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(e-mail: jaworski@amu.edu.pl)
2School of Mathematical Sciences, Queen Mary,

University of London, London E1 4NS, UK
(e-mail: D.S.Stark@maths.qmul.ac.uk)

Received 22 September 2006; revised 11 April 2008

In a random passive intersection graph model the edges of the graph are decided by taking the
union of a fixed number of cliques of random size. We give conditions for a random passive inter-
section graph model to have a limiting vertex degree distribution, in particular to have a Poisson
limiting vertex degree distribution. We give related conditions which, in addition to implying a
limiting vertex degree distribution, imply convergence of expectation.

1. Introduction

In a passive intersection model the edges of the graph are formed by taking the union of a
fixed number of cliques, where the sizes of the cliques are random with some distribution and
independent. In this paper we give necessary and sufficient conditions for the vertex degree of a
fixed vertex to have a limiting distribution and to have a limiting Poisson distribution. Random
passive intersection graph models were introduced in [2].

In defining the model of passive intersection graphs, it is helpful to first define a related model
of bipartite graphs, which we denote by BGn,m(n,P(m)), where n and m are positive integers and
P(m) = (P0, P1, . . . , Pm) is a probability distribution on the set of integers [m] := {0, 1, 2, . . . , m},
i.e., P0, P1, . . . , Pm are non-negative and

∑m
j=0 Pj = 1. In other papers [1, 3, 4, 7], the assumption

is made that m grows like nα for some constant α > 0. We do not make that assumption here, but
impose the weaker assumption that m = m(n) satisfies

m → ∞ as n → ∞. (1.1)
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The probabilities Pj implicitly depend on n. The independent sets of BGn,m(n,P(m)) are denoted
by V and W and the cardinalities of V and W are given by |V | = n and |W | = m, respectively.

In the model BGn,m(n,P(m)) a random graph is chosen according to the following procedure.

(1) The vertex degrees of the elements in the independent set V are determined by i.i.d. random
variables X(v), v ∈ V with common probability distribution P(m) = (P0, P1, . . . , Pm).

(2) Given the values of X(v), the set of neighbours Γ(v) ⊆ W of v is determined by choosing a
subset Γ(v) in such a way that

P(Γ(v) = S |X(v) = k) =

(
m

k

)−1

for all S ⊆ [m] of cardinality k = X(v). The subsets are chosen independently of one an-
other.

Thus, given S ⊆ [m],

P(Γ(v) = S) =
P|S|(
m

|S|
)

and the Γ(v) are mutually independent random elements. This procedure determines
BGn,m(n,P(m)) uniquely and, in particular, the neighbours of vertices in W are given by
Γ(w) = {v ∈ V : w ∈ Γ(v)}. By construction, we have X(v) = |Γ(v)|. Moreover, for w ∈ W we
let Y (w) denote Y (w) = |Γ(w)|.

The passive graph model corresponding to BGn,m(n,P(m)) defined in [2] has vertex set W
and vertices w1, w2 ∈ W are adjacent if and only if Γ(w1) ∩ Γ(w2) �= ∅. We denote the passive
random intersection graph model by IGp

n(P(m)). A dual notion of intersection graphs, the active
intersection graphs, was also defined in [2] and the vertex degree of a typical vertex in those
models was studied in [3].

We will give conditions under which the vertex degree of a typical vertex in IGp
n(P(m)) has a

limiting distribution. Fix a vertex w ∈ W . We would like to know about the distribution of the
degree of w, which we denote by ψ. In the classic G(n, p) model of random graphs where each
edge occurs independently and with probability p, when p = c/n for a constant c > 0, the degree
of a typical vertex is asymptotically Poisson(c). It is natural to ask when ψ has limiting Poisson
distribution in IGp

n(P(m)). A start in this direction was made in [3].

Theorem 1.1. Given a real number c > 0, the probability density function P(ψ = k) converges
to e−cck

k!
as n → ∞ for each k � 0 if the probability distribution P(m) satisfies

(i) n
m

∑m
j=3 j

2Pj = o(1),

(ii) P2 ∼ cm
2n

for some constant c > 0.

The idea behind the theorem is that, under the assumptions on the Pj , most of the cliques are
of size at most 2. The cliques of size 2 contribute exactly one edge to IGp

n(P(m)) while the cliques
of size 0 or 1 do not contribute any edges. The result is that edges appear in an approximately
independent manner and the assumption on P2 ensures that the limiting degree is Poisson.
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In this paper we determine conditions under which the limiting distribution of ψ is Poisson
and whether other limiting distributions for ψ can occur. Theorem 1.2 addresses the convergence
of ψ to a Poisson distribution with no assumption of convergence of Eψ.

Theorem 1.2. Given a real number c > 0, the probability density function P(ψ = k) converges
to e−cck

k!
as n → ∞ for each k � 0 if and only if the probability distribution P(m) satisfies

(i) n
m

∑m
j=3 jPj = o(1),

(ii) P2 ∼ cm
2n

.

The next theorem gives conditions for the convergence of ψ to a Poisson distribution and the
associated convergence of Eψ.

Theorem 1.3. Given a real number c > 0, limn→∞ Eψ = c and the probability density function
P(ψ = k) converges to e−cck

k!
as n → ∞ for each k � 0 if and only if the probability distribution

P(m) satisfies

(i) n
m

∑m
j=3 j

2Pj = o(1),

(ii) P2 ∼ cm
2n

.

Note that the conditions of Theorem 1.3 implying convergence in distribution and expectation
to Poisson are exactly those of Theorem 1.1.

We give conditions for the convergence of P(ψ = k) for each integer k in the following
theorem.

Theorem 1.4. The probability density function P(ψ = k) converges as n → ∞ for each k � 0

and limn→∞ P(ψ = 0) > 0 if and only if the probability distribution P(m) satisfies

(i) n
m

∑m
j=2 jPj converges as n → ∞,

(ii) n
m
Pj converges for each j � 2.

It is possible that P(ψ = k) converges but not to a probability distribution. Consider P(m)

defined for a sequence of positive integers d = d(n) by

Pj =

⎧⎪⎪⎨
⎪⎪⎩

1 − m
nd

if j = 0,
m
nd

if j = d,

0 if j �∈ {0, d}.
(1.2)

The conditions of Theorem 1.4 are satisfied for this choice of P(m). Either w �∈ Γ(v) for all v ∈ V ,
in which case ψ = 0, or w ∈ Γ(v) for at least one v ∈ V , in which case ψ � d(n). If d = m, then

P(ψ = 0) = Pn
0 =

(
1 − n−1

)n → e−1

and so

P(ψ = m) → 1 − e−1,
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hence, for each k � 0

P(ψ = k) →
{
e−1 if k = 0,

0 if k > 0.

If we consider (1.2) with d fixed, then we get a variant of Poisson convergence. For a given
vertex w ∈ W , let Z be the number of vertices u ∈ W \ {w} such that there exist vertices v1 and
v2 from V and w, u are both in Γ(v1) ∩ Γ(v2). Then

P(Z > 0) � EZ � (m− 1)

(
n

2

)(
Pd

(
m−2
d−2

)
(
m
d

)
)2

= O

(
1

m

)
= o(1).

Therefore, with probability tending to one the sets {Γ(v) \ {w} : w ∈ Γ(v)} are mutually disjoint
and P(ψ = k) → 0 if k is not of the form k = j(d− 1) for some non-negative integer j. Moreover,
we have

P(ψ = j(d− 1)) ∼
(
n

j

)(
Pd

(
m−1
d−1

)
(
m
d

)
)j(

1 − Pd

(
m−1
d−1

)
(
m
d

)
)n−j

∼ nj

j!

(
c

n

)j(
1 − c

n

)n−j

→ e−c c
j

j!
.

To ensure that ψ converges to a probability distribution, it suffices that the Eψ converges as
well as P(ψ = k) due to tightness. We are able to prove this companion result to Theorem 1.4.

Theorem 1.5. The probability density function P(ψ = k) converges for all k � 0, the expecta-
tion Eψ converges as n → ∞, and limn→∞ P(ψ = 0) > 0 if and only if the probability distribution
P(m) satisfies

(i) n
m

∑m
j=2 jPj converges as n → ∞,

(ii) n
m

∑m
j=2 j

2Pj converges as n → ∞,

(iii) n
m
Pj converges for each j � 2.

Note that if condition (iii) is satisfied with n
m
Pj converging to constants Cj and condition (ii) is

satisfied with n
m

∑m
j=2 j

2Pj converging to
∑m

j=2 j
2Cj , then condition (i) is automatically satisfied

with n
m

∑m
j=2 jPj converging to

∑m
j=2 jCj by the general dominated convergence theorem (p. 232

of [5]).
It would be interesting to have a classification of the possible limiting distributions of ψ in

Theorems 1.4 and 1.5.
In view of how the exponent of j in our various theorems changes according to whether Eψ is

required to converge or not, we propose the following conjectures.

Conjecture. Given a real number c > 0, Eψr converges to the rth moment of a Poisson(c)

distributed random variable for each r, 1 � r � N, N � 1, and the probability density function
P(ψ = k) converges to e−cck

k!
as n → ∞ for each k � 0 if and only if the probability distribution
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P(m) satisfies

(i) n
m

∑m
j=3 j

N+1Pj = o(1),

(ii) P2 ∼ cm
2n

.

Conjecture. The rth moment Eψr converges for each r, 1 � r � N,N � 1, and the probability
density function P(ψ = k) converges for each k � 0, and limn→∞ P(ψ = 0) > 0, if and only if
the probability distribution P(m) satisfies

(i) n
m

∑m
j=3 j

r+1Pj converges for each r in the range 1 � r � N,

(ii) n
m
P2 converges.

In this paper we have assumed that P(ψ = 0) converges to a positive number, in which case
any limiting distributions have positive total mass. We do not know whether it is possible for
limn→∞ P(ψ = 0) = 0 and also to have ψ converge to a distribution having positive total mass. It
would also be interesting to have a further characterization of the possible limiting distributions
in Theorem 1.4. These questions may be addressed in future research.

We present some preliminary results in Section 2. We then prove Theorems 1.2 and 1.3 in
Section 3 and prove Theorems 1.4 and 1.5 in Section 4.

2. Preliminaries

We define μ to be

μ =

m∑
j=1

jPj . (2.1)

The starting point of our analysis is the following lemma from [3], which was essentially stated
in [2].

Lemma 2.1. Let ψ be a random variable with the distribution of the vertex degree of a typical
vertex w in IGp

n(P(m)). Then

P(ψ = k) =

(
m− 1

k

) k∑
s=0

(
k

s

)
(−1)s

(
1 − μ

m
+

k−s+1∑
j=0

jPj
(m− j)m−k+s−1

(m)m−k+s

)n

. (2.2)

Moreover, the expected vertex degree is

Eψ = (m− 1)

[
1 −

(
1 −

m∑
j=0

Pj
j(j − 1)

m(m− 1)

)n]
. (2.3)

Essentially, we will expand the internal sum in (2.2) in a power series and use the following
lemma to eliminate most of the terms.

Lemma 2.2. For non-negative integers k and r, we have

k∑
s=0

(−1)s
(
k

s

)
sr =

{
(−1)kk! if r = k,

0 if r < k.
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Proof. It is well known that

k∑
s=0

(−1)s
(
k

s

)
sr = (−1)kk!Sr,k,

where Sr,k are the Stirling numbers of the second kind. Using Sk,k = 1 and the fact that for r < k,
Sr,k = 0 proves the lemma.

3. Convergence of vertex degree to Poisson

In this section we prove Theorems 1.2 and 1.3.

Proof of Theorem 1.2. First assume that P(m) satisfies conditions (i) and (ii) of the theorem.
Fixing k, since

(m− j)m−k+s−1

(m)m−k+s
=

(m− j) · . . . · (k − s+ 1)(k − s) · . . . · (k − s+ 2 − j)

m · . . . · (m− j + 1)(m− j) · . . . · (k − s+ 1)
=

(k − s)j−1

(m)j
,

we can rewrite (2.2) as

P(ψ = k) =

(
m− 1

k

) k∑
s=0

(
k

s

)
(−1)s

(
1 − μ

m
+

k−s+1∑
j=0

jPj
(k − s)j−1

(m)j

)n

=

(
m− 1

k

) k∑
s=0

(
k

s

)
(−1)s

(
1 +

P1 − μ

m
+

k+1∑
j=2

jPj
(k − s)j−1

(m)j

)n

,

where we have used the fact that (k − s)j−1 = 0 if j > k − s+ 1 in the last step. By expanding(
1 + P1−μ

m
+

∑k−s+1
j=2 jPj

(k−s)j−1

(m)j

)n
in a Taylor series of order k about 1 + P1−μ

m
, we get

P(ψ = k) =

(
m− 1

k

) k∑
s=0

(
k

s

)
(−1)s

k∑
i=0

(
n

i

)(
1 +

P1 − μ

m

)n−i( k+1∑
j=2

jPj
(k − s)j−1

(m)j

)i

+ Δ,

(3.1)

where

Δ =

(
m− 1

k

) k∑
s=0

(
k

s

)
(−1)s

(
n

k + 1

)(
1 +

P1 − μ

m

)n−k−1

ξk+1
s

for some ξs in the range

0 � ξs �
k+1∑
j=2

jPj
(k − s)j−1

(m)j
.

By our assumptions on P(m), we know that Pj = O(m/n) for all j � 1, and therefore

(
1 +

P1 − μ

m

)n−k−1

= O(1)
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and

k+1∑
j=2

jPj
(k − s)j−1

(m)j
= O

(
1

mn

)

uniformly for all s in the range 0 � s � k. We therefore have

Δ = O
(
mknk+1(mn)−k−1

)
= O

(
m−1

)
= o(1),

where the last step holds because of (1.1).
Now we expand the expression to the power i in (3.1) in a multinomial series, obtaining

P(ψ = k) =

(
m− 1

k

) k∑
s=0

(
k

s

)
(−1)s

k∑
i=0

(
n

i

)(
1 +

P1 − μ

m

)n−i

×

⎧⎪⎪⎨
⎪⎪⎩

∑
(η2 ,...,ηk+1):

η2+···+ηk+1=i

(
i

η2, . . . , ηk+1

) k+1∏
j=2

(
jPj

(k − s)j−1

(m)j

)ηj

⎫⎪⎪⎬
⎪⎪⎭

+ o(1)

=

(
m− 1

k

) k∑
i=0

(
n

i

)(
1 +

P1 − μ

m

)n−i

×

⎧⎪⎪⎨
⎪⎪⎩

∑
(η2 ,...,ηk+1):

η2+···+ηk+1=i

(
i

η2, . . . , ηk+1

) k∑
s=0

(
k

s

)
(−1)s

k+1∏
j=2

(
jPj

(k − s)j−1

(m)j

)ηj

⎫⎪⎪⎬
⎪⎪⎭

+ o(1).

(3.2)

Notice that all sums and products in (3.2) are finite.
Consider η := (η1, . . . , ηk) such that

∑k+1
j=2(j − 1)ηj < k. By expanding (k − s)j−1 in polyno-

mials in the variable s of order j − 1 and using Lemma 2.2 it follows that the contribution to
P(ψ = k) from such η is exactly zero.

Consider η := (η1, . . . , ηk) such that
∑k+1

j=2(j − 1)ηj > k. By our assumptions on P(m),
Pj = O(m/n) if j � 2. For such η, the product in (3.2) is of order

k+1∏
j=2

(
jPj

(k − s)j−1

(m)j

)ηj

= O

(k+1∏
j=2

(
nmj−1

)−ηj)

= O
(
n−im−

∑ k+1
j=2 (j−1)ηj

)
= O

(
n−im−k−1

)
.

Such η contribute terms of order O(m−1) = o(1) to P(ψ = k).
Consider η := (η1, . . . , ηk) such that

∑k+1
j=2(j − 1)ηj = k and such that ηj > 0 for some j � 3.

By our assumptions on P(m), Pj = o(m/n) if j � 3. For such η, the product in (3.2) is of order

o
(
n−im−

∑ k+1
j=2 (j−1)ηj

)
= o

(
n−im−k).

Such η contribute terms of order o(1) to P(ψ = k).
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Finally, consider η for which η2 = k and ηj = 0 for j � 3. For such η, we have i = k, and the
contribution of this term to P(ψ = k) is, by Lemma 2.2,

(
m− 1

k

)(
n

k

)(
1 +

P1 − μ

m

)n−k k∑
s=0

(
k

s

)
(−1)s

(
2P2(k − s)

m(m− 1)

)k

=

(
m− 1

k

)(
n

k

)(
1 +

P1 − μ

m

)n−k(
2P2

m(m− 1)

)k

k!

∼ mknk

(k!)2
e−c ck

mknk
k!

∼ e−cck

k!
.

We have shown that limn→∞ P(ψ = k) = e−cck/k!.
Now assume that limn→∞ P(ψ = k) = e−cck/k! for all k � 0. Taking k = 0, we have

P(ψ = 0) =

(
1 − μ− P1

m

)n

→ e−c as n → ∞, (3.3)

hence

n

m

(
μ− P1

)
→ c as n → ∞. (3.4)

Taking k = 1 gives

P(ψ = 1) = (m− 1)

[(
1 − μ− P1

m
+

2P2

m(m− 1)

)n

−
(

1 − μ− P1

m

)n]

= (m− 1)n

(
1 − μ− P1

m
+ ξ

)n−1
2P2

m(m− 1)
,

where ξ is a number in the range 0 � ξ � 2P2/m(m− 1). It follows that

lim
n→∞

2P2n

m
e−c = ce−c,

giving condition (ii) of the theorem. Finally, from condition (ii) and (3.4) we deduce
condition (i).

Proof of Theorem 1.3. Assume that conditions (i) and (ii) of the theorem hold. Then, the
conditions of Theorem 1.2 are satisfied and limn→∞ P(ψ = k) = e−c ck

k!
for all k � 0. From (2.3),

we have

Eψ = (m− 1)

[
1 −

(
1 − (P1 + 2P2 − μ) + 2P2

m(m− 1)
− 1

m(m− 1)

m∑
j=3

j2Pj

)n]
. (3.5)

Since μ− P1 − 2P2 =
∑m

j=3 jPj = o
(
m
n

)
, we conclude that limn→∞ Eψ = c.

Now suppose that limn→∞ Eψ = c and that limn→∞ P(ψ = k) = e−c ck
k!

for all k � 0. We know
from Theorem 1.2 that μ− P1 − 2P2 = o

(
m
n

)
and that P2 ∼ cm

2n
(condition (ii)). It now follows

from (3.5) that condition (i) also holds.
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4. Convergence of vertex degree

In this section we prove Theorems 1.4 and 1.5.

Proof of Theorem 1.4. Suppose that conditions (i) and (ii) of the theorem hold. Let λ and Cj ,
j � 2 be non-negative constants such that

λ = lim
n→∞

n

m

m∑
j=2

jPj

and

Cj = lim
n→∞

n

m
Pj.

As Pj = O(m/n) for all j � 1, the argument in the proof of Theorem 1.2 applies and (3.2) is
valid. Terms with η for which

∑k+1
j=2(j − 1)ηj < k contribute 0 to P(ψ = k), as in Theorem 1.2.

Terms with η for which
∑k+1

j=2(j − 1)ηj > k contribute o(1) to P(ψ = k), as in Theorem 1.2. Now

consider η for which
∑k+1

j=2(j − 1)ηj = k and let i =
∑k+1

j=2 ηj . Such terms contribute

(
m− 1

k

)(
n

i

)(
1 +

P1 − μ

m

)n−i(
i

η2, . . . , ηk+1

) k∑
s=0

(
k

s

)
(−1)s

k+1∏
j=2

(
jPj

(k − s)j−1

(m)j

)ηj

∼ mknie−λ

k! i!

(
i

η2, . . . , ηk+1

) k∑
s=0

(
k

s

)
(−1)s

k+1∏
j=2

(
jCj

(k − s)j−1

nmj−1

)ηj

∼ e−λ

k! i!

(
i

η2, . . . , ηk+1

) k∑
s=0

(
k

s

)
(−1)s

k+1∏
j=2

(
jCj(k − s)j−1

)ηj

to P(ψ = k). The contributions from terms corresponding to all possible η are convergent. There-
fore P(ψ = k) converges for each k > 0. Moreover, limn→∞ P(ψ = 0) → e−λ > 0 because of
(3.3).

Now suppose that P(ψ = k) converges for each k � 0 and let ψ0 := limn→∞ P(ψ = 0) > 0.
Then (3.3) gives us

n

m
(μ− P1) → − logψ0 as n → ∞

showing that condition (i) holds. Suppose now that condition (ii) does not hold and let j0 be the
least integer greater than 1 such that n

m
Pj0 does not converge. We will derive a contradiction.

Condition (i) implies that Pj = O(m/n) for all j � 2, and so the expansion (3.2) with k

chosen to be k = j0 − 1 is valid. Terms with η for which
∑j0

j=2(j − 1)ηj < j0 − 1 contribute 0 to
P(ψ = j0 − 1) (which converges by assumption) as in Theorem 1.2. Terms with η for which∑j0

j=2(j − 1)ηj > j0 − 1 contribute o(1) to P(ψ = j0 − 1), as in Theorem 1.2.
Consider terms corresponding to η for which

j0∑
j=2

(j − 1)ηj = j0 − 1. (4.1)

If ηj0 = 0, then (3.2) does not involve Pj for j � j0 and so by the definition of j0 the contributions
to P(ψ = j0) for those ηj0 are convergent. Therefore, we may assume that ηj0 > 0, which implies

https://doi.org/10.1017/S0963548308009103 Published online by Cambridge University Press

https://doi.org/10.1017/S0963548308009103


558 J. Jaworski and D. Stark

that ηj0 = 1 and ηj = 0 for all other j � 2. This is the unique η whose contribution to P(ψ = j0)

involves Pj0 . Call it η∗. For η∗, i =
∑j0

j=2 ηj = 1.
Now consider the contributions to P(ψ = j0) from terms corresponding to η∗ with the various

s fixed. If s > 0, then the term corresponding to η and s does not involve Pj for j � j0 because
(j0 − 1 − s)j0−1 = 0.

Therefore, only the contribution corresponding to η∗ and s = 0 can possibly be divergent. The
contribution from this term is(

m− 1

j0 − 1

)
n

(
1 − μ− P1

m

)n−1(
j0!Pj0
(m)j0

)
∼ j0ψ0

n

m
Pj0 .

The convergence of P(ψ = j0 − 1) now implies that nPj0/m converges, contradicting the defini-
tion of j0. We have shown that condition (ii) must hold.

Proof of Theorem 1.5. Assume that conditions (i), (ii) and (iii) of the theorem hold. Then, the
conditions of Theorem 1.2 are satisfied as well and limn→∞ P(ψ = k) exists for all k � 0. Using
(3.5) we find that limn→∞ Eψ also exists.

Now suppose that limn→∞ Eψ exists, that limn→∞ P(ψ = k) exists for all k � 0 and that
limn→∞ P(ψ = 0) > 0. We know from Theorem 1.2 that condition (i) holds and condition (iii)
holds. In particular, n

m
P2 converges. It now follows from (3.5) that condition (ii) also holds.
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