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LEAST ABSOLUTE DEVIATIONS
REGRESSION UNDER
NONSTANDARD CONDITIONS

ALAN J. ROGERS
University of Auckland

Most work on the asymptotic properties of least absolute deviatibA®) esti-
mators makes use of the assumption that the common distribution of the distur-
bances has a density that is both positive and finite at.2&f® consider the
implications of weakening this assumption in a number of regression settings
primarily with a time series orientatiomhese models include ones with deter-
ministic and stochastic trendand we pay particular attention to the case of a
simple unit root modelThe way in which the conventional assumption on the
error distribution is modified is motivated in part by.\W Smirnov’s work on
domains of attraction in the asymptotic theory of sample quanfiles approach
adopted usually allows for simple characterizatigofen featuring a single pa-
rametesy), of both the shapes of the limiting distributions of the LAD estimators
and their convergence ratéhe present paper complements the closely related
recent work of K Knight.

1. INTRODUCTION

The least absolute deviatiorttAD) estimator of the coefficient vector in a
linear regression model has long been of interespecially as an alternative to
the ordinary least squar€®LS) estimatorMore recentlythe asymptotic prop-
erties of the LAD estimator have come under closer scrutiity quite a lot of
attention being paid to alternative ways of obtaining the limiting distribution of
this estimatarUnder the assumptions conventionally mattgs estimator has
an O,(nY?) rate of convergence andpon normalizationa Gaussian limiting
distribution with covariance matrix proportional t@g(2f (0))? wheref (0) is the
common density of the independent disturbances at the mezian of their
distribution Two new approaches to obtaining these asymptotics in a variety of
linear regression contexts are the convexity arguments of Krid#@9 1991,
1993, Pollard (1991, and Davis Knight, and Liu (1992 and the use of gen-
eralized functions by Phillip§1997).

An early version of this paper was presented to the first meeting of the New Zealand Econometrics Study Group
held at the University of Auckland in January 199hanks go to the participants for their commertsam
especially grateful to two refereesne of whom made detailed suggestions about the structure of the proof of
Proposition 21 am also indebted to the editor for his guidance and specific suggestions and for making preprints
of K. Knight's paperg1998a 1998h available Address correspondence #lan J Rogers Department of Eco-
nomics University of Auckland Private Bag 92019 uckland New Zealan¢ e-mait arogers@aucklandcnz
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This paper is concerned with the consequences of weakening the usual as-
sumption on the disturbance distribution in a number of simple regression set-
tings Given the presence ¢{0) in the formula for the limiting distribution of
the LAD estimator in the standard casteseems natural to want to know what
will happen wherf (0) = 0 or f(0) = co. Such cases are certainly quite consis-
tent with conventional assumptions about the distribution of the disturbances in
regression contextsuch as symmetpexistence of variangeand so on

In fact, for the location modelwhere the LAD estimator is just the sample
median the analytics have been comprehensively developed by Sm{lri¢52),
although his work does not seem to have attracted the attention it ded@émes
exception is Serfling198Q) It is interesting from a number of perspectiyes
one of which is the parallels it yields between the effects of nonstandard distri-
butional assumptions on the asymptotics for the LAD estimator and the well
known effects of other nonstandard distributional assumptions on the asymp-
totics of the ordinary least squar@3LS) estimatorFor the LAD estimatqrthe
nonstandard features that matter,aret surprisingly at the center of the dis-
tribution, whereas for the OLS estimator it is the tails of the distribution that
are important

The idea of relaxing the usual distributional assumption in regression mod-
els has been pursued very recently by Knigt298a 1998h. The present pa-
per is concerned with the same general problem and is based on work originally
done independently of Knight'§o avoid duplication we concentrate on mod-
els not covered by his workvith particular emphasis given to a simple ran-
dom walk with both finite and infinite variance errar$his last aspect of the
paper extends the results of Kniglit989 and Hercg1996.

The direction in which this paper weakens the usual assumption on the dis-
tribution of the disturbances was initially motivated by the ease with which it
yields some definite and easily understood resudtd, perhaps more impor-
tant it was also motivated by the connection it has to the domains of attraction
for the limiting distribution of the sample medidand other sample quantiles
in Smirnov’s (1952 study of the location modeThis also means that the ex-
tent to which the error distribution deviates from the conventional require-
ments is captured by a single paramgterThe approach adopted by Knight
(19984 is one suggested quite naturally by his analytarsd the latter provide
a powerful and versatile way of obtaining a range of resifts see however
that the two approaches are very closely related

2. PRELIMINARIES

We are concerned with the least absolute deviatituAsD) estimator off3, in
the regression model

yi:Xi/BO+ui’ i:]-’-'-’n’
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in which theu; are independently and identically distributed and there

k X 1 vectors of observations daregressorsThe distribution function of the

u; is denoted byF. We begin with the observation that expressions of the form
F(z) — F(0) for z near zero arise frequently in the study of LAD estimators
One way in which this happens is as follaviche LAD estimator off,, de-
noted bybLAP, is any 3 € R* that minimizes

ZIWi_Xi'BL

but it is convenient to work instead with the objective function

Z,(8) = (¢n/vn)§(lui =X/ 8/¢q| = i), 1)

where{¢,},{v,} are suitably chosen sequences of constdntseachn, Z,,(5)
is a convex function of, and anys € 9i* that minimizesZ,(8) is equal to
b, (b5AP — B,). In what follows we let

d, = b5*° - B,

Next, we letl (-) denote the indicator function and note that we can make use
of the identities

lw—z| —|w| = —zsgnw) + 2(z—wW){l (z>w=0) - I (z<w<0)}
= —zsgn(w) + Zfz{l(ws s) — 1 (w< 0)}ds
0

in which sgriw) = w/|w| for w # 0, sgn(w) = 1 for w = 0; these two identities
are almost the same as thosergspectivelyKnight (1989 and Knight(19983
1998b, with the first being equivalent to one used by Poll&t891). Applying
the second to the summands4p(d) enables us to write

Zn(8) = Aq(8) + By(9), (2)

where

An(6) = (d)n/vn) ;(_Xilé/(l)n)sgr‘(ui)

= —(1/vy) 2 x5 sgnu;) ®)
i=1
and
n X|,5/¢n
B.(8) = 2(¢,/vy) 2 . {1y =s) = I(y <0)}ds 4)
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HereA,(8) is clearly linear ind, and{v,} can usually be chosen £g,(5) has
known behavior ag — co. (In many casess, = n%/2.) The dependence of this
behavior orfF is, from (3), evidently minimal The nature of the dependence on
6 of B,(6) is more involved but we note that ife.g., thex; are nonstochastic
then wheneverF is continuous at zer@mplying E[I (u; < 0)] = F(0)),

n Xi,5/</7n
EIB,0)] = 2/ 3 [ {F(9) - FO)ds
i=1+J0

n P}
=2ugl_§‘, . {F(s/¢,) — F(0)}ds

so that if B,(8) — E[B,(8)] is negligible in some sense whenis large the
dependence dB,(5) on the shape oF near zero is cleaflo proceed further
we need to impose more structufidhe approach taken by Knigkt998a is to
assume thaE[B,(8)] tends to a convex limit function that takes on val@est
all infinite or all zerq in [0,c0].

Alternatively but in a similar vein one can make assumptions on the se-
quence of functions

V,(2) = ano {F(s/pn) — F(0)}ds

for fixed q > 0 and sequence of constanfg,}, as in Knight(1998a, or as-
sumptions on

n(2) = nYF(z/p,) — F(O)},

as in Knight(1998h. The potential for such assumptions to be applicable to an
examination of the limiting behavior @&,(8) should be clearFor exampleif

v, = NY? it is natural to choosg = 3 andp, = ¢,.) In particular if the x; are
stochastiqwith x; andu; independent for each), and if we denote the sum-
mands in(4) by b; 1(8), s0B,(8) = XL1 b 1(8), then

X/ &
Elby(8)]% ] = 207 f (F(5/dn) — FO)}ds

and the limiting behavior oB,,(§) can sometimes be explored via these these
conditional expectations

The approach adopted in an early version of the present paper was to assume
that F(z) — F(0) is regularly varying at zeroThis assumption can be moti-
vated by the way in which it yields simple results in many important cases and
also by its historical importance in the theory of sample quantdes Smirnoy
1952, and because it is a natural way of relaxing the assumptionRhets a
finite, positive density at zetavhile retaining some smoothnesskn Specifi-
cally, we will often make use of the following assumption
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Al. Fis continuous at zero witk (0) = 3, and defining
G(z) =F(2) = F(0),
M(2) = max{|G(-2)[,|G(2)[},
then lim,_,o{—G(2)/G(—2)} exists although it may be infinifeandM (z) satisfies
M(2) = L(2)[z]",

wherey > 0 andL is an evenslowly varying function at zerdi.e., L(z) =
L(—z) for all z, andL(Az)/L(z) — 1 asz— 0 for anyA # 0) with L(z) > 0 for
all z# 0. That is M is regularly varying at zero with exponepnt> 0.

Al is equivalent to the requirement thatbelong to one of three out of four
possible domains of attraction for the sample median in the location model
(wherek =1 andx/ =1 for alli). See Smirno\1952. Under AL F(z) — F(0)
is regularly varying at zeréwith positive exponenty) from above andor be-
low and need not be symmetric around zarolike M andL, which have this
property by constructiant is interesting to note the role regular variation at
zero plays in thénonstandarglimit theory for the sample mediajust as reg-
ular variation at infinity has a vital role in the limit theory for the sample mean
in situations featuring infinite variancel view of its prominence in what fol-
lows it will be convenient to refer te as the center exponeftf F).

The following result provides a linkage between Al and the limiting behav-
ior of functions likeys,, and¥,, defined previouslyits proof and that of Lemma, 2
which follows appear in Appendix A

LEMMA 1. For G(z) =F(z) — F(0) and z= 0, the following are equivalent:

(i) G(z) = L(2)z” for somey > 0, where L is slowly varying at zero from above;
(i) for a given g> 0, there exists a sequené@,}, with p, — o0 as n— oo, such
that for each z= 0, ¥,(2) = n9G(z/p,) — ¥(z) as n— oo, wherey is contin-
uous at zeroy(0) = 0, andys(z°) € (0,00) for a continuity point, 2 > 0, of ;
(i) for a given gq> 0, there exists a sequen¢@,}, with p, — co0 as n— oo, such
that for each z= 0

z

W, (2) = an G(s/p,)ds— ¥(z) ash— oo
0

and there is an open intervdlz;, z,) C R+ on whichW¥ is finite and strictly
convex.

Sq requiring thatF satisfy Al is less restrictive than it might first appear
and is closely related to weak assumptions concerning the existence and nature
of limits of the functionsys,, ¥,. We note thagg and{ p,} are connected vig
by p, = n¥€(1/n) where( varies slowly at zerdThe implication running from
(ii) to (i) has a similar flavor to a result of Fell¢t966. The result of most
interest in the present context is the equivalence betwi¢emd iii ). The strict
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convexity of the limit functionW¥ in (iii) means that typicallyB,(8) is also
approximated for larg@ by a strictly convex function ifiiii) holds and the
equivalence betweef) and (iii) means that this approximating function has a
particularly simple formMoreover this approximation can be obtained by ex-
ploiting a uniform convergence property of regularly varying functions

Because we are interested in generalizing the conventional assumptign on
it is perhaps natural to ask what happens when Al is not satiigartial
answer is provided by the following lemma

LEMMA 2. For G(z) = F(z) — F(0), suppose that %) is strictly increas-
ing at all z€ (—z* z*) for some Z > 0and G(z) » 0as z— 0.

(a) If G is slowly varying at zero from above then for any>q0 there exists a se-
quence] p,,} such that, for each z 0,

z

W, (2) = an G(s/p,)ds— z as n— oo,
0

with p, — oo and pjgnj/pn — o as n— oo for any g > 1; here|-| denotes
integer part.

If G is rapidly varying at zero from above in the sense th&A8/G(z) — 0 as
z\ Ofor all A € (0,1), then for any given ¢~ O there exists a sequené@,}

such thaty,(z) = n9G(z/p,) — ¥(2) as n— oo for each z= 0, where

0 ifze[0)
Y(z=11 ifz=1
o ifze (1,0)

(b

~

with p, — o and pjgn/pn = 1 as n — oo for any g > 0. And, ¥,(2) =
N9y G(s/p,)ds, ¥a(z) — ¥(2) as n— oo, where

B 0 ifze[0,1]
W(Z)_{w if z€ (1,00)

We provide an illustration of the application of Lemma 2 in Proposition 3
which follows The condition of partb) is closely related to the exact charac-
terization of one of Smirnov'¢1952 four domains of attraction for the sample
median this being the only one not covered by Alhe behavior of the se-
quenceq p,} in Lemmas 1 and 2 turns out to be intimately related to the con-
vergence rates for the LAD estimator under the associated conditioRs on

Taken togethercondition(i) of Lemma 1 and the conditions of par® and
(b) of Lemma 2 cover all possibilities for the behaviorfefz) — F(0) that are
likely to be of interestat least if we are prepared to confine attention to those
F that are strictly increasing and reasonably smooth at.zero

For the models considered in the following sectionsxhtake a form suffi-
ciently specific that there is no need to impose additional assumptions on them
In each of these cases we assume for simplicity thad symmetric around
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zera This is inessentialand interesting things can happen when it is relaxed

but no issues of substance are raised that are not present in asymmetric cases in
the location modelSee Smirnoy1952 and also Knigh{19983a. And in each

of the models considered there is only one regresisar k = 1). Significant
complications arise in extracting the limiting distributions of the LAD estima-
tors of the individual coefficients when this is relaxédain, see Knight1998a

1998h. These difficulties do not arise in the standard casdsumed by = 1

in Al) because theZ,(6) has a quadratic approximatiohleverthelessthe

casek = 1 yields a wide enough range of results to be interestrgofs of all
propositions appear in Appendix B

3. DETERMINISTIC TREND

The following result is an application of the ideas of the previous section to the
case of a single nonstochastic regressor that takes the form of a deterministic
trend

PROPOSITION 1 Suppose thatjx= i “. If F is symmetric around zero and
satisfies A1, and

(@) ifw > —3, 0+ 3y > 0, thengnd, =4 sgn(é)[£/[2(1 + y)]|¥?, where ¢, =
£°(1/n)n®*¥2y ¢°is a function that is slowly varying at zero, agd~ N(0,1);

(b) if o < —3 and w(1 + y) > —1, then¢nd, = Op(1) as n— oo, whereg, =
£o(1/n)nlt+e@+vl/y and ¢° varies slowly at zero, provided that whenever
® < 0, L(2) in Al is nonincreasing irjz| at each ze (-z* z*) for z* > 0
sufficiently close to zero.

Considering parfa) of this result firsf we see that the center exponent
affects both the shape of the limiting distributiondfd,, and the rate of con-
vergence ofl, to zero am — oo. This is as for the location model that can be
obtained as a special case by setitng 0 and also for some other regression
models with well-behaved nontrending regresséi the OLS estimator the
rate of convergence i©,(n“*¥2) wheneverE[u?] < w andw > —3. So in
this casethe LAD estimator converges more rapidly wher< 1; wheny > 1
the convergence rate is slowand the condition of par®) on w is more strin-
gent The form of the limiting distribution of the estimator in pag) follows
from the fact that the components &f(6) defined in the preceding section
satisfy

An(a) —d ~ 657 Bn((s) —p 2|6‘1+y’

where in the definitions oA,(8) andB,(8), in (3) and(4), {¢,} is as defined
in part(a) and{v,} is defined byv, = (3_i%°)¥2.
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Proposition 1b) is interesting in two respectFEirst, if y < 1, the LAD esti-
mator is consistent in circumstances where the OLS estimator isSeobnd
writing

Zn(6) = An(‘s) + E[Bn(‘s)] + {Bn(S) - E[Bn(5)]}

for suitable choices ofv,}, {#,}, An(8) has a non-normahondegenerate lim-
iting distribution and as for part(a), E[B,(5)] — 2|8|*"”, but we do not show
that 28|17 is also the probability limit oB,(8); hence a limiting distribution
is not given in parib).

We note also that the conditions > —% andw > —21y of part(a) imply
ol + y) > max{—(1 + y)/2,—(1 + y)/2y} = —1, so the condition
w(1l+ y) > —1is present in parta) and also in partb) (and in fact is used
in the proof of part(a)). And, the condition orL that is imposed whem < 0
can easily be replaced by othemich as the requirement thiatbe bounded
above and below away from zero on a small neighborhood of. zero

4. RANDOM WALK

We are concerned here with the model
Yi =BYic1it U, Yo=0

so thatx; = y;_4 fori = 2,...,n andx; = 0. We will be interested in the LAD
estimator in the random walk case for whiéh= 1. In the standard case where

F has a finite positive density at zefcsome interesting results emerge from
this mode] especially whel is heavy tailedSee Chan and Tra1989, Knight
(1989 1991, and Phillips(1991) and for the case of finite variance distur-
bancesHerce(1996. To see how these and other results are affected by allow-
ing for more general behavior &f at zerg we make the following assumption
on the tails off.

A2. F is symmetric around zero and lies in the normal domain of attraction
of a symmetric stable law with index € (0,2], so that eitheE[u?] < oo for
a =2 orE[u?] = o for a € (0,2), in which case

1-F(z2) =F(-2z)~c,z7* asz— w

with ¢, > 0.

The symmetry assumption,iss before adopted for conveniencand the
same applies to the restriction to normal domains of attrachenause it sim-
plifies expressions for sequences of normalizing conste®s Ibragimov and
Linnik, 1971 Feller, 1966.
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PROPOSITION 2 Suppose that the distribution function, F, of thesatis-
fies Al, A2, andx=y;_, fori = 2,...,n, with , = yo = 0. Wheng =1,
(@) ifE[u?] = o2 < o (i.e.,a = 2),

1y

1
fo Wi(s)dWs(s)

’

1 1
¢ndn —d ; Sgn(f Wl(S)dV\é(S)> X 1
’ 20+ ) [ Iwi(ods
0
in which W and W are dependent standard Wiener processes, and
¢ = N2 200(1/n),

where€° varies slowly at zero;
(b) if E[u?] = o (i.e.,a € (0,2)),

1y

1
f S.(s)dW(s)
o]

)

1
bnd, —g sgn(J Sa(s)dW(s)> X -
’ 2(1+ ) J S.(9)[+7ds
0

in which W is a standard Wiener process, iS a stable process with index,
independent of W, and

bn = N2V V(O(1/),
where° varies slowly at zero.

Part(b) of Proposition 2 generalizes a result of Knigh®89 to allow for
the sort of behavior oF at zero in which we are interested in this papis
result can be obtained by setting= 1 in A1 and requiring that the slowly
varying function L, in Al satisfyL(z) — ¢ € (0,00) asz — 0, this being nec-
essary but not sufficient fdf to have a finite positive density at zerdn this
casethe convergence rate of the LAD estimatoQs(n'/2*%«), which is more
rapid than theO,(n) rate for the OLS estimatpwith the latter being indepen-
dent of the tail thickness parametes See also Phillipg1991). We see from
Proposition 2b) that if y in Al is less than onethe convergence rate of the
LAD estimator is even more rapidf y is greater than onewvhether or not
the LAD estimator converges more rapidly than the OLS estimator depends on
the magnitudes ok andy. If @ =1 the LAD estimator converges more rapidly
for anyy, and this superiority also holdsdf € (1,2) andy < a/2(a — 1). How-
ever when this inequality is reversede., vy > a/2(a — 1) (anda € (1,2)) the
OLS estimator dominates the LAD estimator in terms of its rate of conver-
gence The borderline situation for which = a/2(a — 1) anda € (1,2) is re-
solved by the behavior of the slowly varying functiarnin Al: if L(z) —» c €
(0,00) asz — 0, the LAD estimator has th@y(n) rate of the OLS estimatpa
more rapid rate iL.(z) — o0 asz — 0 and a slower rate if(z) — 0 asz — 0.
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This is another reflection of the intuition that the higher the concentration of prob-
ability assigned by to a neighborhood of zerthe more efficient the LAD es-
timator is likely to be

Part(a) of Proposition 2 generalizes the work of Held®96). Here there is
a more direct parallel with Propositiond becausggiven E[u?] < oo, (i€,

a = 2) any other characteristics of the tails Bfare irrelevant for the asymp-
totics Wheny < 1, the LAD estimator has a more rapid convergence rate than
the O,(n) rate of the OLS estimatpand it has a less rapid rate when> 1.
Wheny =1, the relative performance is decided by the behavidt at zero

There is an important difference between the limiting distributions in parts
(@) and (b) that has been emphasized and explained by H¢t®86): in
(a) W, andW, are dependent Wiener processebereas the process&s, W
in (b) are independentThe reasons given for this in the papers by Knight
(1989 1991 and Herce(1996 apply without qualification to the cases of in-
terest here because the question revolves around the limiting behavior of
AL(8) = —=on Y23 (1 /MY¥)sgn(u;) (a € (0,2]), which is entirely un-
affected by the generalization of interest in this pajpecause the influence
of this generalization is felt solely iB,(5), as indicated in Section.Zlhe
processe$\, andW in parts(a) and(b), respectivelyare limits of the partial
sums of{sgn(u;)} upon normalization byn'/2, whereasW,; andS, are limits
of partial sums offu;} upon normalization bynv/¢, with « = 2 for part(a),

a € (0,2) in part(b): as Hercg1996 notes this last sequence of normalizing
constants is responsible for the absence of any dependence bateamanhS,
that might be expected to be present in view of the dependdaceachi,
betweenu; and sgriu;).

The effects of the dependence in péaf on the one hand and the indepen-
dence in part(b) on the other emerge quite clearly from an examination of
Figures 1-4which depict simulated limiting distribution functions and associ-
ated estimates of the limiting densities

Finally, we note that the shapes of the limiting distributions in p&aisand
(b) of Proposition 2 are affected by the center expongnas is apparent from
the presence of the exponentylin the formulae The effect is quite similar to
that in Proposition (a) and is clearly discernible in Figures 1-4ls expected
the magnitude ofy has a dramatic effect on the nature of these distributions
near zero

The next set of results is concerned with the same random walk model where
F satisfies A2 but not AIWith some caution they can be thought of as limiting
cases obtained by lettingin Proposition 2 tend either to infinityor parts(a)
and(b), or to zerq in part(c).

PROPOSITION 3 Suppose that the distribution function, F, of thesatis-
fies A2 for somer € (0,2], is strictly increasing at all = (—z*, z*) for some
z* > 0, is continuous at zero with®) = 3, and x =vy,_, fori = 2,...,n, with
X1 = Yo = 0. Wheng =1,
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FiGuRE 1. Limiting distribution for Proposition 2): y = 2.
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FiGuURE 2. Limiting distribution for Proposition £a): y = 0.5.
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Ficure 3. Limiting distribution for Proposition &): y = 4.0, « = 1.5.
©
. LI '
| |
¢ g !
0o 1 'l
o |l |
! L}
0 .
- ' ‘
o oA
0 1
]
[} 1
G !
)
¥
g
I\
o
a
0

Ficure 4. Limiting distribution for Proposition gb): y = 0.5, « = 1.5.
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(a) if F is rapidly varying at zero in the sense of Lemma 2(b) afd® = 02 < o
(i.e.,a = 2), then

Sgn<f0 Wl(r)dV\é(r)>

(rb d —d )
n max {| o Wa(r)[}

where W and W are dependent Wiener processes; and

— nl/2
¢n_n/pnv

{pn} being a sequence of constants satisfyingp;qn) — 1 as n— oo, for any
g>0;

if F is rapidly varying at zero in the sense of Lemma 2(b) afjd® = « (i.e.,
a € (0,2)), then

sgn(fo1 Sa(r)dW(r)>

max {|S,(r)[}
O=r=1

(b

~

¢n dn —d

’

where W is a Wiener process, angiS a stable process independent of W, and

¢n=n"py,

{pn} being a sequence of constants satisfyingp;qn) — 1 as n— oo, for any
g>0;
(c) if Fis slowly varying at zero, then, far € (0,2],

nY*p,d, —»,0 asn—co

for any sequencefp,}, of constants satisfying*n**[F(1/p,) — F(0)] ~ 1 as
n — oo, for somev < 2.

In parts(a) and (b) of this result the limiting distributions take quite un-
usual forms and these arise because of the nature of the stochastic processes
followed by the regressors in each caskey do however have a parallel with
a result of Smirnov'91952 for the location modeli.e., the model of Propo-
sition 1 with w = 0 but with F rapidly varying at zerp In this case the lim-
iting distribution is bimodalattaching probability of; to each of the points
—1 and 2, and the convergence rate is very sldwrelated result with inde-
pendently and identically distributed regressors is Example 4 of Kiilg€8a.

In parts(a) and (b) the convergence rate of the estimator is clos@,;(nl/‘*),

a € (0,2], a result that we might expect from part@ and (b) of Proposi-

tion 2, because the latter is approximately the convergence rate obtained there
by makingy large Part(a) of Proposition 3 in particular is of some interest

as a curiosum because the convergence rate for the LAD estimator is close to
the familarO,(n"/?) rate associated with many estimators in a wide variety of
models with stationary regressors
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The simulated limiting distribution functions and the associated estimated
densities that appear in Figures 5 and 6 provide some insight into the shape of
the limiting distributions in partéa) and(b) of Proposition 3The distribution
for part(a) depicted in Figure 5 resembles an extreme version of Fig(rati3er
than interestingly Figure 1), whereas the infinite variance disturbances in part
(b) have a notable smoothing effeepparent in Figure.6

In part (c) of Proposition 3 no limiting distribution is providedNor is a
limiting distribution obtainable in a simple location modelRfz) — F(0) is
slowly varying at zerpbecause then there is no domain of attraction of the
sample median that contaifsthis follows from Smirno1952. In the present
random walk model the reasoning is as followsve choose the sequences of
constants{v,}, {¢,} in the definition ofZ,(8) in (2) so that bothA,(5) and
B,.(8) (in (3) and(4), respectively have nondegenerate limiting distributions
then

{AL(8), Bn(8)} =4 {—5f S, (r)ydwir), 2|5|f |Sa(r)|df}
0 0
whenE[u?] = « (i.e, a € (0,2)), and so whereaZ, (§) = A,(8) + BL(5)

converges in distribution to a convex random functiats), of &, this limiting
function is not strictly convexit is uniquely minimized a6 = 0 if

1
< 2] |S,(r)|dr
0

flsa(r)dW(r)
0

FiGure 5. Limiting distribution for Proposition ).
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F1GURE 6. Limiting distribution for Proposition &): a = 1.

but até = co X sgn(fo1 S, (r)dW(r)) if the inequality is reversedsq, with pos-
itive probability arg miqZ(5)} does not existHereW, S, are Wiener and sta-
ble processegsespectivelyThe argument for the case wheF¢u?] < o (i.e.,
a = 2) is essentially the samelence no non-degenerate limiting distribution is
obtainable at least by the methods used heks might be expectedhe con-
vergence rate of the LAD estimator is extremely ragidd in particularfrom
Lemma 2 and the proof of Propositio{3, n*d, = 0p(n™*) asn — oo, for
arbitrarily largex. As an examplgsuppose thaF(z) — F(0) ~ —sgn(z)/
In(]z]) asz — 0: in the statement of Proposition @, we can choosé¢p,} so
thatn*~**[—1/In(1/pn)] ~ 1 asn — oo, for anyv < 2, which implies thatd, =
op(n~Y*exp(—nY27#)) for anye > 0.

5. STATIONARY AUTOREGRESSION

For the random walk model considered in the preceding sedtienflavor of
Proposition 2 is similar to that of Propositiorial, because in both cases the
parametery plays a similar roley < 1 always means that the LAD estimator
has a faster rate of convergence than the OLS estipatdrthis is also true of
models with more conventional regressaisch as Example 1 of Kniglit998a.

In this section we examine the modgl= By;_; + u;, Yo = 0 of the last section
but with | 8] < 1. We make the following assumption on the tailsFof
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A3. Fis symmetric around zer@and eithelE[|u;|<] < oo for anyx > 0 or,
for somen > 0,

1-F(z) =F(-z)~c,z" asz— +ow

with ¢, > 0.

Note that if in A2« < 2, thena coincides withn in A3. If n = 2 in A3,
thenE[u?] = oo, andn = 2 has no counterpart in A2 in view of the restric-
tion there to normal domains of attractidm A3, if » > 2 thenE[u?] < oo,
but E[|u;|“] = oo for somex > 2. In general n is the maximal moment ex-
ponent ofF, i.e, n = sup{k:E[|u;|*] < oo}. There is an obvious parallel
here with the center exponent, of F in Al: y is the maximal moment expo-
nent of the distribution of Alu;|, becausey = sup{x:E[|u;|™*] < oo}.

PROPOSITION 4 Suppose that the distribution function, F, of thesatis-
fies A3 and, for parts (a)—(d), Al. Whep=xy,_, fori = 2,...,n, with x, =
Vo= 0andp = 0,

(a) if E[u?] < oo and E[|u;|**7] < oo, then
¢n dn —d |§_—|1/«/ SQr(g)y

where¢, = n¥?7¢°(1/n), €° is slowly varying at zero, and is normally distrib-
uted with zero expectation and variance equal to

E[u?] )
{21+ y)E[ul* 1}

(b) if E[u?] < oo, and E[|u[***] = o0, s01 + y = 5 > 2, then rfd, —, 0 as
n— oo foranyx < 3(np —1);

(c) if E[u?] = oo, and E[|u;|**"] < o0, S01+ y < 5 = 2, then rf'd, -, 0as n— o
foranyx < (n — 1)/nv;

(d) if E[u?] = o, E[|u;|] < o0, and E[ |u;|**Y] = c0, s01+y =70 > 1, n = 2, then
n“d, =, 0 as n— oo for any k < 1/x;

(e) if E[Jui|] = oo with y < 1, then ¢, = Op(n~%7) as n— oo.

The conditionB = 0 is invoked to simplify the derivations and because we
are concerned here only with providing an indication of the sort of results that
can be obtainedPart (a) is a special case of a result due to Knigh998h,
except that we verififE[B,(8)] —p 2|8/**7E[|u;|**7] directly using the regu-
lar variation ofF in Al. The parametey plays the same role here as in Prop-
ositions 1 and 2it affects the rate of convergence and the shape of the limiting
distribution with the standard result again obtained by setiing 1 and requir-
ing thatL in Al satisfyL(z) — ¢ € (0,c0) asz — O.

Parts(b)—(d) require thatE[|u;|“] = co for certain values ok and different
configurations of the parametersand+y. The first point to note about these
results is they provide some information only on the convergence rates of the
LAD estimator For part(c) this is so essentially for the same reason Proposi-
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tion 1(b) is incomplete in a similar sens&e can determine the limiting behav-
ior of A,(8) andE[B,(8)] for choices of the sequencgs,} and{¢,} that would
deliver a limiting distribution of¢,d,, but difficulties arise in establishing
Bn(6) — E[Bn(8)] —, 0 asn — oo for such sequence&or parts(b), (d), and
(e) there are related technical difficulties concerning the limiting behavior of
B.(5).

The second feature of these results is the role played by the center exponent
v, in (b) and(d): there the convergence rates are determined entirely by the tail
parametem, whenevem, vy satisfy the inequality

1+y=n,

which says thaf has a relatively low concentration of probability near zero
compared to the magnitude of the tail probabilitibote that in the standard
case wherey = 1, this condition is simplyn = 2, implying that theu; have
infinite variance When the inequality does not hgldo that 1+ y < 7, the
amount of probability near zero is large enough to influence the convergence
ratg and as in Propositions 1 and 2 smaller value o yields a faster con-
vergence ratefor a given value ofy. But this influence ofy is again con-
strained by the magnitude of: if n < 1, so that theu; do not have finite
expectationthen the nature of near zero is entirely irrelevant for the conver-
gence rate of the estimat@nd this is the content of pat¢). Notice that part
(e) does not require that the medjazerq of F be unique and the symmetry
requirement in A3 can also easily be dispensed with

In fact, the results of Davis et a(1992 can be applied to the model of Prop-
osition 4 to show thatl, = O,(n~%") whenevem & [1,2) with the only con-
dition imposed orF near zero also being(0) =1 — F(0) = 3; this result is an
implication of their Theorem .2, and it subsumes par{s) and(d) of Proposi-
tion 4, but part(c) is a substantially stronger result because of the more rapid
convergence rate given therebtained at the expense of imposing.Adnd,
whenn € (1,2), their Theorem 4 implies thatZ,,(6) —4 Z(6), whereZ(5)
has a nondegenerate limiting distribution wheneE¢fu;| ¢] < oo for some
& > n — 1. This moment condition reduces in the present context to the require-
ment 1+ y > 7, which is a strict version of the inequality encountered earlier
Under an additional condition that amountsyto< 1, Davis et al show that
nY7d, converges in distribution to the unique minimizer 2¢5). Therefore
stronger results are available for some of the parameter configurations allowed
for in part(d). Their resultsTheorem 41 and its sequelalso deliver an exact
O,(n¥") convergence rate accompanied by a limiting distribution wien 1
andy < 1/x, with the latter condition ensuring that(§) has a unique mini-
mizer. This represents a refinement of pé&et of Proposition 4 obtained at the
cost of imposing a condition of. Pollard (1991) has obtained a®,(n) con-
vergence rate fop = 1 (andy = 1), a case not covered by Proposition 4

Some comparisons with the OLS estimator seem worth maKkihg con-
vergence rate of that estimator is determined entirely by the tails tder
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A3 it is Oy(n*2) whenn > 2 (or « = 2 under A2. Sq under the conditions

of part (a) of Proposition 4 the relationship between the two estimators has
the same flavor as in the preceding sectidhg convergence rate of the OLS
estimator exceeds that of the LAD estimatoryif> 1, with the ranking re-
versed fory < 1; the casey = 1 is resolved by the behavior af (in Al)

near zeroThe conditions of partb) imply v > 1, so the more rapid conver-
gence rate of the OLS estimator relative to the LAD estimator is perhaps not
surprising Whenn < 2 in A3 (or « < 2 in A2), the convergence rate of the
OLS estimator isOp([n/In(n)]l/’?). (The factor Inn) arises here because
of the presence of the productsu;_, in the formula for this estimatorin
Shouu_ /> ,u? 4, the numerator and denominators have nondegenerate
limiting distributions once they have been normalized, bgspectively
[nIn(n)]¥” andn?™. See Phillips 1990 Appendix A) But the relative perfor-
mance of the two estimators in terms of their rates of convergence differs mark-
edly from the case where the have finite variancein part (c) the LAD
estimator has a faster convergence rate than the OLS estjragtonight be
expected in view of Propositions 1-3 because the conditions of(pairnply

v < 1. Under the conditions of pard) the two estimators have similar con-
vergence rates regardless of whether or pot 1, and the slight superiority

of the LAD estimator under the subset of conditions mentioned edilier
2>1+vy>mn>1orn < min{l,1/y}), and due to Davis et a[1992, is
noteworthy The same slight advantage of the LAD estimator is present under
the conditions of parte) but now with the only restriction of near zero that

it has zero as a median

6. CONCLUSION

We have attempted to indicate how the asymptotic behavior of the LAD esti-
mator is affected when the conventional assumption on the disturbance distri-
bution is relaxed in a way that seems intuitively attractimeaddition to being
convenient from the point of view of derivatianBhe results for some models
extend those of Smirnoyl952 for the location model in ways that provide
reasonably straightforward parallels with these early findilyg others are
rather more involved
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APPENDIX A: PROOFS OF LEMMAS 1 AND 2

Proof of Lemma 1. The proof proceeds by showing th&r z= 0,

(a) (i) implies (ii) with (2) = z7, (y > 0);

(b) (ii) implies G is regularly varying at zer¢from above with exponenty > 0;

(c) (i) implies (iii ) with ¥(2) = z**7/(1+ y) andp,+1/pn — 1 asn — oo;

(d) (iii) implies that if we writeW,(z) = [ n%G(s/p,)ds = nqpnf(f/”"G(s)ds or
W,(z) = n9%,R(z/pn) WhereR(t) = f(;G(s)ds thenR is regularly varying at
zero (from above with exponent equal to * y and G is regularly varying at
zero(from above with exponent equal tg, with y > 0.

(a) We note thafi) means
nL(z/pn)(2/pn)”

(nYpX)L(1/p){L(2/pa)/L(1/py)} 2.

niG(z/py)

Now, for fixed g > 0, choose{ p,} so thatp} ~ n9L(1/p,) asn — oo; thenp, — oo as
n — oo, fromy > 0, g > 0 and the slowly varying property &f, and this last property
also yieldsL(z/pn)/L(1/pn) — 1 asn — oo, for eachz € (0,00). And becausé&(0) = 0
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(becauseG(z) = L(2)z? v 0 asz \y 0 by the slow variation oL at zerg, we can
conclude than9G(z/p,) — z?, asn — oo, for eachz € [0,00), as required

(b) Becausein (ii), z° is a continuity point ofys with (z°) € (0,00), (ii) implies
that asn — oo, G(z/pn)/G(z%pn) — ¢ (2)/¢(z°) = ¢(2) € (0,00) for all z sufficiently
close toz°. Now definepg = pn/z° soG(z/(z°pR))/G(1/p2) — ¢(z) € (0,c0) for all z
sufficiently close toz°. We can then apply a straightforward modification of Theo-
rem 19 of Seneta(1976 to see thaiG is regularly varying at zero from above with
non-negative exponent if it is also the case that

G(1/pR)/G(1/pRs1) > 1 asn — oo;

but this is so becaus&(1/pg)/G(1/pr,1) = {NIG(z%pn)}/{nIG(z%pn+1)} has
from (ii), the same limitlasn — o0) as{n9G(z%p,)}/{(n + 1)9G(z° pn+1)}, namely
¥ (z°)/y(z°) = 1. Finally, to check that the exponent of regular variation is posjtive
note that if not G must because it is nondecreasjrzg slowly varyingi.e., G(z%pn)/
G(Az%pn) — 1 asn — oo for all A > 0, which implies thatyy(Az°) = /(z°) for all
such A, so thatyy cannot be continuous at zero wigh(0) = 0, which contradictgii).

(c) From (i), ¥,(2) = 3 n9G(s/p,)ds= [inIL(s/p,)(s/pn)7ds and choosing ~
n9L(1/p,) asn — oo, as in(a), we havew,(z) ~ [[L(s/pn)/L(1/p,)]s?dsasn — co.
Now for eachz > 0,

fL(S/pn)S"/dSN L(l/pn)f s”ds asn— o
0 0

using a modification of Seneta{d976 Theorem 26 to deal with regular variation at
zero rather than ab. (The conditiony > 0 is used her¢ So

v, (z) ~ fZ[L(S/pn)/L(l/pn)]SdeN 27"Y(1+y) asn— co.
(0]

Note thatp,/pn+1 — 1 asn — co because the definition dfp,} allows us to writep,, ~
n¥7£(1/n), where{ is a function that varies slowly at zerthis also implies thap| gn|/
pn— g¥” asn — oo for anyg € (0,00).

(d) The strict convexity and finiteness of the limit functidnon (zy, z,) ensure the
existence of a continuity poirt® € (z,, z,) of ¥ for which ¥(z°) € (0,c0). Also, from
the definition of{W,}, ¥(0) = 0, andV¥ is everywhere convex by the monotonicity ®f
NOW, Wy, 1(2°)/Wa(2°) = [§ (N + 1)IG(S/pn1)ds/ S5 N9G(s/p,)ds— 1 asn — oo can
be shown to implypn+1/pn — 1 asn — oo, by making use of the strict convexity df
on a neighborhood af®, along with¥(0) = 0. Next, recalling thatR(z/p,) = ¥,(2)/
(n%p,,), we can apply a similar argument to that usedlm to see thaR is regularly
varying at zerdfrom above with exponent no less than unjtyoting thatp,;1/pn — 1
ensures thaR(1/p2)/R(1/p3i1) — 1 asn — oo, wherepg = p,/z°. To show that the
exponent of regular variation exceeds peeppose to the contrary th&tis regularly
varying at zero with exponent equal to ofiden{ p,n9R(Az/pn)}/{ pnnIR(Z/pn)} — A
asn — oo for A € (0,00), implying in particular that¥(Az)/¥(z) = A for all A # 1,
which contradicts the strict convexity df on (zy, z,). Next, to see that is regularly
varying alsg takea,b > 0, with b > a and write for t > 0,
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bt
G(s)d
t(b —a)G(at) _ (Lt (s) S) _ t(b —a)G(bt)
R(t) - R(t) B R(t)

becauses is nondecreasingrhe integral in the middle igR(bt) — R(at)]/R(t), which
has limit ast \y 0 equal tob* — a* by the regularly varying property d®, herex > 1
denotes the exponent of this regular variatidfe see therefore that

lim info{tG(bt)/R(t)} = (b —a")/(b—a),

which on lettinga — b (for fixed b) becomes liminf, o{tG(bt)/R(t)} = xb*~*; simi-
larly, lim sup., oftG(at)/R(t)} = xa“ *. Herea, b are arbitraryso we obtain

Itirrz){tG(ct)/R(t)} = ket

for eachc > 0. (The idea here is the same aside from minor modifications as the proof
of Theorem 24 in Senetal976 but we note that hidJ is defined differently fromR.)

The regularly varying property d& follows immediately

G(ct) tG(ct)  R(t)
G(t)  R(t) “tG(t)

—c<t asty\ 0.

Note that they in (i) is equal tox — 1 > 0. u

Proof of Lemma 2. In both(a) and(b) choos€{ p,,} so thatn9G(1/p,) ~1 asn — co
and note that this is possib{@ith p,, — co asn — co0) becauses(z) is strictly increas-
ing on[0, z*] and is continuous at zero witB(0) = 0.

(@ InWh(2) = n%f; G(s/p,)ds 5 G(s/pn)ds~ G(1/p,) [;dsasn — oo becauses
is slowly varying at zero and nondecreasief) Senetal976 Theorem 26). Sq,
from the definition of{ p,}, ¥,,(z) - zasn — oo, as requiredAnd for anyg > 1,
Plgn)/pn — % asn — co from the definition of{ p,} and the slowly varying prop-
erty of G.

(b) From the definition of p,}, N9G(z/p,) — 0 asn — oo for all z € [0,1) becausg
for z € (0,1), {n9G(z/pn)}/{nG(1/pn)} — 0 becausep, — o asn — co andG
is rapidly varying at zerpsimilarly n9G(z/p,) — o asn — oo for eachz > 1.
This establishes the stated property of the limit funcilorand the properties of
T also follow easily by making use of the nondecreasing property.@fnd, for
anyg > 1, pjgnj/pn — 1 asn — oo from the definition of{ p,} and the rapidly
varying property ofG. |

APPENDIX B: PROOFS OF PROPOSITIONS 1-4

ThroughoutZ,(8) is as defined by1) and(2) andA,(5), B.(8) by (3) and(4), respec-
tively. The sequence,}, {¢,} are defined subsequently for each case
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Proof of Proposition 1. B,(8) = E[B,(6)] + (Bn(8) — E[Bn(6)]), and in the present
case

“8

n 18/,
ELB(0) = 2(6n/un) 3, | “(E(s) - F(O)ds

s/

n ¢n
= 2(¢n/vn) 2 G(s)ds

0
=2v,t D ¢ R(“8/¢y),
i—1

whereR(z) = [5G(s)dsandG(z) = F(z) — F(0). Under Al and the assumed symmetry
of F, we have|G(2)| = L(2)|z|”, or G(z) = sgn(z)L(2)|z|”, recalling thatL(—z) =
L(z) > 0 for all z+# 0 andL is slowly varying at zeroHere R is regularly varying
at zero from above and below with exponent-ly > 1, and in particularR(z) =
L°(2)|z|*"”, whereL?®, like L, is an slowly varying even function and

L°(z) ~ L(2)/(1+vy) asz—O0.

The connection betweeR and G can be obtained by using paft) of the proof of
Lemma 1 followed by partd), although more direct methods are availaljfeor exam-
ple, for z> 0 we can writefZ G(s)ds = [ zG(zt)dt = z**7 [ L(zt)t*dt and then mod-
ify Theorem 26 of Senetg1976 to obtainfc;L L(zt)t”dt~ L(z)/(1 + v) asz\s 0.) We
will be able to exploit the regular variation d® at zero if{¢,} is chosen so that
Mmax <j=n{i “/én} — 0, asn — co. We now consider part&) and(b) in turn.

(a) We set

n 1/2
— i2
Un = ZI ¢ s
i=1

n 1y
b~ [vn1L°(n“’/¢n) > i“’(””} asn — oo,
i=1

noting thatv, = O(n®*%2), w > —3, and we can writep, ~ £°(1/n)n®* Y27 as
n — oo, where¢° varies slowly at zeroNote that¢, — o asn — oo, becausen +
3y > 0, and alson®/¢,, — 0 asn — co. Then

E[B,(8)] = 2|5‘1+yvglz T LO(1 98/, )i @+
=

= 2[5 3 {LO(1“8/¢)/LO(N/p)}i @) [ oty
i=1 i=1

Now, the slowly varying property of.° ensures that.°(i“5/¢,)/L°(n“/¢,) — 1 as
n — oo uniformly on{i:|en] =i = n} for anye € (0,1), and so we obtain

E[B,(8)] = 2|8]*"” ashn— o
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provided we can show that

Len] n

E {Lo(i w6/¢n)/|—o(nw/¢n)}i w(1+y) 2 i w(1+y)
i=1 i=1

has a limit am — oo that can be made arbitrarily close to zero by makiérgpfficiently
small We distinguish between the two cases= 0 andw < 0. For w = 0, the slow
variation of L°® at zero ensures that far > 0, sup<i={L°(t)t*} ~ L°(2)z“ asz\, O
(see e.g., Seneta1976 p. 68). So forw = 0, we can deduce that for any > 0, as
n— oo,

sup {LO(“/n) (i /)" 7} ~ LO(Len]“/bn) (Len]“/pn) "7,

1<i=|en]

from which we obtain the result we seek without difficulty by again making use of the
slow variation ofL°. For @ < 0O, we first note thatw(1 + y) > —1 is implied by the
conditionsw > —3, w > —3v, so that>! ;i@ diverges as1 — co. This leads to

the result once it is combined with

sup {L°(i“/n)} ~ LO(Len]“/y),

1=i=|en]

asn — oo, which holds because < 0 andL(z) is (by assumptiopnonincreasing on
(—z* z*) for sufficiently smallz* > 0, and hence so ik°.

The next step is to dispose of the remaind&y(d) — E[B,(5)]. To do this we can
proceed as in Knight19983:

fw
1

var[B,(5)] = var[zwn/vn) > u=9 -1 = 0>}ds]

0
= 2(¢n/vn) Max{[i“6/dy|}E[B,(5)]
—0 asn— oo

becausé “/v, — 0 asn — oo for all i wheneverw > —3. And, under this last restric-
tion on w, and from the definition ofv,}, An(8) —q —8¢, € «~ N(0,1), (see eg.,
Gnedenko 1989 p. 317). These results foA,(6) and B,(6) mean that for eacls,
Zn(8) =4 Z(8) asn — oo whereZ(8) = —8¢& + 2|8|*"7, ¢ «~ N(Q,1). It is easy to
show that the convergence in distributionf(5) to Z(5) holds for any finite collec-
tion of &'s (see e.g., Geyer 1996 Lemma 33). And, becausey > 0, Z(8) is strictly
convex iné and consequently has a unique minimjz&e minimizer ofZ,(8) has for

its limiting distribution the distribution of the minimizer of the random functid(s)

as in Geyer(1996; and the result follows because this minimizer satisfies the first
order condition—¢& + 2(1 + y)sgn(8)|8|” = 0.

(b) For the case where < —% andw(1 + y) > —1 we setv, = 1 for all n and
define {¢,} as in(a). This now means that we can wriigg, = €°(1/n)ntHe@yl/y
where £° varies slowly at zeroAnd, |A(6)/8] = Oy(1) for eachs # 0, whereas the
same argument as that used for p@t(for the casev < 0) reveals thaE[B,(d)] —
2|8|**” asn — . Note here that“/¢, = 1/¢, for all i and thatp, — o asn — oo.
And, for anye > 0,
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Pr{|B,(8) — E[B.(8)]]| = eE[B,(5)]] = var[B,(8)]/{cE[B,(5)]}2
= 2 max{i5|}/{*E[By(d)]}

~2|8|/(£?2]|8]*"7) asn— w0

= 1/(?|87)
using @ < 0 and v, = 1, along with vafB,(5)] = =L, varlb ,(8)] =
i, max{b; ,(8)}E[b; 1(8)]. Hence for fixede € (0,1),

lim PI[B,(6) = (1—¢)2|8|*"] = 1/(&?|8]"),

and because lim, ., PI{|A,| = [6§|M] — 1 asM — oo, it follows from y > 0 that
lim,_. Pr[Z,(8) > 0] is close to one for sufficiently larggd|. Therefore becausgfor
eachn, Z,(8) is convex withZ,(0) = 0 for all n, the minimizer ofZ,,(8) is contained in
[—d, d] with probability close to one for all large, provided thad is sufficiently large
Sq ¢ndy = Op(1) asn — oo, as claimed u

Proof of Proposition 2. We setv,, = n¥?a,, wherea,, = n¥/¢, with o« = 2 for part
(@), a € (0,2) for part(b), and¢, = a,p, Where{ p,} is defined subsequently in each
case

(a) Herea, = n%2 and

An(8) = =don V2 X[y 1 /(oa,)]sgn(u;) =4 — oﬁf Wi (s)dWs(s),
i=2 (o]

whereW,;, W, are dependent Wiener processesactly as in Herc€1996). To consider

n 8Yi—1/(anpn)
B.(8) = 2(p/n¥?) 2 [1(y=s) —1(y <0)]ds
i=2 Y0

we first define

8Yi—1/(anpn)
bin(8) = 2(p,/NY?) 1 (1/m = |dy;,_, /a,| = m)f [1(y=s)—1(y <0)ds
0

where we have introduced truncations of th#;_,/a,| below at ¥m and above at
m > 1. We see subsequently that these are inconsequential asymptotasitly— oo)
for sufficiently largem. Next let

i n(8) = E[b 1(8)]Yi_1]

S0

n n 8Yi—1/(anpn)

> win(8) =201t X 1(1/m=[8y,_,/a,] = m)f n'2p,G(s)ds
i=2 i=2 0]

whereG(z) = F(z) — F(0). As in the proof of Proposition,we write

8Yi—1/(anpn)
f n1/2pnG(S)ds: nl/zpn R(8y;—1/(anpn)),
0]
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whereR(z) = L°(z)|z|**” is an even functionregularly varying at zero with exponent
1+ y; L° is slowly varying at O Next choos€ p,} to satisfy

nY2p 7~ 1/L°(1/p,) asn— oo

so thatp, — oo asn — oo. Now, ash — oo,

[R(8Y;-1/(@npn)) = L%(1/pp)|8Yi—1/(@n p) M 11 (L/M = |8Y; 4 /an| =m) — 0
uniformly for all i becausd.°(Az)/L°(z) — 1 asz — 0 uniformly for all A € [1/m,m]
by the slowly varying property of°. Sq for the preceding choice dfpn}, asn — oo,

E lu'i,n((s) - 2n_l E “Syi—l/an‘l+y| (1/m = “Syi—l/an‘ = m) _)p 0.
i=2 i=2

Next note that for € [0,1], y;n;/(0an) = Wi(r) in D[0,1] (the space of real valued
right continuous functions of0,1] with left hand limitg, where W;(r) is the Wiener
process arising in the limiting distribution &,(8). (Here = denotes weak conver-
gence am — oo of a sequence of probability measuyeSo |8y /(can)|*"” =
[SW4(r)|**7 by the continuity off-|**”, whereasfor eachs,

[Yimn)/an Y HL/M = |8y /a0 = M) = [o8WL () 7771 (1/m = [o8Wi(r)| = m)

because the set of discontinuity points of this last functioMgfr) has zero Wiener
measureAnd, by the continuous mapping theorefor eachs, asn — oo,

n 1
S (8 [ 1oBWAD) [ (Wm = oWy ()| = mcr
i=2 0

n

We next want to show thakL,[b; ,(8) — uin(8)] = 0 asn — co. But the sum-
mands here are martingale differences we need only demonstratas in Knight
1989 that XL, E[b; ,(8)?|Uy,...,u;_1] —p 0, which is so becauséy the definition
of the Mi,n(a),

=

ELby (8] Ups..sty_ 1] = max(ba(®)} X 3 i n(d)
2 2=i=n i=2

=0,(1) ash— oo,
becauseiL, u; ,(8) = Op(1) (as we have just segrand uniformly for all i,
0=b, (6) =2( pn/NY2)(18yi_1|/(an pu)) 1 (I/m = |8Y,_, /a,| = m) = 2m/nY/?
from the definition of theb; ,(8). Hence for eachm, X, b, 1(8) — =L, pi.1(8) —p 0
asn — oo.
The final step involves showing that the two truncations used previously do not mat-

ter asymptotically for large enough. For the truncation at, we again follow Knight
(1989:
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n 8Yi—1/(anpn)
Pr[Z(pn/nl/z) S8y /a,| > m)J [y =s)— I(uy <0)]ds> s]
i=2 0

= Pr[ max{|dy;_,/a,|} > m],
2=i=n

which has a limit a:n — oo, with this limit tending to zero asn — oo; the limit in
question is Pmax e(o,13{| 08WA(r)[} > m]. For the truncation at/m, we use a differ-
ent argumentNote that

8Yi—1/(@npn)

2(pn/N¥2) D 1(18yi_1 /an] < 1/m)f [I(u=s) —I(uy <0)ds
i=2 0

is no greater than

> 2(pa/nY2)(mpy) (U | = 1/(mpy)),

i=2

and recalling thatG(z) = sgn(z)L(z)|z|”, the expectation of this last sum, isy the
assumed symmetry @ at zerg

2n"2(1/m)Pr[|u;| = 1/(mp,)] = 4n¥2G(1/(mp,))/m = 4n*2L(1/(mp,))|mp,|~/m,
and from the definition of{ p,}, we haven?p. 7 L(1/(mp,)) ~ L(1/(mp,))/L°(1/py),
asn — oo, andL(1/(mpy)) ~ (1 + y)L°(1/(mp,)) ash — oo for eachm > 0, using the
connection betwee® and R noted in the proof of Proposition. Also, by the slow
variation ofL° at zerg L°(1/mp,,) ~ L°(1/p,) asn — oo, for eachm. Therefore

nY2L(1/(mp,)) |Mp,|"Y/m~ (1 + y)/m**” asn— oo,

so for all largen the expectation in question is close to zero wheis large Hence for
anye > 0, the limit asn — oo of

n 8Yi—1/(anpn)
Pr[Z(pn/nl/Z) 2 1([8yi1/an] < 1/m)f ’ [y =9 —I(y <0)]ds> s}
i=2

0

is close to zero for largen. Putting the arguments for the two truncations together
can therefore deduce thdbr any e > 0,

lim Pr[
n—oo

can be made as close to zero as desired by makisgfficiently large from this and
the argument given previously it follows that the same is true of

lim Pr[
n—oo

B,(5) — 2 bi,n(s)‘ > s]
i=2

BA(6) - _Ezui,n(m‘ > }
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Next note thatfor eachs,
1

f [SWL() Y71 (W (r)] < 1/m)dr < 1/m1*Y
0]

and for anye > 0,

1
Pr[f [SWL(N) Y71 (]8Wy(r)] > m)ydr > s] = Pr[ max {|sW,(r)|} > m}
0 re(o,1]

—0 asm-— co.

HenceB,(8) —q¢ 2f01\06W1(r)|1*7dr, and combining this result with that given earlier
for A,(8) reveals that for each,

1 1
{An(8),B,(8)} —q¢ {—Uﬁf Wi (s)dWs(s), 2|5|”7J |0W1(r)|”7dr}
0 o]
asn — o0, S0Z,(8) —4 Z(8) asn — o for eachs, where
1 1
Z(8) = —a'ﬁf W, (s)dWs(s) + 2\6|1*VJ oW, (r) | dr.
0] (0]

Moreover the convergence in distribution &,(5) to Z(6) asn — oo holds for any
finite collection (84,...,8p), of &’s, i.e.,

{Zn(51)7 LR Zn(ah)} %d {2(51)’ LR Z(ah)}

asn — oo. Now, recalling that for eaci, Z,(8) is a random convex functionve can
appeal to Geye1996 to obtain the result in the statement of Propositiga) Dy mak-
ing use of the strict convexity d(8) (a consequence of > 0), which ensures that
Z(8) has a unique minimizer with probability ori€he convergence rate df, is given
by the divisor ofs in Z,(8), i.e., ¢, = a,pn, for a, = n¥2 and from the definition of
{pn} We can writep, = n¥27£°(1/n) where£° is slowly varying at zero

(b) In this casea, = n¥* and

n 1
An(8) = =8N~ Y2 X (Yiq/a,)sgn(u;) =4 — BL S.(s)dW(s),
i=2

whereS, is a stable process with index € (0,2) andW is a Wiener process that is
independent of5,, exactly as in Knight1989. Now we can proceed as in paid) to
obtain B,(8) —¢ fol\BSa(r)\“Vdr whereS, is the stable process arising above in the
limiting distribution of A,(8) and{ p,,} again satisfies/?p;” ~1/L°(1/p,) asn — oo,

S0 pn = NY27€°(1/n), where€° is slowly varying at zerpthe convergence rate dof, is
given bya, p,, a, = n%/. |

Proof of Proposition 3. For parts(a) and (b) we setv,, = n%/2a,, wherea, = n¥«
(with @ = 2 in part(a), @ € (0,2) in part (b)) and ¢, = a,pn, With {p,} chosen to
satisfyn2G(1/p,) ~ 1 asn — oo.
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(a) An(8) behaves exactly as in the proof of Propositiqa)2
1
A®) 4 = 75 [ Wi(1aW(s)
0

whereW;, W, are dependent Wiener process&s examine the limiting behavior of
B.(5) we let

8Yi-1/(3npp)
b n(8) = 2(pn/nV2)1(|8y;-1 /25| = m)f ' [1(u =) — I (u; < 0)]ds
0

for m > 1, where the truncations of th@y;_,/a,| below at ¥m used in the proof of
Proposition 2a) are omitted Letting u; n(8) = E[b; n(8)]Vi-1],

n n 8Yi—1/an
D wiald) =201 D118y /A, = m)f nY2G(s/p,)ds
i=2 i=2 0

whereG(z) = F(z) — F(0). Now from the definition of{ p,}, and Lemma 2b) and its
proof, we know thatf;n*2G(s/p,)ds — 0 for |z| = 1 asn — oo. Therefore for any

m > 1 and largen, 2, u; ,(8) is close to zero with probability close to one when
|8yi—1/an| = 1 for alli, i.e, when|§| = 1/V,, where

Vo= max{ly,_/a,[}.
2=i=n
We next want to show thatiL, u; ,(8) is large with probability close to one wheris

large and this condition o8 is not satisfiedi.e., when|§| = (1 + &)/V, for anye > 0.
We note first that

v

n SYi—1/an
in(8) =207 3 1([8|V, — & < |8y 1/, = m)j nY?G(s/p,)ds
i=2 0

i=2

and becauserom the definition of{ p,} and Lemma 2v), [¢n?G(s/p,)ds — o as
n — oo, wheneverz| > 1, it will be enough to show that
n
lim Pr[nl S8V, — e < |8y_1/a,] =m) = 80]
n—oo i=2

tends to one am — oo for ¢° > 0 sufficiently small Recalling thatw, is the standard
Wiener process arising above in the limiting distribution&f{(5), and lettingU; =
max epo,1{|WA(N) |},

{ly[rnj/(a'an)lavn/a-} = {‘Wl(r)"ul}
asn — oo, the limiting probability we seek is given by
1
Pr[f 1(|8loUy — & < |o6Wy(r)| = m)dr = 80i|,
0o
which for eachs # 0, and fixede > 0, has limit equal to oneasm — oo, for suffi-

ciently smalle® > 0, as required
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The arguments used in the proof of Propositida)Zan be now be applied with little
modification to see thaB,(8) — 2L, ui ,(8) is close to zero with high probability for
|8 = 1/V,, whenn is large in which caseZ,(5) — An(8) is also close to zetavhereas
if |8] > (1+ ¢)/V, (for anye > 0) andn is sufficiently large an argument used in the
proof of Proposition tb) can be adapted to show thHi(5) > M with high probability
for arbitrarily largeM. Sq for eachs, Z,(8) —q Z(8), where

2(8) = —O'BJ; Wi (s)dWs(s) if\6|sl/rren[g>l<]{cr|W1(r)|}’

o0 otherwise

and the convergence of the finite dimensional distributions also hatdis the proof of
Proposition 2a). BecauseZ(8) has a unique minimizer with probability onee can
appeal to Geyef1996 to obtain the resultbby making use of the preceding definition of
{pn} and the fact thatfrom Lemma 2b) pn/p|ng — 1 asn — oo for anyg > 1. The
convergence rate of the estimator is givendgy= a, p, = n?p,.

(b) This modifies the proof of Proposition(8) in essentially the same way as the
proof of part(a) modifies the proof of Proposition(2). Note that attention needs to be
paid to the sample path properties of the stable proS§gskat occurs here in place of
the Wiener proces®\;, of part(a). (For some illustrationssee Phillips1990. The con-
vergence rate of the estimator is given py= a,p, = n¥“py.

(c) In the definition ofZ,(8) we setv, = a,n?, for v < 2, anda, = n¥%, ¢, = a, p,
with { pn} being defined subsequentifhenA,(6) —, 0 asn — co. We let

8Yi—1/(anpn)

0,(5) = 2o/ Wm= oy s/a=m) [ [ =9~ 1 < 0lds
0

and if u; n(8) = E[b; n(8)|Yi-1], we can write

n n 8Yi—1/(@npn)

Z /J“i,n(a) = 2n71 2 I(l/mS |6yi—1/an| = m)f nlil/vpnG(S)ds

i=2 i=2 0]

whereG(z) = F(z) — F(0). SettingR(z) = [5G(s)ds Ris readily seen to be regularly
varying at zero with exponent equal to or{€or examplewe can writef; G(s)ds =
fol zG(zt)dt as in the proof of Proposition(4) and then use the monotonicity & to
obtain for arbitrarily smalle > 0, zG(s2) [}dt = [JzG(zt)dt = zG(2) [, dt, which
yields [; G(s)ds~ zG(z) asz — 0 from the slowly varying property db.) Specifically
R(z) ~ G(z)zasz— 0, or R(z) = L°(2)|z| where sgitz)L°(z)/G(z) — 1 asz— 0, and
L° is slowly varying at zeroSq, we write

8Yi—1/(anpn)
f Nt p,G(s)ds= n*"Yp R(8y,_1 /(8 pn))
0

= nl_l/vl—o(ﬁyifl/(anpn))|6yif1/an‘7

and if we choose{ p,} to satisfyn'=**G(1/p,) ~ 1 asn — oo (or n*~?L°(1/p,) ~1
asn — o), we can proceed along the lines of the proof of Proposition 2 to obtain
Ba(8) — 2n 131 ,[8y; 1/a,] —p 0. Whena = 2, By(8) —q 2[5|o8Wy(r)|dr as
n — oo, and it follows from the properties of a standard Wiener process that
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lim,_.. Pr[B,(8) > ¢] approaches one as\, 0 for any fixedé # 0. Whena € (0,2),
B,(8) —y¢ 2f01\6sa(r)|dr, and the same conclusion is obtain@kcauseA,(5) —; 0,
we can again appeal to Gey€r996 to see that the minimizer o,(6) converges in
probability to zero asm — oo, and the result follows from the fact that< 2 can be
made arbitrarily close to,2he definition of{ p,,} just given and the fact that the di-
visor of & in the definition ofZ,(8) is ¢, = anpn = NY*pp.

Proof of Proposition 4. Throughout we leB,(5) = Ei"zzbi,n(a) where from (4),
8Yi—1/bn
0,0(3) = 2060/v) [ =9~ 10 < O)os
]
noting that 0= by (8) = 2|8y;_41|/vn, and define
8Yi—1
Ki.n(8) = E[b; 1(8)[uy,..., U 4|1 = 2n‘1f (n/vy)[F(s/¢,) — F(0)]ds
6]

We let G(z) = F(z) — F(0) and for parts (@)—(d), R(z) = [;G(s)ds = L°(2)|z|**
whereL® is an even function that is slowly varying at zees in the proofs of Proposi-
tions 1 and 2and we also let

/-Lﬁn(B) = ti,n:u'i,n((s): b|on(6) = ti,nbi,n(5)s

wheret; , are indicator functions depending an> 1 that are defined subsequently for
each case

(a) We setv, = n¥2, Then using8 = 0, Ay(8) = —6n Y23,y sgn(u;) —qg
—80&, where ¢ «~ N(0,1) and E[u?] = 02 < oo. Next letti, = t = 1(I/m =
|81/ = m); now, n/v, = n%2 and

Y
0

S ulad) =201 f "ni2G (/) ds
i=2 i=2

=2n"1 >t nY2¢, R(8Y;_1/n).
i=2

We choosd¢,} so thatn¥/2¢,,” ~1/L°(1/¢,) asn — co. Then from the definition oR
and the slow variation of°, for eachd # 0,

M:

n
wln(8) =207t X [8y, 4[*"" >0 asn— oo,
2 i=2

i
and so

n
Msn(E) _>pE|:|6yifl‘l+yti] asn — oo.
=2

n

Next an argument used by Knight1998h applies to yield XL [b°,(8) —
1P n(8)] = 0 asn — oo. By making m sufficiently large and using the fact that
E[]8y;|**7ti] — E[|8u;|***] asm — oo (becausg8 = 0), for eachs by the finiteness of
E[|u[**7], we obtainBn(5) —p 2|8|**7E[ |u;[***] asn — co. Combining this with the
limiting behavior of A,(8) leads to the resulias in the proof of Proposition(d); the
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rate of convergence here is given dy, and we can writep, = n/27¢°(1/n) where(°
varies slowly at zeroNote that in the present caséA3 is satisfied for somey > 0,
thenny > max{2,1 + y}.

(b) Here 1+ y = 5 > 2. Let v, = n¥?, s0 A,(8) behaves as ifa) andn/v, = n¥/2,
We sett; , = | (so/m = [8Yyi_1/¢n| = snm) where{s,} is a sequence for whick, — 0
ands,¢, — o0 asn — oo; {¢,} is defined subsequentlyhen for § # O,

> uln(8) =207 X nY2h Y LO(SYi 1 /b)Y 1M
i-1

i=1
n
~ 2071 nY2¢ 7L0(s) |8y, 4|Y T, asn— oo
i=1

by the slowly varying property df® and becausdor eachs, |8y;_1/¢n| — 0 asn — oo,
uniformly for all i such thats,/m = |8y;_1/¢n| = Sym. Now, A3 along with 1+ y =7
ensures thak[ |8y |7t n] ~ [8]*"7c(m)(sh¢pn) Y™ asn — oo wherec(m) — oo as
m — co. Then asn — oo,

n
E[E Mﬁn(S)] ~ 202 7 LO(s,)[ 81T e(m) (s, )7
i=1
= 2[8[* 7 e(mnY2¢) 71T TLO(s,),
and we choosé¢,} so thatn/2¢l=7sl*r=7°(s,) ~ 1 asn — co. Observe that for

each(large n and this choice of¢n}, E[ X1 10 ,(8)] — 00 asm — oo for eachd # 0.
And, as in the proof of Proposition(h), for £ > 0,

PF{ZI bn(8) —E [21 ,uffn(c?)] > ¢E [Zl M&(&H

- Var[iil b{jn(ﬁ)]/<E [s iuﬁn(ﬁ)bz

- giﬁ{bsn(6>}/ E [ 2 uﬁnw)]

n
=2 max{n*”z\éyifllti,n}/E [82 > m",n(é)},
2=i=n i=1

and because maghn~Y?|y,_1|} = 0,(1) givenn > 2, it follows that for fixed§ # O,
and anyM > 0, Pr[B,(8) > M] — 1 asn — oo for {¢,} as defined previous)yin
view of By(8) = 2L b ,(8) = 2L, b?(8) for anym > 1. The result follows from
the convexity ofZ,(8), the definition of{¢,}, and the fact that we can choosg} so
thats, — O arbitrarily slowly asn — oo.

(c) Heren = 2 and 1+ y < n. Let vy = n™*, 1 < v < . ThenA,(8) —, 0 as
n — oo andn/v, = n?". Chooset; , = t; = | (1/m = |8y;_1| = m), as in the proof of
part (a). Now,

3 uinl8) = 2071 3 0GRy, /o),
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and we choosép,} so thamn?=2¢ 7 ~ L°(1/¢,) asn — oo, Of ¢, = £°(1/n)n@= /@),
where(° is slowly varying at zeroWe can then use the slowly varying propertylof
to obtain as in the proof of parta),

n
> uln(8) 2, E[18y-a/*" "] asn— oo,
i=2

whereas X _,[b° (8) — uPn(8)] —p O because

>

E[b2n(8)2 Uy, Uiy ] = max{b2(8)} X 2 ufn(8)
2 =i=n

i=2

A

- lrgi)ﬁ{bl,n(a)} X %Mﬁn(a)

IA

max{|8y; -1 /vnl} X 2 1n(8)

i=2

=0,(1) asn— oo,

using the definition of théy (), v, = n~ %, and the fact thah™Y"max{|y,_i|} =
Op(1) asn — oo, givenn = 2. By making m sufficiently large we see therefore that
Bn(8) —p 2[8[*YE[|u;|**”]. Combining this withAn(8) —, 0 yields Z,(8) —p
2|81*7E[|wi|**7], and so by the convexity 0ofZ,(8), ¢ndy —p O for {¢,} as de-
fined earliey for any v € (1,7); the slow variation off® ensures that we can assert
thatn“d, —, 0 for anyx < (g — 1)/9y.

(d) Here 1< np =2 and 1+ y = . Letv, = n™*, 1 < v < 7, S0A,(8) —;, 0, as
for part(c). We can use the same sort of argument as in ffarto see thatfor fixed
§ # 0 and anyM > 0O, Pr[B,(§) > M] —» 1 asn — o for {¢,} defined by
nl-Ygpl=nglty=mo(g) ~ 1 asn — oo, where agains, — 0 asn — oo, arbitrarily
slowly. Here max{n="*|y;_4|} = 0,(1) becauses < 7. Noting that sup-,«,{(—1 +
1/v)/(1 — m)} = 1/n, it follows thatn“d, —, 0 asn — oo, for any k < 1/7.

(e) Heren < 1. Choosev,, = ¢, = n¥"7 and define

ai,n(s) = _(6yifl/vn)sgr(ui )

so thatA,(d) = Eillai,n(a). Note that fors # 0, A,(8)/6 has a nondegenerate limiting
distribution namely a symmetric stable distribution with index whereaB,(8)/|5| =
iolYioal/én = Op(1) in view of n < 1. And, from the definition of theb; (5) leading
to (4), if we let § n(6) = I (sgn(dyi—1)sgn(y;) > 0),

Bi,n(8) = 2(dn/va) (=i + 8Yi 1 /)1 (8Yi 1/ > Uy = 0) = 1(8Yi 1 /by < U; < O)}
=2 =+ 8Yi1 /bl (JUi| < [8Yi—1/0n[) S n(8)
= 2| = u + 81/l (Jui| < 018Yi-1/n])S (8)
=2(1=0)|0Yi-1/bnl 1 (1U;| < 0]8Y,—1/¢0])S n(5)

for 6 € (0,1), which we hold fixed in the followingWe let

a,n(8) = a4(0) +ajn(8) +1; n(8),
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where

aln(8) = —(8Yi—1/vn)sgn(u) 1 ([u;| < 018Y;—1/¢n|)S n(8)

i n(8) = —(8y;—1/vn)sgn(u)[1 = § (3)]

M.n(8) = —(8Yi—1/vn)sgn(u) I (|ui| = 018y 1 /¢n])S n(8).

Here for all i andn, a?,(6) = 0, r; »(6) = 0, anda;,(6) = 0. First note that because
n < 1,for & # 0, 3L a ,(8)/8 has from A3, a stable limiting distribution with index

n

n and supporti™, so that lim,_,., Pr[|2{L;a,(6)|/]8] > &] is close to one when
e > 0 is small Second combining A3 with3 = 0 yields for ¢ > O,

Pr[r, n(8)I/16] > c]=2Pry,_; > cv,|Pr{u; > 60|6|c]
~ 2¢2¢c727(0]8])""/n asn — oo,

implying that

lim Pr[

n—oo

> ria(d)/18] > s]
i=1

can be made as close to zero as desired by makingufficiently large Third, from the
definition of thea?,(6) and the bounds on thg ,(6) introduced previously

n n

2 [b,n(8) +aln(®)] = [2(1-6) —1] X |a?,(8)] =0

i=1 i=1

for all i andn andé € (0,3). It follows from these three considerations that

n n
r!lm Pr|:zlbl,n(3)/|5| + 21 al,n(ﬁ)/|8| > 0]
—> 00 i= i=

is close to one for|§| sufficiently large The same conclusion applies to
lim_ e PrAL(S) + BL(6) > 0]. BecauseZ,(0) = 0 andZ,(5) is convex it follows
that with probability approaching one as— oo, the minimizer ofZ,(5) lies in[—d,d]
for sufficiently larged, and the result followsThe idea behind this last step is similar
to one employed by Pollarfl99)) in the proof of his Theorem Bwvheren =1). B
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