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Most work on the asymptotic properties of least absolute deviations~LAD ! esti-
mators makes use of the assumption that the common distribution of the distur-
bances has a density that is both positive and finite at zero+ We consider the
implications of weakening this assumption in a number of regression settings,
primarily with a time series orientation+ These models include ones with deter-
ministic and stochastic trends, and we pay particular attention to the case of a
simple unit root model+ The way in which the conventional assumption on the
error distribution is modified is motivated in part by N+V+ Smirnov’s work on
domains of attraction in the asymptotic theory of sample quantiles+ The approach
adopted usually allows for simple characterizations~often featuring a single pa-
rameter, g!, of both the shapes of the limiting distributions of the LAD estimators
and their convergence rates+ The present paper complements the closely related
recent work of K+ Knight+

1. INTRODUCTION

The least absolute deviations~LAD ! estimator of the coefficient vector in a
linear regression model has long been of interest, especially as an alternative to
the ordinary least squares~OLS! estimator+ More recently, the asymptotic prop-
erties of the LAD estimator have come under closer scrutiny, with quite a lot of
attention being paid to alternative ways of obtaining the limiting distribution of
this estimator+ Under the assumptions conventionally made, this estimator has
an Op~n102! rate of convergence and, upon normalization, a Gaussian limiting
distribution with covariance matrix proportional to 10~2f ~0!!2 wheref ~0! is the
common density of the independent disturbances at the median, zero, of their
distribution+ Two new approaches to obtaining these asymptotics in a variety of
linear regression contexts are the convexity arguments of Knight~1989, 1991,
1993!, Pollard ~1991!, and Davis, Knight, and Liu ~1992! and the use of gen-
eralized functions by Phillips~1991!+
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This paper is concerned with the consequences of weakening the usual as-
sumption on the disturbance distribution in a number of simple regression set-
tings+ Given the presence off ~0! in the formula for the limiting distribution of
the LAD estimator in the standard case, it seems natural to want to know what
will happen whenf ~0! 5 0 or f ~0! 5 `+ Such cases are certainly quite consis-
tent with conventional assumptions about the distribution of the disturbances in
regression contexts, such as symmetry, existence of variance, and so on+

In fact, for the location model, where the LAD estimator is just the sample
median, the analytics have been comprehensively developed by Smirnov~1952!,
although his work does not seem to have attracted the attention it deserves+ ~An
exception is Serfling, 1980+! It is interesting from a number of perspectives,
one of which is the parallels it yields between the effects of nonstandard distri-
butional assumptions on the asymptotics for the LAD estimator and the well
known effects of other nonstandard distributional assumptions on the asymp-
totics of the ordinary least squares~OLS! estimator+ For the LAD estimator, the
nonstandard features that matter are, not surprisingly, at the center of the dis-
tribution, whereas for the OLS estimator it is the tails of the distribution that
are important+

The idea of relaxing the usual distributional assumption in regression mod-
els has been pursued very recently by Knight~1998a, 1998b!+ The present pa-
per is concerned with the same general problem and is based on work originally
done independently of Knight’s+ To avoid duplication we concentrate on mod-
els not covered by his work, with particular emphasis given to a simple ran-
dom walk, with both finite and infinite variance errors+ This last aspect of the
paper extends the results of Knight~1989! and Herce~1996!+

The direction in which this paper weakens the usual assumption on the dis-
tribution of the disturbances was initially motivated by the ease with which it
yields some definite and easily understood results, but, perhaps more impor-
tant, it was also motivated by the connection it has to the domains of attraction
for the limiting distribution of the sample median~and other sample quantiles!
in Smirnov’s ~1952! study of the location model+ This also means that the ex-
tent to which the error distribution deviates from the conventional require-
ments is captured by a single parameter, g+ The approach adopted by Knight
~1998a! is one suggested quite naturally by his analytics, and the latter provide
a powerful and versatile way of obtaining a range of results+ We see, however,
that the two approaches are very closely related+

2. PRELIMINARIES

We are concerned with the least absolute deviations~LAD ! estimator ofbo in
the regression model

yi 5 xi
'bo 1 ui , i 5 1, + + + , n,
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in which the ui are independently and identically distributed and thexi are
k 3 1 vectors of observations onk regressors+ The distribution function of the
ui is denoted byF+ We begin with the observation that expressions of the form
F~z! 2 F~0! for z near zero arise frequently in the study of LAD estimators+
One way in which this happens is as follows+ The LAD estimator ofbo, de-
noted bybn

LAD, is anyb [ Rk that minimizes

(
i51

n

6yi 2 xi
'b 6,

but it is convenient to work instead with the objective function

Zn~d! 5 ~fn0yn! (
i51

n

~6ui 2 xi
'd0fn62 6ui 6!, (1)

where$fn%, $yn% are suitably chosen sequences of constants; for eachn, Zn~d!
is a convex function ofd, and anyd [ Rk that minimizesZn~d! is equal to
fn~bn

LAD 2 bo!+ In what follows we let

dn 5 bn
LAD 2 bo+

Next, we let I ~{! denote the indicator function and note that we can make use
of the identities

6w 2 z62 6w6 5 2zsgn~w! 1 2~z2 w!$I ~z . w $ 0! 2 I ~z , w , 0!%

5 2zsgn~w! 1 2E
0

z

$I ~w # s! 2 I ~w , 0!%ds,

in which sgn~w! 5 w06w6 for w Þ 0, sgn~w! 5 1 for w 5 0; these two identities
are almost the same as those in, respectively, Knight ~1989! and Knight~1998a,
1998b!, with the first being equivalent to one used by Pollard~1991!+ Applying
the second to the summands inZn~d! enables us to write

Zn~d! 5 An~d! 1 Bn~d!, (2)

where

An~d! 5 ~fn0yn! (
i51

n

~2xi
'd0fn!sgn~ui !

5 2~10yn! (
i51

n

xi
'd sgn~ui ! (3)

and

Bn~d! 5 2~fn0yn! (
i51

n E
0

xi
'd0fn

$I ~ui # s! 2 I ~ui , 0!%ds+ (4)
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HereAn~d! is clearly linear ind, and $yn% can usually be chosen soAn~d! has
known behavior asn r `+ ~In many cases, yn 5 n102+! The dependence of this
behavior onF is, from ~3!, evidently minimal+ The nature of the dependence on
d of Bn~d! is more involved, but we note that if, e+g+, the xi are nonstochastic,
then, wheneverF is continuous at zero~implying E @I ~ui , 0!# 5 F~0!!,

E @Bn~d!# 5 2~fn0yn! (
i51

n E
0

xi
'd0fn

$F~s! 2 F~0!%ds

5 2yn
21 (

i51

n E
0

xi
'd

$F~s0fn! 2 F~0!%ds,

so that if Bn~d! 2 E @Bn~d!# is negligible in some sense whenn is large, the
dependence ofBn~d! on the shape ofF near zero is clear+ To proceed further
we need to impose more structure+ The approach taken by Knight~1998a! is to
assume thatE @Bn~d!# tends to a convex limit function that takes on values~not
all infinite or all zero! in @0,`# +

Alternatively, but in a similar vein, one can make assumptions on the se-
quence of functions

Cn~z! 5 nqE
0

z

$F~s0rn! 2 F~0!%ds

for fixed q . 0 and sequence of constants, $ rn% , as in Knight~1998a!, or as-
sumptions on

cn~z! 5 nq$F~z0rn! 2 F~0!%,

as in Knight~1998b!+ The potential for such assumptions to be applicable to an
examination of the limiting behavior ofBn~d! should be clear+ ~For example, if
yn 5 n102 it is natural to chooseq 5 1

2
_ andrn 5 fn+! In particular, if the xi are

stochastic~with xi andui independent for eachi !, and if we denote the sum-
mands in~4! by bi, n~d!, so Bn~d! 5 (i51

n bi, n~d!, then

E @bi, n~d!6xi # 5 2yn
21E

0

xi
'd

$F~s0fn! 2 F~0!%ds,

and the limiting behavior ofBn~d! can sometimes be explored via these these
conditional expectations+

The approach adopted in an early version of the present paper was to assume
that F~z! 2 F~0! is regularly varying at zero+ This assumption can be moti-
vated by the way in which it yields simple results in many important cases and
also by its historical importance in the theory of sample quantiles~see Smirnov,
1952!, and because it is a natural way of relaxing the assumption thatF has a
finite, positive density at zero, while retaining some smoothness inF+ Specifi-
cally, we will often make use of the following assumption+
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A1+ F is continuous at zero withF~0! 5 1
2
_ , and defining

G~z! [ F~z! 2 F~0!,

M~z! [ max$6G~2z!6,6G~z!6%,

then limzr0$2G~z!0G~2z!% exists although it may be infinite, andM~z! satisfies

M~z! 5 L~z!6z6g,

whereg . 0 andL is an even, slowly varying function at zero~i+e+, L~z! 5
L~2z! for all z, andL~lz!0L~z! r 1 aszr 0 for anyl Þ 0! with L~z! . 0 for
all z Þ 0+ That is, M is regularly varying at zero with exponentg . 0+

A1 is equivalent to the requirement thatF belong to one of three out of four
possible domains of attraction for the sample median in the location model
~wherek 5 1 andxi

'5 1 for all i !+ See Smirnov~1952!+ Under A1, F~z! 2 F~0!
is regularly varying at zero~with positive exponent, g! from above and0or be-
low and need not be symmetric around zero, unlike M andL, which have this
property by construction+ It is interesting to note the role regular variation at
zero plays in the~nonstandard! limit theory for the sample median, just as reg-
ular variation at infinity has a vital role in the limit theory for the sample mean
in situations featuring infinite variances+ In view of its prominence in what fol-
lows it will be convenient to refer tog as the center exponent~of F!+

The following result provides a linkage between A1 and the limiting behav-
ior of functions likecn andCn defined previously+ Its proof and that of Lemma 2,
which follows, appear in Appendix A+

LEMMA 1 + For G~z! [ F~z! 2 F~0! and z$ 0, the following are equivalent:

(i) G~z! 5 L~z!zg for someg . 0, where L is slowly varying at zero from above;
(ii) for a given q. 0, there exists a sequence$ rn%, with rn r ` as nr `, such

that for each z$ 0, cn~z! [ nqG~z0rn! r c~z! as nr `, wherec is contin-
uous at zero,c~0! 5 0, andc~zo! [ ~0,`! for a continuity point, zo . 0, of c;

(iii) for a given q . 0, there exists a sequence$ rn%, with rn r ` as nr `, such
that for each z$ 0

Cn~z! [ nqE
0

z

G~s0rn!dsr C~z! asn r `

and there is an open interval~z1, z2! , R1 on whichC is finite and strictly
convex.

So, requiring thatF satisfy A1 is less restrictive than it might first appear
and is closely related to weak assumptions concerning the existence and nature
of limits of the functionscn, Cn+ We note thatq and $ rn% are connected viag
by rn 5 nq0g,~10n! where, varies slowly at zero+ The implication running from
~ii ! to ~i! has a similar flavor to a result of Feller~1966!+ The result of most
interest in the present context is the equivalence between~i! and~iii !+ The strict
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convexity of the limit functionC in ~iii ! means that typicallyBn~d! is also
approximated for largen by a strictly convex function if~iii ! holds, and the
equivalence between~i! and~iii ! means that this approximating function has a
particularly simple form+ Moreover, this approximation can be obtained by ex-
ploiting a uniform convergence property of regularly varying functions+

Because we are interested in generalizing the conventional assumption onF,
it is perhaps natural to ask what happens when A1 is not satisfied+ A partial
answer is provided by the following lemma+

LEMMA 2 + For G~z! [ F~z! 2 F~0!, suppose that G~z! is strictly increas-
ing at all z [ ~2z*, z*! for some z* . 0 and G~z! r 0 as zr 0.

(a) If G is slowly varying at zero from above then for any q. 0 there exists a se-
quence$ rn% such that, for each z$ 0,

Cn~z! [ nqE
0

z

G~s0rn!dsr z as nr `,

with rn r ` and r{gn} 0rn r ` as n r ` for any g . 1; here {{} denotes
integer part.

(b) If G is rapidly varying at zero from above in the sense that G~lz!0G~z! r 0 as
z ' 0 for all l [ ~0,1!, then for any given q. 0 there exists a sequence$ rn%
such thatcn~z! [ nqG~z0rn! r c~z! as nr ` for each z$ 0, where

c~z! 5 5
0 if z [ @0,1!

1 if z 5 1

` if z [ ~1,`!

with rn r ` and r{gn} 0rn r 1 as n r ` for any g . 0. And, Cn~z! [
nq*0

zG~s0rn!ds,Cn~z! r C~z! as nr `, where

C~z! 5 H0 if z [ @0,1#

` if z [ ~1,`!
+

We provide an illustration of the application of Lemma 2 in Proposition 3,
which follows+ The condition of part~b! is closely related to the exact charac-
terization of one of Smirnov’s~1952! four domains of attraction for the sample
median, this being the only one not covered by A1+ The behavior of the se-
quences$ rn% in Lemmas 1 and 2 turns out to be intimately related to the con-
vergence rates for the LAD estimator under the associated conditions onF+

Taken together, condition~i! of Lemma 1 and the conditions of parts~a! and
~b! of Lemma 2 cover all possibilities for the behavior ofF~z! 2 F~0! that are
likely to be of interest, at least if we are prepared to confine attention to those
F that are strictly increasing and reasonably smooth at zero+

For the models considered in the following sections thexi take a form suffi-
ciently specific that there is no need to impose additional assumptions on them+
In each of these cases we assume for simplicity thatF is symmetric around
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zero+ This is inessential, and interesting things can happen when it is relaxed,
but no issues of substance are raised that are not present in asymmetric cases in
the location model+ See Smirnov~1952! and also Knight~1998a!+ And in each
of the models considered there is only one regressor~i+e+, k 5 1!+ Significant
complications arise in extracting the limiting distributions of the LAD estima-
tors of the individual coefficients when this is relaxed+Again, see Knight~1998a,
1998b!+ These difficulties do not arise in the standard case~subsumed byg 5 1
in A1! because thenZn~d! has a quadratic approximation+ Nevertheless, the
casek 5 1 yields a wide enough range of results to be interesting+ Proofs of all
propositions appear in Appendix B+

3. DETERMINISTIC TREND

The following result is an application of the ideas of the previous section to the
case of a single nonstochastic regressor that takes the form of a deterministic
trend+

PROPOSITION 1+ Suppose that xi 5 i v. If F is symmetric around zero and
satisfies A1, and

(a) if v . 2 1
2
_, v 1 1

2
_g . 0, thenfndn rd sgn~j!6j0@2~1 1 g!#610g, wherefn 5

,o~10n!nv1102g, ,o is a function that is slowly varying at zero, andj Z N~0,1!;
(b) if v , 2 1

2
_ and v~1 1 g! . 21, then fndn 5 Op~1! as nr `, wherefn 5

,o~10n!n@11v~11g!#0g and ,o varies slowly at zero, provided that whenever
v , 0, L~z! in A1 is nonincreasing in6z6 at each z[ ~2z*, z* ! for z* . 0
sufficiently close to zero.

Considering part~a! of this result first, we see that the center exponentg
affects both the shape of the limiting distribution offndn and the rate of con-
vergence ofdn to zero asn r `+ This is as for the location model that can be
obtained as a special case by settingv 5 0 and also for some other regression
models with well-behaved nontrending regressors+ For the OLS estimator the
rate of convergence isOp~nv1102! wheneverE @ui

2# , ` andv . 2 1
2
_ + So in

this case, the LAD estimator converges more rapidly wheng , 1; wheng . 1
the convergence rate is slower, and the condition of part~a! on v is more strin-
gent+ The form of the limiting distribution of the estimator in part~a! follows
from the fact that the components ofZn~d! defined in the preceding section
satisfy

An~d! rd 2 dj, Bn~d! rp 26d611g,

where in the definitions ofAn~d! andBn~d!, in ~3! and ~4!, $fn% is as defined
in part ~a! and$yn% is defined byyn 5 ~(i51

n i 2v !102+
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Proposition 1~b! is interesting in two respects+ First, if g , 1, the LAD esti-
mator is consistent in circumstances where the OLS estimator is not+ Second,
writing

Zn~d! 5 An~d! 1 E @Bn~d!# 1 $Bn~d! 2 E @Bn~d!#%

for suitable choices of$yn%, $fn%, An~d! has a non-normal, nondegenerate lim-
iting distribution, and, as for part~a!, E @Bn~d!# r 26d611g , but we do not show
that 26d611g is also the probability limit ofBn~d!; hence a limiting distribution
is not given in part~b!+

We note also that the conditionsv . 2 1
2
_ and v . 2 1

2
_g of part ~a! imply

v~1 1 g! . max$2~1 1 g!02,2~1 1 g!02g% $ 21, so the condition
v~1 1 g! . 21 is present in part~a! and also in part~b! ~and in fact is used
in the proof of part~a!!+ And, the condition onL that is imposed whenv , 0
can easily be replaced by others, such as the requirement thatL be bounded
above and below away from zero on a small neighborhood of zero+

4. RANDOM WALK

We are concerned here with the model

yi 5 byi21 1 ui , y0 5 0

so thatxi 5 yi21 for i 5 2, + + + , n andx1 5 0+ We will be interested in the LAD
estimator in the random walk case for whichb 5 1+ In the standard case where
F has a finite, positive density at zero, some interesting results emerge from
this model, especially whenF is heavy tailed+ See Chan and Tran~1989!, Knight
~1989, 1991!, and Phillips~1991! and, for the case of finite variance distur-
bances, Herce~1996!+ To see how these and other results are affected by allow-
ing for more general behavior ofF at zero, we make the following assumption
on the tails ofF+

A2+ F is symmetric around zero and lies in the normal domain of attraction
of a symmetric stable law with indexa [ ~0,2# , so that eitherE @ui

2# , ` for
a 5 2 or E @ui

2# 5 ` for a [ ~0,2!, in which case

12 F~z! 5 F~2z! z co z2a aszr `

with co . 0+
The symmetry assumption is, as before, adopted for convenience, and the

same applies to the restriction to normal domains of attraction, because it sim-
plifies expressions for sequences of normalizing constants~see Ibragimov and
Linnik, 1971; Feller, 1966!+
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PROPOSITION 2+ Suppose that the distribution function, F, of the ui satis-
fies A1, A2, and xi 5 yi21 for i 5 2, + + + , n, with x1 5 y0 5 0. Whenb 5 1,

(a) if E @ui
2# 5 s2 , ` (i.e., a 5 2),

fndn rd

1

s
sgnSE

0

1

W1~s!dW2~s!D3 1 *E
0

1

W1~s!dW2~s!*
2~11 g!E

0

1

6W1~s!611gds2
10g

,

in which W1 and W2 are dependent standard Wiener processes, and

fn 5 n102g1102,o~10n!,

where,o varies slowly at zero;
(b) if E @ui

2# 5 ` (i.e., a [ ~0,2!),

fndn rd sgnSE
0

1

Sa~s!dW~s!D3 1 *E
0

1

Sa~s!dW~s!*
2~11 g!E

0

1

6Sa~s!611gds2
10g

,

in which W is a standard Wiener process, Sa is a stable process with indexa,
independent of W, and

fn 5 n102g110a,o~10n!,

where,o varies slowly at zero.

Part ~b! of Proposition 2 generalizes a result of Knight~1989! to allow for
the sort of behavior ofF at zero in which we are interested in this paper+ His
result can be obtained by settingg 5 1 in A1 and requiring that the slowly
varying function, L, in A1 satisfyL~z! r c [ ~0,`! asz r 0, this being nec-
essary but not sufficient forF to have a finite, positive density at zero+ In this
case, the convergence rate of the LAD estimator isOp~n102110a!, which is more
rapid than theOp~n! rate for the OLS estimator, with the latter being indepen-
dent of the tail thickness parameter, a+ See also Phillips~1991!+ We see from
Proposition 2~b! that if g in A1 is less than one, the convergence rate of the
LAD estimator is even more rapid+ If g is greater than one, whether or not
the LAD estimator converges more rapidly than the OLS estimator depends on
the magnitudes ofa andg+ If a # 1 the LAD estimator converges more rapidly
for anyg, and this superiority also holds ifa [ ~1,2! andg , a02~a 21!+ How-
ever, when this inequality is reversed, i+e+, g . a02~a 2 1! ~anda [ ~1,2!! the
OLS estimator dominates the LAD estimator in terms of its rate of conver-
gence+ The borderline situation for whichg 5 a02~a 2 1! anda [ ~1,2! is re-
solved by the behavior of the slowly varying functionL in A1: if L~z! r c [
~0,`! asz r 0, the LAD estimator has theOp~n! rate of the OLS estimator, a
more rapid rate ifL~z! r ` aszr 0 and a slower rate ifL~z! r 0 aszr 0+
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This is another reflection of the intuition that the higher the concentration of prob-
ability assigned byF to a neighborhood of zero, the more efficient the LAD es-
timator is likely to be+

Part~a! of Proposition 2 generalizes the work of Herce~1996!+ Here there is
a more direct parallel with Proposition 1~a! because, given E @ui

2# , `, ~i+e+,
a 5 2! any other characteristics of the tails ofF are irrelevant for the asymp-
totics+Wheng , 1, the LAD estimator has a more rapid convergence rate than
the Op~n! rate of the OLS estimator, and it has a less rapid rate wheng . 1+
Wheng 5 1, the relative performance is decided by the behavior ofL at zero+

There is an important difference between the limiting distributions in parts
~a! and ~b! that has been emphasized and explained by Herce~1996!: in
~a! W1 and W2 are dependent Wiener processes, whereas the processesSa, W
in ~b! are independent+ The reasons given for this in the papers by Knight
~1989, 1991! and Herce~1996! apply without qualification to the cases of in-
terest here because the question revolves around the limiting behavior of
An~d! 5 2dn2102 (i52

n ~ yi210n10a !sgn~ui ! ~a [ ~0,2# !, which is entirely un-
affected by the generalization of interest in this paper, because the influence
of this generalization is felt solely inBn~d!, as indicated in Section 2+ The
processesW2 andW in parts~a! and ~b!, respectively, are limits of the partial
sums of$sgn~ui !% upon normalization byn102, whereasW1 and Sa are limits
of partial sums of$ui % upon normalization byn10a , with a 5 2 for part ~a!,
a [ ~0,2! in part ~b!: as Herce~1996! notes, this last sequence of normalizing
constants is responsible for the absence of any dependence betweenW andSa

that might be expected to be present in view of the dependence, for each i ,
betweenui and sgn~ui !+

The effects of the dependence in part~a! on the one hand and the indepen-
dence in part~b! on the other emerge quite clearly from an examination of
Figures 1–4, which depict simulated limiting distribution functions and associ-
ated estimates of the limiting densities+

Finally, we note that the shapes of the limiting distributions in parts~a! and
~b! of Proposition 2 are affected by the center exponent, g, as is apparent from
the presence of the exponent 10g in the formulae+ The effect is quite similar to
that in Proposition 1~a! and is clearly discernible in Figures 1–4+ As expected,
the magnitude ofg has a dramatic effect on the nature of these distributions
near zero+

The next set of results is concerned with the same random walk model where
F satisfies A2 but not A1+With some caution they can be thought of as limiting
cases obtained by lettingg in Proposition 2 tend either to infinity, for parts~a!
and~b!, or to zero, in part ~c!+

PROPOSITION 3+ Suppose that the distribution function, F, of the ui satis-
fies A2 for somea [ ~0,2# , is strictly increasing at all z[ ~2z*, z*! for some
z* . 0, is continuous at zero with F~0! 5 1

2
_, and xi 5 yi21 for i 5 2, + + + , n, with

x1 5 y0 5 0. Whenb 5 1,
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Figure 1. Limiting distribution for Proposition 2~a!: g 5 2+

Figure 2. Limiting distribution for Proposition 2~a!: g 5 0+5+
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Figure 3. Limiting distribution for Proposition 2~b!: g 5 4+0, a 5 1+5+

Figure 4. Limiting distribution for Proposition 2~b!: g 5 0+5, a 5 1+5+
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(a) if F is rapidly varying at zero in the sense of Lemma 2(b) and E@ui
2# 5 s2 , `

(i.e., a 5 2), then

fndn rd

sgnSE
0

1

W1~r !dW2~r !D
max

0#r#1
$6sW1~r !6%

,

where W1 and W2 are dependent Wiener processes; and

fn 5 n102rn,

$ rn% being a sequence of constants satisfyingrn0r{gn} r 1 as nr `, for any
g . 0;

(b) if F is rapidly varying at zero in the sense of Lemma 2(b) and E@ui
2# 5 ` (i.e.,

a [ ~0,2!), then

fndn rd

sgnSE
0

1

Sa~r !dW~r !D
max

0#r#1
$6Sa~r !6%

,

where W is a Wiener process, and Sa is a stable process independent of W, and

fn 5 n10arn,

$ rn% being a sequence of constants satisfyingrn0r{gn} r 1 as nr `, for any
g . 0;

(c) if F is slowly varying at zero, then, fora [ ~0,2# ,

n10arndn rp 0 as nr `

for any sequence,$ rn%, of constants satisfying n1210v @F~10rn! 2 F~0!# z 1 as
n r `, for somev , 2.

In parts ~a! and ~b! of this result the limiting distributions take quite un-
usual forms, and these arise because of the nature of the stochastic processes
followed by the regressors in each case+ They do however have a parallel with
a result of Smirnov’s~1952! for the location model~i+e+, the model of Propo-
sition 1 with v 5 0 but with F rapidly varying at zero!+ In this case the lim-
iting distribution is bimodal~attaching probability of12

_ to each of the points
21 and 1!, and the convergence rate is very slow+ A related result with inde-
pendently and identically distributed regressors is Example 4 of Knight~1998a!+
In parts~a! and ~b! the convergence rate of the estimator is close toOp~n10a!,
a [ ~0,2# , a result that we might expect from parts~a! and ~b! of Proposi-
tion 2, because the latter is approximately the convergence rate obtained there
by makingg large+ Part ~a! of Proposition 3 in particular is of some interest
as a curiosum because the convergence rate for the LAD estimator is close to
the familarOp~n102! rate associated with many estimators in a wide variety of
models with stationary regressors+
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The simulated limiting distribution functions and the associated estimated
densities that appear in Figures 5 and 6 provide some insight into the shape of
the limiting distributions in parts~a! and~b! of Proposition 3+ The distribution
for part~a! depicted in Figure 5 resembles an extreme version of Figure 3~rather
than, interestingly, Figure 1!, whereas the infinite variance disturbances in part
~b! have a notable smoothing effect, apparent in Figure 6+

In part ~c! of Proposition 3, no limiting distribution is provided+ Nor is a
limiting distribution obtainable in a simple location model ifF~z! 2 F~0! is
slowly varying at zero, because then there is no domain of attraction of the
sample median that containsF; this follows from Smirnov~1952!+ In the present
random walk model the reasoning is as follows+ If we choose the sequences of
constants$yn%, $fn% in the definition ofZn~d! in ~2! so that bothAn~d! and
Bn~d! ~in ~3! and ~4!, respectively! have nondegenerate limiting distributions,
then

$An~d!,Bn~d!% rd H2dE
0

1

Sa~r !dW~r !, 26d6E
0

1

6Sa~r !6drJ
when E @ui

2# 5 ` ~i+e+, a [ ~0,2!!, and so whereasZn~d! 5 An~d! 1 Bn~d!
converges in distribution to a convex random function, Z~d!, of d, this limiting
function is not strictly convex: it is uniquely minimized atd 5 0 if

*E
0

1

Sa~r !dW~r !* , 2E
0

1

6Sa~r !6dr

Figure 5. Limiting distribution for Proposition 3~a!+
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but atd 5`3 sgn~*0
1 Sa~r !dW~r !! if the inequality is reversed+ So, with pos-

itive probability arg min$Z~d!% does not exist+ HereW, Sa are Wiener and sta-
ble processes, respectively+ The argument for the case whereE @ui

2# , ` ~i+e+,
a 5 2! is essentially the same+ Hence no non-degenerate limiting distribution is
obtainable, at least by the methods used here+ As might be expected, the con-
vergence rate of the LAD estimator is extremely rapid, and in particular, from
Lemma 2 and the proof of Proposition 3~c!, n10adn 5 op~n2k! asn r `, for
arbitrarily largek+ As an example, suppose thatF~z! 2 F~0! z 2sgn~z!0
ln~6z6! asz r 0: in the statement of Proposition 3~c!, we can choose$ rn% so
thatn1210v @210 ln~10rn!# z 1 asn r `, for anyv , 2, which implies thatdn 5
op~n210a exp~2n1022«!! for any « . 0+

5. STATIONARY AUTOREGRESSION

For the random walk model considered in the preceding section, the flavor of
Proposition 2 is similar to that of Proposition 1~a!, because in both cases the
parameterg plays a similar role: g , 1 always means that the LAD estimator
has a faster rate of convergence than the OLS estimator, and this is also true of
models with more conventional regressors, such as Example 1 of Knight~1998a!+
In this section we examine the modelyi 5 byi21 1 ui , y0 5 0 of the last section
but with 6b 6 , 1+ We make the following assumption on the tails ofF+

Figure 6. Limiting distribution for Proposition 3~b!: a 5 1+
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A3+ F is symmetric around zero, and eitherE @6ui 6k# , ` for anyk . 0 or,
for someh . 0,

12 F~z! 5 F~2z! z co z2h aszr 1`

with co . 0+
Note that if in A2 a , 2, then a coincides withh in A3+ If h 5 2 in A3,

then E @ui
2# 5 `, and h 5 2 has no counterpart in A2 in view of the restric-

tion there to normal domains of attraction+ In A3, if h . 2 thenE @ui
2# , `,

but E @6ui 6k# 5 ` for somek . 2+ In general, h is the maximal moment ex-
ponent ofF, i+e+, h 5 sup$k :E @6ui 6k# , `% + There is an obvious parallel
here with the center exponent, g, of F in A1: g is the maximal moment expo-
nent of the distribution of 106ui 6, becauseg 5 sup$k :E @6ui 62k# , `% +

PROPOSITION 4+ Suppose that the distribution function, F, of the ui satis-
fies A3 and, for parts (a)–(d), A1. When xi 5 yi21 for i 5 2, + + + , n, with x1 5
y0 5 0 and b 5 0,

(a) if E @ui
2# , ` and E@6ui 611g# , `, then

fndn rd 6j610g sgn~j!,

wherefn 5 n102g,o~10n!, ,o is slowly varying at zero, andj is normally distrib-
uted with zero expectation and variance equal to

E @ui
2#

$2~11 g!E @6ui 611g #%2 ;

(b) if E @ui
2# , `, and E@6ui 611g# 5 `, so 1 1 g $ h . 2, then nkdn rp 0 as

n r ` for any k , 1
2
_~h 2 1!;

(c) if E @ui
2# 5`, and E@6ui 611g# , `, so11 g , h # 2, then nkdn rp 0 as nr `

for any k , ~h 2 1!0hg;
(d) if E @ui

2# 5`, E@6ui 6# , `, and E@6ui 611g# 5`, so11 g $ h . 1, h # 2, then
nkdn rp 0 as nr ` for any k , 10h;

(e) if E@6ui 6# 5 ` with h , 1, then dn 5 Op~n210h! as nr `.

The conditionb 5 0 is invoked to simplify the derivations and because we
are concerned here only with providing an indication of the sort of results that
can be obtained+ Part ~a! is a special case of a result due to Knight~1998b!,
except that we verifyE @Bn~d!# rp 26d611gE @6ui 611g# directly using the regu-
lar variation ofF in A1+ The parameterg plays the same role here as in Prop-
ositions 1 and 2: it affects the rate of convergence and the shape of the limiting
distribution, with the standard result again obtained by settingg 5 1 and requir-
ing thatL in A1 satisfyL~z! r c [ ~0,`! asz r 0+

Parts~b!–~d! require thatE @6ui 6k# 5` for certain values ofk and different
configurations of the parametersh and g+ The first point to note about these
results is they provide some information only on the convergence rates of the
LAD estimator+ For part~c! this is so essentially for the same reason Proposi-
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tion 1~b! is incomplete in a similar sense: we can determine the limiting behav-
ior of An~d! andE @Bn~d!# for choices of the sequences$yn% and$fn% that would
deliver a limiting distribution offndn, but difficulties arise in establishing
Bn~d! 2 E @Bn~d!# rp 0 asn r ` for such sequences+ For parts~b!, ~d!, and
~e! there are related technical difficulties concerning the limiting behavior of
Bn~d!+

The second feature of these results is the role played by the center exponent,
g, in ~b! and~d!: there the convergence rates are determined entirely by the tail
parameterh, wheneverh, g satisfy the inequality

11 g $ h,

which says thatF has a relatively low concentration of probability near zero
compared to the magnitude of the tail probabilities+ Note that in the standard
case whereg 5 1, this condition is simplyh # 2, implying that theui have
infinite variance+ When the inequality does not hold, so that 11 g , h, the
amount of probability near zero is large enough to influence the convergence
rate, and, as in Propositions 1 and 2, a smaller value ofg yields a faster con-
vergence rate, for a given value ofh+ But this influence ofg is again con-
strained by the magnitude ofh: if h , 1, so that theui do not have finite
expectation, then the nature ofF near zero is entirely irrelevant for the conver-
gence rate of the estimator, and this is the content of part~e!+ Notice that part
~e! does not require that the median, zero, of F be unique, and the symmetry
requirement in A3 can also easily be dispensed with+

In fact, the results of Davis et al+ ~1992! can be applied to the model of Prop-
osition 4 to show thatdn 5 Op~n210h! wheneverh [ @1,2! with the only con-
dition imposed onF near zero also beingF~0! 5 1 2 F~0! 5 1

2
_; this result is an

implication of their Theorem 4+2, and it subsumes parts~c! and~d! of Proposi-
tion 4, but part~c! is a substantially stronger result because of the more rapid
convergence rate given there, obtained at the expense of imposing A1+ And,
when h [ ~1,2!, their Theorem 4+1 implies thatZn~d! rd Z~d!, whereZ~d!
has a nondegenerate limiting distribution wheneverE @6ui 62j# , ` for some
j . h 2 1+ This moment condition reduces in the present context to the require-
ment 11 g . h, which is a strict version of the inequality encountered earlier+
Under an additional condition that amounts tog , 1, Davis et al+ show that
n10hdn converges in distribution to the unique minimizer ofZ~d!+ Therefore,
stronger results are available for some of the parameter configurations allowed
for in part ~d!+ Their results~Theorem 4+1 and its sequel! also deliver an exact
Op~n10h! convergence rate accompanied by a limiting distribution whenh , 1
andg , 10h, with the latter condition ensuring thatZ~d! has a unique mini-
mizer+ This represents a refinement of part~e! of Proposition 4 obtained at the
cost of imposing a condition ong+ Pollard ~1991! has obtained anOp~n! con-
vergence rate forh 5 1 ~andg 5 1!, a case not covered by Proposition 4+

Some comparisons with the OLS estimator seem worth making+ The con-
vergence rate of that estimator is determined entirely by the tails ofF+ Under
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A3 it is Op~n102! whenh . 2 ~or a 5 2 under A2!+ So, under the conditions
of part ~a! of Proposition 4, the relationship between the two estimators has
the same flavor as in the preceding sections: the convergence rate of the OLS
estimator exceeds that of the LAD estimator ifg . 1, with the ranking re-
versed forg , 1; the caseg 5 1 is resolved by the behavior ofL ~ in A1!
near zero+ The conditions of part~b! imply g . 1, so the more rapid conver-
gence rate of the OLS estimator relative to the LAD estimator is perhaps not
surprising+ Whenh , 2 in A3 ~or a , 2 in A2!, the convergence rate of the
OLS estimator isOp~ @n0 ln~n!#10h!+ ~The factor ln~n! arises here because
of the presence of the productsui ui21 in the formula for this estimator: in

(i52
n ui ui210(i52

n ui21
2 , the numerator and denominators have nondegenerate

limiting distributions once they have been normalized by, respectively,
@n ln~n!#10h andn20h+ See Phillips, 1990, Appendix A+! But the relative perfor-
mance of the two estimators in terms of their rates of convergence differs mark-
edly from the case where theui have finite variance: in part ~c! the LAD
estimator has a faster convergence rate than the OLS estimator, as might be
expected in view of Propositions 1–3 because the conditions of part~c! imply
g , 1+ Under the conditions of part~d! the two estimators have similar con-
vergence rates regardless of whether or notg . 1, and the slight superiority
of the LAD estimator under the subset of conditions mentioned earlier~i+e+,
2 . 1 1 g . h . 1 or h , min$1,10g%!, and due to Davis et al+ ~1992!, is
noteworthy+ The same slight advantage of the LAD estimator is present under
the conditions of part~e! but now with the only restriction onF near zero that
it has zero as a median+

6. CONCLUSION

We have attempted to indicate how the asymptotic behavior of the LAD esti-
mator is affected when the conventional assumption on the disturbance distri-
bution is relaxed in a way that seems intuitively attractive, in addition to being
convenient from the point of view of derivations+ The results for some models
extend those of Smirnov~1952! for the location model in ways that provide
reasonably straightforward parallels with these early findings, but others are
rather more involved+

REFERENCES

Chan N+H+ & L +T+ Tran ~1989! On the first order autoregressive process with infinite variance+
Econometric Theory5, 354–362+

Davis, R+A+, K+ Knight, & J+ Liu ~1992! M-estimation for autoregressions with infinite variances+
Stochastic Processes and Their Applications40, 145–180+

Feller, W+J+ ~1966! An Introduction to Probability Theory and Its Applications, vol II + New York:
Wiley+

Geyer, C+J+ ~1996! On the Asymptotics of Convex Stochastic Optimisation+ Manuscript, University
of Minnesota+

LAD REGRESSION 837

https://doi.org/10.1017/S0266466601174074 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466601174074


Gnedenko, B+V+ ~1989! The Theory of Probability and the Elements of Statistics, 4th ed+ New York:
Chelsea+

Herce, M+A+ ~1996! Asymptotic theory of LAD estimation in a unit root process with finite vari-
ance errors+ Econometric Theory12, 129–153+

Ibragimov, I+A+ & Y+V+ Linnik ~1971! Independent and Stationary Sequences of Random Variables+
Groningen: Wolters-Noordorf+

Knight, K+ ~1989! Limit theory for autoregressive parameters in an infinite variance random walk+
Canadian Journal of Statistics17, 261–278+

Knight, K+ ~1991! Limit theory for M-estimates in an integrated infinite variance process+ Econo-
metric Theory7, 200–212+

Knight, K+ ~1993! Estimation in dynamic linear regression models with infinite variance errors+
Econometric Theory9, 570–588+

Knight, K+ ~1998a! Limiting distributions forL1 regression estimators under general conditions+
Annals of Statistics26, 755–770+

Knight, K+ ~1998b! Some limit theory forL1-estimators in autoregressive models under general
conditions+ In Y+ Dodge ~ed+!, L1 Statistical Procedures and Related Topics+ IMS Monograph
Series+

Phillips, P+C+B+ ~1990! Time series regression with a unit root and infinite variance errors+ Econo-
metric Theory6, 44–62+

Phillips, P+C+B+ ~1991! A shortcut to LAD asymptotics+ Econometric Theory7, 450–463+
Pollard, D+ ~1991! Asymptotics for least absolute deviations estimators+ Econometric Theory7,

186–199+
Seneta, E+ ~1976! Regularly Varying Functions+ New York: Springer-Verlag+
Serfling, R+J+ ~1980! Approximation Theorems of Mathematical Statistics+ New York: Wiley+
Smirnov, N+V+ ~1952! Limit Distributions for the Terms of a Variational Series+ American Math-

ematical Society Translation 67+

APPENDIX A: PROOFS OF LEMMAS 1 AND 2
Proof of Lemma 1. The proof proceeds by showing that, for z $ 0,

~a! ~i! implies ~ii ! with c~z! 5 zg , ~g . 0!;
~b! ~ii ! implies G is regularly varying at zero~from above! with exponentg . 0;
~c! ~i! implies ~iii ! with C~z! 5 z11g0~1 1 g! andrn110rn r 1 asn r `;
~d! ~iii ! implies that if we writeCn~z! 5 *0

znqG~s0rn!ds 5 nqrn*0
z0rn G~s!ds, or

Cn~z! 5 nqrnR~z0rn! where R~t ! [ *0
t G~s!ds, then R is regularly varying at

zero ~from above! with exponent equal to 11 g and G is regularly varying at
zero~from above! with exponent equal tog, with g . 0+

~a! We note that~i! means

nqG~z0rn! 5 nqL~z0rn!~z0rn!g

5 ~nq0rn
g!L~10rn!$L~z0rn!0L~10rn!%zg+

Now, for fixed q . 0, choose$ rn% so thatrn
g z nqL~10rn! asn r `; thenrn r ` as

n r `, from g . 0, q . 0 and the slowly varying property ofL; and this last property
also yieldsL~z0rn!0L~10rn! r 1 asn r `, for eachz [ ~0,`!+ And becauseG~0! 5 0
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~becauseG~z! 5 L~z!zg
' 0 as z ' 0 by the slow variation ofL at zero!, we can

conclude thatnqG~z0rn! r zg , asn r `, for eachz [ @0,`!, as required+
~b! Because, in ~ii !, zo is a continuity point ofc with c~zo! [ ~0,`!, ~ii ! implies

that, asn r `, G~z0rn!0G~zo0rn! r c~z!0c~zo! [ f~z! [ ~0,`! for all z sufficiently
close tozo+ Now definern

o 5 rn0zo soG~z0~zorn
o!!0G~10rn

o! r f~z! [ ~0,`! for all z
sufficiently close tozo+ We can then apply a straightforward modification of Theo-
rem 1+9 of Seneta~1976! to see thatG is regularly varying at zero from above with
non-negative exponent if it is also the case that

G~10rn
o!0G~10rn11

o ! r 1 asn r `;

but this is so becauseG~10rn
o!0G~10rn11

o ! 5 $nqG~zo0rn!%0$nqG~zo0rn11!% has,
from ~ii !, the same limit~as n r `! as $nqG~zo0rn!%0$~n 1 1!qG~zo0rn11!% , namely,
c~zo!0c~zo! 5 1+ Finally, to check that the exponent of regular variation is positive,
note that if not, G must, because it is nondecreasing, be slowly varying, i+e+, G~zo0rn!0
G~lzo0rn! r 1 asn r ` for all l . 0, which implies thatc~lzo! 5 c~zo! for all
suchl, so thatc cannot be continuous at zero withc~0! 5 0, which contradicts~ii !+

~c! From ~i!, Cn~z! 5 *0
znqG~s0rn!ds5 *0

znqL~s0rn!~s0rn!gds, and choosingrn
g z

nqL~10rn! asn r `, as in ~a!, we haveCn~z! z *0
z@L~s0rn!0L~10rn!#sgds asn r `+

Now for eachz . 0,

E
0

z

L~s0rn!sgdsz L~10rn!E
0

z

sgds asn r `

using a modification of Seneta’s~1976! Theorem 2+6 to deal with regular variation at
zero rather than at̀ + ~The conditiong . 0 is used here+! So

Cn~z! z E
0

z

@L~s0rn!0L~10rn!#sgdsz zg110~11 g! asn r `+

Note thatrn0rn11 r 1 asn r ` because the definition of$ rn% allows us to writern z
nq0g,~10n!, where, is a function that varies slowly at zero; this also implies thatr{gn} 0
rn r gq0g asn r ` for any g [ ~0,`!+

~d! The strict convexity and finiteness of the limit functionC on ~z1, z2! ensure the
existence of a continuity pointzo [ ~z1, z2! of C for which C~zo! [ ~0,`!+ Also, from
the definition of$Cn% , C~0! 5 0, andC is everywhere convex by the monotonicity ofG+
Now, Cn11~zo!0Cn~zo! 5 *0

zo

~n 1 1!qG~s0rn11!ds0*0
zo

nqG~s0rn!dsr 1 asn r ` can
be shown to implyrn110rn r 1 asn r `, by making use of the strict convexity ofC
on a neighborhood ofzo, along withC~0! 5 0+ Next, recalling thatR~z0rn! 5 Cn~z!0
~nqrn!, we can apply a similar argument to that used in~b! to see thatR is regularly
varying at zero~from above! with exponent no less than unity, noting thatrn110rn r 1
ensures thatR~10rn

o!0R~10rn11
o ! r 1 asn r `, wherern

o 5 rn0zo+ To show that the
exponent of regular variation exceeds one, suppose to the contrary thatR is regularly
varying at zero with exponent equal to one+ Then$ rnnqR~lz0rn!%0$ rnnqR~z0rn!% r l
as n r ` for l [ ~0,`!, implying in particular thatC~lz!0C~z! 5 l for all l Þ 1,
which contradicts the strict convexity ofC on ~z1, z2!+ Next, to see thatG is regularly
varying also, takea,b . 0, with b . a and write, for t . 0,
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t~b 2 a!G~at!

R~t !
#

SE
at

bt

G~s!dsD
R~t !

#
t~b 2 a!G~bt!

R~t !

becauseG is nondecreasing+ The integral in the middle is@R~bt! 2 R~at!#0R~t !, which
has limit ast ' 0 equal tobk 2 ak by the regularly varying property ofR; herek . 1
denotes the exponent of this regular variation+ We see therefore that

lim inf
t' 0

$tG~bt!0R~t !% $ ~bk 2 ak !0~b 2 a!,

which on lettinga r b ~for fixed b! becomes lim inft' 0$tG~bt!0R~t !% $ kbk21; simi-
larly, lim supt' 0$tG~at!0R~t !% # kak21+ Herea,b are arbitrary, so we obtain

lim
t' 0

$tG~ct!0R~t !% 5 kck21

for eachc . 0+ ~The idea here is the same aside from minor modifications as the proof
of Theorem 2+4 in Seneta, 1976, but we note that hisU is defined differently fromR+!
The regularly varying property ofG follows immediately:

G~ct!

G~t !
5

tG~ct!

R~t !
3

R~t !

tG~t !
r ck21 ast ' 0+

Note that theg in ~i! is equal tok 2 1 . 0+ n

Proof of Lemma 2. In both~a! and~b! choose$ rn% so thatnqG~10rn! z 1 asn r `
and note that this is possible~with rn r ` asn r `! becauseG~z! is strictly increas-
ing on @0, z*# and is continuous at zero withG~0! 5 0+

~a! In Cn~z! 5 nq*0
zG~s0rn!ds, *0

zG~s0rn!dsz G~10rn!*0
zds asn r ` becauseG

is slowly varying at zero and nondecreasing~cf+ Seneta, 1976, Theorem 2+6!+ So,
from the definition of$ rn%, Cn~z! r z asn r `, as required+ And for anyg . 1,
r{gn} 0rn r ` asn r ` from the definition of$ rn% and the slowly varying prop-
erty of G+

~b! From the definition of$ rn%, nqG~z0rn! r 0 asn r ` for all z [ @0,1! because,
for z [ ~0,1!, $nqG~z0rn!%0$nqG~10rn!% r 0 becausern r ` asn r ` andG
is rapidly varying at zero; similarly nqG~z0rn! r ` asn r ` for eachz . 1+
This establishes the stated property of the limit functionc, and the properties of
C also follow easily by making use of the nondecreasing property ofG+ And, for
any g . 1, r{gn} 0rn r 1 asn r ` from the definition of$ rn% and the rapidly
varying property ofG+ n

APPENDIX B: PROOFS OF PROPOSITIONS 1–4

ThroughoutZn~d! is as defined by~1! and~2! andAn~d!, Bn~d! by ~3! and~4!, respec-
tively+ The sequences$yn%, $fn% are defined subsequently for each case+
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Proof of Proposition 1. Bn~d! 5 E @Bn~d!# 1 ~Bn~d! 2 E @Bn~d!# !, and in the present
case

E @Bn~d!# 5 2~fn0yn! (
i51

n E
0

i v d0fn

$F~s! 2 F~0!%ds

5 2~fn0yn! (
i51

n E
0

i v d0fn

G~s!ds

5 2yn
21 (

i51

n

fn R~i vd0fn!,

whereR~z! [ *0
zG~s!dsandG~z! [ F~z! 2 F~0!+ Under A1 and the assumed symmetry

of F, we have6G~z!6 5 L~z!6z6g , or G~z! 5 sgn~z!L~z!6z6g, recalling thatL~2z! 5
L~z! . 0 for all z Þ 0 andL is slowly varying at zero+ Here R is regularly varying
at zero from above and below with exponent 11 g . 1, and in particularR~z! 5
Lo~z!6z611g , whereLo, like L, is an slowly varying even function and

Lo~z! z L~z!0~11 g! aszr 0+

The connection betweenR and G can be obtained by using part~c! of the proof of
Lemma 1 followed by part~d!, although more direct methods are available+ ~For exam-
ple, for z . 0 we can write*0

zG~s!ds5 *0
1 zG~zt!dt 5 z11g*0

1 L~zt!t gdt and then mod-
ify Theorem 2+6 of Seneta~1976! to obtain*0

1 L~zt!t gdt z L~z!0~1 1 g! asz ' 0+! We
will be able to exploit the regular variation ofR at zero if $fn% is chosen so that
max1#i#n$i v0fn% r 0, asn r `+ We now consider parts~a! and~b! in turn+

~a! We set

yn 5 S(
i51

n

i 2vD102

,

fn z Fyn
21Lo~nv0fn! (

i51

n

i v~11g!G10g

asn r `,

noting thatyn 5 O~nv1102!, v . 2 1
2
_ , and we can writefn z ,o~10n!nv1102g as

n r `, where,o varies slowly at zero+ Note thatfn r ` as n r `, becausev 1
1
2
_g . 0, and alsonv0fn r 0 asn r `+ Then

E @Bn~d!# 5 26d611gyn
21 (

i51

n

fn
2g Lo~i vd0fn! i v~11g!

5 26d611g (
i51

n

$Lo~i vd0fn!0Lo~nv0fn!% i v~11g!Y(
i51

n

i v~11g!+

Now, the slowly varying property ofLo ensures thatLo~i vd0fn!0Lo~nv0fn! r 1 as
n r ` uniformly on $i : {«n} # i # n% for any « [ ~0,1!, and so we obtain

E @Bn~d!# r 26d611g asn r `
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provided we can show that

(
i51

{«n}

$Lo~i vd0fn!0Lo~nv0fn!% i v~11g!Y(
i51

n

i v~11g!

has a limit asn r ` that can be made arbitrarily close to zero by making« sufficiently
small+ We distinguish between the two casesv $ 0 andv , 0+ For v $ 0, the slow
variation ofLo at zero ensures that fork . 0, sup0,t#z$Lo~t !t k% z Lo~z!zk asz ' 0
~see, e+g+, Seneta, 1976, p+ 68!+ So for v $ 0, we can deduce that for any« . 0, as
n r `,

sup
1,i#{«n}

$Lo~i v0fn!~i v0fn!11g % z Lo~{«n}v0fn!~{«n}v0fn!11g,

from which we obtain the result we seek without difficulty by again making use of the
slow variation ofLo+ For v , 0, we first note thatw~1 1 g! . 21 is implied by the
conditionsw . 2 1

2
_ , w . 2 1

2
_g, so that(i51

n i v~11g! diverges asn r `+ This leads to
the result once it is combined with

sup
1#i#{«n}

$Lo~i v0fn!% z Lo~{«n}v0fn!,

asn r `, which holds becausev , 0 andL~z! is ~by assumption! nonincreasing on
~2z*, z*! for sufficiently smallz* . 0, and hence so isLo+

The next step is to dispose of the remainder, Bn~d! 2 E @Bn~d!# + To do this we can
proceed as in Knight~1998a!:

var@Bn~d!# 5 varF2~fn0yn! (
i51

n E
0

i v d0fn

$I ~ui # s! 2 I ~ui # 0!%dsG
# 2~fn0yn! max

1#i#n
$6 i vd0fn6%E @Bn~d!#

r 0 asn r `

becausei v0yn r 0 asn r ` for all i wheneverv . 2 1
2
_ + And, under this last restric-

tion on v, and from the definition of$yn% , An~d! rd 2dj, j Z N~0,1!, ~see, e+g+,
Gnedenko, 1989, p+ 317!+ These results forAn~d! and Bn~d! mean that for eachd,
Zn~d! rd Z~d! as n r ` whereZ~d! 5 2dj 1 26d611g , j Z N~0,1!+ It is easy to
show that the convergence in distribution ofZn~d! to Z~d! holds for any finite collec-
tion of d’s ~see, e+g+, Geyer, 1996, Lemma 3+3!+ And, becauseg . 0, Z~d! is strictly
convex ind and consequently has a unique minimizer; the minimizer ofZn~d! has for
its limiting distribution the distribution of the minimizer of the random functionZ~d!
as in Geyer~1996!; and the result follows because this minimizer satisfies the first
order condition2j 1 2~1 1 g!sgn~d!6d6g 5 0+

~b! For the case wherev , 2 1
2
_ and v~1 1 g! . 21 we setyn 5 1 for all n and

define $fn% as in ~a!+ This now means that we can writefn 5 ,o~10n!n@11v~11g!#0g

where,o varies slowly at zero+ And, 6An~d!0d6 5 Op~1! for eachd Þ 0, whereas the
same argument as that used for part~a! ~for the casev , 0! reveals thatE @Bn~d!# r
26d611g asn r `+ Note here thati v0fn # 10fn for all i and thatfn r ` asn r `+
And, for any « . 0,
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Pr@6Bn~d! 2 E @Bn~d!#6 $ «E @Bn~d!## # var@Bn~d!#0$«E @Bn~d!#%2

# 2 max
1#i#n

$6 i vd6%0$«2E @Bn~d!#%

z 26d60~«226d611g ! asn r `

5 10~«2 6d6g !

using v , 0 and yn 5 1, along with var@Bn~d!# 5 (i51
n var@bi,n~d!# #

(i51
n max$bi,n~d!%E @bi,n~d!# + Hence for fixed« [ ~0,1!,

lim
nr`

Pr@Bn~d! # ~12 «!26d611g # # 10~«2 6d6g !,

and because limnr`Pr@6An6 # 6d6M # r 1 as M r `, it follows from g . 0 that
limnr`Pr@Zn~d! . 0# is close to one for sufficiently large6d6+ Therefore, because, for
eachn, Zn~d! is convex withZn~0! 5 0 for all n, the minimizer ofZn~d! is contained in
@2d,d# with probability close to one for all largen, provided thatd is sufficiently large+
So, fndn 5 Op~1! asn r `, as claimed+ n

Proof of Proposition 2. We setyn 5 n102an, wherean 5 n10a , with a 5 2 for part
~a!, a [ ~0,2! for part ~b!, andfn 5 anrn where$ rn% is defined subsequently in each
case+

~a! Herean 5 n102 and

An~d! 5 2dsn2102 (
i52

n

@ yi210~san!# sgn~ui ! rd 2 sdE
0

1

W1~s!dW2~s!,

whereW1, W2 are dependent Wiener processes, exactly as in Herce~1996!+ To consider

Bn~d! 5 2~ rn0n102! (
i52

n E
0

dyi210~an rn!

@I ~ui # s! 2 I ~ui , 0!#ds

we first define

bi,n~d! 5 2~ rn0n102! I ~10m# 6dyi210an6# m!E
0

dyi210~an rn!

@I ~ui # s! 2 I ~ui , 0!#ds,

where we have introduced truncations of the6dyi210an6 below at 10m and above at
m . 1+ We see subsequently that these are inconsequential asymptotically~asn r `!
for sufficiently largem+ Next let

m i,n~d! 5 E @bi,n~d!6yi21#

so

(
i52

n

m i,n~d! 5 2n21 (
i52

n

I ~10m# 6dyi210an6# m!E
0

dyi210~an rn!

n102rnG~s!ds,

whereG~z! 5 F~z! 2 F~0!+ As in the proof of Proposition 1, we write

E
0

dyi210~an rn!

n102rnG~s!ds5 n102rn R~dyi210~an rn!!,
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whereR~z! 5 Lo~z!6z611g is an even function, regularly varying at zero with exponent
1 1 g; Lo is slowly varying at 0+ Next choose$ rn% to satisfy

n102rn
2g z 10Lo~10rn! asn r `

so thatrn r ` asn r `+ Now, asn r `,

@R~dyi210~an rn!! 2 Lo~10rn!6dyi210~an rn!611g # I ~10m # 6dyi210an6# m! r 0

uniformly for all i becauseLo~lz!0Lo~z! r 1 asz r 0 uniformly for all l [ @10m,m#
by the slowly varying property ofLo+ So, for the preceding choice of$ rn% , asn r `,

(
i52

n

m i,n~d! 2 2n21 (
i52

n

6dyi210an611gI ~10m # 6dyi210an6# m! rp 0+

Next note that forr [ @0,1# , y{rn} 0~san! n W1~r ! in D@0,1# ~the space of real valued
right continuous functions on@0,1# with left hand limits!, whereW1~r ! is the Wiener
process arising in the limiting distribution ofAn~d!+ ~Here n denotes weak conver-
gence asn r ` of a sequence of probability measures+! So 6dy{ rn} 0~san!611g n

6dW1~r !611g by the continuity of6{611g , whereas, for eachd,

6y{rn} 0an611gI ~10m # 6dy{rn} 0an6# m! n 6sdW1~r !611gI ~10m# 6sdW1~r !6# m!

because the set of discontinuity points of this last function ofW1~r ! has zero Wiener
measure+ And, by the continuous mapping theorem, for eachd, asn r `,

(
i52

n

m i,n~d! rd E
0

1

6sdW1~r !611gI ~10m # 6sdW1~r !6# m!dr+

We next want to show that(i52
n @bi,n~d! 2 m i, n~d!# rp 0 as n r `+ But the sum-

mands here are martingale differences, so we need only demonstrate~as in Knight,
1989! that (i52

n E @bi,n~d!2 6u1, + + + ,ui21# rp 0, which is so because, by the definition
of the m i, n~d!,

(
i52

n

E @bi,n~d!2 6u1, + + + ,ui21# # max
2#i#n

$bi,n~d!% 3 (
i52

n

m i,n~d!

5 op~1! asn r `,

because(i52
n m i,n~d! 5 Op~1! ~as we have just seen!, and, uniformly for all i,

0 # bi,n~d! # 2~ rn0n102!~6dyi2160~an rn!! I ~10m# 6dyi210an6# m! # 2m0n102

from the definition of thebi, n~d!+ Hence, for eachm, (i52
n bi,n~d! 2 (i52

n m i,n~d! rp 0
asn r `+

The final step involves showing that the two truncations used previously do not mat-
ter asymptotically for large enoughm+ For the truncation atm, we again follow Knight
~1989!:
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PrF2~ rn0n102! (
i52

n

I ~6dyi210an6 . m!E
0

dyi210~an rn!

@I ~ui # s! 2 I ~ui , 0!#ds. «G
# PrF max

2#i#n
$6dyi210an6% . mG ,

which has a limit asn r `, with this limit tending to zero asm r `; the limit in
question is Pr@maxr[@0,1#$6sdW1~r !6% . m# + For the truncation at 10m, we use a differ-
ent argument+ Note that

2~ rn0n102! (
i52

n

I ~6dyi210an6 , 10m!E
0

dyi210~an rn!

@I ~ui # s! 2 I ~ui , 0!#ds

is no greater than

(
i52

n

2~ rn0n102!~mrn!21I ~6ui 6 # 10~mrn!!,

and recalling thatG~z! 5 sgn~z!L~z!6z6g , the expectation of this last sum is, by the
assumed symmetry ofG at zero,

2n102~10m!Pr@6ui 6 # 10~mrn!# 5 4n102G~10~mrn!!0m5 4n102L~10~mrn!!6mrn62g0m,

and, from the definition of$ rn%, we haven102rn
2g L~10~mrn!! z L~10~mrn!!0Lo~10rn!,

asn r `, andL~10~mrn!! z ~1 1 g!Lo~10~mrn!! asn r ` for eachm . 0, using the
connection betweenG and R noted in the proof of Proposition 1+ Also, by the slow
variation ofLo at zero, Lo~10mrn! z Lo~10rn! asn r `, for eachm+ Therefore

n102L~10~mrn!!6mrn62g0m z ~11 g!0m11g asn r `,

so for all largen the expectation in question is close to zero whenm is large+ Hence, for
any « . 0, the limit asn r ` of

PrF2~ rn0n102! (
i52

n

I ~6dyi210an6 , 10m!E
0

dyi210~an rn!

@I ~ui # s! 2 I ~ui , 0!#ds. «G
is close to zero for largem+ Putting the arguments for the two truncations together, we
can therefore deduce that, for any « . 0,

lim
nr`

PrF*Bn~d! 2 (
i52

n

bi,n~d!* . «G
can be made as close to zero as desired by makingm sufficiently large; from this and
the argument given previously it follows that the same is true of

lim
nr`

PrF*Bn~d! 2 (
i52

n

m i,n~d!* . «G +
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Next note that, for eachd,

E
0

1

6dW1~r !611gI ~6dW1~r !6 , 10m!dr # 10m11g

and, for any « . 0,

PrFE
0

1

6dW1~r !611gI ~6dW1~r !6 . m!dr . «G # PrF max
r[@0,1#

$6dW1~r !6% . mG
r 0 asmr `+

HenceBn~d! rd 2*0
16sdW1~r !611gdr, and combining this result with that given earlier

for An~d! reveals that for eachd,

$An~d!,Bn~d!% rd H2sdE
0

1

W1~s!dW2~s!, 26d611gE
0

1

6sW1~r !611gdrJ
asn r `, so Zn~d! rd Z~d! asn r ` for eachd, where

Z~d! [ 2sdE
0

1

W1~s!dW2~s! 1 26d611gE
0

1

6sW1~r !611gdr+

Moreover, the convergence in distribution ofZn~d! to Z~d! as n r ` holds for any
finite collection, ~d1, + + + ,dh!, of d’s, i+e+,

$Zn~d1!, + + + ,Zn~dh!% rd $Z~d1!, + + + ,Z~dh!%

asn r `+ Now, recalling that for eachn, Zn~d! is a random convex function, we can
appeal to Geyer~1996! to obtain the result in the statement of Proposition 2~a! by mak-
ing use of the strict convexity ofZ~d! ~a consequence ofg . 0!, which ensures that
Z~d! has a unique minimizer with probability one+ The convergence rate ofdn is given
by the divisor ofd in Zn~d!, i+e+, fn 5 anrn, for an 5 n102, and from the definition of
$ rn% we can writern 5 n102g,o~10n! where,o is slowly varying at zero+

~b! In this casean 5 n10a and

An~d! 5 2dn2102 (
i52

n

~ yi210an!sgn~ui ! rd 2 dE
0

1

Sa~s!dW~s!,

whereSa is a stable process with indexa [ ~0,2! and W is a Wiener process that is
independent ofSa, exactly as in Knight~1989!+ Now we can proceed as in part~a! to
obtain Bn~d! rd *0

16dSa~r !611gdr whereSa is the stable process arising above in the
limiting distribution ofAn~d! and$ rn% again satisfiesn102rn

2g z 10Lo~10rn! asn r `,
so rn 5 n102g,o~10n!, where,o is slowly varying at zero; the convergence rate ofdn is
given byanrn, an 5 n10a + n

Proof of Proposition 3. For parts~a! and ~b! we setyn 5 n102an, wherean 5 n10a

~with a 5 2 in part ~a!, a [ ~0,2! in part ~b!! and fn 5 anrn, with $ rn% chosen to
satisfyn102G~10rn! z 1 asn r `+
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~a! An~d! behaves exactly as in the proof of Proposition 2~a!:

An~d! rd 2 sdE
0

1

W1~s!dW2~s!,

where W1, W2 are dependent Wiener processes+ To examine the limiting behavior of
Bn~d! we let

bi,n~d! 5 2~ rn0n102! I ~6dyi210an6# m!E
0

dyi210~an rn!

@I ~ui # s! 2 I ~ui , 0!#ds

for m . 1, where the truncations of the6dyi210an6 below at 10m used in the proof of
Proposition 2~a! are omitted+ Letting m i, n~d! 5 E @bi, n~d!6yi21# ,

(
i52

n

m i,n~d! 5 2n21 (
i52

n

I ~6dyi210an6# m!E
0

dyi210an

n102G~s0rn!ds,

whereG~z! 5 F~z! 2 F~0!+ Now from the definition of$ rn% , and Lemma 2~b! and its
proof, we know that*0

zn102G~s0rn!ds r 0 for 6z6 # 1 asn r `+ Therefore, for any
m . 1 and largen, (i52

n m i,n~d! is close to zero with probability close to one when
6dyi210an6 # 1 for all i , i+e+, when 6d6 # 10Vn where

Vn [ max
2#i#n

$6yi210an6%+

We next want to show that(i52
n m i,n~d! is large with probability close to one whenn is

large and this condition ond is not satisfied, i+e+, when6d6 $ ~1 1 «!0Vn for any« . 0+
We note first that

(
i52

n

m i,n~d! $ 2n21 (
i52

n

I ~6d6Vn 2 « , 6dyi210an6# m!E
0

dyi210an

n102G~s0rn!ds

and because, from the definition of$ rn% and Lemma 2~b!, *0
zn102G~s0rn!ds r ` as

n r `, whenever6z6 . 1, it will be enough to show that

lim
nr`

PrFn21 (
i52

n

I ~6d6Vn 2 « , 6dyi210an6# m! $ «oG
tends to one asm r ` for «o . 0 sufficiently small+ Recalling thatW1 is the standard
Wiener process arising above in the limiting distribution ofAn~d!, and lettingU1 [
maxr[@0,1#$6W1~r !6% ,

$6y{rn} 0~san!6,Vn0s% n $6W1~r !6,U1%

asn r `, the limiting probability we seek is given by

PrFE
0

1

I ~6d6sU1 2 « , 6sdW1~r !6# m!dr $ «oG ,
which for eachd Þ 0, and fixed« . 0, has limit equal to one, as m r `, for suffi-
ciently small«o . 0, as required+
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The arguments used in the proof of Proposition 2~a! can be now be applied with little
modification to see thatBn~d! 2 (i52

n m i,n~d! is close to zero with high probability for
6d6 # 10Vn, whenn is large, in which caseZn~d! 2 An~d! is also close to zero; whereas
if 6d6 . ~1 1 «!0Vn ~for any « . 0! andn is sufficiently large, an argument used in the
proof of Proposition 1~b! can be adapted to show thatBn~d! . M with high probability
for arbitrarily largeM+ So, for eachd, Zn~d! rd Z~d!, where

Z~d! 5 52sdE
0

1

W1~s!dW2~s! if 6d6# 10 max
r[@0,1#

$s6W1~r !6%

` otherwise

,

and the convergence of the finite dimensional distributions also holds, as in the proof of
Proposition 2~a!+ BecauseZ~d! has a unique minimizer with probability one, we can
appeal to Geyer~1996! to obtain the result, by making use of the preceding definition of
$ rn% and the fact that, from Lemma 2~b! rn0r{ng} r 1 asn r ` for any g . 1+ The
convergence rate of the estimator is given byfn 5 anrn 5 n102rn+

~b! This modifies the proof of Proposition 2~b! in essentially the same way as the
proof of part~a! modifies the proof of Proposition 2~a!+ Note that attention needs to be
paid to the sample path properties of the stable processSa that occurs here in place of
the Wiener processW1 of part ~a!+ ~For some illustrations, see Phillips, 1990!+ The con-
vergence rate of the estimator is given byfn 5 anrn 5 n10arn+

~c! In the definition ofZn~d! we setyn 5 ann10v, for v , 2, andan 5 n10a , fn 5 anrn

with $ rn% being defined subsequently+ ThenAn~d! rp 0 asn r `+ We let

bi,n~d! 5 2~ rn0n10v ! I ~10m# 6dyi210an6# m!E
0

dyi210~an rn!

@I ~ui # s! 2 I ~ui , 0!#ds,

and if m i, n~d! 5 E @bi, n~d!6yi21# , we can write

(
i52

n

m i,n~d! 5 2n21 (
i52

n

I ~10m# 6dyi210an6# m!E
0

dyi210~an rn!

n1210vrnG~s!ds,

whereG~z! 5 F~z! 2 F~0!+ SettingR~z! 5 *0
zG~s!ds, R is readily seen to be regularly

varying at zero with exponent equal to one+ ~For example, we can write*0
zG~s!ds 5

*0
1 zG~zt!dt as in the proof of Proposition 1~a! and then use the monotonicity ofG to

obtain, for arbitrarily small« . 0, zG~«z!*«
1 dt # *0

1 zG~zt!dt # zG~z!*0
1 dt, which

yields*0
zG~s!dsz zG~z! aszr 0 from the slowly varying property ofG+! Specifically,

R~z! z G~z!z aszr 0, or R~z! 5 Lo~z!6z6 where sgn~z!Lo~z!0G~z! r 1 aszr 0, and
Lo is slowly varying at zero+ So, we write

E
0

dyi210~an rn!

n1210vrnG~s!ds5 n1210vrn R~dyi210~an rn!!

5 n1210vLo~dyi210~an rn!!6dyi210an6,

and, if we choose$ rn% to satisfyn1210vG~10rn! z 1 asn r ` ~or n1210vLo~10rn! z 1
as n r `!, we can proceed along the lines of the proof of Proposition 2 to obtain
Bn~d! 2 2n21 (i52

n 6dyi210an6 rp 0+ When a 5 2, Bn~d! rd 2*0
16sdW1~r !6dr as

n r `, and it follows from the properties of a standard Wiener process that
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limnr`Pr@Bn~d! . «# approaches one as« ' 0 for any fixedd Þ 0+ Whena [ ~0,2!,
Bn~d! rd 2*0

16dSa~r !6dr, and the same conclusion is obtained+ BecauseAn~d! rp 0,
we can again appeal to Geyer~1996! to see that the minimizer ofZn~d! converges in
probability to zero asn r `, and the result follows from the fact thatv , 2 can be
made arbitrarily close to 2, the definition of$ rn% just given, and the fact that the di-
visor of d in the definition ofZn~d! is fn 5 anrn 5 n10arn+

Proof of Proposition 4. Throughout we letBn~d! 5 (i52
n bi,n~d! where, from ~4!,

bi,n~d! 5 2~fn0yn!E
0

dyi210fn

@I ~ui # s! 2 I ~ui , 0!#ds,

noting that 0# bi, n~d! # 26dyi2160yn, and define

m i,n~d! 5 E @bi,n~d!6u1, + + + ,ui216# 5 2n21E
0

dyi21

~n0yn!@F~s0fn! 2 F~0!#ds+

We let G~z! 5 F~z! 2 F~0! and, for parts ~a!–~d!, R~z! 5 *0
zG~s!ds 5 Lo~z!6z611g

whereLo is an even function that is slowly varying at zero, as in the proofs of Proposi-
tions 1 and 2, and we also let

m i,n
o ~d! 5 ti,n m i,n~d!, bi,n

o ~d! 5 ti,nbi,n~d!,

whereti, n are indicator functions depending onm . 1 that are defined subsequently for
each case+

~a! We setyn 5 n102+ Then, using b 5 0, An~d! 5 2dn2102 (i52
n yi21 sgn~ui ! rd

2dsj, where j Z N~0,1! and E @ui
2# 5 s2 , `+ Next let ti, n 5 ti 5 I ~10m #

6dyi216 # m!; now, n0yn 5 n102 and

(
i52

n

m i,n
o ~d! 5 2n21 (

i52

n

tiE
0

dyi21

n102G~s0fn!ds

5 2n21 (
i52

n

ti n102fn R~dyi210fn!+

We choose$fn% so thatn102fn
2g z 10Lo~10fn! asn r `+ Then from the definition ofR

and the slow variation ofLo, for eachd Þ 0,

(
i52

n

m i,n
o ~d! 2 2n21 (

i52

n

6dyi21611gti r 0 asn r `,

and so

(
i52

n

m i,n
o ~d! rp E @6dyi21611gti # asn r `+

Next, an argument used by Knight~1998b! applies to yield (i52
n @bi,n

o ~d! 2
m i,n

o ~d!# rp 0 as n r `+ By making m sufficiently large, and using the fact that
E @6dyi 611gti # r E @6dui 611g# asmr ` ~becauseb 5 0!, for eachd by the finiteness of
E @6ui 611g# , we obtainBn~d! rp 26d611gE @6ui 611g# asn r `+ Combining this with the
limiting behavior ofAn~d! leads to the result, as in the proof of Proposition 1~a!; the
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rate of convergence here is given byfn, and we can writefn 5 n102g,o~10n! where,o

varies slowly at zero+ Note that in the present case, if A3 is satisfied for someh . 0,
thenh . max$2,1 1 g% +

~b! Here 11 g $ h . 2+ Let yn 5 n102, so An~d! behaves as in~a! andn0yn 5 n102+
We setti, n 5 I ~sn0m # 6dyi210fn6 # snm! where$sn% is a sequence for whichsn r 0
andsnfn r ` asn r `; $fn% is defined subsequently+ Then, for d Þ 0,

(
i51

n

m i,n
o ~d! 5 2n21 (

i51

n

n102fn
2g Lo~dyi210fn!6dyi21611gti,n

z 2n21 (
i51

n

n102fn
2g Lo~sn!6dyi21611gti,n asn r `

by the slowly varying property ofLo and because, for eachd, 6dyi210fn6r 0 asn r `,
uniformly for all i such thatsn0m # 6dyi210fn6 # snm+ Now, A3 along with 11 g $ h
ensures thatE @6dyi 611gti, n# z 6d611gc~m!~snfn!11g2h asn r ` wherec~m! r ` as
m r `+ Then, asn r `,

EF(
i51

n

m i,n
o ~d!G z 2n102fn

2g Lo~sn!6d611gc~m!~snfn!11g2h

5 26d611gc~m!n102fn
12h sn

11g2h Lo~sn!,

and we choose$fn% so thatn102fn
12h sn

11g2h Lo~sn! z 1 asn r `+ Observe that for
each~large! n and this choice of$fn% , E @(i51

n m i,n
o ~d!# r ` asmr ` for eachd Þ 0+

And, as in the proof of Proposition 1~b!, for « . 0,

PrF(
i51

n

bi,n
o ~d! 2 EF(

i51

n

m i,n
o ~d!G . «EF(

i51

n

m i,n
o ~d!GG

# varF(
i51

n

bi,n
o ~d!GYSEF« (

i51

n

m i,n
o ~d!GD2

# max
1#i#n

$bi,n
o ~d!%YEF«2 (

i51

n

m i,n
o ~d!G

# 2 max
2#i#n

$n2102 6dyi216 ti,n%YEF«2 (
i51

n

m i,n
o ~d!G ,

and because maxi $n21026yi216% 5 op~1! given h . 2, it follows that for fixed d Þ 0,
and anyM . 0, Pr@Bn~d! . M # r 1 asn r ` for $fn% as defined previously, in
view of Bn~d! 5 (i51

n bi,n~d! $ (i51
n bi,n

o ~d! for any m . 1+ The result follows from
the convexity ofZn~d!, the definition of$fn%, and the fact that we can choose$sn% so
that sn r 0 arbitrarily slowly asn r `+

~c! Here h # 2 and 11 g , h+ Let yn 5 n10v, 1 , v , h+ Then An~d! rp 0 as
n r ` andn0yn 5 n1210v+ Chooseti, n 5 ti 5 I ~10m # 6dyi216 # m!, as in the proof of
part ~a!+ Now,

(
i52

n

m i,n~d! 5 2n21 (
i52

n

n1210vfn R~6dyi210fn6!,
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and we choose$fn% so thatn1210vfn
2g z Lo~10fn! asnr`, or fn 5 ,o~10n!n~v21!0~vg! ,

where,o is slowly varying at zero+ We can then use the slowly varying property ofLo

to obtain, as in the proof of part~a!,

(
i52

n

m i,n
o ~d! rp E @6dyi21611gti # asn r `,

whereas, (i52
n @bi, n

o ~d! 2 m i,n
o ~d!# rp 0 because

(
i52

n

E @bi,n
o ~d!2 6u1, + + + ,ui21# # max

1#i#n
$bi,n

o ~d!% 3 (
i52

n

m i,n
o ~d!

# max
1#i#n

$bi,n~d!% 3 (
i52

n

m i,n
o ~d!

# max
2#i#n

$6dyi210yn6% 3 (
i52

n

m i,n
o ~d!

5 op~1! asn r `,

using the definition of thebi, n~d!, yn 5 n210v, and the fact thatn210hmaxi $6yi216% 5
Op~1! as n r `, given h # 2+ By making m sufficiently large, we see therefore that
Bn~d! rp 26d611gE @ 6ui 611g # + Combining this withAn~d! rp 0 yields Zn~d! rp

26d611gE @6ui 611g# , and so, by the convexity ofZn~d!, fndn rp 0 for $fn% as de-
fined earlier, for any v [ ~1,h!; the slow variation of,o ensures that we can assert
that nkdn rp 0 for anyk , ~h 2 1!0hg+

~d! Here 1, h # 2 and 11 g $ h+ Let yn 5 n10v, 1 , v , h, so An~d! rp 0, as
for part ~c!+ We can use the same sort of argument as in part~b! to see that, for fixed
d Þ 0 and anyM . 0, Pr@Bn~d! . M # r 1 as n r ` for $fn% defined by
n1210vfn

12h sn
11g2h Lo~sn! z 1 asn r `, where againsn r 0 asn r `, arbitrarily

slowly+ Here maxi $n210v 6yi216% 5 op~1! becausev , h+ Noting that sup0,v,h$~21 1
10v!0~1 2 h!% 5 10h, it follows that nkdn rp 0 asn r `, for any k , 10h+

~e! Hereh , 1+ Chooseyn 5 fn 5 n10h and define

ai,n~d! 5 2~dyi210yn!sgn~ui !

so thatAn~d! 5 (i51
n ai,n~d!+ Note that ford Þ 0, An~d!0d has a nondegenerate limiting

distribution, namely, a symmetric stable distribution with indexh, whereasBn~d!06d6 #
(i52

n 6yi2160fn 5 Op~1! in view of h , 1+ And, from the definition of thebi, n~d! leading
to ~4!, if we let Si, n~d! 5 I ~sgn~dyi21!sgn~ui ! . 0!,

bi,n~d! 5 2~fn0yn!~2ui 1 dyi210fn!$I ~dyi210fn . ui $ 0! 2 I ~dyi210fn , ui , 0!%

5 262 ui 1 dyi210fn6 I ~6ui 6 , 6dyi210fn6!Si,n~d!

$ 262 ui 1 dyi210fn6 I ~6ui 6 , u6dyi210fn6!Si,n~d!

$ 2~12 u!6dyi210fn6 I ~6ui 6 , u6dyi210fn6!Si,n~d!

for u [ ~0,1!, which we hold fixed in the following+ We let

ai,n~d! 5 ai,n
o ~d! 1 ai,n

* ~d! 1 ri,n~d!,
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where

ai,n
o ~d! 5 2~dyi210yn!sgn~ui ! I ~6ui 6 , u6dyi210fn6!Si,n~d!

ai,n
* ~d! 5 2~dyi210yn!sgn~ui !@12 Si,n~d!#

ri,n~d! 5 2~dyi210yn!sgn~ui ! I ~6ui 6$ u6dyi210fn6!Si,n~d!+

Here, for all i andn, ai,n
o ~d! # 0, ri, n~d! # 0, andai,n

* ~d! $ 0+ First note that because
h , 1, for d Þ 0, (i51

n ai,n
* ~d!0d has, from A3, a stable limiting distribution with index

h and supportR1, so that limnr` Pr@6(i51
n ai,n

* ~d!606d6 . «# is close to one when
« . 0 is small+ Second, combining A3 withb 5 0 yields, for c . 0,

Pr@6ri,n~d!606d6 . c# # 2 Pr@ yi21 . cyn# Pr@ui . u6d6c#

z 2co
2c22h~u6d6!2h0n asn r `,

implying that

lim
nr`

PrF*(
i51

n

ri,n~d!606d6 . «G
can be made as close to zero as desired by making6d6 sufficiently large+ Third, from the
definition of theai,n

o ~d! and the bounds on thebi, n~d! introduced previously,

(
i51

n

@bi,n~d! 1 ai,n
o ~d!# $ @2~12 u! 2 1# (

i51

n

6ai,n
o ~d!6$ 0

for all i andn andu [ ~0, 12_!+ It follows from these three considerations that

lim
nr`

PrF(
i51

n

bi,n~d!06d61 (
i51

n

ai,n~d!06d6 . 0G
is close to one for 6d6 sufficiently large+ The same conclusion applies to
limnr`Pr@An~d! 1 Bn~d! . 0# + BecauseZn~0! 5 0 and Zn~d! is convex it follows
that with probability approaching one asn r `, the minimizer ofZn~d! lies in @2d,d#
for sufficiently larged, and the result follows+ The idea behind this last step is similar
to one employed by Pollard~1991! in the proof of his Theorem 3~whereh 5 1!+ n
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