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FORMS OF DIFFERING DEGREES OVER NUMBER FIELDS

CHRISTOPHER FREI AND MANFRED MADRITSCH

Abstract. Consider a system of polynomials in many variables over the ring of
integers of a number field K. We prove an asymptotic formula for the number of
integral zeros of this system in homogeneously expanding boxes. As a consequence,
any smooth and geometrically integral variety X C IP¢ satisfies the Hasse principle,
weak approximation, and the Manin—Peyre conjecture if only its dimension is large
enough compared to its degree. This generalizes work of Skinner, who considered
the case where all polynomials have the same degree, and recent work of Browning
and Heath-Brown, who considered the case where K = Q. Our main tool is Skinner’s
number field version of the Hardy—Littlewood circle method. As a by-product, we
point out and correct an error in Skinner’s treatment of the singular integral.

§1. Introduction.

1.1. Main result. Let K be a number field of degree n over Q. We consider
a system of polynomials in s variables over the ring of integers Ok of K and let
D be the maximum of their degrees. We assume the polynomials to be ordered
by their degrees, that is, for each d € {1, ..., D}, we are given polynomials

Gd,17 ceey Gd,td € OK[XI’ 7xs]

of degree d, where t; > 0 with rp > 1. The total number of polynomials is
T :=t;+---+tp. We are interested in quantitative statements about the common
zeros of these polynomials.

To this end, we fix an integral ideal n of Ok and a Z-basis wy, ..., w, of n.
We will also consider wy, ..., w, as an R-basis of V := K ®g R. By a box B
aligned to the basis, we mean the set of all x = (xq, ..., x;) € V¥, where each x;
has the form x; w1 + - - - + X; ywy, such that the coordinates X = (x; ;); j € R™
lie in a given box B C [—1, 1]™ with sides aligned to the coordinate axes of R"S.
Given such a box B, we study the asymptotics of the counting function

N(P):=#{xen NPB: Ggi(x)=0forall 1 <d < D,1<i< 1y}

This counting function is a classical object of interest and has been investigated
in many special cases. To name a few, Birch [1] considered forms over Q with all
degrees equal. Skinner [11] generalized Birch’s result to arbitrary number fields
K. Schmidt [9] and Browning and Heath-Brown [2] considered forms over Q
whose degrees might be different.
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The main purpose of this article is to generalize the work of Browning and
Heath-Brown [2] to arbitrary number fields, just as Skinner did with Birch’s
work. In addition, we fix an error in Skinner’s paper [11]; see §1.5. To state the
main result, we need to introduce some further notation. Let

A:={1<d<D:t;>1}

Foreach1 <d < D, 1 <i < 14, let Fy; be the leading form of the polynomial
Gg.i, that is, the degree-d-part of G4 ;. For each degree d € A, we consider the
(tg x s)-Jacobian matrix

VFq,1(x)

Ja(x) = :
VFd,td (X)

corresponding to the leading forms of degree d and the affine variety Sy C A%
defined by the condition rank(J;(x)) < t;7. We define B to be the dimension of
S4,and By :=01if d ¢ A. In the following, we always assume that By < s.

Let Dy :=0and, for1 <d < D,

Dy :=t1 420+ - +dtg,

so that D := Dp is the sum of the degrees of all our polynomials G4 ;. Write

D —
I e (Rl DL’ (D
by s — By

Our main theorem is as follows.

THEOREM 1.1. Assume that

ad—1 D
Dd(s ~ B, +Sd+1) + Sq+1 —|—j§HSjtj <1 (1.2)

holds for all d € A U {0}. Then there is a positive § such that
N(P) = [GAR Pn(“'_'D) + O(Pi’l(s—'D)—B)

for P — oo. Here G is the usual singular series and J is the usual singular
integral. The implicit constant in the error term may depend on K, the
polynomials Gg4;, n, the basis wi, ..., w,, and the box B, but not on P, and
the positive constant § depends on K and the systems of forms.

More precisely, the positive constant § in the exponent of the error term may
be chosen depending only on n, T, and the margin by which the inequalities (1.2)
are satisfied.

We describe later in this introduction what is meant by the usual singular
series and the usual singular integral. Theorem 1.1 is a number field version of
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[2, Theorem 1.2]. One should note that our hypotheses (1.2) are exactly the ones
used by Browning and Heath-Brown over Q. In particular, they are independent
of the degree n of K.

In the special case where all degrees are equal to D, our hypotheses (1.2)
simplify to Skinner’s condition

s — Bp > tptp + 1)(D — 1)2P~! (1.3)

from [11], which is the same one as Birch’s [1].

Our proof relies on Skinner’s number field version of the Hardy—Littlewood
circle method [10, 11]. There are only very few other applications of the circle
method over number fields whose results are even close to the best available
results over (Q, and in particular do not depend on the degree n of K. See, for
example, [3, 8§, 11].

1.2. Consequences. Here we collect some consequences of Theorem 1.1.
They are number field versions of the results stated in the introduction of
[2]. We omit most of the proofs, since they are almost verbatim the same as
in [2]. The following corollary provides simpler hypotheses that imply those of
Theorem 1.1.

COROLLARY 1.2. Let Bmax := max{By : d € A} and

D
ug =y 2Nk =y forl <d<D+1,

k=d
D
so(d) =Dy Fugy1) + uay1 + Z ujt;,
j=d+1

so ;= max{so(d) : d € A U{0}}.
Then the conclusion of Theorem 1.1 holds whenever s > Bpax + So.

Of course, the explicit bounds for sq in case of systems of quadratic forms and
a form of higher degree, computed in [2, Corollary 1.4], and in case of systems
consisting of two forms of differing degrees, computed in [2, Corollary 1.5], are
still valid in our number field version. Moreover, [2, Theorem 1.6] provides us
with the bounds
so+ T —1<D?2P~1 < 1?2p22P~!

and
so+ T —1<(D—1)2P. (1.4)

By the last inequality, the condition s > Bmax + So in the corollary is implied
by the original condition (1.3) of Birch and Skinner in case of a single form of
degree D.

In the following, we will specialize our results to non-singular systems of
leading forms. To the system of forms Fy j(x), 1 < d < D,1 < j < 14, we
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associate the (T x s)-Jacobian matrix J(x) formed by the partial derivatives of
all T forms Fy ; with respect to all s variables x;. We call the system (Fa,j)d,j

of forms non-singular if rankJ (x) = T for every non-zero x € Q' satisfying
Fy,j(x) =0foralld, j.
Following [2], we define two systems of forms (Fy, )4, ; and (I:“d, i)d, j» with

Fy j, I:“d’j € Oklxy, ..., xs] of degree d, to be equivalent if, for every pair
d, j), we have
Faj=Faj— Z HyiFai— Z Z HeiFei, (1.5)
i<j e<d i<t,
with forms H, ; € Og[x1, ..., xs] of degree d —e. Moreover, we define a system

(Fg,j)a,; of forms to be optimal if, for any choice of (d, i), the sub-system
{Fd,j:j>i}U{Fe,J d<e<D,j<t}

is non-singular. In [2, §3], it is shown that every non-singular system of forms is
equivalent to an optimal system, and that every optimal system (Fy ;)4 ; satisfies

By <tg+---+tp—1 foralll <d <D

and hence in particular that Byax < 7 — 1.

Assume that we are given a system of polynomials (Gg,;)q4,;, With Gg4,; €
Oklx1, ..., xs] of degree d, with leading forms (F4,j)a,j> and a system of
forms (I:"d,j)d,j equivalent to (Fy j)q, ;. Applying the expression for I:"d,j in
(1.5) to the polynomials Gy ; instead of the forms Fy ;, we can easily write
down a system of polynomials (Gd,j)d,j with leading forms (ﬁ’d,j)d,j, such
that the (N}d,j generate the same ideal of Ok[x, ..., x;] as the G4 ;. Hence,
we may replace every system (Gg, j)q,; With a non-singular system of leading
forms (Fy j)a,; by a system (Gd’j)d,j with an optimal system of leading forms
(Fy. j)d,j» and having the same common zeros.

Together with (1.4), this allows us to deduce the following generalization of
[2, Theorem 1.7].

THEOREM 1.3. Suppose that our system of leading forms (Fy j)a,; is non-
singular and satisfies s > (D — 1)2P. Then there is a positive § such that

N(P) = [GAR Pn(S_D) + O(Pi’l(s—'D)—B).
Here J > 0 whenever the system of equations
Fgj(x)=0 for1<d<D,1<j<1ty

has a non-zero solution in the interior of B C V. Moreover, & > 0 whenever the
system of equations

Gy jx)=0 forl<d< D, 1<j<1y

has a non-zero solution in the completion ny, C (Ok)y, for every prime ideal p

OfO](.
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The conditions under which J > 0 and & > 0 follow from well-known facts
about J and G and from the fact that, under the hypotheses of Theorem 1.3,
the system of leading forms (Fy, j)g,; defines a smooth complete intersection
(see [2, Lemma 3.2]). In particular, the singular series & has the usual
interpretation as a product of local densities.

Theorem 1.3 has far-reaching consequences for smooth projective complete
intersections. In fact, every smooth complete intersection X C IP";(_I is defined
by a non-singular system of forms (Fy ;)4 and, if X is non-degenerate (not
contained in a proper linear subspace of IP’SK_I), then deg(X) > D.

It is known that an asymptotic formula as in Theorem 1.3 implies the Hasse
principle and weak approximation for X; see [11]. We can also say something
about the Manin—Peyre conjecture [4, 7]. Let Qk be the set of all places of K
and, for each v € Qg, let n, := [K, : Q,] be the local degree at v. Let ||-||, be
any norm on K}, coinciding with the usual max-norm if v is non-archimedean.
Then

H(@zox)) = [T o)l (1.6)

UGQK

defines an anticanonical height function on the rational points X (K). The proof
of [6, Theorem 4.8] shows that the conclusion of Theorem 1.3 implies the
Manin—-Peyre conjecture for X with respect to the height H.

Thus, every smooth and non-degenerate complete intersection X C IP’SK_I with

s > (deg(X) — 1)2deeX

satisfies the Hasse principle, weak approximation, and the Manin—Peyre
conjecture for the anticanonical heights defined above.

Browning and Heath-Brown showed in [2] that every smooth and geomet-
rically integral variety X C Pg satisfying

dim(X) > (deg(X) — 1)290 _ | (1.7)

is already a complete intersection. Their arguments hold as well over arbitrary
number fields, which provides us with the following nice consequence of
Theorem 1.3, generalizing [2, Theorem 1.1].

THEOREM 1.4. Let X C P} be a smooth and geometrically integral variety
satisfying (1.7). Then X satisfies the Hasse principle, weak approximation, and
the Manin—Peyre conjecture with respect to the height functions defined in (1.6).

1.3. The circle method over number fields. Our proof of Theorem 1.1 relies
on the Hardy-Littlewood circle method, implemented over the number field K
by Skinner [11]. We start by reviewing some notation from [11].

Let Qk, Q, and Qg denote the sets of all places, archimedean places, and
non-archimedean places of K, and write K, for the completion of K at the place
v. If v € Qu, then we identify K, with the field R or C in the usual way.
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We identify V = K ®q R with [,  Ky. This allows us to naturally define
the conjugates x*) € K, of x € V via projection and to extend the norm and
trace of K to functions N : V — Rand Tr : V — R. On V, we moreover have
an R-vector norm defined by

[x| ;= max{|xq], ..., |x,|} forx =xjwi+ -+ x,0,

that satisfies |x| < maxyeq. {|x|v}, where |x|, is the usual absolute value on
K, € {R, C}. We extend the norm to V* via |x| := max;—_i__{|x;|} for x =
(15«0 ey Xs)-

Let

.....

R :={xio1+---+x,0, : x; €[0,1)} CV.

We normalize the Haar measure on V by vol(R) = 1. Elements of
vl = ]_[gzl V'd are written with double indices & = (ag.;)1<q<p- We write
1<i<ty

e(x) = e2™ for x € R and ®(x) = e(Tr(x)) for x € V. The circle method is
based on the identity

N(P) = / S(a) da, (1.8)
acRT

where

D tp
S):= Y @(Zzad,icd,,-(x)). (1.9)

xen*NPB d=1i=1

We divide R” into major and minor arcs as follows. Let @ € (0, 1/3) be a
fixed constant to be specified in §5. For y € K, we have the denominator ideal

a, :={Be0k : By en}.Fory = (y4,))a,i € (RN K)T, let ay = ﬂd’i Ay ;-
The major arc corresponding to y is

My = (@€ RT : |ag; —yail < P79 forall1 <d < D,1<i<ty),

where the distance |og; — v4,i| is to be understood modulo n. We define the
major arcs

me=J m,
ye(RNK)T
Nay, <P7

and the minor arcs

m:= RT .
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In §4, we show that, under the hypotheses of Theorem 1.1, the contribution
of the minor arcs m to the integral in (1.8) is absorbed by the error term. In
§85 and 6, we evaluate the contribution of the major arcs 9 as &J prs=D) 4
O (P"6~D)=8) with the singular series

=H§mpﬁ > > q’(ii)’d,ﬁw(lﬁ))

ye(RNK)T xe(n/pin) d=1i=1
ay=p/

and the singular integral

tq
/ / ( ZVd,iFd,i(x))dxdy,
yeVvTl JxeB

d=1i=1

In §§2 and 3, we prove the main tool to be used in our estimations, an iterative
Weyl-type lemma for the exponential sum S(e) that generalizes the version
from [2] to number fields.

1.4. Further notation. It is sometimes useful to identify V with R" via the
basis w1, ..., w,. Thenx € V* with x; = x; 101 + - - - + X; y oy is identified with
X = (x;,j)i,j € R™. The volume on V becomes the usual Lebesgue measure
on R”, and the norm | - | becomes the usual max-norm on R", which we will
also denote by | - |. To each polynomial G € V[xy, ..., x;], we associate the
polynomial

G*(X) :=Tr(G(x)) € R[X]

and the system G*(X), 1 < j < n, defined via
G (X) = Tr(w;G(x) € RX].

Then any x in V* satisfies G4 ; (x) = 0 for all d, i if and only if G* (X) 0 for
alld, i, j, and our system of 7 polynomials in s variables over (9 K 1s equivalent
to a system of nT polynomials in ns variables over Z. In fact, the affine variety
defined over Q@ by the polynomials G ; (X) is the Weil restriction of the
K-variety defined by the polynomials Gd ,(x) These identifications allow us
to write S(«) as an exponential sum over Z":

D t n
S)y=Y_ e(ZZZad,i,,-Gz,,-,,(X)),

XeZnsNPB =1 i=1 j=1

where ag; = ag 101 + - 4+ 0tg.inwn.

We denote the standard basis of the free V-module V* by vy, ..., vy, and
the standard basis of R™ by E;; ( = 1,...,s and j = 1,...,n). By our
identification, we obtain E;; = w;v;.

For B € R, we write || B|| for the distance of § to the nearest integer.
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For any form F € V[xy, ..., xs] of degree d, we write F(x1]|---|xq4) for the
corresponding polar d-multilinear form, normalized by d!F (x) = F(x]|---|x).
Similarly, F*(X{]|---|Xy) is the polar d-multilinear form corresponding to F™*.

Observe that F*(X1]|--- | Xyg) = Tr(F(X1] - - - [Xg)).

1.5. The singular integral. Our main task in §6 is to show that the integral

D tq
J(H) = / vt / (ZZyd,iFd,,-<x)) dxdy (1.10)

yI<H d=1i=1
converges absolutely as H — oo, and that
JH)-3J<H?

for some positive §; see Lemma 6.8. In the case where all degrees are equal, i.e.
tg = 0 for all d # D, this is done by Skinner in [11, Lemma 9]. For the proof,
Skinner suggests to think of our forms Fp ; as the forms F lﬂs,i, j over Z and to
apply Schmidt’s Lemma 8.1 from [9]. Schmidt’s lemma is a formalization of the
classical indirect approach to the singular integral, already used by Birch [1],
where the Weyl-type lemma used in the treatment of the minor arcs is applied
once more to bound the inner integral in (1.10). Hence, it depends on a certain
hypothesis, called the restricted hypothesis by Schmidt. Applied to our forms
F ;5 i it requires that at least one of the following alternatives holds for some
Q > ntp + 1 and each A € (0, 1]: every a € R'? satisfies:
(i) [S(@)] < P42 or
(i) thereis g € N, g < P2 with ||gap; jIl < P7P¥A forall 1 <i < tp and
I<j<n

Skinner gives no argument why this hypothesis would hold. In fact, we were
not able to deduce it from either Skinner’s Weyl-type lemma [11, Lemma 2]
or Birch’s Weyl-type lemma [1, Lemma 2.5] applied to the F} i without
replacing the lower bound (1.3) on the number of variables s by the stronger
bound

s — Bp > tp(ntp + 1)(D — 1)2P~1, (1.11)

and we see no reason why it should hold otherwise. Let us note that with the
stronger assumption (1.11) instead of (1.3), the main theorem of [11] would
follow directly from the techniques of [1] applied to the G}‘)’L i

In §6, we apply genuine number field arguments to our treatment of the
singular integral, culminating in Lemma 6.8. When all degrees are equal to D,
the hypothesis (5.6) of Lemma 6.8 is exactly Skinner’s hypothesis (1.3), so we
prove [11, Lemma 9] as a special case of Lemma 6.8.

§2. Exponential sums. For a function f : V¥ — R and h € V¥, we write
Ap(f)(x) := f(x+ h) — f(x) for the usual forward difference operator. The
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following lemma is a number field analogue of van der Corput’s variant of Weyl
differencing.

LEMMA 2.1. Let g € Og \ {0} and H € Z with 1 < H < P/|q|. Let [ :
VS — R and T be a box aligned to the basis w1, .. ., wy,. Then

2 P ns
> <I>(f(X))‘ < (ﬁ) >
xen*NPZL hen®
lh|<H

Y eAm(NH)],

xen’NPZ (h)

where Z'(h) is a box aligned to the basis wy, ..., wy, that depends on h. The
implicit constant depends only on K and. s.

Proof. The proof is analogous to the version over Q (see the proof of
[2, Lemma 4.1]). Let xpz be the indicator function of PZ. Let R* C V be
the setof allu = ujwy +--- +upw, € Vwithl <u; < Hforalll < j <n.
Then

H™ Y o(fx)= Y Y ®(fx+qu)xpr(x+qu)

xen*NPL ue(nNR*)* xen®

- Z Z O (f(x+qu)xpzr(X + qu).

xen® ue(nnNR*)’
x| <P

Here we used that xpz(x + gqu) # 0 implies that |x| < P + |qu| < P + |gq||u|
« P. By Cauchy’s inequality,

2

Y (S x+qw)xpr(x+ qu)
ue(nnNR*)*

2

<Py

xen’®
|x|<< P

=P" Y ) Y Sy +qh)xpz(y +qh)

hen® yens
lh|<H

~O(f(Y)xprz(y),

H™| Y~ o(f(x)

xen*NPZL

where
nh) =#{(u,v) € MNRH* : h=v—u} < H".

Thus,
2 ns
P
< (E) Z

hen®
lh|<H

Y. Sy +qh)O(F M),

yen*NPZ'(h)

Y d(f)

xen*NPZL

where Z'(h) C Z is a box aligned to the basis w1, ..., w,, depending on h. [
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Let f, g € V[x1, ..., xs] withdeg f < d. Suppose that gg = g1+ g2 withg €
n~ {0}, g1 € Oklx1,...,x5],and g € V[x1, ..., xs] such that all coefficients
aj of gp of each degree j satisfy

laj| <j pP ™/ 2.1)

for some ¢ > |q]|.
Let B’ be a box aligned to the basis wy, ..., w,. We are interested in the
estimation of the exponential sum

Ti= Y A +gX).

xensNPB’

In the process, f will be the dominant polynomial whereas g originates from the
higher exponents, which are already well approximable. We aim for an estimate

of the form

x| = P"™L
with small L. Let F be the homogeneous part of f of degree d, and recall that
(gF)*X1|---1Xg) is the d-multilinear polar form corresponding to the form
(gF)*X).

LEMMA 2.2. For M > 1, we have
de_l & P—(d—])l’lS((pM)(d—l)l’lS(log P)HSM’ (22)

where M is the number of all (X1, ...,X4_1) € (n%)d-1 satisfying
P :
;| < — foralll <i<d and
oM

(g F)* (X1l -+ Xa—1[Ei )l < forall1 <i<s, 1<j<n.

P(pd—ZMd—l

Proof. This is mostly analogous to the proof of [2, Lemma 4.1]. The lemma
holds trivially if ¢ > P. Hence, we assume that ¢ < P.

We start by d — 2 Weyl differencing steps, that is, d — 2 applications of
Lemma 2.1 with ¢ := 1, H := P, linked by Cauchy’s inequality. This yields

L7« pmEh 3N S ), 2.3)
hjen’ hy_ren’ 'xen*'NPZL
[h|<P lhg_2|<P
where
V(x) := ®(Apy,.. h, (f +8)(X)
and Z C B’ is a box aligned to the basis wy, ..., w, that depends on hy, ...,
h;_»>.
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For the (d — 1)st differencing step, we choose ¢ as in the setup before our

lemma and

P

H=|—|2>21.

@

By Lemma 2.1,
2 —
YoV <9 Y | Y Wy +gwi(y)|,
xensNPL wen® 'yensNPZ'
\wl<H

where 7' C 7 is a box aligned to the basis wy, . . ., w,, depending on w. Together

with Cauchy’s inequality and (2.3), this yields

L2 prnsd s Z Z Z

h;en’ hy_r,en® wen’
|hy|<P [hy_o|<P IWI<H

Z W(y + qw)Wy)‘.

yen*NPZL'

Note that ¥ implicitly depends on hy, ..., hy_», and Z’ depends on hy, ...,
h;_, and w.
Now we take a closer look at the summands of the innermost sum:

Yy +gwW)¥(y) = P(An,,...hg2,qw ([ + 8 (¥)).

Recall that F is the leading form of f of degree d. Then, by linearity of
F(x1]---|xq), we have that

Ay, qw () = qgF(hy|---|hg_o|wly) + C.

Now we focus on g. Since all coefficients of Ap, .. h, ,,qw(g1) are Og-multiples
of g, we have
®(An,....hyrqwl(@ D) =1

forally € Ok. Since |h;| < P forall 1 <i < d — 2, it follows from (2.1) that
each coefficient b of Ap, . n,_,(g2) of any degree j satisfies

bl < Thy|- - [hg_p|@P ™I~

Since |gw| < |g|H < ¢H < P, the coefficients ¢ of A, hdfzﬁqw(q_lgz) of
degree j are bounded by

lcjl < 1g7 bjr1qwel < 1bjs1lIWl < hy| -+ - [hy_alpP ="V H « P,

where b, is a coefficient of Ap, . n, ,(g2) of degree j + 1 and wy is a
component of w.

Write u := gw. With the tuples H;, U € Z*" corresponding to h;, u € n®, we
have shown that any jth-order partial derivative of An,. . m, ,.u((¢~'g2)*) is
< P~/ uniformly on [—P, P]".
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Let I’ C [—1, 1]°" be the box in R*" corresponding to Z'. Using the above
computations,

Y Wy +gwi(y)
yensNPZL'

= Y el(qF)*(Hy| - [Hy2|W[Y) + Tr(C)
YezZ"NPI'
+ An,. 1, 0@ g2)")(Y)).

In the same manner as Browning and Heath-Brown, we apply multidimen-
sional partial summation and our uniform bounds for the partial derivatives of
Am,....H,,,0((q ™' 2)") to obtain

Y VW) <
yensNZ’

D el@F)*(Hy] ... [Hg2|WIY))|,
YezsnNI1”

with abox I” C I’ aligned to the coordinate axes. We are now in exactly the same
situation as in the proof of [2, Lemma 4.1], just in dimension s»n instead of n and
with ¢ instead of g¢. What remains of the proof is identical to the arguments
of [2] starting at (4.5), just with tuples Y, H;, W of sn variables instead of tuples
¥, X;, w of n variables. |

§3. The iterative argument. Our aim in this section is to find a Weyl-type
estimate for the exponential sum S(«) defined in (1.9). To this end, we write

|S(@)| = P™L.
We define Qpy1 :=1and, ford € A,

Qg4 = (log P)* D =5a/n, 3.1)
where e(d) is an explicit but irrelevant exponent which could be computed from
the arguments in the proof of Lemma 3.1. For those 1 < d < D withd ¢ A, we
set Qg4 := Qk, where k is the smallest integer bigger than d in A. Similarly, we

can extend the definition of the exponents e(d) to these values.
For j € A, we consider upper bounds

2 < (Q}j;l)n(s Bj)(log pynsHl. (3.2)
Let / él) be the set of all @ € R” such that (3.2) holds for Jj = d but fails for
every j > d. Moreover, let I® be the set of all @« € R” such that (3.2) fails
for all j € A. We are going to prove the following number field analogue of
[2, Lemma 6.2].
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LEMMA 3.1. Letd € Aand P> 1. Ifa € IV, then

127 (5 =Ba)sar & ps—Ba)te, 3.3)

Moreover, there are qj € n, vj € w'i foralld < j < D, j € A satisfying

qr | q;j forallk > j, k € A, (3.4)
lgjl < Qj., (3.5)
lgjaji —vjil < QP foralll <i<tj. (3.6)

Ifoe € I, then there are q € n, v; € nli forall j € A satisfying (3.4)—(3.6).

The idea is to iteratively apply Lemma 2.2. Recall that v; denotes the jth
element of the standard basis of V¥. For d < D, we define the matrix

JaXq, .o Xg—1) = (Fg i (X -+ - 1Xg—11Vji)i<i<n
1<j<s

and the corresponding affine variety :S’\d - (ASK)d ~! defined by the condition
rank(\’l:g(xl, o X4-1) < 4.

We need an estimate for the number of integral points on §d of bounded norm.
Let

Mo(P) := #{(X1, ..., Xq—1) € Sg(K) N (*)4" : |x;| < P forall 1 <i <d).
LEMMA 3.2. For P > 1, we have
MO(P) « Pn(Bd-‘rS(d—Z)).

Proof. As in [2, Lemma 5.1], using [11, Lemma 3] instead of [1, Lemma
3.1]. O

The main tool for the proof of Lemma 3.1 is the following iterative argument.

LEMMA 3.3. Let |S(a)| = P™ L and d € A. Furthermore, suppose that:
° eitherd =D, q =1,and Q = 1;
° ord < D, and there exist Q > 1 and q € nwith |q| < Q, and v; € nli
such that

lgoej i —vjil < QP_/ ford < j< Dandl <i <tj.

Then, for P sufficiently large, either

n(s—Bg)
L2d—| g (%) (log P)ns-H
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or there exists q* € n with

log P)s+! tq(d—1)/n(s—Bg)
%) (log P)

lg*| < Q% == ( 720

and vq € n' such that

lg*qata; — va,il < QQ*P™ for1 <i <ty

Proof. The key tool is Lemma 2.2. We distinguish the two cases d = D and
d < D:
° d = D: in this case, we choose ¢ :=1, g = g1 = g2 := 0, and

D tj
f® =" "aiGjiX):

j=li=1
° d < D: then we let

d 1

D i
f®:=>">"0;;iGjix) and gx):= > > ;;Gji(X).

j=li=1 j=d+1i=1

By hypothesis, we have gaj; = vj; +0;;ford < j < Dand 1 <i <1,
with |0 ;| < QP~/. We write gg = g1 + g2, where

D tj D Ij
g1 = Z Zvj,iGj,i(X) and 82 = Z Zej,iGj,i(X)-
j=d+1i=1 j=d+1i=1

This allows us to choose ¢ := Q.
Now we apply Lemma 2.2 with M := max{l, M1}, where

P LZ‘I*] 1/n(s—By)
My = ———— .
! Q((log P)ﬂf“)

de—‘ 0 n(s—Bg)
- < 1x=
(log Py +1 = (P) ’

as required by the first alternative in the conclusion of the lemma.

Therefore, we may suppose that M = M; > 1 and consider two cases
according to whether all points (xg,...,X7—1) € (n® y4=1 counted by M from
Lemma 2.2 are in the affine variety §d or not.

If they all lie in S, then an application of Lemma 3.2 implies that

P P nBg+ns(d—2)
M < MO(Q_M> < <Q_M) .

If M| <1, then
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Hence, we have

) nBg+ns(d—2)

defl p—d=Dsn o prd=Dns 15o pys
< (OM) (log P) oM

& (QM)ns—an Pan—ns (log P)ns

M n(s—By) ‘
= (QT) (log P)"™*.

Substituting M yields
L < 1* og Py,

which is a contradiction for P sufficiently large.
In the remaining case, we are given a point (Xq, ..., Xg—1) € (n® y4=1 with:
° Ix;| < P/OM forall 1 <i <d;
o l@F)*Xi|--1Xa—1|Ep )l < 1/PQ72M~! for all 1 < p < s,
1< £§ n; and

° rank(Jg (X1, ...,X4-1)) = 4.
Without loss of generality, we assume that the matrix W consisting of the first
ty columns of Jy(X1, ..., Xz_1) has full rank. Let g* := det W. Then g* € n and

ta(d—1)
< o xaa e < (2=
oM

We set

n tq
By = Bhion =qF XXl [Xa_11¥p) = > @aiqFai(Xi] -+ [Xg-11Vp).
k=1 i=1

Then

Tr(weB,) = Tr(weg F(x1] - -+ [Xa-11vp)) = (g F)* Xl - - - [Xa-11Ep,0),

SO |
*
Thus, we can write
n
> BE (Tr(wewr) = Tr(weBl) = ap.e + dp.e, 3.7)

k=1

witha, € Zand |d, | < (PQ2M4~1)~1. With

Q = (Tr(a)ﬂa)k))k,[:l ..... n» B;; = (ﬂ;’la e ey ﬂ;,n)’
Ap:=(ap1,...,apn), Dy, :=(dp1,...,dpn),

we can write (3.7) as
B;Q =A,+ D,.

https://doi.org/10.1112/50025579316000206 Published online by Cambridge University Press


https://doi.org/10.1112/S0025579316000206

FORMS OVER NUMBER FIELDS 107
Therefore,
* —1 —1 __. 4/ /
Bp_ApQ +D,Q7" = Ap+Dp.
Write d!, :=d’. w1+ ---+d’, w,, where D’ = ('’ ,,...,d’ ), and define
P p.1 p.n P p,1 p.n

a’, analogously. Then

)4
, 1
|dp| < mlle{|dp,k|} < W
Let oy := (otg,1, ..., %q,,). On the one hand, by our definition of ,8;‘;, we see

that
ag-qW = (Bi<p<

On the other hand, since W has full rank, there exists v; € n’® such that
vy W= det(Q)ﬁ*(a;)lgpgw.
Subtracting one from the other yields
(det()g*qog —vg) - W = det(Q)&*(a’/p)lgp@d.
We let g* := g™ det(2) and obtain

g*qag —vg = q*(d;;)lgpétd w!
K P[P [ max(|d) )

p \ t—b@-1 1
“(ow)  Form

Furthermore, we have

ta(d—1)
* ~k
WI<MI<<5M>

and thus
ta(d—1)
lg"| < Q < 0 M) (log P)
for large enough P. U
Now we are ready to prove Lemma 3.1.

Proof of Lemma 3.1. We iteratively apply the preceding lemma in order to
reduce the degree of f in every step. In the first step with d = D, we see that
either

L2D71 < Pn(Bd*S) (log P)ns+l’

and hence « € Il()l), or there are a gp < Qp, with
QD — ((lOg P)nS+IL72071)(D*l)fp/}’l(S*BD) IOgP,
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and a vp € n'? such that
lgap,i —vpil < QP7P (1 <i<ip).
In the second case, we apply Lemma 3.3 with d := max {A \ {D}}. Then either

n(s—Bq)
defl g (%) (log P)nS+1’

and thus & € Igg]), or there are a ¢4 := gpq™* < Qg := Qp Q* with

(log Py1s+1\ad=D/n(s=Bp
- ()

120 log P,

and a vy € n' such that
\gaeta,i — vail < QaP™¢ (1 <i <ta).
Since we also have
lgaep.i —q*vpil < Q*QpP~ " = QuP7P,

we may apply Lemma 3.3 again with the next lower value of d. Iterating
this process, we get sequences of g4 and Qy for decreasing values of d € A.
The set of a such that for all d € A the second case of Lemma 3.3 holds is
exactly 1. (]

§4. Minor arcs. First, let us consider the integral of S(a) over / 1(31 ),

LEMMA 4.1. If
2D—l

D <1, 4.1

S — BD
then
/ o |S@)] de < PrETPI0
1

D

for some § > 0.
Proof. Fora € 11(31), we have
L2D’1 < an(szD)(log P)ns+1 < an(szD)Jrs‘
Therefore, the integral can be estimated by

/(U 1S(@)| dox < vol(I) sup [S(a)| < 1- P p="6=B0)/27 e

Ip ocell(,l)

— pr—(=Bp)/2°"Dte . pn(s—D)=8

for a suitable § > 0, using (4.1), provided that € was chosen small enough. [
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We split R” into dyadic sets as follows. For any L > 0, let
A(Lo) :={a € RT : |S(a)| = P™ L with Ly < L < 2Ly}.
For I = I(El), d < D,or I =19, we write A(Lo; I) := I N A(Lg) N m and
estimate the integral

T(Lo; I) :=/ [S(et)| da.
A(Lo: D)

We will make use of the following facts.

LEMMA 4.2. Let € > 0 and a € Ok with N(a) < H. Then the number of
beOgwithb |aand |b| < H is K HE.

Proof. There are at most <. H¢/? ideals of Ok dividing the principal
ideal aOk. Let b be any principal ideal among these divisors. The number of
generators of b with all conjugates bounded by <« H is <. H¢/?, which one can
see by counting units with bounded conjugates (for example, as in the proof of
[5, Lemma 7.2]). O

LEMMA 4.3. There are positive constants eq, e, such that all ¢ € RT ~ IL()])
satisfy L > P~ and Q; < P forall j.

Proof. The lower bound for L follows directly from the definition of l()l ),
The upper bound for Q; is an immediate consequence of this. O

LEMMA 4.4. Letd € A, d < D. If

2d—l D
Dd(s ~ B, +sd+1> + S4+1 j;lsﬂj <1, “4.2)

then T (Lo, I(gl)) & P"6=D)=8 for some § > 0.

Proof. By Lemma 3.1, everya € [ ;1) satisfies

de_'/n(S—B(/H-SdH/n < p—lte

and there are ¢; € n ~ {0}, v; e n'i forall j € A, j > d, satisfying (3.4)—(3.6).

Since g R is a fundamental domain for the ideal lattice gjn C nin V, there
are exactly |N(g;)| points of n in g; R. Hence, for any given g, it is enough to
consider < |N(g;)|" elements v;.

Let us estimate the volume of the set of all («;;);>a,1<i<s, belonging
to a given g;,v;. By (3.6), we see that every coordinate gjc;; takes
values in a set of volume < Q"P /" Since multiplication by g j is an
R-linear transformation on V of determinant < N(gq;), each «; ; belongs
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to a set of volume <« N (qj)_lQ?P_j” and hence the total volume is

< ]_[?:L,JFI(IN(qj)l_1 Q?P‘j”)’f. Due to (3.4) and Lemmas 4.2 and 4.3, each
choice of g441 defines < P€ values of g442, ..., gp. Summing over all these
g and all the corresponding v ;, we see that

D
vol A(Lo; 1§y < P2 @i,y T (@;P~7)™
j=d+1
D
< P2£7n Zf=d+1 jtj L(;Sdﬁ»l*Zj:d_H Sjtj.
Therefore,

D
I=Sar1=3 g 41 57t

(s—D)=8
0 <L P"Y :

T(Lo: Iél)) « pMs—D+DPo+2
as long as (4.2) holds and € is small enough. (]

Finally, we concentrate on the integral over A(Lg; I®). In particular, we will
make use of the fact that A(Lg; I®) C m.

LEMMA 4.5. Letd € A, d < D. If
D

s1+ Zsjtj <1, “4.3)
j=1

then T (Lo; I®) < P"~D)=8 for some § > 0.

Proof. For each a € 1@ we have gq € n~{0}and vy € n, d € A, with
(3.4)—(3.6) and, as in the previous lemma, it suffices to consider < |N(ggz)|"
tuples v, for each gg.

Lety := (quvd,i)d,i. Then it is not hard to see that

lg; — yail < QWP~¢ forall j,d and
Na, < OF.

With emax := maxg{e(d)}, we have

Q) < L™ (log P)"max,

Let o be as in the definition of the major arcs, and suppose that L > P =7/,
If P is large enough, we deduce that
leai — va.il € P~47  forallj,d and
Na, < P”
and hence & € 9. We conclude that T (Lg; I®) = 0 unless
Lo < P/, (4.4)
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Let us assume that (4.4) holds. As in the proof of Lemma 4.4, we see that

D
vol(A(Lg, I'?)) « P Q" l_[(QjP—J)ﬂf_/ « pETYjimtg,
j=1

D
—S1—2 i1 8jt
0 .

This implies that

D
l—Sl—Zj:l Sjtj

T(LO, 1(2)) << Pn(?—D)+2£LO << Pl’l(S—D)—ls’
provided that (4.3) holds and € is small enough. O

The previous lemmas allow us to estimate the integral of |S(«)| over & € m.
Lemma 4.1 gives a sufficient bound for the integral over m N / 1()1 ) Fora € 1" ,
d < D,ora € I'D, wehave coP~% < L < ¢y, with constants ¢, ¢ independent

from P. We split this interval in dyadic parts and obtain

Mog,(cy ' c1P€0)]
/ JS@lde < Y T@eP™ 1Y) < PP (log P)
mﬂld i=0
]_

by Lemma 4.4. An analogous argument using Lemma 4.5 bounds the integral
overmn [,

§5. Major arcs: singular series. We now choose the parameter @ in the
definition of the major arcs by

1
o=
44+ DT
Furthermore, recall that 28 C V¥ is a box aligned to the basis and B C [—1, 1]
the corresponding box in R™.

We start by showing that the major arcs are disjoint in pairs provided that P
is large enough.

LEMMA 5.1. Letyy # y, € (RN K)T withMNa,, < P for j € {1,2). For
P> 1, we have M, NI, = 0. '

Proof. If @ € M, NN, _, then, writing Y= (Vj.d,i)d,is

—d -1
Viai — Vodil <viai —eail +leai — voail < P77 < p=it®

holdsforall 1 <d < D, 1 <i < t;. By Minkowski’s convex body theorem, there
is anon-zero g € ay Na,, with [g] K P2@/" Hence, qV1.d4.i —V2.4.i) € nand
lq.a.i — voa.i)| < PTIHUF2/M® for all d, i. Since w < 1/3, this implies
that y; = y, whenever P is large enough. O
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Fory € (RN K)T, we define

D

1q
)= Y ‘D(Z yd,iGd,xx))

xe(n/ayn)’ d=1i=1

and, fory € VT, let

D
J(y) = /B @(ZZyd,iFd,,-<x)) dx.

d=1i=1
LEMMA 5.2. For y € (RN K)T with Nay, < PP, let a € M) and write
Qgi =Vai+6aiforalll <d < Dandl <i <ty Then

S(e) = Na,* P S (¥)J (0ai P)a.i)

D tq
+0 (may 3 104 P 4 Nay, P’”1>.
d=1i=1

Proof. Whenever d, i, j appear as indices of a sum, the sum runs over 1 <
d<D,1<i<tg,and1 < j < n. Asusual, we write yg; = yg.i101 +---+
Yd.inwn and similarly 65 ; = 64 1w1 + - -+ + 64,i nw,. With these conventions,

we have
Sy = > e(Z(ed,i,j+yd,,-,j)G§,,~,,~<X)).

XeZ"NPB  “d.i,j

Let N :=9a, € (NNay). Then Ny € n’, so in particular Ny, j € Z for all
d,i, j. Applying the standard argument over Q, we see that S(e) is the sum of

1
o e(Zyd,i,sz,i,j(Y>)-J((ed,l-P")d,i)-P"S

Ye([0,N—11NZ)s"  “d,i,j

and an error term as in the lemma. It remains to show that

1 1
s e(Z vaijGy: j<Y)) = I

Ye([0,N—-1]NZ)s" d,i,j

This follows from the following observations. Write y = (yq, ..., y5) with, as
usual, y; = yj 101 + - -+ yjpwy. If Y runs through ([0, N — 1] N Z)"*, then y
runs through a set of representatives of (n/(Nn))*. Moreover,

e(z )’d,i,jG:},i,j(Y)) = q’(Z )/d,iGd,i(Y)>
dii,j d,i

depends only on y modulo a,n, and each coset of (n/(Nn))® modulo a,n has
N@=Ds elements. O
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For H > 0, let
X(y)
o= Y 2
ye(RNK)T y
Nay, <H
and

3 = [ s ay.
lyI<H

LEMMA 5.3. There is a positive constant § such that, for large enough P,
/ S(@)da = G(PT)J(PT)P"C~D) 4 o(P"s—P)7%),
m

Proof. By Lemma 5.1, we have

S(a)do = S(a) da.
/m (a) da Z fﬁﬁy (a) da

ye(RNK)T
Nay, <P?

Using Lemma 5.2 and the obvious fact that vol(!01,,) = P"DHT @ it follows
that

1 !
/ S(e)da = — P"™ 5 (p) J((0a.i P)ai)d6
m, Na

y 04,/ |<P~d+T

After a coordinate change in the integral over # and summing over all y, we
obtain

/ S((x) do = G(PW)J(PZU)PH(S—'D) 4 O(m(PZU) . PH(S—D)—1+(HT+2)ZU)’
m

where
m(P”) :=|{y e (RNK)" | Na, < P7Y < po(T+1)

Hence, we obtain an error term
O(PH(Y—D)—1+W((H+1)T+3)) — O(Pn(X—D)—B) D
Whenever the respective limit exists, we let
G:= lim 6G(H) and J:= lim J(H).
H—o00 H—o00
The rest of this section is devoted to the absolute and fast convergence of the
singular series G. The singular integral J will be treated in the next section.

We start with an estimate for X(y). Let y € (RN K )T, By definition of
ay, we can write vy ;O = nag,;/a,, where a4 ; is an ideal of Ok and a), +

Zt?:l Zﬁdzl aqi = Ok.
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LEMMA 5.4. Write y4,,Og = nay ;/a, as above. Then, for € > 0,

N(ay + Zc?:j Yol aa) | VY
Na, '

b3 m s+e :
(¥) < Nay, 5%12{

Proof. This generalizes [2, Lemma 8.2]. The proof is essentially the same.
We choose @ = p, 0 = 0in Lemma 5.2. Clearly, @ = p isin 9, for P = ‘J‘(a;‘,‘,
with any large fixed value of A. Since J(0) > 1, we obtain

K s+1
Naj, - [S(p)I N RIGA ‘

T L —5 b
‘We choose A > s + 1 to obtain
E(y) < 1+MNa) L, (5.1

with L defined via |S(a)| = P L as earlier in the paper. Let us apply Lemma 3.1
to estimate L. If y € Itgl) for some d € A, then (3.3) and (5.1) show that

N €
NayP

1
Pn(s—Ba) /297 +(s—Ba)sa+1) <

Ty L1+

if A is chosen large enough. Now let us assume that & = y € I®. In this case,
Lemma 3.1 yields ¢g; € nand v; € n for j € A satisfying (3.4)-(3.6), with
Q; givenin (3.1). Assume first that gy ; # v;; for some j, i. By Minkowski’s
convex body theorem, there is a g € a, \. {0} with |g| < ‘ﬁu)l, " Then g (q iVii—
vji) € n,and so

1 < 1q(q;vyi — i)l < Mal/"Q; P « Nay/" L=/ pite,

This gives an upper bound for L, and substituting this bound in (5.1) shows that
Y (y) < 1 as long as we have chosen A big enough. Hence, we are left with the
case where

qjViji = Vji forallj e Al giglj. 5.2)

Since v;; € n, we find integral ideals b;; such that v; ;O = nb;;. After
cancellation, (5.2) gives

qjaji= aybj,i forall j e A, 1 <i < tj.

In the following arguments, we write a'/) := aj1+ -+ aj, and b =
bj1+---+bj;. Then gja") = a, b holds for all j € A. With

v i=a, +a¥ and f;:=q;0x + b,

we have thus . ‘
q;O0k ah) _ay bW

fiooo0 0§
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We claim that

ay
divides ¢;Ok forall j € A. (5.3)
Zd>] d

Indeed, since ¢; Ok /f; + bY) /§; = Ok, we see that (q; Ok /f;) | (ay/0;). The
opposite divisibility follows analogously and hence

O a

LK _ % (5.4)

fi 0j
Letk € A, k > j. Since (5.4) holds for k as well as for j, we see that g ;0 ;f; =
qi0kf;. By (3.4), we can write ¢; = qiq; with ¢; € Og. Substituting this in the
above equality, cancelling g; Ok, and dividing both sides by 0; + f; shows that

0. .
=0 Ji

qfk k
Mo +5 T 0+

and in particular

divides 0 forall k > j. 5.5
Y + i k J (5.5)
Letd; := Zd>j 4. By (5.4),
a Fi% 4 i 8j

g0k =2 1% _ o .
! 8§ v 8 vi+f 0,0 +f)7!

By (5.5), the second and the third factors on the right-hand side are integral
ideals, and hence (5.3) holds as claimed. Hence,

SJ/tay ‘ﬂay
= < MU, Ox) < g;l"
Ny + X0, Tt yaai) M,

& Q;’ K L5 (log p)"e(j)‘

This gives an upper bound for L, which, once substituted into (5.1), proves the
lemma. O

LEMMA 5.5. Let a be a fractional ideal of K. Then

1
RNal K — + 1.
| |<fﬁa

Proof. There is a constant ¢ depending only on K and our basis v, ..., @,
suchthat RNa C {x € a | |x| < ¢ for all v}. Here the x*) are all the (real and
complex) conjugates of x. The result then follows from [5, Lemma 7.1]. U

We are now ready to treat our singular series under the hypotheses of
Theorem 1.1.
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LEMMA 5.6. Assume that
s+ Y sty < L. (5.6)

Then the series defining & converges absolutely and there is a positive constant
8 such that
6-6G(H) < H™®

holds for large enough H.

Proof. We write
A@:= Y [Zl

ye(RNK)T
ay=a

For each y € (RN K)T with ay = a, we write again y; ;O = nay j/a and

define
D 17
o =a+y > ag. (5.7)

d=j i=1

Then, for jo := min A, we have 0, = Ok. By Lemma 5.4, we see that

No; /s Mo\ /5
> m s+e€/2 ] < m s+e/2 | | ]
) «Na mm Na Na

jeA
for any A; > 0 with Z}GA j = 1. Asin [2, §8], we choose
thj lfJEA\{]Q},

where § = 1 — ZjeA tjsj € (s1, 1). Hence,

1\ (o \ Y
s+€/2 A _ hias's
A(a) € Na*™¢ E m((;)jen, CO(‘)Ta) leAl ( Ma ) ,

0jla
JjeA

where m((0;) jea, @) is the number of all y € (RN K)T with ay = aand (5.7).
Clearly, any y with a,, = a and (5.7) satisfies

no; . .
vji € — forall j € A, 1<i <.
a

Using this and Lemma 5.5,

r

m(@))jea. o) <[]

JjeA

no; |/
RN —~
a

< H(m/)
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Hence,
A(@) < Ma”+ S0 Z 1 <« Ma*~9siote,

0jla
JjeA

Since # > 51 = s, this shows that G converges absolutely and that 6 -G (H) <
H? for some appropriate delta. U

§6. Major arcs: singular integral. Throughout this section, we will assume
(5.6). Fory = (ya.)ai € VI, we write ¥y := (Va,1» - -, Vd.tg)-

LEMMA 6.1. Leta € [0,n] and € > 0. Forany y € VT, we have

J(y) < L (6.1)
Assumethat |y| > 1 and letd € A withy ; # 0. Then there exists a unitug € O;é
such that

(D) Jugl < [p14/";
2 J@) L |y[lugy 1.
Moreover, we have
J@) < [pIlyql ™. (6.2)

Proof. Ttis clear that J(y) < 1 holds forall y € VT.Letd € A and assume
that |[y| > 1 and y,; # 0. We apply Lemma 5.2 with o := (P_jyj,,-)j,i and
P := |y|? for fixed large A. Clearly, « € 9y as soon as A > 1/w. Since
¥ (0) = 1, we obtain

J(p) K L+|p|P7 < L+ |p|~4s (6.3)

if A was chosen big enough.
If L < |p|~%/%*€ then (6.3) yields

J) < Iy 745 < |y l€ly gl =/,
and we can choose u; = 1. Therefore, we may assume from now on that
L > |y| st (6.4)

so that
J(y) < L. (6.5)

The remainder of this proof is devoted to the deduction of suitable upper bounds
for L. Let us first assume that & € I;l) for some j € A. Then the definition of

I;l), see (3.2), yields an upper bound

L < |y sate L p|€lp g7/,

provided that we have chosen A big enough to ensure that A(s — B;) > a7+
siy1(s — Bj))/(nsq).
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If ¢ € I, then Lemma 3.1 yields g4 € n, and v, € n' satisfying
lgal < Qu, (6.6)

\gacta,i — vail < QaP™" forall1 <i <14, (6.7)

with Q4 defined by (3.1).
Suppose that vy ; # 0 for some 1 < i < #4. Then

1< vail € QaP ™ 1yail+QaP™ < QaP ™|yl = L™/ (log P)*“D P~|y|.
This yields an upper bound
L < (log Pyt prdlsajy it |y | Mo (240
L I I75 & [y €Ly gl

if A is chosen big enough. We are left with the case where v; = 0. Let ¢ be a
generator of the principal ideal g4 Ok with the property that

N(ga)'" < |t]y < N(ga)'/™ forallv € Qu, (6.8)
and letuy :=qq/t € (’)IX(. Thanks to (6.8), (6.6), and (6.4), we obtain

lual < Nga)~""1qal < Qa = L™/ (log P)*“D < |y|*/".
Moreover, due to (6.7), for all 1 <i < tg, we have

P~ ugy | = ugeal < N(ga)~'|gaatal < QaP~* = L™5/"(log P)*P p~,
(6.9)
SO
L < |y[luqy 1"

The estimate J () < |y||uqy d|_“/ % follows immediately from this and (6.5)
if lugy | = 1, and from the trivial estimate J(y) < 11if lugy, | < 1.

For the proof of (6.2), we proceed as above with a = 1, until (6.9). Here we
conclude that

Pyl = leal < lg; gaeal < Q51 QP = L™ (log P)"*D p~4

and thus
L Iyllyal="". O
We write
Ny =[] ral.
VEQR0o
where |y 4|y :=max{|ya 1lv, ..., Va4, lv} and ny == [K, : R]is the local degree.

Let b € (0, 1) be a constant to be specified later and, for H > 1, let

M(H):={y e V" : |yl > H),
M. (H):={y € vl . |y| € (H,2H] and there exists d with N(y ;) = Hb},
M_(H) :={y € vl . ly| € (H,2H] and, for all d, we have N(y;) < Hb}.
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Define the integral

1(H) = f max{|ya"/) " dy.
M(H) deA

LEMMA 6.2. There is 6 > 0 such that, for H > 1,
I(H) < H™.

Proof. We identify VT with R"T using the basis wi, ..., w, of V. The
exponent n/sy in the definition 7/ (H) is good enough for the arguments given
after [2, Lemma 8.3] to apply. |

For u = (ug)gen with ug € Og foralld € A, let
I.(u, H) := / max{|udyd|"/S"’}7l dy.
M. (H) deA
LEMMA 6.3. Let § be as in Lemma 6.2. Then, for H > 1,
I.(u, H) < H%/",

Proof. Let ¢ : VT — VT be the R-linear transformation Vd.i)di +—
(MgVa.i)d.i- Since the uy are all units, we have det¢ =< 1. Moreover, let y €
M- (H) and d be such that N(ugy ) = N(y,) = H". Then, in particular,

max {luqy 4lv} = H""
VEQ0o

and thus |¢(y)| > H’/"™. We have shown that ¢ (M- (H)) € M(H"'™). By
Lemma 6.2, we obtain

I-(u, H) =< f max{|vg|"*} "V dv « f max{|vg|"/*} "' dv
& (M- (H)) deA M (Hb/m) deA
= I(H"") < HTP, O

Let

I-(H) :=/ max{|y 1'%} dy.
M_(H) 4

We will prove that I (H) < H~ for some § > 0.

LEMMA 6.4. For Ay, ..., A,, B € (0, 00), let

I(Ay,...,A,, B) = O <A; dxy---dxy,.
xX1-xn<B

Then
Ay --- Ay n—1
I(Al,,An,B)<<BIOg T+2 .
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Proof. Elementary computations using induction. (]

LEMMA 6.5. Let 6 > 0. For any small € > 0, and H > 1, we have

1 —1—0+4€+b
v —————dy < H .
/N(Z;Hh (1+[yhi+?
ly|I=H

Proof. For v € Qq, let t, := |y|y’, and assume that max, |y|, = |V |v.
Passing to polar coordinates at the complex places, we see that the integral in
the lemma is

1
< f —</ ty, VFEW dtv) dtw-
> Hw ) T/ <" H

vFEW
Hu#w tngh/tw

Using the notation of Lemma 6.4, the inner integral is just
Hb
(") vtw, HY /1) < o

th—e

and thus the integral in the lemma is

1
< Hb/ - 4t & Hb—1—9+nu,€. 0
1> HMw t&)l—t—@)/nw—}-l—e w

LEMMA 6.6. Let 6 > 0. For any small € > 0, we have

1
—d Hb.
fyev TEN A

N(y)<H®

Proof. We start as in the proof of Lemma 6.5 and see that the integral is

o0 1

< — Iy, H /1) dt

/t:U:O (1 +t$}/nw)(1+9) (1 Jow /tw) dty
anw/"

<</ tZU#wnu/nw dt _|_Hb /OO 1 dt
=0 ! v — Hbnw/n t(1+9)/nw+1*€ w

w

« HY 4 ghO=1/n=6/ntenu/n) o prb. 0

ty

LEMMA 6.7. Assume thatb < 1/T. Then there is § > 0 such that, for H > 1,
I_(H) < H™.

Proof. Letdp € A and assume that |y| = |y, | € (H,2H]. Since |[y| > H >
1, we have

1/sa 1/sa rd/sa
max max{(1 > 1
dEA{|}'d| 1> deA{( +1yq) 7} d|EA|( +1vaqb
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for any choice of 0 < Ay < 1 with )" ;. Ag = 1. We choose
Ad = sqtqg +0/1Al,
where 0 :=1— 3, sata € (0, 1). With 65 := 0 /(] Alsatq), this gives
1. (H ! d
<( ) << ydoevfdo (1 + |yd |)fd0(1+9d0) ydo
0

N(y4)<H"
[Vay|=H

1
’ 1_[ /}’dev’d (1 + |y 4)ia(d+60) avq-

deA N(yd)SHb

d#dy
Further assuming that |y 4| = |y 4, ;,]- We get
I.(H) < / ! J
< Ydg.ig€EV T8 Ydo.io
N(w?,,i)gH” (14 Yy, ig ) 0
|}/d0,10|2H
[1 R
i T nite, 4Vdi-
den ISt e (U Tyaah*o
1<i<ld Yd,i)s
(d,i)#(do,ip)

By Lemmas 6.5 and 6.6, this product is < H™ ' ba+etTh o g=0/2 if we
choose € small enough. O

With all our auxiliary results in place, we can now proceed to our main task,
the estimation of the singular integral J.

LEMMA 6.8. Assume (5.6). Then the integral defining J converges absolutely
and there is a positive constant § such that

J-JIH) < H?
holds for all large enough H.

Proof. Letus fixb :=1/T. We have

I 3H) < /

lyI>H

o0
<<Z<f iy [ IJ(y)Idr).
=0 M_(2/H) M- (2/H)

[J()ldy = Z/z ()l dy
j=0

JH<|y|<2/+1H
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We first consider the integrals over M_(2/ H). Here we estimate |J (y)| by (6.2)
and obtain

x o0 o0
> / T@)ldy <D QIH)I.Q'H) < H Y 2/ « H™2,

by Lemma 6.7, if € was chosen small enough.
For the integrals over M~ (2/ H), we use the estimates from (1) and (2) in
Lemma 6.1 with @ = n. We obtain

IJ)dy <Y 2/ H)* I (u, 2/ H).
Z;)/M>(2.iH) Z Z

j=0 u=(ug)den
ude(’);
lug| <2/ H

By Lemma 6.3, we have - (u, 2] ) K (2j H )_5. Moreove_r, it is well known that
the number of units u € (’)2 with |u| K ZJH is < log(2/ H)!$I=1 Hence, the
inner sum in the above expression has < (2/ H)€ summands. Altogether, we see

that
o o
Z/ Iy < H*7 ) 2 Ce) « gl
—0Y M-/ H) i
j=0 j=0
if € was chosen small enough. (]

Our Theorem 1.1 is now an immediate consequence of the estimation of the
minor arcs in §4 and the treatment of the major arcs in Lemmas 5.3, 5.6, and 6.8.
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