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A general class of solutions is found for the resistive hydromagnetic equation. The
results are applied to the case of a prescribed stagnation point flow. It is shown that
general solutions with magnetic null points exist. Scaling laws for the length and the
width of the current sheet of the solutions are given for the general case. It is shown
that the length of the current sheet increases with magnetic Reynolds number
unless the outflow boundary conditions prevent the sheet length from growing.
The latter would result in the appearance of boundary layers in the outflow region.

1. Introduction

Beginning with Parker (1963) and Sweet (1958), a number of steady-state magne-
tohydrodynamic models have been proposed in order to describe magnetic field re-
connection, a process that has been recognized to be of fundamental importance in
cosmic plasmas. Because of the small reconnection rate in the Sweet—Parker model,
Petschek (1964) introduced the idea that the current sheet is considerably smaller
than the overall system size and that the outer region contains two pairs of stand-
ing slow-mode shocks. These shocks deflect and accelerate the incoming plasma
into two exit jets wedged between the shocks. However, numerical simulations (see
e.g. Biskamp 1986; Scholer 1989) have not been able to produce Petschek-type re-
connection in the case of spatially constant resistivity, since the current sheet in
these simulations expands until it reaches the boundaries; Forbes (1995) has sug-
gested that this is because the boundary conditions are underspecified. In order
to obtain a finite diffusion-region length in such experiments, it was necessary to
constrain the resistivity to a small region. For such a spatially localized resistivity,
which is often the relevant case in physical applications, Petschek reconnection has
been obtained (see e.g. Scholer 1989; Yan et al. 1992). For high magnetic Reynolds
numbers, in regimes where the diffusion region is too long, it becomes unstable to
tearing, and so reconnection can become highly non-stationary (Forbes and Priest
1987).

The models of Sweet—Parker and Petschek were further refined, and it was at-
tempted to achieve analytical solutions for the MHD equations, which is rather dif-
ficult because of the inherent nonlinearity of the equations. For this purpose it was
necessary to simplify the nonlinear resistive MHD equations. This can be achieved
by the use of constraining symmetries, as was done by Parker (1973), Sonnerup and
Priest (1975) and Phan and Sonnerup (1990). A translational symmetry along the
current sheet reduces the MHD equations to ordinary differential equations that
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can easily be solved. The constraining symmetry, however, involves a current sheet
of infinite length. The plasma transported into the current sheet is never ejected.
Furthermore, it is not possible to have a magnetic field component perpendicular to
the current sheet. Solutions based on such a symmetry thus describe magnetic an-
nihilation rather than magnetic reconnection, and so may be regarded as modelling
the central part of a current sheet before the ends are reached. On the other hand,
it is possible to simplify the MHD equations and solve them in the external region
by neglecting the dissipative terms. A solution can then be obtained by matching of
simple waves. This was done by Priest and Forbes (1986) and Heyn el al. (1988) by
matching the external solutions to a Sweet—Parker layer in an integral sense rather
than by a formal two-dimensional matching, which is inordinately difficult and has
not yet been accomplished. As far as the external solution is concerned, the current
sheet degenerates to a singular point or line, and no detailed solutions are given
for the diffusion region where the magnetic field is reconnected. Resistivity and,
correspondingly, magnetic Reynolds number are not included from the external
solutions, but are present in the internal (diffusion) region, which is treated only
in an integral sense.

Recently Jamitzky and Scholer (1995) have performed a boundary-layer analysis
of two-dimensional current sheets appearing in magnetic reconnection. The coordi-
nate normal to the current sheet is rescaled by a power of the (spatially constant)
resistivity in order to obtain inner limit equations that satisfy the symmetry con-
ditions and represent magnetic annihilation to lowest order. They can be matched
to the outer expansion of the incompressible resistive MHD equations with a do-
main of validity smaller than the current sheet length. The characteristic length
for growth of the magnetic field component normal to the current sheet increases
with magnetic Reynolds number, and a Sweet—Parker scaling is found for the ex-
ternal reconnection rate. Although not a proof, this result suggests that in the case
of constant spatial resistivity the current sheet length increases with increasing
resistivity.

The mathematical difficulties involved in solving the full set of resistive MHD
equations for the problem at hand are formidable. Therefore in this paper we shall
approach the physics occurring near magnetic null points from a different point of
view: instead of solving the full set of MHD equations self-consistently, we shall
present a general kinematic study of the magnetic field near null points. A kinematic
study of the magnetic field behaviour near magnetic null points by specifying the
velocity field and constructing solutions of the hydromagnetic equation was first
given by Parker (1973). By choosing a stream function of the form ¢(z,y) ~ zy,
Parker (1973) constructed magnetic field solutions and concluded that the recon-
nection rate is controlled by the diffusion in the neighbourhood of the neutral
point.

In this paper we shall generalize the investigation of Parker (1973). We first
present a new solution method leading to a general class of solutions of the resistive
hydromagnetic equation. This solution method is applied to the class of curl-free
stagnation-point flows. It is shown that the current sheet length of a solution with
a magnetic null increases with increasing magnetic Reynolds number unless the
outflow boundary conditions prevent the sheet length from growing. In the case
of constraining boundary conditions boundary layers appear in the outflow region,
connecting the central current sheet to the prescribed boundary.

The outline of the paper is as follows. After deriving the hydromagnetic equation
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for the case of a two-dimensional incompressible plasma, we shall describe in Sec. 2
a general solution method for incompressible irrotational plasma flows. In Sec. 4
a WKB-expansion is given for the case of high magnetic Reynolds number, and
in Sec. 5 the WKB expansion is applied to general stagnation-point flows with
magnetic null points.

2. The hydromagnetic equation

The system under consideration is a two-dimensional current sheet in the (x,2)
plane with a given plasma flow in the (z,y) plane. Let the system be translationally
invariant in the z direction, i.e. all derivatives in the z direction are zero. The
magnetic field b and the plasma velocity v are supposed to have only components
in the (z,y) plane. For a given plasma velocity v the magnetic field b is given by

b+VxE=0, (1)
where E is the electric field, which is given by Ohm’s law
E+vxb=nj (2)
with 1 denoting the resistivity of the plasma. The current density j and the magnetic
field are related by
j=Vxbh. (3)

It follows from V - b = 0 that one can define a magnetic vector potential A such
that

b=V xA. (4)

By using the translational invariance in the z direction, the magnetic field b in the
(z,y) plane can be written as

b =Va X z, (5)
where a denotes the z component of the magnetic vector potential (flux function).
The current density in the z direction is given by

j=—-Via. (6)

It follows further from the two-dimensionality of the system that the electric
field has only a z component. Ohm’s law can then be written as

— E+v-Va=nVa, (7)

where E is the z component of the electric field. We now focus on incompressible
irrotational plasma flows. The incompressibility condition V - v = 0 allows the
introduction of a potential ¢ such that

v=V¢ Xz (8)
The potential ¢ is also called the stream function. Ohm’s law can then be written
as
— E +a,¢] = nVa, 9)
where the bracket is defined by the Jacobian:

0 (u, v) :%@f@@ (10)
O(x,y) Oxdy Oyor’ '

[u,v] =
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This equation is called the hydromagnetic equation. It describes the behaviour of
the magnetic field under a given incompressible plasma flow. The equation is a
linear inhomogeneous partial differential equation of elliptic type. In the follow-
ing we shall investigate solutions of (9) for special plasma flows, i.e. for prescribed
¢(x,y). We first show that (9) can be solved explicitly for general incompressible
and irrotational plasma flows.

3. Incompressible irrotational flows
A irrotational and incompressible flow is given by a stream function ¢ with van-
ishing vorticity. The vorticity of a plasma flow is defined by

Q=Vxv. (11)
For a two-dimensional system the only nonvanishing component is the z-component
which is given by

Q=-Vp. (12)
In the case of an irrotational flow the stream function therefore has to be a potential

function, and there exists a complex function x(z) of the complex variable z = x +1y
such that

x(@ +iy) = ¢z, y) +i(z, y). (13)
The bracket [y, x| can be written as —2i [¢, ] = —2i|X/ |, where ¥ is the complex
conjugate of y and the prime denotes the complex derivative: X’ = dx/dz. The
Laplace operator is then given by
? 1
0,0y = =—— (03 + 02 14
XN g ) O "
where T(¢(x,y), ¥(z,y)) = |dz/dx|* . Therefore one can write the hydromagnetic
equation in the coordinates (¢, 1)) as

(5 + d)a + dypa = —EL($,1)). (15)

V2 =498,0; =4 'dx
dz

This equation is an inhomogeneous linear partial differential equation with con-
stant coefficients, and can be solved by standard methods. In the following we shall
analyse the hydromagnetic equation in the coordinate system (¢, ¢).

The general solution is given by

P/2 YA o y271/2
a((wp):_Ee ”//r(qshwl)KO([(wl V)" + (61 — @)7] )dw1d¢1

87n 2n
+ ¥/ / 1 (@)e®? Y do + ¥/ / Yo () e®®PY da, (16)
with
1\2
2+ =(—| . 17
“ro (M) o

Here the functions v, and v are defined by the boundary conditions, and K
denotes the zeroth order modified Bessel function of the second kind. Although
a general solution exists, this solution is too complicated to obtain solutions for
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explicit boundary conditions. In the next section a WKB approximation is derived
by which it is possible to solve for arbitrary boundary conditions.

4. WKB approximation

The transition from ideal to resistive MHD is singular owing to the change of order
in the differential equation. In ideal MHD the magnetic field lines are bound to the
plasma, while in resistive MHD the field lines can slip through the plasma owing
to the diffusion term. The topology of the field lines can change even in the case of
small resistivity. In the case n = 0 the hydromagnetic equation degenerates to

la, ¢] = E. (18)

This equation is, in contrast to the original resistive hydromagnetic equation,
of first order. By using the coordinates y and ¢ as independent variables, one

obtains
_0(a,0) _ (0a
=G = <8y>¢[y’¢]’ (19)
Ox
E=—-FEly,z|=-Ely, X(y,9)| = —Ely, 9] <a¢> : (20)
Y
Therefore
da\ Ox .
(), =#(5), .
which gives after integration
a0) = ~E [ 0,X(y,0)dy + Flo) 22)

where X(y,¢) is given by * = X(y, ¢(z,y)) and F is defined by the boundary
conditions. This solution has only one free function F'. This has to be contrasted
to (16), where two functions can be chosen. There exists no regular expansion of
the hydromagnetic equation for small 1. However, there exists a WKB expan-
sion, which has a singular part for n — 0. In the following we determine the
kind of singularity for the homogeneous hydromagnetic equation and then give
the WKB expansion of the hydromagnetic equation for a general stagnation-point

ﬂo\x}e use the fact that the homogeneous hydromagnetic equation

Vi - Vag = nVay (23)
can be transformed to

Viy-Vag = *T]V2(ZH (24)

by ag — e¥/May. Therefore the hydromagnetic equation is invariant under the
transformation ag (z,y,m) — e¥/"ay(x,y, —n). The lowest-order term of the gen-
eral solution for the homogeneous hydromagnetic equation is therefore given by

ag = F(¢) +e*/"G(¢) + O(), (25)

where the functions F' and G are determined by the boundary conditions. This
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solution is a uniform approximation for small 1 of the homogeneous part of the
flux function. The expansion (25) can also be obtained from (16) by expanding for
small 7 . From the exact solution

oo 1/2
an(z,y) :/_ (o) exp{a¢>+ [;n+ <41772 —oﬁ) ]w}da
0o 1/2
+/_Oow<a> exp{a¢+ [2177 - (4:72 —a2> ]w}da, (26)

ap(e,y) = /_ Yi(@) exp (a¢ + ;w) da + /_ Y2(a) explag)da+O0(n), (27)

one obtains

where the functions v; and 2 are given by the boundary conditions. Therefore the
functions F' and G from (25) are given by

F() = /_ 72(0) exp(ag) da, (28)
G(9) = /_ () explad) da. (29)

It can be seen from (25) that the expansion of the homogeneous solution has an
essential singularity for n — 0, owing to the appearance of the term e*/", which
has no power-series expansion in the case of small n. This singularity is due to the
change of order of the differential equation (23) for vanishing 7, and corresponds
to the appearance of boundary layers near the outflow boundary.

Another singularity appears in the inhomogeneous part of the flux function at
positions where v? = 0. At these locations the magnetic field has to approach infinity
in order to result in a finite electric field v xb = —EZ . In order to obtain a spatially
uniform approximation for small 7 of the inhomogeneous part of the flux function
that is also valid near the current sheet centre where the resistivity is important,
we solve the hydromagnetic equation in (¢, ¢) coordinates:

N3+ 0)a+ dy.a = —ET (¢, ). (30)

A boundary layer appears near the stagnation point where v? = 0. By a rescaling
of the coordinates (¢, 1), one obtains an equation that shows no change of order in
the case of vanishing 1. One uses the form x = nx, and finally obtains

(0% +0%)a + dya = —EL(9,)), (31)

with T'(¢,v) = nT'(ng,np). For a general stagnation-point flow the function y be-
haves near the current-sheet centre like

2
_ bz 4
=22 4 . 2
x= 5 +OEY (32
Therefore one obtains for small n
_o L, 1 .
(¢, ¢) = 5—— T On). (33)
20y |X|
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Equation (9) can thus be written as
EL, 1
200 (G2 + )
This equation is the WKB approximation of (9) in the case of small 7, and by

solving this equation one obtains spatially uniform approximations of the original
equation (9). An inhomogeneous solution of (34) is given by

_EL,
Vo

(05 +0%)a+dga = — +0(n). (34)

1/2

ar

Ei([§ + (§* +9)1 /2113, (35)

where the function Ej is defined by

Y N n 5.
B = [ e [ e dysa, (36)
0 0

By combining the asymptotic homogeneous solution (25) and the asymptotic
inhomogeneous solution (35), one obtains a spatially uniform asymptotic solution
of (9) for small n

1/2
a= %El <<w2|x') ) + F(¢) + e¥/"G(¢) + O(n). (37)

Vo

For small n two boundary layers appear: one due to the vanishing of the plasma
velocity near the origin, and another due to the reduction of degree of freedom at
the outflow boundary.

The transformation (z,y) — (¢, ¥) maps the x and y axes to the axis ¢ = 0, since
the stream function has to vanish on the z and y axes owing to symmetry; the z
and y axes are streamlines of the stagnation-point flow. The z axis corresponds to
1 > 0 while the y axis corresponds to ¥ < 0. By expanding the solution (37) for
small ¢ at the location ¢ = 0, one obtains

EL.
al0,) = =2+ 0(9.0) (38)
for ¢ > 0 and
a(0,1) = 4 Oy + O, ) 39

for ¢p < 0. From the expansion of a general stagnation-point flow near the origin
(32), one obtains for the function ¥

2 2
Vp T —Y

’l/)({E, y) = [: 9 + O(xJ‘a y4)a (40)
and therefore
2
a(0,y) ~ f% +0(yY), (41)
a(z,0) ~ nz® + O(z*). (42)

The current-sheet thickness d therefore scales like d ~ 1'/? while the current sheet
length L scales like L ~ n~!'/2. In the next section the general results are applied
to a specific example in order to obtain the response of the system to well-defined
external parameters.
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5. A specific example

The solution method obtained in the last two sections is now applied to a specific
stagnation point flow. A specific flow that describes a converging or diverging stag-
nation point at the origin is given by the following two solutions of the Laplace

equation:
x1(2) = %212 (cosh? — 1) , (43)
x2(2) = Z—ZZQ (cos? — 1) , (44)

where the parameter [ describes the convergence of streamlines in (43) and the di-
vergence of streamlines in (44). These two solutions can be unified into one solution:
Vo ;9 z

z)= —I~ (cosh - — 1) 45

x(2)= 7 : (45)

where the parameter [ can now be real or imaginary and describes the convergence

(I? > 0) or divergence (I* < 0) of the flow lines respectively. In the case of large

[ the stream function ¢(x,y) turns into the stagnation-point flow ¢ ~ zy used by
Parker (1973). From (45), one obtains the stream function

oz, y) = %212 sinh % sin % (46)

The inflow velocity v, is therefore given by 9,¢(0, L) :
Ve = — sin —. (47)

By expanding for small z, one obtains (32). The approximation (37) can therefore
be applied. This can also be seen from the expansion of the function I') which is
given by

. L.
nl'(ng, ny) = !

200 x| +0(n), (48)

where the function I' is given by

91

2
) X

T(y)=|2—y + 2= 49
0= (49)

A uniform approximation can thus be written as

EL, VNG
a=lep, ((wn'x') +F(9) + €*/7G(0) + Oln). (50)
0

Contour plots of the flux and stream function for the cases (from top to bottom)
l/L. = 00,0.5i and 0.5, i.e. for the stagnation point flow ¢ ~ xy and a diverging
and converging plasma flow, are shown in Fig. 1. The flux function is plotted in
the panels to the left and the stream function to the right. In all cases the inflow
boundary condition a(z,L.) ~ x is used. A converging plasma flow results in a
shortening while a diverging flow results in a stretching of the current sheet. No
change in the thickness of the current sheet is observed.

From the solution (50), one obtains the following scaling laws for the length L
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Figure 1. Contour plots of the flux (left) and stream function (right) for the cases
l/Le = 00,0.5i and 0.5 (from top to bottom), i.e. for the stagnation-point flow ¢ ~ zy
and a diverging and converging plasma flow. A converging plasma flow results in a short-
ening, while a diverging flow results in a stretching of the current sheet. No change in the
thickness of the current sheet is observed.

and width d of the current sheet:

2
(II/;) ZRmMeLLe sin %, (51)
d\* 1 ~

The current-sheet length increases for increasing magnetic Reynolds number un-
less the outflow boundary conditions constrain the current sheet to a finite length.
For large I, (51) can be expanded in 1/I, and one obtains

L 12 1 L? 1 _

For converging streamlines (12 > 0) the current sheet length decreases, while for
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diverging stream lines (1> < 0) it increases. As has been shown in the last section, the
term e*/"G(¢) in (50) corresponds to a boundary layer in the outflow region because
of the essential singularity of the function e¥/". This term generates a boundary
layer in the outflow region, which prevents the current sheet from growing. For
an open outflow region this term will not appear, and the current sheet can grow
indefinitely in length.

The dependence on the resistivity n of the scaling laws (51) and (52) has already
been obtained in the last section. The additional dependence on the reconnection
rate M, and the convergence/divergence of the plasma flow [ produces merely a
relative change in the exact length and width of the current sheet, but the general
behaviour for large magnetic Reynolds numbers is similar in each case.

6. Conclusions

In this paper a general solution method has been given for the hydromagnetic equa-
tion in the case of an incompressible irrotational two-dimensional plasma flow. The
method has been applied to stagnation-point flows as appear in magnetic recon-
nection near magnetic null points. It has been shown that the current-sheet length
grows for increasing magnetic Reynolds number R, with the square root of R,,,
independently of the specific stagnation-point flow chosen. This may have implica-
tions concerning the process of fast magnetic reconnection in the case of constant
resistivity 7. In the Petschek model the size of the diffusion region is small for large
magnetic Reynolds number. This fact is crucial for the logarithmic dependence of
the reconnection rate on the magnetic Reynolds number. In the case of a growing
current sheet the reconnection rate is limited by the Sweet—Parker rate, which is
much smaller for large magnetic Reynolds numbers than the Petschek value. Nu-
merical simulations have shown that the current sheet length can be held fixed by
spatially localizing the resistivity (Scholer 1989; Yan et al. 1992). A similar kine-
matic analysis as done here for spatially uniform resistivity has been done for the
inhomogeneous resistivity case (Jamitzky and Scholer, submitted). The current-
sheet length is then indeed limited by the spatially distribution of the resistivity.
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