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SUMMARY
The present paper aims at generating three-dimensional
cyclic gait of a biped with a locomotion system having
anthropomorphic characteristics. Kinematic and dynamic
models of both single and double support phases are
extensively developed with a special attention devoted to
the double support phase. A variety of gait constraints
defining a feasible walk is taken into account. Joint
trajectories are approximated by cubic spline functions
connected at uniformly distributed knots. Joint coordinates at
knots, walking phase durations, and independent parameters
at phase transitions are the design parameters of a
parametric optimization problem. Therefore, only the pattern
organization and the gait speed are explicitly specified.
The effectiveness of the proposed method is verified and
discussed through some simulation results.

KEYWORDS: 3D-gait synthesis; Walking dynamics;
Anthropomorphic biped; Parametric optimization.

1. Introduction
Significant advances in humanoid robotics have been
achieved during the past few years. Today, sophisticated
robot platforms such as ASIMO,1 HRP-3,2 and JOHNNIE3

confirm the feasibility of bipedal walking machines. A
frequently used approach for designing a full biped control
scheme is to combine an a priori definition of desired
trajectories to be followed, a classical control allowing them
to be tracked and a dedicated online adaption technique to
cope with model uncertainties and disturbances to prevent
the robot from falling.4–6 The current humanoids use several
times more energy than passive biped robots or human
beings because of generated patterns and online controls of
a humanoid are mainly devoted to ensuring the dynamical
stability using simplified multibody system models.7,8 They
do not take advantage of their inherent dynamics which
allows, under some conditions, passive-dynamics gait or
intermittent and small active power gait.9,10

The desired patterns or reference trajectories can be
purely computer-generated. An interesting way of achieving
this computation is to use an optimization algorithm based
on the dynamics and taking into account various physical
constraints, such as the dynamic stability, hard to achieve
because of intrinsic instability of bipeds. Gait dynamic
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optimization, aimed both at improving the biped control and
reducing energy expenditure, results therefore in increasing
the autonomy and making progress in locomotion efficiency
of future humanoid robots. Moreover, as centuries of
evolution have improved human walking to near optimality,
it is expected that interesting characteristics of human gaits,
such as quasi-passive walking, can be retrieved indirectly by
motion optimization based on an accurate dynamics model
of a human being and using appropriate criteria. The optimi-
zation approaches can also be useful for other objectives,
such as the biped actuator sizing during the design process
and the inverse dynamics model solving in biomechanics.11

Most of the papers that deal with gait dynamic optimization
are mainly dedicated to the sagittal movements especially
during the swing phase.12–14 A method for generating optimal
cyclic sagittal gait, composed by a single support phase (SSP)
and a double support phase (DSP), is proposed in ref. [15] for
a biped modelled as a seven-link planar mechanical system.
Thus, the characteristic curves, such as energy consumption,
average power and step lengthening variations of the planar
model of the bipedal robot BIP16 have been established in the
case of the impactless walking.17 The proposed approach is
based on approximating generalized coordinates using spline
functions of class C2. Later, a similar parametric optimization
approach,18 using third-order differentiable approximation
functions, was considered. This avoids jerky variations of
the contact forces and actuating torques. Nevertheless, the
continuity of the contact forces and the actuating torques
between the gait phases has not been fulfilled.

However, accurate modelling of both robot kinematics and
dynamics requires introducing two other planes, the frontal
and the transversal planes. Although this three-dimensional
(3D) model is particularly crucial for the development of
dynamically stable and smooth gaits, we deal with more
complex problem compared to the sagittal model. It leads
to a high-dimensional, nonlinear, and complex mathematical
modelling. For this reason, we proposed as a first attempt
in ref. [19] a method for combining sagittal gait with sway
motion in the frontal plane for the three-dimensional walk
during the SSP. The model obtained in this way was an
approximation of real walk. These simplifications allow
analyzing some of the predominant behaviors of walking
dynamics, but many other features are lost.

In the framework of studying the biomechanics of human
locomotion, offline generation of 3D-gait was considered
in ref. [20]. The proposed method for motion planning was
tested on a simplified virtual human, which is modelled as
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a multibody system with 25 degrees of freedom (DOFs). By
combining inverse dynamics and optimization, this method
involves actuating torques neither in the constraints nor
in the performance index in order to avoid computation
complexity. The resulting motion is not optimal in terms
of energy expenditure making its usefulness limited. In
refs. [21, 22], optimal control problems have been proposed
for optimal 3D-gait generation. The solution is obtained
by using the direct collocation method implemented in the
DIRCOL code.23 The controls are approximated using linear
interpolation functions, whereas the states are chosen as
continuously differentiable functions. The approximation
points on the controls and the configuration variables are
the nonlinear program parameters where complementary
equality constraints are added to take into account the
dynamics at discretization points.

In this paper, we propose a different approach based on
the discretization of only the configuration variables via
a cubic spline approximation from which input controls
are deduced exactly using the inverse dynamics models.
Consequently, the correlation between the system states and
their controls is implicitly and constantly accurate. With
this approach, globally optimized three-dimensional straight-
ahead gaits can be generated where neither gait phases
durations nor step-length and step-width are specified. This
proposed approach can be applied to any anthropomorphic
biped model (model of biped with a locomotion system
having human being characteristics). It allows a broader
understanding of optimal walking dynamics and provides
quality reference gait trajectories for an implementation on
humanoid controllers.

In Section 2 of this paper, the three-dimensional biped
model and the organization of the gait patterns are described.
As a result, a set of free parameters defining the DSP
and the phase transitions is identified. In Section 3,
complete dynamic models of both gait phases are stated
and solved with respect to joint actuating torques. A
special attention is given to the DSP. In Section 4, the
constraints specifying the feasible walk are formulated. The
parameterized optimization problem is stated in its final form
in Section 5. Numerical results are presented in Section 6,
and some general observations are discussed in Section 7.
Finally, Section 8 concludes the paper.

2. Kinematic Model of a 3D Biped
The synthesized gait depends on the models adopted for
the kinematic arrangement of the locomotion system as
well as the gait organization assumptions, particularly the
ground/feet contacts.

2.1. Three-dimensional locomotion system kinematic model
The anthropomorphic biped considered here is composed of
two legs, each one having six joints. Three of the joints are
located in the hip, one actuates the knee and another two
actuate the ankle (in sagittal and frontal planes). Although
actual humanoid robots have different leg mechanisms and
outlooks, they are fully actuated and share these common
features in their locomotion system.1–3 Moreover, their last
versions have a waist joint with up to three supplementary

Fig. 1. Three-dimensional generic model of a biped locomotion
system.

rotational active joints bringing several advantages for the
walking dynamics.

Therefore, a generic locomotion system that consists of
n= 16 (including a passive joint coordinate q1) joints
multibody system, arranged as illustrated in Fig. 1, is
considered in this paper.

A walking biped is a rooted rigid multibody system.
Its architecture can be fully described by the Denavit–
Hartenberg (DH) notation modified by Khalil and
Kleinfinger, and presented in ref. [24]. The latter extends
the familiar DH notation to describe kinematic tree-
structures. Once the constant DH parameters are given, the
configuration and the walking patterns of the biped are
fully defined by its n DH variable parameters regrouped in
the configuration parameters vector or the joint coordinates
vector q = (q1, . . . , q16)T .

2.2. Gait phases definition
We look for a symmetric straight-ahead walking of
successive and repeatable steps of length lS , width wS , and
a zero step-angle, as shown in Fig. 2. One human-like gait
cycle includes two steps. Each step exhibits a time-varying
topology defining two successive phases. The SSP starts at
the beginning of first step. The rear foot leaves the ground,
and swings toward its new location. The biped moves as a
rooted tree-like multibody system with the stance foot flat on
the ground.

At instant tSS, the swing foot heel touches the ground;
the SSP finishes and the DSP begins. Then, both feet are
in contact with the supporting ground and the locomotion
system works as a closed-loop kinematic system. At DSP
beginning, the rear foot is flat on the ground, and the front
foot is in linear contact at heel. It is assumed that during the
whole phase both feet are pivoting. The first rotates around
its toe while the second rotates around its heel.
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Fig. 2. Successive footprint placements (lateral and upside views).

Fig. 3. Phase transition postural configurations of a step and their
corresponding timing.

At instant tS , the front foot is flat on the ground; the
DSP as well as the first step are ended. The second
step is bilaterally symmetric to the first one and can be
readily deduced. Therefore, the gait step includes three-phase
transition configurations, each one having both feet in contact
with the ground as displayed in Fig. 3.

2.3. Closed-loop constraints
At three-phase transition configurations, likewise during
the whole DSP, the closed-loop kinematic chain introduces
constraint equations between both legs joint position
variables uniquely (without the waist ones), that are
grouped in the vector qC = (q1, . . . , q13)T . The kinematic
closed-loop results in the reduction of the locomotion
system DOF, qC components can be partitioned into
independent qCi = (q1, . . . , q7)T and dependent joint
coordinates qCd = (q8, . . . , q13)T .

Knowing the left-foot pose parameters, which are wS, lS ,
and its time-dependent orientation angle Q(t) as well

Fig. 4. Illustration of the left-leg-dependent joint coordinates.

as the independent joint coordinates qCi , the remaining
joint coordinates in qCd are the closed-form solution
of an inverse kinematic problem similar to a 6-DOF
anthropomorphic manipulator closed-form solution depicted
in Fig. 4. Fortunately, among the several solutions, only one
solution remains within the joint bounds, and is found by the
following successive identifications:

{
13H(q11, q12, q13) = 13T0 (wS, lS,Q) 0T7 (qCi) 7H,

10T7(q8, q9, q10) = 10T13 (q11, q12, q13) 13T0(wS, lS,Q) 0T7(qCi),

(1)

where the matrices j Ti(. . .) in Eq. (1) denote the
4×4-dimension homogeneous transformation matrices of
modified DH parameters that transform vectors from
coordinate frame number i to coordinate frame number j. kH
is the homogeneous coordinates vector of the left hip joint
center expressed in the coordinate frame number k. As with
the joint positions, joint velocities and joint accelerations are
also dependent. The front foot twist (six-dimensional array
defining the Cartesian velocities), reduced at a point A of the
heel, having only one nonzero element (the Z-component of
the angular velocity), is related to the joint velocity vector
q̇C by the following equation:[

0

Q̇

]
= J q̇C, (2)

where J is the 6×13 Jacobian matrix mapping the joint
velocities of both legs into the front foot twist at the point A.

The right-hand side of Eq. (2) can be written as the sum of
two terms regrouping, respectively, the independent and the
dependent joint velocity variables as follows:[

0

Q̇

]
= Ji q̇Ci + Jd q̇Cd, (3)

where Ji and Jd are 6×7- and 6×6-dimensional matrices,
respectively.

Expression (3) is readily rearranged, and for a given
angular velocity Q̇(t), the joint velocities of front leg are
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calculated by the expression

q̇Cd = Jd
−1

([
0

Q̇

]
− Ji q̇Ci

)
. (4)

In order to compute the joint accelerations, both sides of
Eq. (2) are differentiated with respect to time, which yields
to [

0

Q̈

]
= J′ q̇C + J q̈C, (5)

where J′ stands for the Jacobian time-derivative.
The decomposition of the Jacobian matrix J as in Eq. (3)

gives [
0

Q̈

]
= J′ q̇C + Ji q̈Ci + Jd q̈Cd . (6)

Finally, the joint accelerations of the front leg can be
computed as follows:

q̈Cd = Jd
−1

([
0

Q̈

]
− J′ q̇C − Ji q̈Ci

)
. (7)

During the DSP, the front foot angular motion Q (t) is
prescribed by a quintic polynomial:

∀t ∈ [tSS, tS] , Q (t) =
5∑

i=0

ai t i . (8)

The six polynomial coefficients ai are deduced from six
constraint conditions on the position, the velocity, and the
acceleration. Indeed, knowing qC, at the SSP end, and its
first two time-derivatives, the first three constraint equations
are such that⎧⎪⎨

⎪⎩
Q (tSS) = F6 (qC (tSS)) ,

Q̇(tSS) = [J6,1,...,13] q̇C(tSS),

Q̈(tSS) = [J6,1,...,13]′ q̇C(tSS) + [J6,1,...,13] q̈C(tSS),

(9)

where F6 is a nonlinear function of qC components, while
[J6,1,...,13] is the sixth row of the Jacobian.

At the DSP end, the front foot becomes motionless and flat
on the ground without slamming its sole, and hence the three
other constraint equations are given by

Q (tS) = Q̇ (tS) = Q̈ (tS) = 0. (10)

Therefore, Q (t) and its two first derivatives being known at
each instant of the DSP, the velocity, and the acceleration of
the dependent joints are effectively given by Eqs. (4) and (7),
respectively.

2.4. Set of independent parameters defining the transition
postural configurations
According to the modified DH notation, the cyclic and the
bilaterally symmetric character of the gait results in the

following permutation relationships:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q1(tS) = Q(tSS),

q2(tS) = q13 (0) , q13 (tS) =q2 (0),

q3(tS) = −q12 (0) , q12 (tS) = −q3 (0),

q4(tS) = −q11 (0) , q11 (tS) =−q4 (0),

q5(tS) = π−q10 (0) , q10 (tS) =π−q5 (0),

q6(tS) = q9 (0) − π, q9 (tS) =π+q6 (0),

q7(tS) = q8 (0) , q8 (tS) = q7 (0),

q14(tS)= −q14 (0),

q15(tS)=π−q15 (0),

q16(tS)=q16 (0).

(11)

These equalities together with the dependent joint
coordinates qCd reduce the number of parameters defining
the three transition postural configurations of Fig. 3 to 22
parameters, listed as follows:

xB = {lS, wS, Q (0) , Q (tSS) , qi (0) , qi (tSS) ,

i = 2, . . . , 7, 14, 15, 16}. (12)

3. Dynamic Models
The differences in kinematic structure, for each of the above
gait phases, call for a specific dynamic modelling.

3.1. SSP model
Since the biped moves as a tree kinematic chain, the motion
equations may be written in the following form

τ = M(q)q̈ + B(q, q̇) + G(q), (13)

where M is the 16×16 symmetric and positive-definite
generalized mass matrix, the vector B regroups Coriolis and
centrifugal terms, and G is the vector of gravity terms.

The joint torques τ are computed from the joint motion
variables, namely q, q̇, and q̈. The solution of this inverse
dynamic problem is computationally costly, particularly,
when it has to be repeated thousand times in an optimization
code. Therefore, although relation (13) illustrates several
sorts of forces acting on the joint torques, the general solution
of the inverse dynamic problem is based on the Newton–Euler
(NE) approach using the well-known and efficient recursive
Newton–Euler algorithm (RNEA).25,26

This algorithm is composed of two parts. The link
velocities and accelerations are first computed though an
outward recursion from the fixed base to the tree extremity
links. Having the accelerations of the mass centre of each
link, the NE equations are applied to compute the inertia
wrenches (force and moment vectors) during this recursion.
A second, inward recursion uses the wrench balance equation
based on a free body diagram at each link to compute the
constraint wrenches (the reaction forces and moments at
joints) that include the joint torques.

Thus, differently to the Lagrangian approach, this
algorithm computes the constraint wrenches that are the joint
forces Fi and the moments Mi exerted on link i by link i – 1
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toward the stance foot. Consequently, the actuating torque
vector u = (τ2, . . . , τ13)T as well as the stance foot/ground
contact force F1 and moment MO0

1 are readily determined.

3.2. The DSP model
During the DSP, the biped locomotion system is equivalent to
an overactuated27 closed-loop mechanism (closed kinematic
chain driven by more actuators than required). The loop-
closure constraints and the overactuation exhibit more
complicated dynamics than for kinematic trees.

The dynamic formulation is based on the transformation of
the closed-loop system into an unconstrained spanning tree
one. To make the locomotion system open, the closed-loop
is cut at the front foot–ground contact “joint” such that the
resulting spanning tree will be governed by the SSP dynamic
Eq. (13). The removed constraints due to the cut joint are
reintroduced through the Lagrange multipliers.28

The front foot–ground contact permits the foot rotation
around an axis parallel to z0 passing through the point A of
the heel. The principle of virtual work states that the virtual
work of the constraint forces is zero.29 In other words, the
contact forces and moments act uniquely where the joint
degrees of freedom are restricted. Hence, only the nonzero
components of contact force FL = (FL,x, FL,y, FL,z)T , and
contact moment at the point A, MA

L = (MA
L,x, M

A
L,y, 0)

T
,

form the Lagrange multipliers vector λ = (FL,x, FL,y, FL,z,

MA
L,x, M

A
L,y)T .

The contact efforts vector λ are propagated at all joints
through the Jacobian matrix. The constrained equations of
motion can be expressed in the following form:

τ = u +

⎡
⎢⎣

[J1,...,5,1,...,13]T

. . .

03×5

⎤
⎥⎦ λ. (14)

Here, u is the actuating torques vector for the DSP,
[J1,...,5,1,...,13] is a 5×13 submatrix including the first five
rows of the Jacobian J, 03×5 is a 3×5-dimensional matrix
of zeros, and τ is the torques in the spanning tree computed
thanks to the RNEA.

The first component of u in Eq. (14) is set equal to zero
because of the passive joint associated to the coordinate
q1. The foregoing expression can explicitly be written as
follows: ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

τ1

τ2

...

τ13

. . .

τ14

τ15

τ16

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

u2

...

u13

. . .

u14

u15

u16

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎣

[
J1,...,5,1,...,13

]T

. . .

03×5

⎤
⎥⎦ λ. (15)

This expression is split into two parts. First, the actuating
torques in the kinematic branch tree corresponding to the
trunk, where no external forces are applied, are directly

obtained. Namely,

ui = τi i = 14, 15, 16. (16)

Second, the dynamics of the closed loop (ground–rear
leg–front leg–ground) is formulated via the following
expression: ⎡

⎢⎢⎢⎢⎣
τ1

τ2

...

τ13

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

0

u2

...

u13

⎤
⎥⎥⎥⎥⎦+ [J1,...,5,1,...,13]T λ. (17)

From the first line of Eq. (17), the spanning tree torque acting
on the first joint is given by

τ1 = [J1,...,5,1]T λ. (18)

Recall that J is defined as the concatenation of column
matrices:30

Ji=
[

zi−1×−−−→
Oi−1A

zi−1

]
for i = 1 to 13.

In particular, we have

J1 = [J1,...,6,1]T =
[

z0 × −−→
O0A

z0

]
=

[
J21 y0

z0

]

= (0, J21, 0, 0, 0, 1)T .

Hence, the scalar product in Eq. (18) gives the normal
force acting on the front foot as follows:

FL,y = τ1/J21, (19)

and Expression (17) takes the form

⎡
⎢⎣

τ2

...

τ13

⎤
⎥⎦ =

⎡
⎢⎣

u2

...

u13

⎤
⎥⎦ + [

[J1,2,...,13]T [J3,...,5,2,...,13]T
]
⎡
⎢⎢⎢⎣

FL,x

FL,z

MA
L,x

MA
L,y

⎤
⎥⎥⎥⎦

+ τ1

J21
[J2,2,...,13]T . (20)

As the biped is overactuated, a special attention must be
given to the force distribution in the locomotion system to
prevent undesirable antagonistic efforts that could provoke
destabilizing effects, such as a break in the feet–ground
contact. The approach that will be discussed next consists
in the minimization of all active forces. The goal is to find a
solution capable of handling these antagonistic efforts.

Let FA = (u2, . . . , u13, FL,x, FL,z, M
A
L,x, M

A
L,y)

T
be the

unknown acting inputs vector. Equation (20) can be concisely
rewritten under the form

τA= JA FA, (21)
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Fig. 5. Forces and moments applied on the feet during the DSP.

where τA is a vector depending on actuating torques in the
spanning tree system, given by

τA =

⎡
⎢⎣

τ2

...

τ13

⎤
⎥⎦ − τ1

J21
[J[2,2,...,13]]

T , (22)

whereas JA is the 12×16 control inputs matrix defined as the
concatenation of three matrices, namely

JA = [
I12×12 [J[1,2,...,13]]T [J[3,...,5,2,...,13]]T

]
, (23)

where I12×12 denotes the 12×12 identity matrix.
Expression (21) represents a linear equation system having

16 unknowns (the FA components) and 12 equations. Thus,
among the infinity of solutions to the underdetermined
system (21), a minimal quadratic-norm of the acting inputs
FA solution is given by the following expression:

FA = J+
A τA, (24)

where J+
A is the Moore–Penrose pseudo-inverse (see e.g., ref.

[31]).
Since only the tangential components of contact reaction

(see FA components) are minimized by the expression (24),
the nonsliding condition in Eq. (39) for the front foot during
the DSP is easily satisfied.

Thereafter, the biped is considered freed from its front foot
ground contact where known external forces are applied in
order to keep its heel in their assigned contact positions as
illustrated in Fig. 5. The vectors FL and MA

L are expressed
in the local link coordinate frame, using the rotation matrix
13R0, such that{

13FL = −13R0 FL

13MO13
L = −13R0 MA

L + −−→
O13A × 13FL

(25)

to be included in the inward recursions of the RNEA as
external wrench. Consequently, the force Fi and the moment

Fig. 6. Anticollision zone for the SSP.

Mi, that the (i − 1)st link exerts on the ith link (i = 13
to 1), are readily computed. This is the case for the force
FR = 0R1(q1) F1 and moment MO0

R = 0R1(q1) MO0
1 applied

at the toe of the rear foot by the ground with respect to the
fixed base frame.

As a result, both feet reaction wrench and the actuating
torques are determined knowing the configuration vector q,
and its first two time-derivatives q̇ and q̈.

4. Constraints Defining a Feasible Walk
Defining the constraints is the only way to express all the
issues involved in the biped gait. Thus, a set of constraints
is imposed in order to ensure the feasibility of the walking.
We distinguish two subsets of constraints that a feasible step
must obey.

4.1. Kinematic constraints
4.1.1. Bound constraints. The variation range of joint
coordinates and active joint velocities is bounded,
respectively, by setting

∀t ∈ [0, tS] , qmin
i ≤ q

i
(t) ≤ qmax

i , i = 1, . . . , 16, (26)

∀t ∈ [0, tS] , |q̇i (t)| ≤ q̇max
i , i = 2, . . . , 16, (27)

where qmin
i and qmax

i are, respectively, the lower and the
upper range motion bounds of joint i, and q̇max

i is the
maximum speed of joint i.

4.1.2. Swing foot collision avoidance. During the SSP, the
motion must be organized in order to avoid collision between
the swing foot and the ground as well as between both legs
as shown in Fig. 6.

Ground collision avoidance: The swing foot toe and heel
must not collide with the ground. Let Ei be the swing foot
sole edge i homogenous coordinates vector into its
own coordinate frame, and 0T13 the 4 × 4 homogeneous
transformation matrix from the swing foot coordinate
frame to the base one, the swing foot/ground anticollision
conditions are such that

∀t ∈ [0, tSS] , [0T13(qC) Ei]
T
.

⎡
⎢⎢⎢⎣

0

1

0

0

⎤
⎥⎥⎥⎦ ≥ 0, i = 1, . . . , 4.

(28)
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Feet collision avoidance: The trajectory of the swing foot
should avoid a forbidden zone enclosing the stance leg. This
constraint can be written in the form

∀t ∈ [0, tSS] , δ (x, y) − Ei,z < 0, i = 1, 2, (29)

where Ei,z is the Z-coordinate of the point Ei and δ (x, y) the
parametric function of the obstacle boundary.

4.1.3. Complementary constraints at phase transitions.
The cyclic and bilaterally symmetric straight-ahead walking
involves relationships between forces and motions at the
beginning and at the end of the step. Thus, the joint
coordinates at initial and final posture relationships are
implicitly fulfilled thanks to the introduction of free
parameters set (12) defining the transition postures. To
complete the relationship between the initial and the final
system states, the independent joint velocity equalities are
stated as follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q̇2(tS) = q̇13(0),

q̇3(tS) = −q̇12(0),

q̇4(tS) = −q̇11(0),

q̇5(tS) = −q̇10(0),

q̇6(tS) = q̇9(0),

q̇7(tS) = q̇8(0),

q̇14(tS) = −q̇14(0),

q̇15(tS) = −q̇15(0),

q̇16(tS) = q̇16(0).

(30)

The same equalities hold for accelerations, introduced also
via explicit equality constraints. Moreover, if an impactless
swing foot heel-touch is required, the closed-loop kinematic
constraint must be fulfilled also at SSP end, i.e.,

[J1,...,5,1,...,13] q̇C (tSS) = 0. (31)

4.2. Dynamic constraints
4.2.1. Actuating torque limitations. The joint actuating
torques are bounded by setting

∀t ∈ [0, tS] , |ui (t)| ≤ umax
i , i = 2, . . . , 16, (32)

where umax
i denotes the ith joint maximum torque.

4.2.2. Stability conditions. Contrary to the actuating torque
limitations that are not mandatory because the optimization
algorithm tends to minimize them, the stability, meaning a
walk without falling, is imperative. The stability depends
on the ground-foot contact forces and moments already
calculated for both phases in Section 3.

ZMP conditions: The zero moment point (ZMP), denoted
P, is the point on the ground where the moment generated
by the reaction forces moments has no component along the
horizontal axes. It results in the following equation:

(
MP

k

)
t = (

MO0
k + Fk × −−→

O0P
)

t = 0, k ≡ R, T , (33)

Fig. 7. Dynamically stable support polygon.

where the subscript t denotes the tangential component of
vectors, and FT and MO0

T are respectively the total contact
force and moment of both feet during the DSP at O0, given
by the formulas

{
FT = FR+FL,

MO0
T =MO0

R +MA
L + −−→

O0A × FL,
(34)

where MO0
R and MA

L are the contact moments, respectively,
at the rear foot toe and the front foot heel. To ensure the
dynamic balance of the biped, the ZMP must be located inside
the support polygon.32 From Eq. (33), the ZMP coordinates
during the SSP and the DSP are, respectively, given as
follows:⎧⎨
⎩∀t ∈ [0, tSS],

−−→
O0P = (

M
O0
R,z/FR,y, 0, − M

O0
R,x/FR,y

)T
,

∀t ∈ [tSS, tS],
−−→
O0P = (

M
O0
T ,z/FT,y, 0, − M

O0
T ,x/F T,y

)T
.

(35)

The support polygon or the convex hull of contact areas
for each gait phase is shown in Fig. 7. The expressions
of the dynamic balance conditions ∀t ∈ [0, tSS], P ∈ DSS

and ∀t ∈ [tSS, tS], P ∈ DDS are translated into the following
inequalities:

∀t ∈ [0, tSS] ,

{|Px + lF /2| −lF /2 ≤ 0,

|Pz| −wF /2 ≤ 0,
(36)

∀t ∈ [tSS, tS],

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Px ≥ 0, Px − b ≤ 0,

Pz + (wD −wS/2)

b
Px +wF1/2 ≥ 0,

Pz + (wS/2 + wD)

b
Px − wF1/2 ≤ 0,

(37)

with wF = (wF1 + wF2 )/2, b = lS/2 − lF and wD = (wF1 −
wF2 )/2.

Nonsliding and unilaterality conditions: In presence of
Coulomb friction, the nonsliding conditions, satisfied during
the SSP for the stance foot (where sliding rotation is also
forbidden) and during the DSP for both feet, are given,
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respectively, as follows:

∀t ∈ [0, tSS], μFR,y ≥
√

F 2
R,x + F 2

R,z + ∣∣MP
R,y

∣∣/ρ, (38)

∀t ∈ [tSS, tS],

⎧⎪⎨
⎪⎩

μFR,y ≥ F
R,xz

=
√

F 2
R,x + F 2

R,z,

μ FL,y ≥ F
L,xz

=
√

F 2
L,x + F 2

L,z,

(39)

where μ denotes a given dry-friction coefficient depending

on the materials in contact, and ρ = 0.5
√

l2
F + w2

F is the
friction radius of the biped sole introduced to take into
account an additional tangential force induced by the moment
normal to the ground surface.

The inequalities (38) and (39) perform also the unilaterality
of contact conditions stating that the vertical components of
the ground reaction forces must remain positive.

4.2.3. Periodic conditions. A cyclic step must satisfy some
conditions related to the foot-ground contacts. First, at the
beginning and at the end of step, the ZMP is located,
respectively, under the right foot-heel and the left one
symmetrically to the foot sagittal axis, i.e.,

Pz (tS) = −Pz (0) − wS. (40)

Second, at step end, the right foot is ready to leave the ground
to become the swing foot of next step. This means that the
contact forces and moments acting on it are equal to zero at
this instant, namely

FR (tS) = 0, MO0
R (tS) = 0. (41)

Finally, the contact forces and moments at step beginning are
related to their counterparts at step end. Indeed, the forces are
symmetric about inertial X-and Y-axes and antisymmetric
about Z-axis, while contact moments are symmetric about
inertial Z-axis and antisymmetric about X-and Y-axes. That
is, ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

FR,x (0) = FL,x (tS) ,

FR,y (0) = FL,y (tS) ,

FR,z (0) = −FL,z (tS) ,

MP
R,y (0) = −MP

R,y (tS) .

(42)

In addition to the periodic conditions on motion variables (11)
and (30), these conditions lead to a periodic time variation of
actuating torques.

5. Parametric Optimization Problem Statement

5.1. Performance criterion and constraints
The problem to be solved consists of finding time-function
vectors q (t), q̇ (t), and q̈ (t) of desired reference joint
motions. A solution must minimize a performance criterion
and satisfy equality constraints (30), (31), and (40)–(42)
together with inequality constraints (26)–(29), (32), and
(36)–(39). The chosen performance criterion is the integral of

Fig. 8. Trajectory approximation using cubic spline interpolation at
knots.

the actuating torques quadratic-norm throughout the walking
step. It is expressed as a weighted sum of two terms,
respectively, for each gait phase:

fobj = α

∫ tSS

0
u(t) W uT (t) dt + (1 − α)

∫ tS

tSS

u(t) W uT (t) dt,

(43)

where W a given diagonal matrix weighting the relative
importance between actuating torques, by default, it is an
identity matrix, and α ∈ [0, 1] is a coefficient weighing the
relative importance of each phase in the minimizing problem.

This criterion has two beneficial effects. First, it is a
continuous function of optimization parameters. Second,
such a criterion will tend to generate upright walking patterns
which require little effort to support gravity forces.

5.2. Parameter optimization problem stating
The trajectory parametrization is the solution to use efficient
direct numerical methods for solving the optimal control
problem. Moreover, the parametrization makes easy the
modification of pre-calculated trajectories to apply them to
slightly different situations by the control system. As shown
in ref. [33], low-order piecewise polynomials such as the
cubic spline functions bring several advantages.

Except for the front leg joint coordinates during the
DSP, deduced from the closure conditions (1), (4), and
(7), the joint coordinates are approximated by cubic spline
functions. The optimization parameters are then the values
of these functions at knots uniformly distributed along the
motion time as shown in Fig. 8. The joint velocities and the
accelerations are deduced from cubic splines proprieties. For
each gait phase, knots may be chosen uniformly distributed
along the time history. Let NSS and NDS be the number of
knots introduced to parameterize the SSP and DSP joint
trajectories, respectively. The number of new optimization
parameters, namely the values of qi(tk), amounts to 15(NSS −
2) and 10(NDS − 2) for both SSP and DSP, respectively.
Setting

{
xSS = {qi(tk), i = 2, . . . , 16, tk ∈]0, tSS[ },
xDS = {qi(tk), i = 1 . . . , . . . , 7, 14, 15, 16, tk ∈]tSS, tS[ },

(44)
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and accounting for the transition configuration parameters
defining xB in (12), the complete set of optimization design
parameters can be gathered in a single vector

x = (x1, . . . , xnP
)T = (tSS, tS, xB, xSS, xDS)T . (45)

Then interpolated joint coordinates take the form

i ≤ n, qi (t) ∼= ϕi (x, t) , (46)

where ϕis are cubic spline functions of x and t. If we set

ϕ = (ϕ1, . . . , ϕnP
)T , ∂ϕ/∂t ≡ ϕ,t , ∂2ϕ/∂t2 ≡ ϕ,t2, (47)

the vector u of actuating inputs must be explicitly formulated
as a vector function of x and t. The vector-function u can be
formally written as

u (q (t) , q̇ (t) , q̈ (t)) = U(ϕ (x, t) , ϕ,t (x, t) , ϕ,t2 (x, t))

≡ U(x, t). (48)

In this way, the cost fobj in (43) can be expressed as the
following function of x

fobj (x) = α fSSP (x) + (1 − α) fDSP (x) . (49)

The constraints in Section 4 depending on the running time
t are accounted for at sufficiently close connecting times.
Using the x-representation of qi and u in Eqs. (46) and (48),
All the constraints can be easily reformulated as constraints
depending on x that can be formally reformulate as{

CI
j (x) ≤ 0, j ≤ NIC,

CE
k (x) = 0, k ≤ NEC,

(50)

where CI
j (x) and CE

k (x) stand for inequality and equality
relation constraints, respectively, whereas NIC and NEC are
their respective number.

5.3. Numerical Solving technique
The nonlinear minimization problem stated by the
performance criterion (49) and the constraints (50) can
be solved using Sequential Quadratic Programming (SQP)
methods (an overview is found in ref. [34]).

The SQP, as all numerical optimization methods, provide
a local minimum and are sensitive to the initial guess
solution. To deal with the complexity of this minimization
problem as well as the solving methods limitations, several
stages of gait optimizations are performed with varying
complexity. The constraints are introduced progressively in
the optimization program and the solution is obtained by
a succession of optimizations such that each succeeding
optimization benefits from an initialization starting that is
a previous optimal solution.

The routine fmincon of the Matlab R© package
optimization toolbox, which implements a SQP method,
is used to solve the constrained nonlinear minimization.
Depending on the initial guess solution, the computations,
carried out on a 3 GHz Pentium R© 4, took almost few hours.

6. Simulation Results
The simulations are essentially focused on the validation
of the proposed method. The main kinematic and
dynamic characteristics of the synthesized gaits as well
as their differences with the sagittal gait model and the
human walking features are highlighted to demonstrate its
effectiveness.

The present method was applied for generating optimal
cyclic steps of the 3D model of the anthropomorphic biped
robot BIP,16 which has a weight of 1030 N with a centre
of gravity located at nearly one metre from the ground. Its
modified DH parameters24 and the inertial data are given in
Table I.

The simulations were carried out for given walking speeds
V that are related to the step duration and step length by
the formula: V = lS/(2 tS). Table II summarizes the main
results of several representative simulations concerning gaits
with and without impact heel-touch. Besides, more detailed
and interesting results are given for the impactless walk at
V = 0.5 m/s and the walk with impact heel-touch at V =
1 m/s.

6.1. Impactless walk at V = 0.5 m/s
The stick diagrams in Fig. 9 give an idea about how the
gaits look. The motions are organized as expected: a SSP
followed by a DSP. After the heel-touch both feet rotate
around the heel and the toe, respectively. The obtained gait
appears similar to a human being one except for the excessive
angular rotation of the swing foot, during the SSP, due to its
low contribution in the optimization criterion. The side view
in Fig. 9(a) shows the supporting leg almost fully extended
at mid-swing. It seems to move like an inverted pendulum.
The trunk bends forward, affecting mostly the biped centre of
gravity location in sagittal plane. In the front plane (Fig. 9(b)),
the lateral motion of the stance leg is also that of an inverted
pendulum around the stance ankle. However, the swing leg
remains almost in the sagittal plane probably in order to
reduce the gravity effect on its frontal hip joint torque. The
Fig. 9(c) shows that the trunk remains nearly straight with
low amplitude of the vertical rotation.

According to Fig. 9, it seems that the biped joints perform
complex motions. Indeed, the graphs in Fig. 10 shows that
all joints contribute to perform the walk. However, the
variations of the sagittal plane joints (Figs. 10(a) and (c)),
and in particular for the swing leg (Fig. 10(c)), are larger
than those in the frontal plane (Fig. (b)) and the transverse
plane (Fig. 10(d)). Figure 11 shows that the joint velocities
are continuous over the step. Moreover, the motions in
sagittal plane are clearly faster than in the other planes
(Figs. 11(b) and (c)). Notice that actuators work at low
speeds implying the possibility to take advantage of actuator
torque amplification to improve the dynamic performances.
The torque profiles in Fig. 12 are rough (not smooth). This
feature comes from the linear acceleration profiles inherent
to the cubic spline approximations of the independent joint
coordinates. These jerky variations of actuating torques
indicate also that walking dynamics is very depending from
the joint accelerations.

The transverse joint torques as well as the waist joint
torques evolve with quite small values during the walk. The
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Table I. Biped BIP geometrical dimensions and inertial data.

DH parameters Mass (kg) Mass center Gi Inertia tensor IGi (kg · m2)

i ai αi (rd) di (m) qi (rd) ri (m) i mi Gxi Gyi Gzi Ixx Ixy Ixz Iyy Iyz Izz

0 − 0 0 π/2 0 1 2.34 .024 .151 0 .02 0 0 0 0 0.02
1 0 π/2 .083 0 −.17 2 0.18 0 0 0 0 0 0 0 0 0.12
2 1 −π/2 0 0 0 3 5.93 .258 .028 0 .02 0 0 .07 0 0.29
3 2 0 .41 0 0 4 10.9 .25 .005 .045 .04 0 −.03 .12 0 0.63
4 3 0 .41 π/2 0 5 0.7 .002 −.034 0 0 0 0 0 0 0.63
5 4 π/2 0 −π/2 0 6 3.20 −.005 .107 .029 .02 0 0 0 .01 0.76
6 5 π/2 0 0 0 7 8.80 .11 −.012 −.068 .09 0 0 .09 .01 2.61
7 6 0 .22 0 0 8 3.20 .005 .029 −.107 .02 0 0 .01 −.01 2.57
8 7 −π/2 0 π/2 0 9 0.70 .002 0 .034 0 0 0 0 0 0.75
9 8 −π/2 0 π/2 0 10 10.9 .160 −.005 −.045 .04 0 −.03 .12 0 0.75

10 9 0 .41 0 0 11 5.93 .152 −.028 0 .02 0 0 .07 0 0.58
11 10 0 .41 0 0 12 0.18 0 0 0 0 0 0 0 0 0.22
12 11 −π/2 0 0 −.12 13 2.34 .059 0 .139 .02 0 0 .02 0 0.12
13 6 −π/2 .11 0 .128 14 1.05 0 .047 −.025 0 0 0 0 0 0.67
14 13 π/2 0 π/2 0 15 0.46 0 0 .046 .01 0 0 0 0 0.44
15 14 −π/2 0 0 0 16 48 .405 .013 0 1.2 .31 .11 2.87 0 3.84
σi = γi = εi = 0, i = 1, 2, . . . , 15.

Table II. Main simulation results.

V (m/s) 0.5 0.5 1.0 1.0 1.0

VImpact(m/s) 0 1.1 0 4.32 4.52
α 0.5 0.5 0.5 0.5 0.25
tS 0.88 1.13 0.56 0.47 0.51
%DSP 22 24 33 31 33.5
fSSP 0.088 0.202 0.153 0.094 0.178
fDSP 0.065 0.148 0.176 0.116 0.099
fobj 0.077 0.175 0.130 0.105 0.118

same observation is valid for the other actuating torques,
during a great part of the SSP, except for the hip frontal
torque u7 (Fig. 12(b)) where the trunk is cantilevered. At
the SSP end, u7 diminishes rapidly simultaneously with the
abrupt increase of actuating torques applied at ankle and at
knee joints of the stance leg (u3 and u4, respectively). These
high dynamic responses may be achievable using intermittent
torque operations of actual brushless motors.35

During the DSP, the front leg joint torques augment at the
beginning before their progressive decrease together with
the other torques. Thus, at DSP end, as at SSP beginning,
all actuating torques take very small values. Figure 13 shows

Fig. 9. Stick diagrams of the synthesized gait in: (a) sagittal plane; (b) frontal plane; (c) transverse plane.
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Fig. 10. Joint coordinates time variation.

the time evolution of the contact forces. The friction radius
of the sole, ρ, and the dry-friction coefficient, μ, were set,
respectively, at 0.165 and 0.6, knowing that in the case of
rubber/concrete contact, typical values of μ vary between
0.5 and 0.9. With these set values, the no-slipping of the
biped is guaranteed, particularly during the SSP, where the
normal forces are noticeably higher than the tangential ones.

During the major part of the SSP, the normal contact
force is equivalent to the biped weight except at the end
of the swing where the normal reaction of ground contact
exhibits a peak. During the DSP, the ratio, normal/tangential

forces, diminishes denoting that during this phase the biped
is less stable because of the risk of sliding. The rear foot can
slide momentary at the end of the DSP. As for the actuating
torques, at the DSP end and the SSP beginning, the normal
contact forces are noticeably small. Figure 14 shows the ZMP
locations and centre of gravity (CoG) trajectory projected
on the ground during one cycle. The ZMP moves forward
without jumps at phase transitions. As expected, the ZMP
remains inside the support surface. During the SSP, for the
most time, it is located under the ankle. During the DSP, the
ZMP moves rapidly to positions in the front of the support

Fig. 11. Joint velocities time variation.
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Fig. 12. Time variation of actuating joint torques at V = 0.5 m/s.

Fig. 13. Time variations of reaction forces at V = 0.5 m/s.

area where it comes dangerously close to the stable area
boundary; a falling down danger exists in addition to the
sliding risk mentioned above.

6.2. Walk with impact at heel-strike
As shown in Table II, the increase of walking speed is
achieved by a walking pace augmentation instead the step-
length enlarging. Differently to the slow walk, walking with
impacts at V = 1.0 m/s is more performant than impactless
walk for both walking phases.

The modification in torques and contact forces evolution
profiles relatively to the slow impactless walk is the expect
discontinuity at phases transition. Furthermore, the torques
are amplified (criterion value fobj rises about 40%). Torques

Fig. 14. ZMP trajectory and CoG projected on the footprints over
one cycle.

augmentation is due, first to the inertial forces (from motion
accelerations) such as the torque u8 acting on the frontal
swing hip, second to the impact forces propagated to different
joints such as the front leg knee and sagittal hip joints where
the torque u10 and u11 increase suddenly at the DSP beginning
to balance the impulsive impact force (see Fig. 15(c)). During
a great part of the SSP, sagittal torques evolve with small
values but they stay larger than in the case of the slow walk.
The abrupt increase of the stance leg sagittal ankle torque u3

persists while the stance knee torque u4 does not rise at the
SSP end, contrary to slow impactless walk. By inference, it
seems that the torque u4 has a contribution in the impactless
heel-touch preparation.

Although the rise of actuating torques during the DSP,
they evolve in the same manner than for the slow walk.
The attempt to reduce torque magnitudes during the DSP by
acting on the coefficient α (see the last column of Table II)
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Fig. 15. Time variation of actuating joint torques at V = 1 m/s.

Fig. 16. Time variations of reaction forces at V = 1 m/s.

allowed to decrease slightly torque magnitudes during this
phase but deteriorate the torque quality of the SSP. In fact,
the coefficient α makes a compromise between the dynamics
qualities of both phases and has not a direct effect on the
stability.

As shown in Fig. 16, at the DSP ends, the walking tends
toward a running because of the strongly diminution of
normal forces. Figure 17 shows that the projected CoG
trajectory has fewer oscillations compared to the slow walk
one, while the ZMP moves forward with a small lateral
jump at phase transitions. The evolution of ZMP and contact
forces indicates that the remarks about the stability weakness
during the DSP are still valid.

Fig. 17. ZMP trajectory, and COG projected on the footprints over
one cycle at V = 1 m/s.

7. Discussion
The huge variations, observed through the simulations, in
the evolution of torques and contact forces, clearly show the
complexity of the dynamics of the walk.

In the case of small speeds, actuating torques evolve with
quite small values during the major part of the SSP, showing
a pendulum-like motion. Such a behavior is in agreement
with the experimental results reported in ref. [36], indicating
that there is a very little activity in the leg muscles during
human walk at natural speed. The natural walking speed of
this type of heavy biped robot is probably close to 0.5 m/s
than to 1 m/s where the pendulum effect disappears.

At the end of the SSP, variations in several torque
amplitudes occur. The abrupt increase of the sagittal stance
ankle torque u3 is notable in the case of both impactless and
with impact heel-strike. It seems natural to assume that the
optimal walk should include a stance foot rotation during
the end of the SSP, which would cancel this ankle torque
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augmentation. However, the rise of the stance knee torque
u4 disappears in the case of impact heel-strike gaits. This
torque tends to slowdown the swing motion in order to ensure
impactless heel-touch. During the SSP, the ZMP location
is far from boundaries, which indicates a certain stability
margin, necessary from the practical point of view in order
to recover minor disturbances in the control loop.5

The DSP should be given more attention because of the
risk of contact break. The foot plantar flexion (which is
a determinant for human biped, providing the propulsive
effect) does not exist in the case of the biped robot. As a
result, during the DSP, large actuating torques are required
to initiate the support transfer between the feet. Nonetheless,
thanks to the approach (in Section 3.2) used to solve the
indeterminacy of the inverse dynamics, we achieve a well-
balanced torque solution between leg joints.

According to the CoG trajectories, the synthesized gaits are
dynamically balanced in agreement with the literature that
admits the optimality of dynamic gaits on the static ones. The
increase of walking speed makes the walk with impact heel-
strike more efficient than the impactless gait as displayed in
Table II. Nevertheless, it is necessary to attenuate the impact
forces at heel-touch because of their impulsive effect on the
joint torques.

The synthesized gaits exhibit some similarities with human
walkers, such as the joint coordinate variations, the small
values of the actuating torques during the major part of
the SSP at natural gait speed and the order of magnitude
of the actuating torques. However, torque evolution is quite
different because the important characteristic of the human
biped is the damping ability thanks to the simultaneous ac-
tivation of antagonist muscles, which has not been taken into
account in the rigid multibody model of the mechanical biped
BIP. Moreover, fitting the joint trajectories using cubic spline
functions may contribute to accentuating the difference. In
other words, the anthropomorphic proprieties such as the
masse repartition, the dimensions and the joint arrangement
do not suffice to obtain the same torque evolutions.

In consequence, the simulation results show that the
proposed approach succeeds in highlighting some issues
but may be improved. First, as the approximation function
features have great effects on the walking dynamics, it will
be interesting to examine the effects of higher-order spline
functions on gait characteristics. Second, other optimization
methods can be investigated, such as stochastic search
methods that would be more efficient to reach near-optimal
solutions for such a complex problem. Finally, by introducing
elastic links and subphases in the SSP and the DSP,
simulation results will more closely match the human walk.

8. Conclusion
We proposed a general method synthesizing the cyclic gaits
of three-dimensional biped models with up to 15 active joints.
The walking step was generated by minimizing the quadratic
norm of the joint torques under several physical constraints.

With minimum walking pattern knowledge, gaits were
generated as a succession of SSPs finishing with or
without an impactless heel-touch, which is consistent with
DSPs. The walking cycle posture, the symmetry and the

repeatability requirements as well as the DSP closure
conditions were converted to a set of independent phase
transition configuration parameters characterizing the SSP–
DSP sequences.

During the SSP, the inverse dynamics problem was solved
via an RNEA adapted to the kinematic tree-structures;
whereas in the DSP, the proposed technique helps to
overcome the underdeterminacy of the dynamic equations.
The inverse dynamics problem was reformulated in such
a manner as to minimize the norm of acting forces. The
reaction forces on rear foot were accurately computed from
the inward RNEA taking into account the forces applied on
the front foot already computed.

The dynamics and the kinematics of the motion were
subjected to limitations and conditions in order to get a
feasible, stable, and well-organized gait patterns. These
conditions are interdependent causing some difficulties to
convert them into a number of constraints.

The simulation results have shown the possibilities of the
proposed offline method to synthesize near-optimal three-
dimensional walking patterns satisfying the whole walking
constraints. The obtained gaits revealed several interesting
features of the walking dynamics. Thus, the proposed method
can be viewed also as a remarkable analysis tool.
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