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The contribution of this paper is threefold. First, a characterization theorem of the
subhypotheses comprising the seasonal unit root hypothesis is presented that pro-
vides a precise formulation of the alternative hypotheses associated with regression-
based seasonal unit root tests. Second, it proposes regression-based tests for the
seasonal unit root hypothesis that allow a general seasonal aspect for the data and
are similar both exactly and asymptotically with respect to initial values and sea-
sonal drift parameters. Third, limiting distribution theory is given for these statistics
where, in contrast to previous papers in the literature, in doing so it is not assumed
that unit roots hold at all of the zero and seasonal frequencies. This is shown to alter
the large-sample null distribution theory for regression ¢-statistics for unit roots at
the complex frequencies, but interestingly to not affect the limiting null distributions
of the regression f-statistics for unit roots at the zero and Nyquist frequencies and
regression F-statistics for unit roots at the complex frequencies. Our results there-
fore have important implications for how tests of the seasonal unit root hypothesis
should be conducted in practice. Associated simulation evidence on the size and
power properties of the statistics presented in this paper is given that is consonant
with the predictions from the large-sample theory.

1. INTRODUCTION

This paper considers testing for seasonal unit roots in a univariate time-series
process, that is, whether or not the data generating process (DGP) for the time
series admits unit roots at the zero, Nyquist, and harmonic seasonal frequencies.
We allow a general seasonal aspect for the data and permit the drift parameter
to vary across the seasons under the null hypothesis that the data are generated
by a seasonal random walk DGP. Differential seasonal drift allows the amplitude
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of the variation across the seasons of the deterministic component in the level of
the time series to vary (linearly) through time so that its relative magnitude may
be maintained. Constant drift implies that the amplitude is constant over time.
The tests considered in this paper are similar, both exactly and asymptotically,
with respect to the possibility of differential seasonal drift and also to initial
conditions.

Existing tests for seasonal unit roots are predicated on more restricted specifi-
cations for the deterministics or are confined to consideration of particular values
for the seasonal aspect of the data. Hylleberg, Engle, Granger, and Yoo (1990)
develop regression-based tests for seasonal unit roots in a quarterly context as
separate ¢- and F-tests for unit roots at the zero, Nyquist, and annual frequencies.
They consider regressions that may include an intercept, seasonal intercepts, and
a trend variable. Depending on the DGP when seasonal unit roots are present
and which regression formulation is adopted, the corresponding statistics will
be similar, both exactly and asymptotically, with respect to particular nuisance
parameters, for example, initial values and the value of the drift parameter in the
DGP. Ghysels, Lee, and Noh (1994) provide critical values for other F'-statistics
of interest in the quarterly context. Beaulieu and Miron (1993) discuss the cor-
responding test statistics appropriate for monthly data. Smith and Taylor (1998)
and Taylor (1998) have generalized the regression-based approach of Hylleberg
et al. (1990) and Beaulieu and Miron (1993) to allow for differential seasonal
drift in quarterly and monthly scenarios, respectively. However, the Hylleberg
et al. (1990) tests are not similar (either exactly or asymptotically) with respect to
drift that displays seasonal variation. As noted by Ghysels et al. (1994, p. 436),
the safer strategy in applications is to include potentially irrelevant deterministics
to avoid erroneous inferences.

In Section 2 we outline our reference seasonal unit root testing model, which is
specified as a general autoregression with possibly seasonally varying drift. Sec-
tion 3 presents a decomposition of the autoregressive (AR) polynomial in terms
of polynomials that isolate the possible unit roots corresponding to each spectral
frequency. Section 4 develops a regression-based approach to testing for seasonal
unit roots and explores the impact of the decomposition of Section 3 on testing
for seasonal unit roots. Section 5 details representations for the asymptotic null
distributions of the seasonal unit root statistics. Here, and in contrast to previous
papers in the literature, we do not assume in deriving our results that the unit
root null hypothesis holds at all of the zero and seasonal frequencies. Relative
to the case where unit roots are present at all frequencies, this is shown to alter
the large-sample null distribution theory for regression 7-statistics for unit roots
at the complex frequencies, but to not affect the limiting null distributions of the
regression ¢-statistics for unit roots at the zero and Nyquist frequencies and re-
gression F-statistics for unit roots at the complex frequencies. The limiting null
distributions of joint F'-statistics for unit roots at all of the seasonal frequencies,
and at both the zero and all of the seasonal frequencies, are also both unaffected.
A Monte Carlo investigation into the finite-sample properties of the statistics is
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provided in Section 6 and shows that the limiting distribution theory provides a
useful prediction for small-sample behavior. Our work therefore provides a use-
ful complement to the work of Taylor (2003), who showed that the limiting null
distributions of the seasonal unit root tests of Canova and Hansen (1995) are not
pivotal in the presence of unattended unit roots at the zero or seasonal frequencies.
Our results enable us to make firm recommendations on which of the available
statistics should (and which should not) be used in practice. Section 7 concludes
the paper. An Appendix contains the proofs of our main results and some general
results on circulant matrices.

2. THE SEASONAL UNIT ROOT MODEL

Let S denote the seasonal order of the data; for example, if the time series is
quarterly, S =4, or, if monthly, S = 12. The model for the univariate time series
process {xs;+s} is given by

a(L)[x5,+s—ys*—5:(St+s)]:usH_s, s=1-8,...,0, t=1,2,...,
2.1)

where a(z) is an AR polynomial of order S, a(z) =1 — Z 10 **zJ. We adopt
the following convention for the lag operator L here and throughout the paper:
namely, L operates on the process {xs;4} in the standard manner, L5/ +Kxg, =
X$(—j)+s—k» Whereas, for the purely seasonally varying coefficients, L5/ *
(=0 sjo) =1 LI (= 0_g;_ ) =0 if 1=S<s—k <0andyg
and 5;+s—k otherwise, k =0, .. S 1, j =1,2,.... The specification (2.1) al-
lows for the presence of differential seasonal intercept and time-trend terms via
v and o, respectively, s =1 —S,...,0. The error process {us;+s} in (2.1) is
assumed to follow an A R(p) process, namely,

d(L)usrts = €sr+s, (2.2)

where ¢(z) =1 — Zf’zl ¢;7' is a stationary (the roots of ¢(z) = 0 all lie outside
the unit circle |z| = 1) AR polynomial of order p, 0 < p < oo, and {eg;4s} is
a martingale difference sequence (MDS) with constant conditional variance, 2
for precise assumptions on {€s;4}, see Fuller (1996, Thm. 5.3.5, pp. 236-237).
For notational convenience, we define $* as (S/2) — 1 (if S is even) and [S/2]
@if S is odd), where [S/2] is the integer part of S/2.

Combining the AR(S) process (2.1) for {xg, s} with the AR(p) process (2.2)
for the error process {us;+s}, we may recast the AR (S + p) process {xs;s} alter-
natively as

a*(L)xsi45s =y 4+ 07" (St +5) + €514, s=1-85,...,0, r=1,2,...,
2.3)
where the AR(S + p) polynomial a*(z) = a(z)¢(z) =1 — ZZS+1pa Z,y =

S S S
OF =X oty D430 jars:_;, and 07" = (67 = X2 atdr_ ).
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This paper is concerned with regression-based tests for seasonal unit roots in
the autoregressive AR(S) lag polynomial a(z); that is, the null hypothesis of
interest is

Hy:a(z)=1-2z5%; (2.4)

the corresponding alternative hypothesis Hj is stated in Section 3.

The hypothesis Hy of (2.4) induces y;"* = S(5; — 2]1-;1 ¢jd;_;) and 6{* =0 in
(23)as y =y gand d; =9J;_g, s =1—S5,...,0. Thus, the DGP for {xg;4.} is
that of a seasonal unit root process with seasonal drifts

ASxSl+S=ys**+uSt+Ss SZI—S,...,O, t=1325"'a (2'5)

where Ag = 1 — LS is the seasonal difference operator. Solving (2.5) for the level
process {xs;+s} results in

t
Xsips = Xs 7550+ Usps, s=1-5,...,0, r=1,2,.... (2.6)

v=1

Under Hy, there is no deterministic trend present in the DGP of the differenced
process {Asxs;ys} and, therefore, deterministic /inear trends in the level pro-
cess {xs;ys} through the presence of the differential seasonal drifts, y*, s =
1—-3S,...,0, indicated by (2.6). Moreover, the specification (2.1)—(2.2) and (2.3)
ensures that the deterministic trending behavior of the level process {xs;4s} is lin-
ear under both Hy and the alternative hypothesis when a(z) is a stationary AR(S)
polynomial as is evident from a comparison of (2.3) and (2.6). Consequently, we
can see from a comparison of (2.3) and (2.6) that the level process {xg;4+} will
display similar deterministic /inear trending behavior in both trend-stationary and
seasonal difference-stationary environments, that is, whether or not the seasonal
unit root hypothesis holds. Moreover, from (2.6), the amplitude of the seasonal
variation of the deterministic component x; 4 y.*f of {xg;1} is permitted to vary
through time in a linear fashion, s =1—-S,...,0,r=1,2,....

We may also identify other scenarios of interest within (2.1), and hence (2.3),
that are special cases thereof: (i) no intercept, no time trend: y;* =0, J; =0,
s =1-=2S5,...,0; (ii) intercept, no time trend: y; =y*, s =1-S5,...,0,

oy =0,s=1-38,...,0; (iii) seasonal intercepts, no time trend: J; =0, s =1 —
S,...,0; (iv) intercept, time trend: pS = y*, s =1-S,...,0, 67 = J",
s =1-=85,...,0; (v) seasonal intercepts, time trend: J; =o*,s =1-5,...,0.

3. A CHARACTERIZATION THEOREM

In formulating regression-based tests for seasonal unit roots, previous studies em-
ploy an alternative representation for the polynomial a*(z) = a(z)¢(2); see, for
example, Hylleberg et al. (1990, prop., p. 221) and the local expansion approach
of Smith and Taylor (1998, eqn. (2.9), p. 272) and Smith and Taylor (1999,

https://doi.org/10.1017/50266466608090166 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466608090166

REGRESSION-BASED SEASONAL UNIT ROOT TESTS 531

eqn. (2.11)). This representation for a*(z) employs filters that remove the pos-
sibility of seasonal unit roots in {xs;4s} apart from at the seasonal frequency of
interest. However, although the decomposition for o*(z) given in these papers en-
ables one to identify particular resultant regressors with specific subhypotheses
of Hy of (2.4) defined at the seasonal frequencies, the corresponding subhypothe-
ses forming the alternative against which the null hypothesis Hy is being tested
remain unclear. Proposition 1 which appears later in this section, resolves this am-
biguity and enables an exact description of the alternative hypotheses examined
by the test statistics of earlier research and those discussed here.

We denote the seasonal frequencies as wy = 27k/S, k =0,...,[S/2]. There-
fore, letting i = /(—1), we factorize the AR(S) polynomial a (L) at the seasonal
frequencies as

a(L) = [T wr (L), 3.1)

where the lag polynomial

wo(L)=(1—agl) 3.2)
associates the parameter o with the zero frequency wy = 0; the lag polynomials
wp(L), k=1,...,8% in (3.1) correspond to the conjugate seasonal frequencies
(wk, 2 — wy ), respectively, whose roots occur as the conjugate pair ay = i, and
are defined by
(L) = [1 = (ax + Bri) expior) L1[1 — (ax — Bri) exp(—iowg) L]

=1 —2(ax cosawg — Sy sinwg) L+ (af + fHL2, (3.3)
with corresponding parameters oy and S, k = 1,..., S*, together with
wspp(L) = (1+aspL), (3.4)

with the Nyquist frequency wg/» = & parameter ag/» when S is even.
Consequently, the null hypothesis Hp of (2.4) may be partitioned as

Ho = (NeH ) N (OcHE,), 3.5)

where H{', :ax =1,k =0,...,[S/2], and H), : fr =0,k = 1,..., S*. The hy-
pothesis Hg'( : a9 = 1 corresponds to a unit root at the zero frequency wy = 0,
whereas H(‘)’E s ias/p= 1 yields a unit root at the Nyquist frequency ws/, = .
A unit root at the conjugate seasonal frequencies (wg, 27w — wy) is obtained under
Hox = H{ NV HY . thatis, Hox tox =1, 5 =0,k =1,..., 5",

The alternative hypothesis, denoted Hj, may be succinctly stated as H; =
U,[{S:/g]Hl,k where the subhypotheses Hi o:ao < 1,Hj« :a,%+ﬁ,% <l,k=1,..., 8%
and Hy g2 : as2 < 1,if S is even. Notice, therefore, that the maintained hypoth-
esis Hyo U H; excludes the possibility of unit roots at all frequencies other than
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wk, k=0,...,[S/2], and permits the possibility of a single unit root at frequen-
cies wg, k = 0,[S/2], and a complex conjugate pair of unit roots at each of the
harmonic seasonal frequencies wg, k =1,...,S*.

Under Hox = Hg\; N H({ «» the polynomial wy (z) of (3.3) becomes

a)g(z) =[1 —exp(iwg)z][1 —exp(—iwk)z]
=1—2coswyz +z2,

k=1,...,8% Similarly, under H&O ca0 = 1, wo(z) of (3.2) reduces to wg(z) =
1 —z, and, if S is even, under H&S/z tasp=1,ws/2(z) of (3.4) is wg/z(z) =14z

A more convenient parameterization for the null hypothesis Hy of (2.4) and its
constituent subhypotheses Hox, k =0, ...,[S/2], than that given in (3.2)—(3.4)
may be obtained in terms of deviations of length and phase from the seasonal unit
roots exp (Liwg), k =0, ...,[S/2]. Define the length ry = (a,% —|—ﬁ,§)1/2 and the
phase shift 6 = tan~! (S /ax). Hence, from (3.3),

ok (z2) =[1 = rrexpli (Ok + ox)1z][1 — ri exp[—i (O + wp)]z]
=1—=2r;cos(@x +wr)z+ r,?zz. (3.6)

Therefore, from (3.6), we may express

w0k (2) = @ (2) + yrl—(cos g — 2)z] + d[sinwyz],

where

= r,f -1, Ok = (sinwk)_l((r,f — 1) coswy — 2[rg cos(Ox + wy) —coswy]),
3.7)

k=1,...,8" For frequencies wp and ws2, wo(z) = a)g(z) — Y0z, wWhere yg =

ro—1,and wg/2(z) = wg/z(z) + 75,22, where ys/2 =rg/> —1.In (3.7), the param-
eter yy represents the deviation of the length of the kth root from unity, and d is a
combination of the length deviation y; and the phase shift 6,k =1,..., S*. Thus,
the seasonal unit root hypothesis Hy x may be reexpressed as Ho x = Hg, N Hg; "
with

Hoy’k:ykzo, H{ik:ékzo,

where the subhypothesis H{, : yx = 0 is the unit root length restriction rf = 1
and, conditional on H& k=0, H(i « - Ok = 01is the phase shift restriction 6y =0
in (3.6) as, under y; =0, oy = —2[cos(Or + wy) —coswy]/sinwy, k =1,..., S*.
Correspondingly, the alternative hypothesis Hj s may be simply expressed as
H{ :yk <0,k=0,...,[5/2].

The following proposition defines a decomposition of the AR(S + p) polyno-
mial a*(z) in terms of polynomials Ag(z), defined subsequently, associated with
the seasonal frequencies wg, k =0, ..., [S/2]. In particular, the polynomial Ag(z)
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involves seasonal filters that, under the maintained hypothesis Hy U Hj, remove
the possible presence of seasonal unit roots at all seasonal frequencies w;, j # k,
apart from wg, k =0,...,[S/2].

PROPOSITION 1 (Characterization theorem). The polynomial a*(z) = o
(2)¢ (z) may be expressed as

a*(2) = ¢ (D) As(2) = 12 AY () = 75205 (2)
[S/2]
— Y @} JI—(coswr — 2)z] + 7] plsinwrz]) AQ(2), (3.8)
k=0

dropping the term —n;/zz Ag/Z (z) if S is odd, where
Ty =—Ng70 ”5/2 = AE/ZVS/Z’
n,:"a = Re(Ap) vk — Im(Af)ox, n,:’ﬁ = Re(A;) +Im(AL) vk, (3.9)

k=1,....8% ¢*"(zx)=1-— le ¢>l-*zi is a stationary polynomial, the parameters
vk and Oy are defined in (3.7), Ag(z) = _H[‘i/l?]jzo w,?(z), and

* Ak[exp(_lwk)]

= Allenp( i P00

Ae() = =TI ok (@), k=0,....[5/2]

Remark 1. Observe that

M@ =—(+z++5D,  A§p@)=-(U—z+2 = =5,

0 1 S—1 ) )

Ak(z)z_smw Y sin[(j 4+ Dexlz’, (3.10)
kj:()

k=1,...,5% see Smith and Taylor (1999, eqn. (2.16)).

It is immediate from Proposition 1 that the subhypotheses Hy x = Hoy N Hg «
of a seasonal unit root at frequency wg, k =0, ...,[S/2], may be simply restated
from (3.9) in the form

H()’()Iﬂé|= =0, Ho,s /2 :7T§/2=0,
Ho . : 72']:1(1 = ﬂ-lf,ﬁ =0, 3.11)

k=1,...,5% However, the corresponding subhypotheses Hly’k 19k < 0 of the

alternative hypothesis H| = U,[i/g] HIV  may not be simply expressed in terms of

the coefficients 7 , and 7 5, k =1, S, 8%, of (3.9).
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The polynomials zAg(z), ZAg/z(Z), —(coswg —2)zA%(2), and sinayzAd(2),
k=1,...,8% in(3.8) are precisely those employed in earlier research when cons-
tructing regression-based - and F'-tests for seasonal unit roots; see, among others,
Hylleberg et al. (1990), Ghysels et al. (1994), Beaulieu and Miron (1993), and
Smith and Taylor (1998). However, Proposition 1 emphasizes that the correspond-
ing regression coefficients 7 ,f qand ,j y; of (3.9) are both (linear) functions of the
length deviation parameter y; and the composite length deviation and phase shift
parameter dg, k = 1,..., §*. This observation holds even in the special case when
Ar(z) = Ag(z), that is, there are unit roots at all other seasonal frequencies j # k,
and, thus, Re(A}) = Re(plexp(—iwy)]) and Zm(A}) = Im(plexp(—iwy)]).
However, if the order of the AR polynomial ¢(z) is also zero, that is, p = 0,
then Re(Ay) =1 and Zm(Aj) =0, in which case

a*(z) = As(z) — [or(2) — o (2)1AR(2),

= As(z2) — e[ —(cos oy — 2)z] AL (2) — e [sinagz] AL (2).

Therefore one can uniquely identify the unit root length restriction y; = 0 with
the polynomial —(coswy — z)z Ag(z) and, conditional on y; = 0, the phase shift
restriction 6y = 0 with the polynomial sinwyz A,?(z), k=1,..., 5" We comment
further on the impact of these results for testing Hy of (2.4) in the discussion of
Section 4.

For completeness, we detail the relationship between the general decomposi-
tion for a*(z) given in Proposition 1 and the local expansion approach of, for
example, Smith and Taylor (1998, 1999). To do so we reparameterize (3.1)—
(33)asapg=1+mo, ax =1+ (wx,a/2), fr =7k p/2, k=1,...,8%, and, if S is
even, a5/ = 1 +mg)y. Hence, yo = 70, Yk = 7k,a +0(Tk,a), Ok = wi,p +0(7k p),
k=1,...,8% and, if S is even, y5/» = ms/2. We therefore obtain the following
result.

COROLLARY 1 (Local expansion characterization theorem). The polynomial
a*(2) = a(z)¢(z) may be expressed as
a*(2) =" (2)As(z) — m{zAd(2) — ng‘/zzAg/z(z)
S*
= Y (xf [ (cosap — )z + 7} ylsinwrz]) A (2) + 0({Th - Tk )
k=1
dropping the term —m§ »z A(S)/z (z) if S is odd, where
5 =—¢()mo, 7r§/25¢(—1)7r5/2,
T o = Re(@lexp(—iwx) Dk,a — Im(plexp(—iwi))xr, g,
. p = Re(@lexp(—iwp) Dk, g +Im(plexp(—iwp)Nak,a,

k=1,...,8% and p*(2) =1— le ¢l-*zi is a stationary polynomial.
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As before, it is only in the case when the order of the AR polynomial ¢ (z) is zero,
that is, p = 0, and, thus, Re(¢[exp(—iwg)]) = 1 and Zm(¢plexp(—iwg)]) = 0,
that in the local expansion of Corollary 1 one can uniquely identify the pa-
rameter 7, with the polynomial —(cosay — z)zA(z) and the parameter 7 g
with the polynomial sina)szg(z), k=1,...,5% cf. Smith and Taylor (1998,
1999).

4. TESTING FOR SEASONAL UNIT ROOTS

Given the decomposition for a*(z) detailed in Proposition 1, we substitute (3.8)
into (2.3) to obtain the linear regression

P (L) Asxsiqs = 7" 4077 (St +5) +TGX0,5145—1 + TS )2X5/2,St+5-1

S*
+ o3 st + T g3 51 1) F Estbss @1
k=1
dropping the term n§/2x5/2,5,+s_1 if Sisodd, s=1-S,...,0,t=1,2,...,

with the transformed level variables xo, s+, X5/2,5:+s> Xf. 45> and xf, Siqsr k=
1,..., 8%, defined from (3.10) by

S—1 S—1
X0,S14s = Z XSt+s—j> XS/2,St4s = Z cos[(j+ D)7 Ixsq5—j,
i=0 j=0
S—1
xltcx,St+s = Z cos[(j + l)wk]xStJrs—j:
j=0
p S—1
X s = = 2, S0 + Donlxsias—;, 4.2)
j=0

k=1,...,S8* For quarterly, S = 4, and monthly, § = 12, data, the relevant trans-
formations are given in Smith and Taylor (1999). In what follows we assume that
the investigator has available sufficient (p + S) presample values of the lagged
seasonal differences {Agxs;4s}r<0 to accommodate the pth-order AR polyno-
mial ¢*(z) and the seasonal difference operator A g together with the observations
XSt4s, s =1—8,...,0,t=1,...,T.

The auxiliary regression (4.1) provides the basis of a testing procedure for the
presence or otherwise of unit roots at the kth seasonal frequency, that is, Ho
of (3.11) against Hly’k 1y <0,k=0,...,[S/2]. In particular, to test whether or
not a unit root is present at the kth seasonal frequency necessitates a test for the
exclusion of the regressor xo s/4s—1 if k =0, x5/2 5145—1 if k = §/2, and both

XE Srs—1 and xlf,St+s—l ifk=1,...,5% in(4.1).
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In the quarterly context, S = 4, Hylleberg et al. (1990) consider ¢-tests for
the individual hypotheses H(7)[,0 iy =0, H& q: 7r1*’0z =0, H& ’i : ”1*, p= 0, and
Hé”z : 1y = 0 together with an F-test for Hy; = H(;T,(i N H(;rfli, that is, nl*’a =
Ty =0 in the auxiliary regression (4.1) with a common trend parameter d; = J,
s=1-=85,...,0. Hylleberg et al. (1990) argue that a two-sided ¢-test of H(;i’i :
7r1*’ 5= 0 is appropriate and that, if H(i /f is accepted, one should continue with
a one-sided f-test of Héi‘i : 7y, =0 against Hlﬂ‘i : 7wy, < 0. However, as
detailed in Proposition 1, the coefficients 7| , and Ty p are generally a linear
composite of the length deviation parameter y; and the parameter J; that is a
function of the phase shift parameter #; but also involves y; (unless y; = 0);
see (3.7). It is only in the presence of unit roots at both frequencies wo and w;
and when the AR polynomial ¢ (z) of (2.2) is of order p =0 that z{ , = y; and
Ty p= 01. These circumstances would suggest first conducting a one-sided 7-test
for Hérj : i, = 0 against Hln‘i i, <0 and second, if H&‘i i, =0is ac-
cepted, in which case 7 1* p= —2cos(t + 7 /2), conducting a two-sided -test for
Hg, N 15 = 0 against H 1” I Tl FE 0.! However, in general, because in practice
it is typically the case that p > 0 and there is usually no a priori basis for a belief
that unit roots are present at all other frequencies, an appropriate test for a sea-
sonal unit root at frequency wy should be an F-test for H x : n,:"a = n;’ﬂ =0,k=
1,..., 8%, together with one-sided #-tests for Ho : 7y = 0 against Hy g : w5 <0
and, if S is even, Ho s> : ﬂ§/2 = 0 against Hy g/ : 7r§/2 < 0, a recommenda-
tion supported by the limiting distribution theory in Section 5 and the Monte
Carlo evidence of Section 6. Note that the implicit alternative for the F-test for
Hok:nf, =nf,=0is HT; : (nf , #0)U(xf 5 # 0) rather than H{ ; : yx <0,
k=1,...,5"

In what follows, we will denote by 7y and g/, the regression t-statistics for
Hyo :m5 =0 and Hy s/ : 7r§/2 = 0, respectively, in (4.1), by ¢ and tkﬂ the
t-statistics for H&‘,‘{ i, =0 and Hg,i : n;’ﬁ = 0, respectively, k = 1,..., 5%,
by Fy the F-statistic for Hy x = H(;T",‘{ N H(;i‘,i, k=1,...,8% thatis, the test statis-
tics for the exclusion of xq s;45—1 if & =0 (1), x5/2,5145—1 if k =8§/2 (t52),
and x{ g,y 1 (6, xf g4y @F). and both x{ g,y and X g,y (Fo) if k =
1,..., 8%, in (4.1). Furthermore, F_[s/2) and Fo, [s/2] are the F-statistics for
the joint hypotheses ﬂ,[i/lz] Hy,x and ﬂ,[i/g] Hy,k, respectively. We will continue
to adopt this notation to represent the corresponding ¢- and F- statistics for the
special cases of (2.1), and hence of the auxiliary regression (4.1), considered at
the end of Section 2.

We conclude this section by demonstrating that tests based upon the statistics
defined previously from (4.1) are exactly similar with respect to both the initial
conditions {xs}(s)zl_ s and the seasonal drift parameters {Vs**}?=1_ - For simplic-
ity, but with no loss of generality, these results will be demonstrated under the
overall null hypothesis, Hy of (2.4).
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As the time-trend parameters d; =0, s = 1—S,...,0, under Hy of (2.4),
it follows from (2.6) that the seasonally demeaned process {Xs;ys} may be
written as

1 T t
XS14s = XSt4s — X5 = Vs**(t -1+ 2 USv+s — T~ z 2 USv+s> 4.3)

v=1 t=1lv=1

which is invariant to the initial conditions {xs}gzl_ 5> Where 1 = 71 Z,T: ¢ and
X =T7" 2,T=1x5,+s, s=1-85,...,0,t=1,2,...,T. From (4.3), we may cor-
respondingly express the seasonally demeaned and seasonally detrended process
{Xsr+s} as

T -7
Xst4s = Xsrs — (1 —1) (2 (r— f)2> D (=D Esigs 4.4

t=1 t=1
T t

t
= z USv+s — T Z z USv+s
v=1

t=1v=1

T L7 ' T
—(t=1) (2(t_f)2> 2(1‘—;)(2 uSv+S_T_122uSU+S>9
t=1 t=1 v=1 t=1v=1
which is invariant to the initial conditions {xg }2: |_g and the seasonal drift param-
eters {y;*}0_, o, s=1-5,...,0,t=1,2,...,T.
After regression on the seasonal intercepts and time trends, the auxiliary re-
gression equation (4.1) is consequently rendered from (4.4) as

)4

A~ A * A * oA

Asxsiys = z & AsXSiqs—i + (X0, St4+5—1 T 5/2XS5/2,S14s—1
i=1

S*
+ (”/f,afi?,sws—l +7T1:,/3f/f,5z+s—1> +€si4s, 4.5)
k=1
dropping the term 71';/2)25/2’5[4_3_] if Sisodd, s =1-S,...,0,r=1,2,...,T,
where

-1
T T
éSt+s = ESU+S - (t - f) <Z(t - aZ) Z (t - ZT)ESD-FS
=1 =1

and the seasonally demeaned error process €siys = €5r+5 — 1 -1 ZZT=165I+S'
In (4.5), ASxS,H is Agxs;+s seasonally demeaned and seasonally detrended,
which is also invariant to the initial conditions {xs}gzl_ 5 and the seasonal drifts

{Vs**}(s)=1— - We have defined the seasonally demeaned and seasonally detrended
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transformed variables from (4.2) as

—1 S—1
Ro,St4s = O, Xsits—j» Rs2.504s = Y, cos[(j + D 18s145—,
/=0 j=0
S—1
e grgs = 2, cos[(j + Do lEsits—j,
j=0
S—1
R == X sinl(j + Doxlfsirsy, 4.6)
j=0

k=1,...,8,s=1-8,...,0,t=1,...,T. Consequently, tests based on regres-
sion ¢- and F-statistics from (4.1) will be exactly similar with respect to both the
initial conditions {x}°_; _ and the seasonal drift parameters {y;*}°_, _. Using
similar arguments (for the quarterly case, see, e.g., Burridge and Taylor,
2004, pp. 71-73), it is straightforward to show that these tests are also exactly
invariant to the parameters y,* and §;, s =1—S,...,0, from (2.1).

5. ASYMPTOTIC DISTRIBUTION THEORY

In the quarterly case, S = 4, Hylleberg et al. (1990) and Engle, Granger,
Hylleberg, and Lee (1993) detail the limiting null distributions of the ¢-statistics
together with the F-statistic F; for deterministic scenarios up to and including
nonseasonal trend parameters d; = J, s = —3,...,0, in the auxiliary regression
(4.1), whereas Ghysels et al. (1994) derive the limit distributions for the F;_» and
Fy..» statistics in these cases. Smith and Taylor (1998) generalize the quarterly re-
sults of Hylleberg et al. (1990) and Ghysels et al. (1994) to allow for the presence
of differential seasonal trends, as in (4.1), and discuss the various determinis-
tic scenarios given at the end of Section 2, also for quarterly data S = 4, whereas
Taylor (1998) and Beaulieu and Miron (1993) deal with the monthly case, S = 12.

The limiting distributional results provided by the preceding authors have all
been derived under the assumption that p = 0 in (2.2). In the quarterly case,
Burridge and Taylor (2001) have extended the analysis to the case where p > 0 in
(2.2). They demonstrate that provided (4.1), or the restricted cases (i)—(v) thereof
discussed at the end of Section 2, contains at least p lags of Asx4;4s, then the
limiting distributions of the 1y, ts/2, F1, F1..2, and Fy_ > statistics under Hy of
(2.4) coincide with those derived by the preceding authors, for p = 0. However,
and contrary to what is claimed by the preceding authors, they demonstrate that
the limiting null distributions of the harmonic frequency #-tests, ¢{* and t'lg , are not
of the form appropriate for p = 0 but that they depend on the parameters charac-
terizing ¢ (z). This is so even though (4.1) has been appropriately lag-augmented.

All of the preceding authors, including Burridge and Taylor (2001), derived
their limiting null distribution theory under the assumption that a(z) = (1 — z%),
that is, under Hp of (2.4), which imposes the unit root null hypothesis at both
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the zero and all of the seasonal frequencies; cf. (3.5). This is quite restrictive,
particularly in light of the discussion by Ghysels and Osborn (2001, p. 90), who
note that most empirical applications of seasonal unit root tests have led to
rejections of the unit root hypothesis at at least one of the seasonal frequencies,
implying the likely inappropriateness of the assumption that & (z) = (1 —z5). Con-
sequently, and in light of our discussion in Sections 3 and 4, we now turn to de-
riving the limiting null distributions of the ¢- and F-statistics from (4.1) for an
arbitrary seasonal aspect S in the more general case where it is not necessarily
assumed to be the case that the unit root null hypothesis holds at each of the zero
and seasonal frequencies. As in Burridge and Taylor (2001), we allow for the case
where p > 0 in (2.2). Our main results are stated for the case where the auxiliary
regression (4.1) contains seasonal intercepts and seasonal trends. The correspond-
ing limiting null distributions under the special cases of (4.1) outlined at the end
of Section 2 are subsequently discussed in Remark 9 later in this section.

To proceed, we first need to introduce some notation. First, let the Sth-order
polynomial a(z) of (2.1) be decomposed into a(z) = a(z)a(z), where all of the
roots of a(z) = 0 (of a(z) = 0) lic on (outside) the unit circle. We then
observe that (ignoring deterministic components for ease of exposition), xg;4
satisfies Agxs;ys = [(1 — LS)/&(L)]MEHS, where a(L)uy,, = usi4s. Next
define the S-dimensional vector processes X; = [X§/—(5—1)» XSt—(5=2) - - - » XSt =35
xs1-2, Xst—1,xs¢] and Uy = [“§z—(s—1)’ “§z—(3—2)a N TNy RN Ty SR T |
t=1,2,.... Observe from Burridge and Taylor (2001) that

o

U= Y/Ej,
=0
where E; = [€5:—(5—1), €Si—(5—2)» - - -» €513, €S1—2, €s1—1, €5¢]" and the sequence
of the S x S matrices:
1 0 0 0 0]
w1 1 0 0 0
%) w1 1 0 0
¥o = 1 Ik
v3 Y2 Y1
| Ws—1 Ws—2 ys—3 Ws—4 -+ 1]
[ ws Wis—1  Wis—2  Wis—3 - Wis—(s—1)]
Yis+1 Wjs Wis—1  Wjs—2  WiS—(5—2)
. Vis+2 Yjis+1 N Vis—1 - Yjis—(5-3) '
¥ = Wis+3  Wis+2 WS+l Wis o Wis—(s—4)|° J=12
LVjiS+S—1 VjSs+S—2 YjS+S5-3 Y¥jS+S—4 - vis |
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where y(2) =1+ 2]?’11 Wi 7/ is the inverse of ¢ (z)a(z). Finally, let X, denote the

demeaned and detrended counterpart of X;.

In Lemma 1 we now provide an invariance principle for X;.

LEMMA 1. Let {xs:4+s} be generated according to (2.1)—(2.2) under the
conditions stated in Section 2. Then, as T — oo, and denoting weak convergence
by =,

772X = o CY*(HW(), (5.1)

where W(r) = W(r) — (4 — 6r) fol W(r)— (12r — 6) fol sW(s)ds, r €[0,1], is an
Sx 1 vector (standard) demeaned and detrended Brownian motion process, with
W a standard Brownian motion, ¥*(1) = j’i 1 ‘Pf, and C is a generic circulant
matrix whose precise form depends on a(z); see Remark 2, which follows.

Remark 2. The matrix C appearing in Lemma 1 is a circulant matrix (for
details, see Davis, 1979) whose rank is equal to the number of unit roots present
in a(z). This also coincides with the number of seasons minus the number of
(linearly independent) cointegrating relationships that exist between them; see
Franses (1994). For example, if there is a unit root only at frequency zero, such
that @(z) = (1 —z), then C is an S x § matrix of ones, C = Cy = Circ[1, 1,1,
1,...,1], whereas for a unit root only at the Nyquist frequency, a(z) = (1 + 2),
C=Cg/ =Circ[l,—1,1,—1,..., —1]. In both of these examples C has rank one,
such that there will exist § — 1 cointegrating relationships between the seasons.
For the case of a complex pair of unit roots at frequency wy, k =1,...,S*, such
that @(z) = (1 — 2cos wgz + z2), we have that

sin(wy) sin(Swy) sin((S — 1ag) sin(2awy)

C =C; =Circ (5.2)

sin(wg)” sin(wyg) ~ sin(wr) 77 sin(wy)

o cos(wx) p
KT sin(eg) %7

where
% — Circ[cos(0wy), cos(ay), cos(2ay), ..., cos((S — Day)]

and

C? = Circ[sin(0wy), sin((S — 1)), sin((S — 2)ax), ..., sin(wy)],

which has rank two, and, hence, the number of cointegrating relationships be-
tween the seasons is § — 2. For the case where Hy of (2.4) holds, such that
a(z) = (1 —z%), we have that C = I is of full rank and no cointegration ex-
ists between the seasons. Based on properties of the sums of circulant matrices
(for details, see, e.g., Davis, 1979, Thm. 3.2.4; Gray, 2005, Thm. 3.1; and the
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Appendix of the current paper) it is always possible to express C for any given
a.(z) polynomial as the following weighted sum:

, , DA ,
C=cfCo+c§nCsp+ Y, (cfuC +cfyCl ) (5.3)
k=1
(omitting the term in Cg/2 when S is odd), where cg‘, cg /20 c,‘z‘a, and c,‘z‘ﬁ, k=
1,...,S%, are scalars that are nonzero (zero) when the factors (1 —z), (14z), and
(1 =2cosapz+2%), k=1,...,5* respectively, are present (not present) in a(z).

The values of these coefficients when they are nonzero depend upon the form of
a(z).? Finally, using the notation ¥*(1)/ to denote the jth element in the first row
of W*(1), observe that W* (1) is also a circulant matrix, because

¥*(1) = Circ[¥* (1), ¥* (1), ¥*(1)°, ..., ¥*(1)5]
o0 o0 o0 o
=Circ [ 14 Y Wjis, D, Wis—1s D, Wjs—2s--vs I, Wis—(S—1) | -
j=l1 j=1 j=1 j=1
Some further results on circulant matrices are provided in the Appendix.

We are now in a position to state our main theorem, which establishes the
asymptotic null distributions of the regression-based unit root statistics from (4.1).

THEOREM 1. Let x5+ be generated according to (2.1)—(2.2) under the con-
ditions stated in Section 2 and let 0o(r), Ws/2(r) (S even), and 0§ (r) and lf)f r),
k=1,...,8% denote S independent demeaned and detrended standard Brownian
motions on [0, 1].

(i) Under Hy,o, the tq statistic from (4.1) satisfies

Jo o(r)dibo(r) _
— =10

o = 5.4)
Vo do(r)2dr
(ii) For S even, under Hy s>, the ts statistic from (4.1) satisfies
1~ N
ws(r)diws,(r
150 = 1) = fO / ) / ) =752 5.5)

. fol s/ (r)>dr

(iii) Under Hy, the tf, tf, and Fy, k=1, ..., 8%, statistics from (4.1) satisfy
o, (b= clyalo B () didf () + fo B ()i ()]

k _ _
V()2 + (D} + B D (ry2dr+ J df ()2 dr)
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(cf i+ bl o ) () didf (r) = [y df (1) dibf ()]
\/((cka)2+(ckﬂ)2)[ak—I—bk](fo] DL (2dr+ [ ol (2dr)

(5.6)
/o (cf i+ by df () didf (r)+ fo D (r)dibf ()]
\/((cka)2+(ckﬂ)2) a2+ B21 () % ()2 dr+ [ f (r)2dr)
(cf bk — clpa)l fo f (r)did (r) — o ibf () didf ()]
VG2 + (pDlat + 071 b (r2dr+ o dof (2dr)
(5.7)
py o Lo OE D) + g <r>dw A0
2(Ji D (r)2 dr+ [ BF (r)2 dr)
Lo ©f () dibf(r) = Jo i /?(V)dwf(r)]z_m%’ 58

2(fy B ()2 dr+ fy i (r)*dr)
where, fork=1,...,5%,
S—1

b= cos(jar)P* (1) = Re(ylexp(ion)]),
j=0
S—1 .
ar=—Y sin(jor)¥* (1) = Zm(ylexp(iop))).
j=0

(iv) Under ﬂ,E Hoy, Fi.sp = l/(S— I)Z]S/IZ] 77/2 Moreover, under
S S 2
Ho =Nl Ho g, Fo.js/2) = SZ[ i

Remark 3. Notice that in the absence of any stationary serial correlation in the
process, that is, where ¢(z)a(z) = 1, we have that by = 1 and a; = 0 and, hence,
although the representations in (5.4), (5.5), and (5.8) remain unaltered, those for
(5.6) and (5.7) simplify to

o Lo DF (1) didf (r) + Jo B () dibf ()]
V)2 + (Do D 2 dr+ J3 df ()2 dr)

Iy =

Ul df () divg () = fy g () diof ()]
V)2 + (D i D 2 dr+ J3 df ()2 dr)
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and
o cylfo BF ) dDE () + f3 DF () ddf ()]
VP + (P (o o )2 drt f3 D (2 dr)
e L 0F () dibg (r) = o g () diof (r)]
VG2 + D o o )2 drt [ D (r)2dr)

+

respectively, which still depend on the parameters c,‘?a and c,‘fﬂ of Remark 2.

Remark 4. In the case where a(z) = (1 —2cosmyz + z%) we have that C =
Ci+ (cos(a)k))/(sm(cuk))Ck ,and, hence, c{, = 1 and ck = (cos(wy))/(sin(wy)).
Consequently, the expressions in (5.6) and (5.7) s1mp11fy to

sin(wg)

(bn— <00 ) 13 o ()i () + Ji of (rydiof ()
=

\/(1 + (CS?‘?((;):))) ) [b13+a,f](fol OE(r)?dr+ [y 0y (r)zdr)

(ak n Mbk) L df (rdd () — [ b2 (r)didf ()]

sin(wg)

2
\/(1 + (%) ) la; ‘H’k](fol OE(r)?dr+ [y © (r)zdr)

(ac+ S8 ) Ly o (r) i () + o o () dif )]

2
\/<1+(%> >[a]%+bk](fl Wi (r)2dr+ [y © (r)zdr)

(b~ 288 U o )i ) i o )i )

+

\/<1+ (%) ) lag +bk](f0 W (r)2dr+ [y (V)zdr)

respectively. It is therefore evident that even in the absence of any stationary serial
correlation in the process (so that ¢ (z)a(z) =1 and by = 1, ay =0), when a(z) =
(1 —2coswyz +z%) the limiting null distributions of tf and tkﬂ are only pivotal for
the case of wy = 7 /2.

Remark 5. Whena(z) = (1— z%), we have that C =I5 and, hence, from note 2,

that ¢, = 5 2 and Ckﬁ =0,k=1,...,S5" Itis therefore seen that the expressions in
(5.6) and (5.7) reduce to the representations given in (3.2) and (3.3), respectively,
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of Theorem 3.1 of Rodrigues and Taylor (2004) with ¢ = 0. Even here, it should
be noted that these distributions will not in general be pivotal when p > 0. Some
exceptions are discussed in Burridge and Taylor (2001).

Remark 6. The representations given in (5.4) and (5.5) are identical to the
standard Dickey—Fuller distribution for a regression with intercept and trend; cf.
Fuller (1996, Table 10.A.2, p. 642). Hence, asymptotically, the ¢-statistics fy and
ts 2 are independently and identically distributed under Hy o N Ho,s/2.

Remark 7. From the representations (5.6) and (5.7), it is clear that, under
HyxNHyy k#1,k,1=1,...,5%, the pairs # and 7/ and tf and tlﬁ possess in-
dependent but not, in general, identical limiting distributions and are also asymp-
totically independent of o and 5,2 under (Ho,0 N Ho,s/2) N (Hox N Hoy), k #1,
k,l=1,..., 5" Incontrast, under Ho x N Ho,, the limiting representations in (5.8)
for the Fy and Fj statistics k # 1, k,l =1, ..., S*, are both independent and also
identical and, moreover, are identical to those given for the corresponding statis-
tics in the quarterly and monthly contexts for the case of p = 0 (see, respectively,
Smith and Taylor, 1998; Taylor, 1998) and are asymptotically independent of ¢y
and g2 under (Ho,0 N Ho,s/2) NV (Hox N Hoy), k #1, k,1=1,...,5%

Remark 8. The representations given for the limiting null distributions of the
fo, tsy2,and Fi, k=1,..., 8%, statistics in (5.4), (5.5), and (5.8), respectively, and
of the Fy._ [s/2) and F1._[s/2) statistics in part (iv), do not depend on any nuisance
parameters; that is, they take the same form irrespective of whether the unit root
null holds at the other frequencies or not and irrespective of whether p = 0
(serially uncorrelated shocks) or p > O (serially correlated shocks). In contrast,
the corresponding representations for the ¢ and tkﬂ statistics, k = 1,..., 5%, de-
pend on two sets of nuisance parameters: a; and by, relating to the stationary
serial correlation in the process, and c,‘za and c,‘zﬂ, relating to those frequencies
other than wy that admit unit roots. Consequently the use of tests for unit roots at
the harmonic seasonal frequencies based on the t,? and t;f k=1,..., 8%, statistics
cannot be recommended in practice.

Remark 9. In Theorem 1 we have assumed, via (2.1), that xg5;4 of (2.1) con-
tains seasonal indicators and seasonal time trends in its deterministic mean func-
tion and that, appropriate to this, (4.5) is constructed from seasonally demeaned
and seasonally detrended data. However, the limiting representations are valid un-
der the more restricted cases (i)—(v) discussed at the end of Section 2, provided the
demeaned and detrended standard Brownian motions appearing in Theorem 1 are
redefined as appropriate to the deterministic scenario of interest within (2.1); see
Smith and Taylor (1998, Sects. 4.1-4.5) and Smith and Taylor (1999) for a com-
plete typology. Remarks 3-8 remain valid, with appropriate redefinitions where
necessary, in each case.
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In the next section we investigate aspects of the finite-sample size and power
properties of these statistics via a series of Monte Carlo experiments for the case
of S =6.

6. FINITE-SAMPLE SIZE AND POWER PROPERTIES

In this section we conduct a number of Monte Carlo simulation experiments to
investigate the finite-sample size and power properties of the seasonal unit root
test statistics developed in Section 4 when the process under investigation displays
phase and/or length shifts at a particular seasonal frequency.

We will consider the test statistics #;, j = 0,3, together with t,?‘, tkﬂ , and Fy,
k = 1,2, for the case of a time series process {xg,+s} With seasonal aspect § = 6.
In what follows we assume that the investigator has available the initial values of
the level process, x_s, ..., xo, together with the observations x¢;45, s =—5,...,0,
t=1,...,T. We shall investigate the effects on the preceding statistics resulting
from movements in phase and/or length away from the unit root null hypothesis at
frequency w1 = /3, while maintaining the unit root null at all other frequencies
or=rk/3,k=0,2,3. Specifically, the simulations computed in this section were
based on the DGP

(1 =L (14+L+L*»(1—=2r cos(0) + 7 /3)L +ri L) xer45
=€q4s ~NIDO,1), t=1,...,T, s=-5,...,0, (6.1)

with €645 = X645 =0, j < 0. As our Monte Carlo design, we vary the phase
shift and length parameters #; and rq, respectively, according to 6y € {0, £z /4,
411z /36} and r; € {1.00 x 1(8 =0),0.99,0.95,0.80}, where 1(-) is the indicator
function. Under the overall null hypothesis, Hy of (2.4), 8 =0 and r; = 1. Note
the phases 0; + w specified in these alternatives, 7 /12, 7 /36 and 7z /12,237 /36,
are close to the frequencies wy = 0 and wp = 27 /3, respectively. All experiments
were programmed using the RNDN function of GAUSS 3.1 on a Pentium 400
Mhz microcomputer using 30,000 replications for each experiment. Sample sizes
6T =72,150,300, and 600 are considered. All test statistics were computed from
a regression containing both seasonal intercepts and seasonal trend variables;
see (4.1).

The DGP (6.1) allows us to investigate the power properties of the #{’, tlﬂ ,and F
test statistics when either 6y # 0 and/or r # 1, while simultaneously investigating
the size properties of the remaining statistics. To the best of our knowledge, a
study of this kind has not previously been conducted in the literature. Previous
studies have looked at departures of the length of roots at the harmonic seasonal
frequencies from unity but have always maintained a zero phase shift; see, for
example, Beaulieu and Miron (1992, pp. 41-42) for S = 12 and Ghysels et al.
(1994, pp. 431-434) for S = 4. Because the test statistics that we consider in this
section have not previously appeared in the literature, we have used Monte Carlo
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simulation to generate approximate finite-sample critical values for the preceding
tests under Hy of (2.4) for each of the sample sizes considered. We do not report
these critical values here although they, and a general program that was used to
run all the experiments in this section, are available from the authors on request.
These simulated critical values were then used in computing the size and power
properties of the tests as ¢ and r; deviated from their null values as described
previously. For all tests we adopted the nominal level of 0.05.

Tables 1-4 report the results of our Monte Carlo experimental design for the
sample sizes 67 = 72, 150,300, and 600, respectively. The first row of each of
the tables corresponds to when the overall null hypothesis Hy of (2.4) holds.

It is clear from the first panel of Tables 1-4 that, with a zero phase shift at the
first harmonic frequency, 8; = 0, as the length of the root at this frequency, ry,

decreases and as the sample size, 67, increases, so the powers of both the ti” and

F statistics increase toward unity. In contrast, the tf statistic displays power less

than size for all sample sizes; a similar pattern is seen in the simulation results
reported in Beaulieu and Miron (1992). The ¢, f3, tg, tg , and F> tests all adhere
well to their nominal 0.05 level, although there is some evidence of an increase
for the tQﬁ test.

This pattern changes, however, when we allow a phase shift at the first har-

monic frequency, 0; # 0. Here we see that both the tlﬂ and F tests are quite

TABLE 1. Size and power of seasonal unit root tests, 7 = 12

B B
01 r 1 l‘? 1 F lg 2% P 13

0.00 1.00 005 0.05 0.05 0.05 005 005 005 0.05
099 0.05 0.05 005 005 005 005 0.05 0.05
095 0.05 0.08 0.04 008 005 005 0.05 0.05
0.80 0.05 054 0.03 052 005 006 006 0.06

/4 099 0.03 0.00 1.00 1.00 0.04 007 005 0.04
095 0.03 0.01 1.00 1.00 0.04 0.10 0.05 0.04
0.80 0.02 0.10 1.00 090 0.02 031 0.05 0.05

—n /4 099 0.05 0.00 1.00 1.00 0.03 007 004 0.04
095 0.05 0.00 1.00 1.00 0.03 007 0.04 0.03
0.80 0.05 0.11 1.00 1.00 0.03 007 0.04 0.04

117 /36 099 0.03 0.00 1.00 1.00 0.07 0.14 0.09 0.05
095 0.03 0.01 100 100 004 031 0.07 0.05
0.80 0.02 0.06 1.00 1.00 0.01 060 005 0.04

—11z/36 099 0.11 0.00 1.00 1.00 0.03 0.06 0.04 0.04
095 0.09 0.00 1.00 1.00 0.03 007 0.04 0.04
0.80 0.06 0.10 1.00 1.00 0.03 0.07 0.04 0.04
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TABLE 2. Size and power of seasonal unit root tests, 7 = 35
01 r ) tix llﬂ F lg lf ) 13
0.00 1.00 0.05 0.05 0.05 0.05 005 0.05 0.05 0.05
099 0.05 006 0.05 0.06 005 005 0.05 0.05
095 0.05 021 003 019 005 0.05 0.05 0.05
0.80 0.05 1.00 0.02 1.00 0.05 0.06 0.05 0.05
/4 099 0.04 000 1.00 1.00 0.04 0.06 0.05 0.04
095 0.04 003 1.00 1.00 0.04 0.08 0.05 0.04
0.80 0.04 068 1.00 1.00 0.02 029 0.05 0.05
—r /4 099 0.05 000 1.00 1.00 0.04 0.06 0.04 0.04
095 0.05 001 1.00 1.00 0.04 006 0.04 0.04
0.80 0.05 085 1.00 1.00 0.03 0.07 0.04 0.04
117z /36 099 0.04 000 1.00 1.00 0.05 0.09 0.06 0.04
095 0.04 003 1.00 1.00 0.03 025 0.06 0.04
0.80 0.03 052 1.00 1.00 0.01 060 0.05 0.04
—11z/36 099 0.07 0.00 1.00 1.00 0.04 0.06 0.04 0.04
095 0.06 001 1.00 1.00 0.04 006 0.04 0.04
0.80 0.06 083 1.00 1.00 0.04 0.06 0.04 0.04
TABLE 3. Size and power of seasonal unit root tests, 7 = 50
0, r to tf tlﬂ Fi 15 tf P 13
0.00 1.00 0.05 0.05 0.05 0.05 005 0.05 0.05 0.05
099 0.05 008 0.05 0.07 005 005 0.05 0.05
095 005 069 003 063 005 005 0.05 0.05
0.80 0.05 1.00 0.03 1.00 0.05 0.07 0.05 0.05
/4 099 0.04 001 1.00 1.00 0.05 0.05 0.05 0.05
095 0.04 0.17 1.00 1.00 0.04 0.08 0.05 0.05
0.80 0.04 100 1.00 1.00 0.02 029 0.05 0.05
—r /4 099 0.05 000 1.00 1.00 0.04 0.05 0.05 0.05
095 005 009 1.00 1.00 0.04 0.06 0.05 0.05
0.80 0.05 1.00 1.00 1.00 0.04 0.07 0.05 0.05
117 /36 099 0.04 001 1.00 1.00 0.05 0.07 0.05 0.05
095 005 0.12 1.00 1.00 0.03 023 0.05 0.05
0.80 0.04 098 1.00 1.00 0.00 0.61 0.05 0.05
—11z/36 099 0.05 0.00 1.00 1.00 0.04 0.06 0.05 0.05
095 0.05 0.09 100 100 004 0.06 0.05 0.05
0.80 0.05 1.00 1.00 1.00 0.04 0.07 0.05 0.05
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TABLE 4. Size and power of seasonal unit root tests, 7 = 100

01 r ) l‘fC tlﬂ F lg tzﬂ P 13

0.00 1.00 005 0.05 0.05 0.05 005 005 005 0.05
099 0.05 0.15 0.04 0.14 005 005 0.05 0.05
095 0.05 1.00 0.02 100 005 005 0.05 0.05
0.80 0.05 1.00 0.04 1.00 0.05 007 0.05 0.05

/4 099 0.05 0.00 100 100 005 005 0.05 0.05
095 0.05 0.70 1.00 1.00 0.05 007 0.05 0.05
0.80 0.05 1.00 1.00 1.00 0.03 028 0.05 0.05

- /4 099 0.05 0.00 1.00 100 005 005 0.05 0.05
095 005 082 1.00 100 005 005 0.05 0.05
0.80 0.05 1.00 1.00 1.00 0.05 006 0.05 0.05

117 /36 099 0.05 0.02 100 100 005 006 0.05 0.05
095 0.05 058 1.00 1.00 003 021 0.05 0.05
0.80 0.05 1.00 1.00 1.00 001 060 0.05 0.05

—11z/36 099 005 0.00 100 1.00 0.05 005 0.05 0.05
095 005 0.79 1.00 1.00 005 005 0.05 0.05
0.80 0.05 1.00 1.00 1.00 005 006 0.05 0.05

sensitive to movements of §; from zero, even for small sample sizes, in both
cases power increasing well above nominal size. An interesting picture arises
for the { test, whose power is well below nominal size when r; = 0.99 and
61 # 0 for all sample sizes considered but rises as r| decreases and as the sam-
ple size grows. Turning to the tests at other frequencies, some very interesting
patterns emerge here too. First, depending on the values of #; and rq, the lev-
els of the #y and 73 tests are either under or above the nominal 0.05 level in the
smaller sample sizes considered but, as the sample size increases, so these de-
viations quickly disappear, consonant with the results in Theorem 1. The same
is also true of the F, statistic. To illustrate, the worst level distortions for the
to and F tests occur for 67 = 72 and r; = 0.99, the actual levels being 0.11
at 8 = —11z /36 and 0.09 at #; = 117 /36, respectively. The same, however,
cannot be said for the 75 and tf test statistics, which from a practical viewpoint
appear to be highly unreliable for inference purposes. We can see that the level
of the tzﬁ test tends to exceed 0.05 for positive 8y, increasing as #; moves from
/4 to 117 /36; that is, as 0] + w) = Tz /12, 237 /36 moves closer to the second
harmonic frequency w, = 2z /3. For negative 6, the magnitude of #; seems to
have no effect on the magnitude of the size distortions, probably reflecting that
61 + w1 now takes values 7 /12 and 7 /36 close to the zero frequency wg = 0. It
is also apparent that, in the case of positive values of 8y, there is a very strong
interaction effect between r| and 0. For fixed values of | and 0y, the distortions
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seen in the level of the tzﬁ statistic from the nominal 0.05 level appear to stabi-
lize as sample size increases. This observation accords with (5.7) of Theorem 1,
which indicates that for a particular (61, ;) combination, there is a finite shift in
the limiting distribution of the tf statistic. A similar observation may be made

regarding the limiting distribution of the ¢7 statistic except that the level of the

tg statistic decreases below the nominal 0.05 level whereas that for the tzﬂ statistic

increases. Although the tests for Hy > based on the 5 and tzﬁ statistics are neither

exactly nor asymptotically similar under deviations from Hy i, it is known from
(5.8) of Theorem 1 that the test for Hp > based on the [ statistic does displays
an asymptotic similarity property, which our numerical results suggest becomes
apparent even in quite moderate sample sizes.

Although the preceding experiments are based on deviations of the phase and
length of the root at the first seasonal harmonic frequency away from their null
hypothesis values under Hy 1, we also investigated the effects of departures in
phase and length from the null hypothesis Hy ; at the second harmonic frequency,
w7 = 2 /3, while maintaining seasonal unit roots at all other frequencies. These
results were qualitatively no different from those observed earlier. In this case,
the results pertaining to the 7y and 3 tests given previously are interchanged. The

15, t2ﬁ , and F; tests display very similar patterns to those seen previously for the

corresponding t{', tlﬂ ,and F) tests. The ¢ and tlﬂ statistics show almost identical

level distortions to those reported before for the 5 and tzﬁ tests for movements of

6, away from zero and r; away from unity, except that the impact of the sign of
6, is reversed from that seen before for 6.

Consequently, and consonant with the predictions from the limiting distribu-
tion theory in Section 5, in the presence of deviations from the seasonal unit root
hypothesis at other frequencies, a test for a seasonal unit root at frequency wy
based on the z-statistics 7 and tf as described in Hylleberg et al. (1990) or as
in Section 4 of the current paper is likely to be unreliable for inference purposes,
whereas the use of the F-statistic Fy would appear to be more efficacious,
k=1,...,8"

7. CONCLUSIONS

This paper has been concerned with providing regression-based test statistics for
seasonal unit roots for a general seasonal aspect of the data that are similar both
exactly and asymptotically with respect to initial values of the time series process
and seasonal drift parameters. A general characterization result is provided that
clarifies precisely the null and alternative subhypotheses under test in the regres-
sion approach due to Hylleberg et al. (1990). Asymptotic distribution theory cou-
pled with a set of Monte Carlo experiments indicates that a ¢-statistic approach,
as advocated by Hylleberg et al. (1990) in their original paper, to testing for unit
roots at the harmonic seasonal frequencies cannot be recommended, and here the
use of a joint F'-test-based approach is appropriate. This adds further rigor to the
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recommendations of earlier authors against the use of the 7-statistic approach; see,
for example, Burridge and Taylor (2001) and Rodrigues and Taylor (2004).

NOTES

1. Moreover, as the maintained hypothesis Hy U H excludes the possibility of unit roots at other
frequencies than wy, k =0, ..., [S/2], the latter test might be omitted.
2. For example, for the process (6.1) used in the Monte Carlo exercise in Section 6, where

C=Circ[1,0,0,0, 1, —1], the following identity holds: C = %Co + %CS/Z + %Cg — %Cg As a

second example consider the case where a(z) = (1 — zs); here C =1Ig = (1/5)Co + (1/5)Cg/2 +
2/8¥;", C{, omitting the term in Cg /5 where S is odd.
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MATHEMATICAL APPENDIX
Because of the similarity properties of the statistics discussed in Section 4, we may set
xg=ypy =0 =0,s=1-=S5,...,0,1in (2.1) with no loss of generality in what follows.

Proof of Proposition 1. Define wy (z) = 6 4 (2)J, p(2), where
Ok,a(z) = 1 —rexpli (O + wp)lz, O, p(z) =1 —rpexpl—i(O +op)lz,

k=1,...,8*, and, for frequencies wg and wg 2, dp ¢ (2) = 1 =10z, 9o, p(2) = 1, and dg/2 4
@) =1,05/2,4(2) = 1 +r)22. Similarly, o (2) = &} , ()5}, 5(2), where

ég,a(z) =1—exp(iog)z, 5]9,/2(2) =1—exp(—iwg)z,

k=1,...,5*% and 58’a(z) =1-z 58,[;(1) =1, and 52/2&(1) =1, 5g/w(z) =1+z.
Therefore, 52a[exp(—ia)k)] =0, 5]9ﬁ[exp(ia)k)] =0,k=1,....5% Now a(z) = [T} S/2]

o) =15 ]5k 2 (2)3c p(2) and A5 (2) =TTeg o (2) = n“/ 300, () 4 (@), hee
Ag(z) =1 —25. Define
[S/2] [S/2]
M@ == T[] o@=- H .0 (23, p(2),
j#k,j=0 j#k,j=0
. 821 [$/2]
MNo=- T do=- TI ¢, 0.
J#k,j=0 Jaék,j—

Hence, Ag[exp(—iwj)] = Ag[exp(iwj)] =0, j # k, and Ao[exp( —iwg)] # 0,
Adlexp(iy)] # 0. Note that a(z) = —wy (2) A (z) and Ag(z) = —af) (z)AO(z)
Consider the polynomial
[S/2]
v @) =a"(0)+ Z (A, O B0k, (2) = 5ka(Z)]
+2F 50 0 @0k () =8 5 (DD ALR),

where the complex conjugates
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Pha=- slonpt—7os) plexp(~iop)]
SO0 plexp(—ion) 10k alexp(—ian) | Alexp(—ic)]
= 5’8’/’)[6Xp(_l.wk)] Ag[eXp(_l:wk)]¢[exp(—iwk)] = M Za’
O plexp(=iwp)] Aglexp(—iay)] 3 plexp(—iwp)]
* alexp(ioy)] .
A=~ plexpliop)]
ST 0 lexplion) 10 plexpliog)] A exp(img)] ¢
_ dalexplon] Alexplon] o o dalexplon]
o Texplion)] AQlexp(iop)] o Jlexpliop)] P
in which we have defined
Ao = M(ﬁ[exp(—iwk)], P p= A"([L(iwk)]<;$[exp(iw,r{)].

~ Alfexp(—imp)] P ADfexplion)]

Because of the stationarity assumption on the polynomial ¢(z), ¢lexp(—iwg)] # 0 and
¢lexp(iwy)] # 0. Note that A} , and A} p are complex conjugates and 2; (= A} ) =
’llt,ﬂ(z AZ,/})’ k=0,S/2, are real.

It is easily seen that exp(iwy) and exp(—iwy), k =0, ..., [S/2], are roots of the polyno-
mial y*(z) = 0 and, therefore, we may express

[S/2]
@@ =¢"@As@ = ¥, (4 40 s@Noka@ =, )]
0

2 40 D10k p () = 5 @1) AL ), (A1)

where ¢*(z) is a stationary pth-order polynomial, ¢*(z) =1 — EIPZI c/)lf"zi, asaj = 1.
Fork=1,..., 8%, the second term in (A.1) involves the polynomial conjugate pair

2% a0 5 @100 (@) — 0, ()]

Ok, plexp(—iap)]

=40 o) —i ,
k., (2)z€xp(i@g) g o [exp( lwk)]él?,ﬁ[exp(—l’COk)] ko

2 0 @10k p (D) = ()]

O, o lexpioy)] A

: (A2)
o lexpliop)]

= 51?,(1 (z)zexp(—iwy)dk, plexp(ioy)]
noting g ¢ (2) — 52’0( (2) = zexp(iwg)dx o lexp(—iwg)] and & g(z) — 519,ﬂ(z) = zexp
(—iwk)d, plexp(ioy)]. Now,

O, plexp(—img)]  exp(ioy) — ry exp(—i (O +wy))
3. plexp(=iwp)] 2isinwy '

Ok.alexpliop)] _  exp(—iog) —riexp(i (O + wp))
3 glexpliop)] 2isinay ’

as
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Ok, lexp(ioy)] = 1 —ri expli (O + 200p)], ﬁk’/g[exp(—ia)k)] =1 —rrexp[—i(Or +2wp)],
52 olexpliog)] = —2i sinowy exp(ioy), 5,? ﬂ[exp(—iwk)] = 2i sinwy exp(—iwy).
Hence, the polynomial conjugate pair in (A.2)

Ok, plexp(—imy)]

50 {080k .
ke, (2)zexp(ieg)dg, o [exp( lwk)]é,?jﬁ[exp(—iwk)]

and
Ok, o lexp(iay)]

P —iwp)d '
k.o (Dzexp(—iwk) k’ﬁ[exp(lwk)]5]950[[6)([)(1'60]()]

have real part

% (yx[—(coswy —z)] + I [sinwg])

and imaginary parts + and — times, respectively
> (alsinag] + o[~ (coswx = 2)])
Therefore, from (A.1)

a*(@) = ¢* () As(@) = Aj . (=70 AG(R) = AF )5 5 (75/22) A 5 (2)

S*
= Y Re(A} ) (rl—(coswy —2)z] + i [sinenz]) AL (2)
k=1

S*
+ Y Im(A} o) (—yklsinogz] + 0k —(cos o — 2)z) AR ()
k=1

= 4" (D A5() = A§ o (=70 AY () = AF )5 5 (7522) A )5 (2)

S*
= Y [Re(Af )7k —Im(Af ) [—(cos oy —2)2] AL (2)
k=1

S*
= Y [Re(Af )0 +Im(A} ) yillsinorz] AL (2),
k=1
noting Re(A} ) = Re(A} /3) and Zm(Aj ) = —Im(Af ﬂ)’ k=1,...,8% n
Proof of Lemma 1. It is straightforward to show that, as in Boswijk and Franses (1996)

and Burridge and Taylor (2001), among others, the process {xg;s} admits the vector-of-
seasons representation

(1-B)X,=(0y+0,B)U;, t=1,..T, (A3)
U =37 ¥YE, (Ad)
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where B is the annual lag operator, such that BkXt =X, k=0,%1,...,and the § x §
matrices ®¢ and ® are such that @y + ®| = C and, hence, are again determined by the
form of a(z). To illustrate, for a(z) = (1 —z),

1 0 0 0 0 o 1 1 1 1
1 100 0 0o 0 1 1 1
1 1 1 0 0 0 0 0 1 1
G=11 111 0/ ©={0 0 0 0 1>
L1 1 1 1 0o 0 0 O 0
whereas for a(z) = (1 +2),
M1 0 0 O 0] 0 -1 1 -1 —17
—1 0 0 0 -1 1 1
1 =1 1 0 0 0 0 0 -1 -1
®=1_1 1 -1 1 of- ©®=jo 0o o0 o 1
0 :
-1 1 =11 1] 0 0 0 O 0 |
and for a(z) = (1 —2cosapz +22), k=1,..., 5%,
[ sin(wy) 0 0 0 0
sin(2wy) sin(wy) 0 0 0
| sin(3wy) sin(2awy,) sin(wy) 0 0
09 = sin(wy) | sin(4awy) sin(3wy) sin(2wy) sin(wy) 0
| sin(Sawy) sin((S — Day) sin((S —2)wy) sin((S —3)wy) --- sin(owy) |
and
[0 sin(Swg) sin((S—Dawg) sin((S—2)wg) - sinQRawy) ]|
0 0 sin(Swy) sin((S—Dawyg) -+ sin(Bwy)
1 0 0 0 sin(Swy) -+ sin(4wy)
01 = sin(wy) |0 0 0 0 oo sin(Sawy)
10 0 0 0 (.

It is then straightforward to establish, along the same lines as for the proof of Lemma 1
in Boswijk and Franses (1996), from (A.3)—(A.4) the result that T_]/ZX[T.] = ocC¥P*(1)
W(-), where W(-) = (Wi_g(-), Wa_gs(),..., Wy(:))’ is an S x 1 standard Brownian
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motion process. The stated result then follows directly from an application of the con-
tinuous mapping theorem (CMT). n

Before turning to the proof of Theorem 1 it will prove instructive to first establish some
properties of circulant matrices that will be used in the proof of Theorem 1.

Some Properties of Circulant Matrices Used in Remark 2 and Theorem 1. From
Theorem 3.2.3 of Davis (1979), a generic circulant matrix A = Circ[ay,ap, a3, -+ ,ag] of
order S x S admits the following decomposition: A = F* AF where F* and F are the Fourier
matrix of order S and its complex conjugate, respectively (for details, see Davis, 1979,
Sect. 2.5), and A is a diagonal matrix of the form A =diag[41, 42,43, ..., 5], where ;,
j=1,2,...,8, are the eigenvalues of A. Now, from Theorem 3.2.2 of Davis (1979) these
eigenvalues can be obtained using 4; = Py (@ /=1y where Py (z) = stzl ajzj_l is the
polynomial associated with the circulant matrix, w = exp(%) = cos(zT”) +i sin(zT”),
with i = /=1. From Theorem 3.2.4 of Davis (1979) and Theorem 3.1 of Gray (2005),
we have the following properties of the sums and products of circulant matrices, where

B = Circ[b,bs,D3,...,bg] is a second circulant matrix with associated eigenvalues pi s
j=12,...,8:

AB =F*diag[1111, 4212, ..., A5ig]F,
A+B=F*diag[A; + 11,42+ 12,..., Ag+ Lg]F,
cA =F*diag[cdy,cl2,...,cAs]F,

where c is a scalar.

From the familiar Granger representation theorem (see Engle and Granger, 1987) we
know that for the multivariate Wold representation in (A.3) the matrix C = (0¢ + @)
has rank equal to the number of unit roots present in a(z). Hence, the matrices Cy and
Cs /2 have rank one and the matrices C} and C’f have rank two. Consequently, only one
of the eigenvalues of Cy and Cg/y is nonzero, and only two of the eigenvalues of C}/

and Cf are nonzero. Furthermore, using Theorem 3.1.1 of Fuller (1996), it is possible
to establish the position and the value of the nonzero eigenvalues of matrices Cy, Cg/2,

C{, and Cf , k=1,...,5. In particular, the nonzero eigenvalue of Cq and Cg/; is in
both cases equal to S and has the first position and the S/2 — 1 position in the diagonal

eigenmatrix, respectively. In the case of matrices C/ and Cf , the nonzero eigenvalues have

the j 41 and S — j 4 1 positions, where j is such that oy = 2% The nonzero eigenvalues

associated with Cf are equal to §/2, and the nonzero eigenvalues associated with Cf are
equal to —S/2i in position j + 1 and equal to §/2i in position S — j + 1. Based on the
previous results relating to circulant matrices it is evident that the general circulant matrix
C associated with @ (z) can always be decomposed as in (5.3).

We now state some important identities relating to products involving Cq, Cg/2, CZ,

k=1, 5% and C:
CjCj =SCj, j=0,8/2,

s s s
CiCE=3CF  CRei=3C ey =—S¢t,
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C'Cj=C;C=5cC;,  j=0,5/2, (A5)
ccy = g(c;jacg —cfyCY).  CiC= g(c;fa ¢4y Ch).,
ccl = g(c,‘jacf +efyCH.  Cle= g(c;facf —cfyCP).

where we have used the fact that Cg, CS/Q, and Cz, k=1,...,8*, are symmetric and
(Cf)’ = —Cf, k=1,...,S*. Moreover, for products involving ¥*(1) and Cy, Cs/2, Cy.
and Cf ,k=1,..., 8%, the following identities hold:

PH(1)'Co=Co¥* () =y (1)Cy,  ¥*(1)'Cg2 =Csp¥* (1) = w(=1)Cs)2,
(1Y CY = b Cf —arCL,  CEW*(1) = b CY +a P, (A-6)
P CP = CE +bCL, et (1) = —ai CF + 1 CY,

where by and a;, are as defined in Theorem 1. Finally, by using the identities in (A.5) and

(A.6) we may establish the following identities, which will be required to prove the results
in Theorem 1:

¥*(1)/C'Cy = Scy (1) Co, (A7)
W*(1)'C'CuCY* (1) = [Sef y (1)T*Co, (A.8)
W*(1)'C'Cyy = 5c§ py (—=)Cs )2, (A9)
(1) C'Cs ) C¥* (1) = [Sc§ ) ¥ (—1I*Cs 2, (A.10)
St - _ _ _
W) CCE =3 [(iubi = cfigan) CF = (cfax +cgb Y] (A.11)
wrayccl =3 [(c@ ap +clobp) C% +(c by — clya )Cﬂ] (A.12)
) ka %k kpPk) “k ka %k kpak) | .
S\?r - .
P*(1)'C'C{CP*(1) = <§> [(cga)2+(c,‘§ﬁ)2] (b} +a}) C§. (A.13)

Proof of Theorem 1. Note first that by the Frisch—Waugh theorem the ordinary least
squares (LS) estimators of n'(’)k, 71';/2,71']:(1, ”Ijﬂ’ k=1,...,5% and ¢i*’ i=1,...,p, from
(4.1) and (4.5) are identical. Moreover, (4.5) can be expressed in vector form as

§=(Y1,Y2) B0+,

where § is an ST x 1 vector with generic element A SXSi4ss Yl and \?2 are ST x r and
ST x [(S —r) + p] matrices, where r is the number of unit roots present in a(z), such
that Y| collects together those nonstationary variables in (4.6) that are associated with
the r unit roots present in @ (z), whereas Y, collects together the remaining (stationary)
variables from (4.6) together with the p lags of Agxg;4¢; fo= (716‘, ”1*,a’ nl*,ﬁ’ e, n&k*,a,
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TG Iz nE/z, I qﬁ;)’, omitting 7t§/2 when S is odd; finally @ is an ST x 1 vector with
generic element €g; 4. The scaled LS estimator of £ from (4.5) can then be written as

. (ST Y, (ST)732Y) Y,
DrBy =

_] 1S A
§ (ST~ §
(ST)T32Y5Y,  (ST)™'YLY,

(ST)~1/2Y55

where D7 is a diagonal scaling matrix of the form D7 = diag[ST x I, (ST) 172
I(s—r)+pl. Observe that from the nonstationary nature of the elements of the matrix Y and

the stationarity of the elements of matrix ?2, it follows straightforwardly that (ST )_3/ 2\?’1
SA(Z . Moreover, because of the (asymptotic) orthogonality of the nonstationary auxil-
iary variables in Yy, the matrix (S T)_ZY’IYl weakly converges to a diagonal matrix the

elements on the leading diagonal of which are well-defined random variables. We now
establish the results in parts (i)—(iv) in turn.

Proof of (i). Using the asymptotic orthogonality of the variables in Y 1. noted earlier,
the 7 statistic satisfies

—1a/ 2
o= (5T) " %,Q¥ +op(1), (A.14)

V2 (ST)~25,Q50

where §¢ is an ST x 1 vector with generic element Xy g;4¢—; and Q is the ST x ST

symmetric and idempotent matrix Q =I— ?2 (?é?g)_lf{é. Consider first the denominator
of (A.14). It is straightforward to show that

(ST)"%5,Q50 = (ST)*§(0 +0p(1)
= (ST)_ZZ()QO,S1+5—1)2 +0p(l)
= (ST) 28 Y.(X]_,CoX,—1) +0p(1).
Similarly, for the numerator
(ST '50Q5 = (ST)~'3(,Qi = (ST) 5+ 0, (1)
= (ST)™" Y %0, 5145—1€5145 +0p(1)
=(ST)"' Y X]_ Coks +op(1),

where El is the demeaned and detrended counterpart of E;.
Using Lemma 1, (A.7), (A.8), and the CMT it follows that

2 1
(ST)2s Y (X,_,CoX,—1) = %/O W) ®*(1)'C'CoC¥* ()YW(r)dr

2 0 .
%[SCS(//(I)]Z /0 WGy CoW(r) dr

_ I “
o2 [Scly (D] /O W* (r) CoW* () dr
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and
. . 2 1 .
(ST) "' 3 X,_ Cokr = % /0 W(r)¥* (1) C'CodW(r)

o2

_ 1, ~
= ?CS‘SV/(I)/O W(r) CodW(r)

_ 1 . N
— 020851//(1)/0 W* () CodW* (r),

where W*(r) = (1/4/S)W(r). Hence, as 62 LS o2, and noting that Cy = voo(’) where
vo=(1,1,1,1,...,1), it is easy to see that i (r) = DE)W*(V) = S_]/ZZQZI_S Wj(r), a
standard demeaned and detrended Brownian motion; the result in (5.4) follows straightfor-
wardly using the CMT.

Proof of (ii). In similar fashion as was observed for #( in the proof of part (i), it can be
shown that

(ST)~'55,,Q¥
tS/Z = ~D 25/ A
\/U (ST) YS/zQYS/Z

+0p(1)

_ (STY™'EX]_ Cs oy
\/&Z(ST)‘ZSZ(X;_l Cs/2X-1)

where §g/2 is an ST x 1 vector with generic element X5/ g;45—1. Using Lemma 1, (A.9),
(A.10), and the CMT we obtain that

+op(1),

. . 20, .
(ST)‘2SZ(X;_ICS/2X,_1):> %/0 W(r)¥* (1) C'CgnC¥* ()W (r)dr

o2

_ 1, n
= 215G 0p ()P /0 W(r)Cs/aW(r)dr
_ 1, ~
= 62[Sc% /21//(—1)]2 /0 W*(r) Cs nW* (r) dr
and

2 1
TN . g - <
(ST) ! ZX;_ICS/QE; = ?/0 W(r)/‘P*(l)/C/CS/de(r)

o2

i 1
7 Sy(-1 / W(r)'Cs)pdW
G cspSy(=1) b (r)'Cs/ndW(r)

_ 1, N
72§ Sp(=D) [ W) CsndW o),

where W*(r) = (1/+/S)W(r). Hence, as 62 & 52 and noting that Cg/ = 1)5/21)/5/2,

where 0’5/2 =(=1,1,=1,1,...,1), it is easy to see that g/ (r) = vfg/zVAV*(r) =512
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Y

of g from part (i); the result in (5.5) follows using the CMT.

1—5 (— 1)_j Wj (r), a standard demeaned and detrended Brownian motion independent

Proof of (iii). As in parts (i) and (ii), it can be shown that

~139/Qy ST)y~'sX/_ C¢E
o = (ST)™'§¢'Qy op(l) = (ST~ X, Cf " o),
V82 (5T) 25 Qs NCEC R SYe At A
sT)= 137 ST)y~'sX!_ i
VL LU ) S I L. S L)

\/&2(ST>-2y£’ka

where y7 and yf are ST x 1 vectors with generic elements X ¢, 41 and )2,’(8 Stas—1>
respectively. Using Lemma 1, (A.11), (A.12), (A.13), and applications of the CMT we
obtain the following results:

NCEICIReE B Gt J

2

S o . S\ [l .
(ST)_ZEZ(X;_lcht_l) = ';—2 (5)/0 W) P (1)'C’CECY* ()W (r)dr

52

S\? p L
- ?(E) [(cfa)” +(cip) "0 +azf)/0 W(r) CEW(r)dr

a2

S
= S2< )[(Cka) +(Ckﬁ) ](bk+ak)

1. .
X /0 W*(r) CfW*(r)dr,

R . 2 1, .
ST)'Y X, CLE = %/()W(r)"l‘*(l)’C/Cz dW(r)

o2

S\ a a L i
= < (E) (e br _Ck/)’ak)/o W(r) CidW(r)

o2

S _ _ 1, ~
-% (5) (cfyax +cfgby) /O W)l aw(r)

:%< ) (b — ckﬁak)/ W* () C dW* (r)

.

s
? (7) (f ay +ckﬂbk)/ W () CL dW* (r),

and
A ﬁ/\ 0'2 1 A ﬁ A
(ST)‘IZX;_ICkEt = ?/O W) ¥*(1)C'Cy dW(r)

o2

S _ _ 1, ~
— (5) (e et +clsbr) /0 W(r) €% aW(r)
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2
o= (S\ & p L. .
+% (5) (el bx — cgar) /0 Wyl awr)
0-2 S 2 a a L ® 0N (O YR

2

o N z a LA * X7k
+ (5) (c,‘?abk—c]‘?ﬂak)/o W* () €L aW* (1),

where W*(r) = (1//S/2)W(r). Noting that Cf =vff o and Cf =of vf/, where

w | cos(rl1=S1)
Uk = )

_sm(wk[l -5
and
g | —sin(oy[1-S5]
v =

i cos(wg[1—S])

we obtain that

[
o' W*(r) = Aﬁ( :
L Wi 7
[_~B
l)f/w* (r) = wk (r)
| DF(r)

where ®f (r) and zi)f (r) are independent standard demeaned and detrended Brownian mo-
o(r) and zf)s/z(r)of parts (i) and (ii), respectively. The results in

tions, independent of ©

(5.6) and (5.7) then follow straightforwardly after a little algebra using the fact that 28
2
the CMT. Finally using the fact that F} = % {(z,‘(’l)2 + (t,f}) } +

o2 and applications of

op (1), which follows from the asymptotic orthogonality of the elements of SA(], the rep-
resentation in (5.8) obtains from the results in (5.6) and (5.7) and the CMT, after a little

algebra.
Proof of (iv). The s

Y/ in each case.

cos(wp[2—S8]) -+ cos(wi0)
sin(wg[2—S]) -+ sin(wg0)
) —sin(wg[2—S]) --- —sin(w0)
cos(wp[2—=ST) -+ cos(wi0) |’

(S/2712%)_ | _geos(jor)W;(r)

(8/2)712%)_, _gsin(ion) W (r)

tated results follow trivially from the results in (5.4), (5.5), (5.8),
and applications of the CMT, again using the asymptotic orthogonality of the elements of
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