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Abstract. A numerical time-stepping algorithm for differential or partial differential
equations is proposed that adaptively modifies the dimensionality of the underlying
modal basis expansion. Specifically, the method takes advantage of any underlying low-
dimensional manifolds or subspaces in the system by using dimensionality-reduction
techniques, such as the proper orthogonal decomposition, in order to adaptively rep-
resent the solution in the optimal basis modes. The method can provide significant
computational savings for systems where low-dimensional manifolds are present since
the reduction can lower the dimensionality of the underlying high-dimensional sys-
tem by orders of magnitude. A comparison of the computational efficiency and error
for this method are given showing the algorithm to be potentially of great value for
high-dimensional dynamical systems simulations, especially where slow-manifold dy-
namics are known to arise. The method is envisioned to automatically take advantage
of any potential computational saving associated with dimensionality-reduction, much
as adaptive time-steppers automatically take advantage of large step sizes whenever
possible.
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1. Introduction

Computation is ubiquitous across the physical, biological and engineering sciences, rev-
olutionizing many fields of study by allowing one to solve complex problems through algo-
rithmic/numerical methods. And with the continued and significant increase in computing
power for a fixed cost, even problems thought once to be intractable are now routinely
solved with high-performance computing architectures or even desktop/laptop computing.
The role of improved processor performance is unquestioned in helping to revolutionize
the impact of computational science. However, equally as important are the algorithmic
developments over the past few decades that have exploited any mathematical structure
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in the equations of interest to its full advantage. As an example, one needs only to consid-
er adaptive time-stepping algorithms that are applied to the solutions of differential and
partial differential equations. Such algorithms aim to take as large a time-step as possi-
ble while being constrained to some absolute or relative error measure. So prevalent are
these adaptive time-steppers that they are the standard, and expected, routines in most
high-level language packages such as MATLAB, Octave or Scipy. In a similar fashion, we
propose a simple and efficient adaptive time-stepping scheme where the dimensionality
of the underlying system is adapted in order to more efficiently solve a given differen-
tial or partial differential equation system. Although dimensionality reduction techniques
for ODEs and PDEs are well known (See [1, 2] and references therein), the method ad-
vocated here provides a new, natural framework for a fully adaptive, robust and general
time-stepping scheme which exploits optimal proper orthogonal decomposition (POD) ba-
sis modes whenever possible.

Dimensionality-reduction techniques, although around for more than a century [3–6],
have recently grown in importance for solving a wide range of physical problems. The
rise of such techniques often is related to the numerical discretization of PDE systems, for
instance, that can often yield a system of equations with millions or billions of degrees of
freedom (or more). Thus dimensionality reduction methods can form the underpinnings
of developing reduced-order models through projections such as the proper orthogonal
decomposition [1–9]. This manuscript aims to bring together well-known dimensionality
reduction and adaptive time-stepping schemes with the goal of producing an intuitively
appealing and natural, perhaps even obvious, time-stepping algorithm for differential and
partial differential equations that automatically takes advantage of any low-dimensional,
slow-manifold dynamics that exists in the system. Thus an adaptive time-stepping algo-
rithm is demonstrated where dimensionality reduction is exploited whenever possible in
an automated way. The basis of such a strategy is rooted in the vast literature on coher-
ent structures (low-dimensionality) that are observed to be prevalent in, for instance, PDE
systems across a broad range of the physical, biological and engineering sciences [16].
Indeed, some underlying low-dimensional and slow-manifold seems to be often exhibited
in the dynamics of high-dimensional dynamical systems.

Many other techniques have also been recently advocated with the aim of exploiting
some form of dimensionality reduction. In Schaeffer et al. [17] and Jokar et al. [18],
sparsity is exploited for minimizing the number of basis functions for evaluations of PDE.

By reducing or compressing the information needed to represent the solution at every
step, only the essential dynamics are represented. Thus the basis modes are not modi-
fied, they are simply turned on and off as necessary at each time-step. Alternatively, one
can capitalize on the newly developed dynamic mode decomposition (DMD) technique
which projects onto a lower modal basis and evolves the future state according to a lin-
ear set of differential equations [19]. Although dimensionality reduction is achieved, the
time-stepping equations are constrained to be linear. In yet another technique, an em-
pirical interpolation method (DEIM) [20, 21] provides a modification of the POD method
that reduces the complexity of evaluating the nonlinear terms of the reduced model to
a cost proportional to the number of reduced variables obtained by POD. However, no
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adaptive stepping is considered. A version of spatial or local adaptivity for reduced order
modeling has also recently been considered [22], but it enforces spatial dimensionality
reduction rather than any adaptive time-stepping. And in a similar fashion, gappy POD
has been considered as a means of using a small amount of data for efficient full state
reconstruction [23,24]. Further algorithmic innovations have also been used to adaptively
refine reduced-order models [25], potentially generate a set of internal variables to perfor-
m hyper-reduction of the complex system [26] and/or take larger time steps using online
model reduction [27].

More closely related to the present work is a recent adaptive selection method for s-
napshots in time that limits offine training costs by selecting snapshots according an error
control mechanism similar to that found in adaptive time-stepping ordinary differential
equation solvers [28]. Such adaptation strategies can also be used to efficiently approxi-
mate the dominant POD modes by recomputing updates with the addition of each snapshot
either potentially increasing or decreasing the dimensionality [29]. All the methods above
have a clear goal: for a given accuracy, improve computational efficiency and significantly
reduced computational time by exploiting the changing low-rank structure of the data or
simulation. The present technique advocated transforms to the guaranteed optimal ba-
sis (in an L2 sense) so that a thresholding does not have to be applied at each time-step
(unlike Ref. [17]). Further, nonlinear evolution is allowed and adaptivity is central to the
scheme unlike Refs. [19] and [21] respectively. Thus the method is demonstrated to be
a highly successful, stand-alone algorithm which potentially could integrate some of the
other techniques [17,19,21] to even greater effect.

The paper is outlined as follows. In the next section, the proper orthogonal decom-
position with Galerkin projection is outlined as it applies to high-dimensional dynamical
systems (in this case PDEs). Section 3 outlines the algorithm that takes advantage of the
low-dimensional projections found in Section 2. In particular, the methods used to go from
high-to-low and low-to-high dimensions are advocated. Section 4 demonstrates the suc-
cessful application of the adaptive dimensionality time-stepper with three example PDEs.
This is followed in Section 5 with an analysis of the computation time and error associated
with implementing the time-stepping scheme. The paper is concluded in Section 6 with an
overview and outlook for the proposed time-stepping scheme.

2. Proper orthogonal decomposition and Galerkin projection

High-dimensional dynamical systems, which are often derived from partial differential
equations, are typically beyond the reach of analytic methods and techniques for inform-
ing one of the underlying system dynamics. Computational methods, which yield high-
dimensional systems, are thus employed to explore the behavior of the system in time
and space as a function of the system parameters. But as is often the case, many high-
dimensional systems elicit low-dimensional dynamical behaviors [16] that can be better
understood using dimensionality-reduction methods [3–9].

One of the most important dimension reduction techniques is the proper orthogonal
decomposition (POD) [8] that is based upon the singular value decomposition [30]. It
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reduces the dimension of the system of interest by projecting the full system onto the
optimal (in an L2 sense [30]) set of basis functions determined from empirical and/or
computational data, where the computational data are snapshots of solutions of the PDE.
The basic idea of the POD method is as follows: given a set of data that lies in space of
dimension n, find a subspace of fixed dimension r, where r ≪ n, such that the error in the
projection onto the subspace is minimized.

For our purposes, and to illustrate the concept, consider a given PDE of the form

∂ A

∂ t
= N

�

x , t,
∂ A

∂ x
,
∂ 2A

∂ x2 , · · ·

�

, (2.1)

where N(·) is in general a non-constant coefficient, time-dependent, and nonlinear func-
tion of A(x , t) and its derivatives. Associated with Eq. (2.1) are also a set of boundary
conditions in x and an initial condition A(x , 0). Solutions to Eq. (2.1) can be computed
numerically by discretizing A(x , t) into a series of spatial locations at time t = t j so that
A(x , t j) → a j where a j = [a(x1, t j) a(x2, t j) · · · a(xn, t j)]. The discretized solution can
then be advanced in time using standard methods including spectral, finite-difference, or
finite element techniques, whichever is most appropriate for the given boundary conditions
and geometry. In numerically solving Eq. (2.1), solution trajectories of the n-dimensional
system in time are achieved. Our objective is to then arrange the numerical solution in a
data matrix that includes m snapshots of the system:

X=
�

a1, · · · , am

�

, (2.2)

where a j with j = 1,2, · · · , m determines the sampling of the solution at the prescribed
times t j .

Application of the singular value decomposition(SVD) to the data matrix A is guaran-
teed to yield the matrix decomposition

X= UΣV∗ =
�

φ1, · · · , φn

�


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. . .
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















v1,1 · · · v1,m
...

vm,1 · · · vm,m









, (2.3)

where the diagonal matrix Σ ∈ Rn×m can be used to determine the rank (or approximate
rank) of the data matrix and the matrices U ∈ Cn×n and V ∈ Cm×m contain the temporal
and spatial projections of the data respectively.

The column vectors of U, denoted by {φ j}
n
j=1, are called the POD basis modes. The

POD modes φ j are n-dimensional vectors. The length of the vectors is determined by
the spatial discretization of the original continuous PDE into a discrete set of n coupled
differential equations. They are arranged in order of importance in an L2 (energy) sense.
Thus the first mode φ1 accounts for the most “energy" in the data set X, the second mode
φ2 contains the next most “energy" content and so forth. Moreover, all the modes are
orthogonal so that their inner product satisfies the relation

〈φ i, φ j〉= φ
∗
iφ j = δi j , (2.4)
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where δi j is the Dirac delta function and the integration is performed over the entire x
range of the data set X. Note that under discretization, the integration becomes simply a
dot product, potentially weighted by a quadrature rule. In what follows, we use a simple
trapezoidal rule.

The critical observation of dimensionality reduction involves the so-called singular (di-
agonal) matrix Σ. It is this matrix that will determine the nature of the low-rank subspace
used in representing the dynamics contained in X. The energy of each mode is defined as

E j =
σ2

j
∑n

i=1σ
2
i

∈ [0,1] . (2.5)

By knowing the energy in each mode, and knowing they are ordered in importance from
j = 1 (most dominant) to j = n (least dominant), we can arbitrarily truncate the full n
dimensional space to a low-rank subspace of dimension r where r ≪ n. A guarantee of
the POD basis is that they represent the optimal truncation in an L2 sense. For instance,
one may decide to work with a low-rank modal approximation that captures 99.9% of the
energy, i.e.
∑r

j=1 E j < 0.999. Thus the rank r is determined by the arbitrarily imposed
energy constraint.

So far, we have computed the POD basis of the solution given from the data matrix
X. We can then construct reduced order models using Galerkin projection on to the low-
dimensional subspace using the truncated POD basis. We apply a Galerkin projection by
simply projecting the original vector field N(·) in Eq. (2.1) onto the desired r-dimensional
subspace spanned by {φ j}

r
j=1:

Ar(x , t) =
r
∑

j=1

b j(t)φ j . (2.6)

Substituting this approximation in to the governing equation (2.1), multiplying by φ∗k and
applying orthonormality generates the low-rank dynamic approximation

d bk

d t
=
D

φk, N
�

x , t,
∂ Ar

∂ x
,
∂ 2Ar

∂ x2
, · · ·
�E

(2.7)

for k = 1, · · · , r and where the bk(t) characterize the evolution of the system in the POD
bases φk. This resulting set of ODEs describes the evolution of the low-rank subspace sp-
anned by Ar(x , t). Provided r ≪ n, the reduced system is of a much lower dimension while
still capturing the dynamic features of the full PDE system. Such POD-Galerkin approxi-
mations have a variety of potential drawbacks, including the fact that the reduced order
models often exhibit numerical instabilities and fail to agree quantitatively with the full
PDE [2,31]. However, for parametrized systems, a suite of local ROMs can be constructed
to avoid the well-known numerical instabilities generated from a global model encompass-
ing many parameter regimes [2]. Moreover, Petrov-Galerkin time-stepping can be used
instead of POD-Galerkin which can greatly improve the stability of time-stepping schemes.
Regardless, simulating the future state of the system is much more efficient in this basis
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decomposition since there are r ODEs instead of n ODEs to simulate. The error of the
time-stepping will undoubtedly by determined by the truncation applied in determining
the rank r of the subspace used. Recent results on using the DEIMs method [21] can po-
tentially reduce the computation of the nonlinear terms and provide further computational
savings. It should also be noted that constraining the solution to the above low-rank ap-
proximation proves difficult to rigorously justify, with only a few analytic results achieved
to date [32]. Indeed, rigorous error estimates using dimensionality reduction techniques
are an area of ongoing and active research given its wide-spread application in almost all
branches of science.

This methodology, which we emphasize is fairly standard and well-known, has been
applied successfully for representing the time-evolution of high-dimensional dynamical
systems [7–9]. However, there is a clear disadvantage to this technique. Namely, once
the low-rank basis modes {φ j}

r
j=1 have been selected, they are fixed and are incapable of

representing “new" dynamics in the system, i.e. the modal basis set can only represent
dynamics that are captured in the data matrix X. So if there is a bifurcation parameter in
the system, or perhaps simply coefficients/parameters that evolve on slow time scales, the
POD basis selected will generically be unable to accurately predict the future state of the
system. In our method, this problem is circumvented by evaluating wether or not a new
low-rank approximation is needed to represent the dynamics. We adapt the basis in time
as required by the data matrix and subsequent sampling of the dynamics. The novelty of
this manuscript is in developing a technique and algorithm for adapting the modal basis in
order to provide highly-efficient computations of high-dimensional dynamical systems.

3. Adaptive rank-selection algorithm

The adaptive dimensionality stepping algorithm begins by considering the given partial
differential equation (2.1) that is discretized on a specified domain into an n-dimensional
system. The first step of the adaptive algorithm is to time-step the full, n-dimensional
PDE system for a prescribed time to obtain the solution data matrix X which samples the
solution over a prescribed time ∆t. Due to the fact that the POD approach doesn’t rely
on any prior knowledge of the process that generates the data, any appropriate numerical
method can be applied to the full PDE simulation, for instance, a spectral method or finite
difference scheme. As soon as enough simulation data has been obtained to construct the
data matrix X, a check is made to see whether or not it is possible to switch to a low dimen-
sional POD basis and solver. Typically this happens if the simulation has evolved onto the
low-dimensional (slow) manifold of the governing equations. If no reduction is possible,
then the full n-dimensional time-stepping algorithm continues to advance the solution in
time. It should be noted that switching between high-dimensional and low-dimensional
models is a current and active research area in the reduced order modeling community,
with some recent methods that are capable of efficiently using low-rank updates to aid in
the process [33].

We will introduce three approaches for testing for a potential reduction from the full
n-dimensional discretization to an r-dimensional POD approximation where r ≪ n. If the
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decision made by the algorithm is to switch to a low dimensional POD evolution, it will
compute the POD basis using a standard SVD decomposition. The initial condition used
for the POD expansion is computed using the projection of the last snapshot of the data
matrix X onto the POD basis. The time-stepping algorithm will then advance the solution
in the low-rank subspace of dimension r. Typically, this is the approach advocated when
implementing the POD bases [7–9]. However, for the time-stepping advocated here, it is
critical to check when the POD basis fails to properly encode, or represent, the dynamics
of the full system n-dimensional system. Thus it is also important to determine when
to go from the low-rank system back to the full-rank system in the simulation. In what
follows, two approaches are demonstrated which systematically check for the required
dimensionality-inflation procedure. Thus if a dimensionality-inflation is required, then the
time-stepping algorithm in the r-dimensional POD basis is recast back into the full n-
dimensional computational framework. Fig. 1 shows a flowchart of the adaptive POD
algorithm described above. By judiciously using dimensionality-reduction (rank r) and
-inflation (rank n), an efficient time-stepping algorithm is demonstrated that optimally
takes advantage of the low-dimensional behavior in the system whenever it is possible to
do so.

3.1. Dimensionality reduction: from rank n (high) to rank r (low)

The following subsections propose three different dimensionality reduction checks that
are capable of providing robust low-rank approximations to the governing equations. They
are presented in order of increasing computational complexity: from simple O (n) checks
to full O (n3), SVD based methods. Of course, one would use the simple scheme when
possible and resort to the SVD-based check only when necessary. The checking represents
an overall computational overhead for evaluating the future state of the system. Note that
the test need not be applied at every numerical time step δt, but rather at some fixed
interval of time ∆t. For instance, a time-stepper may require δt ∼ O (10−4) whereas a
dimensionality reduction test may be applied only every ∆t ∼ O (1). Thus the overhead
for evaluation is small relative to the computational time for simulation. Each test has a
different computational cost and can potentially give more or less information about the
rank of the evolution. For instance, in the SVD test proposed, it is the most computation-
ally expensive, but gives the most accurate quantification of the rank. The first test only
identifies steady-state solutions so is limited to a specific solution form. In practice, all
three tests can be applied in the order suggested, with the first test being the most rapid
to evaluate and the third test the most expensive. In each case, the test can potentially be
exploited for the adaptive dimensionality selection.

3.1.1. Test 1: Steady-state L2-norm test

The first test for dimensionality reduction is a low-cost method based upon an L2 norm test
of the solution. This approach works especially well for detecting steady state solutions.
Assume A(x , t) is the solution of the full PDE (2.1) in the subinterval t ∈ [tk, tk +∆t]
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Figure 1: Example flowchart for implementing the adaptive POD algorithm. In this case, a spectral
method using the fast Fourier transform is implemented so that the FFT represents the full simulation
of rank n. The POD solver is implemented using an r-rank approximation where r≪ n.

for some prescribed ∆t which is not the time-integration time-step (generally ∆t ≫ δt
where δt is the numerical time-step). If it is a steady state solution, then a simple check
for low-rank behavior can be obtained by considering the quantity:

en =





A(x , tk +
∆t
2
)− A(x , tk +∆t)







‖A(x , tk +∆t)‖
< ε (3.1)

for the given ∆t. For very small ε, in the range of numerical roundoff, this property
suggests a switch to the r-dimensional low-rank POD solver without any trouble since a
low-rank subspace (steady-state) solution has been reached. Of course, as will be shown,
the steady state solution can abruptly be made unstable if parameters in the governing
PDE are modified. This can lead to bifurcations or modification of the solution so that
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the POD modes selected are no longer good for approximating the solution. For such
parametrized systems, the steady-state tests gives a method for exploiting the temporary
low-rank dynamics using a simple r = 1 approximation.

3.1.2. Test 2: Center-of-mass test

Although the L2-Norm Test works perfectly well for stationary solutions, it fails to identify
low-rank, time-dependent solutions such as, for instance, breathers. Breather solutions,
which are common in nonlinear wave propagation problems, are typically characterized
by a localized solution which undergoes temporal oscillations [42]. Thus the breather
solutions, in dissipative systems for instance, have a limit cycle attractor. The limit cycle
itself is low-dimensional and a rank-truncated POD basis can be used to characterize it.
Since breather solutions are low dimensional, a low dimensional POD solver can be ap-
plied. However, many time-dependent, perhaps chaotic, solutions are not low-rank and
the low-dimensional POD solver is a poor choice for representing the solution. Thus it is
important to differentiate between low-rank breather-type solutions and more exotic, and
not low-rank, time-dependent solutions in the adaptive time-stepping method. To do this,
we introduce x̄ which is the center-of-mass defined as

x̄(t) =

∫

xA(x , t)d x
∫

A(x , t)d x
. (3.2)

For symmetric breather solutions, the value of x̄(t) is constant. Of course, just like Test
1, the center-of-mass test fails to capture low-rank solutions with symmetry or invariance
properties such as rotation or translation. However, the test can be modified and/or re-
designed for this as well [9,41].

For multi-pulse stationary solutions considered here, for instance, the center of mass
x̄(t) is also a constant. So in each subinterval, we can check whether the dynamics is low
dimensional by evaluating the center-of-mass function x̄(t). Assume we are working on
subinterval t ∈ [tk, tk +∆t] for a prescribed ∆t as before. The time shift indicator x̄shift

is defined in the following form:

x̄shift =
1

∆t

∫ tk+∆t

tk

�

� x̄(t)− x̄(tk +∆t)
�

�d t . (3.3)

If x̄shift is greater than a given threshold value ε, we can be confident that in the current
subinterval, it is not a simple steady-state of time-periodic solution. However, if x̄shift is
less than the prescribed threshold value of ε, a low rank POD solver can be applied to
obtain a more efficient computation of the solution in time. Like the first test, this is a
more computationally efficient test than a full SVD reduction.

3.1.3. Test 3: Number of SVD modes test

An SVD decomposition is the most robust, and costliest test, available for evaluating the
rank of the data matrix. Thus in addition to the two previous tests, both of which are
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numerically efficient to evaluate, we can compute the SVD of a given number of snapshots
of the data in the time interval t ∈ [tk, tk +∆t].

The SVD can be expensive to evaluate since discretization of the PDE yields an n-
dimensional system of differential equations. Of course, the evaluation of the SVD is only
performed occasionally in comparison to the numerical time-step δt. Moreover, an econ-
omy SVD can be performed which limits the computational cost of the algorithm by the
number of snapshots used. However, if one would wish to check continuously, then incre-
mental updating of the SVD could potentially be used [28, 34, 35]. Alternatively, for very
high-dimensional systems, one could also compute the SVD efficiently using randomized
techniques [36]. For this method, we evaluate the number of modes required to represent
a certain amount of energy in the data matrix X, say 99.999% of total energy. For steady
state and breather solutions, less then five modes are often sufficient to achieve this thresh-
old. For more exotic solutions, more modes may be required, but as long as they do not
increase the rank of the dynamics substantially, then computational savings can be estab-
lished. Utilizing the above strategy, the number-of-modes test can be used to classify the
current low-rank nature of the dynamics of the equation, ultimately leading to a switching
from full PDE simulations to a low dimensional POD solver.

In practice then, a simulation of the full PDE is performed over a given subinterval
t ∈ [tk, tk +∆t] to generate the data matrix X. Applying the SVD to this matrix yields
the singular matrix which allows for an evaluation of the low-rank nature of the data. If
the SVD shows the solution to be of sufficiently low-rank, as determined by the user, the
POD modal basis {φ j}

r
j=1 is chosen and the Galerkin projection (2.6) is used to time-step

forward into the future. This basis is used until it no longer is able to capture the correct
dynamics of the full PDE system.

3.2. Dimensionality inflation: from rank r (low) back to rank n (high)

This subsection is concerned with determining when the POD approximation breaks
down. In particular, it is fairly easy to understand when the solution has become low-rank,
and the previous section describes three techniques for doing so. Once a POD-Galerkin
projection has been applied, it is imperative to determine when one has to once again
return to the full, high-dimensional PDE computation. Two robust techniques are high-
lighted here. Note that unlike some of the dimensionality reduction methods used for
reducing rank, the tests used for determining when to return to the full state simulation
are computationally inexpensive in comparison to the costs of POD-Galerkin simulations.
Moreover, the tests need only be applied occasionally at every ∆t which is much larger
than the time-integration time-step δt.

3.2.1. Test 1: Auxiliary modes test

Assuming the first r modes {φ j}
r
j=1 from the full, high-dimensional PDE simulations con-

tain a prescribed amount of energy required to approximate the system with some preci-
sion, we can add m extra modes to the truncated POD basis and project the solution onto
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the combined r+m modes. This is called the extended basis. Note that similar methods of
extending the basis in ROMs has been applied for LES modeling of turbulent flows [37,38].

From our numerical experiments, we know that the m auxiliary modes should only
contain negligible amounts of energy beyond the truncation at r modes. Thus we can use
the energy content in these m auxiliary modes as a probe which can tell us if the low rank
POD solver works well for the current subinterval, or if it needs to be replaced by full PDE
simulation. More precisely, since the energy on the extra m modes are quite low (usually
less than 10−10 in our applications), adding them to the rank r truncated POD basis {φ j}

r
j=1

should not affect the accuracy of the solver. However, when the extended POD basis fails
to capture the dynamics of the system, the energy of these m auxiliary modes will grow
significantly. Thus a reliable test for checking for the necessity of switching to full PDE
simulation is provided by monitoring the energy on these m modes. Since it is not possible
to track the energy as defined in Eq. (2.5), we use instead the proxy energy metric:

E j =
b2

j (t)
∑r+m

i=1 b2
i (t)
∈ [0,1], (3.4)

where the b j are the POD coefficients obtained by Galerkin projection defined in Eq. (2.6).
These coefficients are easily tracked from the reduced order model constructed by POD-
Galerkin projection. Essentially, this definition of energy is equivalent to Eq. (2.5). How-
ever, it can be easily computed in our low dimensional POD solver. With this solver, the
energy in the m auxiliary modes can be easily evaluated. It is observed that when the
energy in the auxiliary modes grow, then the rank r POD projection no longer accurately
captures the full PDE dynamics and dimensionality inflation must be performed.

3.2.2. Test 2: Residual test

In addition to the auxiliary mode test, which is fairly simple and computationally efficient
to perform, there is a second obvious test for evaluating the appropriateness of the low-
rank POD approximation. This test, called the residual test, simple checks the to see if the
POD expansion satisfies the governing equations to some prescribed accuracy. Specifically,
the PDE satisfies (2.1). The residual of the PDE is defined as

R=
∂ Ar

∂ t
− N

�

x , t,
∂ Ar

∂ x
,
∂ 2Ar

∂ x2 , · · ·

�

, (3.5)

where Ar is the low-rank POD solution. Although the residual is not equivalent to the error,
it is a proxy for it. Thus intuitively, if the residual is greater than a specified tolerance, then
the numerical algorithm is considered to have failed in representing the PDE solution. In
contrast, if the residual remains bounded below some prescribed tolerance level, then the
low-rank POD projection is considered to be a successful representation of the full solution.
This second dimensionality inflation test is more computationally costly than the auxiliary
mode test, but it does provide a more concise measure of the error in approximating the
solution.
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4. Applications

To test the dimensionality reduction and inflation techniques advocated in the previous
section in an adaptive dimensionality numerical scheme, three example PDE systems will
be considered. Not only will a direct comparison be made between the full PDE and low-
rank POD projection, but an evaluation of the computational efficiency will be provided.
The methods advocated for going from high-to-low (reduction) and low-to-high (inflation)
dimensions are shown to be quite effective, thus supporting the idea of adaptive time-
stepping schemes based upon dimensionality.

4.1. Model 1: Cubic-quintic Ginzburg-Landau equation

One of the prototype models of mathematical physics is the cubic-quintic complex
Ginzburg-Landau equation (CQGLE). We will specifically consider this model in the context
of mode-locked laser theory so that [42]

i
∂ u

∂ z
+

D

2

∂ 2u

∂ t2 + γ|u|
2u− ν |u|4u

=i g(z)

�

1+τ
∂ 2

∂ t2

�

u− iδu+ iβ |u|2u− iµ|u|4u, (4.1)

where in the case of mode-locking, gain saturation is provided with the auxiliary equation

g(z) =
2g0

1+ 1
e0

∫∞

−∞
|u|2d t

. (4.2)

Here u(z, t) represents the complex envelope of the electric field in the frame of refer-
ence of a pulse propagating in a laser cavity. Thus the z variable represents the time-like
variable, which is the propagation distance, while t is the space-like variable representing
time ahead and behind the pulse. The dispersion coefficient D characterizes the chromatic
dispersion in the laser cavity which is positive for anomalous dispersion and negative for
normal dispersion. The cubic and quintic terms, both real and imaginary parts, represent
the nonlinear cavity effects arising from the saturating gain-loss in the cavity [43]. The
parameters g0 and e0 are the saturating gain and energy of the cavity while τ measures
the gain bandwidth. Linear cavity losses due to output coupling and attenuation are mod-
eled by the parameter δ. Periodic boundary conditions are assumed in the computational
scheme with a given non-zero (white-noise) initial condition. Such initial conditions are s-
tandard for modeling mode-locked lasers since laser cavities typically start with a cold start
whereby cavity noise seeds the initial pulse formation. However, since the mode-locked
solution is an attractor, a variety of other initial conditions can be used for reproducibility.
Most common among these is a Gaussian pulse centered in the computational domain.

In our numerical experiment, the parameters are taken to be the following: D = 0.4,
γ = 1, ν = 0.01, τ = 0.1, δ = 1, β = 0.3, µ = 0.02 and e0 = 1. Our bifurcation pa-
rameter is the gain parameter g0. Specifically, when the value of gain g0 is increased, the
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Figure 2: Waterfall plot of solution to the CQGLE obtained by the adaptive POD algorithm. The
simulation matches the full PDE simulation as demonstrated in the error analysis of Sec. 5. The red
region corresponds to the region where the full PDE solver is evoked by the algorithm while the blue
region corresponds to where the low dimensional POD solver is chosen. The time-dependent bifurcation
parameter g0 is illustrated at left.

stable pulse solution undergoes a multi-pulsing transition which is commonly observed in
mode-locking system [42]. This property allows us to test whether the adaptive POD algo-
rithm can capture the dynamics of PDEs when the parameter is changed and corresponding
change of dynamics occurs.

In our prototypical numerical experiment, we let g0 be a step function which is defined
as follows

g0(z) =







2.0 : z ∈ [0,1250),
5.5 : z ∈ [1250,2500),
0.8 : z ∈ [2500,3750),
3.24 : z ∈ [3750,5000].

(4.3)

In the initial time interval with g0 = 2 a one-pulse solution quickly forms. When g0 is
increased to 5.5, the solution bifurcates to a three-pulse solution. When g0 is decreased to
0.8, the one-pulse solution reforms (different than the original one-pulse). Finally, a two-
pulse solution is formed when we increase the gain value g0 to 3.24. The full PDE solution,
which represents the truth, is performed using a Fast Fourier Transform discretization in
the spatial domain in combination with a standard 4th-order Runge-Kutta time-stepping
scheme in time.

In implementing the adaptive POD algorithm, the low-dimensional (rank r) Galerkin
truncation for (4.1) must be computed. Following (2.4)-(2.7) leads to the low-rank system:

d bk

dz
=

�

iD

2
+ g(z)τ

�

D
r
∑

j=1

b jφ
′′
j , φk

E

+ (β + iγ)
D
�

�

�

r
∑

j=1

b jφ j

�

�

�

2 r
∑

j=1

b jφ j , φk

E

− (µ+ iν)
D
�

�

�

r
∑

j=1

b jφ j

�

�

�

4 r
∑

j=1

b jφ j , φk

E

+ (g(z)− δ)
D

r
∑

j=1

b jφ j , φk

E

, k = 1, · · · , r, (4.4)
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where the 〈· , ·〉 denotes the inner product. Under discretization, the inner product is
simply a dot product for the vectors. This prescribes the equations of motion once a di-
mensionality reduction test has been performed and a low-rank approximation has been
determined to be suitable. The flowchart in Fig. 1 outlines the algorithm that is now imple-
mented for solving (4.1). Fig. 2 shows the effectiveness of the adaptive POD solution to the
CQGLE with the time-dependent g0 values given by (4.3). The red regions denote where
the full PDE system is implemented while the blue regions are the dimensionality reduced
areas. The dominance of the blue regions ensures a significant computational savings.

4.2. Model 2: Waveguide array mode-locking

A second example model considered is that of a system of coupled partial differential
equations. Much like the CQGLE example, the application context is in the arena of optical
mode-locking. The waveguide array mode-locking (WGAML) model describes the pulse
formation and stabilization process in a optical fiber system where saturable absorption if
provided by nonlinear, evanescent mode coupling in a waveguide array. Included in the
laser cavity is a saturating, bandwidth limited gain which is provided by erbium doped
fiber amplification. As with the CQGLE model, the multi-pulsing transition phenomenon
is observed. The following equations model the prototypical dynamics of the waveguide
array mode-locked laser system [39,40]:

i
∂ A0

∂ z
+

D

2

∂ 2A0

∂ t2 + β |A0|
2A0− i g(z)

�

1+τ
∂ 2

∂ t2

�

A0 + iγ0A0+ CA1 = 0, (4.5a)

i
∂ A1

∂ z
+ c(A0 + A2) + iγ1A1 = 0, (4.5b)

i
∂ A2

∂ z
+ cA1 + iγ2A2 = 0, (4.5c)

where the saturating gain (L2 energy control) is given by

g(z) =
2g0

1+ ‖A0‖2/e0
. (4.6)

Here A0, A1, A2 are the envelope of the electric field in waveguides 0, 1, 2 respectively,
and ‖A0‖

2 =
∫

|A0|
2d t where the limits of integration are over the entire computational

domain. Note that the z variable is the time-like variable while t is the space-like vari-
able for this system. This is consistent with optics coordinates which are written in the
frame-of-reference of the propagating pulse. Saturating gain is only provided to the cen-
tral waveguide 0. Thus the evolution equation for A0 is affected by the gain bandwith
τ and gain strength/saturation parameter g0 and e0. The normalized parameters in the
WGAML are as following: D represent the strength and type of chromatic dispersion, β is
the strength of the Kerr nonlinearity, τ is the bandwidth of the gain, γ j is the linear loss
in the jth waveguide and C is the strength of coupling between adjacent waveguide. In
our numerical experiment the parameters above are chosen to be: D = 1, β = 8, C = 5,
γ0 = 0, γ1 = 0, γ2 = 10, τ = 0.1, e0 = 1.
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Figure 3: Waterfall plot of solution to the WGAML obtained by the adaptive POD algorithm. The
simulation matches the full PDE simulation as demonstrated in the error analysis of Sec. 5. The red
region corresponds to the region where the full PDE solver is evoked by the algorithm while the blue
region corresponds to where the low dimensional POD solver is chosen. The time-dependent bifurcation
parameter g0 is illustrated at left. Note that in the approximate region where t ∈ [1000, 1600], the
numerical solution produces low-amplitude, radiation waves which propagate in the cavity. the amplitude
is low-enough not to be discernable on the displayed scale of |A0 ∈ [0, 2].

The gain parameter g0 is allowed to be varied and is the bifurcation parameter in the
experiment. Single-pulse mode locking, breathers, chaotic and multi-pulse solutions can
all be obtained as the value of g0 is varied [39,40]. In order to test whether the adaptive
method is able to handle the transition between different types of dynamics, we let g0 to
be the step function:

g0(z) =







3.5 : z ∈ [0,1000),
0.6 : z ∈ [1000,1500),
2.3 : z ∈ [1500,2000),
4.3 : z ∈ [2000,5000].

(4.7)

For these parameters, the dynamics first exhibits a stable two pulse mode-locking scenario.
Upon decreasing the gain to g0 = 0.6, a low amplitude one-pulse solution if formed. Rais-
ing the gain to g0 = 2.3 produces a high-amplitude one-pulse mode locking solution that
bifurcates to a three-pulse solution immediately after g0 is increased to 4.3. By Applying
the adaptive POD algorithm to WGAML, we generate the same dynamics as that observed
in the full PDE simulation (See Fig. 3).

4.3. Model 3: Two-dimensional cubic-quintic Ginzburg-Landau equation

As a final example, we consider the two-dimensional CQGLE (2D-CQGLE) proposed to
model cavity soliton formation [44]. The model is essentially a two-dimensional general-
ization of the CQGLE already considered. However, the physical role of temporal disper-
sion is replaced by spatial diffraction. The 2D-CQGLE describes the time evolution of cavity
solitons confined in the transverse spatial dimensions of a transverse laser cavity [44]:

i
∂ u

∂ t
+

D

2
∇2u+ γ|u|2u− ν |u|4u = iRu, (4.8)
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where∇2 = ∂ 2
x + ∂

2
y is the two dimensional Laplacian operator in the transverse plane and

R is the dissipation operator defined as

R= g(t)(1+τ∇2)− δ+ β |u|2−µ|u|4 (4.9)

with the saturating gain given by

g(t) =
2g0

1+ ‖u‖2/e0
. (4.10)

Here u(x , y, t) represents the averaged complex electric field envelope in the cavity and
is dependent on time t and the spatial transverse variables x and y. The parameter D
denotes the averaged diffraction coefficient and is positive (negative) for systems with
positive (negative) refractive index. The parameters γ and ν are the cubic and quintic
self-phase modulation terms respectively that are created by the combined effect of the
nonlinear crystal and the saturable quantum well. The gain g(t) depends on the input
pump strength g0 and the total cavity energy given by ‖u‖2 =

∫∞

−∞

∫∞

−∞
|u|2d xd y which

is parametrized by the saturating energy e0. Additionally, the bandwidth of the gain is
limited, only allowing certain spatial frequencies to be amplified. The range of admissible
frequencies is controlled by the bandwidth parameter τ. The parameter δ characterizes
the total loss of the laser while β describes the intensity discrimination in the laser. The
quintic loss term associated with µ saturates the cubic gain term in order to prevent the
soliton solution from blowing up.

The soliton solutions supported by the equation are determined by the supplied am-
plification, which can be controlled by the pumping strength g0 or the saturating energy
e0. In the numerical experiments, the saturating energy e0 is fixed. Thus the gain level
can be controlled by g0 completely. More energy is injected to the laser cavity when g0

is increased resulting in the solution bifurcating from a single-pulse solution to a double-
pulse solution, for instance. Further increasing g0 can generate steady-state three-pulse
and four-pulse solutions as well. In the numerical experiments that follow, the equation
parameters are set to the following: D = 0.5, γ = 1.5, ν = 0.08, e0 = 1, τ = 0.1, δ = 1,
β = 0.8 and µ = 0.5. The time dependent bifurcation parameter g0 is chosen to be the
following step function:

g0 =

¨

1.45 : t ∈ [0,4500),
3.6 : t ∈ [4500,9000).

(4.11)

The increase in the gain assures that the solution bifurcates from a single localized cavity
soliton to two localized cavity solitons in the transverse field.

The adaptive POD time-stepper applied to the 2D-CQGLE yields the same results as
the full PDE simulations of (4.8). Fig. 4 shows a topographical view of the dynamics at
different time points as the system undergoes a dynamical state change. Additionally, the
bottom panel demonstrates when the system solves the full PDE system (shaded region)
versus using a dimensionally reduced bases. The adaptive solver switches between the
full PDE solver and the low dimensional solver automatically when appropriate, i.e, in
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Figure 4: Dynamic evolution of the 2D-CQGLE obtained by using the adaptive POD algorithm. The
solution matches the evolution of the full PDE solution (See Sec. 5). As the time dependent bifurcation
parameter g0 is increased, the solution dynamically evolves from a one cavity soliton to a two cavity
soliton solution. The bottom panel indicates the changes in the bifurcation parameter as a function of
time. In this bottom panel the shaded region corresponds to the region where the full PDE solver is
evoked by the algorithm while the unshaded (white) region corresponds to where the low dimensional
POD solver is chosen.

the transition region between the one-pulse and two-pulse region. The dimensionality
reduction in this case is exceptionally efficient for solving the governing 2D-CQGLE as the
2D discretization yields an O (n2) system of ODEs unlike the O (n) system in one dimension.

5. Computation efficiency and error analysis

Two standard criteria are used to evaluate the adaptive dimensionality time-stepping
scheme: the computational efficiency and its accuracy. Since the truncated POD basis
approximates well the full PDE solution with only a few modes, the potential for computa-
tional improvement is significant since the time-stepping can now be performed with only
a few modes of an ODE solver. In what follows, an assessment will be made of the compu-
tational time and error of the scheme applied to the three examples of the last section.
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Table 1: CQGLE CPU time. For the low-rank POD approximation, the computation time includes
testing for low-rank structure and performing the SVD to extract POD modes.

method CPU time
FFT 2.5282e+ 3

POD 1mode 2.4556e+ 1
POD 2modes 6.4933e+ 1
POD 3modes 1.1852e+ 2
POD 8modes 1.5765e+ 2

POD 16modes 2.8070e+ 2
POD 32modes 4.7241e+ 3
POD 64modes 1.4457e+ 4
POD 128modes 4.3655e+ 4

5.1. Computational time

Since the adaptive dimensionality time-stepping algorithm switches between the full
PDE simulation and the low dimensional POD solver automatically, the complexity of the
algorithm is difficult to evaluate directly. However, the complexity of the low dimensional
POD solver can be studied in order to evaluate the potential computational savings.

In this evaluation, the CQGLE (model 1) is chosen as the test problem. The model is
solved as previously using a PDE simulation based upon spectral techniques (Fast Fourier
Transform) in interval propagation interval Z ∈ [0,50] for a fixed g0 supporting a single
pulse. The spatial domain T ∈ [−20,20] is discretized into n= 512 Fourier modes with an
initial condition u(0, t) = sech(t). After the sample (or truth) solution in the interval Z ∈
[0,50] is obtained, the POD algorithm is applied to solve the equation for the propagation
interval Z ∈ [50,2000]. The computation time of the POD solutions are then compared
with that of solution computed by full PDE simulation and the results are showed in the
Table 1. The table shows that if 16 modes are kept in the POD algorithm, it only cost 10%
of the computation time compared with full PDE simulation. As the modes are increased,
the POD algorithm can become more costly as there is the extra cost of computing inner
products of the POD modes etc. However, 16 modes are shown to be more than enough
modes to ensure that the dominant error arises from the Runge-Kutta stepper itself (error
of 10−6). In fact, in most cases, by keeping only 8 modes in the POD solver, an accuracy of
10−7 can be achieved. Thus the 512 modes are swapped out for an 8 mode representation.
This represents a significant, order-of-magnitude computational savings.

We further considered the adaptive POD algorithm applied to all three models present-
ed in the previous section: the CQGLE, WGAML and 2D-CQGLE. The computation times of
the adaptive method was compared with that of full PDE simulations. For CQGLE, the prop-
agation interval was Z ∈ [0,5000] (using ∆Z = 0.2) with spatial domain T ∈ [−20,20]
and n = 1024 Fourier modes and initial conditions u(0, t) = sech(t). For the WGAML
model, the propagation interval was Z ∈ [0,4000] with spatial domain T ∈ [−10,10]
and n = 512 Fourier modes with initial conditions A0(0, t) = sech(t), A1(0, t) = 0 and
A2(0, t) = 0. For the 2D-CQGLE, the time interval t ∈ [0,9000] with transverse domain
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Table 2: CPU Time: Adaptive POD vs FFT.

CQGLE (n= 1024) WGAML (n= 512) 2D-CQGLE (nx = ny = 512)
FFT 1.2786e+ 4 1.5407e + 4 1.6347e+ 5

Adaptive POD 1.0864e+ 3 5.2564e + 3 7.0931e+ 4

Table 3: Computation Time distribution for adaptive POD method. The sum of the computational
times (columns) for the various components is given in the second row of Table 2.

CQGLE WGAML 2D-CQGLE
FFT 8.9206e+ 2 4.0525e+ 3 6.5742e+ 4
POD 1.9407e+ 2 1.2031e+ 3 5.1846e+ 3
Test 1.0700e− 2 3.3051e− 1 1.3216e+ 0
SVD 3.2981e− 1 4.9317e− 1 3.1109e+ 0

[x , y] ∈ [−20,20]× [−20,20] with n= 512 Fourier mode discretization in each direction
and initial conditions u(0, x , y) = exp(−x2/4− y2/4)/2. A computation time comparison
using dimensionality reduction for these three prototype models is shown in Table 2. As is
evident, the adaptive POD solver significantly reduces the computation time, typically by
an order of magnitude for the same accuracy. In addition, we also tracked the computation
time required of each part of the adaptive POD method, which is listed in Table 3. The SVD
decomposition and switching test only takes a very small amount of time suggesting that
the algorithm is efficient.

5.2. Error analysis

To assess the error of the adaptive dimensionality time-stepping algorithm, simulations
are compared directly to highly resolved PDE simulations. To demonstrate this in concrete
terms, the solution of the CQGLE is sampled in the interval Z ∈ [0,50] and the SVD is
applied to the sample solution to generate the POD modes. A rank r = 1,2,3,8,16,32 and
64 POD mode reduction is considered. The relative error of these reductions is defined as

e(t) = max
t∈[0,50]





|uPOD(t)| − |uF F T (t)|






∞

‖uF F T (t)‖∞
. (5.1)

The error for the dimensionality reductions are showed in Table 4. Note the rapid conver-
gence of the low dimensional POD solver when the number of modes is increased.

6. Conclusions

Dimensionality reduction methods are becoming common place for analyzing and as-
sessing the dynamics and evolution of high-dimensional dynamical systems arising in the
engineering, biological and physical sciences. This is due, in large part, to the very high-
dimensional nature of such systems when solved using computational discretization meth-
ods. And although algorithms are often readily available for time-stepping, the sheer size of
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Table 4: Convergence of low dimensional POD solver.

Tol 1mode 2 modes 3 modes 8 modes 16 modes 32 modes 64 modes
10−5 2.7× 10−3 2.7× 10−3 3.7× 10−7 1.4× 10−7 1.4× 10−7 1.4× 10−7 1.4× 10−7

10−16 2.7× 10−3 6.4× 10−6 3.7× 10−7 1.2× 10−7 1.3× 10−7 2.7× 10−7 3.9× 10−7

the resulting discretization renders such computational solutions inefficient and extremely
costly. Ultimately, such techniques highlight the need for data analysis methods applied to
the underlying dynamical systems.

Our objective in this manuscript is to consider efficient time-stepping algorithms and
schemes for solving seemingly high-dimensional dynamical systems. The critical observa-
tion is that high-dimensional dynamical systems almost always exhibit dynamical evolu-
tions that occur on low-dimensional manifolds, thus suggesting that if this manifold can
be found, the dynamics would then have a natural basis on which to evolve. Moreover, the
high-dimensional simulation (of dimension n) that occurs on the discretized basis reduces
to simulation on the low-dimensional manifold (or rank r). The computational savings
are readily apparent since r ≪ n. Much like adaptive time-stepping algorithms which take
as large a step as possible while preserving a prescribed accuracy, we demonstrate that
an adaptive dimensionality algorithm allows for a greatly improved efficiency in solving a
number of example PDEs, often performing computations an order or magnitude quicker
than their standard discretization counterpart. Such computational savings should clearly
be taken advantage of in any time-stepping scheme and we provide a number of robust
example methods for performing the required dimensionality reduction and inflation asso-
ciated with our proposed algorithm.

The adaptive dimensionality for time-stepping has many connections to the existing re-
duced order modeling (ROM) literature [2]. Indeed, the ROM literature suggests a number
of additional advantages that can be exploited, as well as a number of cautionary tales that
one must be mindful of. As for cautionary tales, the ROMs community has long understood
that a POD-Galerkin projected model can often by unstable [2, 31]. This is problematic,
but not necessarily relevant for the adaptive time-stepping suggested here. Specifically,
the goal of the algorithm is to use cheap computational checks to see if lower-rank ap-
proximations can be used. If such low-rank approximations cannot be exploited, then the
computation simply proceeds as normal. Often in ROMs, one must by necessity commit to
and construct the ROM in order to even enable the computation. No such commitment to
a ROM is required of the proposed method. Indeed, if a poor ROM model is constructed,
then the algorithm quickly continues with the full-state simulation. If however adjusting
the dimension to a low-rank system can be accomplished, then there are a number of in-
novations in the ROM community that can be used to enhance the reduction procedure.
Namely, sparse (gappy) sampling of the state space for interpolating the nonlinear terms
required for the subspace projection. Sparsity has been established as a critically enabling
mathematical framework for model reduction through methods such as gappy POD [23]
and its variants [2]. Indeed, efficiently managing the computation of the nonlinearity was
recognized early on in the ROMs community, and a variety of techniques where proposed
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to accomplish the task. The empirical interpolation method (EIM) [20] and one of its suc-
cessful variants, the POD-tailored discrete empirical interpolation method (DEIM) [21],
have provided a greedy algorithm that allows for nearly optimal reconstructions of nonlin-
ear terms of the original high-dimensional system. Thus low-rank models can be build in
a computationally efficient manner.

Given the demonstrated success of the method, some outstanding issues still remain.
In particular, the method is limited to dynamical systems that exhibit slow manifold dy-
namics that act as attractors to the system. If the dynamics does not have such underlying
structure, then low-rank approximations generally do not hold. The method also fails dur-
ing transient dynamical responses. Finally, if there are low-rank, slow manifolds that are
subject to invariances such as translation or rotation, the method as shown here fails to
capture the low rank structure. However, the algorithm can be easily modified to handle
such invariances [41]
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