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‘We prove the stability under lamination of a set of real, symmetric 3 x 3 matrices
that can be interpreted as a subset of the effective conductivities of a polycrystal
made by a single, arbitrarily fixed basic crystal. Constructed in the companion paper
[1], such a set constitutes a two-dimensional portion of the boundary of the pertinent
G-closure because it corresponds to materials saturating a well-known polyconvex
lower bound; we prove that laminations between any two points of such a set still
belong to the set.

Keywords: effective conductivity; differential inclusions; laminates; stability under
lamination

2020 Mathematics Subject Classification: 35B27; 49J45

1. Introduction

In the recent paper [1] the authors address the problem of finding solutions to a
differential inclusion arising in the context of bounding the effective conductivity of
a three-dimensional polycrystal [2, 10, 12]. In the present follow-up paper, we focus
on a certain property of the class of solutions described in the previous paper [1],
which is denoted by £(S). We start by briefly describing the connection of £(S)
with the so-called G-closure of a polycrystalline conducting material, and then we
will turn our attention to the differential inclusion that gives rise to £(5). For a
more detailed account of the polycrystal problem and its physical motivation we
refer the reader to our previous paper [1, §2]. In the theory of composite materials,
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2 N. Albin, V. Nesi and M. Palombaro

the set of all possible effective conductivities arising as a mixture of a single crystal
with anisotropic conductivity o,

g1 0 0
co=|0 o2 0], 0<o3<o02<o0y, (1.1)
0 0 g3

is known as the G-closure and is commonly denoted by G(o) [2, 10, 7]. The char-
acterization of G(o) is in general a difficult task and is still lacking in the present
case. In two dimensions, the G-closure for the polycrystal problem was understood
long ago [3]. It is described in eigenvalue space as the following arc of hyperbola:

{(Ufﬂfﬁ) ERQIUTUS =0102, 02 <05 <05 §01}-

It has been established that partial knowledge of dG(c) can lead, in some cases,
to the knowledge of larger parts of it. An interesting example is found in Ref.
[8] (for more details see pp. 204 and 645-647 of Ref. [7]). The underlying idea
is based upon previous work done in Refs [4] and [6]. The set £(S) constructed
in our previous study [1] (see in particular proposition 5.10 therein) provides a
new portion of JG(o) in the case of distinct eigenvalues o;’s. We remark that
explicit examples of sets, which are stable under lamination but not stable under
homogenization and correspond to effective properties of materials, are relatively
difficult to find. A remarkable one can be found in the study of Milton [7] (see
p. 690) where, using an idea from Sverdk [13], the author exhibits a composite
consisting of seven anisotropic phases with an effective elastic tensor that cannot be
realized by laminations of the seven given phases. We also mention the very elegant
construction by Grabovsky [5] of a family of rotationally invariant, non-negative,
and two-homogeneous rank-one convex functions that are not quasiconvex.

We now formulate the differential inclusion that defines the set £(.5) and refer the
reader to our previous work [1, § 2] for the exact link with the polycrystal problem.

Let M3X3 denote the set of real, symmetric 3 x 3 matrices and let S € M2X2 be

sym sym
given by
S1 0 0
S=10 s2 0 (1.2)
0 0 S3
subject to the constraints
0<sy<sy<s3, S1+s2+s3=1. (1.3)
We define the set K(S) C M2%? as follows:
K(S):={\R'SR: R, Re SO(3)}. (1.4)

Notice that K(S) is unbounded. Set C'=1[0,1]*> and denote by W5 *(R3 R?) the
space of vector fields in W,.”(R? R?) that are C-periodic. We look for A € MZX3
such that the following differential inclusion admits solutions:

Vue K(S) ae., u—AzrecWi*(R3R?). (1.5)
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Solutions are understood in the approximate sense of the existence of sequences
{u;} C WéQA = WL (R3 R3) + Az that are bounded in W,)?(R?; R?) and such that

{Vu;} is L} -equi-integrable and

loc

dist(Vu;, K(S)) — 0 locally in measure.

We denote the set of all such A’s as KPP (S) and point out that K P (S) is related to
the so-called 2-quasiconvex hull of K (S) as defined by Yan [14], with K“PP(S) being
a subset of it (see also the work of Zhang [15] for a less restrictive definition of the
2-quasiconvex hull). The notation K*PP(S) is introduced by Miiller [9], and it refers
to ‘approximate solutions’ in the sense of differential inclusions. By definition of
K(S), K°PP(S) is invariant under conjugation by any rotation, i.e., if A € KP(S)
then R'AR € KP(S) for each R € SO(3). Therefore, it suffices to characterize the
eigenvalues of the elements of K%P(S), which can thus be identified with a subset
of R3. In fact, because of its original physical motivation [1, §2], we are interested
in those elements of KPP (S) whose eigenvalues lie in the interval [s;, s3]. Moreover,
as KP(S) is a cone, we may then focus on the specific section TrA = 1. Denoting
by H(S) the closed hexagon in R? obtained as the convex hull of (s1, s2, s3) and all
of its permutations, our goal becomes to characterize the following set:

K*(S):={Ae K% (S): Ac H(S)}. (1.6)

The exact characterization of K*(S) is currently an open problem. The main contri-
bution of our previous work [1] is an inner bound for K*(.S), which is precisely the
set £(.5) and which improves all the bounds that were previously known [2, 10, 11].
The goal of the present paper is to prove that £(S) enjoys the stability under lam-
ination property (see definition 4.1). Such property would be naturally fulfilled if
we knew that £(S) coincides with its 2-rank-one convex hull or with K*(S) (see,
e.g., [9, 15]). However, in the absence of such results, we prove it in proposition 4.7
using the very definition of stability. Our proofs are performed in the space of sym-
metric invariants rather than that of the eigenvalues. This feature is likely to be
useful in different contexts where a given set enjoys the same invariance properties
as KoPP(S).

2. Preliminary definitions and results

The present section collects definitions and results from our previous work [1] that
will be used in the rest of the paper.

DEFINITION 2.1. We denote by DCMS;IS the set of positive definite diagonal
matrices with unit trace and by Dy C D its subset of matrices with distinct eigen-
values. The eigenvalues of a matriz M € D are denoted by lower case letters my, ma,
and mz and ordered as follows:

0<mi <mg <mg. (21)

Note that S € Dy, as its eigenvalues are distinct. In what follows S? denotes the
set of unit vectors in R3.
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DEFINITION 2.2. Let F € Dq. The set T*(F) is the set of all G € D such that
JReSOB),neSt A AeR\{1}: RIGR=AF+(1-XNn&n. (2.2)

DEFINITION 2.3. Assume that F' € Dy and G € D. Set

(e i (092 9
a*(FaG) ‘= max (fQ)fB), a+(F7G)' (f17 f27f3>7
(9192 9 (92
B*(FaG) =1a (f17f27f3>7 5+(F7G) mln(f17f2>7
Aa(F’G) = [a*(F’G)’O“r(F’G)]’ Aﬁ(F’G) = [ﬁ*(F’G%BﬁL(F’G)]v

A(F, G) = (Aa(F, G) U Ag(F, G))\ {1} .

The interior and the boundary of A(F,G) are denoted by IntA(F, G) and OA(F, G),
respectively, and we adopt the convention [a,b] =0, if a >b.

REMARK 2.4. From the definition it follows that oy (F,G)<1<p_(F,G) and
that ay (F,G)=0_(F,G)=1 if and only if f; =g; for each i=1,2,3. Hence, the
set A(F, G) is always the union of two disjoint, possibly empty, bounded intervals.

The next algebraic lemma clarifies when condition (2.2) holds.

LEMMA 2.5. Let F €Dy, Ge€D. If GeTYHF), then A€ A(F,G). Conversely, if
A(F,G) #0, then G e TY(F) and, in particular, for each X\ € A(F,G), the vector
n = (n1,ne,n3) that satisfies (2.2) is determined, not uniquely, by the following
equations:

(91 = AMf1)(92 — Af1)(g3 — Af1)

2 .
MG = N = s — )

2 (g1 = Af2)(g2 — Af2) (93 — Af2)
N = TN R ) (23)
n2(F, G, \) = (91— Af3)(g2 — Afs)(gs — Afs)

N1 =N (f1 = f3)(f2— f3)
In particular F € TY(F) because
A(F, F) = |a_(F, F), O{_(;FJ \{1}:[max<2, Z),min(z zz)} \ {1} #0.

REMARK 2.6. In the previous paper [1] a slightly weaker version of lemma 2.5 was
established and the notation was slightly different. Specifically, in lemma 8.4 [1], it
1s assumed that the eigenvalues of F' and G satisfy, in addition,

i1 <g92<g3< fs. (2.4)

The proof of lemma 2.5 follows the lines of the proof of lemma 3.4 [1] with the only
difference given by the formulas of ay (F, G) and S_(F, G), which, in the case when
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(2.4) is satisfied, read as

g2 93 — max g1 92
oy (F,G)= m1n<f2 f3) B_(F,G)=ma <f1 fz)

REMARK 2.7. The restriction that F' € Dy omits the class of rank-one connections
that occur between special pairs of uniaxial F and G. We revisit this restriction in
remark 3.0, where we show that these cases cannot improve the inner bound.

3. The set L(S)

We recall the definition of the set L£(.S), which provides an inner bound for the
set K*(S) (see Ref. [1, §5] for more details). We start by introducing the uniaxial
points U, and Ug and the rotations R, and Rg (see definition 3.1). We then define
I', and I'g as the projection on H(.S) of the rank-one segments connecting a specific
multiple of S to R, U R, and R3UpRp, respectively (definition 3.3). The set £(S)
is finally defined as the subset of 7(S) enclosed by I',, and I's and appropriately
reflected and rotated copies of I',, and I'g (see definitions 3.4, 3.5, and figure 1(a)
and (b)).

DEFINITION 3.1. Set

Uy 0 0 1-2us 0 0
U= 0 uwa, 0 |, Us= 0  uz 0 |, (3.1)
0 0 1-2u, 0 0 ug

where u, and ug are the smallest and largest root of

b(z) 1= 652 2> + (5153 — 352 — 43) + 253 (3.2)
respectively. Set
COS Pq 0 -1 0
Ng = 0 , Ry=1| —cosf, 0 sin 6, ,
Sin Qg —sinf, 0 —cosf,
(3.3)
COS g coslg 0 —sinbg
ng = 0 , Rg=|sinflg 0 cosbs |,
sin ¢g 0 —1 0
with
cos(2apa)— s2(s1 4 83) +ua (25183 — 51 —53)7
(s3—s1)(s2 — ta) (3.4)
s2(s1+ 83) +ug(2s183 — 51 — $3)
cos(2¢p) = ,
(53 —51)(52 —up)
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s3— 81) + (Uq — S2) €08(2¢4)

s2(1 — 3ug,) ’
up(ss — s1) + (ug — s2) cos(2¢p) (3.5)
s2(1 — 3ug) ’

cos(20,) = U

cos(20p) = —

The next proposition collects results from Ref. [1] (see Ref. [1, Proposition 5.3]),
characterizing the matrices of U, and Ug as solutions of a specific matrix equation.
Set

a::u—a, B::u—ﬁ. (3.6)
S92 S92

PROPOSITION 3.2. Let Uy, Ugs, Ry, Rg, N, np be defined by (3.1)—(3.3). Then

(1) uq and ug satisfy s1 < uq < % <ug < s3;
(ZZ) Oé_(S, Ua):Oé_;,_(S, Ua):a7 ﬂ—(Sv Uﬁ):6+(57 U@):/B7
(iii) the matrices U, and Ug are the unique solutions to

RLULR, =S + (1 — @) ng @ Na,s (3.7)

R%U@RBZ/BS—F(l—B) ng ®ng, (3.8)

respectively.
The matrices U, and Ug correspond to the blue and orange points in figure 1a.
In order to define I', and I's we will need an efficient way to describe curves in
eigenvalue space. We therefore introduce some notation that will be used in §4 as

well. Let F, G € K*(S) and assume that (2.2) holds. For each A € A(F,G) and cor-
responding n, see (2.3), consider the one-parameter family of unit-trace matrices:

Mpa\t)=nMOF+ Q=X t))nen, nAt):= ﬁ, (3.9)

and note that
Mpc(M\0)=F, Mrg()\1)=R'GR.
We now specialize (3.9) to the case when F'=.5, and A=« or A= f3, see (3.6), and

set
Ma(t) := Ms,u,(a,t),  Mp(t):=Msu, (B, 1). (3.10)
We recall that
Mo (1) = R,UsRs, Mga(1) = RGUsRg. (3.11)
DEFINITION 3.3. The curves ', I's are defined as follows. Consider the paramet-
ric curves
t—my(t) == (m1(a, t), ma(ay t), ms(a, t)), te]0,1], (3.12)
t—=mg(t) = (mi(B,t), ma(B, 1), ms(B, 1), te€[0,1], (3.13)

https://doi.org/10.1017/prm.2026.10182 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2026.10182

Stability under lamination and polycrystalline effective conductivity 7
Ca

Figure 1. The left figure shows important fields in one sextant (s1 <sz <s3) of the
unit-trace plane. The outer quadrilateral connects the field S to the isotropic field %I and
the two uni-axial points, Co = (%, %, s3) and Cg = (s1, %, %) The curves
I'o and I's from definition 3.3 are also shown, together with their intersections with the
uniaxial lines (the dashed lines). The centre figure shows the construction in definition 3.4.
The set £(S) is enclosed by the union of the reflected copies of I'y and I'g. The rightmost
figure shows the fields in the sextant once again, but in the plane of the matrix invariants,
(42, i3), which are used in the proof of the stability. The curves 7, and 73, defined in (4.4),
are the images of I'y, and I'g, respectively, when mapped to the matrix-invariants plane.
Abusing notation we denote points by the same letters in (a)—(c).

where m;(a,t), m;(B,t) denote the ordered eigenvalues of My (t) and Mg(t). Then
Ty :=ma([0,1]), Tg:=mg([0,1]).
The curves I', and I's are shown in figure 1la.

DEFINITION 3.4. The closed curve I' is obtained as follows. First, reflect Ty, along
the line m1 =msy in the plane my +mo +msg =1 and then consider the union of
the curves obtained with its 2w /3 rotations within the unit trace plane. Next, reflect
I'g along the line mg =ms3 in the plane mi +ma +mg =1 and consider the union
of the curves obtained with its 27 /3 rotations within the unit trace plane. Finally,
I' is the union of the siz curves thus defined.

The construction of I" is shown in figure 1b. By construction, I" is a simple closed
Jordan curve, and, for future reference, we note that

ma(a,t) =san(a, t), ma(B,t)=s2n(8,1), (3.14)

which readily follows from the fact that the second component of n, and ng are
zZero.

DEFINITION 3.5. We denote by L(S) the bounded closed subset of H(S) enclosed
by T (see figure 1b).
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REMARK 3.6. In remark 2.7 we observed that lemma 2.5 cannot be applied if both
F and G are uniazial. One can easily check that in this case, at most one possible
rank-one connection exists, and it requires n to belong to the canonical basis and
the double eigenvalue to be either the smallest for both matrices, or the largest
for both matrices. These are well-known connections, already studied by Avellaneda
et al. [2]. In geometrical terms, the corresponding laminations can be visualized with
the help of figure 1a, as segments lying either on the vertical dotted line or on the
oblique dotted line. Thus, we can safely ignore them for the purposes of constructing

L(S).

THEOREM 3.7 ([1], Theorem 5.7). The set L(S) of definition 3.5 satisfies L(S) C
K*(S).

4. Stability under lamination of the set £(S)

We first recall the definition of stability under lamination for a subset of K*(.9).
Then, in proposition 4.6, we provide an equivalent description in terms of
geometrical quantities.

DEFINITION 4.1. We say that a subset L of K*(S) is stable under lamination if
the following holds. For any pair F,G € L such that rank(A\F — R'‘GR)= 1 for some
XAER and R € SO(3), the projection on K*(S) of the rank-one segment connecting
AF and R'GR belongs to L. Equivalently, if t — Mpc(A,t) is defined by (3.9),
then the curve t— mpa(\ t), with mpq the triple of the corresponding ordered
eigenvalues, satisfies mp g(A,t) € L for each t € [0, 1].

Recall that H(S) denotes the closed hexagon in R? obtained as the convex hull
of (s1, s2, s3) and all of its permutations.

THEOREM 4.2. The set L(S) is the smallest subset of H(S) containing its vertices
that is stable under lamination.

Proof. The stability follows from propositions 4.6 and 4.7, while the fact that £(.5)
is the smallest subset follows from the work done in Ref. [1]. O

REMARK 4.3. The set K*(S) is stable under lamination (see, e.g., [9, 15]). As
already observed in the introduction, we do not know whether £(S)=K*(S) and
therefore the proof of the stability of L(S) will require a careful examination of the
rank-one connections between its points.

We find it convenient to change coordinates. Rather than using the eigenvalues
mi, Mo, M3, we use the symmetric invariants. The change of variable,

(m1, ma, m3) — (i1, iz, i3) := (M1 + ma + mg, mima + mams + mgmy, mimaoms)

is a diffeomorphism, except where two eigenvalues collapse. Recall that we work
with symmetric matrices M with unit trace, so that, for all of them 4, (M) = 1. Let
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F €Dy and G € D, then, using the notation in (3.9) we set

z(\t F,G)=is(Mpa(\ 1), y(\t F,G):=i3(Mpa(\t)), (4.1)
or Jy

FALF.G) =5 (A6 F.G), (M1 F.G)= 5 (At F.G), (4.2)

and,

zp:=2(\0,F,G), zg:=xz\1,F,G), yr:=y\0,F,G), yg:=y\,1,F,G).

(4.3)
See figure 1c for a plot of important fields in these coordinates. The curves I, and
I's will be denoted by v, and g in the (z,y)-space, as clarified by the following
definition.

DEFINITION 4.4. For M, and Mg given by (3.10) and t € [0, 1], set
Do (t) = (ia(Ma(t)),i3(Ma(t))), Pp(t) = (ia(Mp(t)), i3(Mp(t)))-
Then
Yo :=Pa([0,1]), v5:=25([0,1]). (4.4)

Abusing notation, we identify points in matrix space with points in invariant
space, so we can write M, (t) € 4. Similarly, the image of £(.S) via the map (io, i3)
is still denoted by L(S).

The following lemma ensures that v, and v on the (i2, i3)-plane are exactly as
depicted in figure lc. Its proof is postponed to §7.2.

LEMMA 4.5. The sets v, and g are graphs of functions and intersect only at the
point (i2(S),i3(S)). At such a point the unit tangent vector to v, is obtained by a
counterclockwise rotation by an angle of amplitude less than 7/2 of the unit tangent
vector to yg.

PROPOSITION 4.6. The set L(S) given by definition 3.5 is stable under lamination
if and only if the following geometrical property holds. Let F, G both belong to either
Ya or v3. Then the tangent vector at F' to any rank-one trajectory that starts at
F and ends at G points strictly inwards L£(S), except for the optimal rank-one
trajectory that lies exactly on v or vg.

Proof. The condition is clearly necessary. We focus on the sufficiency. Let F, G €
L(S) be such that rank(AF — R‘GR) =1 for some A€R and R € SO(3). From
now on we will drop the subscript F, G from all the variables. Let m(\, ) be as in
definition 4.1 and assume by contradiction that the set m(A, [0, 1]) intersects £(S)¢,
the complement of £(S). Because m(A,t) may cross L(S) only a finite number
of times, say for t=1¢;, ¢=1,... N, one can decompose the trajectory into a finite
number of arcs m(A, [t;—1,t;]), each lying either inside £(S) or outside £(.S), except
for its endpoints which lie exactly on 0L(S). In the first case there is nothing to
prove. In the second case we observe that m(A, t;—1) and m(A, t;) both belong to the
same branch of 0L(S), namely, m(\, t;_1), m(X, ;) € vo or m(\, ti—1), m(A, t;) € v5.
This is a consequence of the bound s; <m; <s3 for each j=1,2,3 and t € [0, 1].
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Then a necessary and sufficient condition for the arc starting at m(A,¢;—1) and
ending at m(A,t;) to lie in £(S) is that the tangent vector at m(A,t;—1) points
inwards. D

Using lemma 4.5, the geometric condition expressed in proposition 4.6, namely
the condition for the tangent vector to point inwards, can be equivalently rephrased
in terms of slopes of tangent vectors to certain rank-one trajectories, as stated in
the next proposition.

PROPOSITION 4.7. If F and G belong to o, with F closer to S, then the maz-
imum of the slope of the tangent vector at F' among all the rank-one trajectories
that start at F' and end at G is attained when the trajectory is exactly the arc of v,
joining F' and G. When F and G belong to g, with F closer to S, then the tra-
Jjectory that lies on vz minimizes the slope among all possible rank-one trajectories
connecting F' and G.

Proof. Tt follows from propositions 5.4 and 7.1. O

We conclude the present section by outlining the main steps towards the proof
of the geometric conditions described in proposition 4.7, namely of propositions 5.4
and 7.1, on which theorem 4.2 is based.

STEP 1. Let F € Dq and let G € T*(F), see definition 2.2, so that the set A(F, G) #
(. For any A € A(F, @), consider the smooth trajectory originating at F' and ending
at G, see (3.9). Assuming #(A,0, F, G) #0, define the ‘normalized slope’ in the

invariants space as
y(>\a 07 Fa G) TG
MFEG) = 77— — 4.5
T( Y ) (l.(AaOvFuG) Yya ’ ( )

with z¢ and yg given by (4.1)—(4.3).

REMARK 4.8. When ©(\,0, F, G) #0, the actual slope of the tangent vector at the
initial point F' to the rank-one trajectory that starts at F' and ends at G, namely t —

(A 6, F,G),y(\ 6, F,G)), is given by % With a slight abuse of notation,

we use this terminology for T(\, F, G) instead.
For (A, 0, F, G) #0, we compute (4.5) obtaining the following:

1-XN(3-2)0)iE
AMI=A2- A)g—g) ’

T\ F,G) =

see proposition 5.1.

STEP 2. Motivated by proposition 4.6, we specialize (4.6) to pairs F,G that lie
either on 7, or y3. We will proceed by considering in detail the case when F, G lie
on .. We will hint at the necessary modifications for the case of g in § 7. Thus, we
choose F'= M, (p), G=M,(q), with M, given by (3.10) and 0<p<q¢<1,p#1.
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We prove that,

1= A2 - N Ml 20 e A(Ma(p), Malg)) (47)
LMo (q)
and
T(A, Mo (p), Mo(q)) = h(\, p, @), (4.8)

where h is defined in (5.4) and depends only on the second eigenvalue ms(c,t)
computed for ¢t =p and t =¢q (3.14).

STEP 3. We prove that the slope is maximum when A = a4 (Mq(p), Mo (q)), namely,
that for each 0 <p<¢g<1, p#1 one has

max h (A p,q) =h(ar(My(p), M, ;D q). 4.9
ra X B () = o (Ma(p), Ma(0)).p.0) (49)

This follows from proposition 5.4 and lemma 5.3, which imply that the slope on
the right-hand side of (4.9) corresponds to the rank-one trajectory joining M, (p)
and M, (q) that lies on -y,. Notice that xas_(q)/Yns, (q) is Positive; therefore, (4.9)
is equivalent to maximizing the actual slope /3.

5. Proving steps 1-3

We now prove the three steps in order. The argument relies at a few key points on
a technical computation, which we state and prove separately as lemma 6.1 in the
next section. Deferring the lemma in this way keeps the present argument readable
and establishes a context for the lemma.

5.1 Step 1: Proving (4.6)
The next result gives a compact form for 7(\, F, G). Recall definition 2.2.

PROPOSITION 5.1. Let F €Dy and G € T'(F). Then (4.6) holds for each \€
A(F,G).

Proof. We use (6.2) of lemma 6.1 and for each t € [0, 1] we compute

O\t F,G) = @(A, £) ("”G —Nap  2te —Aer) n(\, t))

ot A1 =) AM1—-))
= % (2(xa — Azp) P (N t) — (xa — XNazp) n* (A, 1)
(5.1)
—_)\3 )2
= % (Blya — Nyr) n* (A, 1) — 2(ya — Nyr) n* (A, 1)).
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Thus

. 1 . 1
x(>‘707 F, G) = F(IEG _>‘(2_)‘)$F)7 y()‘7 0, F, G) :F(yG _)‘2(3_2)‘)yF)

In particular (4.6) holds when Z(A, 0, F, G) # 0. O

5.2 Step 2: Proving (4.8)

Consider the family ¢t — M, (t) and denote by £;(t) the ordered eigenvalues of M, (t)
(see (3.12), (3.14)), namely

gj(t) = mj(a, t). (52)
Note that, by its very definition, the function ¢+ E2(t) is strictly decreasing.
Define
&a(p) <2ua - 52(19)) £3(p) <3ua - 252(19))
r s = , S y = 5.3
"= g0 &) P g0 B aw)

1= 22(3-2\) s(p,q)
h(\,p,q) = ML A2-Nr(q)

The next result shows that r, s, and h are well defined.

(5.4)

PROPOSITION 5.2. For each 0<p<q<1, p#£1, and A€ A(My(p), Mn(q)), we
have

3ug —2E3(q) >0, 1—=X2-X)r(p,q)>0. (5.5)
Moreover, (4.7) and (4.8) hold.

Proof. We show the first inequality in (5.5). Because ¢ — E3(q) < s, it is enough to
check that us > 252. To this end, we use the quadratic function b defined in (3.2).
We observe that b(%52) = 2“%83 >0 and b’(§82) = —25189 — 353 — 35953 < 0, thus
§52 < Ugq, a8 Uy is the smallest root of the quadratic polynomial b(x).

We proceed to check the second inequality in (5.5). We distinguish two cases. If
p = ¢, then the statement is obvious. So we assume p < ¢ < 1. Because A~ 1 — A(2 —
A) r(p, q) is a quadratic polynomial in the variable A, it is minimized at A = 1. Hence,
it suffices to show that 1 — r(p, q) > 0. By definition, this is the same as showing
that

(&2(p) — E2(a))(E2(p) + E2(q) — 2uq) > 0.

Using the strict monotonicity of &, we obtain
52(])) — 52((]) >0, Sg(p) + Eg(q) — 22Uy > 252(1) — 2u, =0.

Formula (4.7) follows from (5.5) and (6.4) of lemma 6.1. Finally, (4.8) follows from
(6.4) of lemma 6.1. O
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Set

&(q)
& (p)’

and remark that A(p,¢) <1 and A(p,q) =1 if and only if p=¢. The next lemma
implies that h(A(p, q), p, ¢) represents the slope of the tangent vector at the point
M, (p) when running a trajectory from M, (p) to M,(q) on the restriction of v, to
the arc joining M, (p) and M, (q). In addition, it gives an explicit formula for the
extremes of the interval A, (M (p), My (q)) defined in (2.3).

Alp, q) == (5.6)

LEMMA 5.3. Let0<p<q<1, p#1 and let A(p, q) be defined in (5.6). There exist
R,, R, € SO(3) such that

RyMo(q) Ry = A(p, ) RyMa(p) Ry + (1 = A(p, )10 © N (5.7)
In particular A(p, q) € A(My(p), Mo (q)).

Mo
1(q) &(q) }
&(p) E(p) )’

reover

aUWa@%ALAQ)—HMX{ s (Ma(p), Ma(0)) = A(pr ), (5.8)

and
q<1= a_(Ma(p), Ma(q)) < ot (Ma(p), Ma(q))- (5.9)
Proof. By definition of Ty, see (3.10), there exist two rotations R, and R, such
that
Ry, Mo (p) Ry =n(p)S + (1 = 1(p))1a @ 1
(5.10)
RyMa(q) Ry =n(q)S + (1= 1(q))na © na,
where we set
n(t) :=n(a,t), (5.11)

with n(a,t) defined in (3.9). Then, by eliminating S from (5.10) and using
(5.6), we deduce (5.7). The first equality in (5.8) holds by definition, as p#1
implies that M, (p) € Dy, and hence lemma 2.5 can be applied. We now prove the
second equality in (5.8). Recall that by construction ay <1. If p=gq, the state-

ment is immediate, as at (M (p), Mo (p)) ;= min; {zgjg } =1=A(p,p). Now let
p < q and recall that in this case a; (M (p), Ms(q)) < 1. By the monotonicity of
t— E(t), we have that A(p,q) <1 and therefore, by the first part of the present
lemma, A(p, ) € Aa(Ma(p), Ma(q)) # 0, hence A(p, q) < max Ay (Mo (p), Ma(q)) =:

ay (M (p), My(q)). In contrast,
(@) _ &(9)
S = e

which proves the second formula in (5.8). To prove (5.9) recall that
a_(My(p), Mo (q)) < ay (M, (p), Ma(q)), with equality if and only if for some p

(Mo, Ma0) =i { = Alp.0) < s (Mal), M),
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and ¢ one has

&ilg) _ &(q) Ealq)  &(q)

= or —_—V ==
&) &(p) &(p)  &Ap)
Hence, if equality occurs, M, (p) or M, (q) must be uniaxial. As M, (p) and M, (q)
belong to the optimal trajectory -, the only uniaxial point on ~, is U,, which
corresponds to g =1. O

either

5.3 Step 3: Proving (4.9)
We state the main result of the present section.

PROPOSITION 5.4. If My (p), Mo (q) € Yo, then for each0<p<qg<1, withp#1,

max h(\, p,q) =h(A(p, q),p, q). 519
AEA(Mo (p),Ma(q)) (A2, 9) (Alp, 4), p. q) ( )

Proof. To ease notation we set, for A > 0,

c(A):=A2(3=2)), d(A):=A(2-)), (5.13)
and write (5.4) as
(1) 1=c(N)s(p.q)
0= (5) =it

Formula (5.12) is equivalent to

1 ) 1—c(A(p, q)) s(p, q) (5.14)

(p,q)) 1—d(Ap,q)r(p,q)’

for each 0 <p < ¢ <1, with p#1, and for each A € A(M,(p), Mn(q)). We now check
that the right-hand side of (5.14) can be written as follows:

1 1—c(Ap, @) s(p.q) ., (&) 2ua —E(q)
<A(pv q>> T dAp. ) rpra) <52(q)) 3uq — 26(q)” (5:15)

Indeed, by the definition of A (we will omit the dependence of A upon p and ¢),
the equation (5.15) is equivalent to

L—c)s(p.q) _, ( 2uq — E2(q) ) (5.16)

T—dA)r(pq)  ° \Bua — 285(q)

Next, we use (6.3)—(6.4) to compute

2
L)1 - W TR ()

3t — 2E5(p)
371,& — 252 (q) ’

h(Ap.q) < <A

=1—(3-2A)

2ua - 52 (P)
2ua - 52 ((1) '

a1 () 1
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Therefore, (5.16) is equivalent to
(Bua —282(q)) — (3 = 2A)(Bua — 26(p))
= 3(2ua — &2(q)) +3(2 — A)(2ua — &2(p)) =0,
)

which follows by recalling that A = 2 (g). Motivated by the previous calculation, we
compute the left-hand side of (5.14), using the variable X, with

& (p) A
X:=A = . 5.17
E(q)  Alp,q) (5:17)
We have
1—3s(p,q)A2X? 4 2s X3A3
MXA.p.q) = 00 .0

XA(1=2r(p, q)AX + r(p, q)A2X?)

(&
(&

1 —2X 2uﬂ—52(p)) 4 X2 (52(’1)) <2ua—52(P)))

X
QUa — 52
(Bua — 252 ))
E2(p) Bua — 2E2(q)) — 3X%E2(p) (Bua — 2E2(p)) + 2X3E2(q) (Bua — 262(p))
X(&(p)(2ua — E2(q)) — 2XE(p) (2ua — E2(p)) + X2E2(q) (2ua — E2(p)))

&2(q) E2(p) 2ua—E2(q)

2 3ua*25 (p) 3 ( &2(9) 3ua—283(p)
> 1-3X 3u 252((1)) +2X (Sz(p)) (3%—282((1))

2(p
(9)
2(p)
(9)

Summarizing,

= () - (42) () B8

with
{P (X) = &2(p)(Bua — 2E2(q)) + 3XE2(p) (2E2(p) — Bua) + 2X°E2(q) (Bua — 262(p)),
Q(X) = X(&(p)(2ua — E2(q)) — 2X E2(p) (2ua — E2(p)) + XE2(q) (2ua — E2(D)))-

From (5.15) and proposition 5.2 we infer that h(A(p, q), p, ¢) is positive. Therefore
in order to prove (5.14) we only need to consider the case when h(A(p, q),p, q) is
positive, which implies, by (5.18), that gg; is positive too. In order to proceed we
first show that @ > 0. As X > 0 by assumption, we need to prove that the quadratic
polynomial in parentheses is positive, for X € [0, 1]. Clearly, such polynomial is
decreasing in [0, 1]; hence, it suffices to show that it is non-negative when X =1. A
straightforward calculation shows that

Q1) =2(&(p) — &2(q))(E2(p) — ua).

The latter expression is non-negative by the strict monotonicity of ¢ — E2(t). Next,
we note that (5.14) holds if and only if

3Q(X)—P(X)>0 foreach e A(Mu(p), Mu(q)).
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We compute 3Q(X) — P(X) and obtain

3Q(X) — P(X) = (1— X)*E5(p) (282(q) + X E2(q) — 3ua),

which shows that X =1 is in fact a double root and not merely a simple root.
Therefore 3Q(X)— P(X) >0 if and only if for each 0 <¢g<p<1, p#1 and
A€ A(Ma(p), Ma(q))

2E5(q) + A2(p) — 3uq > 0. (5.19)

We now recall that min{A € A(M,(p), Ms(q))} = a—(My(p), Ms(q)); hence, (5.19)
holds if and only if for each 0 <¢<p<1,p#1

2E2(q) + a— (Ma(p), Ma(q))E2(p) — 3ua >0,

which is in turn equivalent to

26(q)  3Bua
&p)  Elp) ~
We have thus proved that (5.14) is equivalent to (5.20), which we proceed to prove.
For p# 1, the matrix M, (p) has distinct eigenvalues; hence, lemma 2.5 applies to
the pair (M, (p), Ma(q)). By the definition of a_(My(p), Ma(q)), (see (5.8)) we
need to prove that

i {Sl(q) 28(q)  3ua &2q) | 282(q)  3Bua }>0
E(p)  &Elp)  &Elp) E(p)  &Ep) &)~

It suffices to prove that the leftmost expression above is non-negative, namely that

a—(Ma(p), Ma(q)) + (5.20)

K(q) = &1(q) +282(q) — 3ua 20, Vg € [0, 1], (5.21)
as E3(p) is always strictly positive. We now regard K as K(q) = k(n(«, q)), where
EM):=Amin(nS + (1 = n)ng @ ng) + 282m — 3u,.

The first term is the minimum eigenvalue of an affine family of real symmetric
matrices and is, therefore, concave in 7 by the standard argument that this
function is the pointwise minimum of linear functionals. Thus, as the sum of a
concave and an affine function, k is also concave in 7. Therefore k is minimized at
the boundary of its domain of definition. As ¢ varies in the interval [0, 1], n(«, q)
varies continuously in the interval [, 1]. Thus,

min K(¢) = min k(n) =min{k(a), k(1)}.
q€[0,1] nefa1]

We now verify that min{k(«), k(1)} = 0. Note that
min{k(a), k(1)} = min{uq + 2uq — 3uq, $S1 + 282 — 3ug } = min{0, s; + 282 — 3uq }-
It remains to show that s; + 2s2 — 3u, > 0. Recalling (3.2), one checks that

b (81 + 252) _ s1(s2 = 51)(s2 — 53)

<0.
3 3
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Hence, the value % lies between the two roots of b=0. In particular, it is

greater than the smaller root, namely wu,, which is positive. Thus n%in] k(n)=0.
nela,l

Hence, (5.14) holds. O

6. Computation of the invariants

We now establish the technical lemma used in the proof of propositions 5.1 and 5.2.
Recall (3.9), (4.3), and (5.3) and define

x(t):=x(a,t, S, Uy) =ia(Mu (1)), y(t):=yla,t,S,Uy) =1i3(Mu(t)). (6.1)

LEMMA 6.1. Under the assumptions of proposition 5.1, we have X\ ¢ {0,1} and,
for each t €0, 1], one has

_$G—/\2$F _x(;—)\xp 9
(6.2)
¥ = Nyr Yo —Nyr
y(Aatv Fa G)* )\2(1_)\) n ()‘7t) )\2(1_)\> n ()‘at)
In particular,
2 — ug
2(t) = =% (2uq — E2(1)E2(1)
(6.3)
1—2u, 9
y(t) =~ (Bua —26:(0)) E3(1)
and, for any 0<p<q<1, with p#1, we have
z(p) y(p)
=r s y —_— =8 , . 6.4
20) (p,q) Q) (p, q) (6.4)

Proof. The actual computation of the left-hand side of (6.2) shows that there are
three functions that are constant along the trajectories. This motivates the following
definitions. For (&1, &2, €3) € R, with & ¢ {0,1}, let

w1(£1’§2’€3) = %7 w2(€17£2a€3) = m7 w3(£17§27§3) = m

We begin by showing that the functions w; are constant along the curves defined by
the three homogeneous symmetric invariants ¢;. In other words, for each t € [0, 1],
we prove that

{wl(n(/\v t)v il(F)v 'Ll(G» = wl()‘v il(F)v Zl(G))’
w2(77(/\7 t)7 TR, iL’G) :w2()‘a TF, xG)? ’11}3(77()\, t)a Yr, yG) = ’(1)3(/\, Yr, yG)
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Indeed, denoting by f; the eigenvalues of F', we have
det(Mpa(A, t) — 2I)

3 (6.5)
=det(n(A\, )F — 2I) + (L=n(A\, £)) > ni(n(A\ ) f; = 2)(n(A, ) fi — 2)-

i=1

The last sum is taken with the convention that i # j # k #1i. As a function of the
complex variable z, equation (6.5) shows that a certain polynomial of degree three
vanishes identically. Therefore, the coefficient of the polynomial on the left-hand
side must be equal to those on the right-hand side. The coefficient of degree three
is equal to —1 for both polynomials. We write the other three equalities. We have

il(M(X, 1) =n(\, )i (F) + (1= n(\ 1) [n] + n3 +nj)
is(M (X, 1)) =\, t)zp + (A, 1) (1 —n(X, 1))
x [N (fo+ f3) +n3(fs+ f1) +n3(f1 + f2)]
is(M(X 1) =0 (N, yr +n* (A ) (1 — (A, 1) [0} fofs +n5 fafi + n3fifa]. (6.6)

Isolating the terms depending explicitly on the n;’s, one can see that the functions
w; are independent of ¢. Therefore, evaluating w; at ¢t =0 we get

i1(G) — Ny (F)

n%—i—n%—i—ng: - ,

)2
n3(fo + fa) +n3(f + f1) +03(f1 + f2) = w 6.7)
_\3
ﬁﬁﬁ+@ﬁh+@ﬁhzﬁmigj

Note that with our assumptions on F' and G one has A ¢ {0, 1}, so the formulas in
(6.7) make sense. Moreover, our assumptions imply that i1 (M (A, t)) =41 (F)=1;
thus, the first equation is automatically satisfied because n has norm one. Plugging
(6.6) into (6.7) we obtain

(ANt F,G) =0\ )zp + (A t) (1 —n(\ b)) wo (N, zp, 26),

which yields the first equation in (6.2). The derivation of the second one is similar
and is thus omitted.

It remains to show (6.3) and (6.4). The latter follows from the former by very
elementary algebraic manipulations which we omit. We focus on the first formula of
(6.3). Specializing (6.2) to F'=S, G =U,, A= «, and recalling that £x(t) = san(t),
we find

Ty, — a’xg Ty, — QTS

.’L'(a7t,S, Uoz): m

Ex(t) - E3(1). (6.8)

s2a(1 — @)
Therefore, it is enough to prove that

Tu, — onms -

— 2-3
=2(2 — 3uy), TUa —OTS _ Yo

(6.9)

sqa(l — ) s3a(l —a) Ug,
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It is easy to check that the two equalities in (6.9) are equivalent to the following
equation

6sou’ + (ﬂcs — 459 — 3s§)ua + 252 =0. (6.10)

We now show that (6.10) is equivalent to b(z)=0, where b is the quadratic
polynomial defined in (3.2), which holds by construction. Indeed,

Trg — 489 — 33% = 5183 + S9 — s% — 459 — 35% = 5183 — 389 — 45%.

The proof of the second equation in (6.3) is similar and is omitted. O

7. The ~g-case and the proof of lemma 4.5
7.1 The ~g-case

We will not treat the present case in detail, as the arguments are parallel to
those used for the v,-case. Recall definitions 3.1 and 4.4 and denote the ordered
eigenvalues of Mg(t) by F1(t) < Fa(t) < Fs(t). Set

Fa(p) <2w — F (p)>
Falq) \2up — Fa(q) )’

The following result is the analogue of (5.7) and of proposition 5.4.

Aﬁ(p7 q) = Tﬁ(pa q) =

PROPOSITION 7.1. Let 0<p<gq<1, p#1. There exist Ry, Rz € SO(3) such
that

R{Mpg(q)Ry = As(p, Q) RyMp(p) R, + (1 — Ag(p, q))np @ ng,
and

min h(\, p, q) =h(As(p, q),p, q). 71
AEA(Mg(p), M5 (a)) (AP, @) = h{As (P, 0), P, q) (7.1)

The proof of proposition 7.1 is based on arguments that are very similar to those
used to prove proposition 5.4 and is therefore omitted. We only point out that the
minimization of & in (7.1) is justified by lemma 4.5 (see proposition 4.7).

For completeness, in the next lemma we summarize the analogue of the results
of proposition 5.2 and lemma 5.3.

LEMMA 7.2. For each0<p<g<1,p#1, and A€ A(Ms(p), Mp(q)), we have

3ug —2F2(q) >0, 1—A2-Nrg(p,q) >0, (7.2)

B (M (p). Ms(a)) = As(p, ). ﬁ+<Mﬁ<p>,MB<q>>—max{f 2(a) 7 3(‘”},

Fi(p)" Fa(p)
(7.3)
and

q<1==B_(Mps(p), Mp(q)) < B+ (Mp(p), Mp(q))- (7.4)
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7.2 Proof of lemma 4.5
We add the subscript « in definition (6.1). Similarly we define

zp(t) ==x(B,t, 9, Ug) =ia(Mp(t)), ys(t):=y(B,t,5,Usg)=1iz(Mp(t)).
We use (6.3) to find

i) =22~ 3u) (1 - ZD) 60, (0 =601 - 200) (1 - 2D) &850,

(o3 (63

Similarly, from (6.2), we obtain

a(t) = 2(2 ~ 3ug) (1 - @)fg(t), 9 (t) = 6(1 — 2ug) (1 - i@))ﬁ(tm(t).
up up

Taking into account (5.5) and (7.2), one can see that both @,(t) and dg(t) are
strictly positive for each ¢ € (0,1). Moreover, as & is strictly decreasing while Fo
is strictly increasing, -y, and g intersect only at the point (i2(S),i3(S)). We now
compute the slope of the tangent vectors at (i3(5),3(S)) and find

Ua(0)  3s2(1—2us)  9p(0)  3sa(1 —2up)
ia(0)  2—-3u,  i5(0)  2-3us

Finally,

1—-2u, _ 1—2ug
2—3ua 2-—3ug

= Uq < UG,
which follows from (i) of proposition 3.2.
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