𝑅 14 Q

ℓ double quiver for Qℓ 30
𝑄 root lattice for 𝑅 8 Qℓ (∞) framed version of Qℓ 30
𝑊aff affine Weyl group 14 Qℓ (∞) double quiver for Qℓ (∞) 30
𝐹 fundamental region for G 9 P the set of partitions 8
G graph 8 Cℓ the set of ℓ − cores 28
Q quiver with underlying graph G 8 C𝐽 the set of 𝐽 − cores 29
Σc the set of dimension vectors of H𝑐 symplectic reflection algebra 14

simple representations for the 𝐸c framed version of Σc 10
deformed preprojective algebra 9 Z𝑐 Calogero–Moser variety 14

ΣΣc all possible sums of elements of Σc 18 𝔏 symplectic leaf 10
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