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Let S be a finite set of integers. We consider a problem of finding D(S), the minimum size
of a set A, such that S = 4 — A. We give a characterization for ‘extremal’ sets and prove
lower and upper bounds on D(S) in terms of additive properties of S.

1. Introduction
Let
A—A={a—d:ad €A}

be the difference set of a set A = N and put (4 — A); = (4 — A) N N. More than 50 years
ago Redei and Rényi [8] showed that every set 4 = Z satisfying

{1,...,.nj = A—4

contains at least (2.43n)'/? numbers and they constructed such a set with ((8/3 4 o(1))n)!/?
elements.

In this paper we consider the general setting of the problem. For any set S = {1,...,n}
and A < Z such that S = 4 — A, we call 4 a difference cover of S and we put

D(S)=min{|A]: S A—A, A< Z}.
We have the following trivial bounds:

SRSTFI+1
% <D(S) < IS|+1. (1.1)

The lower bound follows from the inequality (4 — A4)4] < % and the second one

follows from the fact that the set A =S U {0} is a difference cover of S. We show that
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all the above trivial bounds can be achieved and we give a characterization of extremal
sets. Moreover, we estimate D(S) in terms of additive properties of S, such as the size
of the difference set S — S, the number of solutions to the equation x; — x; = y; — y, or
the maximum number of representations of an integer as a difference of two elements for
S. We also give a bound on D(S) for ‘typical sets’. It is worth mentioning that difference
covers are used in theoretical computer science [4].

2. Extremal sets

In this section we determine all extremal sets, i.e., sets satisfying D(S) = (1/8|S|+ 1+ 1)/2
or D(S) =S|+ 1. Let us recall that A = Z is a Sidon set if every natural number has
at most one representation in the form a — d/, for a,d’ € A or, equivalently, |4 — A| =
|A|(JA] — 1) + 1. We call a set S = N independent if all sums

Zs, T<S
seT

are distinct (for example, the set {1,2,..., 2k . .} is independent). Clearly, every independ-
ent subset of {1,...,n} has at most (1 + o(1))log, n elements.

Theorem 2.1. S < {1,...,n}. Then

(a) D(S) = (+/8|S|+ 1+ 1)/2 if and only if S = (A — A)4, for some Sidon set A,
(b) D(S) = |S|+ 1 if and only if S is an independent set.

Proof. Let A be a difference cover of S of size D(S). Observe that D(S) = (1/8|S|+ 1+
1)/2 if and only if every element of S has exactly one representation in the form
a—d, a,d € A and (A — A), = S which means that 4 is a Sidon set and § = (4 — A4),.

To prove the second part of the theorem suppose that A4 is a set satisfying S € A — A4,
where S is an independent set. For every integer s € S we choose exactly one pair as, d;, € A
with s = a; — dl, and define a graph H = (4, E) by

E = {{asd,}:s €S},

hence |E| = |S|. We show that H does not contain any cycle. Suppose, to the contrary, that

there exists a cycle C = {ai,...,a} in H. By definition of H there are distinct elements
S1,...,8k € S and a suitable choice of signs + such that

k
Z iSi =0.
i=1

Hence there is a partition U U V = {1,...,k} such that

E Su=§ Sps

uelU veV

which contradicts that S is an independent set. Thus, H has no cycle, whence
S| =[E[ < 14| -1,

as desired.
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Now assume that S is not an independent set. Hence there are disjoint non-empty
subsets T, T’ < S satisfying
Ss=Ys

seT  seT’
We define a set 4 as follows. Put T = {s;,...,s;, } and T' = {sj,...,s;,, }. Furthermore,
let
/
B= {Zsik = 1,...,|T|}
k=1
and

/
B = {Zsjk:/= IT}
k=1

Observe that > s =" 4 s implies |[BU B'| <|T| 4 |T’|. Finally, define

seT
A={0JUBUB U(S\(TUT)).

Clearly T = B—(BU{0}) and T' = B’ — (B’ U{0}). Since 0 € A4 it follows that S\ (T U
T)YcA—A,s0 S< A— A and

|A| < 1+ |BUB'|+ S| —|T|—|T'| < IS|. u

3. Typical sets

Here we are interested in estimating D(S) for a typical (random) set S. Using a simple
counting argument, we show that for a typical set S we have D(S) = min(|S|!=°(), p!/2—0(1)),
Below, by log x we mean log, x.

Theorem 3.1. Let ¢ € (0,1] and let n > n; be a natural number. Then, for every m € N with

1 < m < n there are more than (1 —¢)() sets S = {1,...,n} of cardinality m, satisfying

D(S) >

>

NSHRS]

where a is any integer such that

log(2n/a?%) log(a/e)
log(2en/a)  log(2en/a)’

Proof. Observe that if A is a difference cover of S then we can find a new difference
cover A" of S such that |A'| < 2|A| and A’ = {0, 1,...,2n}. Indeed, putting

A =JAn{kn+ Lkn+2,....(k + 2)n}) — kn),
keZ
we see that (A’ — A )N {l,....n} =(A—A)N{1,...,n} and |A'| < 2|A|.
We can assume that \/2m < a < 2,/n. Note that there are )¢ (21") < a(z”) non-empty

a
subsets of {1,...,2n} with at most a clements. Each a-element set has at most (5)

differences in {1,...,n}, so that every such a set can be a difference cover for at most ((31))
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m-element subsets of {1,...,n}. Finally the number of m-element subsets contained in at
least one such difference set does not exceed a(zf) ((r%)). On the other hand we have ()
subsets of {1,...,n} of cardinality m. Therefore, if

€)(5) <o)

MR RCEEE

a n...mn—m+1)

or equivalently

>

then there are more than (1 —¢)(!) sets S = {1,...,n} such that |S| = m and D(S) > a/2.

n
m

Since (}}) < (en/k)* it follows that
<2n> (2en> ¢
a Lal — ) .
a a

k
a 2\ Mm
a<2e”) (“) < (3.2)
a 2n
holds, then (3.1) is also satisfied. Inequality (3.2) is equivalent to

log(2n/a®)  log(a/e)
mlog(Zen/a)  log(2en/a)’

Thus, (3.1) holds for every a fulfilling the above inequality. ]

Note that, if the inequality

(3.3)

The next corollary shows the existence of ‘large’ sets with almost maximal size of
difference cover. It provides a less exact but more explicit bound on D(S).

Corollary 3.2. Let n be a natural number. Then, for every positive integer m with 6 < m <
Jn there exists a set S < {1,...,n} of cardinality m satisfying

D(S) > <1 logm )m—;

2e\ logn/m

Proof. We apply Theorem 3.1 with ¢ = 1. Observe that if ¢ is such that m = n¢ then

(3.3) holds for a = 11=2¢m — 1. Indeed,

log2n/a®) ~ Ina L Inea . Ina
log(2en/a)  log(2en/a) In2en/a log(2en/a)

S (1 logn )m log(n®)

~logni=c )" log(n'—¢)
> (1— ¢ )m—l}a.
1—c¢
Hence, by Theorem 3.1 there is a set S = {1,...,n} of cardinality m with
1 logm 1
D(S 2> —(1— - =,
(8)>af 2e< logn/m)m 2
which completes the proof. L]
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4. Lower bounds

We give here some examples of ‘dense’ sets with large difference covers. Natural candidates
are additively independent sets, such as Sidon sets. We show that for every Sidon set S
we have D(S) = Q(|S|*?) and, slightly surprisingly, in general one cannot improve this
bound. We start with a general result providing a lower bound on D(S) in terms of two
basic additive parameters:

M= M(S)= Htlﬁ)x v(t),

where v(t) = vg(t) denotes the number of representations t =s — s/, 5,5 € S, and

L=L©S)=) v
t#0

the number of quadruples (xi, X2, y1,2) in S* such that x; — x, = y; — y» #0.

Theorem 4.1. Let S be a set and suppose that S =< A — A. Then
IS|> —IS||A] < |A — A||A|IM (4.1)
and
ISP —[SIIA] < |4 —A]"2|A|(L —[S])"2. (4.2)

Furthermore, for every 0 <y < 1/2, 0 <0 < 1 there exist arbitrarily large sets S,S’ with
M = M(S) = (14 0(1)[S|", L = L(S") < (1 + 0(1))|S|'*? and a difference cover A of S and
S’ such that

IS|* = (1/4 + o(1))|A — A||AIM
and
S>> (1/12+ o(1))|4 — A|'*|4| L2,

as |S],1S'| — oo.

Proof. Let A be any set with S = 4 — A. For any a € A define
Se=(@—A4)NnSs.

Observe that for every si,s, € S, we have s; — s, € 4 — A. Indeed, from the definition of
S, it follows that there are numbers aj,a, € A with a —a; = s; and a — a, = s,. Hence
s1—sy=(a—a1)—(a—ax) = a; — ay, so

S.—S, € 4—A.

Clearly S = (J,c4 Sa- Let T,, for a € A4, be any family satisfying T, = S,, S =J,c4 To and
T.N Ty =0 fora+#d.Let X be the number of triples (¢, t,a) such thata € 4, t1,t, € T,
and t; # t. Clearly

X =) ITl(Td — 1.

acA
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On the other hand t; —t; € 4 — A and every integer has at most M representations as a
difference t; — t,. Hence

X < M|A— A,

and
DT =D ITd < M|A — 4],
aeA acA

By the Cauchy—Schwarz inequality we have

(ZaeA |Ta|)2

—IS| < M|A — A],
Al

and thus
IS|* — IS]|A| < |4 — Al|AIM.

To show the second lower bound we put R = (4 — A)N (S — S) \ {0} and observe that

X = ZZ vr,(r)

acA reR

< Z vs(r)

reR

1/2
<<Z@® IR

rer

1/2
<<§:@w> A — A2

r#0
= (L—[S]")"?|4 —A4'?

and the assertion follows.

In order to prove the last part of the theorem take any By set A = {1,...,n} (4 is By
if every integer can be written in at most one way as a sum of four elements of A). We
estimate h(k), the number of representations of k € N in the form

k = (a1 — ar) — (a3 — as), (4.3)

where ay,as,a3,a4 € A and a; > a,a3 > a4. Suppose that h(k) > 1 and d},d},d5,a, € A is
another representation of k. Then

ai +dy +ds+ay = ay + ay + a3 + dj,

so {ay, dy, dy, as} = {d}, ar,a3,d,}. If ay # a3 and a, # a4 we have h(k) < 2. If, say, a; = a3
then a, # a4, and hence a; € {d},d;} and a4 € {d},d,}. Thus, all solutions to (4.3) are of
the form

k = (a—a)) —(a— ay), (4.4)
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or
k = (ag — a) — (ap — a). 4.5)

There are |A| — A(a4) solutions to (4.4)) and A(ay) — 1 solutions to (4.5), where A(x) =
|A N [x]|. Therefore

h(k) = |A] — A(as) + A(az) — 1

and, similarly, if a, = a4 then h(k) = |A] — A(ay) + A(az) — 1.
For fixed 0 <y <1/2and 0 < < 1 put

2(1-3)

p=2T41F,  g=145

and assume that A is large enough. We define S and S’ by
P(a; —ay € S) = p, P(a; —ay € §') = ¢,

independently for every aj,a; € A, where a; > ay. Then clearly D(S) < |A4|, D(S’) < |4]
and |S| = p(1/2 4+ o(1))|4]%, |S"| = q(1/2 + o(1))|4|> with high probability. Furthermore,
we have

Evs(k) = p*h(k)
and

EL(S) < Y vi()+ D vi(r) < 2°141* +24°IS < 3¢
reA—A r¢A—A

Hence, by Chernoff’s inequality,
M(S) = (1 +o())p*|A] = (1 + o(1))2'p*?|S|'/? = (1 + o(1))| S|’
with high probability and, by Markov’s inequality,
L(S") < 6¢*14]* = (6 + o(1))|S"|'**

with probability at least 1/2. Finally, there exist sets S and S’ such that M(S) = (1 +
o(1))IS|7, L(S") < (1 + o(1))[S"[**2,

IS1? = (1/4+ o()p*|A[* = (1/4 + o(1)| AP M(S) = (1/4 + 0(1))|4 — A||A|M(S)
and
ISP = (1/4+ o)’ |A[* = (1/12 + o()LY*(S)A[* = (1/12+ o(1))L'(S")] 4]|4 — A]'/?
as |A| — oo. Il

As direct corollaries to Theorem 4.1 we obtain a lower bound for the difference cover
of the set of squares and Sidon sets.

Corollary 4.2. If Q, = {12,2232, ... n{L,...,n} then

D(Q,) = n'/*0W,
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Proof. It is well known that any natural number k has k°!) representations in Q, — Q,.
Therefore, by (4.1) we obtain

D(Qy) = (1Qul/n" ). O

It seems to be an interesting open question to find the most efficient difference cover
for squares less than n. The author could not prove any non-trivial lower bound.

Open problem. Determine the order of magnitude of D(Q,,).

Corollary 4.3. If' S is a Sidon set then
D(S) = (1+o(1)ISP>. =
We show that the constant 2/3 in Corollary 4.3 can not be replaced by a bigger one.

Moreover, (4.2) tells us that D(S) = Q(|S|*/?) for every set with L(S) = O(|S|). The next
theorem also provides an example of a set with L = 0 and D(S) = O(|S|*/?).

Theorem 4.4. There is a Sidon set S such that

D(S) < (2 +o(1))1S))*",

Proof. Let A be a By set. From extremal graph theory (see [3]) we know that for every
natural number ¢ there is a C4-free graph G, = (V,E) with |V| =t, |[E| = (1/2 + o(1))t*/>.
Let G = G4}, and assume that V(G) = A. Define
S:={a—d: a>d and {a,d} € EG)).
We show that S is a Sidon set. Indeed, otherwise there are numbers sq,5,,53,54 €
S, {s1,82} # {53,584}, and ay,d}, as, dy, a3, s, as, a) € A such that
S1+ Sy =83+ 54

and s; = a; — d} for every i € [4]. Thus, we have

ai+a,+dy+ay,=d, +d5+a; + aqy

Hence {aj,a»,d}, a}} = {d},d5,a3,as} and it follows that every number a; has degree 2
in the graph Glai, as, a}, a;], so that Glay,as, dy, a,] = Ca, a contradiction. Finally, S is a
Sidon set and clearly A is a difference cover of S. Furthermore, we have |S| = |E(G)| =
(1/2 + o(1))|A[*/?, so that
2/3
D(S) < (2 +o(1)IsN)™?,

and the proof is completed. L]
We conclude this section with an observation that a large difference set (or sumset)
is too weak to force a large difference cover of S. Even if we assume that every subset

of S has a large difference set we can tell nothing about the size of the difference
cover. For example, let S = (4 — A),, where A is a By set, and S’ = S. We show that
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IS" — 8’| = Q(|S'?), while D(S) = O(|S|'/?). Every pair of distinct elements s,s' € S’ such
that s = a1 —ay, s = d} —dj, a1 # a} and a, # d, gives two differences s — s’ and 5" — s,
and each of them has at most two representations in the difference set S — S (for the
detailed analysis see the proof of Theorem 4.1). Let a € 4 and denote by r(a) the number
of elements in S’ of the form a — d/, with ¢’ € A. Then, we have

1
S"= 8> 5 > (IS =r(a)—r(d) +1). (4.6)
(a,d'):a—a' €S’
On the other hand, let ay, ..., a4 € A be numbers such thata —ay,...,a — ayq € S'. Since
A is a By set it follows that the set {a —ay,...,a — anq) | is B4 as well, so
IS" =8| = r(a)(r(a) — 1) + 1, (4.7)

for every a € A. If maxr(a) < |S’|/3, then by (4.6),
1
S/ _ S! 2 - S/ 2’
' =81 > 2Is'

otherwise, by (4.7) we have |S’ — S'| > [S'|>/9 —|S’|/3, as claimed.

5. Upper bounds

It turns out that a small size for S — S (or S + §) is strong enough to show that D(S)
can be not too large. First we consider sets with very small sumsets and show that
D(S) = O(|S]"/?). Observe that the set

(1,2, 0 ULL2L. . Tk/1D,
where | = [ \/k], is a difference cover of {1,...,k}, and hence
D({1,...,k}) <2k +1 < 3k

Of course, the same estimate holds for every arithmetic progression of length k.
Theorem 5.1.  For every C there exists a C' such that if |S + S| < C|S| then

D(S) < C'Is|'?,
provided that |S| > N(C).

Proof. Let |S + S| < C|S] for some constant C. By the well-known theorem of Freiman
[5], if |S| is large enough, then S is subset of a generalized arithmetic progression

d
p :P(qla"'aqd;lla"'aldaa): {m:a+ZXiqi,0<Xi<li}
i=1

such that |S| > oc]_[flzl(l,- +1), e =a(C)and d =d(C). Wecan write P =a+ P; +--- + P,
where P; = {0,qi,...,1iqi}. Let A; be a difference cover of size at most 3./|P;|. Then
obviously the set

A=A+ +A)U(a+ A+ +A)
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is a difference cover of P. Thus, we have

d d
D)< D(P) < Al <2]J 14l < 2B+ 1'?) < 20713452
i=1 i=1

and the assertion follows. |

We can provide a slightly weaker, but more general estimate of D(S) depending on the
size of S + S (or S — S). For that purpose we prove the following result.

Theorem 5.2. Let S, T < 7 be finite sets such that T # (. Then
IS + Tlog(e|T|)

D(S) < T

+IT|+ L.

Proof. To begin with, note that, for every set B, the set
A=BU{0}U(S\ (B—B))

is a difference cover of S. In order to construct a small difference cover of S we make use
of the set T and a random subset R = S + T defined by

P(r € R) =p,

independently for every r € S + T, for some p € (0,1). Let B = T U R. Observe that for
any element s € S, s ¢ B— B if and only if (s + T) N R = (. It follows that

Bis¢ B—B)<(1-p)T <e",
SO
E|A| < |T|+E|R|+1+E|S\ (B — B)|
<ITI+pIS+TI+) e+ 1.

seS
For p =1In|T|/|T|, we obtain
IS + T|In(e|TY)
T
Thus, by (5.1), there exists a difference cover A’ of S satisfying
IS + T|log(e|T|)
T

and the assertion follows. ]

ElA| < +|T|+ L (5.1)

4| <EJA] < +IT|+1

Corollary 5.3. For every finite set S = 7 we have
D(S) < 2(IS + S|log(e|S|)"? + 2.

Proof. If [S + S| > |S|?>/log(e|S]|) (or |S — S| > |S|*/log(e|S])), then
D(S) < IS+ 1< (IS + S|log(elS[)"/* + 1.
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Now assume that |S + S| < |S|?/log|S|. Let T be any subset of S (—S respectively) of
size [(|S + S|log(e|S]))!/*]. By Theorem 5.2, we obtain

IS + T|log(e|T])
D) < 15+ sTTog(esH)
< 2(S + S| log(e|S|))/? + 2,

+[(S + S|log(elS|)"/*] + 1

as required. U]

The above result is best possible up to 0(log'/?|S|) factor. Indeed, let S = {1,...,n} be
a random subset with roughly n'/>* elements, 5 > 0. Then |4 + A|,|4 — A| ~ 2n and by
Theorem 3.1

D(S) = Q(n'/?) = Q|4 + A|'/?).

Observe also that the number of elements in the sumset and the difference set can be
essentially different (see [7] and [9]), so the sign + in Corollary 5.3 can be useful. It may
happen that D(S) is small while |S 4 S| is big (we have already given an example of such
a set in the previous section). For instance, if

S={1,....k} U {k,2k,... . kK*}

then clearly |S + S| = Q(|S|?) and D(S) = O(|S|"/?). For such sets Corollary 5.3 is useless.

A lower bound on v(t) (an analogue of M(S)) would not be useful since it is trivial. It
turns out that a lower bound on some average of v(t) is strong enough to force such an
upper bound on D(S). We show an upper bound in terms of the following parameters.
Define

and put
w=u(S) =minvs.
seS

Large L(S) also does not imply small D(S) because S can consist of an arithmetic
progression and an arbitrary set. It turns out, however, that if the function L is large
then there is a large subset of S with small difference cover. In such a situation one could
apply an effective version of the Balog—Szemerédi-Gowers theorem [2, 6] to show that a
large subset of S has a small difference cover. In order to obtain a more efficient estimate
we use the next theorem.

Theorem 54. Let S = Z be a finite set; then

71 1/2 1\ 12
D(S><( (l’f“) |S|+<u> S|+ 1.,

where 1 = minges vy and vy = ‘%‘ > es_s V(). Moreover, if L = c|S|* > |S|* and S is large
enough, there exists a set T = S such that |T| > (¢/8)|S| and

D(T) < 8(c71|s|)V2.
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Proof. Let S be a finite set. For 0 < ¢ < 1 we define random sets R and C by
(t) —p

t
ISI

independently for every t € S — S and every s € S. Put B = RU C and again observe that
the set

P(t€ R) = and P(seC)=q,

A=BU{0}U(S\ (B—B))

is a difference cover of S. Note that, for every s € S, s ¢ B — B, if for each s’ € S we have
s —s¢ Rors ¢ C. Hence

Pis ¢ B—B)< [[ (1 —an) < S = i,

teS—s
SO

E|A4| < E|R\ +EICI+E|S\(B—B)|+1

<q ‘S| ST +qlSI+Y e 1

teS—S seS

< 2q|S| + |S|e_” P41
If we put ¢ = (log u/(2p))"/* then

71 12 12 1 12
E|A|<(‘f“) |S|+(u> |S|+1<3(°ﬁ“) S|+ 1.

Now we prove the second assertion. Suppose that L = ¢|S|? and define

U={seS:v>(c/2)S|}.

Then
1
Dow=2 v 2w e D0~ (/2P
seU seS seS\U | | t
L 2 2
=5 —(¢/2)IS]7 = (¢/2)IS],
SO

Ul = (c¢/2)[S].
Putting ¢ = ((¢/2)|S])~"/? and X = X(B) = |(B — B) N S|, we obtain
EX)=Y PseB—B)>|U-Y "

seS seU

<1 - 1)|U| (c/4)S].

1 EX
Pl X > -EX >7
( 2 ) 28|~

We have
> L
4\ |’

.Mn
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and by a Chernoff-type inequality (see Theorem A.1.11 in [1])

5 1 als| 1
P(R > 2ER)<e 7 < ——, P(C|>2E[C)<e T < ——.
(IR] [R[) <e 103 (C| ICl) <e 103
Thus, there exists a set B with |B| < 4q|S| = 8(c"'|S|)"/? such that T =(B—B)NS
consists of at least EX /2 > (¢/8)|S]| elements. U]
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