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RECURSIVE FORECAST
COMBINATION FOR DEPENDENT

HETEROGENEOUS DATA

ALESSIO SANCETTA

FIRST, BNP Paribas

This paper studies a procedure to combine individual forecasts that achieve theoret-
ical optimal performance. The results apply to a wide variety of loss functions and
only require a tail condition on the data sequences. The theoretical results show that
the bounds are also valid in the case of time varying combination weights.

1. INTRODUCTION

This paper considers the problem of online combination of individual forecasts
to improve the prediction error in terms of a variety of loss functions. The main
contributions of the paper are as follows: (1) to weaken existing conditions used
to derive upper bounds for the error incurred by some algorithms used in the ma-
chine learning literature and (2) to adapt these existing algorithms to the problem
of forecast combination. In particular, point (1) is achieved by (a) allowing both
individual forecasts and also the object to be forecasted only to satisfy a tail con-
dition; (b) allowing for a general class of loss functions. Point (2) is achieved by
allowing the learning rate used in the algorithm to be time varying and possibly
to be automatically calibrated within the algorithm. This reduces the amount of
previous knowledge/discretion required in running the algorithm.

The forecast combination problem has attracted much attention in the econo-
metrics literature, and the review article of Timmermann (2006) discusses the
most recent advances. Combination of individual forecasts may lead to improve-
ments over single individual forecasts. Several studies have shown that combining
forecasts can be a useful hedge against structural breaks, and forecast combination
is often more stable than single forecasts (e.g., Hendry and Clements, 2004; Stock
and Watson, 2004). Moreover, forecast combination might be used not only to
improve on the single forecasts but also as an alternative to model selection when
the forecasts are unstable (e.g., Zou and Yang, 2004; in a different but related
context, see also Breiman, 1996) and to improve testing between candidate
models (e.g., Chen and Yang, 2007).
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FORECAST COMBINATION 599

Although optimal forecast combination is often derived by minimization of
the user’s expected loss over all possible decisions (e.g., Elliott and Timmer-
mann, 2004), the presence of structural breaks might invalidate empirical estima-
tion when we replace unknown expectations with sample expectations. A similar
remark applies when the noise level or persistence is quite high relative to the sam-
ple size. In this case, it is often suggested to shrink the weights toward the equal
combination weights (e.g., Diebold and Pauly, 1990; Aiolfi and Timmermann,
2006).

Clearly, if forecast combination is used to hedge against nonstationarities, there
is no reason to expect that the optimal combination weights are time invariant.
Hence, this paper studies the problem of optimal forecast combination when the
optimal combination weights are possibly time varying. The procedure discussed
here does not require any stability of the system besides a tail condition, and it
works in the presence of dependent observation. Moreover, to account for possi-
ble breaks or instability, a nonzero weight is retained for all individual forecasts,
effectively performing some form of shrinkage as discussed in the preceding ref-
erences. We show that this allows us to track the best time varying combination
weights. Although the combination weights might be time varying, there is no
need to estimate changes in regime (e.g., Deutsch, Granger, and Teräsvirta, 1994).

Here, the combination weights are derived using one of the recursive algorithms
introduced in the machine learning literature (Kivinen and Warmuth, 1997; Cesa-
Bianchi, 1999; Herbster and Warmuth, 2001; Cesa-Bianchi and Lugosi, 2006,
Ch. 11) and differ from recent applications in Yang (2004) and Sancetta (2007),
which are variations of the original aggregating algorithm (AA) of Vovk (1990)
(for a detailed list of related algorithms and references, see also Cesa-Bianchi and
Lugosi, 2006).

Yang (2004) derives various interesting results. His bounds hold in expecta-
tion and do not require bounded random variables, but the conditions used can
be restrictive. Most of his bounds are in terms of a multiplicative constant of the
optimal loss. The bound that avoids this multiplicative constant and relates more
closely to the ones given here (his Theorem 5) requires the existence of the mo-
ment generating function of the forecast errors and is restricted to loss functions
that are basically quadratic (or powers of a quadratic, but imposing additional
restrictive tail conditions). Effectively, the bounds in Yang (2004) compare to the
best individual forecast and not to the best forecast combination. However, his
Theorem 6 gives a bound that compares to the best forecast combination, but this
requires a suitable discretization of the space of combination weights and does
not seem computationally efficient.

The present results hold for more general data series (e.g., the moment gener-
ating function does not need to exist), and a wide variety of loss functions are al-
lowed. Moreover, the algorithm allows us to directly compare to the best optimal
forecast combination, where the optimal combination weights are even allowed
to be time varying. All this extra flexibility comes at a price: the bounds derived
are much weaker than the ones in Yang (2004, e.g., Thms. 5 and 6). Given that
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600 ALESSIO SANCETTA

the algorithms also are different, the results given here are complementary and
particularly useful when the conditions in Yang (2004) do not apply.

The results of this paper are also related to the results in Sancetta (2007). There,
the problem of probability forecasts is considered, and worst case bounds are
derived for possibly time varying optimal individual probability forecasts. Clearly,
the present framework is different, as interest here lies in forecast combinations
of sequences and the goal is to perform as well as the best optimal time varying
combined forecast. This more challenging goal does not allow us to derive worst
case bounds, but only allows us to derive bounds that hold with high probability
to avoid bounded sequences, usually assumed in the machine learning literature.

The plan of the paper is as follows. Section 2 states the algorithm used and
carries out a theoretical analysis of its properties. Remarks on the results and
generalizations are discussed in Section 3. There we provide more details on how
the present results compare to those in Yang (2004). Proofs can be found in the
Appendix.

2. RECURSIVE FORECAST COMBINATION

Suppose (Yt , Xt )t∈N are a sequence of random variables with values in Y ×X ,
where Y ⊆ R and X ⊆ RK (K > 1). We interpret Yt to be a quantity to be fore-
casted and Xt to be individual forecasts of that quantity. We do not discuss the
nature of these individual forecasts: they could be exogenous to the econome-
trician’s decision rule. However, both Yt and Xt need to satisfy the following
condition.

Condition 1. There are strictly positive constants c1, c2, and c3 such that

Pr(|Yt | > x) ≤ c1 exp{−c2xc3},
Pr(|Xtk| > x) ≤ c1 exp{−c2xc3}, k = 1, . . . , K .

Although this rules out trends in the data, we shall show that under suitable
choice of the loss function used to evaluate the forecasts, we can allow for Yt

and Xt to have common trends as long as (Yt − Xtk) is stationary. Details on this
extension are discussed in Section 3.2.

We use the forecasts Xt to construct the combined forecast P̂t := 〈wt , Xt 〉 ∈ P
to predict Yt where wt ∈ SK and SK is the K -dimensional unit simplex (〈. . . , . . .〉
is the inner product, and P is the space of predictions). For P̂t to be a valid pre-
dictor, the weights wt should only depend on the past and be independent of the
present and future; i.e., we may only use (Ys, Xs)s<t to construct wt . The quality
of the prediction P̂t is evaluated by a loss function l : Y×P→R, which needs to
satisfy the following condition.

Condition 2. l( y, p) is convex in the second argument and has a derivative
with respect to the second argument.

A discussion of this condition can be found in Section 3.1.
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The cumulative loss when we predict with (P̂t )t≤T is defined by L̂T :=
∑T

t=1 l(Yt , P̂t ). We shall write lt (w) = l(Yt , 〈w, Xt 〉) to stress dependence on
w ∈ SK . We may use whatever information up to time t − 1 to construct
wt , and we will compare the loss from this approach to the loss incurred by
infu∈SK ∑T

t=1 lt (u). More generally, we will compare our loss with the loss
incurred by using arbitrary weights u1, . . . ,uT ∈ SK , i.e., LT (u1, . . . ,uT ) :=
∑T

t=1 lt (ut ). Because u1, . . . ,uT are arbitrary, we may choose them such that
ut := arg infv∈SK lt (v). Clearly, in an arbitrary framework, we cannot expect to
find any algorithm that produces results nearly as good as this choice of combi-
nation weights, but we still can do fairly well if the u1, . . . ,uT are not allowed to
change too often. Throughout, u1, . . . ,uT will denote arbitrary but fixed combi-
nation weights from time 1 to T . Note that the time frame, i.e., T , does not need
to be known in advance and the analysis is carried out uniformly in T . After all,
when we carry out online estimation, we may not know in advance for how long
we will use the same individual forecasts.

2.1. Recursive Choice of Regression Coefficients

The choice of combination weights is given by Algorithm 1, which follows.
There, the gradient of the loss function with respect to w is denoted by ∇lt (w) and
∇klt (w) is its kth element. Generalizations to continuous but nondifferentiable
loss functions are discussed in Section 3. The algorithm depends on the so-called
learning rate ηt := ηt−α that is a function of a coefficient η > 0 and time with
exponent α ∈ (0,1/2]. In both cases, the algorithm uses a second update that
shrinks (“projects”) the parameters onto a constrained set where the parameters
u1, . . . ,uT are supposed to lie. This “projection” can be interpreted as shrinkage
and allows us to control the loss in case of changes in the underlying parameters.
As discussed in the Introduction, shrinkage is a commonly used technique in
economic forecasting and statistics.

Algorithm 1

Set
w11 = ·· · = w1K = 1/K ;
η > 0;
α ∈ (0,1/2];
γ ∈ [0,1];
L̂0 := 0.

For t = 1, . . . ,T ,
L̂ t = L̂ t−1 + lt (wt );
ηt = ηt−α;
w′

t,k := wtk exp{−ηt∇klt (wt )}/∑K
k=1 wtk exp{−ηt∇klt (wt )};

ψ := ∑K
k=1 I{w′

t,k<γ/K };
ω := ∑K

k=1 I{w′
t,k<γ/K }w′

tk;
wt+1,k = w′

tk[1− (ψγ )/K ]/[1−ω]
if w′

tk ≥γ/K , wt+1,k = γ/K otherwise.
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The algorithm uses two updates that will be motivated in the Section 2.2. The
first update produces the ex post combination weight w′

t,k . This is called ex post
because the update depends on the gradient of the observed loss at time t . This ex
post weight is then projected on a subset of SK to make sure that no weight is less
than the user’s prespecified level γ/K . In particular, all weights less than γ/K are
set equal to the lower bound level γ/K . To impose the constraint that the weights
are in SK the weights that are greater than γ/K are then shrunk toward γ/K by an
amount [1 − (ψγ )/K ]/[1 −ω] to make sure that the constraint is satisfied. Note
that setting γ = 1 produces the equally weighted forecast combination.

The exponent α is related to the frequency of change in u1, . . . ,uT . For any
K -dimensional vector v , define |v|p=(∑K

k=1 |vk |p
)1/p (with obvious modification

when p = ∞). When l is the square loss and ∑T −1
t=1 |ut − ut+1|1 = O(T 1−ε) ε ∈

(0,1], α should satisfy α = ε/2 (see Corollary 3 in Section 2.3) for the error in
the procedure to be asymptotically negligible. (For simplicity we only consider
polynomial growth.) Subsequently we provide motivation for these updates.

2.2. Motivation via Penalized Minimization

The algorithm can be motivated as an approximation to penalized risk minimiza-
tion. The approximation argument was first suggested in Kivinen and Warmuth
(1997). Define D(u,w) := ∑K

k=1 uk ln(uk/wk), which is the relative entropy and
will be used as a penalty on changes of combination weights. The ex post weight
w′

t is such that, under regularity conditions for w close to wt ,

arg inf
w∈SK

[D(w,wt )+ηt l(Yt , 〈w, Xt 〉)] (1)


 arg inf
w∈SK

{D(w,wt )+ηt [l(Yt , 〈wt , Xt 〉)+ l ′(Yt , 〈wt , Xt 〉)(w −wt )]} (2)

=: w′
t ,

where l ′( y, p) := (∂/∂p)l( y, p) throughout. From (1) it is clear that the objec-
tive is to minimize the loss function subject to the penalty D, where ηt can be
interpreted as the inverse of the smoothing parameter. We could use some dis-
tance/penalty function other than D, and this would produce different updates.
In the computation of w′

t , the loss function l is replaced by its first-order Taylor
series approximation to allow for simple closed form solution. The optimization
problem has two terms that act in opposite directions: the penalty D requires the
ex post weight w′

t to be close to the ex ante combination weight wt ; the loss l
requires w′

t to produce the best ex post forecast, and with no penalty this would
lead to overfitting. The coefficient ηt > 0 controls these two opposing aspects.
When ηt is large, the update changes the weight toward the weight that would
have been optimal. A small ηt implies smoother ex post updates (i.e., more de-
pendence on past observations), hence a higher degree of smoothness. As previ-
ously mentioned, ηt will be referred to as the learning rate and can be thought

https://doi.org/10.1017/S0266466609100105 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609100105


FORECAST COMBINATION 603

of as the reciprocal of a smoothness parameter in a penalized risk minimization
problem. The combination weights at time t are obtained by a further update. We
use a function Q(G,D) : int(SK )→ SK that depends on some closed convex subset
G ⊂ SK and on the “distance” D (int(SK ) denotes the interior of SK ). In partic-
ular, Q(G,D)(w

′
t ) = argminu∈G D(u,w′

t ), and wt = Q(G,D)(w
′
t ) is the projection

of w′
t onto

G :=
{

u ∈ SK ∩ [γ/K ,1]K
}

(3)

in terms of D. To constrain the parameters in SK , we add the constraint
∑K

k=1 wk = 1, and the update to w′
t is obtained by simple optimization of the

Lagrangian obtained from (2). The second update to wt is obtained from Q(G,D).
It is easy to see that the solution lies in G. A proof that Q(G,D)(w

′
t ) = wt+1 as in

Algorithm 1 can be found in Herbster and Warmuth (2001).
For the case of competing linear models, when the estimation is not recursive,

Leung and Barron (2006) derive exponential combination weights that bear some
similarity to the recursive ones discussed here. Because of the nonsequential na-
ture of their estimator they require minimization of a loss plus a penalty related
to model complexity. This is not to be confused with the penalty on the weights:
D(w,wt ) in (1). A penalty related to model complexity is used to avoid overfitting
because no validation sample is used. In recursive estimation, a new observation
is revealed each time, and it is used to evaluate the model. The properties of recur-
sive model evaluation have been extensively studied in prequential statistics (e.g.,
Dawid, 1984, 1997), which is at the hearth of the real time econometric approach
discussed in Pesaran and Timmermann (2005). Here we are only interested in re-
cursive estimation; hence we shall not further remark on estimation with a penalty
related to model complexity.

2.3. Theoretical Performance of the Algorithms

A theoretical justification for Algorithm 1 is given. In particular, it is shown that
reasonable bounds hold uniformly in the time horizon. Moreover, the bounds
avoid the usual condition of bounded random variables in favor of tail conditions.
Because of this, the bound is weaker than the bounds usually derived in the ma-
chine learning literature. Remarks on the conditions and extensions are discussed
in Section 3. The bounds to be shown are of the kind

T

∑
t=1

[lt (wt )− lt (ut )] ≤ error

with some high probability, where error refers to a bound for Algorithm 1 for
any arbitrary u1, . . . ,uT ∈ G. Hence, note that the weights we compare to are also
constrained to lie in (3). Besides this, they are arbitrary, and we could choose them
at time T , with hindsight. This will not be mentioned again. We will also show
that these bounds hold in expectation.
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Note that bounds that hold with high probability are of particular interest, be-
cause they show how the algorithm will perform not just on average but for any
data sequence at a given level of confidence.

THEOREM 1. Define mT (τ ) := [ 1
c2

τ + 1
c2

ln(c1(K + 1)T )
]1/c3 , and for any

m > 0

l
′
(m) := sup

y∈[−m,m]∩Y
p∈[−m,m]∩P

|l ′( y, p)|.

Under Conditions 1 and 2, with probability at least 1− e−τ ,

T

∑
t=1

[lt (wt )− lt (ut )] ≤ error,

where

error ≤ T α

η

(
6ln(K/γ )+ [ln(K/γ )+ K ]

T −1

∑
t=1

|ut −ut+1|1
)

+ ηT 1−α

8(1−α)

[
l
′
(mT (τ ))mT (τ )

]2
.

The bound shows how the choice of u1, . . . ,uT affects the relative performance.
Note that we did not impose any dependence conditions. For loss functions that
grow polynomially (e.g., the square loss), the preceding bounds only grow poly-
nomially in τ being violated with exponentially small probability e−τ . The con-
stant 6 in the first term is larger than necessary but leads to a tidier bound. Note
that the bound depends on γ , i.e., the set G in (3). Setting γ small would increase
the set of allowed weights but also increase the error in the bound.

The bounds of Theorem 1 require some further comment to be fully appre-
ciated and compared with existing results, in particular with the results in Yang
(2004). To this end, we use a series of corollaries to show its applications. The
first important case is when we compare to the best time invariant combination
weights.

COROLLARY 1. Suppose ut = ut+1 ∀t. Using the conditions and notation of
Theorem 1, with probability at least 1− e−τ ,

T

∑
t=1

lt (wt )− inf
u∈G

T

∑
t=1

lt (u) ≤ error,

where

error ≤ T 1/2
[

6ln(K/γ )+ 1

4
[l

′
(mT (τ ))mT (τ )]2

]
,

when we use the learning rate ηt = t−1/2.
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For time invariant combination weights, the error only grows logarithmi-
cally in the number of combination weights K . Moreover, error/T → 0 if
[l

′
(mT (τ ))mT (τ )]2 = o(T 1/2). This depends on the loss function and on the tails

of the random variables. To avoid convoluted technical conditions, the following
discussion only gives two special simple examples. To ease notation, dependence
on K (finite and fixed) will be suppressed.

COROLLARY 2. In Corollary 1 we have

(i) if l( y, p) = |y − p|2,

error

T
= O
(
T −1/2[τ + ln T ]4/c3

);
(ii) if l( y, p) = exp{θ( y − p)}− θ( y − p)−1, and c3 > 1,

error

T
= o
(

ebτ 1/c3
)

for some finite constant b depending on θ , c2, and c3.

The algorithms discussed here allow hedging against changes in the combina-
tion weights. For simplicity, we only consider the square loss case.

COROLLARY 3. Suppose ∑T −1
t=1 |ut − ut+1|1 = O(T 1−ε) ε ∈ (0,1] and

l( y, p) = |y − p|2. Then, under Condition 1, with probability at least 1− e−τ ,

error = O
(
T 1−(ε/2)[τ + ln T ]4/c3

)
when we choose ηt = O(t−(ε/2)).

The result shows that we can allow for changes in the reference combination
weights u1, . . . ,uT as frequent as O(T 1−ε) with ε > 0 (note that (ln T )4/c3 =
o(T ε/2)) and still obtain a reasonable performance, though only asymptotically.
In practice, if we believe that changes should be somehow frequent (e.g., ε → 0),
then we should choose α in Algorithm 1 to be smaller than 1/2.

By a moment condition, the previous results directly allow us to derive bounds
that hold in expectation.

COROLLARY 4. Suppose Conditions 1 and 2 hold and that E|l(Yt , 〈wt , Xt 〉)|2
≤ A2. Then, all the previous bounds hold taking expectation on the left-hand side,
adding 2AT 1/2, and setting τ = 0 in mT (τ ), i.e.,

T

∑
t=1

E[lt (wt )− lt (ut )] ≤ error +2AT 1/2.

Square integrability of the loss function is not required, but this allows us to
directly relate our results to the previous probabilistic bounds.
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The results in this section can be summarized as follows: (1) recursive forecast
combination may allow us to perform almost as well as if we knew the combi-
nation weights for the whole sample; (2) error only grows logarithmically in the
number K of individual forecasts under suitable tail conditions when we compare
to the best time invariant combination weights.

3. DISCUSSION

We discuss the conditions used and suggest extensions. In particular, some com-
parison will be drawn with the results in Yang (2004) because of some similarities.
Theorem 1 finds a natural application to the problem of portfolio selection, and
we shall give some new results for this application. We then remark on the ad-
vantages and disadvantages of the gradient algorithm studied here. An illustrative
simulation example is used for this purpose.

3.1. Remarks on Condition 2

Condition 2 is satisfied by any loss function l( y, p) = l( y− p) that is convex, with
continuous derivatives. Common examples are the square loss, LinEx, whereas
some important loss functions such as the absolute loss and the ε insensitive loss
(Vapnik, 1998) are left out. However, the proofs only require that

lt (u) ≥ lt (w)+〈∇lt (w),u −w〉 (4)

holds for some function ∇lt (w), not necessarily the gradient (see expression (A.4)
in the proof of Lemma A.2 in the Appendix). Hence, it is sufficient that for any
w ∈ SK , we are able to find a line going through lt (w) and lying below lt (u) for
any u ∈ SK , implying that l only needs to be continuous and convex in p. Hence,
we are free to interpret the elements of ∇lt (w) as either right or left derivatives.
This way we can allow for more robust loss functions.

Example 1

For the absolute loss function l( y, p) = |y − p|,
l(Yt , 〈Xt ,u〉) ≥ l(Yt , 〈Xt ,w〉)+ sign(Yt −〈Xt ,w〉)〈Xt ,u −w〉.

3.2. Remarks on Condition 1

In Condition 1 the exponent c3 can be arbitrarily small so that the moment gen-
erating function does not need to exist. Moreover, the condition is in terms of the
target sequence (Yt )t∈N and the individual forecasts (Xt )t∈N and not in terms of
the forecast error, whose distribution might be more difficult to derive. For loss
functions with polynomial growth, the results are also valid for polynomial tails
but with bounds worse than the ones shown. For any random variable Z define
‖Z‖r := (E|Z |r )1/r (the Lr norm, r > 0). Then, using the square loss, it can be
shown that error/T in Corollary 1 is o(T −(8−γ /2γ )) (hence γ ≥ 8) as soon as
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‖Xtk‖γ+ε and ‖Yt‖γ+ε are finite for ε > 0, requiring the existence of an 8 + ε
moment. For the sake of simplicity the polynomial case is not considered. These
details are left to the interested reader, who will be able to discover that the de-
pendence on K in Theorem 1 also deteriorates from logarithmic to polynomial
growth (with exponent less than one).

Condition 8 in Yang (2004) requires E|Rtk|2β exp{t |Rtk|β} < ∞, where Rtk is
the forecast error at time t for the kth forecast and β > 0 is as determined in his
Condition 7. His Condition 7 requires β ≥ 1; hence the forecast errors need to
have a distribution with tails that decay at least as fast as an exponential.

Moreover, suppose mt is the conditional mean of Yt . Yang basically assumes
that |mt − Xtk| is uniformly bounded in t with probability one for any k (his Con-
dition 6, where uniformity is also in k; see also his Conditions 0 and 2). This is
restrictive in some cases. Suppose Yt is a real valued AR(1) process with con-
ditional mean mt = aYt−1 and the kth individual forecast is Xtk = (a + εk)Yt−1
for some real εk . Then, supt |mt − Xtk| = supt |εkYt−1|, and unless εk = 0 for
any k, Yang’s Condition 6 fails if Yt does not take values in a compact subset of
the reals.

There seems to be an advantage in working directly with the forecast error, as
this allows us to consider trending data when the loss is a function of the forecast
error. Suppose that the individual forecasts Xt := (Xt1, . . . , XtK) are such that the
forecast error Rtk := (Yt − Xtk) satisfies a tail bound as in Condition 1 but Yt and
Xtk do not. This occurs when there is a trend either deterministic or stochastic, say,
μt , that is not bounded in probability. Then, for the forecast error to be bounded
in probability, this means that Yt and Xtk share the common component μt , so
that when the loss is a function of Rtk only, we only need Condition 1 to hold
for (Yt −μt ) and (Xtk −μt ) rather than Yt and Xtk directly. This complicates the
notation but has no impact on the results.

Example 2

Suppose l(Yt , 〈Xt ,w〉) = |Yt −〈Xt ,w〉|2. This loss can be written as

|(Yt −μt )−〈(Xt −μt ),w〉|2,
where the subtraction in Xt −μt is meant elementwise.

Whether μt is equal to or different than zero, the algorithm requires no change
because of cancellations (see Algorithm 1).

3.3. Remarks on the Results

Depending on the loss function, it is clear that the stated bounds do not allow
error/T to be smaller than T −1/2 in order of magnitude. This is not optimal
(e.g., Yang, 2004, Thms. 6 and 7); however, it is not clear how to find an optimal
algorithm that achieves faster convergence in the general framework considered
here.
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For the sake of comparison, note that Corollary 4 gives a convergence rate
T −1/2 ln2 T for Gaussian random variables. Theorem 6 in Yang (2004) leads to
the following bound:

E
T

∑
t=1

lt (wt ) ≤ C

(
inf

u∈SK
E

T

∑
t=1

lt (u)+ ln T

T

)
,

where C > 2 under the square loss. Recall that the procedure that leads to this
bound requires a finite approximation for the unit simplex and it can be compu-
tationally challenging. Actually, unlike here, his result does not require u to be
restricted in SK . The proof given in Yang (2004) uses the fact that the forecast
errors are Gaussian (i.e., it uses his Corollary 1), though this is not mentioned
in the statement of Theorem 6. It seems possible to avoid the annoying multi-
plicative factor C > 2 (apply Yang’s Theorem 5 rather than his Corollary 1 in the
proof of Theorem 7 in Yang, 2004). Hence the result in Yang (2004) is stronger,
but it requires (1) a square loss, (2) stringent tail conditions (see Section 3.2),
and (3) a suitable discretization of the space of combination weights, which add
to the computational burden, increasing considerably the number of combination
weights. Moreover, the procedure does not account for time varying optimal com-
bination weights. Hence, the present results can complement Yang’s results in the
following situations: (1) the loss function is not quadratic with possibly discon-
tinuous derivatives (see Section 3.1); (2) the random variables do not possess a
moment generating function, and the difference between the individual forecasts
and the conditional mean of Yt is not uniformly bounded (see Section 3.2); (3)
we wish to perform as well as the best optimal combined forecast using a simple
recursive algorithm; and (4) the optimal combination weights are time varying.
These conditions are not necessarily crucial, and when possible one should rather
use the algorithm given in Yang (2004) because of to its superior performance
under the described conditions.

3.3.1. Tightness of the Bounds. The discussion about the bounds in Yang
(2004) may induce the reader to think that the bounds considered here are too
loose. Results in the machine learning literature suggest that this is not the case
when we consider general loss functions and not necessarily the square loss—
recall that no dynamic restrictions are imposed on the data. Let P̂(Xt ) be any
forecasting procedure based on Xt and (Ys, Xs)s<t only. Define the minimax
regret

V (K )
T := sup

X1

inf
P̂(X1)

sup
Y1

· · ·sup
XT

inf
P̂(XT )

sup
YT

T

∑
t=1

(
l
(
Yt , P̂(Xt )

)− min
k∈{1,...,K } l(Yt , 〈u, Xtk〉)

)
.

This is the worst case error we can expect in the bounds given in this paper when
P̂(Xt ) = 〈wt , Xt 〉 and wt is chosen according to Algorithm 1. For definiteness
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consider the absolute loss l( y, p) = |y − p| and suppose that Yt ∈ {1,0} and Xt ∈
[1,0]K . By Theorem 3.7 in Cesa-Bianchi and Lugosi (2006) we have

sup
T >0

V (K )
T√

(T/2) ln K
≥ 1.

This is a lower bound on the minimax regret showing that we cannot expect error
to be smaller than O(

√
T ln K ) under the absolute loss. This is a very special

example, and more general results of the same flavor can also be stated (e.g.,
Cesa-Bianchi and Lugosi, 2006, Thm. 3.6). When we compare to uT = ·· · =
u1 ∈ SK , under the preceding conditions on Y and X , Theorem 1 gives

T

∑
t=1

[
lt (wt )− lt (uT )

]≤ T 1/2
(

6ln(K )

η
+ η

4

)

choosing α = 1/2, γ = 1 because u1 ∈ SK and noting that l
′
(mT (τ ))mT (τ ) ≤ 1

under the conditions on X and l (see the first two equalities in the proof of
Theorem 1 for more details). Here, we are not comparing to the best individ-
ual forecast but to the best convex combination that will still achieve the lower
bound in order of magnitude, setting η = √

ln K in the previous display.

3.3.2. Changes in the Reference Combination Weights. Theorem 1 uses
∑T −1

t=1 |ut − ut+1|1 to quantify the effect of changes in the combination weights.
Corollary 3 restricts it to be O(T 1−ε) for some ε > 0. This implies some sort
of negligibility in the number of changes relative to the sample size T . In the
context of structural breaks, this is conceptually similar to Assumption A5 in Bai
and Perron (1998). There, it is required that the durations within each break are
increasing with the sample size, i.e., Ti = �λi T �, where Ti is the time of the i th
break, λi > 0 (�. . .� is the integer part). This is clearly required for inference.
However, for forecasting, it is enough to use the more general approach in terms
of ∑T −1

t=1 |ut −ut+1|1 with the aforementioned constraint. This constraint is clearly
implied by Assumption 5A in Bai and Perron (1998); the other way around is not
true. Note that negligible does not imply |ut+1 −ut |1 → 0. This possibility is the
object of study of asymptotic local power in the literature on structural breaks.
In this case, note that changes such that |ut+1 − ut |1 = o(T −1/2) usually cannot
be detected (e.g., Andrews, 1993, p. 826 and Cor. 2). On the other hand a wide
range of possibilities is allowed here, including |ut+1 −ut |1 proportional to some
nonzero constant for some finite number of t values, as implied by Assumption
A5 in Bai and Perron (1998).

We further discuss the meaning attached to the combination weights u1, . . . ,uT

and its implications. As mentioned in Section 2, u1, . . . ,uT are arbitrary but fixed
reference combination weights. Theorem 1 establishes a relation between the
weights derived by the algorithm and the reference combination weights. The
reference combination weights are not necessarily the “optimal” combination
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weights. They represent the reference target against which we wish to compete,
i.e., our goal. Hence, once we set our goal—e.g., perform as well as the best ex
post time invariant combination weights—Theorem 1 can be used to find the er-
ror incurred by the algorithm in achieving this goal. A very simple example will
clarify the point of this remark.

Suppose that Yt = AtUt−1 + Zt where (Ut )t∈N and (Zt )t∈N are independent
and identically distributed (i.i.d.) mean zero with finite moments, independent of
each other and independent of the Markov chain (At )t∈N with values in {0,0.5,1}
and transition matrix⎡
⎢⎢⎣

0 1/2 1/2

1/2 0 1/2

1/2 1/2 0

⎤
⎥⎥⎦ . (5)

Hence, the (i, j)th entry of (5) gives the probability of At+1 being equal to the
j th entry in {0,0.5,1} given that At is equal to the i th entry in {0,0.5,1}. It is
simple to see that the stationary invariant distribution gives equal probability to
each individual entry in {0,0.5,1}. Suppose that at time t we use K = 3 individ-
ual forecasts: akUt−1 where a1 = 0, a2 = 0.5, and a3 = 1. Hence, every time one
of these forecasts is the best mean square error predictor of Yt , conditioning on
the regressor Ut−1 and the stochastic regression coefficient At . Clearly, the best
individual forecast changes every time period, and tracking these changes implies
ut �= ut+1 for each t . Recalling that the reference weights are constrained to be
in G (with G as in (3)), we shall have |ut − ut+1|1 = 2(1 − γ ) for each t . This is
because ideally we would like to give weight one to the best individual forecast
and zero to the remaining two; however the constraint G only allows us to give
weight 1 − 2γ/3 to the best and γ/3 to each of the remaining two. Hence in
Theorem 1, ∑T −1

t=1 |ut − ut+1|1 = 2T (1 − γ ) because the best individual forecast
changes every time. Therefore, the goal is not achievable with negligible asymp-
totic error. However, we may consider the best forecast combination—in a mean
square error sense—conditioning on Ut−1 only. Accordingly, the true conditional
model can be written as

Yt = Ut−1(EAt )+ Z ′
t ,

where, conditioning on Ut−1, Z ′
t = Zt + Ut−1[(1 − E)At ] is mean zero. From

the invariant distribution implied by (5), we have EAt = 1/2. From our choice
of individual forecasts, it is clear that ut = (1/3,1/3,1/3) is the mean square
error optimal combination weight (conditioning on Ut−1 only). Hence although
we cannot track very frequent changes in the optimal individual forecasts, it is
sensible to look at the best time invariant optimal combination weights as our ref-
erence class. The results of the paper also tell us the error incurred in trying to
achieve this more modest goal. In this context—and related ones—using time in-
variant combination weights is equivalent to integrating out the uncertainty due to
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a mechanism that cannot be learned. Similar remarks are often made in the liter-
ature on structural breaks. In the case of a linear model, changes in the regression
coefficient due to the omission of some stationary variables can be interpreted as
leading to many structural breaks. However, the true relationship, conditioning
only on the nonomitted variables (i.e., integrating out the omitted variables) leads
to a constant regression coefficient that can then be consistently estimated by or-
dinary least squares (e.g., Andrews, 1993, p. 826). Hence, in some situations, it
may be appropriate to consider changes in the reference combination weights that
only have a persistent effect on the values of the combination weights, e.g., in
the preceding example if (EAt ) were slowly changing in time. The practical im-
plication for the algorithm is that we should avoid choosing α close to zero only
because we envisage that there are many changes in the “optimal” combination
weights. Indeed, a very small value of α considerably inflates the last term in error
in Theorem 1. Given that α controls the learning rate, the crucial related aspect
is the selection of the learning rate. This issue is further discussed in Section 3.6.
We now turn to a related application of Theorem 1.

3.4. A Bound in Expectation when Condition 1 Fails

The main interest in this paper is to derive bounds that hold with high probability
and try to reduce the effect of the number K of individual forecasts on the bounds.
This is achieved using Condition 1. However, this condition may fail. We give a
simple alternative that is applicable in this situation.

THEOREM 2. Suppose that for any k = 1, . . . , K ,

sup
t∈N

max
k≤K

E sup
w∈G

|l ′(Yt , 〈w, Xt 〉)Xtk|2p < ∞ (6)

with G as in (3). Then, under Condition 2,

T

∑
t=1

E[lt (wt )− lt (u)] ≤ error,

where

error ≤ 6
T α

η
[1+ ln(K/γ )]+ [ln(K/γ )+ K ]

T α

η

T

∑
t=1

|ut −ut+1|1

+ηT 1−α K 1/p

8(1−α)
sup
t∈N

max
k≤K

(
E sup

w∈G
|l ′(Yt , 〈w, Xt 〉)Xtk|2p

)1/p

.

This bound is similar to the previous ones; the only difference is that the last
term grows as a power of K . Note that (6) can be quite a mild condition in some
circumstances as shown in the following result.
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COROLLARY 5. Suppose l( y, p) = |y − p|. If |Xtk|2 is uniformly integrable
in k and t, then, in Theorem 2,

error ≤ 6
T α

η
[1+ ln(K/γ )]+ [ln(K/γ )+ K ]

T α

η

T

∑
t=1

|ut −ut+1|1

+ηT 1−α K

8(1−α)
sup
t∈N

max
k≤K

E|Xtk|2.

As discussed in Example 2, in the presence of a common trend μt , we can
clearly replace Xtk with (Xtk −μt ) both in the conditions and in the bound.

3.5. Related Application: Universal Portfolios

A nice application of the forecast combination problem is the case of unsupervised
learning, i.e., when the target is unobservable. The most notable example is the
portfolio choice problem, where there is no target sequence and the goal is to max-
imize wealth. Algorithms that allow us to construct portfolios that have perfor-
mance comparable to the best constantly rebalanced portfolio with hindsight have
attracted the attention of the mathematical finance literature (e.g., Cover, 1991;
Helmbold, Schapire, Singer, and Warmuth, 1998; Cross and Barron, 2003; Györfi,
Lugosi, and Udina, 2006). The results of this paper allow us to derive theoretical
bounds for this problem. For the sake of concreteness, let Xt := (X1, . . . , X K ) be
a vector of relative returns (e.g., closing price divided by opening price at time t)
and let − ln(p) :P→R be the loss function. Minimization of the cumulated neg-
ative log loss is equivalent to maximization of relative wealth (Breiman, 1961;
Cover, 1991; for a critique of this criterion, see Samuelson, 1979). Clearly, our
framework works just as well with other loss functions (i.e., any change sign of
a utility function), but to better relate to the existing literature in this area, ln(p)
will be used, and the problem is turned into a maximization problem. To this end,
we state the following result.

THEOREM 3. For any sequence of relative returns (Xt )t∈N, and u1, . . . ,uT ∈
G (G as in (3)) using Algorithm 1,

T

∑
t=1

ln(〈wt , Xt 〉) ≥
T

∑
t=1

ln(〈ut , Xt 〉)− error,

where

error ≤ T α

η

(
6ln(K/γ )+ [ln(K/γ )+ K ]

T −1

∑
t=1

|ut −ut+1|1
)

+ ηT 1−α

8(1−α)

(
K

γ

)2

and for the constantly rebalanced portfolio, i.e., ut = ut+1, ∀t ,

error < 2
K

γ
(T ln(K/γ ))1/2,
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choosing η = γ/K (24ln(K/γ ))1/2, α = 1/2. Hence, the portfolio constructed
from Algorithm 1 is universal for any portfolio weights in G.

Note that this result is quite strong: no probabilistic assumption is necessary.
This result also allows for nonstationary portfolios (i.e., time varying rebalanced
portfolios) and extends results in the literature on universal portfolios improving
the bounds for the best constantly rebalanced case (e.g., Helmbold et al., 1998,
give a bound O(T 3/4) as compared to the O(T 1/2) derived here, though Cover,
1991, gives a bound O(ln T ), using a different algorithm, which is difficult to
implement in practice). However, we require the portfolio weights to be in G, and
this can be restrictive. The constants in the bound of Theorem 3 are not optimal,
but they allow for a tidier bound. For to this reason, the derived η might not be
the best choice. Because of the very low signal to noise ratio in relative returns,
the choice of learning rate seems to be crucial. Further study seems to be required
to make these algorithms usable in real trading. Empirical results reported in the
literature are very encouraging (e.g., Cover, 1991; Helmbold et al., 1998; Györfi
et al., 2006) but also very dependent on the data set used (e.g., Nikandrova, 2005).
Empirical results carried out by the author, but not reported here, also suggest
that more work is required in the direction of practical implementation, casting
doubt on the finite-sample performance. Nevertheless, this remains an interesting
application that might deserve further study.

3.6. Choosing the Learning Rate

As remarked previously, in some applications, the choice of learning rate ηt can
have a substantial impact. From the author’s experience, η ∈ (0,1] usually works
well. For the algorithm used in Yang (2004), under certain conditions, there is
a theoretical justification for choosing the learning rate ηt equal to one (e.g.,
Sancetta, 2007). However, for the gradient algorithm used here, such a claim
is more difficult to establish. For bounded random variables, the learning rate
should not much affect the results. However, when the random variables are un-
bounded, the thicker the tails, the smaller η should be chosen. Hence, it might
be convenient to use an automatic procedure to do so. We discuss two possible
alternatives.

Suppose that P̂( j)
t is the combined prediction based on Algorithm 1 using

η = ηj , j = 1, . . . , J . In doubt about which ηj should be used, we combine us-
ing combination weights (vtj)j∈{1,...,J } in the unit simplex and use the combined

prediction P̂(v)
t := ∑J

j=1 vtj P̂
( j)
t . Basically we construct a combination of the fore-

cast combinations, where each P̂( j)
t corresponds to the combined forecast at time

t using learning rate ηt = ηj t−α (with slight abuse of notation). The combination
weights (vtj)j∈{1,...,J } are then chosen using a modified version of the aggregating
algorithm of Vovk (1990), which is closely related to the algorithms studied in
Yang (2004) and Sancetta (2007).
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Algorithm 2

Set

v11 = ·· · = v1K = 1/J ;
L(v)

0 := 0.

For t = 1, . . . ,T ,

L(v)
t = L(v)

t−1 + l(v)
t ,

vt+1, j := vtj exp
{

−t−1/2l( j)
t

}/
∑J

j=1 vtj exp
{

−t−1/2l( j)
t

}
,

where

l(v)
t = l

(
Yt , P̂(v)

t

)
and

l( j)
t = l

(
Yt , P̂( j)

t

)
.

Writing w
j
t = (w

j
t1, . . . ,w

j
tK) for the combination weights in Algorithm 1 us-

ing η = ηj , P̂(v)
t = 〈wv

t , Xt 〉 where wv
t = (wv

t1, . . . ,w
v
tK) and wv

tk = ∑J
j=1 vtjw

j
tk.

We then state the following result, which is deduced from Theorem 2.3 in Cesa-
Bianchi and Lugosi (2006) using Theorem 1.

THEOREM 4. Define mT (τ ) :=
[

1
c2

τ + 1
c2

ln(c1(K +1)T )
]1/c3

and for any

m > 0,

l(m) := sup
y∈[−m,m]∩Y
p∈[−m,m]∩P

|l( y, p)|.

Under Conditions 1 and 2, with probability at least 1 − e−τ , combining Algo-
rithms 1 and 2,

T

∑
t=1

[lt (w
v
t )− lt (ut )] ≤ error,

where

error ≤ T 1/2 |l(mT (τ ))|2
4

+2T 1/2 ln J + min
j∈{1,...,J }errorj

and

errorj ≤ T α

ηj

(
6ln(K/γ )+ [ln(K/γ )+ K ]

T −1

∑
t=1

|ut −ut+1|1
)

+ ηj T 1−α

8

[
l
′
(mT (τ ))mT (τ )

]2
.
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Theorem 4 shows that we can increase the error in the bound but this will lead
to an automatic selection of the best learning rate. Theoretically, this bound can
be disappointing, as under special circumstances, the additional error term can be
of the same order of magnitude as errorj . However, in practical situations, it is
valuable to select the best learning rate.

If we find the combination of the two algorithms complicated, a heuristic ap-
proach that delivers reasonable results is as follows. From the proof of Theorem 2
we might be induced to choose η 
 (Emaxk≤K |l ′(Yt , 〈wt , Xt 〉)Xtk|2)−1/2 so that
under ergodicity this implies

η−1/2 

(

(t −1)−1 ∑
s<t

max
k≤K

|l ′(Ys, 〈ws, Xs〉)Xsk|2
)−1/2

(7)

at time t . Unfortunately, the finite-sample bounds proved here require that η
be fixed. Hence, the bounds would be valid only for large T , under ergodicity
conditions.

3.7. Further Remarks

Algorithm 1 uses the gradient of the loss function, whereas the algorithms con-
sidered in Yang (2004) and Sancetta (2007), among others, are based on the loss
function. Based on both simulation and empirical work carried out by the au-
thor, the difference between a gradient-based algorithm and one based on the loss
function can be marginal. However, the choice of learning rate can be important in
some situations. Based on the author’s experience, the performance of a gradient
algorithm is more sensitive to the choice of learning rate than the performance of
algorithms based on the loss function. Section 3.6 provided some suggestions to
mitigate the problem.

The advantage of the gradient algorithm discussed here is that by a simple re-
cursive update, it allows for time varying optimal combination weights. In this
respect, bounds with time varying optimal combination weights are unknown for
algorithms based on the loss function, unless we are willing to consider time vary-
ing optimal weights that lie on the edges of the simplex (e.g., Sancetta, 2007). As
previously remarked, a loss-based algorithm (e.g., Yang, 2004) might be used to
track the best time invariant optimal forecast combination only by some ad hoc
extension, which adds to the computational burden.

Here, we can allow for time varying optimal combination weights shrinking
the weights (i.e., γ > 0 in Algorithm 1) or, more formally, by projecting the
weights onto G as in (3). The advantage of time varying optimal combination
weights depends on the context, and it is not always the case that it will outper-
form algorithms that do not account for this. In general we make the following
observations.

1. If there is one single forecast that clearly outperforms the others, shrinkage
leads to suboptimal results. This is because the optimal combination weights
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will lie on an edge of the simplex (i.e., it is optimal to choose the best
forecast).

2. If the optimal combination weights change slowly over time, shrinkage may
deliver results that are similar to using no shrinkage and a smaller learning
rate (e.g., small η).

3. If the optimal combination weights change abruptly resulting in a large loss,
then shrinkage does usually help.

4. In some situations, shrinkage may not lead to an improvement over the av-
erage loss but may decrease the degree of variability in the individual losses
and avoid extreme losses. This was also noticed in related empirical evidence
provided in Sancetta (2007).

In general Algorithm 1 allows us to incorporate learning in forecast combina-
tion (as in the algorithms studied by Yang, 2004) and, setting γ > 0, to reduce
variability (as done when we choose equally weighted forecast combinations).

We conclude by providing a simulation example, whose purpose is not to show
that one method is superior to another (this clearly depends on the problem we
choose) but to provide some illustration on when one method is likely to perform
better than the others. For this reason, the model chosen does not pretend to be re-
alistic but is simple enough to allow discrimination between methods with special
focus on the algorithms in Yang (2004) and those considered here.

Illustration: AR(1) with Time Varying Coefficient. Suppose

Yt = At Yt−1 + Zt ,

where

At = At−1 It +Ut (1− It ) (8)

and (It )t∈N is i.i.d. Bernoulli (p), (Ut )t∈N is i.i.d. (0,1) uniform, and (Zt )t∈N is
i.i.d. chi-square one. We set A1 = U1 and Y0 = 0, so that when p = 1, (Yt )t∈N col-
lapses to the usual stationary AR(1) model because At = U1 when p = 1, by the
initial condition. When p < 1, the time series dynamics of the data may change
abruptly from one period to another. The optimal conditional mean square error
predictor is Et−1Yt = (Et−1 At )Yt−1 +1 and (Et−1 At ) ∈ (0,1). To verify the range
of At , we just use the recursion (8) with A1 ∈ (0,1) implying At ∈ (0,1). Hence,
the data satisfy the conditions of the paper. For simplicity suppose we use the fol-
lowing individual forecast of Yt : akYt−1 +1, k = 1,2, where a1 = 0, a2 = 1. A con-
vex combination of the two forecasts gives P̂t = (1−wt )Yt−1 +1, which can equal
Et−1Yt for suitable choice of wt (the combination weight on a1Yt−1 + 1 = 1).
The two forecasts are combined using Algorithm 1. We consider α = 1/2, η =
0.01,0.1,1 and γ = 0.05, and we combine the combined forecasts based on dif-
ferent η’s using Algorithm 2. We refer to the resulting forecast combination as
Alg.L, whereas Alg.B will denote the results for Algorithm 1 choosing the best
η ∈ {0.01,0.1,1} ex post. We also consider η chosen according to (7) and refer to
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it as Alg.E. Combination weights are also produced using the algorithm studied
in Yang (2004). One version of this algorithm requires an estimate of the variance
of the forecast error based on the past loss for the combined forecast (i.e., Yang’s
eqns. (4) and (6)), and we call this Yang1, whereas the second version considered
is based on his Theorem 5 (the most relevant to the present study) with a learning
rate that here was chosen equal to one (for details on that algorithm and the choice
of learning rate, see also Sancetta, 2007, Sect. 5) and is referred to as Yang2. We
also compute the equally weighted forecast (EW), the unconstrained least squares
forecast with hindsight (LS), and the least squares forecast with hindsight with
weights constrained to lie in (3) (LSC). Finally, we also consider the best individ-
ual forecast (Best).

We simulate 100 samples of 400 observations for various choices of p, and we
start predicting from the second observation of each sample. For each sample,
the average square loss is recorded. Figure 1 shows the box plots for the 100
average losses (one for each sample) when p = 1,0.95,0.85,0.35. Throughout,
LS and LSC have similar performance, and so we only report LS. EW has a very
mediocre performance for large p but starts to perform well when p ≤ 0.65. For
p = 0.35 EW performs similarly to LS. To avoid visual distortions in the scale of
the box plots we will not report it.

The mediocre performance of EW is expected: we combine forecasts that are
potentially very biased, and their equal combination does not reduce the bias
unless p = 0 implying Et−1 At = 1/2 so that the EW forecast leads to the optimal
conditional mean square error forecast. Indeed EW forecasts lead to excellent re-
sults when either all the forecasts are not too biased (reducing variability) or when
the forecasts are biased, but EW reduces this bias. As mentioned previously, the
goal is to provide some further insights for the comparison of the algorithms in
Yang (2004) and those discussed here (e.g., for empirical evidence and compari-
son of EW and the algorithms of the kind that are used here, see Sancetta, 2007).

When p = 1, Alg.L and Alg.E perform similarly to the best optimal combined
forecast with hindsight (same story when we choose any other η ∈ {0.01,0.1,1}).
Yang1 and Yang 2 perform similarly to the best individual forecast. These re-
sults are in line with the theory. When p = 0.95 we have a different picture. The
gradient-based algorithms can be quite unstable, and this is shown by the big out-
lier in Alg.L and Alg.E. Choosing the best learning rate would have avoided the
outlier (see Alg.B). As remarked by Yang (2004), Yang2 can be unstable in some
practical situations, though in theory a stronger bound holds for Yang2 than for
Yang1. Nevertheless when compared to the gradient algorithms, Yang1 and Yang2
are clearly more stable. To convey an idea about the problem, Figure 2 plots the
sequence that led to the big outlier; this has quite erratic behavior. In these situa-
tions, the algorithms of Yang (2004) might be more robust. Although one should
guard against the problem of data snooping in making these claims about insta-
bility, the author’s experience with other data sets confirms the possibility of this
instability, which might be less of a problem with algorithms based on the loss
functions rather than on the gradient.
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FIGURE 1. Simulation results.

When p = 0.85 there are a sufficient number of changes that lead Yang1 to
perform as well as Best, but worse than LS—the performance of Yang2 is worse,
confirming Yang’s suggestion to use Yang1 unless we are sure about the value of
the learning rate. Alg.L and Alg.E perform almost as well as Alg.B, whose perfor-
mance is close to LS. A large number of shifts (i.e., p = 0.85) avoids a persistent
trending behavior as shown in Figure 2, which can be a cause of instability in the
gradient algorithms.

As p becomes smaller, the picture is similar to the previous cases. An increase
in the number of shifts finds an improvement in the equally weighted combined
forecast (for p = 0.35, the performance of EW and LS is similar). This appears
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FIGURE 1. continued.

to reduce the performance of Yang1 and Yang2 relative to the gradient algorithms
that are specifically devised to perform in situations when the optimal combined
forecast does not lie at one of the edges of the simplex.

In the previous example, the individual forecasts could be much improved by
forecast combination. We briefly consider the opposite case when the best indi-
vidual forecast cannot be improved. We include the true optimal conditional mean
square error forecast Et−1Yt = (Et−1 At )Yt−1 + 1, Et−1 At = pAt−1 + (1 − p)/2.
Hence, we use the following individual forecasts, aktYt−1 + 1, k = 1,2,3, where
a1t = 0, a2t = 1, and a3t = Et−1 At . Clearly, this is quite idealistic, but our goal
is just to illustrate the relative loss of the present algorithms in situations that are
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FIGURE 2. Simulated sequence causing outliers in Alg.L and Alg.E.

more favorable to the procedures studied in Yang (2004). It is enough to restrict
p = 1, because p < 1 is not of great interest when we include the third forecast
Et−1Yt . In fact, now the optimal weights in a conditional mean square error sense
are time invariant, i.e., u1t = ut2 = 0 and ut3 = 1 , favoring the third (unfeasible)
forecast Et−1Yt , no matter what p is. Figure 3 compares the different algorithms.
When one of the forecasts is very good, we incur an additional loss when we
use the algorithms considered in this paper. On average, the increase in the loss
relative to Yang1 and Yang2 appears marginal. This example shows the possibility

FIGURE 3. Simulation when one individual forecast is optimal.
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of instability in the results when a gradient-based algorithm is used. This confirms
the suggestion that we should use a loss-based algorithm if the more restrictive
conditions in Yang (2004) are satisfied.
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APPENDIX: Proofs

A.1. Proofs of Theorems and Corollaries. The proof of Theorem 1 will use a few lem-
mas stated and proved in Section A.2.

Proof of Theorem 1. Define

gt := l ′(mt ). (A.1)

With probability at least 1− ε, where ε := e−τ ,

T

∑
t=1

[lt (wt )− lt (ut )] =
T

∑
t=1

[lt (wt )IMt − lt (ut )]

[by Lemma A.1]

≤
T

∑
t=1

D(ut ,wt )− D(ut ,w
′
t )

ηt
IMt + η

8

T

∑
t=1

|gt Xt I{|Xt |≤mt }|2∞
tα

[by Lemma A.2]

≤
T

∑
t=1

D(ut ,wt )− D(ut ,w
′
t )

ηt
IMt + η

8

T

∑
t=1

[
l ′(mt (τ ))mt (τ )

]2
tα

[by (A.1) and using the constraint]

≤
T

∑
t=1

D(ut ,wt )− D(ut ,wt+1)

ηt
IMt + η

8

T

∑
t=1

[
l ′(mt (τ ))mt (τ )

]2
tα

[by Lemma A.3]
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≤ 6
T α

η
(1+ ln(K/γ ))+ [ln(K/γ )+ K ]

T α

η

T

∑
t=1

|ut −ut+1|1

+ η

8

T

∑
t=1

[
l ′(mt )mt

]2
tα

[by Lemma A.4]

≤ T α

η

(
6(1+ ln(K/γ ))+

T

∑
t=1

[ln(γ /K )+ K ]|ut −ut+1|1
)

+ η

8

[
l ′(mT (τ ))mT (τ )

]2 T

∑
t=1

t−α

≤ T α

η

(
6(1+ ln(K/γ ))+

T −1

∑
t=1

[ln(γ /K )+ K ]|ut −ut+1|1
)

+ ηT 1−α

8(1−α)

[
l ′(mt (τ ))mt (τ )

]2
summing over t and noting that there is no prediction at time T +1; hence we can choose
uT +1 = uT , and the last term in the summation (inside the parentheses) drops. n

The proofs of the corollaries are next.

Proof of Corollary 2. By direct computation,∣∣∣∣∂l( y, p)

∂p

∣∣∣∣= 2|y − p| ≤ 2(|y|∨ |p|),

and Condition 2 applies with l ′(m) ≤ 2m, so that

[
l ′(mt (τ ))mt (τ )

]2 = 4mT (τ )4 = O
(

[τ + ln T ]4/c3
)

and we obtain the first result by application of Corollary 1. For LinEx loss,∣∣∣∣∂l( y, p)

∂p

∣∣∣∣≤ 2|θ |exp{|θ ||y − p|} ≤ 2|θ |exp{2|θ |(|y|∨ |p|)}

so that, by Condition 2,

[
l ′(mt (τ ))mt (τ )

]2 ≤ 4|θ |2 exp{2|θ |mT (τ )}mT (τ )2 ≤ 4|θ |2 exp{4|θ |mT (τ )}

= O

(
exp

{
4|θ |
[(

τ

c2

)1/c3

+
(

ln T

c2

)1/c3
]})

= o

(
T exp

{
4|θ |
(

τ

c2

)1/c3
})

,
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using the fact that 4|θ |(ln T/c2)1/c3 = o(ln T ) for c3 > 1. The result follows by application
of Corollary 1. n

Proof of Corollary 3. From the proof of Corollary 2,[
l ′(mt (τ ))mt (τ )

]2 = O
(

[τ + ln T ]4/c3
)

.

Hence, solving T α+(1−ε) = T 1−α with respect to α and substituting back in Theorem 1
gives the result. n

Proof of Corollary 4. Take expectation on both sides of (A.2) in the proof of
Lemma A.1 in Section A.1 The first term on the right-hand side is bounded by Theo-
rem 1, and we shall only bound the second term using Hölder inequality:

T

∑
t=0

El (Yt ,wt Xt ) IMc
t

≤ A
T

∑
t=0

Pr
(

Mc
t
)1/2

.

To bound Pr(Mc
t ), note that the event {max1≤k≤K |Xtk| ≤ mt } implies the event {|P̂t | ≤

mt } (see the proof of Lemma A.1). Hence, by the arguments in the proof of Lemma A.1,

Pr(Mc
t ) ≤ Pr(|Yt | > mt )+Pr

(
max

1≤k≤K
|Xtk| > mt

)

≤ (K +1)c1 exp{−c2mc3
t }

= t−1

choosing

mt :=
[

1

c2
ln(c1(K +1)t)

]1/c3

.

Hence,

El(Yt , 〈wt , Xt 〉)IMc
t

≤ A Pr(Mc
t )1/2 ≤ At−1/2.

Summing over t gives the result. n

Proof of Theorem 2. For any wt ,ut ∈ SK , conditioning on Yt and Xt , by Lemma A.2

El(Yt , 〈wt , Xt 〉)− l(Yt , 〈ut , Xt 〉) ≤ E
D(ut ,wt )− D(ut ,w

′
t )

ηt

+ηt
Emaxk |l ′(Yt , 〈wt , Xt 〉)Xtk|2

8

and summing over t , by Lemma A.4

T

∑
t=1

E[l(Yt , 〈wt , Xt 〉)− l(Yt , 〈ut , Xt 〉)]

≤ 6
T α

η
[1+ ln(K/γ )]+ [ln(K/γ )+ K ]

T α

η

T

∑
t=1

|ut −ut+1|1
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+η
T

∑
t=1

Emaxk |l ′(Yt , 〈wt , Xt 〉)Xtk|2
8tα

≤ 6
T α

η
[1+ ln(K/γ )]+ [ln(K/γ )+ K ]

T α

η

T

∑
t=1

|ut −ut+1|1

+ηT 1−α supt Emaxk supwt ∈G |l ′(Yt , 〈wt , Xt 〉)Xtk|2
8(1−α)

summing over t and using standard uniform upper bounds. Now note that for any K real
random variables Z1, . . . , Z K and p ≥ 1,(

Emax
k

|Zk |
)p

≤ E

(
max

k
|Zk |
)p

[by Jensen inequality]

≤
K

∑
k=1

E|Zk |p

≤ K max
k

E|Zk |p,

which implies

Emax
k

|Zk | ≤ K 1/p max
k

(E|Zk |p)1/p.

Setting Zk = supwt ∈G |l ′(Yt , 〈wt , Xt 〉)Xtk|2, an application of the previous display gives
the result. n

Proof of Theorem 3. By a sign change we can consider − ln(p), as for the previous
results. Hence, follow the proof of Theorem 1 in the following order: apply Lemma A.2
with no need to apply Lemma A.1 first. Then, Lemma A.2 gives a bound in terms of
|l ′( y, 〈w, x〉)x |2∞, which, for the specific choice of loss function, corresponds to

max
k

∣∣∣∣ xtk

〈wt , xt 〉
∣∣∣∣2 ≤ max

k

∣∣∣∣ xtk

(γ /K )xtk

∣∣∣∣2 ≤
∣∣∣∣Kγ
∣∣∣∣2

using the constraint. Then, the proof proceeds as for Theorem 1 and the corollaries. n

Proof of Theorem 4. Following the same arguments in the proof of Theorem 1, deduce
that with probability at least 1− ε, where ε := e−τ ,

T

∑
t=1

[lt (w
v
t )− lt (ut )] =

T

∑
t=1

[
lt
(
wv

t
)

IMt − lt (ut )
]

≤ min
j∈{1,...,J }

T

∑
t=1

[
lt
(
w

j
t

)
IMt − lt (ut )

]
+ T 1/2 |l(mT (τ ))|2

4

+2T 1/2 ln J.

An application of Theorem 1 gives the result. n
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A.2. Technical Lemmas. These lemmas are used in the proof of Theorem 1.

LEMMA A.1. Define mt =
[

1
c2

ln( (K+1)c1t
ε )

]1/c3
and the set

Mt := {|Yt | ≤ mt , |P̂t | ≤ mt }.
Under Conditions 1 and 2, with probability at least 1− ε,

T

∑
t=1

l(Yt , P̂t ) =
T

∑
t=1

l
(

Yt , P̂t

)
IMt .

Proof. Let Mc
t be the complement of Mt . Consider the following identity:

T

∑
t=1

l(Yt , P̂t ) =
T

∑
t=1

l
(

Yt , P̂t

)
IMt +

T

∑
t=1

l
(

Yt , P̂t

)
IMc

t
(A.2)

= I+ II.

Note that

Pr
(∣∣P̂t
∣∣> mt

)
≤ Pr
(
|wt |1 max

1≤k≤K
|Xtk| > mt

)

= Pr
(

max
1≤k≤K

|Xtk| > mt

)
(A.3)

[because wt ∈ SK ]

≤
K

∑
k=1

Pr
(∣∣Xtk

∣∣> mt
)

by the union bound, so that the event {max1≤k≤K |Xtk| ≤ mt } implies the event
{|P̂t | ≤

mt
}
. Hence,

Pr

(
T

∑
t=1

lt
(

Yt , P̂t

)
IMc

t
> 0

)
≤ Pr

(
max

1≤t≤T
|Yt | > mt

)
+Pr

(
max

1≤t≤T

∣∣∣P̂t

∣∣∣> mt

)

≤
T

∑
t=1

[
Pr(|Yt | > mt )+

K

∑
k=1

Pr(|Xtk| > mt )

]

[by (A.3) and the union bound]

≤ (K +1)c1

T

∑
t=1

exp{−c2mc3
t }

[by Condition 1]

= ε choosing mt =
[

1

c2
ln

(
(K +1)c1t

ε

)]1/c3

.

Hence with this choice of mt , the result holds with probability at least 1− ε. n
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The next result follows from Lemma 2 in Cesa-Bianchi (1999). A sketch of the proof is
provided for the sake of completeness and also because it is a key ingredient.

LEMMA A.2. For any y ∈ R, x ∈ RK , and η > 0, u ∈ SK , w ∈ int(SK ), and

w′
k := wk exp{−ηl ′( y, 〈w, x〉)xk}

∑K
k=1 wk exp{−ηl ′( y, 〈w, x〉)xk} ,

the following result holds:

l( y, 〈w, x〉)− l( y, 〈u, x〉) ≤ D(u,w)− D(u,w′)
η

+η
|l ′( y, 〈w, x〉)x |2∞

8
.

Proof. Define l ′( y, p) := (∂/∂p)l( y, p) and l ′′( y, p) for the second-order derivative
with respect to p. Hence, by Taylor expansion, for some w∗ in the convex hull of {u,w},

l( y, 〈w, x〉)− l( y, 〈u, x〉) = 〈w −u, x〉l ′( y, 〈w, x〉)− 〈w −u, x〉2l ′′( y, 〈w∗, x〉)
2

≤ 〈w −u, x〉l ′( y, 〈w, x〉) (A.4)

by convexity of l( y, p) with respect to p. Recall that D(w,u) := ∑k wk ln(wk/uk) and
define zk := −ηl ′( y, 〈w, x〉)xk . Then,

D(u,w)− D(u,w′) =
K

∑
k=1

uk ln(w′
k/wk)

=
K

∑
k=1

uk

[
ln

wk exp{zk}
∑K

l=1 wl exp{zl }
− lnwk

]

[by definition of w′
k ]

=
K

∑
k=1

uk zk − ln

(
K

∑
l=1

wl exp{zl }
)

=
K

∑
k=1

(uk −wk)zk − ln

(
K

∑
l=1

wl exp

{
zl −

K

∑
k=1

wk zk

})

≥
K

∑
k=1

(uk −wk)zk − |z|2∞
8

,

using Hoeffding’s inequality (e.g., Devroye, Györfi, and Lugosi, 1996) for the moment
generating function of bounded random variables in the last step. Substituting in (A.4), we
obtain

〈w −u, x〉l ′( y, 〈w, x〉) ≤ D(u,w)− D(u,w′)
η

+η
|l ′( y, 〈w, x〉)x |2∞

8
,

implying the last result. n

The next lemma is Corollary 3 in Herbster and Warmuth (2001). A concise proof for
general “distance” functions can be found in Lemma 11.3 of Cesa-Bianchi and Lugosi
(2006).
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LEMMA A.3. For any vector ut ∈ G (G as in (3)), wt+1 = argminv∈G D(v,w′
t ) (i.e.,

wt+1 as in Algorithm 1) and w′
t ∈ int(SK ),

D(ut ,w
′
t ) ≥ D(ut ,wt+1).

For u ∈ SK and w ∈ int(SK ), define

DF (u,w) = F(u)− F(w)−〈(u −w),∇F(w)〉.
We note that when F(u) := ∑K

k=1 uk(lnuk − 1), DF (u,w) = D(u,w). To remind us
of the preceding decomposition, we will use DF (u,w) instead of D(u,w) in the last two
lemmas. Different choices of F would lead to different “distance” functions and different
updates via (2) (for details, see, e.g., Cesa-Bianchi and Lugosi, 2006, Ch. 11).

LEMMA A.4. For ut ∈ SK , ηt and wt as in Algorithm 1 (t = 1, . . . ,T ),

T

∑
t=1

DF (ut ,wt )− DF (ut ,wt+1)

ηt
≤ 6

T α

η
[1+ ln(K/γ )]+ [ln(K/γ )+ K ]

T α

η

×
T

∑
t=1

|ut −ut+1|1.

Proof. To prove the lemma we need to find a telescoping sum. To this end

DF (ut ,wt )− DF (ut ,wt+1)

ηt
= DF (ut ,wt )− DF (ut+1,wt+1)

ηt

− DF (ut ,wt+1)− DF (ut+1,wt+1)

ηt

[adding and subtracting DF (ut+1,wt+1)]

= I+ II.

We shall deal with the sum over t of each term separately.

Sum over I.

T

∑
t=1

I = 1

η1
DF (u1,w1)− 1

ηT
DF (uT +1,wT +1)−

T −1

∑
t=1

DF (ut+1,wt+1)

(
1

ηt
− 1

ηt+1

)

= 1

η
DF (u1,w1)− T α

η
DF (uT +1,wT +1)−

T −1

∑
t=1

DF (ut+1,wt+1)
tα − (t +1)α

η

[by definition of ηt ]

≤ 1

η
DF (u1,w1)+ max

1≤t≤T −1
DF (ut+1,wt+1)

T −1

∑
t=1

(t +1)α − tα

η

[using the fact that DF is nonnegative]

https://doi.org/10.1017/S0266466609100105 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609100105


FORECAST COMBINATION 629

= 1

η
DF (u1,w1)+ max

1≤t≤T −1
DF (ut+1,wt+1)

T α

η

[because the sum telescopes]

≤ 2 max
1≤t≤T

DF (ut ,wt )
T α

η
.

Sum over II. By definition of DF ,

−DF (ut ,wt+1)+ DF (ut+1,wt+1) = F(ut+1)− F(ut )+〈(ut −ut+1),∇F(wt+1)〉.

Hence,

II = F(ut+1)− F(ut )

ηt
+ 〈(ut −ut+1),∇F(wt+1)〉

ηt

= IV+V.

Note that F(u) ∈ [0,−1] for u ∈ [0,1]. Hence, summing over IV,

T

∑
t=1

IV = −
T

∑
t=1

F(ut )− F(ut+1)

ηt

= − 1

η
F(u1)+ 1

ηT
F(uT +1)+

T −1

∑
t=1

F(ut+1)
tα − (t +1)α

η

≤ − 1

η
F(u1)+ max

1≤t≤T −1
[−F(ut+1)]

T −1

∑
t=1

(t +1)α − tα

η

[because F(u) is nonpositive]

≤ − 1

η
F(u1)+ max

1≤t≤T −1
[−F(ut+1)]

T α

η

[because the sum telescopes]

≤ 2 max
1≤t≤T

[−F(ut )]
T α

η
.

Moreover,

T

∑
t=1

V ≤ T α

η

T

∑
t=1

|〈(ut −ut+1),∇F(wt+1)〉|

≤ T α

η

T

∑
t=1

|ut −ut+1|1|∇F(wt+1)|∞.
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Hence

T

∑
t=1

DF (ut ,wt )− DF (ut ,wt+1)

ηt

≤ 2
T α

η
max

1≤t≤T
DF (ut ,wt )+2

T α

η
max

1≤t≤T
[−F(ut )]+ T α

η

T

∑
t=1

|〈(ut −ut+1),

∇F(wt+1)〉|

= 2
T α

η
max

1≤t≤T
(F(ut )− F(wt )−〈(ut −wt ),∇F(wt )〉)

+2
T α

η
max

1≤t≤T
[−F(ut )]+ T α

η

T

∑
t=1

|ut −ut+1|1|∇F(wt )|∞

[by definition of DF (ut ,wt )]

≤ 2
T α

η
max

1≤t≤T
〈(wt −ut ),∇F(wt )〉+2

T α

η
max

1≤t≤T
[−F(ut )]

+2
T α

η
max

1≤t≤T
[−F(wt )]+ T α

η

T

∑
t=1

|ut −ut+1|1|∇F(wt )|∞

=: VI.

Using Lemma A.5 (stated next) the preceding display is bounded by

VI ≤ 2
T α

η
ln(K/γ )+4

T α

η
[ln(K/γ )+1]+ [ln(K/γ )+ K ]

T α

η

T

∑
t=1

|ut −ut+1|1;

hence the result. n

Using the constraint G, we can derive the following bounds used previously.

LEMMA A.5. For F(u) := ∑K
k=1 uk(lnuk −1), u ∈ SK , and w ∈ G

〈(wt −ut ),∇F(wt )〉 ≤ ln(K/γ ),

|ut −ut+1|1|∇F(wt+1)|∞ ≤ [ln(K/γ )+ K ]|ut −ut+1|1,

and

F(ut ) ≤ ln(γ /K )−1.

https://doi.org/10.1017/S0266466609100105 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609100105


FORECAST COMBINATION 631

Proof. By direct calculation,

〈(wt −ut ),∇F(wt )〉 =
K

∑
k=1

(wtk −utk)[lnwtk + (K −1)]

=
K

∑
k=1

(wtk −utk) lnwtk

[because the coefficients add up to one]

≤ −
K

∑
k=1

utk lnwtk

[because the first term is negative]

≤ − ln(γ /K ),

using the constraint. Finally,

|ut −ut+1|1|∇F(wt+1)|∞ ≤ [− ln(γ /K )+ K −1]|ut −ut+1|1,

using the constraint. n

The following result is directly deduced from Theorem 2.3 in Cesa-Bianchi and
Lugosi (2006), assuming that the absolute value of the loss function l( y, p) is bounded by
a constant M .

LEMMA A.6. Suppose |l( y, p)| ≤ M for any y and p. Then, using Algorithm 2,

L(v)
t ≤ min

j∈{1,...,J } L( j)
T + T 1/2 M2

4
+2T 1/2 ln J.

Proof. From the proof of Theorem 2.3 in Cesa-Bianchi and Lugosi (2006), accounting
for the loss to be bounded by M rather than 1 (as in their proof), and using t−1/2 as learning
rate in their proof, deduce

L(v)
T ≤ min

j∈{1,...,J } L( j)
T + M2

8

T

∑
t=1

t−1/2 +2
T

∑
t=1

[
(t +1)1/2 − t1/2

]
ln J + ln J

≤ min
j∈{1,...,J } L( j)

T +2T 1/2 M2

8
+2
[
(T +1)1/2 −1

]
ln J + ln J

[bounding the first sum by 2T 1/2, whereas the second sum telescopes]

= min
j∈{1,...,J } L( j)

T + T 1/2 M2

4
+2T 1/2 ln J. n
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