Econometric Theory, 24, 2008, 696-725. Printed in the United States of America.
doi: 10.1017/S0266466608080298

KERNEL ESTIMATION WHEN
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Nonparametric kernel estimation of density and conditional mean is widely used,
but many of the pointwise and global asymptotic results for the estimators are not
available unless the density is continuous and appropriately smooth; in kernel esti-
mation for discrete-continuous cases smoothness is required for the continuous
variables. Nonsmooth density and mass points in distributions arise in various
situations that are examined in empirical studies; some examples and explana-
tions are discussed in the paper. Generally, any distribution function consists of
absolutely continuous, discrete, and singular components, but only a few special
cases of nonparametric estimation involving singularity have been examined in
the literature, and asymptotic theory under the general setup has not been devel-
oped. In this paper the asymptotic process for the kernel estimator is examined
by means of the generalized functions and generalized random processes approach;
it provides a unified theory because density and its derivatives can be defined as
generalized functions for any distribution, including cases with singular compo-
nents. The limit process for the kernel estimator of density is fully characterized
in terms of a generalized Gaussian process. Asymptotic results for the Nadaraya—
Watson conditional mean estimator are also provided.

1. INTRODUCTION

Many non- or semiparametric estimators utilize nonparametric kernel estima-
tors of density. For asymptotic results for such estimators existence of density
and some smoothness properties of the density are routinely assumed. In much
of the literature that develops asymptotic results for estimators of conditional
mean, its derivative, and average derivatives, assumptions on smoothness of
the density function and also about smoothness of conditional mean are made
(for a review, see, e.g., Pagan and Ullah, 1999). However, although conditional
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mean could often be smooth (even linear) and satisfy various types of condi-
tions on derivatives that follow from some theoretical model, there may be no
theoretical basis for assuming density smoothness for many variables. Lumpi-
ness and lack of smoothness in various processes and institutional setups can
lead to singularities in distributions of observables.

Singularities may manifest themselves as mass points such as those occur-
ring in various hazard functions in biomedical studies; in economics an exam-
ple is the empirical study by Green and Riddell (1997) where mass points in
the hazard function for weeks worked occur as a result of unemployment insur-
ance qualification rules. The following example illustrates why singularities may
occur in distributions of labor supply and also earned income, disposable income,
and the joint distribution of male, female labor supply as a result of a lump-
sum transfer; they may be represented by mass points but may also be of a
more complex nature. The example is highly simplified; more general varying
tax schedules, benefits, and transfers would lead to more complicated distribu-
tions with singularities.

Example 1

Suppose that each household chooses to supply labor amount y in the range
0 =y = y where y is random in the population with some distribution function
F5(-) (possibly absolutely continuous with density f;(-)). Denote by y* the sup-
ply of labor (= earned income) chosen and by ¢ disposable income (= con-
sumption). The household maximizes c. If ¢(y) = y then y* = y. Suppose that a
lump-sum transfer occurs and as a result

v+t ify=y;
c(y) = (D

y ify>y,.
Next, consider two cases.

Case a. Unanticipated Transfer. Labor supply is still y* = 3, but c¢(y*) is
given by (1); the distribution of disposable income then is such that the density
is discontinuous:

file—1) ifc=y,;
fileoy=93 file=0)+f(c) ify, <c=y +1;
f5(e) ifc>y, +r

Case b. Anticipated Transfer. In this case supply of labor adjusts to maxi-
mize ¢ in (1):

{y ify=y, or >y +1
yr= . _
y, ity <y=y -+t
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Then the distribution of labor supply (earned income) for the household is
F-(y*) = F(y" = 0)1(y* <y,)
+ [F5(y,) = F5(y, = ) (y* = y,) + F(y")I(y* > y,),

with indicator /(a) = 1 if a is true, O otherwise. This distribution has a mass
point. Consider the joint distribution of male (y,,) and female (y;) labor
supply where in a household we may have y* =y, + y/. In the joint distri-
bution Fy- X;(y,’;,y_;‘ ) singularities can occur at isolated points and also on
one-dimensional subsets; to specify such subsets one would need extra infor-
mation (e.g., on how decisions are made in the household).

Mathematical examples of singular measures include self-similar and fractal
measures (e.g., Lu, 1999; Frigyesi, 2004); some examples are presented in this
paper. Even though in such situations the use of kernel estimators could be
questionable, e.g., using a kernel estimator when density does not exist as an
ordinary function, the estimators may have been used in applied work either
because the problem was not taken into account (possibly as a result of it being
obscure or because of neglect on the part of the researcher) or because an alter-
native is not available. Thus, determining the asymptotic properties could be
helpful in interpreting existing empirical work. Of course, if the structure of
the distribution is known in advance one can attempt to suit the estimator to
account for mass points, discontinuities in the density, reduced dimension, and
the like. There are results on detecting singularities that occur in isolated inte-
rior points or on the boundary such as change points in distribution functions
or conditional mean and peaks or cusps in density or hazard functions, mostly
starting with the Miiller (1992) paper on detecting discontinuity in the con-
ditional mean function. A general test for singularities using kernel density
estimators was developed by Frigyesi and Hossjer (1998); thus kernel estima-
tors provide useful information for inference when the distribution may have
singularities.

Generally a distribution function (or a probability measure) can be repre-
sented as a mixture of absolutely continuous, discrete, and singular compo-
nents. Results on joint estimation in combined discrete-continuous cases (see,
e.g., Ahmad and Cerrito, 1994; Li and Racine, 2003) extend the area of cover-
age of kernel density estimation to cases when the set of variables can be par-
titioned into two subsets: one of variables in which the distribution is absolutely
continuous (and the density is at least twice continuously differentiable), and
the other of discrete variables. This leaves out cases where the density exists
but is not continuous for nondiscrete variables (or even if continuous is not
differentiable in some of the continuous variables); the possibility of a singular
part is not considered. Lu (1999) discusses the Nadaraya—Watson estimator of
the conditional mean for a special class of singular measures that are given by
a local spherical measure of reduced dimension and derives the limiting Gauss-
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ian distribution. However, no general local asymptotic results for kernel den-
sity estimator or conditional mean estimator are available. This paper aims to
provide a general method for obtaining such results by using the apparatus of
generalized functions.

Generalized functions, or distributions as Schwartz (1950) called them, are
useful in cases of nondifferentiability (e.g., arising from the singularity of the
distribution function) because they allow characterization of generalized deriv-
atives when derivatives do not exist as ordinary functions. Some useful refer-
ences are Halperin (1952), which provides an English introductory version of
Schwartz’s lectures, and Gel’fand and Shilov (1964, vols. 1 and 2), where the
main introductory results on generalized functions are collected. If the distribu-
tion function exists then density can always be defined as a generalized func-
tion even if it does not belong to any of the spaces of continuous/smooth
functions or to any of the L, spaces such as L; (Devroye and Gydrfi, 1985) or
the usual L, or Sobolev or Besov spaces (considered, e.g., by Hirdle, Kerkya-
charian, Picard, and Tsybakov, 1998), and so the characterization as a general-
ized function provides the most generality.

Generalized functions are widely used in mathematics and physics for solv-
ing differential equations. Sometimes interest focuses on special generalized func-
tions (e.g., the &-function) or on functions that form special spaces such
as Sobolev or Besov spaces where some of the partial generalized derivatives
exist as ordinary functions. Phillips (1991) proposed the generalized functions
approach in application to the asymptotics of the least absolute deviations (LAD)
estimator using the fact that the generalized derivative of the sign function is
proportional to the 8-function, and then Phillips (1995) successfully applied it
to derive the limit process for nonstationary LAD regression. These papers and
also others that use generalized functions' focus on cases where the final results
are expressed through ordinary functions. This is not always possible. In Zinde-
Walsh (2002) the limit process for the least median of squares estimator is
described in terms of a generalized Gaussian process; Zinde-Walsh and Phillips
(2003) derived the generalized Gaussian random process that represents the deriv-
ative of the fractional Wiener process. These are not expressible through ordi-
nary functions. Gel’fand and Vilenkin (1964, vol. 4) is the main reference for
generalized random processes. This paper demonstrates that the limit process for
the kernel density estimator may sometimes exist only as a generalized process.

Depending on the context it may be useful to think of a generalized function
as an element in a variety of spaces. For example, if the interest is in the con-
ditional mean we may view the density as a functional on the space of [/ times
continuously differentiable functions, but for the response (derivative of condi-
tional mean) we may wish to view the density as a functional on the space of
[ + 1 times differentiable functions. The introductory chapter of the Sobolev
(1992) monograph (which makes use of generalized functions in approxima-
tion of multivariate integrals) provides useful diagrams of embedding map-
pings for different spaces of generalized functions.
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The generalized derivative, f, of the distribution function, F, will be called
“density” here whether or not it exists as an ordinary function. As a generalized
function it can be interpreted as a linear continuous functional on a space D of
special “test functions” so that for any ¢ € D the value of the functional ( f, )
is well defined.> We discuss here estimation based on random sampling; the
issue of dependence is left for further development. The kernel density estima-
tor considered as a generalized random function converges in probability as the
sample size goes to oo, and the bandwidth parameter goes to zero to the gener-
alized derivative of the distribution function, which may or may not exist as an
ordinary function. If density exists in the ordinary sense and is continuous at x
the estimator converges to the value of the density function f(x). The kernel
estimator has a limit process that under the usual assumptions on the rate of the
bandwidth is a generalized Gaussian process. A full characterization of this gen-
eralized Gaussian process is provided here.

For the Nadaraya—Watson estimator of conditional mean it is shown that
the estimator, rescaled by the kernel density estimator, converges as a gener-
alized random process to a generalized Gaussian process. A full characteriza-
tion of this process is provided. This is the most general result obtainable
without any assumptions on the marginal distribution. Under additional assump-
tions consistency and rate of convergence for the Nadaraya—Watson estimator
are derived.

The paper is organized as follows. Section 2 provides interpretation of the
distribution function as a generalized function and of the density as its gener-
alized derivative; local properties are defined, and the kernel estimator is inter-
preted as an estimator of the generalized density. In Section 3 the limit process
for the kernel estimator is derived and shown to be a generalized Gaussian
process. Section 4 derives asymptotic results for the Nadaraya—Watson condi-
tional mean estimator. Section 5 concludes. Appendix A provides proofs of
the results of the paper. Appendix B gives a collection of definitions and results
about generalized functions and generalized random processes that are used
here.

2. DISTRIBUTION FUNCTION AND DENSITY AS GENERALIZED
FUNCTIONS AND THE KERNEL ESTIMATOR

2.1. Distribution Function, Density, and Its Derivatives as
Generalized Functions

The definitions and results concerning generalized functions are collected in
Appendix Bj; Section 2.1 specializes these results to distribution functions.

Define for a random vector x € R* its distribution function F(x). It can be
defined as a monotonic bounded function that has a left limit and is continuous
from the right; thus it is an ordinary (locally summable) function on R* as dis-
cussed in Appendix B.
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We start with the univariate case k = 1. As a generalized function F(x) can
be represented by a functional on the generic function space D. That space could
be the space K of infinitely differentiable functions with finite support, or the
space S of infinitely differentiable functions that go to zero at infinity faster
than any power, or any of the spaces D,, of m times continuously differentiable
functions (with finite support) defined in Appendix B. For any ¢ € D define
the value of the functional

(F ) = fF(X)df(X) dx. (2)

Then as long as D contains continuously differentiable functions (e.g., coincides
with K, S, or any D,,, m = 1) we can define density as a generalized derivative
of F:

(L) = (Fp) = —(Fy') = —fF(x)l/"(x) dx. 3)

A similar relation holds for multivariate densities. If the distribution function
F(xi,...,x;) is absolutely continuous then the density can be defined as an
ordinary function

FF(x,,...,
) = Flrny ) = ), @)

0xy...0x;

where f(x) integrates to F(x). Whether (4) exists as an ordinary function or
not, it can be defined as a generalized function. If functions in D are suitably
differentiable, D C D, the space of k times continuously differentiable func-
tions (with finite support), for any ¢ € D,

aktﬁ(xl,...,xk))

0Xy...0x;

(f) = (—1)"<F, 5

Generalized derivatives of the density function are defined by formulas similar
to (5), e.g., in the univariate case the generalized derivative of the density func-
tion, 1, is given for any 4 € D (as long as D C D,) by

(f,,lﬂ) = _(f’(p’) = (F’lﬂ//)-

2.2. Distribution Function and Density Function Locally at a Point

For local properties of the distribution and density functions (generalized func-
tions) we can consider the distribution around the point of interest x for ¥ in
some small #-neighborhood of x. We introduce a kernel function, K.
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Assumption A (Kernel).

(i) K(w) is an ordinary bounded function on R¥; [K(w)dw = 1;
(i) support of K belongs to [—1,1]%;
(iii) K(w) is an [th-order kernel: for w = (wy,...,w,) the integral

o —0 ifj 4+ <l
fw{‘...w,ka(w)dwl...dwk

<oo ifj,+ ) =L

If I = 1 Assumption A reduces to (i) and (ii). The finite support and bound-
edness assumptions can be relaxed and are introduced to simplify assumptions
and derivations, and K is not restricted to be symmetric or nonnegative.

For k = 1 define K,(%,x) = (1/h) K((¥ — x)/h). Note that [K,(%,x) dx =
JK(w) dw. Then for any & and any fixed x define

Foo(x) = f F(5)K, (%, x) di = % f F()Z)K(ih;x> dx. 6)

This provides the value of Fj,x at x as a weighted average of values of the func-
tion F(X) in the h-neighborhood.> Once x is allowed to vary, Fjx(x) can be
viewed as a functional (generalized function) defined for functions (x) € D
(but it is also an ordinary function of x).

An analogous construction applies to the multivariate case. Denote for the
multivariate case

h = max{h,,..., h}; X=(Xp,000,X0),

w=(wy,...,w.); dw =dw,...dw,, (7)

X—x _ (fc, - X ik—xk> ®)
Y PR .

For the kernel function K define

1 X —x X — X 1 X—x
K,(%,x) = —K yeens =—XK ;
I1h; h, hy I1h; h

then [K,(%,x)dX = [K(w)dw. The functional F,x(x) is defined similarly to
the univariate case:

Foe(x) = f F(3)K, (%, x) dx.

The following theorem establishes convergence of generalized functions Fjx(x)
to F(x) as h — 0. To distinguish convergence of generalized functions (weak
convergence of linear continuous functionals on the space D) from ordinary
pointwise convergence we denote it by = as opposed to —. To distinguish
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between different spaces on which the functionals are defined we could sub-
script = by the corresponding space, e.g., =, . Usually it is clear for which
spaces the convergence holds, and the subscript is omitted.

THEOREM 1. For h — 0 and K that satisfies Assumption A
Fx(x) = F(x).
In other words, for any (x) € D we have
(Fg (x), ¢ (x)) = (F(x), ¢ (x)),
and if F is continuous at x then Fx(x) — F(x).
Proof. See Appendix A.

Next, consider the generalized derivative fj,x(x) of F,x(x) that corresponds
to the generalized density function locally to point x. Write for the univariate
case for a given x

Jik (x) = Fg(x). ®
Similarly

9" Fyx (x)
filx) =~

0X;...0x;

in the multivariate case. Of course, if F were absolutely continuous in the neigh-
borhood of x with ordinary density function f(x) this would be

J (1 X—x d
£<hJ‘F(x)K< P )dx) 5([F(x+hw)l((w)dw>

ff(x + hw)K(w) dw

and similarly in the multivariate case.
Assuming that K is a continuously differentiable function (9) is

£ rion(552)a) - (522

thus

1
Sux(x) = FhK (x) (10)
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is an ordinary function. Similarly

X—x

akK( )

fF(fc)—hdi=(—l)kLF (x) @A
ax,...0x, i, "™

x) = (=1
Jux(x) = (=1) (i1h,)?
in the multivariate case.

If K is not assumed to be differentiable (e.g., is a rectangular kernel) the
definition (10) still holds but can be understood only as equality of generalized
functions implying for ¢y € D

1 1
(fhK(x)’lp(x)) = (_Z FhK’(X),¢(x)> = Z (FhK(x),lV(x)) 12)

for all ¢ € D, D C D;; a similar relation can be written for the multivariate
case. Thus as long as either F or K is continuously differentiable fj,x(x) is an
ordinary function; in any case it is a generalized function.

If for a sequence of generalized functions, g,, for any ¢ € D and some num-
ber sequence r(n) as n — oo (g,, ) = O(r(n)) holds, we use the notation g, ~

O(r(n)).
THEOREM 2. As h — 0 and assuming that K satisfies Assumption A

. . . k
(i) convergence of generalized functions on R,

fox(x) = f(x),

holds for D C Dy; if the ordinary density function f(x) exists and is
continuous at x, this coincides with ordinary convergence: f,x(x) — f(x).
(ii) If & € D,y and K is a kernel of order [

fux (x) = f(x) = O(h");
more specifically
(fhK(-x)’ l;[/) - (f(x)’ ll’)

]+k¢’
- ( 1)] 2 H _F( ) dx m1 +l ‘axiﬂkfrl (i) di

Sm;=1

X fK(w)w{“‘. wi% dw + R(h),

where R(h) = o(h'); if € Dysyr; then R(h) = O(h').
Proof. See Appendix A.

Thus with the help of the kernel function K for 7 — 0, we have constructed
sequences of generalized functions (which may be ordinary functions, e.g., if K
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is differentiable) that have support in a neighborhood of x and that converge as
generalized functions to the generalized derivative of the distribution function.
The convergence rate of generalized functions can be controlled by appropriate
selection of K and space D (as follows from Theorem 2(ii)). Of course if F is
sufficiently differentiable f,x(x) — f(x) = O(h') as an ordinary function.

The following example illustrates the case where F is not absolutely contin-
uous and the sequence of ordinary functions fx diverges at rate O(h~!) (even
though convergence as generalized functions holds).

Example 2

Suppose that in some region () the distribution function can be defined as F(x) =
al (x — y) for some fixed y; K is differentiable. Then it is easy to compute that
as h — 0 convergence of ordinary functions

0, if x #y;

i () = {aK(O), ifx=y

holds. Thus in this case for the sequence of ordinary functions, sup f,x(x) =
O(h™') in Q. It is easy to verify that as generalized functions f,x(x) =
ad(x — y), where the generalized function 6 is Dirac’s §-function:

(8(x = y), ¢ (x)) = ¢ ().

2.3. The Kernel Estimator and Its Relation to Generalized Density

Consider a multivariate density; recall the notation in (8). From (11) integrat-
ing by parts we have

X—x
kK
h
fF(fc) ——dX
0x;...0x;

ﬁlK('x) = (_l)k (th)2

1 X—x ~ .
:H_hi K T dF (%) = E; K, (%, x).

If fix is not an ordinary function of x the equality may hold as equality of gen-
eralized functions only. A natural estimator for f,x(x) follows from the fact that
it is an expectation; a sample average is used in estimation. The estimator based
on a random sample of n observations {x;} from the distribution of x is

— 1z X; — X
flx) = all, 2]K< P ) 13)

and Ef(x) = fx(x).
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We can thus interpret the kernel density estimator as an estimator of the local
generalized density functional whether density exists as an ordinary function or
not.

3. LIMIT PROCESS FOR THE KERNEL ESTIMATOR OF GENERALIZED
DENSITY

We now describe the limit process for the kernel estimator as a generalized
random process. Note that because E f(x) = f,x(x) part (ii) of Theorem 2 pro-
vides the convergence rate for the generalized bias function of the kernel
estimator.

The following theorem describes the limit process of the kernel density esti-
mator as a generalized Gaussian process (defined in Appendix B).

THEOREM 3. For a kernel function K satisfying Assumption A, if h — 0 as
n — oo with nllh; — oo and h?>™*n — 0, the sequence of generalized random
processes (nI1h;)?( f(x) — f(x)) converges to a generalized Gaussian process
with mean functional zero and covariance functional C that for any (linearly
independent) ,¥, € D,y provides

(C, (¢, 4,)) = fl/fl(x)%(x)f(x) dfo(W)zdw

= E(,(x) ¢, (x)) fK(w)2 dw. 14

Proof. See Appendix A.

If the density function f(x) is continuous at x the covariance functional reduces
to a functional given by an ordinary function, and the standard covariance result
f(x) JK(w)?dw obtains. If f(x) = 0 the ordinary Gaussian process is degener-
ate, and only the consistency rate holds. In the general case if for any ¢y € D
(not identically zero) the value (C, (¢, 1)) is positive the limit process in Theo-
rem 3 is a proper (nondegenerate) generalized Gaussian process; here this holds
as long as E(%(x)) > 0 for every nontrivial . If the limit process is degen-
erate, consistency holds, and as long as for some i the expectation E(i/%(x)) is
positive there is a limit Gaussian process. Degeneracy of the generalized limit
process process can result from the continuous density taking zero values on
some open set and also can occur for distributions with singularities. The fol-
lowing examples present some cases where the distribution is not absolutely
continuous.

Example 3. Discrete variables

Case a. When the discrete variables are represented correctly and the asso-
ciated density is viewed as discrete, appropriate nonparametric estimators (e.g.,
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those based on special kernels as in Ahmad and Cerrito, 1994) converge at para-
metric rates. In discrete-continuous models product kernels (e.g., Li and Racine,
2003) provide convergence at nonparametric rates that reflect the dimension of
the continuous part only (alleviating “curse of dimensionality”).

Case b. When discrete variables are mislabeled as continuous, Example 2
demonstrates that if K rather than K, were used as the kernel for the discrete
variable the corresponding kernel estimator would converge as n — oo to aK(0),
where « is the discrete density, because

hf(y) = aK(0).

In other words, a rescaling of the kernel produces faster convergence (this can
be viewed as a trivial case of reduced local dimension similar to the case in
Example 5 in this section). The limit covariance functional is degenerate:
(C,(,4p)) = 0if () = 0 at the mass point y.

Example 4

Suppose that the distribution is a mixture of an absolutely continuous strictly
monotonic F¢(x) and a discrete F¥(x) = I(x — y), with weights « and 1 — a.
The generalized density then is nonsingular at every x # y and is singular at y
and can be represented as a sum af “(y) + (1 — @)6(x — y). Here hf(y) —
(I — @)K (0); unlike the previous example the limit of the rescaled kernel esti-
mator will not provide a full description of the limit density because it misses
the continuous component. The limit covariance functional is not degenerate.

Example 5. Reduced local dimension: Cantor-type distribution

Lu (1999) discusses this famous example of reduced local dimension. Consider
a random variable

n=23237'¢,

where &, is Bernoulli (equals 1 with probability 3, O with probability 3). If one
thinks of € [0, 1] as a number in base 3 its digits are either 0 or 2 (no ones),
and any such number is equally probable; denote the set of points n by C. The
distribution function on [0, 1] is continuous but not absolutely continuous, and
for any point x € C C [0,1] and some r — 0

PI'(HM - xH = r) = C(x)rlog2/10g3,

which defines local dimension of the measure as d = log 2/log 3 < 1. Consider
a point x € C (that does not have ones S in its base 3 representation); then the
sequence of kernel estimator functions f(x) diverges, but at rate O(h?1): the
rescaled function !¢ f(x) has a finite limit. The limit generalized Gaussian
process is degenerate: for any neighborhood U of x and ¢ € D(U) there exists
an interval I C U (of points with a one in some position of the base 3 repre-
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sentation) such that (C,(,¢)) = 0 for ¢ with support in I. However if the
distribution is a mixture of an absolutely continuous strictly monotonic distri-
bution and the Cantor distributions, the limit generalized process is no longer
degenerate.

These examples indicate that utilizing knowledge regarding the nature of
the variables, in particular, local dimension (ranging from discrete variable
cases to redundant variables to fractional dimension) and rescaling the kernel
appropriately, e.g., by & for discrete variables and '~ for reduced local dimen-
sion (Example 5), may result in a faster convergence rate. However, if it can-
not be firmly established that reduced dimension is relevant (as, e.g., in a
mixture with an absolutely continuous measure) rescaling may lead to error,
and only the more general rates and results such as those provided in Theo-
rems 2 and 3 apply.

The results on density estimation can be extended to estimation of deriva-
tives of density. Under conditions of Theorem 3 as generalized functions on the
space D, derivatives of the kernel estimator have as a limit process the gen-
eralized Gaussian process with mean functional zero and covariance functional
given by generalized derivatives of the limit covariance functional for the ker-
nel estimator itself, and so the covariance functional for the limit process for
the derivatives of the kernel density estimator can be derived from C in (14)
(see Appendix B).

4. RELAXING ASSUMPTIONS ON THE MARGINAL DISTRIBUTION IN
THE ASYMPTOTICS OF THE NADARAYA-WATSON ESTIMATOR

The Nadaraya—Watson estimator of the conditional mean is widely used. Here
general limit results that do not require making any assumptions on the mar-
ginal distribution are derived; additional assumptions provide consistency and
the usual limit Gaussian distribution.

Consider the model

yi = m(x;) +u,
where the conditional expectation function is

m(x) = E(y;|x; =x) = fde(yIX);

o2(x) is the conditional variance

o2(x) = var(u;| x; = x) = var(y;|x; = x).
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Assume for simplicity that all bandwidths are equal: #; = h. The Nadaraya—
Watson kernel estimator of the conditional mean is

s K(xj—x> 1 s K(xj—x>
R T P W

m(x) = =

2K<xj—x> ﬁx\)
h

To accommodate various assumptions regarding smoothness of the condi-
tional mean function recall the definition of a Holder space C,,,(E) for
integerv =0 and 0 < @ = 1 (e.g., see Encyclopaedia of Mathematics, 1988).
It is a Banach space of bounded and continuous functions g(x) defined on a
set E C R* that are v times continuously differentiable with all the vth-order
derivatives g(*'(x) satisfying Holder’s condition for a:

8 (x + Ax) — g(x)| = A(x)[Ax ]

for every x,x + Ax € E.

If @ = 1 the vth derivatives satisfy the Lipschitz condition; if v = 0 the func-
tion itself satisfies the Holder (fractional Lipschitz) condition.

Denote by U some open neighborhood of x in R,

Assumption B (Conditional moments).

(i) The conditional mean function m(x) € C,.,(U).
(ii) The conditional variance o 2(x) is continuous on U, and for some & > 0
o2"°(x) is uniformly bounded on U.

Assumption B(i) for v = 2 implies assumptions often made in the literature
on asymptotics of the Nadaraya—Watson estimator that discusses asymptotic bias
reduction (Bierens, 1987), whereas, e.g., Lu (1999) argues that if the condi-
tional mean is differentiable the local linear estimator (see, e.g., Fan and Gij-
bels, 1995) is preferable* and thus for the kernel estimator it makes more sense
to assume v = 0, i.e., a Holder (fractional Lipschitz) condition. The following
theorems examine the behavior of the Nadaraya—Watson estimator under assump-
tions that include both of these cases. The space of test functions, D, here is
restricted to functions with support contained in U, D(U).

THEOREM 4.

(i) If as n — oo the bandwidth h — 0 and nh* — co, Assumption A holds
for 1l =1, Assumption B(i) holds with v = I, Assumption B(ii) holds, and
lim,_,oh'(nh*)'/? = 0, then

(nh*)'2 F(x) (m(x) — m(x))
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converges as a generalized random process on D, (U) to a generalized
Gaussian process with expectation functional zero and limit covariance
functional C, given by

(Co ) = B (0207 (2) [ K)o 1)

(ii) If as n — oo the bandwidth h — 0 and nh* — oo, Assumption A(i) and
(ii) holds, Assumption B(i) holds with v = 0,0 < a = 1, Assumption
B(ii) holds, and lim,,_,oh®(nh*)"/?> = 0, then

(nh*)'2 (%) (m(x) — m(x))

converges in distribution to a generalized Gaussian process on D(U)
with expectation functional zero and the covariance functional C, given
by (15).

Proof. See Appendix A.

Theorem 4(i) and (ii) provides an asymptotic (ge@lized) Gaussian process
for the conditional mean estimator weighted by f(x); as in Theorem 3 the
limit generalized Gaussian process may be degenerate. When continuous den-
sity exists results such as Theorem 4 are viewed as intermediate (e.g., Bierens,
1987) to obtaining the limit distribution for m(x) itself; here this (generalized)
limit distribution is given in Corollary 2 later in this section. Without further
assumptions on the behavior of f(x) only the general result of Theorem 4 holds.
It could be used to construct confidence intervals.

__The following assumption allows us to examine the limiting behavior for
m(x).

Assumption C (Condition on 17(7)). As n — oo,h — 0, for some 7 there
exists b > 0 such that for x € U

Pr(f(x) > h"b) — 1.

This assumption is a condition on the kernel density estimator that provides
a lower bound; it permits convergence of the bound to zero for n > 0. When
an ordinary density function that is continuous and positive at x exists, the
assumption obviously holds in some U with 7 = 0. When there is singularity in
the distribution at x, i could be negative with the lower bound increasing as n
increases (as in_Example 3). The following corollary establishes the consis-
tency rate for m(x). Note that (m(x) — m(x)) is an ordinary function, because
both m(x) and m(x) (by Assumption B) exist as ordinary functions; (m(x) —
m(x)) is then also a generalized function.
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COROLLARY 1. Under the conditions of Theorem 4 and Assumption C the
difference m(x) — m(x) as a generalized random process satisfies

(nh*721)12 (m(x) = m(x)) = 0,(1).
Proof. See Appendix A.

Thus for singularity points (with negative 77) convergence rate of the condi-
tional mean estimator may be faster than in the case of regularity; note that the
corollary establishes the rate for generalized functions. Further assumptions
would be necessary to get the ordinary convergence rate (when it exists), which
may be somewhat slower than the convergence in generalized functions. We
illustrate this by considering Examples 3-5.

For Example 4 (Example 3, Case b, is similar) it is easy to evaluate the
mean and variance of f(x) to get

e {h‘(l —a)K(0) +o,(h") forx=y;

X) =

f fe(x) +o0,(1) for x # y.

If f¢(x) > 0, then Assumption C holds everywhere; at x = y, n = —1, and

convergence rate (generalized) of the conditional mean estimator for any ker-
nel with K(0) > 0is (nh~')""?2 = n= V21 V2 The rate is conventional at other
points. In Example 3 only the singularity point matters, and the convergence
rate is fast.

Example 5 is a special case of the class of distributions considered by Lu
(1999). Using his results for the mean and variance (Lemma 2.1 and Corol-
lary 1) for kernels that satisfy K(w)w? |, K(w)?>w?™ ! € L, we get that

F() =h""b+0,(h*") forx€C

with some b > 0 and d = log2/log 3 < 1. Thus at these points n = d — 1, and
the conditional mean estimator converges as a generalized random process at
rate n~ /2 (1/274,

Note that Theorem 3.1 of Lu establishes for the special distribution class that
includes these univariate examples ordinary convergence of the conditional mean
estimator to a limit Gaussian (at singularity points) at a rate n~ /21 ~1/2¢ (which
is slower than the generalized process convergence rate).

The next corollary provides the generalized limit process in the case of a
continuous density function.

COROLLARY 2. Under the conditions of Theorem 4 and assuming that an
ordinary density function f(-) exists and is continuous at x and f(x) > 0, the
sequence of ordinary random functions (nh*)"/?>(m(x) — m(x)) converges as a
generalized sequence to an (ordinary) Gaussian distribution
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a*(x)

f( : K(w)? dw) R (16)

(nh*)2 (m(x) = m(x)) =, N(
if ordinary convergence to a limit distribution for (nh*)" 2(171(;) — m(x)) obtains,
convergence to the Gaussian distribution (16) holds in an ordinary sense.
Proof. See Appendix A.
A standard sufficient condition for ordinary convergence for
(nh*)2 (m(x) = m(x))

in Corollary 2 is that the density be [ times continuously differentiable (Bier-
ens, 1987). Assumptions on 4 in Theorem 4 and Corollary 2 imply zero asymp-
totic bias. More generally, denote lim,_,oA!(nh*)!/? by B; then from (A.4) in
Appendix A the asymptotic bias functional can be written as

ko 9 9
[Is— - ( m(x{ f(X)>

my, =S S,
L dRT\ OX L LdXk

ko1

B2 I-—

Ssi=r=I—t; i=1 m;
[—1=t=3m;=0

X fwi"‘“'...w,i”k”kl((w) dw.

If B = 0 the asymptotic bias is a generalized bias function that is given by an
ordinary function (= 0), and Corollary 2 applies. If 0 < 8 < oo, the asymptotic
bias may not be given by an ordinary function unless the density is appropri-
ately smooth.

5. CONCLUSIONS

For kernel estimator of density f (x) and for the Nadaraya—Watson estimator
m(x) of the conditional mean in the independent and identically distributed
(i.i.d.) case this paper provides general asymptotic results that can be obtained
without making any assumptions regarding the underlying distribution of x.
Density can always be defined as a generalized derivative of the distribu-
tion function, and the kernel estimator f(x) represents an estimator of the
generalized density, f. Limit processes for the estimators in Theorems 3 and 4
for appropriate rates of bandwidths are described as generalized Gaussian pro-
cesses with mean functional zero and a nonzero covariance functional (possi-
bly degenerate). These results can be used for inference.

The generalized functions approach can be extended to deriving limit moments
and limit processes for other estimators in situations where it may be of benefit
to relax assumptions regarding existence and smoothness of the density function.
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NOTES

1. Another example is Schennach (2004).

2. Unless F is absolutely continuous the generalized derivative may not coincide with the point-
wise derivative even when it is an ordinary function.

3. Averaging of a generalized function by a kernel function was considered by, e.g., Sobolev
(1992), who provided the proof of a statement similar to our Theorem 1.

4. Local linear and local polynomial estimators perform better than the Nadaraya—Watson esti-
mator when density is not smooth, but the properties of those estimators, such as mean square
error, have only been derived for continuous density and are not yet available for distributions with
singularities.
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APPENDIX A: Proofs

Proof of Theorem 1. We have

%in(l) ffF(x-‘rhw)K(w)dww(x)dx: %m(l) ffF(y)Lp(y—hw)K(w)dwdy

= [Fowas [ Ko dw =),

where the second equality follows from ¢ being a continuous function. If F is continu-
ous at x then by interchanging the integral and limit in the first expression we get

lim fF(x + hw)K(w) dw = F(x). u

Proof of Theorem 2.

(i) Because i is a continuously differentiable function (v € Dy)

) ak l "_
) = (—1) jax—<nh fm)K( - )dx>¢<x>dx
_ 1 X—x _ 9%
f(Hh JF(X)K< h >dx ax,...aka(x)dx

=(=DF ij(x) z/f(x— hw)K (w) dw dy

- (ﬁlﬁ)fK(W) dw = (f,¢), (A.1)

where the second equality is obtained by integration by parts and using finite
support property of ¢. The third equality follows from change of variable, and
the last result uses continuity of 9%/(dx;...dx;)¢ and [K = 1.

Consider f,x defined in (9). For F univariate absolutely continuous in the neigh-
borhood of x with continuous density function f(x)
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X—x

fur(x) = i<lfF(f)K<—>d£> =ff(x+hw)K(w)dw
e ax \ h h :

=70 [ KO0 dw =)

by change of variable, continuity of f, and the assumption [K = 1; similarly in
the multivariate case.
(ii) For the univariate case using (12) and applying change of variable,

i) = () = = [ [ PO = 1) = 97 1 00

From expanding ¢'(% — hw) and making use of kernel order this becomes

1

(=1 }ll—‘ fF(fc)W“(i) difK(w)w’dw+R(ﬁ),

where the remainder term R(h) is o(h!) and if v € D, is O(h'""). Consider
now the multivariate case: expansion of (8%/(dx...dx;)) (¥ — hw) =

1 < k 1 aZmﬁrkll/(i)

2’«;:1 i=1 (mi + 1)’ aj{nl+l...dj,:nk+l

)(h)z’”fwf"‘. Cowedw

+ R(h) with R(h) =o(h"); ifyp € Dyyry, R(B)=0("™).

Substituting into (A.1), subtracting the limit, and using the order of kernel we
get that

(furr¥0) — (fith)
k I+k ~
=(—1)’JF()?)[ > <H ! i) >(—h)'+R(ﬁ)] dx,

s \is (m 4+ Do dipet!

fK(w)wi"'...w,ﬁ"*dwl...dwk + R(h) = O(h"). u

Proof of Theorem 3. Define a (generalized) function

1 X=X
enhj('x) = H_hIK<T> _f(x)

and consider e;,,(x) = (1/n) 27_, e,,;(x); it equals ]T(_x\) — f(x).
By Theorem 2(ii) Eey,,;(x) ~ O(h'). Next consider T; = E((e,:(x), 1) (€4 (x), ¢2)).
For i # j by independence

E(T,]) = E(ehni('x)7¢l)(eh;1j(x)’¢2) = E(ehm'(x)7wl)E(ehzzj(x)7l/12)
= 0(h?).
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Fori=j

E(T;) = E(ep, (%), 1) (e, (x), )

__f[fﬁ%x< >%upu fﬂﬂ¢¢m¢4

i

X I:f ﬁK(x )ll’z(x) dx — ff(x)lﬁz(x)dx:lf(x ) dx;

~ E(T} +T),

where

([ (e
nr(ﬂwdlzﬂwwxfmx< )mm@

It is easy to see that ET;? = —Eg E,. To express ET}; as a bilinear functional applied
to (1, ,) the order of integration has to be changed. Consider now for any fixed (x, y)

(5o s
Ih? h

Substituting (x; — x)/h = w this becomes

fﬁK(W)K(W"I‘ T)f(x-i—hw)dw

If x — y # 0 for small enough h we have |(x — y)/h| > 2|support(K)|, and then K(w +
(x = y)/h) = 0. If x = y this expression multiplied by I1/; becomes

fK(w)zf(x + hw) dw.

By Theorem 2 as 7 — 0 it converges as a generalized function to f(x) [ K(w)?dw. Thus
h,ET} — [K(w)?dw E(i,¢s,). It is easy to see that ITh,ET;? — 0, and then ITi,ET}; —
JK(w)?dw E (). This provides the limit covariance.

Consider now

Nhni (X) =n 1z I_Ihil/2 Chni (X) - E(}’l 1z I—Ihil/2 Chni (X)),

1
M (%) = - > i (X). (A.2)
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This generalized random function has expectation zero. In the covariance the terms with
i # j are zero and

E (1, (), 1) (1, (x), )

is O(1) and converges to [K(w)%dw E(¢,4r).
Next we show that for any set of linearly independent functions ¢, ...,,, € D with
E(y?) > 0 the joint distribution of the vector

ﬁhn = ((nhn’ lr//I )7 RS (nhm ¢’m))'

converges to a multivariate Gaussian. Define similarly the vector 7;,,; with components
(Mpni» ). Denote by 3 the m X m matrix with zs component {3}, = (C, (¢, 1)) where
the functional C is given by (14). Denote by 3., the covariance matrix of Thmi- By the
convergence results for Tj;, in —, 2. Because the functions ¢, ..., are linearly inde-
pendent and E(?) > 0 the matrix 3 and thus 3. (in probability for large enough n) are
invertible. Define &, to equal 3~1/24,,;; then 712%,.; — 37125, —, 0.

Next, consider an m X 1 vector A with A’A = 1. The random variables \'&,,,; are
independent with expectation 0, var> A'é;,,; = 1; they satisfy the Liapunov condition:
SE|XN &, |>T® — 0 for § > 0 because the kernel function is bounded with finite sup-
port. Thus

2 )"‘ﬁ:hni —u N(O? 1)’

and by the Cramér—Wold theorem convergence to a limit Gaussian process for ﬁ; V2

and thus for X7'/24,, follows. If there exists a nontrivial ¢ (linearly independent
of (1, ...,¥,)) such that Eyy> = 0 then for any ; the limit covariance functional pro-
vides (C,(¢,%;:)) = 0, in which case the limit process for ”7];,,, = (s ¥1)s--»
(s ¥im)s (s b))’ is a degenerate Gaussian process. u

Proof of Theorem 4. First examine the mean functional. For the generalized expec-
tation by using iterated expectation and then the usual change of variable (x; — x)/h =w

1 X; — X X; — X
oo (357 -mon(57) )
REERNES)

r B m(x) . m(x) Y

_fi " XX\ (K X, — X 4
N m(x;) h m(x) h J(x;) dx;

= f[m(x + hw) — m(x)]K(w)f(x + hw) dw.

E(m(x)f(x) — m(x) f(x))
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For any test function ¢ (x) € D write

E((m(x)f(x) — m(x) F(x)), 4 (x)) = f [m(x + hw) = m()]K(w)f(x + hw) dw i (x) dx

= f[m()?) —m(%— hw)|K(w)f (X)) (X — hw) dw dx,

(A3)

where the last equality is obtained by the change of variable ¥ = x + hw.
In (i) the expansion (in ordinary continuous functions)

! 1 9'm(%)
m(%) —m(x — hw) = > h' wil...wk + R,

=5 =,
sit et s=1 Sl!...Sk! 6x1 . d k

with R = O(h'*®)

holds for [ = 1. Because ¢y € D;;, we can expand

1 1 (:)m|+~~~+mk¢(£)
p(E—hw) = 3 (, o o
m, m! oyt dy*

my+ - +m=0

)(—h)’wf”'. c.dwi+ o(h').

Substituting the expansions into (A.3) and combining with kernel order we get that the
limit mean functional in part (i) is O(h') and can be expressed as

LN B | 9’ d"'m(x)
hl N R
gsizrzzzlf,; ,I:—Il m;! ,I:—Il 51 ax. . dx["(ﬂxf'. d”kf( »)

1=1Z21=Sm;=0

X IWI"‘*“'I. WK (w) dw, A4

where the appropriate generalized derivatives of the density exist for ¢y € D Under
the conditions on the bandwidth the mean functional for (nh*)"/2(m (x)f(x) f(x) — m(x)f (%))
converges to zero.

For (ii) using in (A.3) Holder continuity of m(x) (Assumption B(i) for v = 0, 0 <
a = 1) together with boundedness of the kernel function, smoothness of ¢, and bound-
edness of [f(X)i(X)dx we get that

[E(m () F(x) = m(x) F (), (x))| = O(h),
and thus the mean functional for (nh*)"/2(m(x)f(x) — m(x)f(x)) converges to zero
under the condition on the bandwidth.

Next we derive the covariance functional for both (i) and (ii). Define a (generalized)
function
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1 X —X; X=X
enhj(x) = ﬁ<y1K<Tj> m(x)K< h j>>

and consider e;,,(x) = (1/n) 27_, e,,,;(x); it equals m/(;)f(-x\) — m(x)f(-x\).
Next consider T;; = E((€);(x), 1) (e (x),12)). For i # j by independence

E(TU) = E(e,,: (%), w])(ehnj(x)’ ;) = E(e (%), ’r/fl)E(ehnj(x)’ )

{O(hz’) for (i);
O(h?®) for (ii).

For i = j we have E(T};;) =

X

1 X
Elen e = [ B [ (25 o= meomn o |

X U %K(x';x)(y,- —m(x))qu(x)dx:lf(xi)dxi-

To express ET}; as a bilinear functional applied to (¢,,) the order of integration has to
be changed. For any fixed (x, y)

f L xox\ (wy)
L2k E\X,(y,- —m(x)(y; —m(y)K h K h f(x;) dx;.

Substituting (x; — x)/h = w this becomes

1 _
[ 2= mte+ i - m(y))K(w)K<w - ’%) FCx + ) dw.

If x — y # 0 for small enough & we have |(x — y)/h| > 2|support(K)|, and then K(w +
(x — y)/h) = 0. If x = y this expression multiplied by h* becomes

J E| e (3 = m(x))2K(w)>f (x + hw) dw. (A.5)
We have E| i, (y; — m(x))? =
E | come(y; = m(x + hw))? = 2(m(x + hw) — m(x))

X B s (yi — m(x + hw)) + (m(x + hw) — m(x))?

=o%(x;)+r
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with (because E| 4, (y; — m(x + hw) = 0))

o(h?) in(i);

r=(m(x+ hw) —m(x)?*= {O(hza) in (i)

uniformly over U. As h — 0 (A.5) converges as a generalized function to
100 [ Kwyaw

by Assumption B(ii) and Theorem 2. Thus

R*ET; — E(¢ (x)h,(x) 0% (x)) JK(W)2 dw.

This provides the limit covariance functional C, in (15).
Consider now

Mpni (X) = nl/zhk/zehm‘(x) - E(nl/zhkehm'(x))a

1
nhn(x) = ; 2 nhni(x)' (A'6)

This generalized random function has expectation zero. In the covariance the terms with
i # j are zero and

E (1 (), 81 (0 (X), 15)
is O(1) and converges to E (¢, (x) i (x) o2 (x)) [ K(w)? dw.

The proof that the limit is a Gaussian distribution is identical to the concluding part
of the proof of Theorem 3. Here for any set of linearly independent functions
1,...,, € D the joint distribution of the vector 1, = (s ¥1)s - -, (W ¥m))’ cON-
verges to a multivariate Gaussian. If E(y?c?) > 0 the limit distribution is nondegen-
erate. If for some ¢ the value of the covariance functional E(#2c-2) = 0 the limit process
is degenerate. |

Proof of Corollary 1. Write
(nh* )2 (m(x) = m(x) = (b~ (0h*)'? 700 (m(x) = m(x))b(FC)A) 7. (A7)
Denote #(x) = b(f(x)h~")"!. Note that

Pr(o(x) >1) > 0.
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Then for any B > 0
Pr((b™" (nh*)"? F(x) (m(x) = m(x))(x),) > B)
= Pr((b~" (nh*)"2 F(x) (m(x) = m(x))d ()10 < §(x) < 1),1) > B)
+ Pr(d(x) > 1).

The second term goes to zero. The first term is bounded by

E(b~' (nh*)"? F(x) (m(x) — m(x)8(x)1(0 < d(x) < 1),4)?
B2 ’

Similarly to the derivation of the covariance functional in the proof of Theorem 4 we
can bound

E((b~" (nh*)'2 F(x) (m(x) — m(x))0(x)1(0 < #(x) < 1),0)?)

=b 2E¢(x)0(x) fK(w)zdw,

and thus (nh**27)2(m(x) — m(x),) is bounded in probability, and
(nh*21)2(m (x) = m(x) = 0,(1). L

Proof of Corollary 2. Under the conditions of the corollary (nh*)!/2 f(x)(m(x) —
m(x)) converges by Theorem 4 to a generalized Gaussian process with the limit mean
functional zero and the limit covariance functional given by an ordinary function
o%(x)f(x) JK(w)?>dw. The estimator is an ordinary integrable random variable in U
that as a generalized random variable converges to a Gaussian generalized limit pro-
cess that is given by an ordinary Gaussian zero-mean process. Thus the generalized
limit process for the estimator is an ordinary Gaussian process

N<0,0'2(x)f(x) fK(w)z dw).

The fact that it has zero mean follows from the condition on 4 and does not require
differentiability of f(x). Consider

(nh*)"?(m(x) — m(x))
= ()" (nh*)"2 F(2) (m(x) — m () f(x) (Fx) !

z (_f/(x\) —f(x) )
)

= £(x) " (nh*)"2 F() (m(x) — m(x)) + 0,((nh*)'7?),

= ()" (k") 2F () (m(x) — m(x)))

n=0
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where £(x)(f(x))"! is expanded as 3% o(—(F(x) — £(x))/f(x))" and the last equality
uses the ordinary consistency of the kernel density estimator. It follows that the limit
process for (nh*)'/2(m(x) — m(x)) coincides with the limit process for f(x)~'(nh*)'/?
f(x)(m(x) — m(x)), and that is N(0,0(x)(f(x))"'[K(w)?dw). If a sequence of ordi-
nary functions converges in an ordinary sense to a limit distribution and as a general-
ized sequence converges to an ordinary limit, then convergence to this limit holds in an
ordinary sense; thus ordinary convergence in (16) obtains. u

APPENDIX B: Generalized Functions
and Random Processes

In this Appendix useful results from different sources on generalized functions and gen-
eralized random processes are collected and presented in the form and notation that suit
this paper.

B.1. Generalized Functions: Definitions, Properties, and Examples. Here we

summarize some of the definitions and results from Gel’fand and Shilov (1964, vols. 1
and 2) and Chapter 1 of Sobolev (1992).

Spaces of Test Functions. First we discuss the space K (Gel’fand and Shilov, 1964,
vols. 1 and 2). Consider all infinitely differentiable real functions on R* with finite sup-
port; this is a linear space. Convergence is defined for a sequence ¥, ...,¥,,... if all
i, are zero outside a bounded interval and on it converge (uniformly) and also for each
of the derivatives. The space K is a nonmetrizable topological space.

The space K(a) C K consists of ¢ € K such that (x) = 0 for |x]| > a.

The space S (Gel’fand and Shilov, 1964, vol. 1, p. 16) is defined as that of all infi-
nitely differentiable real functions on R* that go to zero at infinity faster than any power;
this is a linear space, and topology can be defined similarly.

Spaces D,,, m = 0,1,..., consist of functions with finite support that have m con-
tinuous derivatives. On R* the space D,, contains all ¢ with continuous derivatives
alyp/(0"x,...0"%x;) with [; + +-- + [, = m. Any function in D can be approximated by
a product of univariate functions.

Properties (from embedding diagrams, Sobolev, 1992, p. 56; notation: our D,), is cm
there):

1. KC D, and D,, C D,, for any m, where m' < m; also K C S;
2. each of the subspaces is dense in the larger space in the topology of that space.

We denote a generic space of test functions by D.

Ordinary Functions (Locally Summable). A real function defined on R* and Lebesgue-
integrable on any bounded set (locally summable) is an ordinary function (Gel’fand and
Shilov, 1964, vol. 1, p. 3). Each ordinary function f defines a functional on D: for ¢ € D
the value of the functional ( f,¢) can be defined by
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(i) :f_ F()P(x) dx. (B.1)

It is easy to see that this is a linear continuous functional. Note that if two ordinary
functions differ they define different functionals (Gel’fand and Shilov, 1964, vol. 2, p. 83).

Generalized Functions. Denote the space of linear continuous functionals on D
by D'. For any D the linear continuous functionals form a linear space D’ with the
weak topology: a sequence of functionals in D', g,, converges to g if for any ¢y € D
(gns¥h) = (& 4).

Define a generalized function as a functional from the space D’. If it is given by
(B.1) it is a regular functional (function); if it cannot be represented in the form (B.1) it
is a singular functional (function) (Gel’fand and Shilov, 1964, vol. 1, p. 4). Usually the
same notation (B.1) is used for any functional even though for singular functionals it
does not have the ordinary interpretation. An example of a singular function is the
S-function defined by (8,1) = (0). If a generalized function can be represented as

P ©
(L) =2 | L0PP(x)dx, (B.2)
k=0 Y —o0

where fy, ..., fi are ordinary functions, it is said that f has an order of singularity = p.
For example, an ordinary function has order of singularity zero; the o-function has order
of singularity = 1, and because it is not an ordinary function (with order of singularity
zero), its order of singularity is exactly 1.

Support of a generalized function f is defined (Gel’fand and Shilov, 1964, vol. 1,
p. 5) as the set of its essential points, where an essential point x is such that for any
neighborhood U(x) there is a test function ¢y € D with support contained in U(x) for
which (f,4) # 0.

Convergence of generalized functions is defined as weak convergence of functionals:
Jfn = fiff for any s € D the sequence of values of the functionals converges: ( f,, ) —
(f,1). Generalized functions form a complete linear space D' (Gel’fand and Shilov,
1964, vol. 1, pp. 368-369). The subspace of functionals given by (B.1) is dense in D’
(vol. 2, p. 118 for the space K).

Properties (Sobolev, 1992, p. 59; notation: our D/, is C "™*):

1. D,, C K';D!, C D,, for any m where m' < m; also S’ C K’;
2. for any of the spaces D C D’ and is dense there in the weak topology.

Derivatives of Generalized Functions. For any generalized function f on R its deriv-
ative, f”, is defined as long as D C D, (Gel’fand and Shilov, 1964, vol. 1, p. 18)

(f) = (fi—y). (B.3)

It is easy to check that this definition provides an ordinary derivative if the functional
was differentiable as an ordinary function. Differentiation is a continuous operation
(vol. 1, p. 29).
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Any continuous functional on D of degree of singularity less than m can be extended
to a continuous functional on D,,.

One can similarly consider multivariate generalized functions (examples in Gel’fand
and Shilov, 1964, vol. 1, p. 20). For x = (xy,...,x;) € R* and D(R*) a continuous
linear functional F € D’ and its value on ¢ € D(R¥), (F,), is similarly defined. If
F(xi,...,x;) is an ordinary locally summable function then

(F,¢) = f...JF(xl,...,xk)l,ll(xl,...,xk)dxl...dxk,

which we write as [ F(x)i(x) dx. For any 4y € D(R¥) the derivative

k 2k
( 0F () Jﬁ) _(_1)k<F’ 0y () )
k

0x;...0x 0x;...0x;

can be defined as long as D C Dy.

B.2. Generalized Random Processes: Definitions, Properties, and Examples.
Here we summarize some definitions and results from Gel’fand and Vilenkin (1964).

If f is a continuous linear functional on the space D (Gel’fand and Vilenkin consider
only D coinciding with the space K) and additionally ( f, ) is a random variable for any
¢ € D, which implies that for any number [ of i1, ...,y; € D the set (f,41),...,(f,¥)
has a joint probability distribution, then f defines a generalized random function on D
(Gel’fand and Vilenkin, 1964, pp. 241-243; the notation is different there from ours).
Gel’fand and Vilenkin distinguish between a generalized random process defined by f
when the functions in D are univariate and a generalized random field for the case of
multivariate functions. We shall not make that distinction and will refer to a generalized
random process (univariate or multivariate) in all cases.

An expectation or mean functional is defined by (again changing notation, Gel’fand
and Vilenkin, 1964, p. 246)

m(p) = (E(f),¢) =E(f;4h)

if E(f,4) defines a continuous linear functional on D.
If for any ¢,y the expectation E((f,4,), (f,1,)) exists then the “correlation” func-
tional of the process is given by

B(ih1,4) = E((f;40), (f,42))

and the covariance functional by

C(‘/’l,lﬂz) = B(lﬂl,‘pz) - m(lﬂl)m(‘r/’z)

provided these functionals exist. These functionals are bilinear in ¢, (Gel’fand and
Vilenkin, 1964, p. 247). Higher order moments are similarly defined.
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A generalized random process is a generalized Gaussian process if for any linearly
independent ¢y,...,; from D the joint distribution of (f,4),...,(f,4;) is Gaussian
(Gel’fand and Vilenkin, 1964, p. 248). If for any s € D (not identically zero) the covari-
ance functional (C, (,)) > 0 the limit process is a proper (nondegenerate) generalized
Gaussian process. (Gel’fand and Vilenkin (1964) discuss the results for proper Gaussian
processes; some of those generalize easily to degenerate processes.) A generalized Gauss-
ian process is uniquely determined by its mean functional and “correlation” (or covari-
ance) bilinear functional (Thm. 1, pp. 250-251).

Generalized Gaussian processes are differentiable; e.g., the derivative of a general-
ized Gaussian process with mean functional zero and correlation functional B(¢y, ) is
a generalized Gaussian process with correlation functional B’ given by B’ (¢,¢,) =
B(i{,1;) (Gel’fand and Vilenkin, 1964, p. 257).
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