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Given a raw data sample, the purpose of this paper is to design a numerical procedure
to model this sample under the form of polynomial chaos expansion. The coefficients
of the polynomial are computed as the solution to a constrained optimization problem.
The procedure is first validated on samples coming from a known distribution and it is
then applied to raw experimental data of unknown distribution. Numerical experiments
show that only five coefficients of the Chaos expansions are required to get an accurate
representation of a sample.
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1. INTRODUCTION

Since the work of Wiener in 1938 [13] and the seminal book of Ghanem and Spanos in
the 90s [5], polynomial chaos (PC) have been very successful at solving a wide variety of

© Cambridge University Press 2018  0269-9648/18 $25.00 14

https://doi.org/10.1017/5026996481800030X Published online by Cambridge University Press


file:Emeline.Gayrard@uca.fr
file:Cedric.Chauviere@uca.fr
file:Hacene.Djellout@uca.fr
file:pierre.bonnet@univ-bpclermont.fr
https://doi.org/10.1017/S026996481800030X

MODELING EXPERIMENTAL DATA WITH POLYNOMIALS CHAOS 15

random problems coming from different fields: mechanics [8], electromagnetism [4],...and
so on to name a few. In most, if not all problems, PC expansion (PCE) is an efficient way to
construct a model response surface in order to study the propagation of uncertainty through
a complex system. Typically, some uncertain input parameters are represented by a random
variable (say X) and a random output quantity of interest may be written as

where {¥;}o<;<, form an orthonormal polynomial basis of degree n. Then, macroscopic
quantities of the output Y, such as the mean, the variance or even Sobol’s indices [11]
can be computed solely from the knowledge of the coefficients «;. Although this procedure
looks simple and appealing, some care must be taken. Indeed, the choice of the orthonormal
basis U, is critical for an accurate representation of the random output Y (see [14]). This
problem can be solved by constructing an adapted PC basis from the knowledge of a sample
of the random variable Y (see [1,10]). Such a procedure usually referred to as adaptive PC
(aPC), has been meeting increasing interest over the past few years since it does not require
a-priori knowledge of the form of the random input X to build the basis ¥;. However, for
some applications, such as the one presented in this paper, the knowledge of the random
variable (r.v.) X is required and therefore the aPC cannot be used.

Surprisingly, the problem of modeling a sample through a PC representation has
received little attention among the scientific community. However, such a problem is neither
trivial nor an irrelevant matter. Indeed, when one has to model a sample data, an a-priori
distribution is chosen and its parameters may be estimated using a maximum likelihood
estimator or the method of moments, for example [12]. Although distributions of different
shapes are plentiful, it is still possible that none of them will be able to represent faith-
fully the sample. In this paper, we propose an alternative procedure that is, representing
a general sample of a r.v. Y through a PC expansion. For this problem, none of the stan-
dard technique available in the literature (should it be intrusive or non-intrusive) can be
used to compute the coefficients a;. The key point why these techniques, or some of its
refinements described above fail, is that they all rely on a functional relationship of the
form Y = f(X), that is, for a given value of X, one should be able to compute the corre-
sponding value of Y. When the only information at hand is raw data, such a relationship is
not available and new schemes should be thought of. Some experiments have been carried
out using a Bayesian approach with PC. However, maximizing the likelihood function is a
major issue and may require several approximations [2]. In this paper, we adopt a simpler
and more didactic approach that does not require prior knowledge of Bayesian statistics.
We build an optimization problem based on the inverse cumulative distribution of a sam-
ple of X and Y for computing the coefficients a;. We found that adding constraints to
the problem increased the robustness of the procedure. More specifically, we impose that
the empirical mean and the variance of the sample be the same as the one of its chaos
representation.

The proposed procedure is numerically tested by first generating a sample coming from a
polynomial function Y = P(X), where X is a r.v. of known distribution. Then, we show that
the numerical method we propose converges to the right polynomial coefficients. As a second
numerical experiment, the sample is generated from a function of the form Y = f(X), where
f is chosen to be an exponential function. The coefficients are then compared with the one
obtained by a Galerkin projection of f on the PC basis. Finally, we test our procedure on raw
data coming from an experiment, and we show that PC expansion significantly outperforms
the representation of the same sample under the form of a Weibull distribution.
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The paper is organized as follows: in the next section, we restate some basic results
about PC and we explain why, for our problem, the standard procedure cannot be used to
compute PC coefficients. Then, by developing a constrained optimization problem, we show
how to compute PC coefficients that model a given sample. Section 4 is devoted to numerical
experiments: we first test our procedure on academic examples of known distribution and
then we extend it to an experimental sample of an unknown distribution. Finally, Section 5
draws some conclusions.

2. PC EXPANSION

Let denote by (92,4, P) the probability space, where as usual €2 is the set of all possible
outcomes, A is a g-algebra over {2, and P is a function A — [0, 1] that gives a probability
measure on 4. Consider an R-valued random variable X that describes input uncertainties.
The probability law of X may be defined by the probability density function p(z) defined

n (2, A, P). Let us now denote Ly(2,.A, P) the space of real random variables with finite
second-order moments. Lo(2, A, P) is a Hilbert space which can be provided with a set of
complete orthogonal polynomial basis {V;(x)};>0 that are consistent with the density of
X. For example, Legendre polynomials are associated with uniform distributions whereas
Hermite polynomials are associated with Gaussian distributions. A given output function
Y = Y(X) which is assumed to belong to L2(2, A, P) can be represented as [5]

X) =Y a;¥;(X). (2.1)
j=0

In numerical simulations, this series is truncated by keeping terms up to a degree n
. n
Y(X)RY(X) =) a;¥;(X). (2.2)
j=0

Once an approximation of the response system under the form of a PC expansion has been
found, it is easy to compute various macroscopic quantities. For example, the expectation
of Y is simply the first coefficient of the PC expansion, that is, £ (Y) = . Similarly, the

variance of Y is given by
n
var(Y) = Zajz.
j=1

In the next section, we briefly restate two ways of computing the coefficients a;; when
a functional relationship of the form Y = f(X) is known: Galerkin projection and linear
regression. Then, we explain why none of the two procedures can be applied within the
framework of this paper and we propose a new method.

3. COMPUTATION OF PC COEFFICIENTS
3.1. Functional Relationship Y = f(X) Available

3.1.1. Galerkin projection Assume a surface response Y (X) of the form (2.2) that model
the system Y = f(X), where the expression of f does not need to be known explicitly. We
can think of f as being a black box representing our model such that for any given input
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value z; the response of the system y; = f(x;) is available. To compute the coefficients «;
of (2.2), we multiply both sides by ¥;(X), take the expectation and use the linearity of the
expectation to end up with

E(f(X)¥:(X)) =Y a;B(T;(X)¥;(X)). (3-1)
=0

Using the orthonormality of the polynomials ¥;(X), that is, E(¥;(X)V,;(X)) = ¢;; leads
to

a; = B(f(X)T,(X)) = / (@) (@)p(a)dz, (3.2)

The above integral can be evaluated with Gaussian quadrature rules based on n, points,
leading to

;& Zq:wkf(xk)\lli(xk), (3.3)
k=1

where xj, are the quadrature points and wj, are the quadrature weight. Also the procedure
sketched above has been well described in the literature, it was important to restate its
main elements in order to emphasize that the computation of «; requires the evaluation of
f(xg) at specified points xy.

3.1.2. Linear regression The second most popular way of computing the coefficients o
of (2.2) consists in solving this equation in the least square sense. For that, a collection of N
response values f(xy) is computed for the input values xj. The PC coefficients are sought
as the minimum of the function g : R»*! — R defined by

2
N n
glao, - an) =Y | flan) =Y a;0()
k=1 j=0
It can be shown that the solution & = (ay, ..., a,)” to such problem is
a=(M"M)"*MTf, (3.4)

where f = (f(21),..., f(znx))? and M is a N x (n + 1) matrix defined by

\1’0(1‘1) \I/n(xl)

Tolzn) - Un(aw)

Here again, we wish to emphasize that the regression procedure to identify the coeffi-
cients «; rely on the computation of the system response f(xy) for a specified input value
x. To the best of our knowledge, all the available method in the literature to compute
PC coefficients, rely on such input/output relationship. However, the problem we want to
solve in this paper does not meet that condition and a new procedure, described in the next
section, is proposed.
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3.2. Functional Relationship Y = f(X) Not Available

Assume the problem at hand is now to model a sample (y1,... yn, ) of Ny independent and
identically distributed r.v. as follows:

Y = iaquj(X)v (3.5)
7=0

where X is a r.v. of known distribution. Such a representation of a sample contains the same
kind of information that the pdf of Y would do, and in both cases one has to fit parameters.
For a probability density, one assumes a possible shape and then fit its parameters using
a maximum likelihood estimator, for example. When the PC expansion is used, none of
the previous techniques can be used to compute the PC coefficients, and an optimization
problem has to be devised instead. In both cases, macroscopic quantities (expectation,
variance ...) are then easy to compute. However, we believe that a representation under
the form (3.5) can offer significant benefits in determining a possible pdf. First, it gives a
greater freedom of choice when no standard probability density functions at hand present
suitable shapes. Then, it is easy to generate a new sample for the r.v. Y from a sample
of X with the formula (3.5). On the other hand, generating samples from non standard
distributions may be a challenging task.

Let (x1,.. zny) be a sample of Nx independent and identically distributed r.v. hav-
ing the same pdf as X. Such sample can easily be generated numerically with standard
pseudo-random number generator. Let (z1 . zny,) be a sample of size Nx such that for
k=1,..., Nx, we have

2z = Zaj\llj(xk).
§=0

We denote by Fy the empirical cumulative density function (cdf) built from the sample
(y1,...,yn, ) and by ﬁ(ao,...,an) the empirical cdf built from the sample (21, zn, ) for a given
set of coefficients (ap,...,a,). Let 0 =1ty <t; < - <t. =1 be a uniform subdivision of
the interval [0, 1] such that ¢;41 — ¢; = 1/n. Finally, we define the function ¢ (referred to as
‘cost function” hereafter) as follows:

¢c : RV SR
(a0, osam) = SO|FE) - L), (3.6)
=0

where F~! stands for the inverse (reciprocal) empirical cdf of F. For a sample of size N, it
may be defined as a function [0, 1] — R such that for all y € [0, 1],

F~l(y) = inf {x eR/ F(z) > y} (3.7)

it {:1: €R/ (number of elements < a:) > y}

N
= inf {x € R / (number of elements < z) > Ny}

The inf function in the definition of the inverse empirical cdf, ensures that in case of
multiple identical observations in the sample, z = F~!(y) is defined as the smallest value
of x such that F(x) > y.
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Then, the coefficients of the PC expansion (3.5) are sought as the solution to the
following constrained optimization problem:

a = (ag,...,q,) =argmin (c¢(a))

N acRntl
Oéqg = E(Y) ,
5 (a))? = vai(Y)

where E(Y) and var(Y) are the empirical expectation and variance computed from the
sample (y1,..yn, ) as follows:

Ny

Zyk and var(Y) = Z\}Y Z (yk - E(Y))Z

The constraints are directly incorporated into the cost function such that the con-
strained optimization problem can be solved as an unconstrained one. Then, we use the
Nelder-Mead simplex algorithm as described in Lagarias et al. [7] to find the minimum of
the cost function.

Remarks:

e The optimization problem is built to ensure that at (r+ 1) points 0 =ty < t; <

- <t =1 of the interval [0, 1], the inverse cdf of the r.v. ¥ matches the inverse

cdf of the PC representation Z?:o a;¥;(X) of Y. The two constraints were found

to greatly improve the robustness of the optimization problem. They impose that

the empirical mean and the empirical variance of the sample (y1,.. yn, ) be exactly
the mean and the variance of the PC expansion.

e We have chosen to match the inverse cdf of the two samples instead of the cdf,
mainly for implementation and efficiency reasons. Numerical experiments using the
cdf instead of the inverse cdf was found to give similar results.

e The cost function (3.6) to be minimized rely on a L' norm. Other norms could be
used (such as the L? norm, for example), however, we found that the L! norm gave
consistently more robust results for the optimization problem.

4. NUMERICAL RESULTS
4.1. The Kolmogorov—Smirnov Test

Before moving on to some numerical examples, we briefly describe the Kolmogorov—-Smirnov
(KS) test which is chosen to assess the quality of the PC representation of the sample. This
test measures the discrepancy between the empirical cdf coming from the experimental
sample (denoted by Fy ) and the cdf of the PC expansion (denoted by Fi4,.....a,.)). Typically,
the KS criterion is based on a L norm (it looks at the worst point of discrepancy between
Fy and ﬁ(ao,...,an)) and take the form (see [3] for details)

KS = sup (Fy(m) — ﬁ(am_“’an)(x)) ,
xel

where [ is the support of the distributions to be compared. This test can also be used to
compare two samples, and in this case, the exact cdf has to be replaced by the empirical cdf.
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TABLE 1. Confidence intervals of PC coefficients for n = 3 (polynomial example).

a\ Ny Ny =500 Ny = 2,000 Ny = 8,000 Exact coefficients
ag [0.9954; 1.0048] [0.9967; 1.0009] [0.9989; 1.0018] 1

a1 [0.5008; 0.5241] 0.5106;0.5185] [0.5158; 0.5212] 05

as [0.2061; 0.2308)] [0.2036; 0.2002] [0.2049; 0.2082] 0.25

as [0.1275;0.1500] [0.1308; 0.1384] [0.1380;0.1432] 0.125

4.2. Data Coming From a Polynomial Function

As a first numerical experiment, we consider an orthogonal Hermite polynomial basis
{Uy,..., Uy} of degree 4 and we define the r.v Y as

Y = Wo(X) + S0 (X) + Wa(X) + Ws(X) + 1 Wa(X), (4.1)

where X is a Gaussian r.v. with mean 0 and variance 1.

We generate what will be considered as an ‘experimental’ sample for Y, which, in
this case, is generated numerically with pseudo-random numbers for X and using formula
(4.1). Our numerical procedure is tested for three different sizes of the experimental sample,
namely Ny = 500, 2,000, 8,000. The numerical method described in Section 3.2 for repre-
senting the r.v. Y under the form of a PC expansion requires the generation of a sample
of size Nx for X. The robustness of the method should be tested with respect to the gen-
eration of this sample and therefore results for the coefficients («v, a1, a2, ag, aq) are given
under the form of 95% confidence intervals:

Toi &, 4 1.967%

@i — 1.96-%
VP N

fori=0,...,4

where @; and o,, are the empirical mean and standard deviation of «; computed from
samples (af, -, ak)1<r<, of size p = 100. Here we take Ny = 10° and r = 3,000, where
(r 4 1) is the number of points where the inverse cdf of Y matches the inverse cdf of the PC
expansion (see Eq. (3.6)). Tables 1 and 2 show results with increasing values of Ny together
with the exact coefficients for n = 3 and n = 4, respectively. We see that as the size of the
experimental sample of Y increases, the confidence intervals tighten around the exact values
of the PC expansion for n = 4. This is confirmed by the computation of the KS test whose
average values are found to be 0.0263, 0.0133, and 0.0080 as the size of the sample for YV
increases from Ny = 500 to Ny = 8,000. Such results show that as we increase the size of
the experimental sample, its cdf Fy () converges to the cdf of the PC expansion. For n = 3,
the confidence intervals do not generally contain the value of the exact coefficient since a
degree 3 polynomial is not able to properly represent a degree 4 polynomial. Accordingly,
the KS test does not go below 0.0280 for Ny = 8,000.

Furthermore, on Figures 1 and 2, we have plotted the pdf and the cdf of the experimental
sample when Ny = 2,000, together with the exact pdf/cdf of the r.v. given by Eq. (4.1)
and the pdf/cdf of its PC representation. For this last case, the coefficients of the PC
expansion are taken equal to their empirical mean value, which is also the central value of
the confidence interval. We can see that the three curves match very well.
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TABLE 2. Confidence intervals of PC coefficients for n = 4 (polynomial example).

a\ Ny Ny =500 Ny = 2,000 Ny = 8,000 Exact coefficients
a0 0.9973; 1.0076] [0.9984; 1.0030] 0.9980; 1.0002] 1
o [0.4810; 0.5052] [0.4953; 0.5019] [0.4976; 0.5009)] 0.5
s [0.2428; 0.2690] [0.2426; 0.2520] [0.2474; 0.2522] 0.25
a3 [0.1140;0.1304] [0.1180; 0.1250] [0.1227;0.1265] 0.125
o [0.0580; 0.0745] [0.0563; 0.0636] [0.0606; 0.0647] 0.0625
» Probability Density Functions
Experimental Data
Chaos polynomial (n=4)
1.2 r- 3 %*  |esesssss Exact pdf 7
1L ,
0.8 4
=
[oR
0.6 4
04 - B
02 ) ':\\\W |
0 1 1 1 1 ’ o
0 0.5 1 1.5 2 25 3 3.5 4
X
Ficure 1. PDF: Polynomial example.
4.3. Data Coming From a Non-Polynomial Function
As a second example, we consider a non-polynomial function of the form
Y = 95X (4.2)

where X is a Gaussian r.v. with mean 0 and variance 1. In that case, it is not possible
to have an exact representation of the r.v. Y under the form of a polynomial. Instead,
an approximate of Y under the form of a PC expansion might be given by its Galerkin
projection onto a Hermite basis as explained in Section 3.1. The PC coefficients obtained
with this projection (see Eq. (3.2)) will be referred as ‘Galerkin coeflicients’. What will be
considered as the ‘experimental sample’ of size Ny is obtained by generating a sample of
size Ny for the r.v. Y and using formula (4.2). Note that the r.v. Y defined by the relation
(4.2) follows a log-normal distribution. All the parameters Nx, Ny, and r are set to the
same values as in the previous example. For this example, nothing can ensure that the
Galerkin coefficients are in the confidence interval. Indeed, a linear regression, for example,
would have given a different set of reference PC coefficients. Tables 3 and 4 show results
with increasing values of Ny for n = 3 and n = 4, respectively.

We notice that for n =4, as the size of the sample increases from Ny = 500 to
Ny = 8,000, we get closer to the Galerkin coefficients, which is not the case for n = 3.
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Cumulative Distribution Functions

Experimental Data
Chaos polynomial (n=4)
.;/ ........ EXaCt pdf

0.8 4 1

0.7 4

205+ J

04 a

02 4

01 / ]
0 I I I I I

F1GUureE 2. CDF: Polynomial example.

TABLE 3. Confidence intervals of PC coefficients for n = 3 (exponential example).

a\ Ny Ny = 500 Ny = 2,000 Ny = 8,000 Galerkin coefficients
ao [1.1270;1.1371] [1.1300; 1.1352] [1.1313;1.1342] 1.1331
aq [0.5589; 0.5690] [0.5670; 0.5730] [0.5670;0.5702] 0.5665
s [0.1834; 0.1921] [0.1915; 0.1964] [0.1898; 0.1922] 0.1999
s [0.0447; 0.0542] [0.0534; 0.0583] [0.0533; 0.0560] 0.0550

TABLE 4. Confidence intervals of PC coefficients for n = 4 (exponential example).

a\ Ny Ny =500 Ny = 2,000 Ny = 8,000 Galerkin coefficients
ap [1.1210;1.1318] [1.1297;1.1348] [1.1315;1.1346] 1.1331
ai [0.5539; 0.5651] [0.5646; 0.5701] [0.5655; 0.5686] 0.5666
as [0.1868; 0.1987] [0.1962; 0.2033] [0.1983;0.2015] 0.2003
as [0.0446; 0.0545] [0.0519;0.0574] [0.0539; 0.0564] 0.0577
ay [0.0030; 0.0125] [0.0101; 0.0160] [0.0114;0.0140] 0.0139

Figures 3 and 4, show the pdf and the cdf of the experimental sample, the pdf/cdf of the
PC representation of the sample and the exact pdf/cdf of the r.v. Y when Ny = 2,000.
In that case, we note that the pdf of the r.v. Y = e%X does not match exactly its PC
expansion, due to the truncature error coming from the approximation of an exponential
function by a polynomial of degree four.

For this example, the average values of the KS test for n = 4 are 0.0233, 0.0119, and
0.0070 for Ny = 500, 2,000, and 8,000, respectively. Here again, those figures show the good
convergence properties of our PC representation of the sample.
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Probability Density Functions

Experimental Data
09 r :i""\‘ Chaos polynomial (n=4)
2 ‘."‘ ........ Exact pdf

0.7

0.6 [

04 r

0.2 [

Ficure 3. PDF: Exponential example.

; Cumulative Distribution Functions

T

Experimental Data
Chaos polynomial (n=4)
-------- Exact pdf

0.8

0.6

04

0.2 -

0.1

FiGUureE 4. CDEF: Exponential example.

4.4. Experimental Data

Having tested and validated our numerical procedure for samples of known distribution,
we now move on to the case of a true experimental sample. The sample of interest comes
from the explosion of a tube under the effect of high internal pressure. After collecting the
fragments, they are weighted individually and we are interested in modeling the weight of
the fragments as a r.v. Y of the form (3.5). Since the exact form of the distribution of YV
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TABLE 5. Confidence intervals of PC coeffi-
cients for n = 3 (experimental example).

«

o 1.1423

o [1.8379; 1.8409)]
o [0.1388;0.1540]
o3 [—0.5672; —0.5534]

TABLE 6. Confidence intervals of PC coefhi-
cients for n = 4 (experimental example).

(0%

o 1.1423

o [1.8739; 1.8743]
s [0.2504; 0.2542]
o3 [—0.3446; —0.3347]
o [0.1674;0.1749)]

is not known, we compare our results with what is usually done in the literature (see [6,9],
for example), that is, modeling the sample by a two-parameters Weibull distribution

o) =5 (§) e (4.3)
The two parameters (k, \) are computed using a maximum likelihood estimation technique.
Note that for k£ = 1, the Weibull reduces to an exponential distribution. This observation
drives us to choose Laguerre polynomials as PC basis since they are orthogonal with respect
to an exponential distribution.

Then we apply the numerical procedure described in Section 3 with Ny = 778, Nx =
10° and 7 = 400 in order to compute the coefficients of the PC representation of our sample.
Results are given in the Tables 5 and 6 for n = 3 and n = 4, respectively. The first coefficient
«p is no longer given under the form of a confidence interval since it is equal to the empirical
mean of the experimental sample, as a result of the constraint to the optimization problem.

In that case, the PC coefficients cannot be compared against the exact solution, how-
ever the confidence intervals are sufficiently narrow to demonstrate the robustness and the
convergence of the proposed method. Using the maximum likelihood estimation technique,
the parameters of the Weibull distribution (4.3) that best fit the sample are found to be
(A k) = (0.6483,0.5372).

Figure 5 shows the pdf of the experimental data together with the pdf of this Weibull
representation and its PC expansion. We clearly see that the Weibull fail to catch some
important features of the experimental data. In particular, the maximum of the pdf can-
not be properly modeled since, for the optimal parameters of the Weibull, it is a strictly
decreasing function. On the other hand, the PC representation of the sample does catch this
feature. We also represent the cdf for the three cases on Figure 6. Although the cdf some-
what averages the differences, it is clear that the cdf coming from PC expansion matches
the experimental sample better than the cdf of the Weibull does. For this last example,
the value of the KS test is about 50% higher for the Weibull (0.0930) than for the PC
expansion with n =4 (0.0615). For n = 3, the KS test gives results (KS = 0.0917) similar
to the Weibull representation of the sample.
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Ficure 5. PDF: experimental example.
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Ficure 6. CDEF: experimental example.

5. CONCLUSION

In this paper, we have proposed a numerical procedure to model an experimental sample
under the form of a PC expansion. It was shown that in this context, a standard technique
such as Galerkin projection or linear regression could not be used to compute the PC
coefficients. An alternative technique, based on a constrained optimization problem was
provided and tested. Two academic examples of known solution have shown the robustness
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and the accuracy of the proposed method. Then, we have modeled an experimental masses
sample coming from the explosion of a tube under the effect of high internal pressure using
this procedure. It was shown that representing the sample under the form of a PC expansion
of degree n = 4 was more accurate than using a standard Weibull distribution. This example
has shown that using PC expansion offers an alternative choice when no distribution can
adequately model a sample.
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