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Abstract Consider acl*< diffeomorphismf having a uniformly hyperbolic compact
invariant set2, maximal invariant in some small neighbourhood of itself. The asymptotic
exponential rate of escape from any small enough neighbourhogdisfgiven by the
topological pressure of log|J* f| on Q2 (Bowen—Ruelle in 1975). It has been conjectured
(Eckmann—Ruelle in 1985) that this property, formulated in terms of escape from the
support2 of a (generalized Sinai—Ruelle-Bowen (SRB)) measure, using its entropy and
positive Lyapunov exponents, holds more generally. We present a si@ipldéwo-
dimensional counterexample, constructed by a surgery using a Bowen-type hyperbolic
saddle attractor as the basic plug.

1. Introduction

In the rigorous theory of dynamical systems, a great deal of effort has been devoted to
the study of strange attractors. Understanding chaotic transitive attractors (in a measure-
theoretical sense) allows us to statistically predict the asymptotic fate of ‘many’ initial
conditions. A widely shared feeling is that transient behaviour (i.e. what happens before
the system settles to equilibrium) is in some sense irrelevant.

Although this point of view is very much justified for a variety of reasons, the study of
non-attracting invariant sets also deserves our attention, if only because the time needed
for a system to settle to equilibrium can be very long, much longer than what is observable
in real life, laboratory experiments, or computer simulations (468¢ 19 and references
therein). As a consequence, the dynamics which is actually observed at realistic time-scales
can merely be a succession of more or less chaotic transients. Another motivation is the
desire to rigorously describe diffusive phenomena, such as scattering or leaking (particles
escaping from a ‘box’), which are by nature nonequilibrium processes (see, for example,
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the survey in15], or the more general monograph by Cvitareetial[11]). Finally (and in

the same direction), the recent renewal of interest for nonequilibrium statistical mechanics

[14, 26, 2T has created among mathematical physicists a demand for mathematical results

in the ergodic theory of dynamical systems, specifically in a non-attracting situation. The

dearth of supply, when uniform hyperbolicity is not assumed, has become quite apparent.
In this paper we concentrate on a specific conjecture of Eckmann and Rig\enich

we describe now. We first recall a result from the uniformly hyperbolic setting. Let

f be a smooth (sag'lt€) Axiom A diffeomorphism on a compact manifold (see, for

example, Bowen4] for definitions), and consider a topologically transitive basicsébr

f. Then, writingh, for the Kolmogorov entropy of an ergodj&invariant measure (all

our measures are Borel) and (v) for the sum of the nonnegative Lyapunov exponents

i (v) of v (see Walters31] for definitions), it is known that there is a unique measure

which realizes the maximum

P =suplh, — x(v) | v ergodic f-invariant probability measure, su@p C }.

This maximumP < O is the topological pressure eflogJ“(f), whereJ" f is the
Jacobian off restricted to unstable manifolds. MoreovRrvanishes if and only if2

is an attractor, and if and only jf is absolutely continuous with respect to Lebesgue
along unstable foliations (we refer again to Bowd}).[] When P = 0 the measure

is called a Sinai—Ruelle—-Bowen (SRB) measure ftxs. WhenP < 0, the measurg,
which is related to a conditionally invariant measure which is absolutely continuous with
respect to Lebesgue along unstable foliations (see, for example, R2)lechn be called
ageneralized SRBieasure forf |, as suggested by Ruell2d].

The property we are concerned with is the escape rate from neighbourhgedsdhe
Axiom A case, it has been proved (Bowen and Rud]egee Ruelle25, Proposition 3.1]
for an explicit statement) that for any small enough open neighbourboodl 2, the
Lebesgue volume of the s&t, of pointsx such thatf*(x) € U forall 0 < k < m satisfies

1
lim —logVolU,, = P. (ER)

m—oo m

(We callE(U) = lim,,_,(1/m) log Vol U,, theescape ratérom U .)
Numerical evidence and heuristic argumeni§,[18, 19 indicate that the escape rate
property (ER) holds in a more general setting and have prompted the following conjecture.

CoNJECTURE (Eckmann and Ruellelp]) Write P, = h, — x T (v) for v an ergodicf-
invariant probability measure. Assume that there exists an ergpdiwariant probability
u such that

P/l. = Pv

for all ergodic f-invariant probability measures with support contained in the support
@ of u. ThenP, is the escape rat& (U) from any sufficiently small open neighbourhood
U of Q.

We now list existing partial results. The Eckmann—Ruelle conjecture in one-dimension
has been proved in the special case of escape from Julia sets of certain rational maps (with
preperiodic critical points), and for certain endomorphisms of the intedv&l |

https://doi.org/10.1017/50143385799141683 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799141683

Abnormal escape rates 1113

In arbitrary finite dimension, Youn@p] has proved théower bound
E(U) = suph, — x " (v) | v ergodicf-invariant probability measure, supp C K},

whereKk is the compact maximagl-invariant set in an open sét. Young assumes thétis

a2 diffeomorphism but does not requiketo be the support of any equilibrium measure.
Young [32] also proves theipper boundE (U) < sugh, — x " (v)} but only in the case
where f is auniformly partially hyperbolic diffeomorphism(This is a relatively strong
assumption, which is in particular not satisfied by the persistently transitive examples
constructed recently by Bonatti andd2’ [3], following the footsteps of Shuk2[/] and

Marié [21].)

The Eckmann—Ruelle conjecture has also been proved for a class of billiards by
Lopes and Markarian2f)]. More recently, Chernowetal [6] (see also references
therein) have studied Anosov maps with suitable small ‘holes’ (the points mapped
into the holes never return), and constructed the generalized SRB measures and the
corresponding conditionally invariant measure, showing in particular the conjectured
escape rate formula. (Concerning related literature on conditionally invariant measures,we
mention the pioneering work of Pianigiani and Yori&3], and, more recently, the article
of Colletet al[7] who consider stochastic perturbations of certain expanding maps of the
interval where the noise can produce leaks outside the interval.)

To summarize, the lower bound f@f(U) in the conjecture has been prove&#| but
the upper bound is known only for a relatively restricted class of examples. Eckmann and
Ruelle [L3, p. 644] had pointed out that ‘it is unknown how generally the conjecture holds’.
Candidates for reasonably general sufficient conditions ensuring the upper bound still do
not seem to exist.

The main result of this paper (Theorem 2 in §2) says that there exist$°a
diffeomorphism on a surface with an ergodic invariant meagun@hich is a unique
generalized SRB measure on its support, with strictly neg#jvéout such that the escape
rate from arbitrarily small isolating neighbourhoods of this support is zero. This is to
our knowledge the first counterexample to the Eckmann—Ruelle conjecture. We point out
that our counterexample is smooth, low-dimensional, and such that the compact maximal
invariant set considered is the support afraque‘natural’ (i.e. generalized SRB) measure
u, which does not have zero Lyapunov exponents. At the end of the paper we mention a
variant of our counterexample with nonzero escape rate.

We very briefly describe the construction. The basic idea is to insert by smooth surgery
a Bowen ‘eye-like’ attractor (composed of the two separatrices, or saddle connections,
joining two hyperbolic saddle fixed-points, see Figure 1) in a uniformly hyperbolic quasi-
attractor Fg|o,. The Bowen example itself has many abnormal features, in particular
the Birkhoff sums for initial points in a neighbourhood of the two separatrices do not
converge (see Taken3(], Takahashi29, pp. 457-458]). However, the maximal invariant
set formed by the two saddle connections is not the support of any invariant measure, so
that the Bowen exampleer sedoes not contradict the conjecture. To perform the smooth
surgery, we first embed the Bowen example as part of a slightly more sophisticated plug
satisfying the properties stated in Lemma 1 in §2. (The actual construction db¢hais
modelis done in 83.) In 82, we also explain how to replace a well-chosen hyperbolic
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the eye-like attractor

basin of the attractor

FIGURE 1. The Bowen example.

the boundary of K A

these points remain
in U by positive iterates

FIGURE 2. A plug with zero escape rate from the (white) isolating neighbourtidgdemma 1).

saddle fixed point ofy|q, by the plug, in such a way as to obtain a counterexample to the
Eckmann—Ruelle conjecture.

2. A counterexample to the Eckmann—Ruelle conjecture
2.1. The local model. Our counterexample is obtained by a simple surgery, where a
saddle of a uniformly hyperbolic repellor is replaced by a nonuniformly hyperbolic set with
zero escape rate (see Figure 2). In Lemma 1 we state the properties of the nonuniformly
hyperbolic plug that we shall need in our construction.

For R > 0, we writeBg C R? for the ball of radiusk centered at zero.

LEMMA 1. For fixedo > 1and0 < A < 1, letA : R? — R2 be the linear mag{j 2).
There exist a2 diffeomorphisny, : R> — R?, an f4-invariant compact seK, C Bi,
and an open neighbourhodd C B1 of 3K 4 with the following properties:
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(1) falga\k, is conjugated toA|rz (g by a C™ diffeomorphismi, : R?\ {0} —
R? — K 4, with 14 the identity map outside df;;

(2) 0K, isthe maximalf-invariant setinU, i.e. ﬂ,,er/’{(U) = 0K4;

(3) thereis afinite sefqs, ..., qgn} C dK4 of hyperbolic fixed saddles fgfy, with the
unstable eigenvalue of eagh satisfyingo (¢;) > o, and such that the only ergodic
fa-invariant measures supported {h are Dirac masses at one of tiyg

(4) the Lebesgue volume of,cn £, " (U) is strictly positive.

The proof of Lemma 1 is postponed to 83, and we move on to the actual construction of
the counterexample.

2.2. The global model. If F : M — M is a transformation of a Riemann manifald
andU C M is an open set, we set for any> 0

Un:={xeU|F'(x)eU0<k<m) (2.1)
and, writing Vol for Lebesgue volume oM, we define theescape ratdrom U with
Vol U < oo by

. 1
EU) := limsup— log Vol U,,,. (2.2)
m—oo M
Assume thaf is differentiable. For arF-invariant Borel probability measureon M we
note
P,=h, — / xT(x)dv, (2.3)

where x T (x) is the sum of the positive Lyapunov exponents of a regular pofft v is
ergodic,x* = x*(v) is v-almost everywhere constant) ahglis the Kolmogorov entropy

of v. (We refer to Walters31] for a definition of Lyapunov exponents, a statement of

the Oseledec theorem, as well as more on measure-theoretical entropy. We just recall
that a point is called regular if its Lyapunov exponents are well-defined, and that the
Oseledec theorem guarantees that the set of regular points has measure one for any invariant
measure.) We say that an ergodig-invariant probability measure with support equal

to Q C M is ageneralized SRB measUi26] in < if it realizes the following variational
principle:

P, = maxh, — x T (v) | v ergodicF-invariant probability measure, supp C Q).
(2.4)

WhenP, = 0 the generalized SRB measure is an SRB measure in the usual sense (see, for
example, Eckmann—Ruell&3]). We say that an ergodi€-invariant probability measure
is hyperbolicif all its Lyapunov exponents are nonzero.

We can now formally state our main result.

THEOREM2. On any surfaceS there exists aC*° diffeomorphismF and an ergodic
hyperbolicF-invariant probability measure., such thatu is the unique generalized SRB
measure ire2 = suppu, and P, < 0 but for any open neighbourhoddl of €2, the escape
rate E(W) from W is zero. Furthermore, if the neighbourho8dis sufficiently small, then
Q = suppu is the maximalF -invariant subset o in W.
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2 B

4 "Rectangles" of a Markov Image of the rectangles
partition of a Plykyn attractor

FIGURE 3. A Plykin attractor.

Remark 1.(1) It follows from the proof of Theorem 2 that there is a neighbourhéod

of suppu such that any ergodié¢-invariant measure with support included inW is

a hyperbolic measure. The counterexample is thus hyperbolic in a measure-theoretical
sense.

(2) It can also be easily seen from the proof of Theorem 2 that the diffeomorgism
has a uniqgue SRB measure (in the usual sense of the word). In the notation used below,
this measure is just the pull-back of the usual SRB measure of the uniformly hyperbolic
attractorF(;1 on Qo, whereFp|g, is the repellor starting point of the construction.

(3) The very slightly modified construction described in Remark 2 of 83 (where the eye-
like component of the plug is repelling) has the property that the corresponding inverse map
F~1 admits a unique SRB measure, the basin of which is a strict subset of the topological
basin.

We now start the construction giving Theorem 2.

Let S be a surface and Idfy : S — S be aC® diffeomorphism with a hyperbolic
repellor Qg. Hyperbolicity means that there is a constantOA < 1 such that the
tangent bundle ovef2o decomposes as a Whitney sum Bfp-invariant subbundles
To, = E" @ E° with ||T Fo(x)|gs|l < A and ||TF0_1(x)|Eu|| < A forall x € Qo.
The repelling property means that there is an open neighbourtioad S of Qg with
Fy*(V) ¢ V and such thafo = N,cnFy " (V). (This implies in particular that
Q0 = UxegoW* (x), whereW*(x) = {y € S | iMoo d(FJ'(x), F'(y)) = O} is the
stable manifold ofc € S.) We refer, for example, to Bower]] Newhouse’s section in
the book Guckenheimet al[17] and Shub 28] for the theory of hyperbolic sets. Assume
further that2g is nontrivial andFp is topologically transitive orf2g, i.e. that Fp has a
nonperiodic dense orbit if2p. Finally, we shall work with an open neighbourho@dof
Qo which is small enough so th&g is the maximal invariant set il (as in Lemma 1(2)).
A specific example of a hyperbolic repellor would be the inverse of the Plykin attractor
described, for example, in Arnold.[ pp. 262—263] or Devaneylp, pp. 205-208]; see
Figure 3.

We say that a periodic point of Fo|g, is s-lateral if there is a connected subsgétof
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WH(p), the closure of which contaifg} as a strict subset, and which does not intersect
UreqoW* (x) (the definition makes sense for a general uniformly hyperbolic set, note that
in our repellor example we havg.co,W* (x) = Q0). When choosing which saddle point

of the repellor to blow up in our surgery, we want to avoid such ‘boundary’ points because
their local stable manifolds are not accumulated on both sides by local stable manifolds
of points in2g. Newhouse and Pali2p] have shown that, except for a finite number of
exceptions, the periodic points of a hyperbolic repellorraves-lateral (see also Bonatti
etal [2, Proposition 3.3.1] for a detailed statement). We may thus pick such a-non
lateral periodic poinpg € Q. ReplacingFp by the corresponding iterate if necessary, we
reduce to the case whepg is a fixed point. Weassumdurther thatFy is C* linearizable

in a neighbourhood,, C V of pg (this is the case if the eigenvaluegpo) > 1,

0 < A(po) < 1 of TFo(po) satisfy a nonresonance condition; see, for example, Ruelle
[24, 81.5.8] for a statement and references).

Now that the conditions opg € Qo have been made precise, we may perform the
surgery, using the local modg¢); (with A = T Fp(pg)) andK4 C U given by Lemma 1.
Let1 < r < R be such thatBy ¢ A(B,) C Br and f4(B,) C Bgr. We denote
a C* linearizing chart forFg at pg by hp, : Op, — Bgr. We construct a nevC™
diffeomorphismF on S by setting

F forx € S\ h 1(B,
F(x) = Oix) e \1 o (Br) (2.5)
oy (fa(hpy(x))) forx e h 5 (Br).
Set K = h;ol(KA). Since falp)\k, 1S conjugated toA|p;\j0y DYy ha, the new

diffeomorphismF | s\ x is conjugated tdo| s\ (p,) Dy theC> diffeomorphismA : S\ {po}
— S\ K defined by

-1
H(x) = {x_l forx e S_\lhpo (Br) (26)
Bk haipe(0) forx € hs2(B)\ {po).

(The reader is invited to draw a three stories high commutative diagram.) Not# tHat
which isa priori defined only onS \ K, extends by continuity to a transformation on the
whole surface$, still notedH 1, if we mapK to {po}.

We first list in Lemma 3 useful topological properties of our global fiapnd describe
nextin Lemmas 4 and 5 ergodic properties relevant to prove Theorem 2.

LEMMA 3. Define a compacts&t C S and anopense2 c W C S by
Q= H(Qo\ (po}) Uh, (0Kx), W = (H(V)\ hpy(Ka)) Ul (U).

Then:
(1) Qs the maximaF-invariant setinW, i.e.Q = N,z F"(W);
(2) <K isthe closure oH (20 \ {po})-

Proof of Lemma 3Because of our construction, the only non-obvious fact in the first claim
is the inclusiom,,cz F" (W) C . But this is in fact a consequence of Lemma 1(2).

To proveQ C H(Q0)\ {po}) in the second claim (the other inclusion is obvious),
take a connected neighbourhodd of an arbitrary pointk € 9€2; then, by continuity,
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C = H Y(N,) is a connected set containifigo} as a strict subset. Since the popnt
is nots-lateral, we have” N (o \ {po}) # ¥. To show this, we use the fact th@
is a lamination by stable manifolds: choose a foliated chart of this laminatipg, &nd
projectC to W*(po) along the stable direction. If the projecti@nis reduced tqg, then
C C W'(po) and thusC c Q. Otherwise, the connected sbt contains (but is not
reduced to)pg, therefore, sinceyg is nons-lateral D N (2o \ {po}) # @. Finally, by
definition of a foliated chart, the set of points@fprojecting to any € D N (o \ {po})
liesinC N (o \ {po}). O

We make a few remarks before stating Lemmas 4 and 5.

Since Fy is uniformly hyperbolic and topologically transitive @y, there is a unique
generalized SRB measusg in Qo, and its support coincides witg. SinceFp is smooth
andQq is not an attractorP,, < O (i.e. g is not an SRB measure in the strict sense).
Sinceuo is the unique generalized SRB measure we faye> —logo (po) (the entropy
of a Dirac mass is zero). Finally,o is atomless so thato({po}) = 0. (See, for example,
Bowen H] for the above statements.)

If vo is an Fp-invariant probability measure supportedsy such thatvg({po}) = O,
then the push-forwardi, (vo) (given by H, (vo)(E) = vo(Hfl(E))) is a well-definedF -
invariant probability measure, with support contained2y Lemma 3(2). In the other
direction, if v is an F-invariant probability measure with support includedif) then, by
continuity, the pulI—bacIH;l(v) is a well definedFp-invariant probability measure, with
support inside2g by our choice ofV'.

Lemma 4 below will be used in the proof of Lemma 5.

LEMMA 4. Letv be an ergodicF-invariant probability measure supported . Then
either v is the Dirac mass at one of th&-fixed points{p1,..., py} C 9K, where
pi = h;ol(qi) and the f4-fixed pointsg; € K4 are as in Lemma 1(3), ov = H,.(vp)

wherevg is an ergodicFp-invariant measure supported if2g, different from the Dirac

mass atpg.

Proof of Lemma 4Note thatv is supported insid€2, by Lemma 3(1). Ifv is not the
Dirac mass at one of the fixed poiftsy, ..., px} then, by ergodicity and Lemma 1(3),
we havev(K) = 0 (recall thatk is F-invariant). It follows that the (ergodidjp-invariant
probability measuréf1(v) has no atom apo so thatv = H,H_1(v). O

LEMMA 5. The measureH, (o) is the unique generalized SRB measure fomwith
support included irv.

Proof of Lemma 5We first show that for any ergodit-invariant measurey with support

so that{po} # supfvg) C Ko, we havePy,, = Py. For this, we first remark
thathy,, = hy, becaused is a bijection on the set of totall,(vp)-mass,S \ {po},

and thus a measure-theoretical isomorphism (see, for example, Waligxs YWe next

recall that a point is calledienericfor an ergodic invariant measure if its Lyapunov
exponents are well-defined and coincide with those of the measure. (The Oseledec theorem
guarantees that the set of generic points has measure one.) To prove the claimed equality
it suffices to check that for anyy-generic point € Qo we havey ™ (x) = x T (H (x)), SO
that x *(vo) = x+(Hsvo) (H 1(y) is vo-generic forH, (v)-almost eactH, (vp)-generic
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pointy). For this, note that we may assume that Hyeorbit of x is dense in the support
of vp (a compact invariant set different frofpo}), by the Birkhoff ergodic theorem and
using that the intersection of two sets of full measure has full measure. Therefore there is a
sequencea; of iterates tending to infinity such thﬁg”' (x)is notin 0;,0 = h;ol(h;l(U))
(use Lemma 1(2) and the definition &f). We may assume thatitself is not in 0;,0.
SinceF"i(x) = H*l(Fé”(H(x))) and|| T H||, respectively| T H 1|, is bounded outside
of the neighbourhood>1’,0 D {po}, respectivelyz;ol(U) D K, we get the claimed equality
between Lyapunov exponents.

Let v be an ergodicF-invariant probability measure supported insigde If v is
generalized SRB, it cannot be a Dirac mass at one optsebecause then the entropy
of v would vanish so that

P, = —logo(pi) < —logo(po) < Puy = PH, (1) (2.7)

a contradiction (we used Lemma 1(3) and the equality proved in the first paragraph of the
present proof). Lemma 4 therefore implies that H, (vg) with vg an ergodidp-invariant
measure supported g, and not the Dirac mass ab. SinceP, = P,, (again use the
equality proved above) andy is the unique generalized SRB measure figrin g, we

are done. m]

Proof of Theorem 2Consider theo*° diffeomorphismF : S — S and the neighbourhood

W of the compactF-invariant set that we have constructed above. (By Lemma 3(1),
Q is the maximal invariant set iW.) We have shown in Lemma 5 that there is a unique
ergodic generalized SRB measursupported if¥. Since we have seen that= H, (u0)
(where g is the unique generalized SRB measure for the uniformly hyperbolic map
Fo: Qo — Q0), we findP, = P,, asin the proof of Lemma 5, which also shows thas
hyperbolic, because its Lyapunov exponents coincide with thogg.ofVe already noted
that P (uo) is strictly negative. Observe next that the supporiQfg) coincides with2
(again use the fact thap is nots-lateral to show thad K is accumulated by pointd (x)

with x € Qo). Finally, the escape rate fro#i is zero because of Lemma 1(4). o

3. The local model
We present a constructive proof of Lemma 1.

We proceed in two steps, constructing first a diffeomorphigmwith a compact
invariant setk 4 and an open neighbourhodtlof 9 K 4 satisfying (1)—(3) in the statement
of Lemma 1 (Figure 4). We then perform an identification producing (Figure 5) a Bowen-
example attractor as in Figure 1.

To perform the first step it is more convenient to view our diffeomorphisms as the time-
one maps of suitable flows. The flow giving rise to the linear Magp just the linear flow
A" = (% 5). Note for further use that a poitt, y) is mapped by’ to (y~'09*/109¢ 1)
after a timer(y) = (—logy)/logo. We will in fact proceed by glueing such linear flows
in flow-boxes (any such linear flows are conjugated to the trivial flow away from the origin)
in a neighbourhood of suitable transversals that we identify.
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FIGURE 4. Local model before identification.

Bowen eye-like
attractor

FIGURE5. Local model after identification.
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As a warm-up exercise we shall first glue two successive linear flows

[ <)& 0) .
A= 1 ], O<i<l o0i>1i=12 (3.1

0 of
We see now how to choose the multipliers 4§ and A} in order to obtain a flow
conjugated toA’ by a C* diffeomorphism defined in the intersection of the quadrant
{(x,y) € R?2 | x > 0,y > 0} with a neighbourhood of the origin. The flowf1 is
considered in the closure ofaioss-shaped neighbourhodey of the origin obtained by
the union of segments of orbitA’l(il, yywith y €] —a1,a1[, and 0 < ¢t < 1(y),
wheret(0) = oo andz(y) is defined by the conditiom’l(y)(jzl, y) = (x(y), £y/Iy])
for y # 0, together with the unstable separatri¢@sx [—1, 1]. In particular, the two
transversaldi" = {1} x [—ay, a1] and TP = [—by, ba] x {1}, with by = a; logA1/logon
are contained id D1. The ﬂowA’2 is considered in a similar domain, its boundary contains
the transversalg)" = {1} x [—az, az] with a = by andT9" = [—ba(az), ba(az)] x {1}.
We identify the transversalg™"" andT2in with the map(x, 1) — (1, x). There is a unique
way to glue the two flows in a neighbourhood of the identified transversals via flow-boxes,
producing aC* flow on a compact surface with boundary, which can clearly be identified
with a neighbourhood of the origin iR2. The holonomy (input—output) map sendsy)
to (y'09%1l0g22/logarlogoz 1) after a time
— |Og (y— logra/ |0901)

t(y) = —logy/logo1 + (3.2)

logo?

Necessary and sufficient conditions to permit the desired conjugacydiine therefore
logr  logiqlogip
logo  logoy logoy

1 1 1_IogA1
logo  logoy logos )

Indeed, consider the intersectidn, of a cross-shaped domain fot’ with the first
gquadrant. The conjugacy is obtained by identifying the input transtj{éaf the domain
D for A" with the positive half of,", identifying the output transversaP"of D with

the positive half ofTZOUt, and propagating by the flow. This ends our exercise.

In order to make the identification necessary to produce the Bowen example we need
to glue four successive linear flows, i = 1,..., 4, producing a flows’ on an abstract
planar surface with boundary. It will be convenient to choa§e= A and we writeA’
for the common value. The conditions guaranteeing the existence of the smooth conjugacy
become

(3.3)

logr  logig (Iogi)2 logrg

" loge  logos \logs | logos ) ) (3.4)
11 (1— logr1  logiilogh Iogkllogzk)'
logo ~ logo1 logé log? & log? 5 logoy
In order to satisfy Lemma 1(3) we add the condition
min(o1, 04, 6) > o. (3.5)
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Finally, to get an attracting Bowen example, i.e. to ensure Lemma 1(4) we require
log? &
log? &

>1 iedri<l1 (3.6)

(use the formula for the input—output map4ff glued with itself). Conditions (3.4)—(3.6)
define a nonempty open subgkbf points(i1, o1, A, &, As, 04) in a submanifold ifk6.

We now glue four copies! of the flowsB’ and identify the abstract planar surface thus
obtained with an annulus contained in the unit balR3f as described in Figure 4 (each
guadrant contains a copy of the fla®). By construction, the time-one map of the flow
thus obtained i€°*° conjugated toA outside of the origin and satisfies properties (1)—(3)
of Lemma 1, ending the first step of the construction of the local model. (The hyperbolic
saddles mentioned in Lemma 1(3) come from the fixed points of the linear flows used in
the construction, their eigenvalues aygo;, i =1, 4, and, 6.)

Let qé, respectivelwé, denote the fixed point originating from the fixed pointAd,
respectivelyA} in the jth quadrant. Since we were careful to chodse= A} = A we
may identify a suitably small neighbourhoodqu, respectivelyyél, with a corresponding
neighbourhood ofqg, respectivelng, via minus the identity map. Let us denote 4py
andgs the identified saddle fixed points (the eigenvalues at both fixed points arel,

0 < » < 1). In this way we obtain a new flow on a new planar surface which can be
embedded in a neighbourhood of the origirkifi(see Figure 5).

The time-one map of this flow is the diffeomorphigin needed for Lemma 1. The set
0K 4 is formed by separatrices corresponding to the stable and unstable manifolds of the
glued flows. There ar®y = 10 saddleg;. Property (4) is satisfied because of the presence
of the Bowen invariant set formed by the two separatrices joining the fixed pgirstsd
g3 (recall (3.6)).

Remark 2.By choosingk andé in such a way thaté > 1, so that the Bowen example
of Figure 1 loses its attracting property, it is easy to see that we obtain a plud 4)
satisfying the properties stated in Lemma 1 except that (4) is replaced by

@) limsup,_, ., 1 logVolU,, = P,

where—logo < P < 0 is arbitrary. In this way, we obtain a counterexample as in
Theorem 2, but where the escape r&{@V) = P < O for an arbitrarily chose® > P,,.

A variant of the counterexample: starting from a saddle hyperbolic set instead of a repellor.
Instead of starting with a uniformly hyperbolic repellor we could take a general nontrivial
topologically transitive uniformly hyperbolic séb : Q¢ — Q0. The construction is the
same as above except that we must be a little bit more careful to guarantee the property
thatd K is contained in the support of the pull-back of the generalized SRB measfe
Fp. Again, we must avoid ‘boundary’ points when choosing the fixed pajrtb be blown
up (this time we also use the fact that there are only finitely malateral periodic points,
see Newhouse and Pali27), but since2g is not a union of stable manifolds any more,
this is not enough.

We will now show that the claimed property of the support is true if we consider values
of the multipliers in a suitable subset gf when performing the local construction. To
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prove the claim, we shall use the following property of linear hyperbolic flows (recall that
aresidual subset of a nonempty topological space is a countable intersection of dense open
subsets, and that a residual set is never empty).

LEMMA 6. For0 < A1 < landoy > 1, write A}, = (Aolfl). Let =1 be an open subset

of 11, oo[, Then for anyd < A1 < 1 and any sequence of poinisin the first quadrant of
B1 accumulating or(1, 0), there exists a residual subset Bf such that for any € X1,
every point in the half unstable separat{@} x]0, 1] is accumulated by iterateA’{" (ri),
n; € N, of ther;s by the time-one map.

Proof of Lemma 6Let D1, be the intersection of a cross-shaped domainAfpmwith

the first quadrant. For eachletr; = Ali (r;) be the point in the orbit of; on the input
boundary transversal db; ., i.e. such thaf; = (1, y;). Note that lim_ .7 = 0. Let
t(y;) = —logy;/logo1 be the output time of;. Denote by(¢] the integer part of. Itis

not difficult to check, on the one hand, that the 8¢¥;,) — [r(y;)] | i € N} is dense in

[0, 1] for a residual set af1S, and on the other, that this implies the claimed accumulation
property. The details are left to the reader. ]

n;

Lemma 6 implies that0, 1) is accumulated by a sequenge= A7’ (r;) for aresidual set
of values ofo1. Notes; = (1, z;), the corresponding points on the output transversal. Now
consider the setting of the warm-up exercise above, i.e. a fixedAlowith eigenvalues
A, o, and two linear hyperbolic flowa?, A’z, with o1 > o, 02 > o, andiy, A2 chosen so
as to satisfy (3.3) (write€’ ¢ R* for the corresponding set ¢f.1, o1, A2, 02)). We claim
that for anyA}, and any sequeneg accumulating on a point of the input stable separatrix
of Afl, there is a residual subset®f in © = ]o, co[ such that unstable separatrices of both
A and A}, are accumulated by iterates of theby the time-one map of the glued flow.
This is because the intersection of two residual sets is residual, and because the times used
to check that the first separatrix is accumulated are as in the proof of Lemma 6, and those
used to check that the second separatrix is accumulated are given by
. Iog yi . - Iog (yl— logx1/ Iogal)

3.7
logo logo? &1

t(yi) =

(Fix 0 < A1 < 1 and letR; be the residual subset off € ¥ given by the proof
of Lemma 6. Then consider, > o in the projection of£’ corresponding td.; and
R1, and define a second residual $& of o1 € X according to (3.7). Finally, take
01 € RiNRzand 0< A2 < 1 s0 as to satisfy (3.3).) Now consider a succession of
four linear flows as in the first step giving the local model and an arbitrary sequence of
pointsr; (or more generally a finite number of sequem;’eaccumulating to a pointin the
stable separatrix of}. The procedure just described can be modified to produce points
(A1, 01, &, &, A4, 04) in L (i.e. satisfying (3.4)—(3.6)), so that the three successive output
separatrices (oA}, A, = Al andAj = A") are accumulated by suitable iteratef the
r; (more generally, suitable iterates; of therij) by the time-one map of the glued flow.

We now see how to reduce to the setting of four successive glued hyperbolic linear
flows in order to apply the above consequences of the proof of Lemma 6. For this, we
start by choosing four suitable sequences in a neighbourhoag dbke a neighbourhood
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N of pgin Qo = suppuo, such that the connected componﬁff\tf(po) of W¥(po) NN
containingpg separates\ in two connected componeni®; andN>. First consider two
sequences of points iV converging to an arbitrary poimt # po in Wi (po), with the
property that the first sequence ishfh and the second iV,. Fixing a pointg’ in A/ in the
connected component &} (po) \ {po} which does not contaip, choose two sequences
accumulating orgy’, again on opposite sides of the stable separatrix. Finally, lift all four
sequences t&, via the conjugacy used in our construction. Since the lifted situation has
been treated above, we have proved that the construction can be made in such a way as to
ensure that the support éf.(up) containsdK 4, ending the description of the variant of

our counterexample.
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