A Representation Theorem
for Absolute Confirmation

Michael Schippers*

Proposals for rigorously explicating the concept of confirmation in probabilistic terms
abound. To foster discussions on the formal properties of the proposed measures, recent
years have seen the upshot of a number of representation theorems that uniquely deter-
mine a confirmation measure (up to ordinal equivalence) based on a number of desider-
ata. However, the results that have been presented so far focus exclusively on the con-
cept of incremental confirmation. This leaves open the question whether similar results
can be obtained for the concept of absolute confirmation. This article closes the gap by
providing a representation theorem for absolute confirmation measures.

1. Introduction. Gatheringevidence to scrutinize the adequacy of scientific
hypotheses is the hallmark of scientific enterprise. If the evidence speaks ‘in
favor of” a hypothesis, the hypothesis is said to be confirmed by the evidence;
otherwise it is disconfirmed (or the evidence is irrelevant to the hypothesis).
Much of twentieth-century philosophy of science has been concerned with
the project of explicating this idea of confirmation with the aim of replacing
the pretheoretic concept by a formally precise and fruitful scientific concept.
In this regard, some scholars have focused on the qualitative aspects of con-
firmation, aiming for an explication of what it means for pieces of evidence
to confirm a scientific hypothesis without going into the details of the com-
parative or quantitative aspects. Two of the adequacy conditions for any such
account that have been discussed in this context, most notably by Hempel
(1945), are as follows:

(SCC) (Special consequence condition) If evidence e confirms some hy-
pothesis £, and if another hypothesis /' is deductively entailed by 4, then e
confirms 7'.
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(CCCQC) (Converse consequence condition) If evidence e confirms some
hypothesis 4, and if /4 is deductively entailed by another hypothesis /',
then e confirms 7.

If /1 is a conjunctive hypothesis, then from the fact that some piece of evi-
dence e confirms 4 we can infer via SCC that it also confirms /’s conjuncts;
this seems indeed reasonable. Similarly, CCC “has had an undying popu-
larity” (Glymour 1980, 30). However, as Hempel has shown, together with
the following seemingly innocuous principle they lead to the absurd conse-
quence that each piece of evidence confirms every hypothesis whatsoever.
The required addition is the following principle relating logical entailment
and confirmation:

(EC) If evidence e logically entails the hypothesis /4, then e confirms 4.

As a consequence, Hempel rejected the converse consequence condition.'
In his discussion of Hempel’s adequacy conditions, Carnap (1962) argues
that these are based on different and even conflicting concepts of confirma-
tion that he labels confirmation, and confirmation,.” Keeping an eye espe-
cially on the quantitative side of confirmation, Carnap presents a formal re-
construction of these concepts by means of probability theory. In this sense, e
confirms, 4 if and only if (iff ) p(h | €) > p(h | €) (or equivalently p(h | €) >
p(h)). This is the concept of incremental confirmation, or confirmation as
increase in firmness. But, e confirms, h iff p(h | e) > p(h | e).> This con-
cept of confirmation is nowadays called absolute confirmation, or confirma-
tion as firmness. Incremental confirmation violates Hempel’s special conse-
quence condition that is satisfied by absolute confirmation. But, Hempel also
discusses a condition that makes sense only for incremental confirmation:

1. It can be shown that EC and CCC alone suffice for deriving the paradoxical conse-
quence (cf. Le Morvan 1999; Moretti 2003). Note, however, that the well-known ac-
count of HD confirmation satisfies CCC. As a result, it is faced by the so-called tacking
paradoxes that highlight the untoward consequence that if /2 is confirmed by e, then so is
h A x for any arbitrary x. For refined accounts to HD confirmation that mitigate this (and
related) paradoxes, see Schurz (1991), Gemes (1993), and, more recently, Sprenger
(2013).

2. For a critical assessment of Carnap’s rendition of Hempel and an alternative interpre-
tation, see Huber (2007).

3. Sometimes a slightly more general characterization of confirmation; is given along
the following lines: e confirms, /2 iff p(h | €) > ¢ for some threshold # such that 1 /2 < ¢ <
1. Here we stick to the above characterization, which can be obtained for# = 1/2. Given
that our focus in the remainder of the article will be on the quantitative concept of con-
firmation, this choice is inconsequential.
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(CE) (Converse entailment condition) If evidence e is logically entailed by
the hypothesis /%, then e confirms 4.

It is easily shown that this condition holds true only for confirmation,. Most
analyses in Hempel’s wake have focused on the incremental concept, and it
is not an exaggeration to say that nowadays Bayesian confirmation theory
is dominated by incremental confirmation-based approaches. Particularly,
there is a long-standing debate on quantitative measures of the degree of in-
cremental confirmation that e provides for /2 (among others, see Fitelson 1999;
Eells and Fitelson 2002; Crupi, Tentori, and Gonzalez 2007; Zalabardo 2009;
Festa 2012; Brossel 2013). Nonetheless, the concept of absolute confirma-
tion plays an important role both in scientific reasoning and in other domains
of philosophical inquiry like rational decision making or inductive logic.
What is more, in Bayesian confirmation theory recent discussions on the
(in)transitivity of the confirmation relation and on various conditions that es-
tablish transitivity have incorporated a number of different probabilistic ex-
plications of confirmation, among which are both absolute and incremental
confirmation (and combinations thereof; see Douven 2011; Roche 2012a,
2012b, 2016; Roche and Shogenji 2014). Finally, probabilistic measures
based on the absolute concept of confirmation have proved useful for the pur-
pose of measuring coherence, often with a better performance in test cases
than their counterparts based on the concept of incremental confirmation
(see Schippers 2014; Koscholke 2016; Koscholke and Jekel 2016).

Now we turn to the quantitative counterparts of both these concepts of
confirmation. Let c(h,e) denote the degree of confirmation that e provides
for i, then the relation between the qualitative concept of (incremental) confir-
mation and the quantitative measures of the degree of (incremental) confirma-
tion is given by the following qualitative criterion of incremental confirma-
tion (where 0 denotes the measure-relative threshold separating confirmation
and disconfirmation):

(QIC) c(h.e) 2 0iff p(h | ) Z p(h | @).

The counterpart of QIC for the concept of absolute confirmation reads as
follows:

(QAC) c(h.e) 2 0iffp(h | e) Z p(h | e).

Strong results have been shown by, among others, Milne (1996), Huber
(2008), Crupi, Chater, and Tentori (2013), and Crupi and Tentori (2013,
2015). All of these papers contain representation theorems that determine
(up to ordinal equivalence) a class of measures as the best explication of (in-
cremental) confirmation based on a small number of adequacy constraints.
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This raises the question whether similar results can be achieved for the ab-
solute concept of confirmation.

2. A New Representation Theorem. To set the stage, let £ be a finite
propositional language and denote the set of contingent formulas by L,.
That is, £, is the subset of formulas of £ that are neither tautologous nor
contradictory. Furthermore, let P denote the set of regular probability mea-
sures, so that for each p € P and each e,h € L_, 0 < p(h), p(e) < 1. For-
mally, a confirmation measure is a four-place function ¢: L’ x P — R such
that c(h, e, b, p) denotes the degree of confirmation that e € L_ provides for
h € L, against the background of » € L, under probability distribution p €
P.* As usual, in what follows we omit reference to the background knowl-
edge; furthermore, we will write c,(4, e) instead of c(#, e, p). The following
desideratum assures that all explications of confirmation use probability
theory as their main building block (cf. Crupi and Tentori 2013, 2015).

(AC,) (Formality) There exists a function g such that for any /, e € L, and
any p € P, c,(h,e) = g[p(h Ae), p(h), p(e)].

Because p(h A e), p(h), and p(e) completely determine the probability distri-
bution over the algebra generated by /# and e, AC, simply states that the
function value of c(#, e) is exclusively based on this probabilistic informa-
tion. The next constraint to be considered has gained widespread accep-
tance among Bayesian confirmation theorists. For occurrences, see Fitelson
(2006, 506) and Hajek and Joyce (2008, 122), where it is called the ‘law of
conditional probability’.?

(AC)) (Final probability incrementality) For any h,e,e € L, and any p €
P, c(he) 2 c,(he)iff p(h | e) 2 p(h | €).

According to AC,, the degree of confirmation that two different pieces of
evidence e and ¢ provide for a hypothesis / covaries with /’s conditional
probability. One-half of the condition (from right to left) is crucially in-
volved in Bayesian analyses of confirmation paradoxes like the ravens par-
adox (cf. Horwich 1982, 54—63); Eells and Fitelson even surmise that “it is
not an exaggeration to say that most Bayesian confirmation theorists [would

4. These constraints on formulas and probability distributions assure mathematical def-
initeness.

5. Note furthermore that AC, and AC, form the common core of a couple of recent rep-
resentation theorems for incremental confirmation measures (Crupi et al. 2013; Crupi
and Tentori 2013, 2015).
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accept it] as a desideratum for Bayesian measures of confirmation” (2000,
670).6

Now we turn to the third adequacy condition that is needed in order to set
up the desired representation theorem. According to this condition, the de-
gree of confirmation that e provides for / is the same as the degree of con-
firmation it provides for the conjunctive hypothesis % A e. This condition ob-
viously makes no sense for incremental confirmation measures: although it
should be the case that if e confirms / then so it confirms % A e, the degrees
of confirmation it bestows on these propositions might reasonably be held
to be different. Remember that we compare the increment of probability be-
tween /’s unconditional and conditional probability on the one hand; and on
the other hand, the increment between p(h A e | e) and p(h A e). However, as
we turn to absolute confirmation no such discrimination is appropriate. For
the question we are up to answer by absolute confirmation is whether # is
plausible in the light of e. But, if we assign / a certain degree of plausibility
in the light of e, then we should reasonably assign / A e the same degree of
plausibility. Hence, we add the following adequacy condition:’

(AC,) (Plateau condition) For any e,h € L. andany p € P, c,(hAe,e) =
c,(h,e).

Given this condition we can establish the following representation theorem:

Theorem 1. AC,, AC,, and AC, hold iff there is a strictly increasing func-
tion f'such that ¢ (h, e) = f[p(h | e)].

Proof. See the appendix.

The plateau condition is violated by all incremental confirmation measures
and so is the following generalization of logical entailment. All confirmation
measures based on probability theory are extensional in the sense that the
degree of confirmation is not affected if we replace either / or e by a logi-
cally equivalent proposition. But absolute confirmation measures also satisfy
the following condition on local equivalence replacement (cf. Térnebohm
1966; Levi 1986).

6. However, note that AC, is also not entirely innocent as it is not satisfied by all Bayes-
ian confirmation measures. Exceptions are, e.g., the measures due to Nozick (1981) and
Christensen (1999). See also the discussions on the problem of measure sensitivity by
Fitelson (1999) and Brossel (2013).

7. For occurrences, see Tornebohm (1966) and Crupi and Tentori (2015).

8. In Huber (2007) this condition is called the ‘Levi principle’. Here, we stick to the ter-
minology in Crupi (2014).
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(AG,) (Local equivalence) For any e, h, h' € L, such that 4 and 4’ are log-
ically equivalent given e and any p € P, ¢, (h,e) = cp(h’, e).

According to AC;, we can also replace /4 by another hypothesis /' that is not
logically equivalent to /4 stricto sensu but only modulo e, that is, only when
e is taken for granted. What is more, it is not only true that this condition is
satisfied by the absolute concept of confirmation, but AC, can be replaced
in the above representation theorem for AC;. These two conditions are, in
fact, equivalent given the basic condition AC,. That is,

Observation 1. Given AC,, a measure c satisfies AC, iff it satisfies AC;.

Proof. If h and /' are logically equivalent modulo e, then A e and i’ A e
are plainly logically equivalent. Thus, if ¢ satisfies AC, and AC,, we get
c,(h,e) = c,(hhee) = c,(h' ne,e) = c,(I,e) for all p € P. But, hAe
and / are logically equivalent given e. Hence, if ¢ satisfies AC, and AC;,
then c,(h,e) = ¢,(hne,e) forall p € P. QED

Thus, AC, and AC; are the characteristic conditions to keep apart absolute
and incremental concepts of confirmation. Hence, none of the incremental
confirmation measures satisfies either of these two conditions.

3. Conclusion. This article bridges a gap in recent discussions on confir-
mation measures. While so far only incremental confirmation measures have
been axiomatized by means of representation theorems, this article provides
a corresponding theorem for the absolute concept of confirmation.

Appendix
Proof of Theorem 1
Right-to-Left Implication.

(AC,) Assuming that there exists a strictly increasing function f such that
c,(h,e,p) = fp(h | )], AC, is trivially satisfied.

(AC)) Let h,e,€ € L, and a regular probability p be given; assume fur-
thermore that there is a strictly increasing function f'such that c,(h, e, p) =
Flph | @), then f(p(h | &) Zf[ph | €)] iff pli | &)Zp(h | €). By ordinal
equivalence, ifthere exists astrictly increasing function fsuchthatc, (4, e, p) =
fp(h, e)], then AC, follows.
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(AC,) Let h, e € £, and a regular probability p be given, then by definition it
follows that p(h | ) = p(h Ae | e). By ordinal equivalence, if there is a
strictly increasing function f'such that ¢, (%, e, p) = f[p(h | e)], then AC, fol-
lows.

Left-to-Right Implication. Note that p(hAe) = p(h | e) - p(e). Conse-
quently, by AC,, there exists a function g such that, for any 4,e € £, and
any regular probability p, c,(h, e,p) = g[p(h | e), p(h), p(e)]. With no loss
of generality, we assume probabilistic coherence and regularity by con-
straining the domain of g to include triples of values (x, y, z) such that
the following conditions are jointly satisfied:

e 0<y,z<lI.

* x>0, sothat p(h | e) = p(h Ae)/p(e) > 0; hence, p(h Ae) > 0.

e x<1,sothat p(h | e) = p(h ne)/p(e) < 1; hence, p(h A e) < p(e) and
thus p(h A e) > 0.

* x <y/z,s0thatxz/y = p(e | h) < 1; hence, p(h A e) < p(h) and there-
fore p(h Ane) > 0.

e x>(y+tz—1)/z, so that xz = p(hrne) >ph) +ple) —1 =y +
z — 1. By the law of total probability we infer p(h A e) + p(h Ae) +
phne)<1.

Thus, we posit g :{(x,,z) € [0,1] x (0,1V :(y +z = 1)/z<x<y/z} —
R. The domain of g will be denoted by D,. The following lemma will be use-
ful for the subsequent proof steps.

Lemma 1. Forany (x,y, z,), (x,y,2,) € D, there exist/, e, ¢ € L£_and aregu-
lar probability p such that p(h | e) = p(h | €) = x, p(h) = y,p(e) = z,, and
pe) =z,

Proof. The equalities in lemma 1 are the result of the following scheme of
probability assignments:

(‘Zz)

—x)’z

— (z)0z) _ (1=xzz
plhnene) = phnene) =25
p(hAeAe'):(le){l—@} plinend) = (1 -z [1 - U2E]
phrEAe) = [ W] (z,) plinene) = [1 -d _‘>z'](1 - x)z,

pinend) = [1 =S [1 -y pinene) = [1 - 925 [1 - 42| - ).

Suppose there exist (x,y, z,), (x, 1, z,) € D, such that g(x,y,z,) # g(x,,2,).
Then, by lemma 1 and the definition of D,, there exist &, ¢, ¢ € £, and a reg-
ular probability p such that p(h | e) = p(h | €) = x, p(h) = y,ple) = z
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and p(€') = z,. Thus, there exist 4, e, ¢ € L, and a regular probability p such
thatc,(h, e, p) = g(x,y,2)) # g(x,¥,2,) = ¢, (h, e, p)eventhoughp(h | e) =
p(h | €), contradicting AC,.

Conversely, AC, implies that for any (x,y,z,), (x,»,2,) € D,g(x,y,z,) =
g(x,,z,). So, for AC, to hold, there must exist a function & such that for
any h, e, e € L, and any regular probability p, c,(h, e,p) = k[p(h | e), p(h)]
and k(x,y) = g(x,,z). We thus posit & :{(x,») € [0, 1] x (0, 1)} - R and
denote the domain of & by D,.

Lemma 2. For any x € (0,1],y,,¥, € (0, 1), there exist h,h',e € L, and a
regular probability p such that p(h | €) = p(h' | €) = x, p(h) = y,, p(h') =
v,, and p(h ne) = p(h' Ae).

Proof. Let z € (0, 1) be given, so that z < x,y,,»,,(1 —y)x/(1 —x),(1 —
¥2)x/(1 — x) (as the latter quantities must all be positive, z exists). The equal-
ities in lemma 2 arise from the following scheme of probability assignments:®

Suppose there exist (x, ,), (x,¥,) € D, such that k(x, y,) # k(x,y,). Then,
by lemma 2 and the definition of Dy, there exist 4, #', e € L, and a regular p
such that p(h | e) = p(hne | e) = p(h' | e) = p(h Ae | e) = xp(h) = y,,
p(h) =y, and p(hne) = p(h' Ae) = z, and

phAl Ae) = xz ph Ak Ae) = (1 —x)z
plh AN n) = L plinne) = [1 =92y, - 2)
phaH ne) = (1 —x)z pAAK ne) = =02

PAT AR = (v = D[1 =22 plraT ae) = [1 =L [1 - 0 (o9),

with z € (0, 1). Thus, there exist 4, ', e € £, and a regular p such that either
c,(h,e) = k(x,y,) # k(x,z) = c,(hAe,e) or cp(h’, e) = k(x,y,) # k(x,z) =
c,(W" Ae,e), contradicting AC,. Conversely, AC, implies that, for any
x, ), (x,»,) € D, k(x,y,) = k(x,y,). So, for AC, to hold, there must exist
a function m such that, for any h,e € £, and any regular probability p,
c,(h,e) = m[p(h | e)] and m(x) = k(x, ).

Note that the case x = 0 is missing in lemma 2. Consequently, the follow-
ing lemma closes this gap.

Lemnla 3.Forx = O and any y,,y, € (0, 1) there exist /N = L., where
h* = h for some h € L., and a regular probability p such that p(h* | e) =

pli | &) = x', p(h") = y,, p() = y,, and p(h" A e) = p(k re).

9. I thank an anonymous reviewer for spotting a mistake in an earlier proof and also for
providing me with a detailed advice for how to fix it.
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Proof. Analogous to the former proof for lemma 2.

Lemma 4. For any x,, x, € [0, 1], there exist 4, e, ¢ € £, and a regular prob-
ability p such that p(i | €) = x, and p(h | €) = x,.

Proof. Let y,z,,z, € (0, 1) be given, so that z, < (1 — »)/(1 — x,),»/x, and
z, < (1 —»)/(1 = x,),y/x, (as the latter quantities must be positive [if de-
fined], there will always be such z. Otherwise, if x, = 1 orx, = 1, (1 —
x,)z, will always be smaller than (1 — y) for all y.) The equalities in lemma
4 arise from the following scheme of probability assignments:

Suppose there existx, x, € D, such thatx, > x, and m(x,) < m(x,). Then,
by lemma 4 and the definition of D, there exist 4, e,¢ € L, and a regular
probability p such that p(h | €) = x, and p(h | €) = x,. Clearly, if the latter
equalities hold, then p(k | €) > p(h | €). Thus, there exist 4, e,¢' € £ and a
regular probability p such that ¢, (h, e, p) = m(x,) < m(x,) = ¢, (h, é,p)even

if

plhnene) = (x,z,?fx;z;) p(%/\ ene) = (17%()12]7(1,;)(2)22
phnene) = (x,zl){l - ("‘—‘2)] plhinend) =1 —x), [1 _ (l(l*jy))-z}
pinend) = [1 =2z, plinend) = [1 = 425](1 - x)z,

y

pinend) = [1 =] 1 =2y plnene) = [1 -Gl [1 - Gela - ).

Thus, p(h | e) > p(h | €), contradicting AC,. Conversely, AC, implies that
for any x,,x, € D,, if x, > x,, then m(x,) > m(x,). By a similar argument,
AC, also implies that for any x,,x, € D,, if x, = x,, then m(x,) = m(x,).
So, for AC, to hold, it must be the case that for any 4, e € £, and any regular
P, ¢,(h,e,p) = m(p(h | e)) and m is a strictly increasing function. QED
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