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Introduction

This paper was initiated by a question of Eisenbud who asked whether the entries
of the matrices in a minimal free resolution of a monomial ideal (which, after a
suitable choice of bases, are monomials) divide the least common multiple of the
generators of the ideal. We will see that this is indeed the case, and prove it by lifting
the multigraded resolution of an ideal, or more generally of a multigraded module,
keeping track of how the shifts ‘deform’ in such a lifting; see Theorem 2:1 and
Corollary 2-2.

For perfect multigraded modules an even stronger statement is possible: if the
vectors a;€N”, j=1,....b,, denote the shifts in the ith position of a minimal
multigraded resolution of a multigraded module M defined over a polynomial ring,
then the monomials 2®¢ with exponent a,; satisfy the condition

lem (x, ..., %) = lem (a1, ..., 2%,)

for all ¢ = 1; see Theorem 3-1. In a similar, but less strict, way one can bound the
shifts of a multigraded module defined over a ring K[z,,...,x,]/I where I is an ideal
generated by monomials; see Theorem 3-4 which complements similar results of
Aramova, Barcanescu, and Herzog[l], Backelin[3] and Eisenbud, Reeves, and
Totaro[9].

Other restraints on the shifts in the resolution of a monomial ideal follow from the
multiplicative structure of Tor®(K,R/I). In particular, for a monomial Gorenstein
ideal we deduce in Theorem 4-2 that any variable occurs with the same multiplicity
in those generators of the ideal that it divides, or, equivalently, that any monomial
Gorenstein ideal arises from a squarefree such ideal by a substitution z, — 2§* of the
variables.

For monomial Gorenstein ideals of height three we refine this result, and succeed
in proving a ‘structure theorem’ for this class of ideals. It asserts (see Theorem 6-1)
that any such ideal with n generators (n odd) is obtained from the ideal generated by
the monomials

XLy Typmey, t=1,...,m, m=(n—1)/2
via a substitution replacing the variables by a regular sequence of monomials. (Here
x; = a;_, for j > n.) In a combinatorial formulation, our theorem says that every
simplicial homology sphere with » vertices and of dimension n—4 arises from a cyclic
polytope by a certain inflation process in which one repeatedly replaces one vertex
by two.
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For the proof we need some general information about the second syzygy module
of an ideal generated by monomials. We show in Proposition 51 that this syzygy
module is generated by what we call ‘cyclic syzygies’. In particular we conclude in
Corollary 53 that, quite contrary to the behaviour of the higher Betti numbers, the
second Betti number of a monomial ideal is independent of the field over which it is
defined ; this answers a question posed to the authors by Hibi (see also [10]).

1. Generalities on liftings of modules and resolutions

For the reader’s convenience we recall a few basic facts on liftings of graded
modules. Let R be a Noetherian graded ring, and x = z,,..., 2, a homogeneous R-
sequence contained in the graded Jacobson radical Rad E, which is the intersection
of the graded maximal ideals of B. A graded R/xR-module M is called liftable (to R)
if there exists a graded R-module N for which x is an N-sequence and such that M =
N/xN. Tt is clear that M is liftable to R if and only if it is liftable to R/(x, ..., %,_;)
R, and then to R/(x,,...,2,_,) R, and so on. Thus the crucial case is that of a length
1 regular sequence. For such one uses the following lemma whose easy proof we leave
to the reader.

LemMMA 1:1. Let R be a Noetherian graded ring, x€ Rad R a homogeneous R-regular

element,
%

2
F:F,—F—F,
an exact sequence of graded R /xR-modules, and
Ve ¥
G:G,—0G,—0G,
a complex of graded R-modules such that F = G ® R/xR. If x is G -regular and G, is a
finite R-module, then G is exact.
Now we prove the following well-known liftability criterion.
ProrosriTiON 12, Let R and x be as in 11, and assume further that M is a graded finite
R/xR-module with a graded resolution
s 2
F:osF,—F—F->M->0
by graded finite free R/xR-modules F,. If there exists a graded complex

!",2 ¢l
G:G,—0G,—0G,

of graded free R-modules such that ¢, =, @ R/xR for i = 1,2, then N = Coker i, is a
lifting of M. Moreover, if
G >l,>G, >G>0

is a graded complex of finite free R-modules such that F = G @ R/xR, then G is a graded
Jree R-resolution of N.
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Proof. First observe that M = N/aN, by the right exactness of the tensor product.
Then use 1'1 to see that @ is exact. Therefore Tor?(N,R/xR) = H,(F) = 0; in other
words, z is N-regular. One applies 1-1 again to see that G is a graded free R-resolution
of NV.

2. Liftings of multigraded modules

Let K be a field and R = K[z,,...,x,] the polynomial ring with its natural
multigrading: fe R is homogeneous of degree ac Z" if f = Ax®, where Ae K and z° =
xfre-x8n for a = (ay, ..., a,).

Let M be a finite multigraded B-module. Without loss of generality we may assume
that the degrees of the homogeneous generators of M all belong to N*. Then M has
a minimal multigraded resolution

-3 N -2
F———>F2———>F ——>F0—>()

1

by
with F,= ®R(—a,), ayelm
=1
The vectors a;; are called the ith shifts of F' (or of M).
We call a;; squarefree if 2% is a squarefree monomial. Note that the entries of the
¢, are monomials if we choose the natural homogeneous bases of the F;. Indeed, the
matrix of ¢, is given by

¢ = (Aaos-w), A, €K, with A, =0 if a;—a,, N

THEOREM 2:1. The multigraded R-module M can be lifted to a multigraded S-module
N, S a polynomial ring over R, such that all shifts in the minimal multigraded free
S-resolution of N are squarefree.

Proof. If all shifts of F' are squarefree, then no lifting is required. Thus we may
assume that there is at least one shift whose last entry, say, is > 1.
We define a map N"—N”*! g>a’. For a = (a,, ..., a,) we set

o = {(al,...,a,n,O) if a,<1,
(a’la"'aa’n_lgl) ]f an>1,

then we introduce a new variable z,_,, choose §' = K[«,,...,%,,,], and consider the
complex

Vin )

G’:... 9@‘5”(_&;}) NP
where, for all ¢, , is defined by the matrix

(/\jlc x“;f_“;-”‘)jk.

Note that x%9-weeS’ if Ay, + 0, since aj,—aj_,, € N**V if a;—a,_,, €N It is clear
that the i, are homogeneous, and that ¢, oy, =0 for all i. But then, by
Proposition 1-2, N' = Coker ¢, is a lifting of M (=N'/(z,,,—2,)N’), and G is a
multigraded free S’-resolution of N'.

After a finite number of such liftings we achieve the desired lifting V of M. |
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For later applications it is important to understand how the shifts of M are related

to those of N. The proof of Theorem 2:1 shows the following. Let a;(k) be the kth
component of the shift a;; of M, andfor k = 1,...,n set

d, = max{a;(k)}.
2%
Then N is a module over the polynomial ring S over K in the variables y,,...,%14,,---,
Ynis--: ynd", a/nd we ha,ve

COROLLARY 2:2. If b; is the shift of the lifted module N corresponding to the shift a,;
of M, then

n ay(k)

=11 IT yu-

k=1 I=1

3. On the shifts in multigraded resolutions

As in the previous section we consider a multigraded module M over the

polynomial ring B = K[z,,...,x,] with minimal multigraded resolution
by $p 42 by b1 o
0->® R(—a,)— " —— @ R(—a,) —— ® R(—ay)>M-0,
Jj=1 j=1 =1

and assume for simplicity, and without loss of generality, that all a,; (and a fortiori
all a,;) belong to N™.

THEOREM 3-1. (a) For all ¢ and all j=1,...,b, we have
2% | lem (1, ... x%0,),
(b) If M is perfect then for all + > 1,
lem (z%0, ..., 2%) = lem (x%0 ..., 2%0,).

Proof. (a) If the assertion is not true then there exist integers ¢, j, and & such that
a;(k) > a,,(k) for all Ah=1,...,b,. Let N be the lifting of M whose multigraded
resolution has squarefree shifts b;;, as described in Theorem 2-1 and Corollary 2-2.
Then

ay(k) (k)

bk — ; bialk) —
y?u® = 1 y, and 3@ = ][ g,
-1 -1

for h=1,...,b,.

Let ¢ = max{a,,(k),...,a,, (k)}; then there must exist an entry in the matrix of one
of the maps ¢,, » =2,...,4, which is divisible by a non-trivial monomial in the
variables Yycips - s Yeay im0 while in the first relation matrix of N no such monomial
occurs. This clearly contradicts the minimality of the resolution.

(b) It follows from (a) that

lem (xau’ .- ,x“lbl) | lem (xall= eees xalbl)_

Thus it remains to show that for alli=1,...,p—1 each z*v divides x%+u for some .
Suppose this is not the case. Then the jth row of the matrix of ¢,,, must be zero.
Therefore in the B-dual of ' there appears a matrix with a zero column, contradicting

https://doi.org/10.1017/5030500410007362X Published online by Cambridge University Press


https://doi.org/10.1017/S030500410007362X

On multigraded resolutions 249

the fact that the R-dual of I is, by the perfection of M, a minimal free resolution of
the R-dual of Cokerg,. |

Since each entry of ¢, in the multigraded resolution of M divides one of the 2*9, our
Theorem 3-1 has the following immediate consequence:

CorOLLARY 3-2. If Ax®, A€ K, is the entry of some ¢, in the multigraded resolution of
M, then

z%|lem (x™, ..., x%0),

In particular, the entries in the multigraded resolution of a monomial ideal I divide the
least common multiple of the generators of 1.

One might expect an even stronger result, namely, that any monomial entry in the
multigraded resolution of a monomial ideal I divides some generator of I. However,
in general one cannot even avoid an entry whose degree exceeds that of every
generator. We choose I = (abc, def, cgh, fgh) and let B be a polynomial ring in the
variables a,...,h. Then R/I has a free resolution

¢3 . ¢2 . ¢l
0>R——>R'— sR‘*—>R->R/I-0,

where ¢, is given by the matrix (abde, —abc, def, gh). Since the entries of ¢, form a
minimal monomial system of generators of Ext%4(R/I, R), they occur in every
minimal multigraded resolution (up to constant factors).

For a perfect multigraded module we have a result dual to 3.1(b):

CorOLLARY 3-3 With the hypothesis of 3-1(b) one has
ged (2%, ..., x%0) = ged (a0, ..., x%b)

Jor all v < p—1. In particular, if M = R /I where I is a perfect monomial ideal, then ged
(0, ..., x%) =1 for e < p—1.

Proof. Let 2% = lem (x%m, ..., 2%p0,); then, after a shift by a,, the cokernel C of the
R-dual of ¢, has the following multigraded resolution

b

b, »
0+ @ R(—(a,—ay)>— & .R(—(ap—am))—>0(—ap)—>0.

J=1 j=1
By 3-1(b) we get
x%» 1 x%r x%» 1 x%r 2%
ged (xn, ..., x%0) =om x0T gt ) om %17 %o,
%
- ged (a0, ..., x%b,)

for all ¢ < p—1. This implies the assertion. I

Theorem 3-1 has some consequences for the resolution of a multigraded module M
defined over the ring R =.S/I where S = K[z,,...,z,] is a polynomial ring, and
I < S is an ideal generated by monomials. We denote by a;; the ith shifts of M as an
R-module, by a,,...,a, its first shifts as an S-module, and for ueR we set |u] to
denote the largest integer < u.
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THEOREM 34. Let a%,...,2% be a minimal set of gemerators of I, and let x° =
lem (x%, ..., 2%=) and x® = lem (2%, ..., 2%). Then
2% | 2:%(a)ti/2]
Jor all © = 1 and all j.

Proof. For the multigraded R-module M, the K-vector spaces Torf(M,K) are
multigraded with homogeneous generators of degrees a;;, j = 1,.... One defines the
multigraded Poincaré€ series in the variables s,,...,s, and ¢ by

Pl(s,t) =3 ( Y dimg ToriR(M,K)as“)ti.
i20 \aeZ"
Note that each coefficient 2, z» dim, Tor®(M, K), s* is an element of Z[s,, ...,s,].
The following observation is crucial for the proof: there are natural isomorphisms
of multigraded vector spaces

Exti(M,K) = Tor®(M, K),

and a standard change of rings spectral sequence (see for example Cartan and
Eilenberg[7])
Ext2(M, Exty(R, K)) = Ext2* (M, K)

respecting the internal gradings of the Ext-groups. This provides the coefficientwise
inequality
PR < P (1+t—tP5)™! (1)

of formal power series. Write P3 = Zpo 7,(s) ¢ with r,(s)€Z[s,, ..., s,],75(s) = 1. Then

L+t—tP = 1= 3 g(s)tt

22

with §;(s) = r,_;(s) for all ¢, and we get

(I+t—tP) =14+ 3 gq(s)t

iz2

with g¢,(s Zk>1 Zl +orty=t Gy (8) ", (s). Hence if we set P3, = Ziaopi(s) t', then

Pi(L+t—tPR)™ = po(s) +py(s) t+ 2 (Z Pi-5(8) 45(8) + pals )) (2)
iz22 \j=2
For a polynomial k(x)eZ[z] (= Z[x,,...,x,]) we set h(z™') = h(z;?,...,2;'). Then
Theorem 3-1 implies that a*p,(x~*) and xz°G,(z™*) belong to Z[z] for all > 1. We may
as well assume that 2%p,(x!) € Z[x]. Because if M has no free S-summand, as we may
assume, and if ¢ is a 0-th shift of M, then 2° divides some x%. In other words, all
monomials in p,(x) divide z%.
For a given 7, let k be the maximum of the numbers such that

i+ i, <1, withall ¢ >2.

Then it is clear that k =[i/2]. Hence by the definition of the ¢;(z) we have
(x%)¥/2 g (27Y) e Z[x] for all i. Therefore, if P§;(1+t—tP5)™ = 2, c,(s) ¢, formula (2)
shows that

(2P e () e Z[x] for all i,
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which is equivalent to saying that all monomials of ¢;(z) divide 2%(z?)/%. By the
inequality of power series (1) the monomials z*# form a subset of the monomials in
¢;(z). This implies our assertion.

For a Z-graded module N, let p, denote the maximal degree of an element in a
minimal set of homogeneous generators of N. Since any multigraded module is
naturally Z-graded, we may define {,(M) = pr where F is a minimal multigraded
resolution of M. Let b and a be defined as in Theorem 3-4, and set a = deg; z* and
B = degz 2. Then

CoroLLARY 3-5. t,(M) < fli/2]+a for all i = 1.

4. Monomzial Gorenstein ideals

In this section we discuss a constraint on the shifts of a multigraded resolution of
R/I, where R = K[z,,...,z,] is the polynomial ring, and I is a monomial ideal. The
Koszul homology H(x;R/I) (x ==x,,...,%,) has a multigraded structure as a K-
algebra, and the natural homomorphism

Tor®(K,R/I) = H(x; R/I)

is an isomorphism of graded K-vector spaces. Hence if R/I has the shifts a;, then
H,(x;R/I) has a homogeneous K-basis whose elements are of degrees a,;.

Let ¢, deH(x;R/I) be homogeneous elements. We call (¢,d) a non-trivial pair if
cd #+ 0.

ProrosrTioN 4-1. With the notation introduced, suppose (c,d) is a non-trivial pair
with deg ¢ = a and deg d = b. Then ged (x®,2%) = 1.

Proof. Assume ged (z%, 2%) # 1; then we have h = min{a(t), b(¢)} + 0 for some ¢{. We
lift the module R/I to S/J with squarefree shifts as described in Theorem 21 and
Corollary 2:2. Say R/I has the shifts a;;. Then we have a = a;, and b = a,, for some
numbers k, I, r and s.

Next we observe that the natural epimorphism S/J — R/I induces an isomorphism
of K-algebras

H(y;8/J) = H(x; R/I)

compatible with the multigradings. Hence if we denote by « and v the images of c and
d in H(y;S/J), then degu = b,, and degv = b,; where the b; arise from the a;
as described in Corollary 2-2. Moreover since (u,v) is again a non-trivial pair of
H(y;8/J) it follows that b,,+b,, = deguw is a shift of S/J, and hence is squarefree.

On the other hand, y°« and 3+ contain the non-trivial common factor Hj‘,l Yij» 2
contradiction.

Now let us consider the particular case when R/I is Gorenstein. Then, by a theorem
of Avramov and Golod [2] (see also [4]), H(x;R/I) is a Poincaré algebra. In particular,
if H,(x;R/I) is the last non-vanishing homology of the Koszul complex, then
H,(x;R /1) is a 1-dimensional K-vector space, generated by a homogeneous element,
say e, and there exist homogeneous bases c,,...,c,, of H,(x;R/I) and d,,....d,
of H, ,(x;R/I) such that c;d;, = e for i =1,...,m. Therefore the (c; d,) are non-
trivial pairs; hence we have ged (x9°8¢, 29%8%) = 1 by Proposition 4-1, and of course
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xdesci pdeeds — pdeee SQince the degrees of the ¢, are the degrees of the generators of 7,
and since 298¢ is the least common multiple of the generators of I (see Section
3-1 (b)), we can summarize these observations as follows:

THEOREM 4-2. Let I be a monomial Gorenstein ideal in the polynomial ring R =

K(z,,...,x,] which is minimally generated by the monomials z*,...,x%n, and let
[I2_, 25® =lem (z, ..., x%). Then for i = 1,...,m there exists a subset J, of {1,...,m}
such that

2= [T 5@,
keJ,
In particular, for all k the variable x, occurs with the same multiplicity in all x* that it
divides.

The theorem provides a simple method to show that certain monomial ideals
cannot be Gorenstein. For example, the ideal generated by 2%yz, wyz, wvw, zuw, xwv
is not Gorenstein, since 2 has multiplicity 2 in the first generator but multiplicity 1
in the last generator.

There are two immediate consequences of Theorem 4-2. First we have:

CoRrROLLARY 4-3. Any monomial Gorenstein ideal I < K[z,,...,x,] s obtained from a
squarefree monomial Gorenstein ideal J < K[z, ...,z,] by a substitution x, > z{®, k =
1,...,n, for some positive integers c(k).

The other consequence is the following well-known fact (Stiickrad[15]):

COROLLARY 4-4. Let I be a monomial Gorenstein ideal of the polynomial ring B =
Klz,,...,x,] such that dim R/l < 1. Then R/I is a complete intersection.

Proof. If dim R/I = 0, the ideal I must contain pure monomials 29, ... 2% among
its minimal generators. By Theorem 4-2, if z, divides a generator of I, then z{*
divides it too. Therefore, I = (zf1,...,z%).

Now suppose that dim £/] = 1, and let J be the ideal determined by Corollary 4-3.
The residue class ring R/J is the Stanley-Reisner ring of a simplicial complex of
dimension 0. Thus the A-vector (see [4]) is given by (1) or (1, 1). Hence J = (,,...,%,_,)
or J = (x},...,%,_4, T, T,), UP to a permutation of the z,.

5. The second syzygy module of a monomial ideal

In this section we describe the second syzygy module of a monomial ideal I in
R = Z|x,,...,z,]. As a consequence it will turn out that the second Betti number of a
monomial ideal is independent of the field of coefficients.

Let I be generated by the monomials w,,...,u,, and consider the start

2 82 $1
AR" ——R" ——R->R/I->0

of the Taylor resolution (see [16] or Eisenbud[8]). We denote by e,,..
canonical basis of R™. Then ¢,(e;) = u, for all 7 and

the

S lm

1 U
Pile; A e;) = om i:bi’u’)ei—lcm (ui’uj)ej for all ¢ <.
i Uy

The Taylor resolution is multigraded with dege; = degu,, dege; A ¢; = deglem (u;, u;).
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We choose ¢,,...,%,€{1,...,m}, and set

Lolem (g, .. uy)

8(ty5.005%) = e, Ny, (= b)-

o lom (g, g, )

Then @,(s(?,,-..,%,)) = 0. We call the elements s(z,,...,1%,) cyclic syzygies.

Prorosition 51. Let U be a subset of {(¢,5):1<i<j<m} and set F =
E(iy neuBBe; A e;. Then Ker (¢, | F) is generated by cyclic syzygies.

Proof. We use induction on the number of elements in U. If U is empty there is
nothing to show. So let us assume that |U] > 0, and that the assertion is proved for
all U with fewer elements. Let zeF n Ker¢, be a homogeneous element (in the
multigraded sense),

x= 2 a e Ne, a;F0.
(t,))el’
We may assume that U’ = U, because otherwise we may apply the induction
hypothesis.
Consider the (non-directed) graph I' with edges (¢,j)e U. If T contains no cycles,
then the elements @,(e; A ¢), (i,5)€ U, are linearly independent over R. Otherwise
there is a cycle in I', say (i;,,), (45, %), .-, (5_1, %), (1,%)-

Write
1

=3 o vee, Aey (i, =1),
k=1
where o, € Z and v, is a monomial for all £, and where r is a linear combination in the
remaining basis elements e; A ¢;. Since x is homogeneous we must have

v lem (w, ,uy ) = = v lem (uy, ;).

Set v=wvlem(u;,u;). Then there exists a monomial ¥ such that v=
velom (uy, ;) =4dlem(u,,...,u,) for all k. Hence we see that v, = dlem (u, ...,
ug,)/lem (u, ,w; ) for all k, and it follows that the new cycle

2 =x—o, U8(ty,..., %)

is a linear combination of fewer basis elements than x. Therefore, and by our
induction hypothesis, the proof is complete. |

COROLLARY 52. There exists a multigraded exact sequence
Ve 4
F——>R"—>R->R/I->0

with a free R-module F such that Ker yr, c () F.

Proof. We choose a subset Uc {(,5): 1 €7 <j < m} such that the elements
Po(e; A e;) generate Ker ¢, minimally, that is, none of them can be left out. Set ¥ =
Z(i,”wl{e, A e;, and ¥, = ¢, | F. Suppose Keryr, ¢ () F'; then there exists a cyclic
syzygy s(iy,...,4) 2 F\ () F. Such a cyclic syzygy contains a coefficient +1, a
contradiction to the minimality of U.
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CoRrOLLARY 5-3. Let K be a field, and J a monomial ideal in 8 = K[x,,...,x,]. Then
the multigraded Hilbert series of Tors(S/J,K) is independent of K.

Proof. We let I be the ideal in Z[z,,...,z,] generated by the same monomials as J,
and tensor the complex of Corollary 5-2 with K (over Z). This yields the start of a
minimal multigraded resolution of S/J.

The next corollary is an immediate consequence of Corollary 53 and Hochster’s
formula [11, (5:1)].

COROLLARY 54. Let A be a simplicial complex, and K a field. Then the K-dimension
of the reduced simplicial homology H_4(A, K) is independent of K.

6. Monomial Gorenstein ideals of height 3

Let K a field, B = K[z,,...,z,] the polynomial ring in » indeterminates over K
where n = 3 is odd. We set m = (n—1)/2, and consider the ideal I generated by the

monomials
Uy = T, Ty Xy, = 1,07,

where z; = 2;_, for j > n.
In this section we prove the following classification of monomial Gorenstein ideals
of height 3 which refines the structure theorem of Buchsbaum and Eisenbud[S5].

THEOREM 6-1. (@) I is a Gorenstein ideal of height 3.

(b) Let J =S =K[y, ...,y,] be a Gorenstein ideal of height 3 which is minimally
generated by the monomials v,,...,v,. Then there exist pairwise coprime monomials
Dyy -y Pp €8 such that if ¢: BR— 8 is the K-algebra homomorphism with ¢(x;) = p; for
t=1,...,n thenv; = ¢(w,;) for j = 1,...,n, after a switable renumbering of the monomials
v;. In other words, up to a substitution of the regular sequence p,, ..., p, for x,,...,x,, the
ideal J equals I.

Proof. (a) The n rows of the following matrix are obvious Taylor relations for the

monomials %,...,u,:
— Xy x, 0 0
0 R
: e - - 0
0 . 0 —2py 2,
x, 0 0 -,

A cyclic permutation of the rows moving the first row into position m+2 yields a
skew-symmetric matrix whose (n— 1)-order pfaffians are the generators of I, up to
sign. For example, for » = 5 this new matrix is

0 0 -z = 0

0 0 0 -z 2z

z 0 0 0 —a)
—x, I 0 0 0

0 -z, x, 0 0

Note that the ideal I is invariant under the action of the cyclic group whose generator
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sends z; to z;,, (X4, = ;). Since each monomial %, is ‘shorter’ than half the length
of the cycle, it is impossible to choose indices j, and j, such that each u, is divisible
by z; or x; . On the other hand one can easily find j,,,,J, for which I < (z; ,z; , x; ).
Therefore height I = 3, and the Buchsbaum—-Eisenbud structure theorem [5] yields
that R is Gorenstein. Moreover

) - 4
0—-R R" R R->R/I-0

is a minimal multigraded free resolution with ¢;(e;) = u, fori =1,...,n, ¢, given by
the matrix above, and with ¢, given by (%, 49+, %pys Uy, cee s Upppy)-
(b) Since, by assumption, J is a Gorenstein ideal of height 3, S/J has the
multigraded resolution
Vs Ve

V1
0—>S N N S—8/J -0,

where Im ), is generated by Taylor relations. According to Proposition 51 these
relations form a unique cycle, and hence we may assume that ¢, is described by the
following matrix

— V1 Uy 0 0
0 —U3 Vse :
. . . 0 ’
0 0 “VUp-1n Vnna
Vip 0 0 — ¥,

where v;; = lem (v;,v;)/v; for 1 <1 <j < n.

By Corollary 4-3 we may further assume that the generators v; of J are squarefree.

Now for each variable y; we define the ‘indicator’ o, of y; by

o, ={j: yi'”j},
and claim that the set o, is a segment of length m < n in {1,...,r} for each 7, that is,
a subset of {1,...,7} of the form {¢,a+1,...,a+m—1} or {a,a+1,...,7, 1,2, ...,
a+m—r—1}if a+m—1 > r. The segment represented by this set is said to end with
a+m—1 in the first case, and with a+m—r—1 in the second case.

This claim implies our assertion. Indeed, let p; be the product of the y, for which
o, ends with j. Then the p; are pairwise disjoint, and v, = ¢(u,) for i=1,...,n as
desired.

To prove the claim, let (g,,...,g,) be the matrix representing ,. By the duality of
the resolution the g¢; are, up to signs, just the v; (in some different order).

Let A be the determinant of the matrix obtained from ¥, by deleting the first
column and last row. According to the Buchsbaum-Eisenbud factorization theorem
[6] we have

lem (vy,9,)  lem (v,_4,v,)

Gnty =A= -
’1)2 U

A cyclic permutation of the indices gives further n—1 relations of this kind, which,
when multiplied with each other, yield

¢, gy v vt =lem (v, v,)" - lem (v,_y,v,)" Hem (v, v,)"

n-1

https://doi.org/10.1017/5030500410007362X Published online by Cambridge University Press


https://doi.org/10.1017/S030500410007362X

256 WINFRIED BRUNS AnND JURGEN HERZOG
Observe that ¢, "¢, = +v, - v,, so that

vt Rt = tlem (v, v,)" 7 lem (v, _y, v,)" Hlem (v, 0,)" 7

On the left-hand side of this equation y; appears with multiplicity (n+1)| o/, and on
the right-hand side with multiplicity (n—1)(|o;|+¢,;), where ¢; is the number of
segments constituting o;,. Thus we see that 2|o,| = (n—1)¢;. Note that |o;| <n—2
since otherwise we would have height J < 2. But then the last equation implies that
€, =1and |o| = (n—1)/2. |

The ideal I = (u,,...,u,) defined above is well known in combinatorics: it is the
defining ideal of the Stanley—Reisner ring of the boundary complex of the cyclic
polytope C(n,n—3); see for example [4]. If the ideal J of Theorem 6-1 is generated
by square-free monomials, then the substitution that leads from I to J can be
decomposed into a series of substitutions each of which replaces an indeterminate by
the product of two new indeterminates. Such a substitution transforms the boundary
complex of a convex polytope P < R? with vertices v,,...,v, into the boundary
complex of the convex polytope P’ < R%*! whose vertices vy, ..., v}, are given by

v(’]=(vl7_1)7 v;=(v171)7 'U;=('Ui,0), i=2:"')p

if the indeterminate corresponding to v, is sent to a product of two new ones. Let us
call this transformation a 1-vertex inflation.

COROLLARY 6-2. Let A be a simplicial complex with r vertices. If A is a homology sphere
of dimension r—4, then it is the boundary complex of convex polytope that arises from
a cyclic polytope C(n,n—3) (n odd) by a series of 1-vertex inflations.

In fact, A is a homology sphere if and only if A = core A and the Stanley—Reisner
ring K[A] is Gorenstein; see Stanley[14, p. 74] or [4, 5.5.1]. Furthermore dim K[A] =
dim A+1 so that the defining ideal of K[A] has height 3.

Corollary 6-2 refines a result of P. Mani[13]. P. Kleinschmidt[12] proved a similar
theorem for non-simplicial spheres. We are grateful to B. Sturmfels for these
references.

Remark 6-3. It is not difficult to give a classification of perfect monomial ideals 1
of grade 2 that is similar to Theorem 6-1. For such an ideal a minimal multigraded
free resolution of R/l has the form

P2 $1
0>R"'—R"——SR->R/[-0,

where the relations of the generators of I given by ¢, are Taylor relations and B"~!
has a basis of the form e; A ¢, (i,j)eU. Let I be the graph associated with U as
described in the proof of Proposition 51; I" is a tree with n vertices. We choose
2(n—1) new variables, and place them into an (n—1) x » matrix ¢, such that the
non-zero entries of ¥, and ¢, are in the same positions. As the reader may check, the
(n—1)-minors of ¥, are indeed monomials (up to sign). Furthermore 7 arises from the
ideal 1,_,{/,) by the substitution that sends each entry of ¢, to the corresponding
entry of ¢,.

Therefore the ‘generic’ types of perfect monomial ideals I = (u,,...,u,) of grade 2
are in bijective correspondence to the trees with n vertices. However, note that in
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general T" is not uniquely determined by I, and that the entries of ¢, need not form
a regular sequence.

Acknowledgement. In an earlier version we stated Theorem 3.4 in a stronger form.
There we defined a by the equation z* =lem (z%u,... . 2%4). We are grateful to
Srikanth Iyengar who informed us that our proof of Theorem 3-4 as it was originally
stated was incomplete. In the meantime Iyenkar succeeded in proving the stronger
version of the theorem by different methods.
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