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Abstract. The hybrid variational model for restoration of texture images corrupted by

blur and Gaussian noise we consider combines total variation regularisation and a fract-

ional-order regularisation, and is solved by an alternating minimisation direction algo-

rithm. Numerical experiments demonstrate the advantage of this model over the adap-

tive fractional-order variational model in image quality and computational time.
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1. Introduction

Image restoration is a crucial pre-processing step for many applications, and it is widely

used in computer vision. In order to improve image quality, various models have been pro-

posed recently. Image restoration is a typical inverse problem that can be viewed as an

estimation problem. Here we focus on recovering images corrupted by a spatially-invariant

blur and a Gaussian noise. The image degradation model can be represented by the equa-

tion

g = Af + n , (1.1)

where f ∈ RNy×Nx is a clear image, g ∈ RNy×Nx is the observed image, A is a known linear

operator from RNy×Nx to RNy×Nx , and n represents an additive Gaussian noise.

Inverse problems in image processing are typically ill-posed. A common strategy to

tackle such problems is a variational approach, which we also use here. There are two

phases in a variational model — viz. regularisation and data fidelity. The regularisation

plays an important role in inverse problems, and is used to reduce the space of possible
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solutions. A proper regularisation has to capture the most important properties of an im-

age and improve the visual quality of the recovered image. Over the past decades, many

works deal with the regularisation procedure — cf. Refs. [7, 13, 17, 24, 36, 37]. A com-

mon approach used in inverse problems is the Tikhonov L2-norm regularisation [35] that

effectively removes the noise, but since it over-smooths image edges Rudin et al. [32] pro-

posed an L1-norm regularisation called total variation (TV) regularisation that is convex,

preserves sharp edges and allows the use of powerful optimisation methods [3, 5, 22, 41].

The TV regularisation has been successfully applied in applications [11, 18, 25, 40] such

as image restoration, image segmentation, motion estimation, and image reconstruction.

However, it does not preserve fine details and has a staircase effect caused by the model

assumption that the underlying image is piecewise constant, which in most cases does not

hold.

To overcome disadvantages of the TV regularisation, several other regularisation func-

tionals have been considered recently. Chambolle & Lions [10] introduced second order

derivatives; Berkels et al. [4] studied an anisotropic regularisation based on the local struc-

ture of the image; a locally varying regularisation weight was used by Grasmair [21] in

locally adaptive TV regularisation; Lou et al. [23] examined the image gradient and pro-

posed a weighted difference of anisotropic and isotropic TV regularisation; and for a bet-

ter balance between noise removal and edge preservation, You & Kaveh [42] introduced

a fourth-order PDE model. Bredies et al. [6] proposed a total generalised variation (TGV)

regularisation, which is a version of the TV regularisation involving higher-order derivatives

that preserves piecewise polynomial intensities and sharp edges, suppressing the staircase

effect and improving the visual image quality. Setzer et al. [33] reduced the staircasing

artifacts of the restoration results in Chambolle & Lions [10] by an infimal convolutions

modification. Bai & Feng [2] developed a fractional-order anisotropic diffusion model as

a replacement for second order and fourth-order anisotropic diffusion equations; and us-

ing the regularisation parameter selection method of Ref. [19], Zhang et al. [46] proposed

an adaptive fractional-order multi-scale method for image denoising. To fix texture deblur-

ring, Chan et al. [12] introduced a spatially adaptive fractional order TV regularisation term

with different fractional orders for different texture regions, which produces very promis-

ing results on texture images but finding the texture map is not easy. Regularisation with

different fractional orders utilises many neighbourhood pixels which can cause unexpected

errors, especially for pixels on the boundary between different textures.

While computing the partial derivatives in fractional-order regularisation, the many

neighbourhood pixels involved effectively collect texture information — and here we focus

on texture image deblurring based on a fractional order TV regularisation. To overcome

the limitation of the method in Ref. [12], we use an hybrid variational model that combines

TV regularisation and fractional order TV regularisation, so time consuming texture map

calculations are avoided. Experimental results demonstrate the efficiency of this approach,

in both the quality of image restoration and computational time. In Section 2, we recall

the concept of fractional-order regularisation, and our algorithm is introduced in Section 3.

Section 4 contains numerical results demonstrating the algorithm efficiency, and our con-

cluding remarks are in Section 5.
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2. Fractional-Order Regularisation

Given an image f , TV regularisation [32] is defined by the functional

‖∇ f ‖1 :=
∑

i, j

È

(Dx f )2i, j +
�

Dy f
�2

i, j
, (2.1)

where (Dx f )i, j and
�

Dy f
�

i, j
are partial derivatives of f at the location (i, j). In general, the

information from two pixels is needed to calculate a discrete derivative in the TV regulari-

sation , so the procedure does not require too much local information. The total fractional-

order regularisation is defined by another functional

‖∇α f ‖1 :=
∑

i, j

√

√
�

Dα
x

f
�2

i, j
+
�

Dα
y

f
�2

i, j
, (2.2)

where α is a real number and (Dαx f )i, j and (Dαy f )i, j are the x and y directional fractional-

order derivatives of f at the location (i, j) — cf. Refs. [12, 14, 15, 44]. There are various

definitions for fractional-order derivatives, but we prefer to use the Grunwald-Letnikov

definition [27, 30] here — viz. for a function f , its x and y-directional derivatives of the

order α at the location (i, j) are defined as

�

Dαx f
�

i, j
:=

M−1
∑

m=0

cαm fi−m, j ,
�

Dαy f
�

i, j
:=

M−1
∑

m=0

cαm fi, j−m , (2.3)

where M > 0 is the number of pixels used in calculation of the discrete derivative,

cαm := (−1)m
�

α

m

�

= (−1)m
Γ (α+ 1)

Γ (m+ 1)Γ (α−m+ 1)
,

and Γ denotes the Gamma function. We take M = 8, α ∈ (1,2) and recall the coefficients

cαm can be calculated by the recursive relations

cα0 =

�

α

0

�

= 1 , cαm =

�

1−
α+ 1

m

�

cαm−1 , m= 1,2, · · · . (2.4)

If α= 1, then for all m > 1 the coefficients c1
m are equal to zero such that D1

x f and D1
y f are

the usual discrete partial derivatives so (2.2) becomes the TV regularisation. Analogously,

for α= 2 one obtains the common discrete second-order derivatives. Moreover, it is easily

seen that for fixed α the coefficients cαm rapidly tend to zero as m increases. As noted in

Ref. [12], the fractional derivatives (2.3) of different order α correspond to different high-

pass filters. For a large α the cutoff frequency is lower, so a larger number of texture regions

is well preserved (the nonlocal nature of the fractional-order regularisation better preserves

the detail.)

In natural images, there are both smooth regions and texture regions with different

frequencies, so Chan et al. [12] used an adaptive fractional order regularisation for the
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texture regions and TV regularisation for the smooth regions. The regularisation is defined

by

λi, j

È

�

D
αi, j

x f
�2

i, j
+
�

D
αi, j

y f
�2

i, j
+ β , (2.5)

where β > 0 is a constant, while the λi, j > 0 are related to the parameters αi, j and respon-

sible for coordination between the regularisation and data-fidelity terms. In practice, Chan

et al. [12] segmented an image into non-texture and texture classes. The texture classes

have been further subdivided depending on the texture values and for each region its own

fractional-order regularisation was used. This algorithm provides a good texture retrieval,

but finding the texture map for natural images is difficult. The parameter β influences the

behaviour of the regularisation (2.5) and may cause over-smoothness of sharp features. In

addition, the use of neighbourhood pixels in the fractional order regularisation may pro-

duce unexpected errors, especially on the boundary of regions with different textures.

3. Proposed Model

The aim of this work is to introduce an algorithm which avoids weaknesses of the ap-

proach of Chan et al. [12]. As mentioned, for deblurring of texture images we use an

hybrid model based on the TV regularisation and a fractional-order regularisation. Recall

that image decomposition plays an important role in image processing. Meyer studied this

problem for cartoon + texture images and proposed a way for its solution [26]. An image

is usually decomposed into the sum of cartoon and texture. The cartoon part can be repre-

sented by a piecewise smooth function, and the texture part is an oscillatory pattern. Since

decomposition allows a better handling of texture images, it has often been used in varia-

tional models or wavelet analysis — cf. Refs. [16,19,28,29,31,38,43]. On the other hand,

Buades et al. [8] presented a filter version of image decomposition. Here we also employ

the cartoon + texture decomposition together with a fractional-order regularisation when

considering the deblurring problem.

The proposed model is given by

min
u,v
‖∇u‖1 + β ‖∇

α
v‖1 +

λ

2





A(u+ v)− g






2

2
, (3.1)

with fixed positive numbers β and λ. The underlying image f consists of the carton and

texture parts u and v, so that

f = u+ v .

In our approach, the cartoon and texture parts u and v are penalised by the TV regu-

larisation (favouring piecewise-constant solutions) and the fractional-order regularisation

(favouring fine-scale feature preservation), respectively.

In the presence of two unknown variables, we apply an alternating minimisation direc-
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tion approach to the functional (3.1). The algorithm scheme is given by

un+1 = arg min
u
‖∇u‖1 +

λ

2





A(u+ v
n)− g






2

2
,

v
n+1 = arg min

v
β ‖∇αv‖1 +

λ

2





A(un+1 + v)− g






2

2
, (3.2)

and the image can be recovered as

f n+1 = un+1 + v
n+1.

Note that the application of traditional TV deblurring schemes to the first minimisation

problem in (3.2) meets difficulties because of non-differentiability of the TV regularisation.

However, a number of effective methods have been developed recently — e.g. the variable

splitting method [1], Bregman method [20], alternating direction method of multipliers

[39], dual methods [9] and primal-dual methods [11]. The relationships between some of

these methods are discussed in Ref. [34], and here we employ the first-order primal-dual

algorithm [11].

Introducing a dual variable p, we get

‖∇u‖1 = sup
p∈U

−〈u, div p〉 −δP ,

where U = RNy×Nx ×RNy×Nx , δP is the indicator function of the set P = {p ∈ U;‖p‖∞ ≤ 1},
and div := −∇∗ is the divergence operator. The primal-dual formulation of the first min-

imisation problem in (3.2) reduces to finding the term

min
u

max
p∈U
−〈u, div p〉 −δP +

λ

2





A(u+ v
n)− g






2

2
. (3.3)

Applying the first-order primal-dual algorithm [11] to (3.3), we obtain

pk+1 = arg min
p




ūk, div p
�

+δP +
1

2tp





p− pk






2

2
,

uk+1 = arg min
u
−



u, div pk+1
�

+
λ

2





A(u+ vn)− g






2

2
+

1

2tu





u− uk






2

2
,

ūk+1 = 2uk+1− uk ,

where tp and tu are positive constants and k is the iteration number. The sub-optimisation

problem for updating p is equivalent to determining the minimum

min
p
−



∇ūk, p
�

+δP +
1

2tp





p− pk






2

2
,

with the following update rules for p and u:

pk+1 =
pk + tp · ∇ūk

max
�

1,
�

�pk + tp · ∇ūk
�

�

� , (3.4)

uk+1 =
uk − tu ·
�

−div pk+1 +λA∗ (Av n− g)
�

I + tuλA∗A
. (3.5)
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The second minimisation problem in (3.2) is the texture component calculation. We recall

that Zhang & Chen [45] showed that the fractional-order regularisation term is convex,

so the second minimisation functional in (3.2) is convex and we can use the first-order

primal-dual method. Rewriting the total fractional-order regularisation, we get

‖∇αv‖1 = sup
q∈U

−〈v , divαq〉 −δQ ,

where q is a dual variable, δQ is the indicator function of the set Q = {q ∈ U;‖q‖∞ ≤ β},
and divα := −(∇α)∗. The primal-dual formulation of the second minimisation problem in

(3.2) becomes

min
v

max
q∈U
−〈v, divαq〉 −δQ +

λ

2





A(un+1 + v)− g






2

2
. (3.6)

Applying again the first-order primal-dual algorithm [11] to (3.6), we obtain

qk+1 = arg min
q




v̄
k, divαq
�

+δQ +
1

2tq





q− qk






2

2
,

v
k+1 = arg min

v
−



v , divαqk+1
�

+
λ

2





A(un+1 + v)− g






2

2
+

1

2t
v







v − v k






2

2
,

v̄
k+1 = 2v k+1− v k ,

where tq and t
v

are positive constants. If q denotes the vector [q1,q2], then

−divαqk+1 =

M−1
∑

m=0

cαm(q
k+1
1 )i+m, j +

M−1
∑

m=0

cαm(q
k+1
2 )i, j+m ;

and similarly to the solution of the first minimisation problem, the update rules for q and

v are

qk+1 =
qk + tq · ∇

α
v̄

k

max
�

β ,
�

�qk + tq · ∇αv̄ k
�

�

� , (3.7)

v
k+1 =

v
k − t

v
·
�

−div qk+1+λA∗
�

Aun+1 − g
��

I + t
v
λA∗A

. (3.8)

Finally, the algorithm we use for deblurring of texture images can therefore be summarised

in Algorithm 1.

4. Experimental Results

In this section, we demonstrate the efficiency of our algorithm and compare it with the

AF algorithm [12], the TV based model [11], the TGV model using the first and second

derivatives, the total fractional-order variation (TFV) model [15], and with the ADMGB al-

gorithm [29] based on image decomposition. For the solution of the TFV model, we use the
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Algorithm 1 Algorithm for image deblurring on texture images.

Initialisation: ū0 = g, u0 = g, p0 = ~0, q0 = ~0, λ,α,β , tu, tp, t
v
, tq .

Output: f n+1 = un+1 + v
n+1.

for n= 0 :,1, · · · , NO do

for k = 0,1, · · · , NI do

Compute pk+1 using (3.4);

Compute uk+1 using (3.5);

ūk+1 = 2uk+1 − uk;

end for

un+1 = uk+1;

for k = 0,1, · · · , NI do

Compute qi+1 using (3.7);

Compute v
k+1 using (3.8);

v̄
k+1 = 2v k+1− v k;

end for

v
n+1 = v

k+1;

end for

primal-dual algorithm from Ref. [11]. All images are blurred by a 3×3 Gaussian blur with

standard deviation 1.5, generated by the MATLAB function ’fspecial’. In all experiments,

we set tp = tq = tu = t
v
= 1/4, NI = 1. The remaining parameters were empirically

tuned to improve the performance of the algorithm. In the AF algorithm, we used the code

provided by the authors, where every image is partitioned into fours regions — viz. three

texture regions and a non-texture region. The corresponding fractional orders were set to

be 1.9,1.8,1.7,1.0. The peak-signal-to-noise ratio (PSNR) that measures the quality of the

restored images was defined as

PSNR= 20 log10

255
1

mn





 f̃ − f






F

, (4.1)

where f and f̃ denote the true and recovered images, respectively. The stopping criterion

reflected the relative difference between successive iterations of the restored image (RDS)

— cf. Ref. [11,41], defined by

RDS
�

f n+1, f n
�

=





 f n+1 − f n






2

‖ f n+1‖2
.

Thus the algorithm stops when RDS( f n+1, f n) < ǫ, and we chose ǫ := 10−4.

In the deblurring of test images corrupted by blur and 5% Gaussian noise, the regular-

isation parameters for the above mentioned classes in the AF algorithm were 0.2,0.2,0.2

and 0.5, and The fractional order and the regularisation parameter in the TFV algorithm 1.8

and 0.8, respectively. The parameters in the TV-based algorithm, TGV and ADMGB were

tuned to improve the results. In our algorithm, we set α = 1.8, λ = 0.5 and Fig. 2 shows
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(a) Test (b) Barbara (c) Lena (d) Man

Figure 1: Original images.

(a) TV:29.77 (b) TGV:29.85 (c) ADMGB:29.75

(d) TFV:29.98 (e) AF:30.12 (f) Our:30.35

Figure 2: A zoomed region of the restored test image 
orrupted by blur and 5% Gaussian noise.

the results. The test image regions have different smoothness and texture, and the TFV

provides a better texture description than the TV regularisation. TGV also produces better

results than TV regularisation. ADMGB uses image decomposition, but it does not perform

well since the constraint for the texture part provides unsatisfactory texture information.

The AF algorithm delivers a better result due to a spatially adaptive fractional-order regu-

larisation term. Nevertheless, our algorithm gives the best recovery, since for the cartoon

and texture components it respectively uses TV and a fractional-order regularisations. Fig. 3

presents two components of the recovered image. It is obvious that the cartoon component

is rather smooth and the other one is composed of textures.
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(a) u (b) v

Figure 3: The 
artoon (left) and texture (right) parts of the re
overed blurred test image.

(a) TV:21.76 (b) TGV:21.90 (c) ADMGB:21.85

(d) TFV:22.01 (e) AF:21.76 (f) Our:22.06

Figure 4: A zoomed region of the restored image Barbara 
orrupted by blur and 5% Gaussian noise.

For the degraded images Barbara, Lena and Man commonly used in image processing,

Table 1 contains PSNR values of the images recovered by six algorithms, and Figs. 4, 5 and 6

show some of the recovered images. For the image Barbara containing both regular textures
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(a) TV:33.35 (b) TGV:33.61 (c) ADMGB:33.22

(d) TFV:33.03 (e) AF:33.10 (f) Our:33.44

Figure 5: A zoomed region of the restored image Lena 
orrupted by blur and 5% Gaussian noise.

Table 1: PSNR(dB) for the images 
orrupted by blur and Gaussian noise, with the noise levels 5%
and 10%.

0.05 0.1

Test Barbara Lena Man Test Barbara Lena Man

TV 29.77 21.76 33.35 30.61 27.38 20.78 31.38 28.86

TGV 29.85 21.90 33.61 30.69 27.43 20.76 31.60 28.95

ADMGB 29.75 21.85 33.22 30.00 27.49 20.69 31.06 28.42

TFV 29.98 22.01 33.03 30.45 27.57 20.83 31.06 28.68

AF 30.12 21.76 33.10 30.18 27.66 20.81 30.85 28.38

Ours 30.35 22.06 33.44 30.77 27.71 20.85 31.44 28.95

and smooth regions, the best results are provided by TFV and our algorithm. The main

component of the image Lena is a smooth region, so the superiority of the fractional-order

regularisation over the TV is reduced, and the TGV that preserves piecewise polynomial

intensities produces the best results. The image Man has various irregular textures, so

the texture map is not well defined and the AF method does not work properly. However,

our algorithm processes the cartoon and texture parts separately in a robust performance.

https://doi.org/10.4208/eajam.090217.300617a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.090217.300617a


Hybrid Variational Model for Texture Image Restoration 639

(a) TV:30.61 (b) TGV:30.69 (c) ADMGB:30.00

(d) TFV:30.45 (e) AF:30.18 (f) Our:30.77

Figure 6: A zoomed region of the restored image Man 
orrupted by blur and 5% Gaussian noise.

Moreover, in comparison to the AF method our approach not only provides better quality of

the recovered images but also requires less computational cost. For example, the processing

of a 255×255 test image takes about 8.3 seconds, while the AF method needs 57.3 seconds

for the same operation. For the 512 × 512 Man image our method requires about 30.2

seconds, while the AF method needs 236.2 seconds. All of the numerical experiments

were conducted on a PC equipped with a 2.70 GHz CPU, in the Matlab 7.12 (R2011a)

environment.

5. Conclusion

We have presented an effective and efficient algorithm for restoration of blurred texture

images with Gaussian noise. The proposed model takes advantage of the cartoon+texture

decomposition model by using total variation regularisation and fractional-order regular-

isation to constrain the cartoon and texture parts, respectively. The total variation regu-

larisation preserves the strong edges, while the fractional-order regularisation preserves

the details of the image. We used an alternating minimisation direction algorithm to solve

the model. Our numerical experiments demonstrate the efficiency of the algorithm and a

higher image restoration quality.
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