THE JOURNAL OF SyMBOLIC LoGic
Volume 82, Number 4, December 2017

RETRACTIONS OF REVERSIBLE STRUCTURES

MILOS S. KURILIC

Abstract. A relational structure is called reversible iff each bijective endomorphism (condensation)
of that structure is an automorphism. We show that reversibility is an invariant of some forms of
L oo, —bi-interpretability, implying that the condensation monoids of structures are topologically
isomorphic. Applying these results, we prove that, in particular, all orbits of ultrahomogeneous
tournaments and reversible ultrahomogeneous m-uniform hypergraphs are reversible relations and that
the same holds for the orbits of reversible ultrahomogeneous digraphs definable by formulas which are not
R-negative.

§1. Introduction. A structure is called reversible iff each bijective endomorphism
of that structure is an automorphism and the relevance of investigation of that phe-
nomenon is provided by the fact that several distinguished structures are reversible.
For example. the class of reversible structures includes compact Hausdorff and
many other prominent topological spaces [4, 19]. tournaments, linear orders and
Boolean lattices [9]. and Henson graphs [12] and digraphs (see Example 4.4). In
addition, classes of reversible structures have several nice properties; for example,
the Cantor-Schroder-Bernstein property for condensations (bijective morphisms).

The first part of this article is concerned with the general question: which
similarities of structures preserve reversibility? Namely, the reversibility of relational
structures is an invariant of isomorphism and condensational equivalence, while it is
not preserved under bi-embeddability and elementary equivalence [11,12]. Here we
show that reversibility is an invariant of some forms of bi-interpretability (although
bi-definability does not preserve it in general, see Example 3.6).

The second part of the article deals with the task of detecting new (relevant)
reversible structures. Some methods of detection were previously developed. First,
extreme elements of definable classes of structures are reversible [12] (for example,
the Henson graphs H,, (see [6]) are maximal K,-free graphs of infinite degree).
Second, the reversibility of first-order definable relations in structures was
considered in [10] and, in particular, all relations definable by the formulas of
the empty language (in any structure). all monomorphic structures.' and all reducts
of dense linear orders without end points are reversible (for example, the relations

Received May 15, 2016.

2010 Mathematics Subject Classification. 03C07, 03C40, 03C50, 03C98, 05C63, 05C20.

Key words and phrases. bijective endomorphism, reversible structure, bi-interpretability, ultrahomo-
geneous structure, orbit, automorphism group.
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size are isomorphic, iff there is a linear order < on its domain, X, such that the relations of X are
()-definable in the structure (X, <) by quantifier-free formulas, see [5].
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characterizing the reducts of the rational line: the betweeness relation, the cyclic
order and the separation relation, see [2]). Third, the reversibility of disconnected
structures was characterized in [14] and. for example, an equivalence relation is
reversible iff the number of equivalence classes of the same size is finite or all
equivalence classes are finite and their sizes form a reversible sequence of integers.
Here we show that, under some syntactical restrictions, retractions of reversible
structures are reversible and apply these results. In particular we show that all
orbits of reversible ultrahomogeneous tournaments and m-uniform hypergraphs
are reversible relations and that the orbits of reversible ultrahomogeneous digraphs,
which are not definable by R-negative formulas are reversible relations as well.

§2. Preliminaries. Let L = (R; : i € I) be a relational language, where ar(R;) =
n; € N, fori € I.If X is a nonempty set and Int; (X) = [],., P(X") the set of all
interpretations of the language L over the domain X, then, abusing notation, for
interpretations p = (p; :i € I).0 = (o; : i € I) € Int,(X) we will write: p C o iff
pi Cojforalli € I p =2 aiff (X, p) = (X, 0); and p¢ will denote the interpretation
(X" \ p; 2 i € I). By Ly we denote the empty language and by Dy, v, the set of
subsets of X" which are (-definable (i.e., without parameters) by Ly-formulas.

An L-structure X is called reversible iff Cond(X) = Aut(X), where Cond(X)
denotes the set of all bijective endomorphisms (condensations) of X. X is called
strongly reversibleiff Aut(X) = Sym(X ), where Sym(X) is the set of all permutations
of the set X. An interpretation p = (p; : i € I) € Int,(X) will be called reversible
iff (X, p) is a reversible structure. By [13] we have

Fact2.1. Let X = (X. p) be an L-structure, where p = (p; : i € I). Then
(a) X is strongly reversible iff p; € Dy, xp.n.foralli € I

(b) X is reversible iff @ % p. for each o S p. iff ¢ % p. for each o 2 p;
(c) p is reversible iff p¢ is reversible.

2.1. Infinitary languages. Let k > w be a cardinal, Var = {v, : @ € K} a set of
variables and At the corresponding set of atomic formulas, that is, the formulas
ve = vg, for o f € k. and R,-(val,...,'u%), where i € I and (o, ..., qp,) € K",
The class Form; of Lo,-formulas is the smallest class containing all atomic for-
mulas and closed under negation, finite quantification, and arbitrary conjunctions
and disjunctions. So. if X is an L-structure and ¥ = (x,, : & € k) € "X a valuation,
then, for example, X |= (\/ @)[x]iff X = ¢[X], for some ¢ € @, etc.

Loow-formulas ¢ and w are logically equivalent, in notation ¢ <« y iff for each
L-structure X and each valuation X € *X we have: X = ¢[X]iff X | y[¥]. If X
and Y are L-structures, a mapping f : X — Y preserves an Lo, -formula o iff

vEerX (X|= plf]= Y = olf 7). (1)

where X = (f(xa) : @ € k) and ¢ is absolute under f iff we have “<” in (1).

The class of R-positive Loog,-formulas, P (resp. R-negative Lo, -formulas, N') is
the smallest class containing all atomic formulas and the formulas —v, = vg (resp.
all negations of atomic formulas and the formulas v, = vg) for a. f € ., and which
is closed under finite quantification and arbitrary conjunctions and disjunctions. In
order to make a correspondence between the classes P and V', by recursion, to each
Lo-formula ¢ we adjoin a formula ¢~ as follows:
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-

— (va = vp)” == —q = vgand (R (Ve . ... Va, )" = "R (Vay. .. .. Va,, ):
— (=) = . Vvg @) i= Fvg ¢ and (Ju, @)~ = Yo, @ . if ¢ is defined;
- (A®)" = V@ and (V@)" := AD", where @~ := {p~ : ¢ € @}, if
® C Formy and ¢ is defined for all ¢ € ®.
The following folklore statement is easily provable by induction.

Fact 2.2. (a) All Lo.,-formulas are absolute under isomorphisms:
(b) All formulas from the class P are preserved under condensations:
(¢) For each o € N we have = € P and ¢~ < —p.

2.2. L,-interpretations. In the sequel Form; denotes the set of all L.o,-
formulas of a language L. Two relational structures X and Y of languages Lx
and Ly are called bi-interpretable (without parameters), in notation X «~ Y, iff
conditions (A)—(D) are satisfied:

(A) there is a O-interpretation I'xsy = (n.S. f.o.ns.{¢r : R € Lx}) of Xin Y,
where n € N, S C Y", f : S — X is a surjection and (denoting an n-tuple

V1., 0, by ©) 0 (0). 5, (0. 52). pr(D.. ... &%) € Formy,, for R € Ly of arity k.
where ©°, 1 < i < k are disjoint n-tuples of distinct variables and

Vie y" (yeS@m:a[y]), (2)

wLites (FGY=fG) e Y gl 5), (3)

v gtes (O S e RF S Y Eerlit o 71). @)

(B) there is a O-interpretation T'yx = (m, T.g. 1, ng.{wp : P € Ly}) of Yin X,
where m €¢ N, T C X™, g : T — Y is a surjection and (denoting an m-tuple
V1, ... O by D) T(5), 55 (61, 9%), wp (D, o) € Formy,, for P € Ly of arity /,
where ¢7, 1 < i <[ are disjoint m-tuples of distinct variables and

Vi e X" (ieT@X):r[f]), (5)
VLT (g(#) =) & Xk s ), (6)

vil o flerT (<g()z1),...,g()zl)> ePsXE w[il,---,i’])- (7)
(C) The composition I'xy * Tyx = (mn.(g")"'[S]. f o (g" | (g")~'[S]) is

homotopic to 1y = (1, X,idy), that is there is yx(¢',....9",v) € Form, such
that for each x € X and each (%',.... M e (gM) 7S]

flg(&h).....g(3) =x & X | gx[&'.... 8" x]. (8)
(D) The composition Tyx * Ty = (nm. (f™)"\[Tl.g o (f” | (f™)~'[T]) is
homotopic to 1y = (1, Yidy), that is there is yy(w!,...,w™, w) € Formy, such
that for each y € Y and each (5'.....5") € (f")~'[T]

g/ fGM) =y Y E D "] 9)

If condition (A) is satisfied. then the structure X is called interpretable in Y. If
conditions (A), (B). and (C) are satisfied, the structure X is called a retraction of Y
and condition (C) will be abbreviated as f * g ~ 1x.
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Let ‘FFXY = {0',77_/4‘} @] {(PR ‘R € Lx} and ]:ryx = {‘C,ﬂg} @] {l//P P e Ly}.
If ¥ is a class of formulas, we will write X «~y Y iff there are interpretations
I'xy and T'yx and homotopies yy and yy such that Fr,, U {yx} C Z., and
Fryy U{xr} C Zp,. If the interpretations are unrelativized, that is S = Y" and
T = X", we will write X «~" Y, and, if they are injective, that is if f and g are
injections, we will write X «~' Y.

IfX evwy Y, wherem =n=1,§ =T =Y, and f = g = idy, the structures X
and Y will be called bi-definable and if, in addition, X is a set of first-order formulas,
then X and Y will be called first-order bi-definable.

83. Reversibility and interpretability. Working with endomorphism monoids
(resp. automorphism groups) having the topology of pointwise convergence we
will write ® : Cond(X) =2, Cond(Y) (resp. @ : Aut(X) =, Aut(Y) iff the mapping
® is both an isomorphism of monoids (resp. groups) and a homeomorphism. In
[1] Ahlbrandt and Ziegler proved that (1) if relational structures X and Y are
first-order bi-interpretable, then Aut(X) =2, Aut(Y), and (2) the converse holds if
X and Y are countable w-categorical structures. First, working with L., -formulas
and condensations, we prove a claim similar to (1).

In the sequel we assume that X and Y are relational structures of languages
Lx and Ly. If T'xy = (n, S, f) is an interpretation of X in Y, for a condensation
G € Cond(Y) let the function G : X — X be defined in the following way: for
X € X wechoose j = (y1.....y,) € S satisfying x = f(»1....,y,) and define

Gr(x) = f(Gy). (10)

We will show that, under some restrictions, the function G is well defined and that
®; : Cond(Y) — Cond(X). where

®,(G) =Gy, for G € Cond(Y). (11)

Similarly, if Tyx = (m, T, g) is an interpretation of Y in X, for a condensation
F € Cond(X) let the function F, : ¥ — Y be defined in the following way: for
y € Y we choose X = (x1,...,x,) € T satisfying y = g(x1...., x,,) and define

Fo(y) = g(F%). (12)
In this way we obtain a mapping @, : Cond(X) — Cond(Y), where
®,(F) = F,, for F € Cond(X). (13)

THEOREM 3.1. Let X and Y be relational structures of languages Lx and Ly. Then

If Txy = (n, S. f) is an interpretation of X in Y and the formulas g, R € Lx. [resp.
o and 1] are preserved by [resp. absolute under] each condensation G € Cond(Y),
then

(a) @ maps Cond(Y) into Cond(X) and @ ;[Aut(Y)] C Aut(X);

(b) @ is a continuous homomorphism of monoids.

If, in addition, X is a retraction of Y, where I'yx = (m, T. g) is an interpretation of Y
in X such that [ « g ~ 1x and the formulas wp, P € Ly, and yx [resp. T and n,] are
preserved [resp. absolute] under each condensation F € Cond(X), then

(¢) @s 0 Dy = idcona(x) and @ [Aut(Y)] = Aut(X):
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(d) ®; : Cond(Y) — Cond(X) is a continuous epimorphism;
(e) @, : Cond(X) — Cond(Y) is a continuous embedding;
(f) Y is reversible = X is reversible.

If, in addition, X and Y are bi-interpretable structures and the formula yy is preserved
under each condensation G € Cond(Y). then

(g) @/ : Cond(Y) =, Cond(X) and (I)/Tl =@,

(h) X is reversible <> Y is reversible.

PrOOF. (a) Let G € Cond(Y). In order to prove that the function G, : X — X
is well defined by (10), first we show that G"[S] C S, that is

VieS Gyes. (14)

So, if j € S, then, by (2), Y = o[y] and, since ¢ is preserved by G we have
Y = o[G 7). that is, by (2) again, Gy € S and (14) is true.

Now we show that the value G (x) given by (10) is well defined. First, since the

function f : S — X is onto, for x € X thereis y = (y1,....,y,) € S satisfying

x = f(y1.....y,). Second, for a proof that the value of Gy (x) does not depend on
the choice of the coordinates y; for x, we show that for each j!. 7> € S

fGY =13 = £(67') = f(GF). (15)
So.if £ (3') = f (7). then, by (3). Y |= 74[#'. #*] and. since 5/ is preserved by G,
Y = n/[GF'. G 7] s0. by (3) and (14). f(Gj') = f(G?) and (15) is true.

G is a homomorphism. For R € Lx of arity k and xi.....x; € X. where
xi=f(3")and ' € S, fori € {1,... .k}, we show that
<x1, . ,xk> S R* = <Gf(x1), e Gf(xk)> S R%. (16)

So. if (£ (7')..... £(7%)) € R, then, by (4). Y = @r[y'.....7"] and. since g
is preserved by G we have Y = or[GF'..... G 7*] which by (14) and (4) implies
(F(GF)..... F(G7%)) € R®, thatis, by (10). (G/(x1).....Gr(x)) € R

G is a surjection. Let x € X and j € S, where x = f(7 ) Since G is onto there
is 3/ € Y" such that j = Gj'. By (2) we have Y = o[7], thatis, Y = o[G}'].
and, since o is absolute under G, Y = ¢[j’], which by (2) 1rnp11es 7 € S. Now, for
¥ = £(7) by (10) we have G, (') = £ (G') = £ (7) = x.

G is an injection. Let x1.x; € X, and G/ (x1) = G/ (x2). If ', 7% € S, where
x1 = f (') and x, = £ (7?). then by (10) we have 1 (Gj') = f(Gy ) and, by (14)
and (3), Y = n/[Gj'. G7*] which, since the formula 7/ is absolute under G gives
Y £ [5. 5%]. So. by (3). /(') = £ (72). thats x| = x..

If G € Aut(Y) and R € Lx. then the formula ¢z is absolute under G and as
above we show that we have “<” in (16); thus G is a strong homomorphism and.
hence, (Df(G) =Gy € Aut(X).

(b) For G'.G"” € Cond(Y) we prove that ®,(G" o G") = ®;(G’) o ®;(G").
which means that for each x € X we have (G'0 G")s(x) = G} (G} (x)). Let j € S.
where x = f (7). By (14) G"j € S and. by (10). x" := f(G"j) = G}(x) so. by
(10). and since the value of G/ (x') does not depend on the choice of the coordinates
for X', we have: G (G7(x)) = G} (x') = f(G'G"F) = (G" o G") (x).

We prove the continuity of the mapping @, at a point G € Cond(Y). Let B =
N, 7, '[{b:}] N Cond(X) be a neighborhood of ®,(G) = G, € Cond(X)  X*¥
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and. for i < k. let 3.Z" € S. where a; = f(j') and b; = f(Z"). be the
corresponding coordinates. Then, since G/ (a;) = b;. for i < k. we have
Vi<k f(Gj')=f(Z). (17)

Clearly B' = ;< N;<, py_,v_l[{G(y})}] N Cond(Y) is a neighborhood of G and.
if H € B’, then H(yj-) = G(y;) for all i and j. so by (17) for i < k we have
O/ (H)(a;) = Hy(a;) = f(HY') = f(GJ') = f(2') = b;. thus D ,[B'] C B.

(c) By (a) we have @ o @, : Cond(X) — Cond(X). For F € Cond(X) we prove
that ® ; (@, (F)) = (Fy), = F. thatis

Vx € X (Fg)r(x)=F(x). (18)

For x € X let
7 € 8. where x = f (7). (19)
%' € T, where y; = g(&'). for i <n. (20)

Since F, € Cond(Y). by (19). (10). and the independence of coordinates proved in
(a) we have (F;)/(x) = f(F,7) and. similarly. since F € Cond(X), by (20) and
(12), Fg(y;) = g(FX'). fori < n. and thus

(F)r(x) = f(g(Fx').....g(FX")). (21)
By (19) and (20) we have (g(%!),....g(%")) =7 € S. so
(', %M e (@) S). (22)
and we show that
(Fx'.....Fz"y e (g")7'[S]. (23)

First, since F € Cond(X). by (20) we have X' € T, fori < n. and, as in the proof of
(a) we obtain FX' € T = domg. Now by (20) and (a) we have F,(y;) = g(FX').
Since ®,[Cond(X)] C Cond(Y), we have F, € Cond(Y) and, by (a) applied to Fy,
from j € S it follows that F, 7 € S and hence we have (g(Fx!)..... g(Fx") esS
which implies (23).

Since f * g ~ lx there is a formula ){X('f)l, ....9",v) € Formp, such that for
each (!',....%") € (g")~![S]and each x € X the equivalence (8) holds.

Now, by (19) and (20) we have f(g(%').....g(%")) = x. which by (8) and
(22) implies X = yx[X!,....%". x] and, since yy is preserved by F. X |=
yx[FX'. ... F%" F(x)].By(8)and (23) wehave f (g(Fx!).....g(F%")) = F(x).
which by (21) gives (F,) s (x) = F(x) and (18) is proved.

By (a) we have @ /[Aut(Y)] C Aut(X) and ®,[Aut(X)] C Aut(Y). So, since
Drod, = idCond(X)= we have Aut(X) = O/[D, [Aut(X)]] C Oy [Aut(Y)] C Aut(X),
which implies that @ ;[Aut(Y)] = Aut(X).

(d) and (e). By (b). @, and @, are continuous homomorphisms of monoids and
by (c) @ is a surjection and @, an injection.

() If the structure Y is reversible, then Cond(Y) = Aut(Y). So. by (c) and (d)
we have Cond(X) = @ ,[Cond(Y)] = @ ,[Aut(Y)] = Aut(X) and X is a reversible
structure too.

(g) By (c) and symmetry we obtain @, o @y = idcopg(y)- Thus GD;' =®yand Dy
is a continuous isomorphism having a continuous inverse.
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(h) If X and Y are bi-interpretable structures then X is a retraction of Y and vice
versa and we apply (f). 5

TueOREM 3.2, Reversibility is an invariant of the relation «~7; h

PrOOF. Assuming that X is a reversible structure and X ew»?,‘i Y we show that
Y is reversible too. By Fact 2.2(b) the formulas from Fr,, U {yx} U Fry, U {xr}
are preserved under condensations. By the assumption S = Y", T = X™ and
f:Y"— Xandg: X" — Y are bijections. Since S = Y” we have Y | o[jy].
for all j € Y", which implies that ¢ is absolute under all mappings from Cond(Y).
Similarly, 7 is absolute under all mappings from Cond(X).

Since f is an injection, the formula 7, is (modulo Th(Y)) equivalent to the
formula ', = A\[_, v} = v}. Since for each G € Cond(Y) and 7', j*> € Y" we have
ANyl =y e N, G(y!) = G(y?). the formula 7/ is absolute under the maps
from Cond(Y). Similarly, 7, is absolute under the maps from Cond(X).

By Theorem 3.1(h) the structure Y is reversible. -

In order to make a correspondence between interpretations and their complements
to each L. ,-formula ¢ we adjoin the formula ¢¢ defined by recursion in the
following way:
— (va = vp) = v = vgand (R;(Vay. . ... Va, ) = 7R (Vay. ... Vs, ).
— ()¢ == ¢, (Vug @)¢ := VY, ¢ and (Fv, @)¢ := Fu, €, if ¢ is defined,
~ (A®)¢ = AND®° and (VD) := \/ D, where ®° = {¢° : ¢ € @}, if
® C Formy and ¢¢ is defined for all ¢ € ®.
The following fact is easily provable by induction (see [12]).

Fact 3.3. For each L-structure (X, p) and each formula ¢ € Formy__, we have

cow

vE "X ((X.p%) = ¢ [7] & (X.p) = lF]). (24)

THEOREM 3.4. Let a structure X be a retraction of a reversible structure Y, where

(i) the formulas t and ny are absolute under each F € Cond(X),
(ii) the formula yy is preserved by each F € Cond(X).
Then each of the following conditions implies that X is a reversible structure too
(iil) the formulas wp, P € Ly, are preserved by each F € Cond(X),
(iii") the formulas —yp. P € Ly, are preserved by each F € Cond(X).

ProoF. Since Cond(Y) = Aut(Y). by Fact 2.2(a) the formulas o, 77, and g,
R € L, are absolute under each G € Cond(Y). So. if conditions (i)—(iii) are
satisfied, we apply Theorem 3.1(f).

Suppose that conditions (i), (ii). and (iii’) are satisfied. We show that

Ixye = (n.S. f.0% 0% {pk : R € Lx})

is an interpretation of X in Y¢. By Fact 3.3 and (2) for each j € Y” we have
y € SiftY | o[p]iff Y = o[y]: thus the set S C Y” is definable in Y by the
formula o. By (3), for each 7', 7> € S we have /' (5') = f(7%) if Y = n/[p'. 7]
iff Y = 547", 7°] and the set ker(f) C (Y")? is definable in Y by the formula
7. Finally, by (4). for each 7'.....7* € S we have (f(j')..... f(7*)) € R*iff

Y = pr[Pl. ... ] T Y sl P5)).
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Now we show that
Fyx = (m.T.g.t.ng. {-wp: P € Ly})

is an interpretation of Y¢ in X. Again the formulas ¢ and #, define the sets
T c X" and ker(g). If P € Ly. where ar(P) = [, then P¥ = X'\ PY and. by
(7). foreach X'..... % € T we have (g(%!).....g(%)) € PY iff it is not true that
X | wp[&!. ... i X | —yp[&,.... X]. Thus the relations of the structure Y¢
are defined by the formulas —yp, P € Ly.

By Fact 2.1(c), Y¢ is a reversible structure and, hence, Cond(Y¢) = Aut(Y¢) so.
by Fact 2.2(a), the formulas o€, . and ¢%, R € Lx, are absolute under each
condensation G € Cond(Y¢). By (i) the formulas 7 and 7, are absolute under each
F € Cond(X), and by (ii) the formula yy is preserved by each F € Cond(X).
Since by (iii’) the formulas =y p, P € Ly, are preserved by each F € Cond(X), by
Theorem 3.1(f) the structure X is reversible. B

COROLLARY 3.5. If X and Y are bi-definable relational structures, Y is reversible
and the formulas wp, P € Ly, or the formulas —yp, P € Ly, are preserved by each
condensation F € Cond(X), then the structure X is reversible.

This holds if. in particular, {wp : P € Ly} C Por{wp: P € Ly} CN.

ProoOF. By the assumption we cantakem =n =1, S =T =Y., f =g =idy,
t(vy) == v = vy, ne(vl,v?) = v} = v? and yx(v{,v) := v} = v. Then these
formulas are absolute under all bijections and we apply Theorem 3.4.

If {wp: P e Ly} CN, then, by Fact 2.2(c), for each P € Ly the formula -~y p
is logically equivalent to an R-positive formula and by Fact 2.2(b) it is preserved
under each condensation F € Cond(X). 4

ExampPLE 3.6. Reversibility is not an invariant of bi-definability. If Y is a
nonempty set, n € N and p is a nonreversible n-ary relation on Y, then, by [13], the
structure Y = (Y, (p, p©)) is reversible, while X = (Y p) is not a reversible structure,
although these two structures are bi-definable.

The following example shows that the assumption of Theorem 3.1 and its
consequences—that the formulas of the considered interpretations are preserved
by condensations of the corresponding structures—is weaker than the condition
that these formulas are equivalent (modulo the corresponding theories) to some
formulas from the class P.?

ExampPLE 3.7. A first-order formula ¢(¢) is preserved by (and, moreover,
absolute under) each condensation F € Cond(X). but there is no w (@) € P such
that X = Vo (¢(0) < w(0)) and, hence, there is no formula w(v) € P such that
Th(X) F ¢(7) & y (7).

Let L = (R). where ar(R) = 2, let T be the L-theory of one equivalence relation
having exactly one equivalence class of size n, for each n € N, and, for a cardinal
k < . let E,; be a countable model of 7 having exactly xk-many infinite equivalence
classes. It is known that 7 is a complete theory and that each countable model of

2By Lyndon’s theorem [17] (see also [8]. p. 498), if a first-order formula (%) is preserved by each
condensation between any two models of a theory 7, then it is, modulo 7. equivalent to a first-order
formula from P (see [8]).
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T is isomorphic to some E,. In addition (see [14]) the structures E,, n < w, are
reversible, while E,, is not. So, since the structure X := [ is reversible, we have
Cond(X) = Aut(X) and, by Fact 2.2(a). the formula ¢(vi,v2) = —~R(vi,v3) is
absolute (and, thus, preserved) under each condensation F € Cond(X).

Suppose that X |= 5, where 5 := Vo (¢(0) < w(9)) and w(o) € P. Then
n € Th(X) = T and, since E,, is a model of 7", we have E,, = 7. So, if E,, = (¥, ~)
and Y = {J,cy Yo U U, e Zn is the corresponding partition of Y, where | Y, | = n
and |Z,| = w, for n € N, we have

Vy.ymeY (yl Ly e E, = V/[yl,yz])- (25)

Let Z; = Z{ U Z]'. where Z| and Z{’ are disjoint infinite setsand let G : ¥ — ¥
be a bijection such that G[Y,] = Y,. foralln € N, G[Z|] = Z{, G[Z,] = Z{, and
G[Z,) = Z,—.,forn > 3. Then G € Cond(E,). For y; € Z| and y, € Z, we have

Y12y AG(y) ~ G(y2)

and, by (25), E,, = w[y1. 2], which, since w(v) € P, by Fact 2.2(b) implies that
E, = w[G(y1). G(y2)]and. by (25) again, G(y1) # G (), which is a contradiction.

ExampLE 3.8. For an ordinal 1 < a < w let L, denote the linear digraph («, p,)
where p, = {(k.k +1) : 1 <k + 1 < a}) is the consecutivity relation. Let J be
a nonempty set, 1 < o; < w, for j € J, and let Y = (¥ —) be a disjoint union
Ujes Ya,. where Y, = L. for all j € J. Then Ly = (P). where ar(P) = 2 and
PY =—. Let X be the structure (Y. (p, : n € w)). where py is the connectivity
(equivalence) relation of the digraph Y and, for n € N, p, is the n-th level of Y.
Here we have Lx = (R, : n € w), ar(Ry) = 2 and ar(R,) = 1, for n € N. Clearly.
the formulas

or, (1, v) =u=vVV,s Fvi...v [/\1§i<nP(vi,vi+1) A
((u:’ul/\v:'u,,)\/(v:’ul/\u:’un))},

g, (V) == Fvy... v, [/\lSK” P(vi,vis1) A v=uv, AV ﬁP(vo,vl)}
define the relations RX = p, in Y and the formula

wp(u.0) == Rou.0) A,y R (1) A Ry 1 (0)

defines the relation PY =— in X and wp € P. So. by Corollary 3.5, if the structure
Y is reversible, then X is reversible as well. In particular, by the results of [14], each
of the following conditions implies that the structure Y is reversible: 1. |J| < w. 2.
foreach o < w theset {j € J : @; = a} is finite, 3. for each j € J and K C J of
size > 1 we have a; # >, g ;.

ExXAMPLE 3.9. Let Y = (Y. p) be a reversible structure, Ly = (P; : i € I) and
ar(P;) = n;. Then, by Corollary 3.5, its complement, the structure X = (Y, p©), is
reversible too since the formulas ¢g, () := —P; () define the relations RX in Y and
the formulas wp, (0) := =R, (¥) define the relations P} in X and wp, € N.

ExaMPLE3.10. LetY = (Y. p) beareversible structure, Ly = (P) and ar(P) = n.
1. Adding or deleting a strongly reversible relation. If 0(vy. ... . v,) € Formy,.
then by Fact 2.1, Dy = {y € Y" :Y |= 6[y]} is a strongly reversible n-ary relation.
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If p N Dy = 0, then, by Corollary 3.5, the structure X = (¥, Dy U p) is reversible,
namely the formula pz(7) := 0(3) vV P() defines the relation R* in Y and the
formula yp() := —0(%) A R() defines the relation P in X and wp € P.

If Dy C p. then, by Corollary 3.5, the structure X = (¥, p \ Dy) is reversible, since
the formula @ (%) := —0(¢) A P(¢) defines the relation R* in Y and the formula
wp(0) := 0(0) V R(0) defines the relation PY in X and wp € P.

2. Symmetries induced by permutations. If 7 is a permutation of the set {1, ....n}
and pr = {(Va(1)-----Vz1)) © V1.---.yn) € p}. then X = (Y. p;) is a reversible
structure since the formula @g(vi.....v,) = P(vg-1(1).....v;-1(y) defines the
relation R* in Y and the formula wp(v1.....v,) == R(vy)..... VUn(n)) defines the

relation PY in X and yp € P.
3. Products with full relations. If k. / € N, then X = (¥, Y* x p x Y') is a reversible

structure of the language Lx = (R), where ar(R) = k +n + [, since the Ly-formula

k kn+1
r(VI. o V) = Njoy vj = Vi APOks1s - vkn) AN v = vj defines

the relation R¥ in Y and the formula

Wp(Ukgt. oo Vkn) 7= 01 Uk Ukt - o Vknt R(01L V)

defines the relation PY in X and wp € P.

In particular, if Y = (Y, p) is a reversible irreflexive binary structure, then, since
for each binary relation ¢ we have (¢¢)¢ = (¢7')"! = ¢ and (¢7")¢ = (¢¢)7!.
using inverses, complementation, reflexivization, and irreflexivization we obtain the
following reversible relations: p, p~!, p¢. (p=1). pUAy, p~' UAy, p¢ \ Ay, and
(pfl)c \ Ay.

84. Orbits of reversible ultrahomogeneous structures. For a relational structure
Y by Pi(Y) we denote the set of all isomorphisms between its finite substructures.
We recall that Y is called ultrahomogeneous iff each finite partial isomorphism
p € Pi(Y) can be extended to an automorphism of Y (for more information on
this topic we recommend the survey [18]). It is known that the set of orbits of the
automorphism group AutY on Y”, that is, the collection of the sets orbay v (X) :=

of the set Y.
In the sequel we assume that Y = (Y p) is a reversible ultrahomogeneous
structure, where Ly = (P) and ar(P) = m.

Fact 4.1. For each n-tuple X = (xi,...,x,) € Y" there are unique functions
a:{1.....n}* = {0.1} and b : {1.....n}"™ — {0, 1} such that for the formula
e (V1.....0,) = Nijeq.. n}2(”1’ =v;)% A (26)

biy i
/\<i1‘...,inq>E{l‘...,n}"' P(Ujl N 'Uim) Ledm |
where, by definition, p° = ¢ and p' = —p, we have

X€ED, ={i.c...yn) €Y": Y Eewi.....yu]} = orbauy(X).

ProOF. Defining a;; =0 < x; = x;and b;,_;, =0< (x;,.....x;,) € p. we have
Y E eu[X]. thatis X € D.,,. The uniqueness of ¢ and b is clear.

If j € orbly, y(X). then there is /' € AutY such that j = /X and, since Y |
eaw[X]. we have Y = e[ f %], thatis, Y | e4[p]: thus j € D.,. If y € D

Eab * Eab >
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then Y & g,[7], so. since Y = e4[X]. defining p = {(x;,y;) : i < n} we have
xi =x; < plx;) = plx;)and (x;.....x;,) € p & (p(x;).....p(x;,)) € p which
means that p € Pi(Y). By the ultrahomogeneity of Y there is an automorphism
f € AutYsuchthat p C f.So j = fX € orbjy, y(X). —|

For I <k € N let A5, := {(x1.....xx) € Y*: [{x1..... xpH <1}

THEOREM 4.2. If'Y = (Y. p) is a reversible ultrahomogeneous structure, where

(i) pC Y™\ A and

(i) VX. 5 € p {(xi.p:) i <m} € Pi(Y).
then. for each n € N, each orbit orbayy(%¥) = D, C Y" such that X € AT or
eay € N, is a reversible n—ary relation on Y.

Yﬂ bl
and <Y,p> E eu[X] we have Eab — 0 A 77, where 0 /\(11>e{1 n}z(v, = 'u])”'/

and n(vi.... o) = Ay Ye{ln}m =P (vj.....v;,). Thus, the formula g, is,

modulo Th(Y). eqUIleeI;:[”tO th;L@ formula 0 and, by Fact 2.1, the relation
orbau, (X) = D.,, is (strongly) reversible.
If e, & N thereis a tuple (iy....,in) € {1.....n}" such that P(v;....,v;, ) isa

subformula of the formula e,4,. Since (Y. p) = eu[X] we have (x;.....x;,) € p
and, by (i), for each r < s < m we have x; # x; and, hence i, # i,. Let
T € Sym(m), where in(l) < in(z) < e < in(m)- Let ¢! = <1)1,...,1)iﬂ(1)_1>,
oF = (v e Vip—1). for 2 < k < m. and 0" = (v i1.....0,) be
(possibly empty) tuples of variables and let the formula wp(v;,.....v;,) € Form g
be defined by
wp(vi.....v;,) =360 ... 0" R(G v o 62,1),-”(2), ... ,'u,-n(m),’ﬁm“).

We prove that

Vﬂer(fep@%KD%>Fwﬂﬂ) (27)
Let J = (J1.....Ym) € Y™ Then (Y.D.,) E wp[y] if and only if there
are (possibly empty) tuples Z! := (zj.....z,, 1). Z¥ = (z,ﬂ(k D Le e Zig 1)
for 2 < k < m, and Z’”“ = <z,~n(m)+1....,z,,> of elements of Y such that

(Y.D,) |: RIZV. Y1) 22 V(). « -+ Va(m)- 2™F1]. which means that the n-tuple
(21 ye). 2 ynm, . ,yn(m) zm+1) belongs to the set D, ,, that is, in other words,
(Y.p) EewlZ". o) 22 Ya(2)- - -+ Va(m)- 2™ ']. Thus we show that

Jepe I 2" e Y (Yp) EewlE . a2 Ve Va2

If = (y1.....ym) € p. then, by (ii) and since (x;,....x;,) € p. the map-
ping p = {(x,k,yk> : k < m} is a partial isomorphism and, since the
structure (Y, p) is ultrahomogeneous, there is an automorphism f € Aut(Y.p)
such that f(x;) = y. for all k < m. Now, since X € D,,. defining tuples

o= (vx o). = (g 1,...,x,n<k_1> for 2 < k < m, and
= (412 X)) we have (Yop) = ewl®hxg X7 xg, X
and’ hence’ <Y’p> ': Eab[f)zl-f( n([)) fx f( ) . f(xl ) fxm+l] SO.
defining z' := fx! zF == fxk for2 < k < m, dnd z"“rl = fx’”*l, we have

(Y.p) E ealZ". o). 22 Va(@)e - -+ Yalm)- 2" 1.
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Conversely, let (Y. p) = ewlZ'. ya(1). 22 Ya@)s - - - Vaim)- 7 '], Where, as above,
2™ e Y. Then (Zly,). 22 Ye). oo Ya(m)- 2™1) € D, and since
¥ € D, and, by Fact 4.1 we have D.,, = orbjy,y,) (), there is /€ Aut(¥.p)

such that fX = (Z'.y,1). 22 Ya(2). - -« Va(m)- 2" 1) and. hence, f(Xi) = Vatr)-
for k < m, which means that f(x; ) = yx. for k < m. So, since (x;.....x;,) € p.
we have j € p.

By (27), the relation p is definable in the structure (Y. D.,) by the R-positive
(R)-formula wp and. by Corollary 3.5. (Y. D.,,) is a reversible structure. 4

CoROLLARY 4.3. IfY = (Y. —) is a reversible ultrahomogeneous digraph. then each
orbit of AutY defined by a formula €., &€ N is a reversible relation on Y .

ProoF. We show that all the assumptions of Theorem 4.2 are satisfied. By the
irreflexivity of — we have — C Y2\ A3, s0 (i) is true. If x; — x; and y; — y; then
{{x1.31). (x2, y2)} € Pi(Y) thus (ii) is true as well. -

ExaMPLE 4.4. The assumption ., € A can not be removed from Corollary 4.3.
If 7 is a set of finite tournaments of size > 3, which are pairwise incomparable
under embedding, then the class Cy of all finite digraphs which do not embed any
member of 7 is a free amalgamation class and its Fraissé limit Y7 = (¥, —) is
an ultrahomogeneous digraph. Such digraphs are called the Henson digraphs and,
using Fact 2.1(b), we show first that all of them are reversible structures. On the
contrary, suppose that —C p, (a,b) € p\ — and (¥, —) = (Y, p). Then, clearly,

a#bNa /A bADb A a. (28)

Let T = (T, t) be an element of 7 of minimal size, say T = {¢1.....#,}, and w.l.o.g.
suppose that (¢, 7;) € v. Then T = (7. 1¢'), where v’ = 7 \ {(t1. 2)}. is a digraph,
t1 # ty and (1. 1) & 7’. In addition, T’ does not contain any copy of any member
of 7 and. hence, there is an embedding f : T” < Y, which implies

f() # ()N f() A ()N fn) A f() (29)

By (28) and (29) we have p := {(f(t1).a).(f(s2).b)} € Pi(Y7) and, since the
structure Y+ is ultrahomogeneous, there is F € Aut(Y7) such that p C F. Now
(FIfITN. = FLfIT1) is a copy of T” in Y+ and, since (a,b) € p, the structure
(FIfITN.p I FIfIT]]) is a copy of T in (¥, p) = Y+, which is impossible.

In [7] Henson constructed a countable family 7* of finite tournaments of size
> 7, which are pairwise incomparable under embedding, and such that for each
subset 7 of T*, the corresponding ultrahomogeneous digraph Y = (¥, —) has the
additional property—that its symmetrization, (Y1), = (¥, — U —~1), is isomor-
phic to the Rado graph (the countable homogeneous universal graph). which is not
reversible, since deleting an edge produces a graph isomorphic to the initial graph
(see [3]). Now, let & = (x1,x2) € Y2, where x| # x2. X1 / X2, and x, /4 x1. Then
orbau v, (X) = D.,,, where the formula €., € N is given by

Eap =V F U2 A —\P(”Ul,vz) A —\P(Uz, ”U]).

Also the binary relation orbayy,(¥) = Y2\ (AyU — U —~!) is the graph-
complement of the relation of the Rado graph, which is isomorphic to the Rado
graph and, hence, not reversible.
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This example also shows that the union of two reversible orbits of a reversible
ultrahomogeneous structure can be a nonreversible relation.

THEOREM 4.5. If'Y = (Y, p) is a reversible ultrahomogeneous structure, where
(i) pc Y™\ Ay,
(i) VX.y € p {{xi.yi) i <m} € Pi(Y).
(iil) VX, 7 € pc \ A {{xi,pi) i <m} € Pi(Y),
then all orbits of AutY are reversible relations.

PrOOF. Let X = (x1,...,x,) € Y" and let £, (vy. ..., v,) be the Ly-formula of
the form (26) such that orbay, (¥) = D.,, (see Fact4.1).

If ¥ € A} or ey & N we apply Theorem 4.2.

Ifx € Y"\ A and ey, € N, then n > m and, using Corollary 3.5 we show that
the (R)-structure (Y, D,,,) is reversible. Since X € Y \ AJ. there are i} < --- <

im < nsuch that [{x;,. . x,m}| m and eab 6 N implies that =P (v, .. vlm) isa
subformula of e, (7). So since (Y. p) | eu[X] we have (x;,...,x;,) € p¢ and thus
X = <x,~,,...,x,-m> S p \A?ﬁ’ (30)
Let o' = (vy,..., 1), OF = (Wi 1. .. .vi 1), for 2 < k < m, and 7! =
(Vi) 41, .., Uy) be (pos51bly empty) tuples of variables. We prove that
vier" (Fepe (XD.,) Fvelil). (31)
where the formula yp € Form g is defined by
we(vi..... Vi, ) 1= /\1§r<sgm v, 7 Ui
AV SR@ v, 0 vy, 0.
Letj = (y1,.... Ym) € Y™ Then (Y. D.,) = wp[P]iff y, = y,. for some r # s, or
for some (possibly empty) tuples z! = (z;,... z,,,1>, zk = (Zip_ 1o e v Zip—1)-
for 2 < k < m. and "' := (z; ,1.....2,) in Y we have that <Y,D5db> =

RIZV p1. 22 p0, ooy, 271, that is (1. p1, 22, p2, .00 Yy, 2™7Y) € D.,. which
means that (Y, p) = ewp[Z'. y1. 2% y2. ... Y. Z7H1]. Thus we prove that

J; € p(? = \/lgr<s§m Yr=1DJs
\Y 3217,..72"1-4—1 cY <Yp> ):sab y] z y2-~~~,ym75m+l]-
Let j = (yi.....ym) € p°. If y, = y,. for some r # s, we are done. Otherwise

we have j € p¢ \ AW and by (30) and (iii), p := {(x;.yx) : kK < m} is a par-
tial isomorphism. So, since the structure (Y, p) is ultrahomogeneous, there is an
automorphism f € Aut(Y p) such that f(x; ) = yx, for all k < m. Now, since
% € D.,,. defining &' := (x1.....x; 1), ¥ = (x;_,41.....x;, 1), for2 < k < m,
and X" = (x; 0., xn) we have (Yp> E oewlXh xi. X2 Xp0 s X, XM
and hence, (Yp} |: Eab fx f ). fR2 F(xi). ... f(x;,). £ so. defining
= fxl = fxf for 2 < k < m. and 1= X+ we have
<Kp> EewlZ ,yl,i V2o Y 2™
Conversely, if y, = y,. for some r # s, then J € p¢. because p N A = 0.
If (Yp) ealZ V1. 22 0. VY. 271, for some Z] ..... zmtl ¢ Y. then
Uy 220 ym. 2™ € D, and since ¥ € D and, by Fact 4.1

Eab

https://doi.org/10.1017/js1.2017.60 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2017.60

RETRACTIONS OF REVERSIBLE STRUCTURES 1435

we have D, orbjy(y,)(X). there is f € Aut(Y.p) such that fX =
(ZVy1. 22 0o ym, 2 and, hence, f(x;,) = yi. for k < m, So, since
(X2 ..., x;,) € p¢. we have J € p°.

By (31). the relation p is definable in the structure (¥, D.,) by the R-negative
(R)-formula wp and, by Corollary 3.5, (¥, D.,) is a reversible structure. =

COROLLARY 4.6. If' Y = (Y, —) is an ultrahomogeneous tournament, then each
orbit of AutY is a reversible relation on Y.

ProoF. We show that the structure Y satisfies all the assumptions of Theorem 4.5.
First, by Fact 2.1(b). each tournament is a reversible structure. By the irreflexivity
of — we have — C Y2\ A3, so (i) is true. If x; — x; and y; — y» then
{{x1.31), (x2. y2)} € Pi(Y) thus (ii) is satisfied. If (x, x2). (y1. y2) €= \Ay. then
X1 # X2, V1 # V2, X1 /& X2 and y; /4 y», which implies that x, — x; and y, — y;
thus, again, {(x1, y1). (x2. y2)} € Pi(Y) and (iii) is true as well. —|

ExampLE 4.7. By the well known classification of Lachlan [15], each countable
ultrahomogeneous tournament is isomorphic to one of the following three:

- Q= (0.<). the rational line,

— T°, the w-universal-homogeneous tournament (the random tournament),

— Q* = (D, —). the local order (the circular tournament), where D is a count-
able dense set of points of the unit circle, no two antipodal, and x — y iff
0 < arg(x,y) < =.

By Corollary 4.6, if Y is any of the countable ultrahomogeneous tournaments listed
above, then for each n € N, each orbit of AutY on Y” is a reversible relation
on Y. By [10], all §-definable relations in a monomorphic structure with quantifier
elimination are reversible so, if Y = Q. then all relations definable in Y are reversible.
If Y = T® or Y = Q¥, then the structure Y is not 3-monomorphic (since it
contains copies of the 3-cycle tournament, C3, and copies of the 3-element linear
order, L3) so. the results of [10] can not be applied when we consider definable
n-ary relations for n > 3. But, for example, by Corollary 4.6, for the formula
e(v1,v2,v3) := P(v1,v2) A P(v2,v3) A P(v3,v1), the structure (Y, D, ), where

D, = {<X1,X2,X3> eEY)ixi o x> x; —>x1}

is reversible. (D, is the set of triples determined by the copies of C3.) In a similar way
we obtain the reversibility of the n-ary relation D,/ on Y consisting of the n-tuples
which are linearly ordered by the initial tournament relation —,

D, = {(xl,...,xn> EY": NicicjcnXi = xv,}.

A structure Y = (Y p) is an m-uniform hypergraph iff p € Y and for each

(¥1....yn) € pwehave (I) y, # y,. forr # s.and (S) (yz(1). - - Va(n)) € p. for each
n € Sym(n).

CorOLLARY 4.8. If Y = (Y.p) is a reversible ultrahomogeneous m-uniform
hypergraph, then each orbit of AutY is a reversible relation on Y .

ProOF. We show that the structure Y satisfies all the assumptions of Theorem
4.5. By (I) we have p C Y™ \ A7, so (i) is true.
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If (x1.....Xm), (1.....ym) € p, then by (I) for the sets 4 := {xi,...,x,} and
B = {yi.....ym} we have 4. B € [Y]" and, by (S). p N A™ = A™ \ A" and
p N B™ = B™\ A thus {(x;, y;) : i <m} € Pi(Y) and (ii) is satisfied.

If (i, oo Xm). (V1. Ym) € p° \ A, then for the sets 4 := {xi..... X, } and

B :={y1.....ym} wehave 4, B € [Y]" and, by (S). p N A™ = pN B™ = {); thus
{{x;.yi) i <m} € Pi(Y) again and (iii) is true. =

ExamPLE4.9. Clearly, graphs are 2-uniform hypergraphs and, by the well known
theorem of Lachlan and Woodrow [16], each countable ultrahomogeneous graph is
isomorphic to one of the following:

— Gy the union of u disjoint copies of K, where uv = w.

— GRrado. the Rado graph, the countable homogeneous universal graph.

— H,, the Henson graph. the countable homogeneous universal K,-free graph,
forn > 3,

— the graph-complements of these graphs.

It is easy to check (see [12]) that the reversible countable ultrahomogeneous graphs
are G, for 4 < w or v < w, the Henson graphs H,,. n > 3, and the complements
of these graphs, and, by Corollary 4.8, all their orbits are reversible relations. For
example if Hy = (X, ~) is the Henson triangle-free graph, then the set of “empty

triangles”, p := {(x1.x2.x3) € X} 1 x| A2 # X3 A X AX] b X2 b X34 x1}.isa
reversible ternary relation on the set X, etc.
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