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THE INFORMATION BOUND
OF A DYNAMIC PANEL LOGIT
MODEL WITH FIXED EFFECTS

JINYONG HAHN
Brown University

In this paper| calculate the semiparametric information bound in two dynamic
panel data logit models with individual specific effedts such a model without

any other regressarg is well known that the conditional maximum likelihood
estimator yields a/n-consistent estimatom the case where the model includes
strictly exogenous continuous regressatenoré and Kyriazido200Q Econo-
metrica68, 839—874 suggest a consistent estimator whose rate of convergence is
slower than+/n. Information bounds calculated in this paper suggest that the
conditional maximum likelihood estimator ot efficient for models without any
other regressor and thafn-consistent estimation is infeasible in more general
models

. INTRODUCTION

Discrete choice models may be the most widely investigated among a general
class of nonlinear model$n the panel contexit is often of interest to allow
for individual effects to avoid the potential omitted variable bi&then the
distribution of individual effects is allowed to depend in an arbitrary way on a
set of strictly exogenous regressdfixed effects approaghthe problem be-
comes a semiparametric proble@onsistent antbr efficient estimation of the
parametric component in discrete choice panel models with fixed effects in this
semiparametric context is not completely understoodajeiough there exist a
few well-known identification resultd=or exampleamong the class of panel
data models where all the regressors are strictly exogeMarski(1987) shows
that identification is possible if one of the regressors has the entire real line as
the supportwhereas Chamberlaifl992 has shown that identification is in-
feasible except in the logit model if the support of the regressors is bounded
Chamberlain1993 also discusses the condition under which identification fails
in the case where the set of regressors includes a lagged dependent variable
and only two discrete dependent variables are obse(Vesd 2).

In this paper| examine whether the insight of Chamberl&i®93 general-
izes to theT = 3 case by considering panel logit models where the set of ex-
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planatory variables includes a one period lagged dependent vafiaBlection 2

| consider the case where the lagged dependent variable is the only explanatory
variable It is well known that the conditional maximum likelihodeCMLE)
estimator is\'n-consistent for such a modedee Andersei1970 and Cham-
berlain(1989. It is suggested that the conditional maximum likelihood estima-
tor is not semiparametrically efficient by showing that the semiparametric
asymptotic variance bound is strictly smaller than the asymptotic variance of
the CMLE?! In Section 31 consider an extended model whose regressors in-
clude time dummigsand | argue that/n-consistent estimation is infeasible by
showing that the semiparametric information bound is singutgue that such
result suggests that substantial improvement over the Honoré and Kyriazidou
(2000 estimator is unlikely

2. BASIC MODEL

In this section | consider a simple dynamic panel logit model with fixed ef-
fects and examine whether the CMLE is semiparametrically effictéonsider
the model where

Priyi, = 1lu] = %,
i T Y
Priyi, = 1lu, izl = 1.?_X(§)((l;(u- f);;):l)’
exp(u; + BYi»)

Priyiz = 1[u;, Yis, Yi2] = 1)

1+ exp(u; + Byi2)’
wherey;; denotes binary dependent variables andenotes fixed effectd as-
sume that the distribution af is nonparametrically specified argue that the
asymptotic variance of the CMLE is strictly larger than the asymptotic vari-
ance bound fop. This suggests that the CMLE it efficient in the semipara-
metric senseAlthough it is well known that the CMLE is/n-consistentthe
finding that potentially there exists an additional source of information is new
to my knowledge

2.1. Conditional Maximum Likelihood Estimation

| first discuss very briefly, how the CMLE of Andersen1970 is imple-
mented It is easy to see that the conditional density(gf, yi1) = (1,0) given

(Vi Yi1 + ¥i2) = (1,1) equals

exp(B)

1+ exp(B)’ @
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Let
Wz{l it (Yiz, yir) = (1,0)
Yo i (VoY) = (0,2)

where 1-) denotes the standard indicator functi@iven independent and iden-
tically distributed (i.i.d.) observations(yis, ¥i», Vi1) i = 1,...,n, the CMLE

A=1y,+Y1=Ly3=1),

maximizes
n exp(p) 1
i=21Ai~[wi log Trend exp B) +(1—w)log Tr o8 exp(ﬁ)]

- -,zlAi [w; B — log(1 + exp(B))].

It is straightforward to show that the CMLE ign-consistent and asymptoti-
cally normal Therefore the information forg is nonzero

2.2. Main Result

Now, | argue that the CMLE isiot semiparametrically efficienNote that the
density LB of (ys, Y», y1) is equal to

pr(yS’ y2’ yl;v’ B)f(l)) dU,

where

exply;-v) exp(ys-(v+ B-y1) explys: (v + B-Y,))
1+explv) 1+explv+ B8y 1+explv+B-y,)

PB(Ya, Y2, Y150, B) =

=exp(y;+ V) (v —In(1+e**A) + In(1 + ev))

+ Y3 + Yo B8Y1 + Y38y, — 3In(1+ eY)] (3

denotes the density @fys, ¥», Y1) givenu = v andf(-) denotes the density af
(I omit thei subscript whenever obvioys

Observe thatys, ¥, + y1) is sufficient foru as can be seen if8). Such an
observation suggests that the nonparametric tangent space takes the form

T8 ={E[k(u)|ys,y> + y1]: E[k(u)] = O},

which is formally established by Lemma 1 in the Appendigt

dlogL® _ [ 310g9pP°(Ys, Y2, Y1i U, B)

(8=
B B

Y3, Y2, Y1] .
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The efficient score fop is the residual® when ¢® is projected on the non-
parametric tangent spade®:

{8 = ¢B — Projl¢B|TB].

Here Proj[ -|7 ] denotes the projectiofin theL, sens¢on some arbitrary space

7. The asymptotic variance bound fgris then equal tqE[(€®)?]) 1.2
Observe that7 B is a subset of the sefy of zero-mean square-integrable

functions of(ys, y» + y1). Letting C® denote the orthogonal complementDf

in 7o, we may write Prdj¢8|7y] = Proj[¢B|7 B] + Proj[¢B|CB]. BecauseTy is

the space of zero-mean square-integrable functionsygfy, + y;), we also

have

Projl€®|7o] = E[€®]ys, ¥, + V1],

from which we obtain

E[€®lya, Yo + Y1l = Projl¢®|7 ®] + Proj[¢®|C®] (4)
and

f8 = (¢B—E[€B|ys, ¥, + y4]) + Proj¢B|CB].

Observe that¢® — Proj £B|7,]) and Prof[¢B|CB] are orthogonal to each other
by constructionlt follows that

E[(€®)?] = E[(€® — E[€®]ys, Y, + ya])?] + E[(Projf ¢®|C®])?].

It is not difficult to show that the asymptotic variance of CMLE is equal to
(E[(€B — E[€B|ys, yo + yi 2D L. If E[(Proj¢B|CB])?] > 0, then the asymp-
totic variance bound would be strictly smaller than the asymptotic variance of
CMLE. Therefore the CMLE would be semiparametrically efficient if and
only if

E[(Projl¢®|c®])?] = O. (5)

Comparing(4) and(5), we can conclude that CMLE is semiparametrically ef-
ficient if and only if

E[€®|ys, ¥, +y1] = Proj¢®|T®].

Obviously this would happen if and only if there exists sorKéu) with
E[K(u)] = 0 such that

E[€B]ys, Yo + Y1l = E[K(W)|ya, Yo + Y]

| establish that it imot the case
THEOREM 1 There does not exist any(K) with E[K(u)] = 0 such that
E[€®]ys, ¥o + y1] = E[K(U)]ys, Y2+ y1] a.e.
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Although Theorem 1 seems to suggest that the CMLE is semiparametrically
inefficient, it is not yet clear whether there indeed exists an additional source
of information | do not yet know how to construct an estimator with asymp-
totic variance smaller than that of CMLE could simply be due to my inabil-
ity, or it could be due to a more fundamental probldRitov and Bickel(1990
found that there are cases where semiparametric efficiency bounds are totally
misleading It is not yet clear whether the modgl) belongs to such patholog-
ical cases

2.3. Proof of Theorem 1

| will tentatively suppose that there exi¢gu) such that

E[K(w] =0, E[K(U)|ys, Y2+ Y1l =E[€®B]ys, ¥5 + 1]
O(Ys, Y2+ Y1) (6)

and then obtain a contradiction

2.3.1. Intuition. Write z= exp(u) andb = exp(3) for convenienceUsing
Bayes’ theoremit can be established that the conditiBhK (u)|ys, y» + y1] =
E[€B|ys, ¥, + Y1] is equivalent to

by2+Y3Zy1+Y2+Y3 :| _E |: apB(ys,yz,yl;U,B)]
(L4 2)3 V2 Ye. (1 + bz)a+Y2 Y B ’

whereE,[ - ] denotes the expectation taken with respeat keeping(ys, Y-, Y1)
fixed.® Observe that6) in fact consists of seven restrictions including six equa-
tions from every possible combination ©fs, y» + y1). It is shown subsequently
that the expressiofE,[K(u)-bY2"Ysz¥1™¥2tYs/((1 + z)3%17%2). (1 + bz)Yr1¥2)]

on the left-hand sidéLHS) of (7) can be written as a linear combination of six
expectationE[K(u)z%/(1 + 2)3(1 + b2)?],...,E[K(u)z/(1 + 2)%(1 + b2)?],
andE[K(u)/(1+ 2)%(1 + b2)?].

The proof is based on the observation tf@tconsists of seven linear restric-
tions involving only six “parameters” and the intuition that a system of linear
equations usually does not have any solution if the number of parameters is
smaller than that of the equatians

E,|K(u)- (7)

2.3.2. First Step: Alternative Characterization of (6). will first provide
an alternative characterization @). Without loss of generalitywe may re-
parametrizeK (u) such thatk (u) = (1 + 2)3(1 + b2)?g(2).* Equation(6) can
now be written as

b2.E[g(2)2z°] + (2b + 3b?)-E[g(2)z*] + (1 + 6b + 3b?)-E[g(2)2%]
+ (3+6b+b?)-E[g(2)z?]+ (3+ 2b)-E[g(2)z] + E[g(2)] =0 (8)
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TABLE 1. Alternative characterization gb)

(0,00 b2 E[g(2)z%] + 2b-E[g(2)z] + E[g(2)] = 0
(0,1) b-E[g(2)z%]+ (1+ b)-E[g(2)z%] + E[g(2)z] = —E[bz%(1 + b2)?(1 + 2)?]
(0,2) E[g(22*] + 2-E[9(2)Z®] + E[9(2)z?] = E[2%/(1 + b2)*(1 + 2)]
— E[2bZ%/(1 + b2)3(1 + 2)]
(1,0) b2 E[g(2)z%] + 2b-E[g(2)z?] + E[g(2)z] =0
(11) b-E[g(2)z*] + (1 + b)-E[g(2)2%] + E[9(2)2?]
=Db/(1+ b)E[z%(1+ bz)(1+ 2)?] — E[bZ%(1 + bz)?(1 + 2)?]
(12 E[9(2)z°] + 2-E[9(2)z*] + E[9(2)2%] = E[z¥(1 + b2)?(1 + 2)]
— E[2bz%(1 + b2)3(1 + 2)]

Note: The first column denotes the six possible combinationsyafy; + y»). The equalities in the second col-
umn are obtained by applying the expressi@hto each combinatian

and

aP®(Ys, Yo, Y1:U, B)
B

O(Ys, Y2 + Y1) 9)

Table 1 provides a concrete summary(6f for every(ys,y, + y;) combina-
tion. It is convenient to rewrite equatiof8) and the six equalities in matrix
notations as

Eu[by2+y32y1+y2+)’3(1 +2) y1*Y2(1 + bZ)Z*Y1*yzg(u)] = Eu|:

OBy =r8 (10)
where
So = (El9(2)z°],E[9(2)z*],...,E[9(2)z], E[9(2)]) (11)

andQB andrB are appropriate ¥ 6 and 7x 1 matrices

2.3.3. Second Step: Contradictionl now show that equatio10) cannot
hold, thereby obtaining a contradictioBecauseN® is a 7X 6 matrix the rows
of OB cannot be linearly independert can be shown thét

(1,—1,-2,—b,—1,—-1—b,—b?) 0B =0,
which, along withQBsy = r B, implies that
(1L,-1,-2,—b,—~1,—1—b,—b?)r8 = 0.
But, in fact, we have

b?z3
(1,—1,—2,—b,—1,—1—b,—b2)rB = E[m] > 0.

We therefore have a contradiction n
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3. TIME DUMMIES

In this section| consider a model with time dummiges

exp(u)
1+ exp(u)’

exp(u + vy, + By,)
1+ exp(u+ vy, + By;)’

exp(u + ys; + BY»)
1+ exp(u+ y3+ BY,)’

| show that the partial information bound for the time dependence parameter is
equal to zero

It is not clear whethep is identified or not| could not find any identifica-
tion result in the literaturd could not formally derive iteither Even thenthe
semiparametric information bound calculation for this case is interesting be-
cause of its implication with models with strictly exogenous variatitemoré
and Kyriazidou(2000 recently considered a model of the form

exp(u + By;—1 + ¥'X)
1+ exp(u+ By + v'%x)’

Prly, = 1ju] =

Priy, =1luy,]=

Priys = 1|u,y., Y, = (12)

Pr[yt = 1|U9X19---,XT7yl""’ylfl] =

where(X, ..., xr) denotes the set of strictly exogenous variabBssed on the
intuition that the CMLE is applicable to the set whdre = x3}, they devel-
oped a consistent estimator f8r Not surprisingly the rate of convergence of
their estimator is slower thaxln if the set{x, = x5} has probability zerolt is
therefore of interest to examine if more information is available from the set
{X5 # X3}. The result in this section suggests that the informationsfes con-
centrated on the s€k, = x3}. It is shown subsequently that if the true values
of y, andvy; are different from each othgahe partial information fog is equal

to zera It follows that the partial information foB in the set{y'x, # y'x3} is
zerg and thereforgsubstantial improvement over the Honoré and Kyriazidou
(2000 estimator is unlikely

3.1. Main Result
Note that the density.P of (yi, v, y5) is equal to

JD(YL Y2, Y350, B, V2, v3) - T (v) do,

where
p(yl’ Y2, y3;U’ B’ Y2, 73)

_ explyiv) explyy (v+vya+B-y1) explys (v+ys+B-Y,))
1+explv) 1+expv+y,+ By 1+expv+ ys+ B-y,)

(13)
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andf(-) denotes the density af. By the same arguments as in the previous
section we obtain

dlog LP [dlogp ]

tB="—"5 ~E|75p |¥e¥|
dlog LP 9logp ]

1€|23 = =E yl’y2’ y3 ’
972 | 972 ]

dlog LP dlogp ]
9= =E Y1, Y2, Y3
dy3 i Y3 |

and the nonparametric tangent space

T° ={E[k(W]Yy1, Y2, ys]: E[k(w)] = O}.

The efficient score for3 is the residual wher(€¢g,€2,€2) is projected on
the nonparametric tangent spadeet €7, {2, €2 denote the residuals when
€g,€2,¢5 are projected on the nonparametric tangent sggate The partial
information forg can then be written as mjp,, E[(£5 + 6,- 0% + 65-5)%].7

THEOREM 2 Assume thaty, # 0,y3 # 0,y, # y3. Then, there exists a
distribution of u such that the semiparametric information bound3fis zero®
Here, (y,,v3) and the distribution of u refer to the true value ©f,, y3) and
the distribution of u.

Theorem 2 does not rule out the possibility that there may exist a distribu-
tion of u such that the semiparametric information bound is positivieich
seems to imply that there may exista-consistent estimator for some distri-
bution of u. Without identification of the fixed effects distributionit seems
impossible to make a case-by-case judgment of the particular data generating
process faced~or all practical purpose§heorem 2 implies that there cannot
exist avn-consistent estimatofhe semiparametric information bound as de-
fined in Bickel KlaassenRitov, and Wellner(1993, e.g., is computed at the
true distribution and thereforethe bound in Theorem 2 refers to the one
computed at the true distribution of On the other handa statement that
some estimator is/n-consistent would be usually understood as the statement
that the estimator converges at the speed/nffor any arbitrary distribution
of u. Such semantic convention suggests that the “semiparametric informa-
tion bound” in this case be defined as the infimum of semiparametric informa-
tion boundswhere the infimum is taken with respect to the distributiorudf
If the semiparametric information bound and the rate of consistency are under-
stood in such practical termheorem 2 implies that there cannot exist a
\/n-consistent estimator
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3.2. Proof of Theorem 2

The information bound would be equal to zero if there existed some real num-
bers6,, andf; such that

3.2.1. Intuition. Because’p + 6,-{2 + 65- £ is the residual of the projec-
tion of €5 + 6,-€2 + 65-€2 on T °, we would have(14) if

€5 + 0,03 + 05-€3 = E[K(U)]y1, Y2, Y]

almost everywheta.e., for every(ys, ¥, y3) combinationt® Using Bayes’ theo-
rem we may rewrite the preceding equality as

ap p p
E, + 0y — + 03— | = Ey[k(U)-p(y1, Y2, Y354, B, ¥2,¥3)]. (15)
B Yy Y3
For conveniencelet g(-) be defined such tha(u) = g(z)(1 + z)(1 + c2) X
(1+ dz(1 + bcza)(1 + bdz), where | writec = exp(y,), d = exp(ys), z =
exp(u). We can then writé15) as

Eu[g(z)(l + Z)(l + CZ)(]- + dZ)(l + bCZ) (1 + bdz)p(yb y2’ y3;U, B’ Y2, VS)]

| P, P g P ) (16)

- aB 2° (9’}/2 3" 873 Y1 y2’y3 .
Subsequently it is shown that the LHS (@f6) can be written as a linear com-
bination of six expectation&€[K(u)z%/(1 + 2)3(1 + b2)?],...,E[K(u)z/
(14 2)3(1+ b2)?], andE[K(u)/(1 + 2)3(1 + b2)?]. The proof is based on the
observation thatl16) consists of eight linear equations involving eight “param-
eters” includingé,, 63, and the six expectations and on the intuition that such
system of linear equations usually has a solution

3.2.2. First Step: Alternative Characterization of (16)With some tedious
algebrait can be shown thatl6) holds if and only if the eight equalities sum-
marized in Table 2 holdlt is convenient to rewrite the eight equalities in ma-
trix notation as

EPsy = E,[PR] + 6,-E,[P2] + 65-E,[PS], (17)

whereEP, P2, P2, PP are appropriate & 6, 8 X 1, 8 X 1, 8 X 1 matrices' and
sq is as defined in(11).

3.2.3. Second Step: Solving f@h, 63). | will first solve for row vectorsa
satisfying equality

AED = (18)
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TABLE 2. Alternative characterization qfi6)

(0,0,0) cb?d-E,[z%g(2)] + (db + cb)-Eu[zg(2)] + Eu[g9(2)]
= Eu[ap(070307 u, B’ Y2, ’Ys)/aﬁ] + 92' Eu[ap(()’oa Oa u, B’ Y2, 73)/372]
+ 03' Eu[ap(070707 u, B? Y2, 73)/373]
(0,0,1) d?ch? Ey[z%9(2)] + (d2b + cdb)-E,[z%g(2)] + d-Eu[zg(2)]
= Eu[ap(07ovl7 u, B7 Y2, 73)/83] + 02' Eu[ap(0707l7 u, B7 Y2, '}’3)/372]
+ 63-Eu[0p(0,0,1;u, B, v2,v3)/dYs]
(0,1,0) c?db-E,[z3g(2)] + (c?b + cd)-E,[2%9(2)] + c-Eu[zg(2)]
= Eu[ap(07 1707 u, B? Y2, ')/3)/(")[%] + 02' Eu[ap(o’l,O, u, B? Y2, ’)’3)/372]
+ 03' Eu [ap(07 1707 u, B’ Y2, 73)/873]
(0,1,1) c?d?b?-E,[z%g(2)] + (dc?b? + cd?b)-E,[z3g(z)] + cdb-E,[z%g(2)]
= Eu[ap(O, 1,13 u, Ba Y2, 73)/3[3] + 02' Eu[ap(oa 1a1a u, B’ Y2, 73)/372]
+ 03' Eu[ap(07 171’ u, B’ Y2, 73)/873]
(1,0,0) cdb-E [2%g(2)] + (db + ¢)-Eu[2?g(2)] + Eu[zg(2)]
= Ey[0p(L,0,0;u, B, v2,¥3)/9B] + 62-Ey[dp(L,0,0;u, B, y2, ¥3)/dy2]
+ 03' Eu[ap(170707 u, B! Y2, 73)/373]
(1,0,1) cd?b-Ey[z%g(2)] + (d?b + cd)-E,[z3%9(z)] + d-E,[z%g(2)]
= E,[0p(1,0,1;u, B, v2,v3)/0B] + 62-Ey[0p(1,0,1;u, B, v2,v3)/dy2]
+ 63' Eu[ap(l,O,l; u7 B’ Y2, '}’3)/873]
(1,1,0) c?db-E [z%g(2)] + (cdb+ c?b)-E,[z3g(2)] + cb-Eu[2%g(2)]
= Eu[ap(lvlvoy u, B3 Y2, 73)/8B] + 92' Eu[ap(l, 15 09 u, B’ Y2, 73)/872]
+ 03-Eu[0p(L,1,0;u, B, v2,v3)/0v3]
(1,1,1) c2d?b?-E,[2%g(2)] + (d?cb? + dc?b?)-Ey[z%g(2)] + cb?d-E,[z39(2)]
= Eu[op(LLL;u, B,v2,73)/0B] + 62-Eu[0p(1,1,1;u, B, v2,v3)/dy2]
+ 03' Eu[ap(L 1717 u, B’ Y2, 73)/673]

Note: The first column denotes the eight possible combinationsyafys, ys).

Lemma 2 in the Appendix shows that there are two linearly independent row
vectors solving(18), say AT and AD. Let AP = ((AD),(A2)")’. Premultiplying
(17) by AP, we obtain

APE[PR] + {\ADEY[PZD]/\ADE[PE],] {az} =0.

v
2x1 2x1 03

Lemma 3 in the Appendix shows that there exists a distribution with den-
sity bounded away from zero on an open intergaly O, such that the < 2
matrix [APE[P2], APE[P2]] is nonsingular Therefore (17) is satisfied by
(05,03) = (65,65), where

[Zﬂ = —[APE[PP], APE[PP]] *APE[PS].
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It remains to show thatl?) is satisfied for somg. Lemma 6 in the Appen-
dix establishes that suahexists ifu has a continuous distribution with density
bounded away from zero on an open interval |

4. SUMMARY

In this paper| considered two dynamic panel logit models with fixed effects
for T = 3. It was suggested that CMLE is not semiparametrically efficient when
the model does not include any time dummiksvas also shown that the semi-
parametric information bound is equal to zero when the model includes time
dummies Both results are restrictive because they are concerned only with
T = 3 casesl do not yet know how they may generalize To> 3 casesal-
though the proof methodology employed in this paper suggests that such gen-
eralization would involve very technical arguments

NOTES

1. In the previous version of this papérincorrectly stated that the CMLE is semiparametri-
cally efficient

2. See e.g., Bickel et al (1993 for more complete discussion of the semiparametric effi-
ciency bound

3. Ey[-]is an integral with respect to thearginal distribution ofu, whereasE [ -|ys, Y2, y1] is
an integral with respect to theonditionaldistribution ofu. Evaluation of both sides of the expres-
sion (9) becomes substantially easier with the introduction of the notajdn].

4. By writing K(u) = (1 + 2)3(1 + b2)?g(2), it becomes substantially easier to recognize that
the expressiorE,[K (u)bY2™Y¥szY1™¥2ts/((1 + 2)37Y17Y2(1 + bz)¥1*¥2)] on the LHS of(7) can be
written as a linear combination of six expectatidpK (u)z%/(1 + 2)3(1 + b2)?],...,E[K(u)z/
(1+ 2)%(1+ bz)?], andE[K(u)/(1 + 2)3(1 + bz)?].

5. See Definitions 1 and 2 in the Appendix

6. The vector(1,—1,—2,—b,—1,—1 — b,—b?)’ can be found as a kernel of the transpose
of OB,

7. See Chamberlaifil986 for a variational characterization of the partial semiparametric in-
formation bound

8. The assumption that, # 0,y3 # 0, andy, # y3 is harmlessAfter all, if y, = y3 = 0, we
get back to the basic mod€l). The assumption that, # ys is also harmlesdf y, = y3, then we
may use the CMLE approach adopted by Honoré and Kyriaz{@600.

9. Chamberlain(1992 implicitly relies on such definition of the information bound

10. If such@’s exist the zero mean restriction dais automatically satisfied because

E[K(W)] = E[€8] + 0,-E[€D] + 65-E[€2]= 0+ 0,-0+ 65-0= 0.

11 See Definitions 3—6
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TECHNICAL APPENDIX

A.1. Notation.

Definition 1.
(b? 2b+3b%? 1+6b+3b2 3+6b+b? 3+2b 1
0 0 0 b? 2b 1
0 0 b 1+b 1 0
0B=|0 1 2 1 0 0 .
0 0 b? 2b 1 0
0 b 1+b 1 0 0
0l 2 1 0 0 G
Definition 2.
0 0 0

—E[ bz? }
(1+ b2?(1+z)?

E[ z2 ] B E[ 2bz® ]
(1+b2)2(1+2) 1+ b2)3(1+2)
0

b E[ z2 ]—E[ bz3 ]
1+b | (1+bz(1+2)? (1+b2)?(1+z)?

E[ z® ] B E[ 2bz* ]
O (1+b2%(1+2) 1+b231+2) O
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Definition 3.
g o 0 0 cbh?d db+cb 1p
0 0 d?cb? d?b + cdb d 0
0 0 c2db b+ cd c 0
0 c2d?p? dc?b? + cd?b cdb 0 0
=D = .
- 0 0 cdb do+ ¢ 1 0
0 cd?b d?b + cd d 0 0
0 c2db cdb+ c?b ch 0 0
[2d%0?  d2ch? + dc?b? cb?d 0 0 oo
Definition 4.
O 0
0
z2dcb
(14 2)(1+ zc)(1+ zdb?
( z%cd bz%cd? > b
1+2(1+2z0@+zdh (1+2)(1+z0)(1+ zdh?
pD = z%ch
g = _
(1+ 2)(1+ zch?(1+ zd)
z%dcb
(1+ 2)(1+ zch?(1+ zd)
< z%c z%c%b z%dch
(1+2((1+zch(1+zdh (1+2)(1+zch?L+zdh (1+ 2)(1+ zch(1+ zdb?
z%dcb z%c?b?d z%cb?d?

o

Definition 5.
O _ zc 0
(1+2)(1+ zc0)2(1 + zd)
z2dc

(
g

z z%c
((1+ 2)(1+ zc)(1+ zdb - (1+2)(1+z02(1+ zdb))c

((1+ 2(1+2z0(1+zdb  (1+2)(1+ z02(1+ zdb

T (1+ 201+ z92(1 + zd)

z2db z3cdb >
c

z%ch

T (1+2)(1+ zcH?(1+ zd)
z%cdb

T (1+2)(1+ zcH2(1 + zd)

z2b z3ch? >
(1+2(1+2ch(1+2zdy  (1+2)(1+ zeb2(1+ zdp )€

z3p2%d B z*cb3d >
(1+2)(1+zch(1+zdh (14 2)(1+ zch?(1 + zdb C|:|
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Definition 6.

0 B zd 0
1+ 2)(1+ zo)(1+ zd)?

( z B z%d )d
A+2A+z0(1+zd) (1+2)(1+zo)(1+ zd)?
z2dcb
" (1+2)(1+ 201+ zdb?
z%cb z8cdl?
<(1+ 2)(1+ zc)(1+ zdb a 1+2(1+z0(1+ zdl32)
z2d
S (1+2)(1+zeh(1+ zd)?

z? z%d
<(1+ 2(1+zch(1+zd) (1+2)(1+zch(1+ zd)2> d
z3cb?d
" (1+2)(1+ zeh (1 + zdb?

< z3ch? - z*cb3d ) g
O\(1+2)(1+zch(1+zdy (A+2z)(1+zch(A+zdh?/) O

A.2. Lemmas.
LEMMA 1. The nonparametric tangent space of the model (1) is equal to

T® ={E[k(U)|ys, ¥, + y1]: E[k(u)] = O}.

Proof. Consider a one-dimensional parametric subfarhily ¢) of the density ofu
indexed by such thaff (-,{y) = f(-). Then the density ofys, y», y1) of the parametric
submodel is given by

‘CB(B’g) = pr(yS’ y2’ yl;vvﬁ)f(v7§) dv'

Observe that

9log LB fk(v)'pB(Y3’Y2, y1;0, B) f(v) dv

o

= E[k(U)|y3, Y2, ¥11,

e pr(ya,yz,yl;v,B)f(v) dv
where

d
k(v) = & |ng(v,§)|g=go-
(For a more rigorous justification of the second equabie e.g., Bickel et al, 1993
Proposition A5.5.) Therefore it easily follows that the nonparametric tangent space is

equal to7 B = {E[k(u)|ys, Yo, Y1]: E[k(u)] = 0}. The conclusion follows from the ob-
servation thatys, y, + y;) is sufficient foru as can be seen if3). u
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LEMMA 2. If —c + db # 0, then a solution x to (18) is an element of the subspace

spanned by
4o ( c(—d+c) _d(cb—c) _cb(—c+d) _db(—d+c) )
! d(—c + db) —c+db —c+db —c+db
and
2 = <0 _b(—d+c) _d(—cb+ db) _cb(db—d) _db(—c+ d) O)
—c+db —c+db —c+db —c+db

If —c +db= 0, then it is an element of the subspace spanned by

D_ _ —eb—c &
Alobllocbcbo

and
b b
)\2=0—(—:001—b10.
LEMMA 3. There exists a distribution of u with density bounded away from zero on
an open interval such that the>2 2 matrix[ APE[P2], A°PE[P2]] is nonsingular.
Proof. The proof is based on inspection of the determinanmputed by MAPLE
Suppose first that-c¢ + db # 0, in which case we can show using Lemma 2 that
[ c2db(—d + ¢)(b — 1)m,
—c+db
cdb(b2d? — c2b + cdb— cd)m,
| —c+db
0 c2d?p?(—d+c)m, cdb(c?b—cdb—d%b+c?)m; [
—c+db —c+db
cb(cdb+ d2b — ¢? — 2cd+ d?)m,
+ +c
—c+db
d3b%c2(b—1)m, N cb?d?(d+c)(b—1)my; cd?b(b—1)m,
O —c+db —c+db —c+db O

APE[PR] =

c2d?b?m, + + cdbmy,

APE[PP] =

and

O c?d?b?(—d+c)m, . cb?d(2c + d)(—d + c)mg O
—c+db —c+db
B c(b?d? — ¢?b — 2cdb+ d2b + cd)m, N c(—d+c)m;
—c+db —c+db
c?d?b?(—d +c)m, cdb(cb?d — 2d?b — cdb+ c2b + cd)m,
~ —c+db —c+db
db(-d+c)(cb+c+dbm, db(-d+c)m,
0 N —c+db ~ —c+db O

APE[PE] =

where
m; = m;(b,c,d), j=12,34
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and

Val
m (b, ¢,d) = E[ 1+ 21+ c)(1+d2)(1+bca(1+ bdz)]' A1)

Therefore such@’s exist if the matrix| APE[P2], APE[P21]] is nonsingularlt can be
shown that the determinant pAPE[P2], APE[P2]] is equal to—cdby(—c + db)-AP,
whereAP equals
bmZc® — bd®m2 — d?m, m; — b2d®m3 + b?m3c® + ¢c2mym, + cm@ — dm?

— b2d*c?m,m; — b2d“*cm, m, — b2d*mym, — b?d*cm3 — 4b%d3cm, m,

— 2b2d3m2c? — b2d3c?m, m, — 2b2d?m3c + b2d2c*m, m; + 3b2d2c3m, m,

+ b2dc?m3 + b2dmy c?m, + b2dc*m, m, + 4b%2dm,c3m;, + b2dm2c*

+ b2m,c*m, — bd3cm, m, — 2bd3cm, m; — bd®c?m, m, — bd®m;m,

— 2bd?m,m, + bd?mZc3 — 3bd2cm; m; + 2bdc®m3 + bdmyc?m, + bdc3m,m;

+ 2bdm,c3m; + bc®m; mg + 2bc?m; m, — b3d“*c3mz — 2b3d“*c?m, m,

— b3d*cmé — b3d3®m3c? — b3d3cm, m; + b3d3c*m2 — b3d3c?m, m,

+ 2b3d?m2c3 + 2b3d?c*m,m; + b3dm, c3m; + b3dm2c? — d?m3c

+ dmgc?m,, (A.2)
which is nonzero for some distribution aofas shown in Lemma.4Ne therefore have
(17) satisfied for some, and6s, say 6;(b,c,d) andé;(b,c,d).

Now consider the case where

—c+db=0.

We can then show that the same argument repeats for

0O -b 1 1 0 —-cb-c = O
AP =
b b
0 e 0 0 1 -b 1 0
cG(b+1m
APE[PD] = c“m4+—b ® + c2m,
B1= ,
—c2(b—1)m,
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[APE[P2], APE[P2]]

c*b+1m, c3(b?+3b+1)m; c?(b+1)°m c*m,
(b+Dm, | X Jmy b+, ——— —c3(b+2)m;— c3(b+2)m,— cm,
_ b b b
c®m, +c?(b+1)m; +cm, —cm, —c?(2b+1)my — c(b+2)m, — m,

and the determinant ¢fA°E[P2], APE[P2]] equal to—c/b times
cmym; + ¢2mym; + ¢3m, m; + 3¢2m2b + 3¢2m3b? + 3c*m2b + 4c*m3b?
+ ¢*mzb® + 2¢*m,m, + c®m2Zb + 3c*m,bm, + c*m,b?m, + c®m, m,
+ 3¢®m,bm; + 2¢®m, b%m; + 6¢3m,b%m, + 2¢3m;b3m, + m2b + 2¢2m3
+ ¢*m2 + ¢2m2b® + 3¢®mym, + 7¢3mgbm, + 3cm,bmy + 2cm, b?m;
+ 3c?mgbm, + 2c2m;b?m, + ¢3m,bm,.

As before we can show that there exists a distributioruafith density bounded away
from zero on an open interval such that this determinant is nonzero n

LEMMA 4. There exists a distribution of z with density bounded away from zero on
an open interval such that (A.2) is nonzero.

Proof. The proof is based on the intuition that z is supported on a very small
interval aroundk with density proportional to the denominator

(1+2)(1+c2(1+d2(@d+ bczg(1+ bd2

in the definition(A.1) of m;, then the determinant can be approximated by a polynomial
function h(x) wheremy’s in (A.2) are replaced by!’s. The polynomial function ir is
obviously nonzero Lebesgue almost everywhared there would exist ar such that
h(x) # 0.
Substitutingm; = xJ in (A.2), we obtain(d — c)x? times

h(x) = d3b3c3x® + d?b2c?(c + d)(2b + 1)-x°

+ dbc(2¢?b + ¢?b? + 5cdb+ cd + 3cb?d + 2d?b + d?b?)-x*

+ b(c+ d)(c?b + 4cdb+ 3cd + cb?d + d?b)-x3

+ (2¢?b + ¢?b? + 5cdb+ cd + 3cb?d + 2d?b + d?b?)-x?

+(c+d)(2b+1)-x

+ 1

Becauséh(0) = 1 andh(co) = o0, and becaush(-) is continuous on0,00), we can find
someo # 0 andx* > 0 such thah(x*) = o.
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Consider now a density afthat is proportional to
1+2)(1+cz(1+dz(1+ bcz(1+ bdz

on(x* — g, X* + ¢), and zero elsewherd&lote that

(x".8) = C )_1f zi(1+2)(1+ c2(1+ d2)(1+ bca)(1 + bd2)
M) = e ) e ie (1+2)(1+ c2(1+ d2)(1+ bca)(1+ bd2)

= C(s)’lf zidz,
(X" —g,x"+¢)
where
C(e) =f (1+2(1+c2(1+d2(1+bc(1+ bdzdz
(x*—g,x"+&)
Observe that
. 1
lim % C(e) = (1+ x")(A+ cx*)(1+ dx*)(1+ bex*) (1 + bdx*)
s—0 LE
and
1 . )
m — zldz= (x*)L
e=0 28 J(x*— e, x"+e)

It therefore follows that

1 )
lim — z'dz
=—0 2¢ (X" —e,x"+¢&)

li ! C(e)
m —
sI%O 2¢e €

lim m(x%e) =
£—0

(x*)
1+ x*)(A+ cx*)(L+ dx*)(1+ bex™) (1 + bdx*)”

Now, substitutem; = m;(x* ) in (A.2), and take the limit ag — 0. It is quite easy to
see that the limit equalgl — ¢)(x*)? times

h(x*)
[(1+x*)(1+ cx*)(1+ dx*)(1+ bex*) (1 + bdx*)]?’

which is nonzeroTherefore there existse > 0 sufficiently small such thatA.2) is
nonzero [ |
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LEMMA 5. For any open interval, there exist a subdet,...,zs} C Z and some
& > 0 such that the determinant of tiexX 6 matrix

D 1 Z,te l Zyte 1 Zste 1 Zgte I:I
— z°dz — z°dz —f z°dz — z5dz
2¢ z—¢ 2¢ Z,—e 2¢ z5—¢ 2¢ Zg—e

1 z+e 1 Z,+e 1 Z5+e 1 zg+e
— z4dz — z4dz — z4dz — z4dz
2¢ z—¢ 2g z,—e 2¢ z5—¢ 2g zg—e

1 z,+e 1 Zy+e 1 Z5+e 1 Zg+e

— zdz — zdz — zdz — zdz
2e 73— 2e z,—e 2e 25— 2g zg—&

1 fZl‘FSld 1 IZZ‘FE 1d 1 f25+81d 1 fze+s 1d
— z — z — z — z
O 2g Z,—& 2¢ Z,—& 2g Zs—& 2¢ Zg—& O

is nonzero.

Proof. There exists a subsét, ..., zs} C Z such that the determinant of thexX66

matrix

(22 25 25 23 z2 Z2]
z? z3 z§ zy 2 Z
2 B 2B 2 2
72 72 72 72 72 Z2
2. 2, 23 2, Zs Zg

1 1 1 1 1 1

is nonzeroThis is because for any sfty, ..., zs} C Z with distinct elementsthe deter-

minant regarded as a real valued functioregfs polynomial inzg and is equal to zero

for only a finite number of values afs. By continuity, the determinant would be non-

zero even if everyk, j) element is replaced byl/2¢) fzfif: z57%dzfor ¢ > 0 near zero
|

LEMMA 6. Assume that the density of u is bounded away from zero in an open in-
terval. Then, there exists some g such that

EPsy = E,[PR1+ 65-E,[PR]+ 65-E,[PD].

Proof. Let Y denote a 6xX 8 matrix with full row rank the six rows of which are
orthogonal tox; and A,. Multiplying both sides of(17) by Y, we obtain

YEs, = Y(E[PZ]+ 65-E[P2] + 65-E[P2]).
BecauseY'E is nonsingular by constructiomve should have
sq= (YE) 'Y(E[PZ]+ 65-E[P2] + 65-E[PD]). (A.3)
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Let ¢(z) denote the density afthat is bounded away from zero on an open inteal
Let(z, —&,z1 + ¢),...,(zZs — €, 25 + €) denote some collection of nonoverlapping open
intervals contained ir0. By Lemma 5 we can choos&,,..., zs and ¢ such that the
matrix S with

1 sz+s 6 kd
n== 2% kdz
S(KJ) 2¢ _

ZjS

is nonsingularHerg Sy j) denotes thek, j) element ofS
It is now shown thag(-) defined by

Wz —e<z<z+e)

satisfies(A.3) for some choice ofv,,...,ws. (Herg 1(-) is the usual indicator function
Note that we should have

6 1 zj+
E[g(Z)zk]:Zvvj-fo

Zje

& 6
z87%dz= > Sy )W,
i=1

and thereforewe may writesg = Sw wherew = (w,...,Wg)'. If we take
w =S {(YE) Y (E[PR]+ 65-E[PP] + 63-E[PP]),

the g(-) would satisfy(A.3). |
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