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Mariapia Palombaro
University of L’Aquila, Italy (mariapia.palombaro@univaq.it)
(corresponding author)

(Received 22 January 2026 UTC; revised 09 June 2026 UTC; accepted 17 August
2026 UTC)

We prove the stability under lamination of a set of real, symmetric 3 × 3 matrices
that can be interpreted as a subset of the effective conductivities of a polycrystal
made by a single, arbitrarily fixed basic crystal. Constructed in the companion paper
[1], such a set constitutes a two-dimensional portion of the boundary of the pertinent
G-closure because it corresponds to materials saturating a well-known polyconvex
lower bound; we prove that laminations between any two points of such a set still
belong to the set.
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1. Introduction

In the recent paper [1] the authors address the problem of finding solutions to a
differential inclusion arising in the context of bounding the effective conductivity of
a three-dimensional polycrystal [2, 10, 12]. In the present follow-up paper, we focus
on a certain property of the class of solutions described in the previous paper [1],
which is denoted by L(S). We start by briefly describing the connection of L(S)
with the so-called G-closure of a polycrystalline conducting material, and then we
will turn our attention to the differential inclusion that gives rise to L(S). For a
more detailed account of the polycrystal problem and its physical motivation we
refer the reader to our previous paper [1, § 2]. In the theory of composite materials,
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2 N. Albin, V. Nesi and M. Palombaro

the set of all possible effective conductivities arising as a mixture of a single crystal
with anisotropic conductivity σ,

σ=

⎛
⎝σ1 0 0

0 σ2 0
0 0 σ3

⎞
⎠, 0<σ3 ≤ σ2 ≤ σ1, (1.1)

is known as the G-closure and is commonly denoted by G(σ) [2, 10, 7]. The char-
acterization of G(σ) is in general a difficult task and is still lacking in the present
case. In two dimensions, the G-closure for the polycrystal problem was understood
long ago [3]. It is described in eigenvalue space as the following arc of hyperbola:{

(σ∗
1 , σ

∗
2)∈R

2 : σ∗
1σ

∗
2 = σ1σ2, σ2 ≤ σ∗

2 ≤ σ∗
2 ≤ σ1

}
.

It has been established that partial knowledge of ∂G(σ) can lead, in some cases,
to the knowledge of larger parts of it. An interesting example is found in Ref.
[8] (for more details see pp. 204 and 645–647 of Ref. [7]). The underlying idea
is based upon previous work done in Refs [4] and [6]. The set L(S) constructed
in our previous study [1] (see in particular proposition 5.10 therein) provides a
new portion of ∂G(σ) in the case of distinct eigenvalues σi’s. We remark that
explicit examples of sets, which are stable under lamination but not stable under
homogenization and correspond to effective properties of materials, are relatively
difficult to find. A remarkable one can be found in the study of Milton [7] (see
p. 690) where, using an idea from Sv̆erák [13], the author exhibits a composite
consisting of seven anisotropic phases with an effective elastic tensor that cannot be
realized by laminations of the seven given phases. We also mention the very elegant
construction by Grabovsky [5] of a family of rotationally invariant, non-negative,
and two-homogeneous rank-one convex functions that are not quasiconvex.

We now formulate the differential inclusion that defines the set L(S) and refer the
reader to our previous work [1, § 2] for the exact link with the polycrystal problem.

Let M3×3
sym denote the set of real, symmetric 3× 3 matrices and let S ∈M

3×3
sym be

given by

S =

⎛
⎝ s1 0 0

0 s2 0
0 0 s3

⎞
⎠ (1.2)

subject to the constraints

0< s1 < s2 < s3, s1 + s2 + s3 = 1. (1.3)

We define the set K(S)⊂M
3×3
sym as follows:

K(S) := {λRtSR : λ∈R, R ∈ SO(3)}. (1.4)

Notice that K(S) is unbounded. Set C = [0, 1]3 and denote by W 1,2
C (R3;R3) the

space of vector fields in W 1,2
loc (R

3;R3) that are C-periodic. We look for A∈ M
3×3
sym

such that the following differential inclusion admits solutions:

∇u∈K(S) a.e., u−Ax∈W 1,2
C (R3;R3). (1.5)
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Stability under lamination and polycrystalline effective conductivity 3

Solutions are understood in the approximate sense of the existence of sequences
{uj} ⊂W 1,2

C,A ≡W 1,2
C (R3;R3) +Ax that are bounded in W 1,2

loc (R
3;R3) and such that

{∇uj} is L2
loc-equi-integrable and

dist(∇uj , K(S))→ 0 locally in measure.

We denote the set of all such A’s asKapp(S) and point out thatKapp(S) is related to
the so-called 2-quasiconvex hull of K(S) as defined by Yan [14], with Kapp(S) being
a subset of it (see also the work of Zhang [15] for a less restrictive definition of the
2-quasiconvex hull). The notation Kapp(S) is introduced by Müller [9], and it refers
to ‘approximate solutions’ in the sense of differential inclusions. By definition of
K(S), Kapp(S) is invariant under conjugation by any rotation, i.e., if A∈Kapp(S)
then RtAR ∈Kapp(S) for each R ∈ SO(3). Therefore, it suffices to characterize the
eigenvalues of the elements of Kapp(S), which can thus be identified with a subset
of R3. In fact, because of its original physical motivation [1, § 2], we are interested
in those elements of Kapp(S) whose eigenvalues lie in the interval [s1, s3]. Moreover,
as Kapp(S) is a cone, we may then focus on the specific section TrA= 1. Denoting
by H(S) the closed hexagon in R

3 obtained as the convex hull of (s1, s2, s3) and all
of its permutations, our goal becomes to characterize the following set:

K∗(S) := {A∈Kapp(S):A∈H(S)}. (1.6)

The exact characterization of K∗(S) is currently an open problem. The main contri-
bution of our previous work [1] is an inner bound for K∗(S), which is precisely the
set L(S) and which improves all the bounds that were previously known [2, 10, 11].
The goal of the present paper is to prove that L(S) enjoys the stability under lam-
ination property (see definition 4.1). Such property would be naturally fulfilled if
we knew that L(S) coincides with its 2-rank-one convex hull or with K∗(S) (see,
e.g., [9, 15]). However, in the absence of such results, we prove it in proposition 4.7
using the very definition of stability. Our proofs are performed in the space of sym-
metric invariants rather than that of the eigenvalues. This feature is likely to be
useful in different contexts where a given set enjoys the same invariance properties
as Kapp(S).

2. Preliminary definitions and results

The present section collects definitions and results from our previous work [1] that
will be used in the rest of the paper.

DEFINITION 2.1. We denote by D⊂M
3×3
sym the set of positive definite diagonal

matrices with unit trace and by Dd ⊂D its subset of matrices with distinct eigen-
values. The eigenvalues of a matrix M ∈D are denoted by lower case letters m1, m2,
and m3 and ordered as follows:

0<m1 ≤m2 ≤m3. (2.1)

Note that S ∈Dd, as its eigenvalues are distinct. In what follows S2 denotes the
set of unit vectors in R

3.
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DEFINITION 2.2. Let F ∈Dd. The set T 1(F ) is the set of all G∈D such that

∃R ∈ SO(3), n∈ S
2, λ∈R\{1} : RtGR= λ F + (1− λ)n⊗ n. (2.2)

DEFINITION 2.3. Assume that F ∈Dd and G∈D. Set

α−(F, G) :=max

(
g1
f2

,
g2
f3

)
, α+(F, G) :=min

(
g1
f1

,
g2
f2

,
g3
f3

)
,

β−(F, G) :=max

(
g1
f1

,
g2
f2

,
g3
f3

)
, β+(F, G) :=min

(
g2
f1

,
g3
f2

)
,

Aα(F, G) := [α−(F, G), α+(F, G)], Aβ(F, G) := [β−(F, G), β+(F, G)],

A(F, G) := (Aα(F, G)∪Aβ(F, G)) \ {1} .

The interior and the boundary of A(F, G) are denoted by IntA(F, G) and ∂A(F, G),
respectively, and we adopt the convention [a, b] = ∅, if a> b.

REMARK 2.4. From the definition it follows that α+(F, G)≤ 1≤ β−(F, G) and
that α+(F, G) = β−(F, G) = 1 if and only if fi = gi for each i= 1, 2, 3. Hence, the
set A(F, G) is always the union of two disjoint, possibly empty, bounded intervals.

The next algebraic lemma clarifies when condition (2.2) holds.

LEMMA 2.5. Let F ∈Dd, G∈D. If G∈ T 1(F ), then λ∈A(F, G). Conversely, if
A(F, G) �= ∅, then G∈ T 1(F ) and, in particular, for each λ∈A(F, G), the vector
n= (n1, n2, n3) that satisfies (2.2) is determined, not uniquely, by the following
equations:

n2
1(F, G, λ) :=

(g1 − λf1)(g2 − λf1)(g3 − λf1)

λ2(1− λ)(f2 − f1)(f3 − f1)
,

n2
2(F, G, λ) :=

(g1 − λf2)(g2 − λf2)(g3 − λf2)

λ2(1− λ)(f3 − f2)(f1 − f2)
,

n2
3(F, G, λ) :=

(g1 − λf3)(g2 − λf3)(g3 − λf3)

λ2(1− λ)(f1 − f3)(f2 − f3)
.

(2.3)

In particular F ∈ T 1(F ) because

A(F, F ) =

[
α−(F, F ),

1

α−(F, F )

]
\ {1}=

[
max

(
s1
s2

,
s2
s3

)
,min

(
s2
s1

,
s3
s2

)]
\ {1} �= ∅.

REMARK 2.6. In the previous paper [1] a slightly weaker version of lemma 2.5 was
established and the notation was slightly different. Specifically, in lemma 3.4 [1], it
is assumed that the eigenvalues of F and G satisfy, in addition,

f1 ≤ g1 ≤ g2 ≤ g3 ≤ f3. (2.4)

The proof of lemma 2.5 follows the lines of the proof of lemma 3.4 [1] with the only
difference given by the formulas of α+(F, G) and β−(F, G), which, in the case when
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(2.4) is satisfied, read as

α+(F, G) =min

(
g2
f2

,
g3
f3

)
, β−(F, G) =max

(
g1
f1

,
g2
f2

)
.

REMARK 2.7. The restriction that F ∈Dd omits the class of rank-one connections
that occur between special pairs of uniaxial F and G. We revisit this restriction in
remark 3.6, where we show that these cases cannot improve the inner bound.

3. The set L(S)

We recall the definition of the set L(S), which provides an inner bound for the
set K∗(S) (see Ref. [1, § 5] for more details). We start by introducing the uniaxial
points Uα and Uβ and the rotations Rα and Rβ (see definition 3.1). We then define
Γα and Γβ as the projection on H(S) of the rank-one segments connecting a specific
multiple of S to Rt

αUαRα and Rt
βUβRβ , respectively (definition 3.3). The set L(S)

is finally defined as the subset of H(S) enclosed by Γα and Γβ and appropriately
reflected and rotated copies of Γα and Γβ (see definitions 3.4, 3.5, and figure 1(a)
and (b)).

DEFINITION 3.1. Set

Uα =

⎛
⎝uα 0 0

0 uα 0
0 0 1− 2uα

⎞
⎠, Uβ =

⎛
⎝ 1− 2uβ 0 0

0 uβ 0
0 0 uβ

⎞
⎠, (3.1)

where uα and uβ are the smallest and largest root of

b(x) := 6s2 x
2 + x

(
s1s3 − 3s2 − 4s22

)
+ 2s22 (3.2)

respectively. Set

nα =

⎛
⎝ cosϕα

0
sinϕα

⎞
⎠, Rα =

⎛
⎝ 0 −1 0

− cos θα 0 sin θα
− sin θα 0 − cos θα

⎞
⎠,

nβ =

⎛
⎝ cosϕβ

0
sinϕβ

⎞
⎠, Rβ =

⎛
⎝ cos θβ 0 − sin θβ

sin θβ 0 cos θβ
0 −1 0

⎞
⎠,

(3.3)

with

cos(2ϕα) =
s2(s1 + s3) + uα(2s1s3 − s1 − s3)

(s3 − s1)(s2 − uα)
,

cos(2ϕβ) =
s2(s1 + s3) + uβ(2s1s3 − s1 − s3)

(s3 − s1)(s2 − uβ)
,

(3.4)
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cos(2θα) =
uα(s3 − s1) + (uα − s2) cos(2ϕα)

s2(1− 3uα)
,

cos(2θβ) =−uβ(s3 − s1) + (uβ − s2) cos(2ϕβ)

s2(1− 3uβ)
.

(3.5)

The next proposition collects results from Ref. [1] (see Ref. [1, Proposition 5.3]),
characterizing the matrices of Uα and Uβ as solutions of a specific matrix equation.
Set

α :=
uα

s2
, β :=

uβ

s2
. (3.6)

PROPOSITION 3.2. Let Uα, Uβ , Rα, Rβ , nα, nβ be defined by (3.1)–(3.3). Then

(i) uα and uβ satisfy s1 ≤ uα < 1
3 <uβ ≤ s3;

(ii) α−(S, Uα) = α+(S, Uα) = α, β−(S, Uβ) = β+(S, Uβ) = β;
(iii) the matrices Uα and Uβ are the unique solutions to

Rt
αUαRα = αS + (1− α) nα ⊗ nα, (3.7)

Rt
βUβRβ = βS + (1− β) nβ ⊗ nβ , (3.8)

respectively.

The matrices Uα and Uβ correspond to the blue and orange points in figure 1a.
In order to define Γα and Γβ we will need an efficient way to describe curves in
eigenvalue space. We therefore introduce some notation that will be used in § 4 as
well. Let F, G∈K∗(S) and assume that (2.2) holds. For each λ∈A(F, G) and cor-
responding n, see (2.3), consider the one-parameter family of unit-trace matrices:

MF,G(λ, t) = η(λ, t)F + (1− η(λ, t))n⊗ n, η(λ, t) :=
λ

λ+ t(1− λ)
, (3.9)

and note that

MF,G(λ, 0) = F, MF,G(λ, 1) =RtGR.

We now specialize (3.9) to the case when F = S, and λ= α or λ= β, see (3.6), and
set

Mα(t) :=MS,Uα
(α, t), Mβ(t) :=MS,Uβ

(β, t). (3.10)

We recall that

Mα(1) =Rt
αUαRα, Mβ(1) =Rt

βUβRβ . (3.11)

DEFINITION 3.3. The curves Γα, Γβ are defined as follows. Consider the paramet-
ric curves

t 
→mα(t) := (m1(α, t), m2(α, t), m3(α, t)), t∈ [0, 1], (3.12)

t 
→mβ(t) := (m1(β, t), m2(β, t), m3(β, t)), t∈ [0, 1], (3.13)
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Figure 1. The left figure shows important fields in one sextant (s1 ≤ s2 ≤ s3) of the
unit-trace plane. The outer quadrilateral connects the field S to the isotropic field 1

3
I and

the two uni-axial points, Cα = ( s1+s2
2

, s1+s2
2

, s3) and Cβ = (s1,
s2+s3

2
, s2+s3

2
). The curves

Γα and Γβ from definition 3.3 are also shown, together with their intersections with the
uniaxial lines (the dashed lines). The centre figure shows the construction in definition 3.4.
The set L(S) is enclosed by the union of the reflected copies of Γα and Γβ . The rightmost
figure shows the fields in the sextant once again, but in the plane of the matrix invariants,
(i2, i3), which are used in the proof of the stability. The curves γα and γβ , defined in (4.4),
are the images of Γα and Γβ , respectively, when mapped to the matrix-invariants plane.
Abusing notation we denote points by the same letters in (a)–(c).

where mi(α, t), mi(β, t) denote the ordered eigenvalues of Mα(t) and Mβ(t). Then

Γα :=mα([0, 1]), Γβ :=mβ([0, 1]).

The curves Γα and Γβ are shown in figure 1a.

DEFINITION 3.4. The closed curve Γ is obtained as follows. First, reflect Γα along
the line m1 =m2 in the plane m1 +m2 +m3 = 1 and then consider the union of
the curves obtained with its 2π/3 rotations within the unit trace plane. Next, reflect
Γβ along the line m2 =m3 in the plane m1 +m2 +m3 = 1 and consider the union
of the curves obtained with its 2π/3 rotations within the unit trace plane. Finally,
Γ is the union of the six curves thus defined.

The construction of Γ is shown in figure 1b. By construction, Γ is a simple closed
Jordan curve, and, for future reference, we note that

m2(α, t) = s2η(α, t), m2(β, t) = s2η(β, t), (3.14)

which readily follows from the fact that the second component of nα and nβ are
zero.

DEFINITION 3.5. We denote by L(S) the bounded closed subset of H(S) enclosed
by Γ (see figure 1b).
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REMARK 3.6. In remark 2.7 we observed that lemma 2.5 cannot be applied if both
F and G are uniaxial. One can easily check that in this case, at most one possible
rank-one connection exists, and it requires n to belong to the canonical basis and
the double eigenvalue to be either the smallest for both matrices, or the largest
for both matrices. These are well-known connections, already studied by Avellaneda
et al. [2]. In geometrical terms, the corresponding laminations can be visualized with
the help of figure 1a, as segments lying either on the vertical dotted line or on the
oblique dotted line. Thus, we can safely ignore them for the purposes of constructing
L(S).

THEOREM 3.7 ([1], Theorem 5.7). The set L(S) of definition 3.5 satisfies L(S)⊆
K∗(S).

4. Stability under lamination of the set L(S)

We first recall the definition of stability under lamination for a subset of K∗(S).
Then, in proposition 4.6, we provide an equivalent description in terms of
geometrical quantities.

DEFINITION 4.1. We say that a subset L of K∗(S) is stable under lamination if
the following holds. For any pair F, G∈L such that rank(λF −RtGR)= 1 for some
λ∈R and R ∈ SO(3), the projection on K∗(S) of the rank-one segment connecting
λF and RtGR belongs to L. Equivalently, if t 
→MF,G(λ, t) is defined by (3.9),
then the curve t 
→mF,G(λ, t), with mF,G the triple of the corresponding ordered
eigenvalues, satisfies mF,G(λ, t)∈L for each t∈ [0, 1].

Recall that H(S) denotes the closed hexagon in R
3 obtained as the convex hull

of (s1, s2, s3) and all of its permutations.

THEOREM 4.2. The set L(S) is the smallest subset of H(S) containing its vertices
that is stable under lamination.

Proof. The stability follows from propositions 4.6 and 4.7, while the fact that L(S)
is the smallest subset follows from the work done in Ref. [1].

REMARK 4.3. The set K∗(S) is stable under lamination (see, e.g., [9, 15]). As
already observed in the introduction, we do not know whether L(S) =K∗(S) and
therefore the proof of the stability of L(S) will require a careful examination of the
rank-one connections between its points.

We find it convenient to change coordinates. Rather than using the eigenvalues
m1, m2, m3, we use the symmetric invariants. The change of variable,

(m1, m2, m3) 
→ (i1, i2, i3) := (m1 +m2 +m3, m1m2 +m2m3 +m3m1, m1m2m3)

is a diffeomorphism, except where two eigenvalues collapse. Recall that we work
with symmetric matrices M with unit trace, so that, for all of them i1(M) = 1. Let
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Stability under lamination and polycrystalline effective conductivity 9

F ∈Dd and G∈D, then, using the notation in (3.9) we set

x(λ, t, F, G) := i2(MF,G(λ, t)), y(λ, t, F, G) := i3(MF,G(λ, t)), (4.1)

ẋ(λ, t, F, G) =
∂x

∂t
(λ, t, F, G), ẏ(λ, t, F, G) =

∂y

∂t
(λ, t, F, G), (4.2)

and,

xF := x(λ, 0, F, G), xG := x(λ, 1, F, G), yF := y(λ, 0, F, G), yG := y(λ, 1, F, G).
(4.3)

See figure 1c for a plot of important fields in these coordinates. The curves Γα and
Γβ will be denoted by γα and γβ in the (x, y)-space, as clarified by the following
definition.

DEFINITION 4.4. For Mα and Mβ given by (3.10) and t∈ [0, 1], set

Φα(t) := (i2(Mα(t)), i3(Mα(t))), Φβ(t) := (i2(Mβ(t)), i3(Mβ(t))).

Then

γα := Φα([0, 1]), γβ := Φβ([0, 1]). (4.4)

Abusing notation, we identify points in matrix space with points in invariant
space, so we can write Mα(t)∈ γα. Similarly, the image of L(S) via the map (i2, i3)
is still denoted by L(S).

The following lemma ensures that γα and γβ on the (i2, i3)-plane are exactly as
depicted in figure 1c. Its proof is postponed to § 7.2.

LEMMA 4.5. The sets γα and γβ are graphs of functions and intersect only at the
point (i2(S), i3(S)). At such a point the unit tangent vector to γα is obtained by a
counterclockwise rotation by an angle of amplitude less than π/2 of the unit tangent
vector to γβ.

PROPOSITION 4.6. The set L(S) given by definition 3.5 is stable under lamination
if and only if the following geometrical property holds. Let F, G both belong to either
γα or γβ. Then the tangent vector at F to any rank-one trajectory that starts at
F and ends at G points strictly inwards L(S), except for the optimal rank-one
trajectory that lies exactly on γα or γβ.

Proof. The condition is clearly necessary. We focus on the sufficiency. Let F, G∈
L(S) be such that rank(λF −RtGR) = 1 for some λ∈R and R ∈ SO(3). From
now on we will drop the subscript F, G from all the variables. Let m(λ, t) be as in
definition 4.1 and assume by contradiction that the set m(λ, [0, 1]) intersects L(S)c,
the complement of L(S). Because m(λ, t) may cross ∂L(S) only a finite number
of times, say for t= ti, i= 1, . . . N , one can decompose the trajectory into a finite
number of arcs m(λ, [ti−1, ti]), each lying either inside L(S) or outside L(S), except
for its endpoints which lie exactly on ∂L(S). In the first case there is nothing to
prove. In the second case we observe that m(λ, ti−1) and m(λ, ti) both belong to the
same branch of ∂L(S), namely,m(λ, ti−1), m(λ, ti)∈ γα orm(λ, ti−1), m(λ, ti)∈ γβ .
This is a consequence of the bound s1 ≤mj ≤ s3 for each j = 1, 2, 3 and t∈ [0, 1].

https://doi.org/10.1017/prm.2026.10182 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2026.10182


10 N. Albin, V. Nesi and M. Palombaro

Then a necessary and sufficient condition for the arc starting at m(λ, ti−1) and
ending at m(λ, ti) to lie in L(S) is that the tangent vector at m(λ, ti−1) points
inwards.

Using lemma 4.5, the geometric condition expressed in proposition 4.6, namely
the condition for the tangent vector to point inwards, can be equivalently rephrased
in terms of slopes of tangent vectors to certain rank-one trajectories, as stated in
the next proposition.

PROPOSITION 4.7. If F and G belong to γα, with F closer to S, then the max-
imum of the slope of the tangent vector at F among all the rank-one trajectories
that start at F and end at G is attained when the trajectory is exactly the arc of γα
joining F and G. When F and G belong to γβ, with F closer to S, then the tra-
jectory that lies on γβ minimizes the slope among all possible rank-one trajectories
connecting F and G.

Proof. It follows from propositions 5.4 and 7.1.

We conclude the present section by outlining the main steps towards the proof
of the geometric conditions described in proposition 4.7, namely of propositions 5.4
and 7.1, on which theorem 4.2 is based.

STEP 1. Let F ∈Dd and let G∈ T 1(F ), see definition 2.2, so that the set A(F, G) �=
∅. For any λ∈A(F, G), consider the smooth trajectory originating at F and ending
at G, see (3.9). Assuming ẋ(λ, 0, F, G) �= 0, define the ‘normalized slope’ in the
invariants space as

τ(λ, F, G) :=

(
ẏ(λ, 0, F, G)

ẋ(λ, 0, F, G)

)(
xG

yG

)
, (4.5)

with xG and yG given by (4.1)–(4.3).

REMARK 4.8. When ẋ(λ, 0, F, G) �= 0, the actual slope of the tangent vector at the
initial point F to the rank-one trajectory that starts at F and ends at G, namely t→
(x(λ, t, F, G), y(λ, t, F, G)), is given by ẏ(λ,0,F,G)

ẋ(λ,0,F,G) . With a slight abuse of notation,

we use this terminology for τ(λ, F, G) instead.

For ẋ(λ, 0, F, G) �= 0, we compute (4.5) obtaining the following:

τ(λ, F, G) =
1− λ2(3− 2λ) yF

yG

λ
(
1− λ(2− λ)xF

xG

) , (4.6)

see proposition 5.1.

STEP 2. Motivated by proposition 4.6, we specialize (4.6) to pairs F, G that lie
either on γα or γβ . We will proceed by considering in detail the case when F, G lie
on γα. We will hint at the necessary modifications for the case of γβ in § 7. Thus, we
choose F =Mα(p), G=Mα(q), with Mα given by (3.10) and 0≤ p≤ q≤ 1, p �= 1.
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We prove that,

1− λ(2− λ)
xMα(p)

xMα(q)
�= 0, ∀ λ∈A(Mα(p), Mα(q)) (4.7)

and

τ(λ,Mα(p), Mα(q)) = h(λ, p, q), (4.8)

where h is defined in (5.4) and depends only on the second eigenvalue m2(α, t)
computed for t= p and t= q (3.14).

STEP 3. We prove that the slope is maximum when λ= α+

(
Mα(p), Mα(q)

)
, namely,

that for each 0≤ p≤ q≤ 1, p �= 1 one has

max
λ∈A(Mα(p),Mα(q))

h (λ, p, q) = h(α+(Mα(p), Mα(q)), p, q). (4.9)

This follows from proposition 5.4 and lemma 5.3, which imply that the slope on
the right-hand side of (4.9) corresponds to the rank-one trajectory joining Mα(p)
and Mα(q) that lies on γα. Notice that xMα(q)/yMα(q) is positive; therefore, (4.9)
is equivalent to maximizing the actual slope ẏ/ẋ.

5. Proving steps 1–3

We now prove the three steps in order. The argument relies at a few key points on
a technical computation, which we state and prove separately as lemma 6.1 in the
next section. Deferring the lemma in this way keeps the present argument readable
and establishes a context for the lemma.

5.1 Step 1: Proving (4.6)

The next result gives a compact form for τ(λ, F, G). Recall definition 2.2.

PROPOSITION 5.1. Let F ∈Dd and G∈ T 1(F ). Then (4.6) holds for each λ∈
A(F, G).

Proof. We use (6.2) of lemma 6.1 and for each t∈ [0, 1] we compute

ẋ(λ, t, F, G) =
∂η

∂t
(λ, t)

(
xG − λ2xF

λ(1− λ)
− 2(xG − λxF )

λ(1− λ)
η(λ, t)

)

=
1

λ2

(
2(xG − λxF ) η

3(λ, t)− (xG − λ2xF ) η
2(λ, t)

)

ẏ(λ, t, F, G) =
∂η

∂t
(λ, t)

(
2(yG − λ3yF )

λ2(1− λ)
η(λ, t)− 3(yG − λ2yF )

λ2(1− λ)
η2(λ, t)

)

=
1

λ3

(
3(yG − λ2yF ) η

4(λ, t)− 2(yG − λ3yF ) η
3(λ, t)

)
.

(5.1)
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Thus

ẋ(λ, 0, F, G) =
1

λ2
(xG − λ(2− λ)xF ), ẏ(λ, 0, F, G) =

1

λ3

(
yG − λ2(3− 2λ)yF

)
.

In particular (4.6) holds when ẋ(λ, 0, F, G) �= 0.

5.2 Step 2: Proving (4.8)

Consider the family t 
→Mα(t) and denote by Ej(t) the ordered eigenvalues ofMα(t)
(see (3.12), (3.14)), namely

Ej(t) :=mj(α, t). (5.2)

Note that, by its very definition, the function t 
→ E2(t) is strictly decreasing.
Define

r(p, q) :=
E2(p)
E2(q)

(
2uα −E2(p)
2uα −E2(q)

)
, s(p, q) :=

E2
2 (p)

E2
2 (q)

(
3uα − 2E2(p)
3uα − 2E2(q)

)
(5.3)

h(λ, p, q) :=
1− λ2(3− 2λ) s(p, q)

λ(1− λ(2− λ) r(p, q))
. (5.4)

The next result shows that r, s, and h are well defined.

PROPOSITION 5.2. For each 0≤ p≤ q≤ 1, p �= 1, and λ∈A(Mα(p), Mα(q)), we
have

3uα − 2E2(q)> 0, 1− λ(2− λ)r(p, q)> 0. (5.5)

Moreover, (4.7) and (4.8) hold.

Proof. We show the first inequality in (5.5). Because q 
→ E2(q)≤ s2, it is enough to
check that uα > 2

3s2. To this end, we use the quadratic function b defined in (3.2).

We observe that b( 23s2) =
2s1s2s3

3 > 0 and b′( 23s2) =−2s1s2 − 3s22 − 3s2s3 < 0, thus
2
3s2 <uα, as uα is the smallest root of the quadratic polynomial b(x).
We proceed to check the second inequality in (5.5). We distinguish two cases. If

p= q, then the statement is obvious. So we assume p < q≤ 1. Because λ 
→ 1− λ(2−
λ) r(p, q) is a quadratic polynomial in the variable λ, it is minimized at λ= 1. Hence,
it suffices to show that 1− r(p, q)> 0. By definition, this is the same as showing
that

(E2(p)−E2(q))(E2(p) + E2(q)− 2uα)> 0.

Using the strict monotonicity of E2, we obtain

E2(p)−E2(q)> 0, E2(p) + E2(q)− 2uα > 2E2(1)− 2uα = 0.

Formula (4.7) follows from (5.5) and (6.4) of lemma 6.1. Finally, (4.8) follows from
(6.4) of lemma 6.1.
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Set

Λ(p, q) :=
E2(q)
E2(p)

, (5.6)

and remark that Λ(p, q)≤ 1 and Λ(p, q) = 1 if and only if p= q. The next lemma
implies that h(Λ(p, q), p, q) represents the slope of the tangent vector at the point
Mα(p) when running a trajectory from Mα(p) to Mα(q) on the restriction of γα to
the arc joining Mα(p) and Mα(q). In addition, it gives an explicit formula for the
extremes of the interval Aα(Mα(p), Mα(q)) defined in (2.3).

LEMMA 5.3. Let 0≤ p≤ q≤ 1, p �= 1 and let Λ(p, q) be defined in (5.6). There exist
Rp, Rq ∈ SO(3) such that

Rt
qMα(q)Rq =Λ(p, q)Rt

pMα(p)Rp + (1−Λ(p, q))nα ⊗ nα. (5.7)

In particular Λ(p, q)∈A(Mα(p), Mα(q)). Moreover

α−(Mα(p), Mα(q)) =max

{
E1(q)
E2(p)

,
E2(q)
E3(p)

}
, α+(Mα(p), Mα(q)) = Λ(p, q), (5.8)

and

q < 1 =⇒ α−(Mα(p), Mα(q))<α+(Mα(p), Mα(q)). (5.9)

Proof. By definition of Γα, see (3.10), there exist two rotations Rp and Rq such
that ⎧⎨

⎩
Rt

pMα(p)Rp = η(p)S + (1− η(p))nα ⊗ nα

Rt
qMα(q)Rq = η(q)S + (1− η(q))nα ⊗ nα,

(5.10)

where we set

η(t) := η(α, t), (5.11)

with η(α, t) defined in (3.9). Then, by eliminating S from (5.10) and using
(5.6), we deduce (5.7). The first equality in (5.8) holds by definition, as p �= 1
implies that Mα(p)∈Dd, and hence lemma 2.5 can be applied. We now prove the
second equality in (5.8). Recall that by construction α+ ≤ 1. If p= q, the state-

ment is immediate, as α+(Mα(p), Mα(p)) :=minj

{Ej(p)
Ej(p)

}
= 1=Λ(p, p). Now let

p < q and recall that in this case α+(Mα(p), Mα(q))< 1. By the monotonicity of
t 
→ E2(t), we have that Λ(p, q)< 1 and therefore, by the first part of the present
lemma, Λ(p, q)∈Aα(Mα(p), Mα(q)) �= ∅, hence Λ(p, q)≤maxAα(Mα(p), Mα(q)) =:
α+(Mα(p), Mα(q)). In contrast,

α+(Mα(p), Mα(q)) :=min
j

{
Ej(q)
Ej(p)

}
≤ E2(q)

E2(p)
=: Λ(p, q)≤ α+(Mα(p), Mα(q)) ,

which proves the second formula in (5.8). To prove (5.9) recall that
α−(Mα(p), Mα(q))≤ α+(Mα(p), Mα(q)), with equality if and only if for some p
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and q one has

either
E1(q)
E2(p)

=
E2(q)
E2(p)

or
E2(q)
E3(p)

=
E2(q)
E2(p)

.

Hence, if equality occurs, Mα(p) or Mα(q) must be uniaxial. As Mα(p) and Mα(q)
belong to the optimal trajectory γα, the only uniaxial point on γα is Uα, which
corresponds to q= 1.

5.3 Step 3: Proving (4.9)

We state the main result of the present section.

PROPOSITION 5.4. If Mα(p), Mα(q)∈ γα, then for each 0≤ p≤ q≤ 1, with p �= 1,

max
λ∈A(Mα(p),Mα(q))

h(λ, p, q) = h(Λ(p, q), p, q). (5.12)

Proof. To ease notation we set, for λ> 0,

c(λ) := λ2(3− 2λ), d(λ) := λ(2− λ), (5.13)

and write (5.4) as

h(λ, p, q) =

(
1

λ

)
1− c(λ) s(p, q)

1− d(λ) r(p, q)
.

Formula (5.12) is equivalent to

h(λ, p, q)≤
(

1

Λ(p, q)

)
1− c(Λ(p, q)) s(p, q)

1− d(Λ(p, q)) r(p, q)
, (5.14)

for each 0≤ p≤ q≤ 1, with p �= 1, and for each λ∈A(Mα(p), Mα(q)). We now check
that the right-hand side of (5.14) can be written as follows:(

1

Λ(p, q)

)
1− c(Λ(p, q)) s(p, q)

1− d(Λ(p, q)) r(p, q)
= 3

(
E2(p)
E2(q)

)
2uα −E2(q)
3uα − 2E2(q)

. (5.15)

Indeed, by the definition of Λ (we will omit the dependence of Λ upon p and q),
the equation (5.15) is equivalent to

1− c(Λ) s(p, q)

1− d(Λ) r(p, q)
= 3

(
2uα −E2(q)
3uα − 2E2(q)

)
. (5.16)

Next, we use (6.3)–(6.4) to compute

1− c(Λ) s(p, q) = 1−Λ2(3− 2Λ)
3uα − 2E2(p)
3uα − 2E2(q)

(
E2(p)
E2(q)

)2

= 1− (3− 2Λ)
3uα − 2E2(p)
3uα − 2E2(q)

,

1− d(Λ) r(p, q) = 1−Λ(2−Λ)
2uα − E2(p)
2uα −E2(q)

(
E2(p)
E2(q)

)
= 1− (2−Λ)

2uα −E2(p)
2uα −E2(q)

.
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Therefore, (5.16) is equivalent to

(3uα − 2E2(q))− (3− 2Λ)(3uα − 2E2(p))
− 3(2uα −E2(q)) + 3(2−Λ)(2uα −E2(p)) = 0,

which follows by recalling that Λ= E2(q)
E2(p)

. Motivated by the previous calculation, we

compute the left-hand side of (5.14), using the variable X, with

X := λ
E2(p)
E2(q)

=
λ

Λ(p, q)
. (5.17)

We have

h(XΛ, p, q) =
1− 3s(p, q)Λ2X2 + 2s(p, q)X3Λ3

XΛ
(
1− 2r(p, q)ΛX + r(p, q)Λ2X2

)

=

(
E2(p)
E2(q)

) 1− 3X2
(

3uα−2E2(p)
3uα−2E2(q)

)
+ 2X3

(
E2(q)
E2(p)

) (
3uα−2E2(p)
3uα−2E2(q)

)
X

(
1− 2X

(
2uα−E2(p)
2uα−E2(q)

)
+X2

(
E2(q)
E2(p)

) (
2uα−E2(p)
2uα−E2(q)

))

=

(
E2(p)
E2(q)

)(
2uα −E2(q)
3uα − 2E2(q)

)

×E2(p)(3uα − 2E2(q))− 3X2E2(p)(3uα − 2E2(p)) + 2X3E2(q)(3uα − 2E2(p))
X(E2(p)(2uα −E2(q))− 2XE2(p)(2uα −E2(p)) +X2E2(q)(2uα −E2(p)))

.

Summarizing,

h (λ, p, q) = h

(
E2(q)
E2(p)

X, p, q

)
=

(
E2(p)
E2(q)

)(
2uα − E2(q)
3uα − 2E2(q)

)
P (X)

Q(X)
, (5.18)

with{
P (X) = E2(p)(3uα − 2E2(q)) + 3X2E2(p)(2E2(p)− 3uα) + 2X3E2(q)(3uα − 2E2(p)),
Q(X) =X(E2(p)(2uα −E2(q))− 2XE2(p)(2uα −E2(p)) +X2E2(q)(2uα −E2(p))).

From (5.15) and proposition 5.2 we infer that h(Λ(p, q), p, q) is positive. Therefore
in order to prove (5.14) we only need to consider the case when h(λ(p, q), p, q) is

positive, which implies, by (5.18), that P (X)
Q(X) is positive too. In order to proceed we

first show that Q> 0. As X > 0 by assumption, we need to prove that the quadratic
polynomial in parentheses is positive, for X ∈ [0, 1]. Clearly, such polynomial is
decreasing in [0, 1]; hence, it suffices to show that it is non-negative when X = 1. A
straightforward calculation shows that

Q(1) = 2(E2(p)−E2(q))(E2(p)− uα).

The latter expression is non-negative by the strict monotonicity of t 
→ E2(t). Next,
we note that (5.14) holds if and only if

3Q(X)− P (X)≥ 0 for each λ∈A(Mα(p), Mα(q)).
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We compute 3Q(X)− P (X) and obtain

3Q(X)− P (X) = (1−X)2E2(p)
(
2E2(q) +XE2(q)− 3uα

)
,

which shows that X = 1 is in fact a double root and not merely a simple root.
Therefore 3Q(X)− P (X)≥ 0 if and only if for each 0 ≤ q≤ p≤ 1, p �= 1 and
λ∈A(Mα(p), Mα(q))

2E2(q) + λE2(p)− 3uα ≥ 0. (5.19)

We now recall that min{λ∈A(Mα(p), Mα(q))}= α−(Mα(p), Mα(q)); hence, (5.19)
holds if and only if for each 0 ≤ q≤ p≤ 1, p �= 1

2E2(q) + α−(Mα(p), Mα(q))E2(p)− 3uα ≥ 0,

which is in turn equivalent to

α−(Mα(p), Mα(q)) +
2E2(q)
E2(p)

− 3uα

E2(p)
≥ 0. (5.20)

We have thus proved that (5.14) is equivalent to (5.20), which we proceed to prove.
For p �= 1, the matrix Mα(p) has distinct eigenvalues; hence, lemma 2.5 applies to
the pair (Mα(p), Mα(q)). By the definition of α−(Mα(p), Mα(q)), (see (5.8)) we
need to prove that

max

{
E1(q)
E2(p)

+
2E2(q)
E2(p)

− 3uα

E2(p)
,
E2(q)
E3(p)

+
2E2(q)
E2(p)

− 3uα

E2(p)

}
≥ 0.

It suffices to prove that the leftmost expression above is non-negative, namely that

K(q) := E1(q) + 2E2(q)− 3uα ≥ 0, ∀q ∈ [0, 1], (5.21)

as E2(p) is always strictly positive. We now regard K as K(q) = k(η(α, q)), where

k(η) := λmin(ηS + (1− η)nα ⊗ nα) + 2s2η− 3uα.

The first term is the minimum eigenvalue of an affine family of real symmetric
matrices and is, therefore, concave in η by the standard argument that this
function is the pointwise minimum of linear functionals. Thus, as the sum of a
concave and an affine function, k is also concave in η. Therefore k is minimized at
the boundary of its domain of definition. As q varies in the interval [0, 1], η(α, q)
varies continuously in the interval [α, 1]. Thus,

min
q∈[0,1]

K(q) = min
η∈[α,1]

k(η) =min{k(α), k(1)}.

We now verify that min{k(α), k(1)}= 0. Note that

min{k(α), k(1)}=min{uα + 2uα − 3uα, s1 + 2s2 − 3uα}=min{0, s1 + 2s2 − 3uα}.

It remains to show that s1 + 2s2 − 3uα ≥ 0. Recalling (3.2), one checks that

b

(
s1 + 2s2

3

)
=

s1(s2 − s1)(s2 − s3)

3
< 0.

https://doi.org/10.1017/prm.2026.10182 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2026.10182


Stability under lamination and polycrystalline effective conductivity 17

Hence, the value s1+2s2
3 lies between the two roots of b= 0. In particular, it is

greater than the smaller root, namely uα, which is positive. Thus min
η∈[α,1]

k(η) = 0.

Hence, (5.14) holds.

6. Computation of the invariants

We now establish the technical lemma used in the proof of propositions 5.1 and 5.2.
Recall (3.9), (4.3), and (5.3) and define

x(t) := x(α, t, S, Uα) = i2(Mα(t)), y(t) := y(α, t, S, Uα) = i3(Mα(t)). (6.1)

LEMMA 6.1. Under the assumptions of proposition 5.1, we have λ /∈ {0, 1} and,
for each t∈ [0, 1], one has

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x(λ, t, F, G) =
xG − λ2xF

λ(1− λ)
η(λ, t)− xG − λxF

λ(1− λ)
η2(λ, t)

y(λ, t, F, G) =
yG − λ3yF
λ2(1− λ)

η2(λ, t)− yG − λ2yF
λ2(1− λ)

η3(λ, t).

(6.2)

In particular,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x(t) =
2− 3uα

uα
(2uα −E2(t))E2(t)

y(t) =
1− 2uα

uα
(3uα − 2E2(t)) E2

2 (t) ,

(6.3)

and, for any 0≤ p≤ q≤ 1, with p �= 1, we have

x(p)

x(q)
= r(p, q),

y(p)

y(q)
= s(p, q). (6.4)

Proof. The actual computation of the left-hand side of (6.2) shows that there are
three functions that are constant along the trajectories. This motivates the following
definitions. For (ξ1, ξ2, ξ3)∈R

3, with ξ1 /∈ {0, 1}, let

w1(ξ1, ξ2, ξ3) :=
ξ3 − ξ1ξ2
1− ξ1

, w2(ξ1, ξ2, ξ3) :=
ξ3 − ξ21ξ2
ξ1(1− ξ1)

, w3(ξ1, ξ2, ξ3) :=
ξ3 − ξ31ξ2
ξ21(1− ξ1)

.

We begin by showing that the functions wi are constant along the curves defined by
the three homogeneous symmetric invariants ij . In other words, for each t∈ [0, 1],
we prove that

{
w1(η(λ, t), i1(F ), i1(G)) =w1(λ, i1(F ), i1(G)),

w2(η(λ, t), xF , xG) =w2(λ, xF , xG), w3(η(λ, t), yF , yG) =w3(λ, yF , yG).

https://doi.org/10.1017/prm.2026.10182 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2026.10182


18 N. Albin, V. Nesi and M. Palombaro

Indeed, denoting by fj the eigenvalues of F , we have

det(MF,G(λ, t)− zI)

= det(η(λ, t)F − zI) + (1− η(λ, t))

3∑
i=1

n2
i (η(λ, t)fj − z)(η(λ, t)fk − z).

(6.5)

The last sum is taken with the convention that i �= j �= k �= i. As a function of the
complex variable z, equation (6.5) shows that a certain polynomial of degree three
vanishes identically. Therefore, the coefficient of the polynomial on the left-hand
side must be equal to those on the right-hand side. The coefficient of degree three
is equal to −1 for both polynomials. We write the other three equalities. We have

i1(M(λ, t)) = η(λ, t)i1(F ) + (1− η(λ, t))
[
n2
1 + n2

2 + n2
3

]
i2(M(λ, t)) = η2(λ, t)xF + η(λ, t)(1− η(λ, t))

×
[
n2
1(f2 + f3) + n2

2(f3 + f1) + n2
3(f1 + f2)

]
i3(M(λ, t)) = η3(λ, t)yF + η2(λ, t)(1− η(λ, t))

[
n2
1f2f3 + n2

2f3f1 + n2
3f1f2

]
. (6.6)

Isolating the terms depending explicitly on the ni’s, one can see that the functions
wj are independent of t. Therefore, evaluating wj at t= 0 we get⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

n2
1 + n2

2 + n2
3 =

i1(G)− λi1(F )

1− λ
,

n2
1(f2 + f3) + n2

2(f3 + f1) + n2
3(f1 + f2) =

xG − λ2xF

λ(1− λ)
,

n2
1f2f3 + n2

2f3f1 + n2
3f1f2 =

yG − λ3yF
λ2(1− λ)

.

(6.7)

Note that with our assumptions on F and G one has λ /∈ {0, 1}, so the formulas in
(6.7) make sense. Moreover, our assumptions imply that i1(M(λ, t)) = i1(F ) = 1;
thus, the first equation is automatically satisfied because n has norm one. Plugging
(6.6) into (6.7) we obtain

x(λ, t, F, G) = η2(λ, t)xF + η(λ, t)
(
1− η(λ, t)

)
w2(λ, xF , xG),

which yields the first equation in (6.2). The derivation of the second one is similar
and is thus omitted.

It remains to show (6.3) and (6.4). The latter follows from the former by very
elementary algebraic manipulations which we omit. We focus on the first formula of
(6.3). Specializing (6.2) to F = S, G=Uα, λ= α, and recalling that E2(t) = s2η(t),
we find

x(α, t, S, Uα) =
xUα

− α2xS

s2α(1− α)
E2(t)−

xUα
− αxS

s22α(1− α)
E2
2 (t). (6.8)

Therefore, it is enough to prove that

xUα
− α2xS

s2α(1− α)
= 2(2− 3uα),

xUα
− αxS

s22α(1− α)
=

2− 3uα

uα
. (6.9)
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It is easy to check that the two equalities in (6.9) are equivalent to the following
equation

6s2u
2
α +

(
xS − 4s2 − 3s22

)
uα + 2s22 = 0. (6.10)

We now show that (6.10) is equivalent to b(x) = 0, where b is the quadratic
polynomial defined in (3.2), which holds by construction. Indeed,

xS − 4s2 − 3s22 = s1s3 + s2 − s22 − 4s2 − 3s22 = s1s3 − 3s2 − 4s22.

The proof of the second equation in (6.3) is similar and is omitted.

7. The γβ-case and the proof of lemma 4.5

7.1 The γβ-case

We will not treat the present case in detail, as the arguments are parallel to
those used for the γα-case. Recall definitions 3.1 and 4.4 and denote the ordered
eigenvalues of Mβ(t) by F1(t)≤F2(t)≤F3(t). Set

Λβ(p, q) :=
F2(q)

F2(p)
, rβ(p, q) :=

F2(p)

F2(q)

(
2uβ −F2(p)

2uβ −F2(q)

)
.

The following result is the analogue of (5.7) and of proposition 5.4.

PROPOSITION 7.1. Let 0≤ p≤ q≤ 1, p �= 1. There exist Rp, Rq ∈ SO(3) such
that

Rt
qMβ(q)Rq =Λβ(p, q)R

t
pMβ(p)Rp + (1−Λβ(p, q))nβ ⊗ nβ ,

and

min
λ∈A(Mβ(p),Mβ(q))

h(λ, p, q) = h(Λβ(p, q), p, q). (7.1)

The proof of proposition 7.1 is based on arguments that are very similar to those
used to prove proposition 5.4 and is therefore omitted. We only point out that the
minimization of h in (7.1) is justified by lemma 4.5 (see proposition 4.7).

For completeness, in the next lemma we summarize the analogue of the results
of proposition 5.2 and lemma 5.3.

LEMMA 7.2. For each 0≤ p≤ q≤ 1, p �= 1, and λ∈A(Mβ(p), Mβ(q)), we have

3uβ − 2F2(q)> 0, 1− λ(2− λ)rβ(p, q)> 0, (7.2)

β−(Mβ(p), Mβ(q)) = Λβ(p, q), β+(Mβ(p), Mβ(q)) =max

{
F2(q)

F1(p)
,
F3(q)

F2(p)

}
,

(7.3)
and

q < 1 =⇒ β−(Mβ(p), Mβ(q))<β+(Mβ(p), Mβ(q)). (7.4)
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7.2 Proof of lemma 4.5

We add the subscript α in definition (6.1). Similarly we define

xβ(t) := x(β, t, S, Uβ) = i2(Mβ(t)), yβ(t) := y(β, t, S, Uβ) = i3(Mβ(t)).

We use (6.3) to find

ẋα(t) = 2(2− 3uα)
(
1− E2(t)

uα

)
Ė2(t), ẏα(t) = 6(1− 2uα)

(
1− E2(t)

uα

)
E2(t)Ė2(t).

Similarly, from (6.2), we obtain

ẋβ(t) = 2(2− 3uβ)
(
1− F2(t)

uβ

)
Ḟ2(t), ẏβ(t) = 6(1− 2uβ)

(
1− F2(t)

uβ

)
F2(t)Ḟ2(t).

Taking into account (5.5) and (7.2), one can see that both ẋα(t) and ẋβ(t) are
strictly positive for each t∈ (0, 1). Moreover, as E2 is strictly decreasing while F2

is strictly increasing, γα and γβ intersect only at the point (i2(S), i3(S)). We now
compute the slope of the tangent vectors at (i2(S), i3(S)) and find

ẏα(0)

ẋα(0)
=

3s2(1− 2uα)

2− 3uα
,

ẏβ(0)

ẋβ(0)
=

3s2(1− 2uβ)

2− 3uβ
.

Finally,

1− 2uα

2− 3uα
>

1− 2uβ

2− 3uβ
⇐⇒ uα <uβ ,

which follows from (i) of proposition 3.2.
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