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Answering a question of Bang-Jensen and Thomassen [4], we prove that the minimum
feedback arc set problem is NP-hard for tournaments.

A feedback arc set (Fas) in a digraph D = (V,A) is a set F of arcs such that D\ F is
acyclic. The size of a minimum feedback arc set of D is denoted by MFas(D). A classical
result of Lawler and Karp [5] asserts that finding a minimum feedback arc set in a
digraph is NP-hard. Bang-Jensen and Thomassen [4] conjectured that finding a minimum
FAS in a tournament is also NP-hard. A very close answer was given by Ailon, Charikar
and Newman in [1], where they prove that the problem is NP-hard under randomized
reductions. Our approach is similar, but the reduction we use is simpler and therefore easily
derandomized via parity-check matrices (see Alon and Spencer [3, p. 255]). Finally we
prove that the minimum FAS for tournaments is polynomially equivalent to the minimum
FAS for digraphs, and thus NP-hard.

The following lemma is just Chebyshev inequality applied to the parity matrix of
subset-intersection.

Lemma 1. Let z be an integer. We denote by A the 2° x 27 matrix whose rows and columns
are indexed by the subsets Fi of {1,...,z} (in any order) and whose entries are a;j =
(=1)EOE - For any subset J of r columns, we have

Za,-j < 22\/;
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Proof. Observe that 7 | ajai, = 0 when p # q. Indeed, if F, # F,, there are exactly
2771 subsets F; for which |F;N(F,AF,)| is even (or equivalently a;, = a;;). Now, by
Cauchy—Schwarz,

Z \ZJSJ al]| \/Z (Zz:zjej az]) \/Zz‘zzl(zlze] ip ‘;2 Zp%qej Clzparq) _ \/; |

i=1

Lemma 2. Let z be any positive integer divisible by three. Let k =27 and let A be the
k x k matrix introduced in Lemma 1. Let B = (b;;) be the matrix obtained from A by an
arbitrary permutation of the columns. Define q; as follows:

'—max{ p=12,.. k}

Proof.  Define the integers | = k*3? and s = k'/3. For all i = 1,2,...,k and j = 1,2,.
we let ¢/ |Z —(- 1,+1 biy|. By Lemma 1 we have Y%, ¢/ k\[ for all j=1,2,.
Therefore SF 1 Yool <ksy I =K,

We now evaluate g;. Assume that p is defined so that ¢; = |Z”, 1 biy|. Let j be such
that (j — 1)l < p < jl. Note that ql e+ +c’ "4+ 1, the term | being an upper
bound on [3°F_ ;1)1 byl. Thus S d < (O Y ) + kI < 2055, O

ij

We have Zi‘:l qi < 2573,

Theorem 3. Let z be any positive integer divisible by three and let k = 2. There ex-
ists a bipartite tournament Gy whose partite sets both have k vertices (|V(Gy)| = 2k) and
MFAS(Gy) > & — 2k>/3. Furthermore, we can construct Gy in polynomial time.

Proof. Let A = (a;;) be the k X k matrix given in Lemma 2. Observe that 4 has k(k 4+ 1)/2
positive entries since every column has k/2 positive entries, except the emptyset column
which has k. Let the partite sets of Gy be {ri,r2,..., 7} and {si,s2,...,5;} respectively.
Now add an arc from r; to s; if a;; = —1 in A, and add an arc from s; to r; if a;; = 1 in A.
This clearly defines a bipartite tournament, which can be constructed in polynomial time.

Let # be a minimum feedback arc set order of Gy, i.e., an enumeration of the vertices
for which the number of backward arcs is MFAS(Gy). Without loss of generality we may
assume that the order of the s;s in 7 is s1,52,...,5. Let i € {1,2,...,k} be arbitrary and
define p such that sy,s,,...,s, come before r; in @ and s,41,5p42,...,5 come after r; in 7.
Let m; denote the number of ones in row i, and note that the number of backward arcs
adjacent to r; is the following:

{aij @ aij = <pil+ \{au aij =1, j > pjl
= \{aij caij=—1, j<pil+(m—Haij :aj =1, j<p}l).
Let g; = min{Zi;l aij :p=12,... ,k} and note that the minimum feedback arc set of

Gy is at least 3% (m; + ¢;), which by Lemma 2 implies that Mras(Gy) > X&) — o5/ >
— 2k3/3. ]
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Theorem 4. The minimum feedback arc set for tournaments is N P-hard.

Proof. We will reduce from the minimum feedback arc set in general digraphs, so let
D be any digraph of order n. We may assume that D has no cycles of length two, as
deleting such a cycle decreases the minimum feedback arc set by exactly one. We may
also assume that D has no loops. Let V(D) = {v1,v,...,0,} and let k = 261+lo20] Note
that k € O(n®) and k > 64n°.

Let the vertices in the partite sets of Gi, which was defined in Theorem 3, be {ry,72,..., 7}
and {sy,s2,...,8} respectively.

We now construct the tournament T with vertex set {w{ ci=1,2,...,n and j=
1,2,...,k} and the arc set described below. Let a,b € {1,2,...,n} and i,j € {1,2,...,k}
be arbitrary. An arc between the vertices w!, and w{; is in T according to the following
rules.

(a) wiw] € A(T)ifa=band i < j.

(b) wiwl € A(T) if vv, € A(D).

(c) If v, and v, have no arc between them in D and a < b then wflw,{ € A(T) if ris; € A(Gy)
and wiwl, € A(T) if s;r; € A(Gy).

Roughly speaking, we blow up every vertex of D by a transitive tournament of size k, and

we fill in the bipartite gaps resulting from non-edges of D by copies of Gy.

We will now bound MFaS(T) from both above and below. Without loss of generality
assume that |[{v.vp : 0,05 € A(D), a > b}| = MFAS(D). Note that Theorem 3 implies that
the arcs generated by (c) above will always contribute at least ((5) — |A(D)|)("72 —2k>/3)
to MraS(T) and at most ((%) —[A(D))(& + 2k53). Now consider the following order of
the vertices in T':

1.2 ko102 ko102 k
Wi Wi, WL Wy, Wi, oo, Wy, W3, WE, L, W

This order implies the following bound on MFas(T):

MEAS(T) < k2 MEAS(D) + ((;) - |A(D)|) ("22 + 2k5/3>.

In order to bound MFaS(T) from below, let © be an ordering of the vertices in
T, such that exactly MFas(T) arcs are backward in the ordering. Let ij,is,...,i, be
integers from {1,2,...,k} and note that there are at least MFAS(D) arcs between vertices in
{wﬁ‘, w?, wé‘, ...,wi} which are backward arcs in =, as this set of vertices induces a digraph
isomorphic to D. By summing over all possible values of ij,i,...,i, we get k" MFAS(D)
backward arcs, where each arc can be counted at most k"2 times. This implies the
following bound:

MEAS(T) > % + <<;> - |A(D)|) <k22 - 2k5/3>.

Note that as k'/3 > 641/3n? = 4n*> we get that ((5) — |A(D)|) x 2k° < kzlfli/i < % The
above two bounds now imply the following:

eas(D) — 3 < ML) ;((Z) - A(D)) <MEAS(D) + 5.
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So if we could compute MFAS(T) in polynomial time, we would also have computed
MFAS(D). As our reduction is polynomial, this implies the result. L]

After submission of this paper the authors became aware of an independent and similar
proof of our main result. This paper by Noga Alon (see [2]) was submitted six months
earlier than our paper. It uses the same reduction as we do, but uses quadratic residues
to produce the bipartite tournaments with high minimum feedback arc set. The argument
is slightly more involved than ours, but the bound on the minimum feedback arc set in
the bipartite tournament is much stronger.
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