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THE SQUARE TERMS IN GENERALIZED
LUCAS SEQUENCES

ZAFER ŞİAR AND REFİK KESKİN

Abstract. Let P and Q be non-zero integers. The generalized Fibonacci
sequence {Un} and Lucas sequence {Vn} are defined by U0 = 0, U1 = 1 and Un+1 =

PUn + QUn−1 for n > 1 and V0 = 2, V1 = P and Vn+1 = PVn + QVn−1 for n > 1,
respectively. In this paper, we assume that Q = 1. Firstly, we determine indices
n such that Vn = kx2 when k|P and P is odd. Then, when P is odd, we show that
there are no solutions of the equation Vn = 3� for n > 2. Moreover, we show that the
equation Vn = 6� has no solution when P is odd. Lastly, we consider the equations
Vn = 3Vm� and Vn = 6Vm�. It has been shown that the equation Vn = 3Vm� has a
solution when n = 3, m = 1, and P is odd. It has also been shown that the equation
Vn = 6Vm� has a solution only when n = 6. We also solve the equations Vn = 3�
and Vn = 3Vm� under some assumptions when P is even.

§1. Introduction. Let P and Q be non-zero integers. The generalized
Fibonacci sequence {Un} and Lucas sequence {Vn} are defined as follows:

U0 = 0,U1 = 1 and Un+1 = PUn + QUn−1 for n > 1

and
V0 = 2, V1 = P and Vn+1 = PVn + QVn−1 for n > 1,

respectively. Un and Vn are called the nth generalized Fibonacci number and
nth generalized Lucas number, respectively. Generalized Fibonacci and Lucas
numbers for negative subscripts are defined as

U−n =
−Un

(−Q)n
and V−n =

Vn

(−Q)n
, (1.1)

respectively.
Now assume that P2

+ 4Q 6= 0. Then it is well known that

Un =Un(P, Q)=
αn
− βn

α − β
and Vn = Vn(P, Q)= αn

+ βn, (1.2)

where α = (P +
√

P2 + 4Q)/2 and β = (P −
√

P2 + 4Q)/2, which are the
roots of the characteristic equation x2

− Px − Q = 0.
For P = Q = 1, we have the classical Fibonacci and Lucas sequences {Fn}

and {Ln}. For P = 2 and Q = 1, we have the Pell and Pell–Lucas sequences {Pn}
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86 THE SQUARE TERMS IN GENERALIZED LUCAS SEQUENCES

and {Qn}. For more information about the generalized Fibonacci and Lucas
sequences one can consult [7, 12, 14, 17].

There has been much interest in when the terms of such sequences are
perfect squares (=�) or k�. We give a summary here of results on this
problem. Firstly, in [9], Ljunggren showed that for n > 2, Pn is a perfect
square precisely for P7 = 132, and Pn = 2� precisely for P2 = 2. In [2], Cohn
solved the Diophantine equations Fn =�, 2� and Ln =�, 2�. In [3, 4], same
author solved the same problems with odd P and Q =±1. Moreover, in [15],
Ribenboim and McDaniel determined all indices n such that for all odd relatively
prime integers P and Q, Un, 2Un, Vn or 2Vn is a square. Besides, in [11],
Mignotte and Pethő showed that if P > 3 and Q =−1, then the equation Un =�
has the solutions (P, n)= (338, 4) or (3, 6) for n > 3, and that if P > 4 and
Q =−1, then the equation Un = w�, w ∈ {2, 3, 6}, has no solutions for n > 4.
In [13], Nakamula and Pethő gave the solutions of the equations Un = w�
for Q = 1 with w ∈ {1, 2, 3, 6}. Moreover, in [16], Ribenboim and McDaniel
showed that if P is even, Q ≡ 3 (mod 4), and Un =�, then n is a square
or twice an odd square, and all prime factors of n divide P2

+ 4Q. Also,
in [18], they solved the equation Vn = 3� for P ≡ 1, 3 (mod 8), Q ≡ 3 (mod 4),
(P, Q)= 1, and the equation Un = 3� for (P, Q)= 1. In [6], Kagawa and Terai
showed that if P = 2s with even s and Q = 1, then Un, 2Un, Vn or 2Vn =�
implies n 6 3 under the following assumptions: for prime q and an integer
s 6= 0, let eq(s) be the integer such that qeq (s) exactly divides s, and such that
eq(s) is odd for q = 3, 5 or 7. Moreover, in [8], Keskin and Yosma give the
solutions of the equations Fn = 2Fm�, Ln = 2Lm�, Fn = 3Fm�, Fn = 6Fm�,
and Ln = 6Lm�.

More generally, we can recall the following theorem proved by Shorey and
Stewart in [19].

Let A > 0 be an integer; then there exists an effectively computable number
C > 0, which depends on A, such that if n > 0 and Un = A� or Vn = A� then
n < C .

In this paper, we assume that Q = 1 and P > 1. We will use the Jacobi
symbol ( a

m ) throughout this study. Our method is elementary and used by Cohn
et al in [3, 18].

§2. Preliminaries. In this section, we give some theorems, lemmas, and
identities about generalized Fibonacci and Lucas numbers, which will be needed
later.

Firstly, we give some theorems and lemmas. Since the proof of the following
lemma can be proved by induction, we omit it.

LEMMA 1. If 3-P, then

V2r ≡


2 (mod 3) if r > 3,

1 (mod 3) if r = 2,

0 (mod 3) if r = 1,

and if 3|P, then V2r ≡ 2 (mod 3) for all positive integers r .

https://doi.org/10.1112/S0025579313000193 Published online by Cambridge University Press

https://doi.org/10.1112/S0025579313000193
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The proofs of the following two theorems are given in [20].

THEOREM 2.1. Let n ∈ N∪{0}, m, r ∈ Z and m be a non-zero integer. Then

U2mn+r ≡ (−1)mnUr (mod Um) (2.1)

and
V2mn+r ≡ (−1)mnVr (mod Um). (2.2)

THEOREM 2.2. Let n ∈ N∪{0} and m, r ∈ Z. Then

U2mn+r ≡ (−1)(m+1)nUr (mod Vm) (2.3)

and
V2mn+r ≡ (−1)(m+1)nVr (mod Vm). (2.4)

When P is odd, using (2.1) and (2.2) we get

U12q+r ≡Ur (mod 8) (2.5)

and
V12q+r ≡ Vr (mod 8). (2.6)

Thus
8-Vn. (2.7)

The following lemma can be found in [18].

LEMMA 2. Let P be odd, m be an odd positive integer, and r > 1. Then

V2r m ≡


2 (mod 8) if 3|m,

3 (mod 8) if 3-m and r = 1,

7 (mod 8) if 3-m and r > 1.

By the above lemma, when P is odd, it can be seen that(
−1
V2r

)
=−1 (2.8)

for r > 1.
Secondly, we give some identities concerning generalized Fibonacci and

Lucas numbers.

U2n =UnVn, (2.9)

V2n = V 2
n − 2(−1)n, (2.10)

U3n =Un((P
2
+ 4)U 2

n + 3(−1)n)=Un(V
2
n − (−1)n), (2.11)

V3n = Vn(V
2
n − 3(−1)n), (2.12)

if P is odd, then 2|Vn⇔ 2|Un⇔ 3|n, (2.13)

V 2
n − (P

2
+ 4)U 2

n = 4(−1)n. (2.14)

https://doi.org/10.1112/S0025579313000193 Published online by Cambridge University Press

https://doi.org/10.1112/S0025579313000193


88 THE SQUARE TERMS IN GENERALIZED LUCAS SEQUENCES

Let m = 2ak, n = 2bl, k and l odd, a, b > 0, and d = (m, n). Then

(Un,Um)=Ud , (2.15)

(Um, Vn)=

{
Vd if a > b,

1 or 2 if a 6 b,
(2.16)

(Vm, Vn)=


Vd if a = b,

2 if a 6= b and P is even,

1 or 2 if a 6= b and P is odd,

(2.17)

if Um 6= 1, then Um |Un⇔ m|n, (2.18)

if Vm 6= 1, then Vm |Vn⇔ m|n and
n

m
is odd, (2.19)

Vm |Un⇔ m|n and
n

m
is even, (2.20)

if P is odd, 2|m, and 3-m, then
(

V3

Vm

)
=

(
−2
P

)
, (2.21)

if r > 1, then
(

U3

V2r

)
= 1, (2.22)

if r > 3, then V2r ≡ 2 (mod V2). (2.23)

Moreover, when P is even, it can be easily seen that

Un is odd ⇔ n is odd,

Un is even ⇔ n is even,

Vn is even for all n ∈ N.

Identities between (2.9)–(2.14) and (2.15)–(2.20) can be found in [17, 18, 20]
and [10, 16, 18], respectively. Identities (2.21) and (2.22) are given in [3] and
[18], respectively. The proofs of the others are easy and will be omitted.

From now on, we assume that n > 1.

§3. Main theorems. In [5], Cohn solved the equations Vn = Vm x2, Vn =

2Vm x2 when P is odd. Here we will solve the equation Vn = 2Vm x2 when P
is even.

We begin with two theorems which can be obtained from Theorems 11 and 12
given in [5].

THEOREM 3.1. Let P be an odd integer, m > 1 be an integer, and Vn = Vm x2

for some integer x. Then n = m.

THEOREM 3.2. If P is odd, then there is no integer x such that Vn = 2Vm x2

for m > 1.

The following lemma can be proved by induction.

LEMMA 3. If n is even, then Vn ≡ 2 (mod P2), and if n is odd, then Vn ≡

n P (mod P2).
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THEOREM 3.3. If P is even, then there is no integer x such that Vn = 2Vm x2

for m > 1.

Proof. Assume that P is even and Vn = 2Vm x2. Since Vm is even, we get
4|Vn . Then it is seen that n is odd by Lemma 3. Moreover, since Vm |Vn , there
exists an odd integer t such that n = mt by (2.19). Thus m is odd. Therefore
we have Vn ≡ n P (mod P2) and Vm ≡ m P (mod P2) by Lemma 3. Thus
n P ≡ 2m Px2 (mod P2), i.e., n ≡ 2mx2 (mod P). This is a contradiction since
n is odd. This completes the proof. 2

The proof of the following lemma can be seen from identity (2.21).

LEMMA 4. If P is odd and r > 1, then
( P2
+3

V2r

)
= 1.

THEOREM 3.4. Let k > 1 be a square-free positive divisor of P and P be an
odd integer. If Vn = kx2 for some integer x, then n = 1 or n = 3.

Proof. Assume that k|P and Vn = kx2. Then, it is seen that n is odd by
Lemma 3. Assume that n > 3. Then we can write n = 4q + 1 or n = 4q + 3 for
some q > 0. Also since k|P , we can write P = k M for some positive integer M .
We divide the proof into two cases.

Case 1. Assume that n = 4q + 1. Then n = 4q + 1= 2(2r z)+ 1 for some
odd integer z with r > 1. Thus we get

Vn ≡−P (mod V2r ),

i.e.,
kx2
≡−P (mod V2r )

by (2.4). This shows that J =
(
−k P
V2r

)
= 1. Since P = k M , it follows that

J =

(
−k P

V2r

)
=

(
−k2 M

V2r

)
=

(
−M

V2r

)
.

Since V2r ≡ 2 (mod P) by Lemma 3, it is seen that V2r ≡ 2 (mod M) and
thus (M, V2r )= 1. Also we have

(
−1
V2r

)
=−1 by (2.8). Assume that M ≡

1, 3 (mod 8). Hence we get

J =

(
−M

V2r

)
=

(
−1
V2r

)(
M

V2r

)
= (−1)

(
V2r

M

)
(−1)

( V2r −1
2

)(
M−1

2

)
= (−1)

(
2
M

)
(−1)

(
M−1

2

)
= (−1)(−1)

(
M2
−1

8

)
(−1)

(
M−1

2

)
=−1,

since M ≡ 1, 3 (mod 8). This contradicts the fact that J = 1. Assume that
M ≡ 5, 7 (mod 8). If we write n = 4q + 1= 4(q + 1)− 3= 2(2r z)− 3 for
some odd integer z with r > 1, then we get

Vn ≡ V3 (mod V2r ),
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i.e.,
kx2
≡ V3 (mod V2r )

by (2.4). This shows that

1= J =

(
kV3

V2r

)
=

(
k2 M(P2

+ 3)
V2r

)
=

(
M(P2

+ 3)
V2r

)
.

Since M ≡ 5, 7 (mod 8), V2r ≡ 3, 7 (mod 8), and V2r ≡ 2 (mod M) by
Lemma 3, it follows that(

M

V2r

)
=

(
V2r

M

)
(−1)

( V2r −1
2

)(
M−1

2

)
=

(
2
M

)
(−1)

(
M−1

2

)
= (−1)

(
M2
−1

8

)
(−1)

(
M−1

2

)
=−1.

Thus, since
( P2
+3

V2r

)
= 1 by Lemma 4, we get

J =

(
kV3

V2r

)
=

(
k2 M(P2

+ 3)
V2r

)
=

(
M(P2

+ 3)
V2r

)
=

(
M

V2r

)(
P2
+ 3

V2r

)
=−1,

which is a contradiction.

Case 2. Assume that n = 4q + 3. Then we can write n = 2(2r z)+ 3 for some
odd integer z with r > 1. Thus

Vn ≡−V3 (mod V2r ),

i.e.,
kx2
≡−V3 (mod V2r )

by (2.4). This shows that

1= J =

(
−kV3

V2r

)
=

(
−k2 M(P2

+ 3)
V2r

)
=

(
−M(P2

+ 3)
V2r

)
.

Assume that M ≡ 1, 3 (mod 8). Then since
(
−1
V2r

)
=−1 by (2.8), it follows that(

M

V2r

)
= (−1)

(
M2
−1

8

)
(−1)

(
M−1

2

)
= 1.

Thus, since
( P2
+3

V2r

)
= 1 by Lemma 4, we get

J =

(
kV3

V2r

)
=

(
−M(P2

+ 3)
V2r

)
=

(
−1
V2r

)(
M

V2r

)(
P2
+ 3

V2r

)
=−1,
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which is a contradiction. Assume that M ≡ 5, 7 (mod 8). If we write n =
4q + 3= 4(q + 1)− 1= 2(2r z)− 1 for some odd integer z with r > 1, then
we get

Vn ≡ P (mod V2r ),

i.e.,
kx2
≡ P (mod V2r )

by (2.4). This shows that

1= J =

(
k P

V2r

)
=

(
k2 M

V2r

)
=

(
M

V2r

)
.

On the other hand, since M ≡ 5, 7 (mod 8), it is seen that(
M

V2r

)
= (−1)

(
M2
−1

8

)
(−1)

(
M−1

2

)
=−1,

which contradicts the fact that J = 1. This completes the proof. 2

The following lemma can be proved by using Theorems 2.1 and 2.2.

LEMMA 5.

3|Vn⇔

{
n ≡ 1 (mod 2) if 3|P,

n ≡ 2 (mod 4) if 3-P,

and

3|Un⇔

{
n ≡ 0 (mod 2) if 3|P,

n ≡ 0 (mod 4) if 3-P.

In [18], Ribenboim and McDaniel solved the equation Un = 3x2 for
(P, Q)= 1, and the equation Vn = 3x2 for P ≡ 1, 3 (mod 8), Q ≡ 3 (mod 4)
and (P, Q)= 1. In [15], the same authors showed that Vn 6= 3x2 and Vn 6= 6x2

for all odd relatively prime integers P and Q with Q ≡ 3 (mod 4) and n ≡
±3 (mod 8). Besides, in [1], Antoniadis solved the equation Vn = 3x2 for 3-P
with P odd and Q = 1. We now give the proof of the following theorem in a
different way for the sake of completeness.

THEOREM 3.5. If P is odd, then the equation Vn = 3x2 has the solution
n = 1 or n = 2, and if P is even and 3-P, then there is no integer x such that
Vn = 3x2.

Proof. Assume that 3-P . Since 3|Vn , it follows that n ≡ 2 (mod 4) by
Lemma 5. If P is even, then we get 3x2

= Vn ≡ 2 (mod 4) by Lemma 3 since n
is even. This is impossible. Therefore, we assume that P is odd. If n = 2, then
Vn = V2 = P2

+ 2= 3x2. That is, P2
− 3x2

=−2. Since (u1, v1)= (1, 1) is
the fundamental solution of the equation u2

− 3v2
=−2, then all positive integer

solutions of the equation u2
− 3v2

=−2 are given by

(u, v)= (5Um(4,−1)−Um−1(4,−1), 3Um(4,−1)−Um−1(4,−1))
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with m > 0. Therefore when n = 2, the equation Vn = 3x2 has a solution for
P = 5Um(4,−1)−Um−1(4,−1). If n = 6, then 3x2

= V6 = V 2
3 + 2 by (2.10).

Since P is odd, V3 is even by (2.13) and therefore

3x2
= V 2

3 + 2≡ 2 (mod 4),

which is impossible. Then we can write n = 16c ± 2 or n = 16c ± 6 for some
positive integer c. Assume that n = 16c ± 6. Thus

Vn ≡ V6 (mod V4),

i.e.,
3x2
≡ V6 (mod V4) (3.1)

by (2.4). Moreover, it can be easily shown that V6 ≡−V2 (mod V4). Hence
we get 3x2

≡−V2 (mod V4). Then J =
(
−3V2

V4

)
= 1. On the other hand,

since
(
−1
V2r

)
=−1 for r > 1 by (2.8), V4 ≡ 1 (mod 3) by Lemma 1 and V4 ≡

−2 (mod V2) by (2.10), it is seen that(
−1
V4

)
= (−1)

(
V4−1

2

)
=−1,(

3
V4

)
=

(
V4

3

)
(−1)

(
V4−1

2

)
=−1,

and (
V2

V4

)
=

(
V4

V2

)
(−1)

(
V4−1

2

)(
V2−1

2

)
=

(
−2
V2

)
(−1)

=

(
−1
V2

)(
2
V2

)
(−1)=−1.

Thus it follows that

J =

(
−3V2

V4

)
=

(
−1
V4

)(
3
V4

)(
V2

V4

)
= (−1)(−1)(−1)=−1.

This contradicts the fact that J = 1. Assume that n = 16c ± 2. If we write n as
n = 2(2r z)± 2 for some odd z with r > 3, then it is seen that

Vn ≡−V2 (mod V2r ),

i.e.,
3x2
≡−V2 (mod V2r )

by (2.4). This shows that J =
(
−3V2
V2r

)
= 1. On the other hand, we have

V2r ≡ 2 (mod V2) for r > 3 by (2.23) and
(
−1
V2r

)
=−1 by (2.8). Thus we get(

V2

V2r

)
=

(
V2r

V2

)
(−1)

( V2r −1
2

)(
V2−1

2

)
=

(
2
V2

)
(−1)= 1.
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Moreover, V2r ≡ 2 (mod 3) by Lemma 1. Then(
3

V2r

)
=

(
V2r

3

)
(−1)

( V2r −1
2

)(
3−1

2

)
=

(
2
3

)
(−1)= 1.

Thus we get

J =

(
−3V2

V2r

)
=

(
−1
V2r

)(
3

V2r

)(
V2

V2r

)
=−1,

which is a contradiction.
Now assume that 3|P . Then n = 1 or n = 3 by Theorem 3.4. If n = 1,

then V1 = P = 3x2. It is obvious that this is a solution. If n = 3, then it
follows that V3 = P(P2

+ 3)= 3x2. Moreover, (P, (P2
+ 3)/3)= 1 since 3|P .

Therefore P = a2 and P2
+ 3= 3b2 for some positive integers a and b. Since

3|P, P = 3c for some positive integer c. Hence we obtain the Pell equation
b2
− 3c2

= 1. It is well known that this equation has the solution (b, c)=
((Vm(4,−1))/2,Um(4,−1)) for m > 0. It follows that P = a2

= 3c = 3Um ,
i.e., Um = 3�. It is seen that the equation Um(4,−1)= 3� has no solutions by
Theorem 2 given in [13]. Therefore n = 3 is impossible. This completes the
proof. 2

THEOREM 3.6. If P is odd, then there is no integer x such that Vn = 6x2.

Proof. Assume that 3-P . If x is even, it follows that 8|Vn , which is impossible
by (2.7). Therefore x is odd. Since 3|Vn and 2|Vn , it is seen that n/2 is odd by
Lemma 5 and 3|n by (2.13). Then we can write n = 12q + 6 for some positive
integer q . Thus

Vn ≡ V6 (mod 8)

by (2.6). That is,
6x2
≡ 2 (mod 8),

which is impossible since x is odd.
Assume that 3|P . Since 3|Vn , n is odd by Lemma 5. Also since 3|n, it follows

that n ≡±3 (mod 12). Thus we get

Vn ≡ V±3 ≡±4P ≡ 4 (mod 8)

by (2.6). That is,
6x2
≡ 4 (mod 8),

which is impossible since x is odd. This completes the proof. 2

THEOREM 3.7. If P is odd, m > 1, and Vn = 3Vm x2, then m = 1 and n = 3.

Proof. Assume that 3-P . Since Vm |Vn and 3|Vn , it follows that n = mt for
some odd positive integer t by (2.19) and n/2 is odd by Lemma 5. Therefore
m is even and m/2 is odd. Then we can write m = 12q ± 2 or m = 12q + 6 for
some positive integer q . Thus we get

Vm ≡ V2, V6 ≡ 2, 3 (mod 8)
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by (2.6). Similarly, we see that Vn ≡ 2, 3 (mod 8). Also we get 3x2
≡ 0,

3, 4 (mod 8). Thus Vn = 3Vm x2
≡ 0, 1, 4, 6 (mod 8), which contradicts the fact

that Vn ≡ 2, 3 (mod 8).
Now assume that 3|P . Since 3|Vn , it is seen that n is odd by Lemma 5.

Therefore m is also odd. We divide the proof into two cases.

Case 1. Assume that 3|t . Then t = 3s for some odd integer s. Thus
n = mt = 3ms. By (2.12), we get Vn = V3ms = Vms(V 2

ms + 3)= 3Vm x2. Since
ms is odd and 3|P , it follows that (Vms/Vm)((V 2

ms + 3)/3)= x2. It can be seen
that (Vms/Vm, (V 2

ms + 3)/3)= 1. Therefore Vms = Vma2 and V 2
ms + 3= 3b2

for some positive integers a and b. Then ms = m, i.e., s = 1 by Theorem 3.1.
Thus V 2

m + 3= 3b2. Since V2m = V 2
m + 2 by (2.10), we get V2m = 3b2

− 1.
Assume that m > 1. Then we can write 2m = 2(4q ± 1)= 2(2r z)± 2, for some
odd z with r > 2. Hence we obtain

V2m ≡−V2 ≡−(P
2
+ 2) (mod V2r )

by (2.4). That is,

3b2
≡−(P2

+ 2− 1)≡−U3 (mod V2r ).

This shows that J =
(
−3U3

V2r

)
= 1. On the other hand,

(
−1
V2r

)
=−1 by (2.8).

Moreover, since 3|P , it follows that V2r ≡ 2 (mod 3) by Lemma 1 and therefore(
3

V2r

)
=

(
V2r

3

)
(−1)

( V2r −1
2

)
=

(
2
3

)
(−1)= 1.

Since
( U3

V2r

)
= 1 by (2.22), we obtain

J =

(
−3U3

V2r

)
=

(
−1
V2r

)(
3

V2r

)(
U3

V2r

)
=−1,

which is a contradiction. Thus m = 1, i.e., n = 3. Then we get P2
+ 3= 3x2

from the equation Vn = 3Vm x2. Since 3|P , P = 3c for some positive integer
c. Hence we obtain the Pell equation x2

− 3c2
= 1. It is well known that

this equation has the solution (x, c)= ((Vm(4,−1))/2,Um(4,−1)). Therefore
m = 1 and n = 3 is a solution.

Case 2. Assume that 3-t . It is obvious that t > 1 and therefore we can write
t = 6q ± 1 for some positive integer q . Then n = mt = 2(3mq)± m. Hence we
get

Vn ≡±Vm (mod V3m),

i.e.,
3Vm x2

≡±Vm (mod V3m)

by (2.4). It follows that

3Vm x2
≡±Vm (mod Vm(V

2
m + 3)),
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by (2.12) and therefore

3x2
≡±1 (mod V 2

m + 3).

Since 3|P and m is odd, it is seen that 3|Vm by Lemma 5. Therefore

3x2
≡±1 (mod 3),

which is impossible. This completes the proof. 2

THEOREM 3.8. If P is even, 3-P and m > 1, then there is no integer x such
that Vn = 3Vm x2.

Proof. Assume that P is even, 3-P and Vn = 3Vm x2. Since Vm |Vn and 3|Vn ,
there exist two positive odd integers t and z such that n = mt and n = 2z by
(2.19) and Lemma 5, respectively. Therefore m = 2r for some odd positive
integer r . It is obvious that t > 1. Then we can write t = 4q ± 1 for some
positive integer q . Thus, since n = mt = 4mq ± m, we get

Vn ≡±Vm (mod V2m)

by (2.4), i.e.,
3Vm x2

≡±Vm (mod V2m).

It is seen that (Vm, V2m)= 2 by (2.17). Hence we obtain

3x2
≡±1 (mod V2m/2).

Since 2m/4= 4r/4= r is odd, it is seen that V4|V2m by (2.19) and thus

3x2
≡±1 (mod V4/2).

This shows that J =
(
±3

V4/2

)
= 1. On the other hand, since V4 = P4

+ 4P2
+ 2

and P is even, it is seen that V4 ≡ 2 (mod 8) and therefore(
−1

V4/2

)
= (−1)

(
V4−2

4

)
= 1.

Moreover, since V4 ≡ 1 (mod 3) by Lemma 1, it is seen that V4/2≡ 2 (mod 3).
Therefore, (

3
V4/2

)
=

(
V4/2

3

)
(−1)

(
V4−2

4

)
=

(
2
3

)
=−1.

Thus we get J =−1, which is a contradiction. This completes the proof. 2

THEOREM 3.9. If P is even, 3|P, 2‖P and m > 1, then there is no integer x
such that Vn = 3Vm x2.

Proof. Assume that P is even, 3|P , 2‖P and Vn = 3Vm x2. Since Vm |Vn
and 3|Vn , there exists an odd positive integer t such that n = mt and n is odd
by (2.19) and Lemma 5, respectively. Therefore m is also odd. It is obvious
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that t > 1. Assume that 3|t . Then t = 3s for some positive integer s. Thus, since
n = mt = 3ms, we get

3Vm x2
= Vn = V3ms = Vms(V

2
ms + 3)

by (2.12). Since 3|P and ms is odd, it follows that 3|Vms by Lemma 5. Thus

(Vms/Vm)((V
2
ms + 3)/3)= x2.

It can be easily seen that (Vms/Vm, (V 2
ms + 3)/3)= 1. This shows that

Vms = Vmu2 and V 2
ms + 3= 3v2

for some positive integers u and v. Hence we get 3v2
= V 2

ms + 3= V2ms + 1 by
(2.10). Thus

3v2
≡ 1 (mod V2ms).

Since V2|V2ms , i.e., (P2
+ 2)|V2ms by (2.19), it follows that

3v2
≡ 1 (mod P2

+ 2).

This shows that

J =

(
3

(P2 + 2)/2

)
= 1.

On the other hand, since 3|P , it is seen that (P2
+ 2)/2≡ 1 (mod 3). Therefore

J =

(
3

(P2 + 2)/2

)
=

(
(P2
+ 2)/2
3

)
(−1)

P2
4 = (−1)

P2
4 .

Since 2‖P , we get J =−1, which is a contradiction. Now assume that 3-t .
Then since t > 1, we can write t = 6q ± 1 for some positive integer q. Thus
n = mt = 2(3mq)± m. Hence we get

Vn ≡±Vm (mod V3m),

i.e.,
3Vm x2

≡±Vm (mod V3m)

by (2.4). It follows that

3Vm x2
≡±Vm (mod Vm(V

2
m + 3)),

i.e.,
3x2
≡±1 (mod V 2

m + 3)

by (2.12). Since 3|P and m is odd, it is seen that 3|Vm by Lemma 5. Therefore

3x2
≡±1 (mod 3),

which is impossible. This completes the proof. 2
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The following lemma can be proved by induction.

LEMMA 6. If P is odd and k > 2, then V2k ≡−1 (mod V4 + 1).

THEOREM 3.10. If Vn = 6Vm x2 and m > 1, then m = 2 and n = 6.

Proof. Firstly, assume that P is odd. Now assume that 3-P . Then since 3|Vn
and 2|Vn , it follows that n = 2z for some odd integer z by Lemma 5 and 3|n
by (2.13), respectively. This shows that 3|z and therefore z = 3a for some odd
positive integer a. Thus n = 2z = 6a = 12q + 6 for some positive integer q.
Hence we get

Vn ≡ V6 ≡ 2 (mod 8)

by (2.6). It is obvious that x is odd. Therefore 6Vm ≡ 6Vm x2
= Vn ≡ 2 (mod 8).

Besides, since Vm |Vn , there exists an odd positive integer t such that n = mt by
(2.19). Since n = 2z with odd z, it follows that m = 2r for some odd positive
integer r . Assume that 3|r . Then Vm ≡ 2 (mod 8) by Lemma 2 and therefore
6Vm ≡ 4 (mod 8), which contradicts the fact that 6Vm ≡ 2 (mod 8). Assume
that 3-r . Then since 3|n and n = mt , it is seen that 3|t , i.e., t = 3s for some
odd positive integer s. Thus n = mt = 3ms. Therefore we get Vn = V3ms =

Vms(V 2
ms − 3)= 6Vm x2 by (2.12). Since 3-P and ms = 2rs ≡ 2 (mod 4), it

follows that 3|Vms by Lemma 5. Thus

(Vms/Vm)((V
2
ms − 3)/3)= 2x2.

It can be easily seen that (Vms/Vm, (V 2
ms − 3)/3)= 1. This shows that

Vms = 2Vmu2 and V 2
ms − 3= 3v2 (3.2)

or
Vms = Vmu2 and V 2

ms − 3= 6v2 (3.3)

for some integers u and v. Identity (3.2) is impossible by Theorem 3.2. Assume
that (3.3) is satisfied. By Theorem 3.1, it follows that s = 1. Therefore V 2

m − 3=
6v2. Since V2m = V 2

m − 2 by (2.10), we get V2m = V4r = 6v2
+ 1. Assume that

r > 1. Then 2m = 4r = 4(4q ± 1)= 2(2k z)± 4 for some odd integer z with
k > 3. Hence we obtain

V2m ≡−V4 (mod V2k )

by (2.4). That is,
6v2
≡−(V4 + 1) (mod V2k ).

Since V4 and V2k are odd by (2.13), it follows that

3v2
≡−(V4 + 1)/2 (mod V2k ).

This shows that

J =

(
−3(V4 + 1)/2

V2k

)
= 1.
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On the other hand, since
(
−1
V2k

)
=−1 by (2.8) and(
V2k

3

)
=

(
2
3

)
=−1

by Lemma 1, it is seen that(
3

V2k

)
= (−1)

( V
2k−1

2

)(
V2k

3

)
= (−1)(−1)= 1.

Besides, it is seen that V4 ≡ 7 (mod 16) and therefore (V4 + 1)/8 is odd. Thus,
we have (

V2k

(V4 + 1)/8

)
=

(
−1

(V4 + 1)/8

)
by Lemma 6. Hence we obtain

J =

(
−3(V4 + 1)/2

V2k

)
=

(
−1
V2k

)(
3

V2k

)(
4

V2k

)(
(V4 + 1)/8

V2k

)
= (−1)

(
(V4 + 1)/8

V2k

)
.

Let y = (V4 + 1)/8. Then

J = (−1)
(
(V4 + 1)/8

V2k

)
= (−1)

(
y

V2k

)
= (−1)(−1)

(
y−1

2

)( V
2k−1

2

)(
V2k

y

)
= (−1)(−1)

(
y−1

2

)( V
2k−1

2

)(
−1
y

)
= (−1)(−1)

(
y−1

2

)
(−1)

(
y−1

2

)
=−1,

which is a contradiction. Therefore r = 1. Thus m = 2 and n = 6. Since V2 =

P2
+ 2 and V6 = P6

+ 6P4
+ 9P2

+ 2, we get P4
+ 4P2

+ 1= 6x2 from the
equation Vn = 6Vm x2. Completing the square gives (P2

+ 2)2 − 3= 6x2. It
follows that 3|P2

+ 2 and therefore P2
+ 2= 3c for some positive integer

c. Thus we get the equation 3c2
− 2x2

= 1. By Lemma 1 given in [21], if
k
√

A + t
√

B is a solution of AX2
− BY 2

= 1 and r + s
√

AB is a solution
of X2

− ABY 2
= 1, then the product (kr + Bts)

√
A + (tr + Aks)

√
B is a

solution of AX2
− BY 2

= 1. Thus, since
√

3+
√

2 is a solution of 3c2
− 2x2

=

1 and 5+ 2
√

6 is a solution of c2
− 6x2

= 1, the equation 3c2
− 2x2

= 1 has
infinitely many solutions. Therefore m = 2 and n = 6 is a solution.

Now assume that 3|P . Then since 3|Vn and 2|Vn , it follows that n is odd by
Lemma 5 and 3|n by (2.13). Therefore n = 12q ± 3 for some positive integer q.
Thus we get

Vn ≡ V±3 ≡±4P ≡ 4 (mod 8)

by (2.6). That is,
6Vm x2

≡ 4 (mod 8).

Also since x is odd, it follows that 6Vm ≡ 4 (mod 8). Thus Vm is even and
therefore 3|m by (2.13). Moreover, since n is odd and Vm |Vn , it is seen that m
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is odd by (2.19). Then V3|Vm by (2.19). Besides, since P is odd, it follows that
4|V3 and therefore 4|Vm . This shows that 8|Vn , which is impossible by (2.7).

Secondly, assume that P is even. If n is odd, then m is also odd. Hence we
have Vn ≡ n P (mod P2) and Vm ≡ m P (mod P2) by Lemma 3. This shows that

n P ≡ 6m Px2 (mod P2),

i.e.,
n ≡ 6mx2 (mod P),

which is impossible since P is even and n is odd. If n is even, then m is also
even. Hence we have Vn ≡ 2 (mod 4) and Vm ≡ 2 (mod 4) by Lemma 3. This
shows that

6Vm x2
≡ 0 (mod 4),

i.e.,
Vn ≡ 0 (mod 4),

which contradicts the fact that Vn ≡ 2 (mod 4). This completes the proof. 2

References

1. J. A. Antoniadis, Fibonacci and Lucas numbers of the form 3z2
± 1. Fibonacci Quart. 23 (1985),

300–307.
2. J. H. E. Cohn, Square Fibonacci numbers, etc. Fibonacci Quart. 2.2 (1964), 109–113.
3. J. H. E. Cohn, Eight Diophantine equations. Proc. Lond. Math. Soc. 16 (1966), 153–166.
4. J. H. E. Cohn, Five Diophantine equations. Math. Scand. 21 (1967), 61–70.
5. J. H. E. Cohn, Squares in some recurrent sequences. Pacific J. Math. 41 (1972), 631–646.
6. T. Kagawa and N. Terai, Squares in Lucas sequences and some Diophantine equations. Manuscripta

Math. 96 (1998), 195–202.
7. D. Kalman and R. Mena, The Fibonacci numbers—exposed. Mathematics Magazine 76 (2003),

167–181.
8. R. Keskin and Z. Yosma, On Fibonacci and Lucas numbers of the form cx2. J. Integer Seq. 14 (2011),

article no. 11.9.3.
9. W. Ljunggren, Zur Theorie der Gleichung x2

+ 1= Dy4. Det Norske Vid. Akad. Avh. I 5 (1942),
333–341.

10. W. L. McDaniel, The g.c.d. in Lucas sequences and Lehmer number sequences. Fibonacci Quart. 29
(1991), 24–30.
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20. Z. Şiar and R. Keskin, Some new identities concerning generalized Fibonacci and Lucas numbers.
Hacet. J. Math. Stat. 42(3) (2013), 211–222.

21. D. T. Walker, On the Diophantine equation m X2
− nY 2

=±1. Amer. Math. Monthly 74 (1967),
504–513.

Zafer Şiar,
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