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BIAS CORRECTIONS IN
TESTING AND ESTIMATING

SEMIPARAMETRIC,
SINGLE INDEX MODELS

ROGER KLEIN AND CHAN SHEN
Rutgers University

Semiparametric methods are widely employed in applied work where the ability
to conduct inferences is important. To establish asymptotic normality for making
inferences, bias control mechanisms are often used in implementing semiparametric
estimators. The first contribution of this paper is to propose a mechanism that enables
us to establish asymptotic normality with regular kernels. In so doing, we argue that
the resulting estimator performs very well in finite samples.

Semiparametric models are commonly estimated under a single index assumption.
Because the consistency of the estimator critically depends on this assumption being
correct, our second objective is to develop a test for it. To ensure that the test statis-
tic has good size and power properties in finite samples, we employ a bias control
mechanism similar to that underlying the estimator. Furthermore, we structure the
test so that its form adapts to the model under the alternative hypothesis. Monte Carlo
results confirm that the bias control and the adaptive feature significantly improve
the performance of the test statistic in finite samples.

1. INTRODUCTION

Semiparametric models are commonly estimated under a single index assumption
(e.g., Ahn, 1997; Climov, Delecroix and Simar, 2002; Fraga and Martins, 2001;
Gerfin, 1996; Gorgens, 2000; Gorgens and Horowitz, 1999; Ichimura, 1993; Klein
and Sherman, 2002; Klein and Spady, 1993). In this paper, we focus on developing
bias controls for estimating and testing semiparametric models in such a setting.
Before discussing bias controls, we begin with a brief description of these single
index models with which this paper is concerned. To this end, let Y be a dependent
variable of interest, X a vector of explanatory variable, and V (X ; θ0) a parametric
function of X where θ0 is a vector of parameter values. With V termed an index,
these single index models are characterized by the assumption

E(Y |X) = G(V (X ; θ0)) = E(Y |V (X ; θ0)).
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The linear index, where V is linear in observed variables, is the most commonly
used. Such a structure can cover a wide class of models because it permits V to be
a linear combination of higher order and interaction terms. To cover an even wider
class of models, it may be necessary to consider multiple index models where the
conditional expectation is an unknown function of two or more separate indexes.

As before, let θ0 be a parameter vector of interest and denote θ̂ as its esti-
mator. To ensure that this estimator has desirable properties, in large and finite
samples, it is critical to have a good estimator for the conditional expectation,
E(Y |V (X ; θ0)). In estimating this expectation, higher order kernels1 are often
used in the literature as a bias control mechanism to obtain asymptotic normality
for θ̂ . This bias control method can fail to satisfy restrictions on the true condi-
tional expectation of interest and hence does not perform well in finite samples.
For example, in binary response models, where expectations are probabilities,
such a method can deliver estimated probabilities that fall outside of the interval
[0,1].

One objective of this paper is to provide an estimator with desirable large-
sample properties and that also performs well in finite samples. To obtain these
properties, we propose a bias control mechanism with two controls and regular
kernels. The bias controls will ensure normality, and the use of regular kernels
allows us to impose known restrictions on the estimated conditional expectation.2

We find that the resulting estimator performs well in finite samples, an important
feature for its use in applications. It should be remarked that similar bias control
mechanisms can be used for likelihood-based estimators in double index models
(see Klein, Shen, and Vella, 2009). Such models are important and naturally arise
when one or more of the explanatory variables is endogenous. For an application
in the context of healthcare decisions, see Shen (2009).

When, as in the examples just mentioned, the model is characterized by more
than one index, the imposition of the single index assumption will result in an
inconsistent estimator for the conditional expectation of interest.3 Given the sen-
sitivity of the estimator to a single index assumption and given its wide use,
a second objective of this paper is to formulate a test for this assumption.

There have been papers in the literature on testing parametric against semi-
parametric models (e.g., Härdle, Mammen, and Müller, 1998; Härdle, Spokoiny,
and Sperlich, 1997; Horowitz and Härdle, 1994; Horowitz and Spokoiny, 2001).
Related tests of parametric models are given by Newey (1985), Bierens (1990),
and Härdle and Mammen (1993). This paper differs from those papers in that it
formulates a test for a main assumption in semiparametric models. We note that
in a likelihood context with a parametric null hypothesis, Newey develops condi-
tional moment tests that have optimal local power properties. It may be possible to
extend these results to the present context, but this extension is beyond the scope
of the current paper.

Some papers focus on testing single index restrictions. Escanciano and Song
(2007) provide a test focusing on average marginal effects and show that it has
a minimax property; Andrews (1993) provides high level conditions for testing
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moment restrictions. Our paper differs from these in that we provide primitive
conditions for a conditional moment test and for the estimator on which it is
based. Tripathy and Kitamura (2003) employ an empirical likelihood approach
for testing moment conditions of the form E[G(z,θ)|X ] = 0. With G a known
function and X continuous, they establish an optimality property for their test.
The test proposed here is also an orthogonality test in that we test whether a func-
tion G is correlated with functions M(X). However, unlike the preceding test,
here the function G will be unknown as we set G = Y − E(Y |V ), where V is an
index and the conditional expectation function E(Y |V ) is unknown. Further, the
M-functions will be unknown, and we will require nonparametric estimates of
them. This feature is needed to ensure that the form of the test statistic adapts to
the model under the alternative hypothesis. Most important, the proposed statistic
differs from those in the literature in the bias control mechanism that it employs.
This mechanism is similar to that underlying the estimator and results in a test
statistic that has good size and power properties in finite samples.

In organizing this paper, we begin by discussing the moment conditions that
characterize the estimator and the test statistic in Section 2. These conditions
incorporate methods for controlling their bias using regular kernels. Section 3
contains assumptions and asymptotic results. Here, we will also outline the basic
proof strategy, with the Appendix containing all formal and complete proofs. In
Section 4 we carry out Monte Carlo studies, where we evaluate the performance
of the estimators and test statistics in finite samples. To preview the results, we
find that a bias corrected estimator based on regular kernels performs the best and
the bias corrected form of the test statistic has good size and power properties.
Section 5 concludes.

2. MOMENT CONDITIONS AND BIAS CONTROL

2.1. The Estimator

In describing these conditions and the nature of the bias controls, it will be useful
to have simplified notation for sample averages of the quantities of interest. For
this purpose, define

〈AB〉 ≡
N

∑
i=1

[Ai Bi ]/N ; 〈A/B〉 ≡
N

∑
i=1

[Ai/Bi ]/N .

Further, we use the �̂ symbol above a quantity of interest to indicate an estimator
for it. Then, letting V (θ0) ≡ V (X ; θ0) be a single index depending on explana-
tory variables, X , and on a vector of true parameter values, θ0, assume that we are
interested in an extremum estimator for θ0. Let τ be a trimming function that con-
trols for small denominators in a manner that we will make explicit later. In this
section, for expositional simplicity, we take this trimming function as known. In
the Appendix, we let this function depend on an estimated argument and show that
it may be taken as known. Employing this trimming function, consider estimators
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whose gradients have the following structural form:

Ĝ (θ0) ≡
〈[

Y − Ê(Y |V (θ0)
]
τŵ∗〉 ,

where the weighting function, ŵ∗, has the form

ŵ∗
i ≡ α̂ (Vi (θ0))∇Êi .

For semiparametric least squares (SLS) estimators (Ichimura, 1993), α̂ (Vi (θ0)) =
1. For a quasi maximum likelihood estimation (QMLE) estimator for binary re-

sponse models (Klein and Spady, 1993), α̂ (Vi (θ0)) = 1/Êi

[(
1− Êi

)]
. For a

QMLE estimator of ordered models (Klein and Sherman, 2002), the gradient con-
sists of a number of components, all of which have the structure given previously.
The weights differ, but all consist of a function of the index and the derivative of
a nonparametric expectation estimator. If the gradient when normalized by

√
N

is asymptotically distributed as normal, then it is not difficult to show that the un-
derlying estimator of interest has an asymptotic normal distribution. Accordingly,
in what follows, we focus on these gradient expressions.

For such estimators characterized by the preceding gradient structure, write the
gradient as
√

N Ĝ (θ0) = √
N
[

Â (θ0)− B̂ (θ0)
]
,

Â (θ0) ≡ 〈
[Y −E(Y |V0)]τŵ∗〉 ,

B̂ (θ0) ≡
[
Ê(Y |V0)−E(Y |V0)

]
τ ŵ∗.

For the first term, with the argument given in the Appendix, it can be shown that

√
N
[

Â (θ0)− A (θ0)
]

p−→ 0, A (θ0) ≡ 〈
[Y −E(Y |V0)]τw∗〉 .

The second or B-component contributes a bias to the estimator that we need to
control to show that the gradient has an asymptotic normal distribution.

Subsequently we will define Ê
(
Y |V0

)
as a ratio of estimated functions f̂ /ĝ,

each of which converges to its true limiting value. We will be able to show that4

√
N
[

B̂ (θ0)− B̂S

]
p−→ 0,

B̂∗
S =

〈[
f̂ /ĝ −E(Y |V0)

]
τŵ∗ (ĝ/g

)〉

=
〈[

f̂ − ĝE(Y |V0)
]
τw∗/g

〉
+op(1).

Because the preceding quantity is linear in the estimated components f̂ and ĝ,
it is possible to control for the bias in B̂S by controlling for the bias in these

https://doi.org/10.1017/S0266466609990764 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609990764


BIAS CORRECTIONS WITH SINGLE INDEX MODELS 1687

estimated functions. Higher order kernels are commonly employed for this pur-
pose. In this case a standard U -statistic projection argument, which we provide in
the Appendix, immediately provides the result:

√
N
[

B̂S − BS

]
p−→ 0,

B∗
S = 〈

[Y −E(Y |V0)]τE
[
w∗|V0

]〉
.

Asymptotic normality for the normalized gradient now follows from a standard
central limit theorem. In using higher order kernels to control for the bias and de-
liver this result, it should be noted that such kernels can result in negative density
estimates and (as is the case here) often do not perform as well as methods based
on regular kernels that do not deliver the desired large-sample properties. Here,
we seek alternative bias controls that deliver the desired large-sample results with
regular kernels.

Recalling that the weight function contains the derivative of the expectation
function, we exploit a property of this derivative due to Newey in the following
theorem.5

THEOREM 1. With V (θ0) ≡ V (X ; θ0) as a single index, assume the following
single index restriction holds:

E(Y |X) = E(Y |V (θ0)) ≡ F (V (θ0)) .

Then

E[∇θ E(Y |V (θ)) | V (θ0)]θ=θ0
= 0.

Proof. Let δ (θ) ≡ V (θ0)−V (θ) and observe that δ (θ0) = 0 and that ∇θ δ (θ) =
−∇θ V (θ) . Then, employing the index restriction and using iterated expectations,

E(Y |V (θ)) = EX [E(Y |V (θ0)) | V (θ)]

≡ EX [F[V (θ0)] | V (θ)]

= EX [F[V (θ)+ δ (θ)] | V (θ)]

≡ G (V (θ) ,δ (θ)) .

Let Gk be the partial derivative of G taken with respect to θ in the kth argument
of G, k = 1,2. From the chain rule,

∇θ G (V (θ) ,δ (θ)) |θ=θ0 = G1 (V (θ) ,0) |θ=θ0 + G2 (V (θ0) ,δ (θ)) |θ=θ0

= ∇θ F (V (θ)) |θ=θ0 −E[∇θ F (V (θ)) | V (θ0)]θ=θ0
.

The proof now follows. n
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From before, ∇θ E[Y |V (θ)]
θ=θ0

behaves as an error component with condi-
tional expectation zero. As this component enters multiplicatively into the gradi-
ent, we exploit its residual-like properties as a bias control. To utilize Newey’s
result, return to the gradient discussed earlier and let

H(V ) ≡ E
([

f̂ − ĝE(Y |V0)
]

| X
)

.

Then, take an iterated expectation to obtain

E
[

B̂∗
S

]
=
〈

EX E
[

f̂ − ĝE(Y |V0)
]
τw∗/g | X

〉
+o(1)

= 〈
EX

(
τ H(V )w∗/g

)〉
= 〈

EV {[H(V )/g]E
[(

τw∗|V )]}〉 .

If the trimming function, τ, depends on X , it is not possible to employ Newey’s
result and obtain zero for this expectation. If the trimming depends on V , then
this expectation would be zero by construction.

Based on the preceding observation, we consider a multistage estimation
method. In the first stage, we trim on X and obtain consistent estimates for the
index parameters. Using these parameter estimates, we construct an estimated in-
dex upon which to base trimming. In the second stage, we then trim on the basis
of the (estimated) index rather than on X . In so doing, the expected value of the
gradient would be zero. However, such trimming upsets the consistency argument
because it provides no protection for small denominators outside of a small neigh-
borhood of the truth. To resolve this problem, we adjust expectations as follows.
Recalling that Ê = f̂ /ĝ, define an adjusted expectation as

Êa = f̂

ĝ +�
.

In what follows, we will define � such that it vanishes rapidly in regions where
g is bounded away from zero. In regions where g tends to zero, � tends to zero
very slowly. In this manner, we are able to preserve the consistency argument and
establish asymptotic normality for the gradient.6 It is possible to further improve
the performance of the estimator in finite samples under a smoothing adjustment,
but we defer discussion of this issue until Section 3.

2.2. Test Statistics

In what follows, we will first consider a general test of moment conditions and
then specialize it to the test for the single index restriction. Consider test statistics
based on “residuals” of the form

GkT (θ0) ≡ 〈[Y −E(Y |V (θ0)]wT k〉 , k = 1, . . . , K ,
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where wT k = wT k (Xk) is a vector of observations on a function of the kth exoge-
nous variable, Xk . Define GT as a column vector with GkT as the kth element.
Under a null hypothesis of interest, H0, we assume that the following orthogonal-
ity condition holds:

E[GT (θ0)] = 0.

In testing whether or not these conditions hold, we allow the conditional expec-
tation E(Y |V ) and the weight wk to be unknown functions that can be estimated
nonparametrically. Accordingly, write the estimated kth moment as

Ĝk

(
θ̂
)

≡
〈[

Y − Ê(Y |V
(
θ̂
)]

ŵT k

〉
.

With a test statistic based on these estimated moments, we will need to show that√
N ĜkT

(
θ̂
)

has an asymptotic normal distribution under the null hypothesis of

interest. Employing a standard Taylor expansion and with θ̂ as a
√

N -consistent
estimator that has an asymptotic linear representation,7 we will be able to write
√

N ĜkT

(
θ̂
)

= √
N ĜkT (θ0)+∇E[GkT (θ0)]

√
N
[
θ̂ − θ0

]
+op (1) .

As the second or parameter-uncertainty component poses no difficulty, here we
focus on the first component and discuss the nature of the bias control that we
employ.

With V0 ≡ V (θ0), we will be able to decompose these moment conditions in
the same form as the gradient for the preceding estimator and write
√

N ĜkT (θ0) = √
N
[

AT (θ0)− B̂T (θ0)
]
+op(1),

AT (θ0) ≡ [Y −E(Y |V0)]wT k,

B̂T (θ0) ≡
〈[

Ê(Y |V0)−E(Y |V0)
]
ŵT k

〉
.

As for the estimator, here the second or B-component contributes a bias that we
seek to control. As before, we will be able to show
√

N
[

B̂T (θ0)− B̂S

]
p−→ 0,

B̂S =
〈[

f̂ /ĝ −E(Y |V0)
]
ŵT k

(
ĝ/g

)〉

=
〈[

f̂ − ĝ E(Y |V0)
]
wT k/g

〉
+op(1).

Using higher order kernels to control for the bias in f̂ and ĝ , in a standard
U -statistic argument, which is provided in the Appendix, we can show
√

N
[

B̂S − B
]

p−→ 0,

B = 〈[Y −E(Y |V0)]E[wk |V0]〉 .
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The moment condition in large samples now has a form to which a central limit
theorem would apply under the null hypothesis. Namely,

√
N ĜkT (θ0) = √

N 〈[Y −E(Y |V0)] [wk −E[wk |V0]]〉+op (1) .

Taking estimation uncertainty into account, the “full” gradient has the form

√
N ĜkT

(
θ̂
)

= √
N ĜkT (θ0)+∇E[GkT (θ0)]

√
N
[
θ̂ − θ0

]
.

Letting G
(
θ̂
)

be the vector with kth element ĜkT
(
θ̂
)
, the test statistic is then

given by a standard quadratic form:

T ≡ √
N G

(
θ̂
)′

�̂−1
√

N G
(
θ̂
)

,

where �̂ is a consistent estimator for the covariance matrix of
√

N G
(
θ̂
)
. Var-

ious alternative estimators for this covariance matrix will be provided later and
examined in Section 4.

As in the case for the estimator, we find that the test statistic based on higher
order kernels can be dominated by one based on an alternative bias control and
regular kernels. Unfortunately, the weight need not and will not here have the
residual property of the derivative weight entering the gradient for the estimator.
Therefore, we propose to recenter the weight so that it has the same residual-like
property as in the estimator case. Namely, with V̂ ≡ V

(
θ̂
)

define Ĝ∗(θ̂) as a
vector with the kth element being

Ĝ∗
kT

(
θ̂
)

≡
〈[

Y − Ê(Y |V
(
θ̂
)]

ŵ∗
k

〉
,

ŵ∗
k ≡ ŵk −E

[
ŵ∗

k |V̂
]
,

T ∗ ≡ √
N Ĝ∗(θ̂

)′
�̂−1

√
N Ĝ∗(θ̂

)
.

For the test statistic proposed subsequently, we will show that such recentering
provides a bias control that makes it possible to employ regular kernels and still
obtain the same large-sample result obtained under higher order kernels. Namely,
we will show that T ∗ is close in probability to T , with T ∗ having a χ2 distribution.
We find that T ∗, which is based on this alternative bias control, has much better
finite-sample properties than T .

To specialize the preceding moment conditions and develop a corresponding
test statistic (a quadratic form in the moments) for the single index assumption, we
need to specify the weight function. A natural choice for this function would not
be a function of any particular exogenous variable, but rather the full conditional
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expectation: E(Y |X). In this case, the expected moment condition becomes

E([Y −E(Y |V )]E(Y |X))

= E([E(Y |X)−E(Y |V )]E(Y |X))

= E
(

[E(Y |X)−E(Y |V )]2
)

.

Notice that this expected moment condition is zero iff E(Y |X) = E(Y |V ). The
preceding weight would seem natural as the expected moment condition reduces
to the distance between nonparametric and index expectations. However, it is
difficult to obtain reasonable estimates of the full conditional expectation w =
E(Y |X) when the dimension of X is large. We are therefore motivated to seek
low-dimensional weights that are close to this full expectation. With “close” de-
fined in a mean-squared error sense, low-dimensional weights are given by

wk = argmin
ω

[
E(w −ω)2|Xk

]
= E(Y |Xk) .

Notice that this weight depends on the actual form of the dependence of Y on
X . In other words, it is adaptive to the alternative model. This property is desir-
able compared to fixed weights, because intuitively it yields better test power by
being able to flexibly capture different violations of the null hypothesis. Our
Monte Carlo study comparing one common fixed weight and our adaptive weight
confirms the preceding observation. The fixed weight we use is the quadratic
weight. Detailed discussions are in Section 4.

3. ASSUMPTIONS, DEFINITIONS, AND RESULTS

To obtain the preceding results, we require standard assumptions on the data gen-
erating process, smoothness conditions on unknown densities, and given sets over
which densities are positive. We make the following assumptions.

(A1) Observations. With (Yi , Xi ) as the i th observation on the dependent
and explanatory variables, assume that (Yi , Xi ) is independent and identically
distributed (i.i.d.). With X as the N × K matrix of observations on the explanatory
variables (including a column vector of ones), assume that X has full column rank
with probability one.

(A2) Model. Under the null hypothesis E(Yi |Xi ) = E(Yi |Vi ), Vi ≡ X1i +
X2iθ0, where X1i is continuous and θ0 is in the interior of a compact parameter
space, �. Furthermore, to simplify arguments we assume that X is bounded.8

In addition, Var(Yi |Xi ) is bounded.
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(A3) Estimator characterization. Under the null hypothesis, with −H0 pos-
itive definite and Gi being i.i.d., the estimator for θ0 satisfies

√
N (θ̂ − θ0) = −H−1

0 N−1/2
n

∑
i=1

Gi +op(1),

E(Gi ) = 0; Var(Gi ) = O(1).

(A4) Continuous variable density. With Xk as any of the continuous X vari-
ables, denote gk(·|y) as its density conditioned on Y = y. Denote ∇d gk(t |y) as
the dth partial derivative with respect to t , with ∇0gk(t |y) ≡ gk(t |y). With gk

supported on [a∗
k ,b∗

k ],

gk > 0 on (ak,bk), a∗
k < ak < bk < b∗

k ,

|∇d gk | = O(1) on [ak,bk], d = 0,1,2,3.

(A5) Index density. With Vi ≡ X1i + X2iθ0, let g(x1|y, x2) be the indicated
conditional density supported on [a,b]. Assume

g > 0 on (a,b),

|∇d g| = O(1) on [a,b], d = 0,1,2,3.

(A6) Tail condition. With gy as the density for the dependent variable, Y ,
assume that there exists T such that for t > T and d f ≥ 4

gy(t) < 1/

[(
1+ t2

)(d f +1)/2
]

.

The preceding assumptions are somewhat standard in the literature. Namely, the
model must include a continuous variable (Assumption (A2)) and densities for
continuous variables and the index must be sufficiently smooth, as implied by
(Assumptions (A4) and (A5)). Notice that (A4)–(A5) also specifies when density
denominators become zero, which facilitates the trimming strategy. To establish
uniform convergence results for estimated expectations, we require a tail condi-
tion on the density for the dependent variable, Y . Although this assumption can
be made in terms of the number of finite moments for Y , here we directly assume
in (A6) that the density has tails that are no thinner than those for a t-distribution
with d ≥ 4. Additional window conditions will be required and are stated directly
in the theorems for which they are needed. To define the estimators and test statis-
tics, we will also require the definitions that follow.
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(D1) TRIMMING. With Zik as the ith observation on a continuous variable,
Zk, k = 1, . . . , K , let

τ̂ik ≡
{

1 : âk < Zik < b̂k

0 : otherwise,

τ̂i ≡ �k τ̂ik,

where âk and b̂k are, respectively, lower and upper sample quantiles for Zk . With
Xk as an exogenous variable, when Zik = Xik, we refer to τ̂i as X trimming and
write τ̂i x = τ̂i ; with V̂ as the estimated index, when Zik = V̂ ,k = 1, we refer to
τ̂i as index trimming and write τ̂iv = τ̂i .

In the case where a smooth trimming function is required, define

τ (z,δ) ≡ [
1+ exp(−Ln(N )Ln(N ) [z − δ])

]−1

as a smoothed approximation to an indicator on z ≥ δ. A smoothed indicator on
z ∈ [a,b] is then defined as τ(z,a)× τ(b, z).

(D2) KERNELS. The kernel function K (z) is termed regular if K (z) ≥ 0,∫
K (z)dz = 1, and K (z) = K (−z). The function K (z) will be termed a (normal)

twicing kernel if K (z) = 2φ(z)−φ
(
z/

√
2
)
/
√

2.

(D3) EXPECTATIONS. With h = O
(

N−r
)

and Ki j ≡ K
[(

zi − zj
)
/h
]
, the

estimated conditional expectation with window parameter r is denoted as Êi ≡
Ê(Y |Z = zi ) and is given by

Êi ≡
[

1

(N −1)h ∑
j 
=i

Yj τ̂j Ki j

]
/

[
�̂i + 1

(N −1)h ∑
j 
=i

τ̂j Ki j

]
≡ f̂i/ĝ∗

i .

The expectation is referred to as being

(i) regular (Ê) if τ̂j = 1, �̂i = 0, and K is a regular kernel;

(ii) twicing if τ̂j = 1, �̂i = 0, and K is a (normal) twicing kernel (Newey,
Hsieh, and Robins, 2004);

(iii) adjusted (Êa) if τ̂j = 1, K is regular, and with q̂ as a lower sample quan-
tile,

(e.g., 0.01) of ĝ (zi ) , i = 1, . . . , N .

�̂i ≡ hαq̂
[
1− τ̂i

(
â, b̂

)]
, 0 < α < 1.
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(D4) FIRST- AND SECOND-STAGE ESTIMATORS.9

θ̂1 = argmax
θ

Q̂1, Q̂1 ≡ − 1

2n

n

∑
i=1

τ̂i x [Yi − Ẽ(Yi |v(Xi ; θ))]2,

θ̂2 = argmax
θ

Q̂2, Q̂2 ≡ − 1

2n

n

∑
i=1

τ̂iv [Yi − Êa (Yi |v(Xi ; θ))]2.

(D5) SMOOTHING ADJUSTMENT. Letting Ĥ(θ) be the Hessian with re-
spect to Q̂2 and Ê∗ be a regular expectation with window parameter r∗ = 1

5 ,
define

B̂
(
θ̂2
)=

n

∑
i=1

τ̂iv

(
Êi
(
θ̂2
)−Ei

(
θ̂2
))∇Êi

(
θ̂2
)
,

B̂∗(θ̂2
)=

n

∑
i=1

τ̂iv

(
Ê∗

i

(
θ̂2
)−Ei

(
θ̂2
))∇Êi

(
θ̂2
)
.

Then, define an adjusted estimator as

θ̂∗ = θ̂2 − Ĥ
(
θ̂2
)−1

[
B̂
(
θ̂2
)− B̂∗(θ̂2

)]
.

(D6) TEST STATISTICS. The test statistics, T and T ∗, are defined as before.

As discussed earlier, we employ a two-stage estimator (Definition (D4)) so
as to utilize Newey’s result as a bias control. The first stage of this estimator
requires X -trimming (Definition (D1)) and regular expectations (Definition (D3)),
whereas the second stage requires index-trimming (Definition (D1)) and adjusted
expectations (Definition (D3)). We will compare results under regular and higher
order kernels (Definition (D2)). Notice that the twicing kernel in (D2) is a higher
order kernel in that∫

z2
[
2φ (z)−φ

(
z/

√
2
)/√

2
]

dz

= 2−2
∫

[z/
√

2]2φ
(

z/
√

2
)/√

2dz

= 2−2
∫

w2φ(w)dw = 0, w ≡ z/
√

2.

In examining the second-stage estimator and the test statistic for various designs,
we had one design where the finite-sample bias for the estimator was significantly
larger than that for the other designs. As a result, we found that the test statis-
tic had poor size properties in this case. The smoothing adjustment (Definition
(D5)) improved the size properties of our test statistic significantly in this case by
reducing the bias in the estimator. To explain why this adjustment works, recall
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the definition of Â(θ0)− B̂(θ0) in Section 2. Then, a standard Taylor expansion
yields

θ̂2 − θ0 = −Ĥ−1(θ+)( Â(θ0)− B̂(θ0)), θ+ ∈ [θ̂2,θ0].

Defining an estimator with an infeasible adjustment as

θ̂I = θ̂2 − Ĥ−1 (θ+)[B̂ (θ0)− B̂∗ (θ0)
]
,

then it immediately follows that

θ̂I − θ0 = −Ĥ−1 (θ+)[ Â (θ0)− B̂∗ (θ0)
]
.

This infeasible estimator is the same as θ̂2, except the B-component now depends
on an optimal expectation estimator. As a result, we would expect it to perform
better in finite samples. Subsequently, we show that this infeasible estimator can
be approximated by the feasible estimator based on the adjustment in Definition
(D5) in that

√
N
[
θ̂I − θ̂∗

2

]
p→ 0.

Beginning with the estimator, Theorem 2 establishes consistency at both stages.

THEOREM 2 (Estimator consistency). With d f ≥ 4 given in (A6), set λ ≡
d f/(1−d f ) . Denote θ̂1 and θ̂2 as the first- and second-stage estimators, respec-
tively and assume (A1)–(A6). Base the first-stage estimator on a regular expecta-
tion (Definition (D3)) with window r1:

1/8 < r1 < 1/6; 0 < r1 < [1/2− δ]/ [λ+ ε] .

Base the second-stage estimator on an adjusted expectation (Definition (D3)) with
adjustment parameter 0 < α < 1 and window r2 :

1/8 < r2 < 1/6; and 0 < r2 < [1/2− δ]/ [λ(1+a)+ ε] ,

Then∣∣∣θ̂1 − θ0

∣∣∣= op (1) ;
∣∣∣θ̂2 − θ0

∣∣∣= op(1).

The normality arguments are very similar for the estimator and the test statistic as
they are both based on similar moment conditions. After providing these results
in Theorems 3 and 4, we will outline the common structure of the argument.

THEOREM 3 (Estimator: Asymptotic linearity and normality). Assume (A1)–
(A6) and base the second stage estimator, θ̂2, on an adjusted expectation (Defini-
tion (D3)) with adjustment and window parameters as given in Theorem 2. Letting
G (θ0) ≡ ∇θ ′ Q2 (θ0), H0 ≡ ∇θθ ′ Q2 (θ0), and � ≡ H−1

0 E
[√

N G0G ′
0

√
N
]
H−1

0 ,
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(i)
∣∣θ̂1 − θ0

∣∣= op(N− 1
4 ),

(ii)
√

N
(
θ̂2 − θ0

)= −H−1
0

√
N G(θ0)+op(1),

(iii)
√

N
(
θ̂∗

2 − θ̂2
)= op(1),

(iv)
√

N
(
θ̂∗

2 − θ0
) d→ Z ∼ N (0,�).

In the special case when Var(Yi |Xi ) = σ 2
0 is constant, � = − σ 2

0 H−1
0 .

THEOREM 4 (Test statistic: Asymptotic null distribution). Let

M̂ ≡ Ê
(
Y |V̂ ); M̂k ≡ Ê

(
Y |Xk

); M̂T ≡ ÊT
(
Y |V̂ ),

where the first two expectations are regular with window parameter r: 1
6 < r < 1

4
and the third is twicing with window parameter rT : 1

8 < rT < 1
6 . Define

ŵk ≡ τ̂k M̂k ; ŵ∗
k ≡ ŵk − Ê

(
ŵk |V̂

)
,

where the preceding expectation is a regular with window parameter r∗: 1
6 < r∗ <

r < 1
4 . Denote T̂ and T̂ ∗ as the uncentered and centered moments with respective

kth elements

T̂k

(
θ̂
)

=
〈
τ̂v

(
Y − M̂T

)
ŵk

〉
; T̂ ∗

k

(
θ̂
)

=
〈(

Y − M̂
)

ŵ∗
k

〉
.

Then, with ε ≡ (Y − M ), under the null hypothesis of a single index:

(i)
√

N T̂ ∗
k (θ̂) = √

N Sk +op(1), Sk = 〈εw∗
k 〉−〈∇θw

∗
k 〉H−1

0 G0,

(ii)
√

N
[
T̂ ∗

k

(
θ̂
)− T̂k

(
θ̂
)]= op(1),

(iii)
√

N T ′�−1T
d→ X ∼ χ2(K ), T = T̂ ∗(θ̂), T̂ (θ̂),

where with Sk as the kth element of S: � ≡ E[SS′].

To outline the proof for Theorems 3(ii) and 4(i) (other parts follow directly),
note that the moment conditions underlying the estimator and the test statistic
have the structure

√
N
〈
τ̂ (Y − M̂)ŵ

〉
= √

N
〈
τ̂ (Y − M)ŵ

〉−√
N
〈
τ̂ (M̂ − M)ŵ

〉
.

Here ŵ is an estimated weight vector whose form, depends on whether the preced-
ing moment conditions describe the estimator or the test statistic. Denote w as the
limiting value of the estimated weight. Then, for the first component shown here,
a mean-squared convergence argument is employed in the Appendix together with
a result from Pakes and Pollard (1989) to show that

√
N
〈
τ̂ (Y − M)ŵ

〉= √
N 〈τ(Y − M)w〉+op (1) .
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With M̂ = f̂ /ĝ, in the Appendix we show that the second component is within
op (1) of

√
N
〈
τ(M̂ − M)wĝ/g

〉
= √

N
〈
τ( f̂ − ĝM)τw/g

〉
.

As a U -statistic, this last term can be analyzed by conventional projection ar-
guments. Provided that its expectation tends to zero, this term vanishes for the
estimator and the centered test statistic. For the uncentered test statistic, it con-
tributes precisely the term that makes it asymptotically close to the centered form.
As discussed in Section 2, the preceding expression will have expectation tending
to zero if appropriate higher kernels are employed or when the trimming function,
τ , depends only on the index. For both the estimator and the centered test statistic,
regular kernels can be employed as this last condition holds.

4. MONTE CARLO DESIGNS AND RESULTS

In this section Monte Carlo experiments are used to investigate different estima-
tors and test variants. First, we use a Monte Carlo experiment to evaluate dif-
ferent estimators that are defined in Section 3. Our Monte Carlo study shows
that the two-stage normal kernel estimator with bias correction has the smallest
root mean-square error (RMSE). Therefore, we choose this estimator to study the
empirical size and power of different variants of the test statistic.

Second, in evaluating the test statistics T and T ∗, we will examine both bias
corrected and regular forms of the test statistics as defined in Section 3. Both test
statistics depend on an estimated covariance matrix, and we provide results for
two different estimates. With S defined as in Theorem 4, the covariance matrix is
given by � = E(SS′), which may be estimated by a sample analogue. Alterna-
tively, with εi ≡ Yi −E(Yi |Vi ), note that the kth element of S has the form

Sk =
N

∑
i=1

w∗
ikεi −〈∇θw

∗
k

〉
H−1

0

N

∑
i=1

∇θ E(Yi |Vi )εi .

Accordingly, elements of S will depend on ε2
i terms. Taking an iterated expecta-

tion and conditioning on X , write

� = E
[
E(SS′|X)

]
.

Given the form of Sk, it can be shown that the inner expectation depends on the
variance of Y conditioned on the index. If this conditional variance is known to
be constant, as it is in all but one of the designs that follow, then it can be factored
out of the preceding expectation and directly estimated as an average of squared
residuals. We will use the terms KCV (known constant conditional variance) and
UCV (unknown conditional variance) to refer to these two covariance matrix esti-
mates. Test statistics will be computed and compared under these two covariance
matrix estimators.
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Third, we compare the performance of our adaptive weight version of the test
statistic and the fixed weight version. Recall that the test statistic depends on a
weight that is a function of Xk, the kth exogenous variable entering the model.
The adaptive or predictive weight is given by w(Xk) = E(Y |Xk), which is the
optimal predictor of Y under quadratic loss. Notice that this weight has an un-
known functional form that is model dependent. In contrast, a fixed weight has a
known functional form that does not depend on the alternative. The fixed weight
we use in our Monte Carlo study is the common quadratic weight w(Xk) = X2

k .
The Monte Carlo experiment confirms that the adaptive weight version of the test
is robust. Namely, in some designs the two versions perform similarly; however,
in other designs the adaptive weight strongly dominates the fixed one.

4.1. Designs

All of the designs have single index structures under the null hypothesis. For
each design, the alternative does not satisfy a single index assumption. Under the
alternative, the first design is a double index model with continuous dependent
variables; the second design is a binary response model with index heteroskedas-
ticity; the third design is a double index model with discrete dependent variables;
the last two designs are general linear models with no index structure. In all the
designs, we normalize such that E(Yi |Xi ) has standard deviation 2 under the null
and alternative models.

In the first (basic) design, we use the following data generating method for the
null hypothesis:

Yi = M0i + εi , M0i ∝ (X1i + X2i )
2,

where the X ’s ∼ χ2(1) and ε ∼ N (0,1). Under the alternative,

Yi = M1i + εi , M1i ∝
[
(X1i + X2i )

2 + (X1i − X2i )
3].

The second design is a binary response design. With εi being i.i.d. N (0,1),
under the null of a single index model,

Yi =
{

1 : M0i > εi

0 : otherwise
, Moi ∝ X1i + X2i −0.5.

Unlike the previous two designs, here the two X ’s are correlated. In particular, the
X ’s are linear combinations of the same χ2 variable and different normal shocks.

The alternative model introduces heteroskedasticity, with M1iεi replacing εi

and with M1i ∝
√

1+ (X1i − X2i )2. We normalize M0i and M0i/M1i so that they
have expectation zero and standard deviation 2. This design is the only one that
does not have a constant conditional variance.

Because discrete independent variables are very common in practice, the third
design has a discrete regressor. The structure of the null and alternative are the
same as in the basic design; however, here X2i is a binary variable.
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In the fourth (general linear model) design, under the null hypothesis we gen-
erate data by

Yi = M0i + εi , M0i ∝ (X1i + X2i +2X3i )
2,

where the X ’s ∼ χ2(1) and ε ∼ N (0,1). Under the alternative, which has no
index structure,

Yi = M1i + εi , M1i ∝
[
3X2

1i +2X2
2i + X2

3i +3
]
.

A fifth design is constructed to compare the properties of our adaptive weight
version of the test statistic and the fixed weight version. This design is different
from the other four in a way that will be explained subsequently. Under the null
hypothesis we generate data by

Yi = M0i + εi , M0i ∝
(

X1i + X2i + X3i
)2

,

where the X ’s ∼ N (0,1) and ε ∼ N (0,1). Under the alternative, which has no
index structure,

Yi = M1i + εi , M1i ∝
[
X3

1i + X3
2i + X3

3i +1
]
.

For all the designs, the sample size we use is n = 1,000, and the number of
Monte Carlo replications is 1,000. We provide results for theoretical sizes of 0.05
and 0.10.

For the estimator, there are a number of window and trimming choices that
need to be specified. With windows having the form h = O(N−r ), for the stage 1
and stage 2 estimators, we set r at 1/6.1. Within the range of permissible values,
the value gives the fastest pointwise convergence rate of the estimated expectation
to the truth. For the smoothing adjustment, we select an optimal pointwise rate of
1/5. Finally, for the twicing kernel, we set this window at 1/7. In the case of trim-
ming, all trimming is based on the 0.99 quantile for the relevant variables. Recall
that in the second-stage estimator, we adjust the denominator of estimated expec-
tations. Here, we smoothly keep the index between the 0.005 and the 0.995 index
quantiles. Recall also that this adjustment depends on a lower density quantile,
and we select the 0.01 quantile for this purpose. Finally the adjustment depends
multiplicatively on a window raised to the power of α, 0 < α < 1. In this case, we
set α to be 1/2.

For the test statistics, with one exception given subsequently, we set the win-
dow parameter r to be 1/5 for the expectations E(Y |V ) and Mk = E(Y |Xk). The
window parameter for E(Mk |V ) is 1/7. The index trimming is set at 0.95, and the
X trimming is set at 0.99.

4.2. Monte Carlo Results

The first step is to use a Monte Carlo study to evaluate different estimators. The
estimators studied are SLS estimators using twicing kernels (SLS-TW) using X
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trimming in the first stage (S1SLS), and using index trimming in the second stage
(S2SLS). For each SLS variant there are two versions: having smoothing correc-
tion or not; the corrected ones have an extra “C” in front (e.g., CSLS-TW). Among
the unadjusted estimators, in the general linear model and basic designs, S2SLS
has an RMSE about 30% lower than that of the other estimators. The reduction in
RMSE is smaller (8%) in the binary response case and close to zero in the discrete
regressor design reported here. This last finding is design dependent and does not
hold for other discrete designs.10

In terms of RMSE, bias adjusted estimators are quite close to uncorrected ones
in all the designs except in the discrete regressor case, where bias adjustment
reduces RMSE by about 16% by cutting the bias in half.11 Essentially, the bias
correction makes little difference when the bias in the uncorrected estimator is
very small, but it can have a large impact when this bias is large. Hence our con-
clusion would be that the bias corrected two-stage normal kernel estimator with
bias reducing structure is the best choice. Detailed results can be found in Table
1. Note that with the exception of the discrete regressor design, the twicing kernel
results are not reported because there are severe outliers resulting in misleading
bias and variance values.

After the CS2SLS estimator is chosen, in Table 2 we compare all the variants
of test statistics we mentioned in our Monte Carlo study, involving known or

TABLE 1. Estimation results

SLS-TW CSLS-TW S1SLS S2SLS CS2SLS

Basic design
Bias 0.000 0.000 0.000
Rvar 0.042 0.031 0.031
RMSE 0.042 0.031 0.031

Binary response design
Bias −0.010 −0.002 0.000
Rvar 0.063 0.060 0.059
Rmse 0.064 0.060 0.059

Discrete regressor design
Bias −0.019 −0.017 −0.023 −0.036 −0.019
Rvar 0.045 0.046 0.041 0.036 0.037
RMSE 0.049 0.049 0.047 0.050 0.042

General linear model design
Bias −0.005 0.000 0.001

0.043 −0.003 −0.004

Rvar 0.089 0.069 0.069
0.132 0.109 0.109

RMSE 0.089 0.069 0.069
0.139 0.109 0.109
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TABLE 2. Test results

5% theoretical critical value 10% theoretical critical value

Uncentered Recentered Uncentered Recentered

UCV KCV UCV KCV UCV KCV UCV KCV

Basic design
R

Size 0.039 0.041 0.085 0.100
Power 0.721 0.894 0.809 0.923
Adjusted power 0.746 0.903 0.827 0.923

TW
Size 0.237 0.232 0.062 0.063 0.315 0.319 0.108 0.116
Power 0.774 0.899 0.729 0.890 0.841 0.930 0.810 0.921
Adjusted power 0.344 0.665 0.711 0.878 0.537 0.764 0.802 0.917

BRR
Size 0.219 0.232 0.063 0.065 0.319 0.309 0.110 0.118
Power 0.768 0.905 0.723 0.889 0.842 0.936 0.809 0.920
Adjusted power 0.449 0.744 0.700 0.878 0.617 0.836 0.792 0.914

Binary response
R

Size 0.049 0.035 0.097 0.067
Power 1.000 1.000 1.000 1.000
Adjusted power 1.000 1.000 1.000 1.000

TW
Size 0.147 0.125 0.044 0.022 0.253 0.206 0.098 0.057
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Adjusted power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

BRR
Size 0.209 0.167 0.059 0.023 0.335 0.279 0.133 0.056
Power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Adjusted power 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Discrete regressor design
R

Size 0.206 0.220 0.338 0.353
Power 0.973 0.989 0.989 0.992
Adjusted power 0.911 0.967 0.943 0.978

TW
Size 0.772 0.770 0.167 0.177 0.809 0.813 0.273 0.282
Power 0.996 0.996 0.99 0.994 0.996 0.998 0.994 0.995
Adjusted power 0.007 0.069 0.96 0.986 0.027 0.218 0.977 0.992

BRR
Size 0.864 0.874 0.051 0.053 0.909 0.901 0.096 0.089
Power 0.996 0.999 0.996 0.997 1.000 1.000 0.996 0.997
Adjusted power 0.014 0.144 0.996 0.997 0.048 0.322 0.996 0.998

(Continued)
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TABLE 2. Continued

5% theoretical critical value 10% theoretical critical value

Uncentered Recentered Uncentered Recentered

UCV KCV UCV KCV UCV KCV UCV KCV

General linear model design
R

Size 0.034 0.045 0.082 0.089
Power 0.572 0.850 0.684 0.889
Adjusted power 0.624 0.856 0.717 0.892

TW
Size 0.136 0.132 0.032 0.045 0.207 0.203 0.087 0.088
Power 0.565 0.822 0.511 0.806 0.675 0.861 0.629 0.863
Adjusted power 0.301 0.697 0.572 0.817 0.492 0.789 0.655 0.868

BRR
Size 0.152 0.153 0.038 0.049 0.227 0.231 0.090 0.097
Power 0.695 0.909 0.522 0.817 0.800 0.931 0.647 0.872
Adjusted power 0.417 0.806 0.585 0.819 0.606 0.874 0.665 0.875

unknown conditional variance (KCV or UCV) and different bias reducing mech-
anisms. The bias reducing mechanisms we employ are twicing kernel (TW), reg-
ular kernel using a window r > 1

4 (BRR), and recentering. We investigate the
empirical size, power, and adjusted power, which is the empirical power using
bootstrap critical value adjusting the empirical size to be equal to the theoretical
size. For reasons discussed subsequently, our Monte Carlo results recommend the
centered BRR as the best among all those variants. In addition, in all cases where
the conditional variance is constant, it is better to impose this information.

In comparing different variants of the test statistic, note first that the recentered
test statistics perform much better than uncentered ones in that the empirical sizes
are much closer to theoretical value and power is also better. The uncentered test
statistics in all the designs have highly inflated empirical sizes. As a result, the
adjusted power is substantially different from the unadjusted power. For example,
turn to the general linear model design. The recentered KCV BRR gives empirical
sizes of 0.049 and 0.097 for 5% and 10% theoretical sizes, whereas the uncentered
version gives 0.153 and 0.231, respectively. The recentered test also has better
power properties. Similar results occur for the other designs.

Second, we compare results that depend on whether or not a KCV assump-
tion is correctly imposed in estimating the covariance matrix. In all three designs
where this assumption holds, the performance of the test statistic is improved. The
sizes are reasonable and similar, but the power of KCV is higher than UCV. For
example, in the basic design, the power of the UCV version gives adjusted power
of only 0.7 and 0.792 for 5% and 10% theoretical sizes, whereas the KCV ver-
sion gives powers of 0.878 and 0.914, respectively. Not surprisingly, a better test
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statistic results from imposing correct (constant conditional variance) information
when estimating the covariance matrix.

As for kernel selection, the results are quite close to one another. However,
BRR is the most stable over designs. For the discrete regressor design, the re-
centered KCV with BRR gives empirical sizes of 0.053 and 0.089 for 5% and
10% theoretical sizes, the corresponding ones for simple expectation are 0.22 and
0.353, and twicing kernel yields 0.177 and 0.282. The power is also slightly bet-
ter than the other two. The difference among them in other designs is often small.
For example in the general linear model design our recentered KCV under BRR
gives size and power combinations of (0.049, 0.817) and (0.097, 0.872) for 5%
and 10% theoretical sizes, corresponding expectation by index gives (0.045, 0.85)
and (0.089, 0.889), and twicing provides (0.045, 0.806) and (0.088, 0.863).

As a conclusion, the recentered test statistic using BRR stands out among all
the variations we tried. It performs well under all the designs. Furthermore, when
it is known that the conditional variance is constant, such information should be
imposed.

To compare fixed with adaptive weights, recall that the fixed weights are the
squares of the exogenous variables that appear in the model, whereas the adaptive
or predictive weights are the optimal (mean-square error) predictors of Y. With
the exception of the fifth design, all of the designs have important quadratic ele-
ments. As a result, the fixed and adaptive weights explain comparable proportions
of the variation in the dependent variable in those designs. Not surprisingly, in
these cases we find, but do not report, that fixed and adaptive weights perform
similarly. In the fifth design, which is given in Section 4.1, quadratic elements
are not important in the alternative model. Even collectively, such elements only
explain 3.5% of the variation in Y . In contrast, collectively the adaptive weights
explain 78.1%. Table 3 provides Monte Carlo results for the comparison between
our adaptive weight version of the test and the fixed weight version. It is shown
that our adaptive weight test statistic dominates the fixed weight version in this
design by having much better power results. For example, at the 5% theoretical
critical value panel, we find the adaptive weight version of the recentered BRR
test with KCV has an empirical power of 0.962, whereas the number for the fixed
weight version is much lower at 0.706.

5. CONCLUSIONS

In summary, we have first developed an estimator that has desirable large-sample
properties (consistency and asymptotic normality) and that also performs well
in finite samples. We have obtained these properties by employing bias controls
that make it possible to base the estimator on regular kernels. These finite- and
large-sample properties are important in applied work and are also central to the
performance of test statistics that depend on the estimator.

Second, we have formulated a test statistic for testing the frequently made sin-
gle index assumption in semiparametric models. We establish the large-sample
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TABLE 3. Comparison of fixed weight and adaptive tests

5% theoretical critical value 10% theoretical critical value

Uncentered Recentered Uncentered Recentered

UCV KCV UCV KCV UCV KCV UCV KCV

Quadratic weight test
R

Size 0.036 0.043 0.076 0.091
Power 0.045 0.698 0.094 0.774
Adjusted power 0.062 0.713 0.119 0.783

TW
Size 0.139 0.144 0.034 0.040 0.219 0.226 0.075 0.088
Power 0.055 0.716 0.043 0.695 0.109 0.780 0.094 0.774
Adjusted power 0.012 0.559 0.061 0.708 0.020 0.662 0.120 0.783

BRR
Size 0.049 0.057 0.038 0.044 0.099 0.106 0.073 0.086
Power 0.044 0.704 0.044 0.697 0.094 0.774 0.095 0.771
Adjusted power 0.045 0.681 0.061 0.706 0.099 0.768 0.126 0.786

Adaptive test
R

Size 0.043 0.048 0.089 0.095
Power 0.768 0.968 0.845 0.976
Adjusted power 0.786 0.968 0.852 0.976

TW
Size 0.466 0.460 0.045 0.049 0.565 0.565 0.093 0.095
Power 0.813 0.975 0.757 0.966 0.877 0.981 0.833 0.976
Adjusted power 0.223 0.822 0.770 0.966 0.349 0.881 0.846 0.976

BRR
Size 0.094 0.090 0.045 0.049 0.164 0.159 0.093 0.099
Power 0.796 0.971 0.757 0.962 0.860 0.978 0.830 0.975
Adjusted power 0.727 0.959 0.763 0.962 0.806 0.973 0.842 0.975

distribution of the test statistic under the null hypothesis and show that it performs
well across a variety of designs in Monte Carlo experiments. This performance is
obtained by an embedded bias control mechanism, the adaptive nature of the test
statistic, and also the estimator upon which it is based.

NOTES

1. With Vi i.i.d. distributed as g, a kernel density estimator for g(t) is given as ĝ(t) = ∑ 1
Nh K

[(
t −

Vi
)
/h
]
. When K is a density that is symmetric about zero (e.g., a standard normal), we refer to K as a

regular kernel. In this case, it can be shown that the bias in ĝ is O(h2), where h tends to zero. When K
is a function that is symmetric about zero and integrates to one and

∫
z2p K (z)dz = 0, p = 1,2, . . . ,

then K is termed a higher order kernel. It can be shown that the bias in a density estimator based
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on this kernel is O
(
h2(1+p)

)
. Notice that unlike regular kernels, higher order kernels must take on

negative values.
2. There are other alternative methods that control for the bias under regular kernels. For example,

Honore and Powell (2005) employ the following jackknife approach. Let β̂(h) be an estimator based
on the window parameter h. Then, under this approach the final estimator is a linear combination
of such estimators using different windows. In contrast, here we employ a two-stage approach that
exploits a result due to Newey (see Theorem 1 in Section 2) to ensure asymptotic normality under
regular kernels. In addition, we also implement a smoothing adjustment to the final estimator. We find
that the resulting estimator performs quite well in finite samples. It is an open question as to whether
or not a further improvement would be obtained if we jackknifed our estimator.

3. As an alternative example of a double index model, return to the binary response model dis-
cussed earlier and let the error term have a conditional variance that depends on another index. Namely,
let u = s(Xβ0)ε, where ε is independent of X .

4. Note that
〈[

f̂ /ĝ − E
(
Y |V0

)]
τŵ∗[(ĝ/g

)− 1
]〉 p−→ 0 with the first and third terms each con-

verging to zero at a rate somewhat below N−1/2. We will show in the Appendix that the overall or
combined rate of the product is sufficient to provide the desired result.

5. This result and its proof were provided to one of the authors in a private communication. The
proof, which is very short and can be found in Klein and Sherman (2002), is also provided here.

6. A similar strategy is employed in Klein and Spady (1993) so as to let trimming depend on an
estimated density. That paper, however, relies on higher order kernels or local smoothing to obtain
large-sample results.

7. The estimators we consider are all of the form
√

N
[
θ̂ − θ0

]= −H−1
0

√
N 〈G〉, where H0 is the

Hessian matrix and
√

N 〈G〉 is asymptotically distributed as N (0,�).

8. The assumption on X being bounded is not necessary but simplifies several of the arguments.
9. As discussed earlier, there are many different estimators to which this paper applies. We focus

on variants of the SLS estimator so as to employ the same estimator over designs where the dependent
variable is continuous or discrete.

10. Specifically, we interchanged quadratic and cubic components so that the conditional mean func-
tion was cubic under the null. For this case, we found that the gain was substantial as is shown in the
detailed table that follows.

An alternative discrete regressor design

SLS-TW CSLS-TW S1SLS S2SLS CS2SLS

Discrete regressor (Flipped) Bias 0.065 0.032 0.037 0.060 0.038
Rvar 0.101 0.116 0.093 0.067 0.069

RMSE 0.120 0.121 0.100 0.090 0.079

11. The resulting bias reduction substantially improved the performance of the test statistic.
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APPENDIX

A.1. Main Results. In the proofs of Theorems 2 and 3 here we provide proofs for the
large-sample properties of the second-stage estimator, with the argument for the first-stage
estimator being similar but shorter as it is based on a regular expectation. In so doing, we
simplify notation by not subscripting objective functions, gradients, and Hessian expres-
sions.

Proof of Theorem 2 (Consistency: θ̂2). Define

Q̂ (θ) ≡
〈

τ̂v

[
Y − f̂ /ĝ∗]2

〉
; Q (θ) ≡

〈
τv [Y − f/g]2

〉
.

Then, recalling (D3) and letting δi ≡ τ̂v

∣∣∣ f̂i /ĝ∗
i − fi /gi

∣∣∣ and εi ≡ Yi − fi /gi ,∣∣∣Q̂ (θ)− Q (θ)
∣∣∣ ≤ C + S + T,

C ≡ 2 〈|Y |δ〉 ; S ≡
〈(

f̂ /ĝ∗ + f/g
)

δ
〉

; T ≡ 1

N ∑
∣∣τ̂vi − τvi

∣∣ε2
i .

For C , with Ĉ2
1 ≡ 4

〈
τ̂vY 2

〉
= Op (1), from Cauchy’s inequality and Lemma 5 in this

Appendix,

C ≤ Ĉ1

〈
δ2
〉1/2 = Op (1)

〈
δ2
〉1/2 = op (1) .

With a similar argument holding for S and T , Q̂ (θ) converges uniformly in θ to Q (θ) in
probability. From standard arguments, Q (θ) converges uniformly to E[Q (θ)] in proba-
bility. Therefore,

sup
θ

∣∣∣Q̂ (θ)−E[Q (θ)]
∣∣∣ p→ 0.

From Ichimura (1993), E[Q (θ)] is uniquely maximized at θ0, which completes the
proof. n

We provide the proof for the asymptotic linear characterization in Theorem 2(ii); other
results are similarly obtained or follow directly.

Proof of Theorem 3 (Asymptotic normality: θ̂2). With Ĥ (θ) ≡ ∇θθ ′ Q̂ (θ) and Ĝ (θ) ≡
∇θ ′ Q̂ (θ), from a Taylor series expansion,

√
N
(
θ̂2 − θ0

)
= −

[
Ĥ
(
θ+)−1

][√
N Ĝ (θ0)

]
, θ+ ∈

[
θ̂2,θ0

]
.
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For the Hessian, with H(θ) ≡ ∇θθ ′ Q (θ),

sup
θ

∣∣∣Ĥ(θ)−EH(θ)
∣∣∣≤ sup

θ

∣∣∣Ĥ(θ)− H(θ)
∣∣∣+ sup

θ
|H(θ)−EH(θ)| .

From Lemma 5, the first term converges in probability to zero. From standard arguments,

the second term also converges in probability to zero. Therefore, as θ+ p→ θ0, Ĥ
(
θ+) p→

EH(θ0) ≡ H0.
For the gradient, with M ≡ E(Y |V ), M̂ ≡ Ê(Y |V ), and ŵ ≡ ∇θ M̂ :

√
N Ĝ (θ0) = √

N
[〈

[ Y − M] τ̂ ŵ
〉−

〈[
M̂ − M

]
τ̂ ŵ

〉]
≡ √

N
[
Ĝ A − Ĝ B

]
.

For Ĝ A, with ε ≡ Y − M, and G A ≡ 〈[Y − M]τw〉 ,
√

N
[
Ĝ A − G A

]
= √

N
[
�1 +�2 +�3

]
,

�1 ≡ 〈
ετ
[
ŵ −w

]〉 ; �2 ≡〈
ε
[
τ̂ − τ

]
w
〉 ; �3 ≡〈

ε
[
τ̂ − τ

][
ŵ −w

]〉
.

From Lemma 9, �1
p→ 0. For �2, let

τi ≡ 1{c10 < vi (θ0) < c20} ≡ τi (α0) , α0 ≡ [
θ0,c10,c20

]
Employing a similar strategy to that in Klein (1993), let Nε ≡ 〈α : |α −α0| < ε〉 , ε = o(1).
Then,

√
N�2 = op(1) if

sup
Nε

N 1/2 ∑
[
τi (α)− τi (α0)

]
εi wi /N = op(1)

for all ε = o(1). (If uniformity holds for q ε Nε for all ε = o(1), then uniformity holds
over op (1) neighborhoods of q0.) The result then follows from Pakes and Pollard (1989,
Lem. 2.17, p. 1037).

Turning to �3, let τ∗ (α̂) be an indicator on the union of the sets over which τ
(
α̂
)

and
τ (α0) are defined. Then
√

N |�3| ≤ √
N
〈|ε| ∣∣τ (α̂)− τ (α0)

∣∣τ∗ (α̂)∣∣ŵ −w
∣∣〉≤ √

N |�31| |�32| ,

|�31| ≡
[
∑ε2

i
[
τi
(
α̂
)− τi (α0)

]2
/N

]1/2
,

|�32| =
[

sup
Nε

∑τ∗
i (α)

[
ŵi −wi

]2
/N

]1/2

.

To analyze |�31|, for k = 1,2 let

S (z) ≡
{

1+ exp[−
(

N−(s−ε) + z
)

/N−(s−ε)/2
}−1

, 0 < ε < s,

S∗
k ≡ S (|v (θ)− v0|+ |ck − ck0|− |v0 − ck0|)+1− S (0) , k = 1,2.

Then, from Klein (1993, Lem. A.1),∣∣τi (α0)− τ
(
α̂
)∣∣≤ S∗

1 + S∗
2 .
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Let δN ≡ |v − v0| + |c1 − c10| and wk ≡ |v0 − ck0| , and write S∗
k ≡ S (δN −wk) + 1 −

S (0) . Note that
∣∣α̂ −α0

∣∣= N−(s+ε), s > 1/4 and that 1− S (0) = op
(

N−s). As in Klein

(1993, Lem. A.2), Taylor expand S (δN −wk) in δN about δN = 0. Assuming that E
(
ε2

i |Xi
)

is bounded, it can then be shown that
∣∣�31

∣∣2 = op
(

N−1/2). Because
∣∣�32

∣∣2 = Op(
N−1/2), the result follows.

For Ĝ B , from Lemma 9,

√
N
[
Ĝ B − Ĝ∗

B

] p→ 0, Ĝ∗
B ≡

〈[
M̂ − M

]
τw

〉
.

Next, noting that M̂i ≡ f̂i /ĝi , recalling the definition of Ki j in (D3), letting ρi j ≡ 1/h[
Yj Ki j − M Ki j

][
τi wi

]
/gi , and employing Lemma 10,

√
N
[
Ĝ∗

B −UN

] p→ 0,

UN ≡
〈(

f̂ /ĝ − M
)

w
ĝ

g

〉
=
〈(

f̂ − ĝM
) w

g

〉
= 1

N (N −1)
∑
i

∑
j 
= i

ρi j /N.

A U -statistic has the form(
N

2

)−1

∑
i

∑
j > i

ρ∗
i j , ρ∗

i j = ρ∗
j i .

For UN ,

N (N −1)UN = ∑
i

∑
j > i

ρi j +∑
i

∑
j < i

ρi j = ∑
i

∑
j > i

ρi j +∑
j

∑
i> j

ρi j

= ∑
i

∑
j > i

ρi j +∑
j

∑
i> j

ρi j = ∑
i

∑
j > i

ρi j +∑
i

∑
j>i

ρj i .

Therefore, with ρ∗
i j = [

ρi j +ρj i
]
/2 , UN has the conventional U -statistic form.

As defined in Section 2.1, with UN = BS , E
(
ρi j

) = 0 =⇒ E(UN ) = 0 under index
trimming and the residual property of wi . Because UN is a centered U -statistic and because
it can be shown that E(ρ∗′

i j ρ
∗
i j ) = o(N ), then (see Serfling, 1980; Powell, Stock, Stoker,

1989)
√

N [UN − ÛN ] = op(1), where

√
NÛN ≡ N−1/2 ∑

i

[
E
(
ρi j |Xi ,Yi

)+E
(
ρj i |Xi ,Yi

)]≡ T1 + T2.

For T1 : E
(
ρi j

) = 0 ⇒ E(T1) = 0. As E
(
ρi j |Xi ,Yi

) = O
(

h2
)

, it may be shown that

Var(T1) → 0. It follows that T1 = op (1) . The T2 term vanishes because E
(
wj |Vj

)= 0.

Therefore,
√

N Ĝ B
p→ 0, from which it follows that

√
N
(
θ̂2 − θ0

)
= −H−1

0

[√
N 〈[Y − M]τw〉

]
.

Asymptotic normality now follows from a standard central limit theorem. n
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Next we provide the proof for Theorem 4(i) which characterizes the kth centered mo-
ment underlying the test statistic. Parts (ii) and (iii) of the theorem are either immediate or
have arguments similar to (i).

Proof of Theorem 4 (Test statistic: Asymptotic null-distribution). Define
√

N T̂ ∗
k

(
θ̂
)

= √
N
〈(

Y − M̂
(
θ̂
))(

M̂k − Ê(M̂k |V
(
θ̂
))〉

.

From a Taylor series expansion, Theorem 3, and Lemma 3,
√

N T̂ ∗
k

(
θ̂
)

= √
N T̂ ∗

k (θ0)− Rk , Rk ≡ 〈∇θw∗
k
〉

H−1
0 G0 +op (1) .

With ŵ∗
k ≡ M̂k − Ê

(
M̂k |V

)
, write T̂ ∗

k (θ0) = T̂ ∗
Ak + T̂ ∗

Bk , where

T̂ ∗
Ak ≡ 〈(Y − M)〉 ŵ∗

k ; T̂ ∗
Bk ≡ −

〈(
M̂ − M

)
ŵ∗

k

〉
.

Analogous to the proof of Theorem 3, we show that
√

N T̂ ∗
Ak = √

N T ∗
k + op(1) and√

N T̂Bk = op (1), where

T ∗
k (θ0) = 〈(Y − M)(Mk −E(Mk |V )〉 .

Write
√

N
[
T̂Ak − T ∗

k

]
as

√
N
〈
(Yi − Mi )

{[
M̂k − Mk

]
−
[
Ê(M̂k |V )−E(M |V )

]}〉
.

Convergence in probability to zero then follows for the first component from Lemma 7 and
for the second component from Lemma 8. For T̂Bk , from Lemmas 9 and 10,

√
N T̂B =

op (1) by an argument similar to that for Ĝ B in Theorem 3. Hence

√
N T̂ ∗

k

(
θ̂
)

= √
N T ∗

k (θ0)− Rk(θ0)+op(1). �

A. 2. Intermediate Lemmas.

A.2.1. Convergence Rates. The proof of the following lemma is due to Bhatacharaya
(1967) and relies on an exponential bound due to Hoeffding (1963). A version of the proof
is also contained in Klein (1993).

LEMMA 1 (Uniform convergence rates for bounded functions). With zi i.i.d., let mi ≡
m (t ; zi ,θ) be random variables such that∣∣mi N−s ∣∣= O (1) .

Then, for θ and t in compact sets, m as the vector with ith element mi , and δ > 0

sup
t,θ

|〈m〉−E[〈m〉]| = op
(

N−(1/2)+s+δ).
LEMMA 2. Assume〈

ââ
〉= Op

(
N−1h−s

)
,

〈
b̂b̂
〉

= Op

(
N−1h−t

)
,

where s + t < 6. Then, with h = O(N−r ), r < 1/6,
√

N
〈

âb̂
〉

= op(1).
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Proof. The proof follows directly from Cauchy’s inequality:

[√
N
〈

âb̂
〉]2 ≤ N

〈
ââ
〉〈

b̂b̂
〉

. �

LEMMA 3 (Convergence rates). For V a continuous random variable with density gv ,
let ∇d

θ (gv ) be the dth partial derivative of g with respect to θ, ∇0
θ

(
ĝv
)≡ ĝv . Let ψ̂ (t ; θ)

refer to either ĝv (t ; v) or f̂v (t ; v) and let ψ (t ; θ) refer to the corresponding true func-
tions, gv or fv . Then, for θ in a compact set and t in a compact subset of the support of
V , the following rates hold for d = 0,1,2:

(i) sup
t,θ

E

{[
∇d

θ

(
ψ̂ (t ; θ)

)
−E

(
∇d

θ

(
ψ̂ (t ; θ)

))]2
}

= O
(

1
Nh2d+1

)
,

(ii) sup
t,θ

∣∣∣E(∇d
θ

(
ψ̂ (t ; θ)

))
−∇d

θ (ψ (t ; θ))
∣∣∣= O

(
h2
)

.

Proof. As the proof is standard (e.g., see Klein, 1993), we outline it here. When
ψ (t ; θ) = g and d = 1, the variance calculation in (i) is immediate. (The estimator has
the form ∑ 1

h2 k
[
(t −wi )/h

]
/N . With the bias term vanishing faster than the second mo-

ment term, the order of the variance is given by
E
(
k2[(t−wi )/h]

)
h4 N

. Letting z = (w − t)/h,
a factor of h disappears in the Jacobian; the result follows.) For the bias calculation (ii),
write E

[∇1
θ

(
ĝ(t ; θ)

)]
as

1

h

∫
∇1

θ (K [(t − v)/h])gx (x)dx

= 1

h
∇1

θ

∫
K [(t − v)/h] gx (x),dx

= 1

h
∇1

θ

∫
K [(t − v)/h] gv (v)dv

= ∇1
θ

∫
K (z)gv (t +hz)dz.

The result now follows from a standard Taylor expansion in h, with t restricted to be away
from the support boundary for V . n

The test statistic depends on the marginal expectation of Y conditioned separately on
each variable in the index. For a discrete variable Z , E(Y |Z = t) can be estimated as the
sample mean of Y for those observations at the support point or by using the same kernel
representation employed for continuous random variables. Delgado and Mora (1995) pro-
vide a similar result using the nearest neighbor estimator. As the argument for kernels is
very short, we provide it here.

LEMMA 4 (Discrete regressors). Let Z be a discrete random variable with support
points tk : Pr(Z = tk) > 0. With t as one of these points, define the sample mean:

Ȳ (t) ≡ ∑
Zj =t

Yj /N (t) ,

where N (t) is the number of sample observations for which the random variable Z = t.
Assuming E

∣∣Yj
∣∣ is bounded, and that Ê is a regular expectation with window parameter
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r > 0 (Definition (D3)), then∣∣∣Ê(Y |Z = t)− Ȳ (t)
∣∣∣= Op (1/N ) .

Proof. With {·} as an indicator on the indicated set, by definition Ê(Y |Z = t) is given as

∑
{

Zj = t
}

Yj K (0)+∑
{

Zj 
= t
}

Yj K
[(

t − Zj
)
/h
]

∑
{

Zj = t
}

K (0)+∑
{

Zj 
= t
}

K
[(

t − Zj
)
/h
] ≡ Ȳ (t)+�1

1+�0
,

�d ≡ ∑
Zj 
=t

Y d
j K

([
t − Zj

]
/h
)
/ [N (t) K (0] , d = 0,1.

Then∣∣∣Ȳ (t)− Ê(Y |Z = t)
∣∣∣= ∣∣[�0Ȳ (t)−�1

]∣∣/[1+�0
]≤ |�1|+ ∣∣Ȳ (t)

∣∣ |�0| .

For
∣∣t − Zj

∣∣> c, a fixed positive and finite constant, K
([

t − Zj
]
/h
)= o

(
1/N 2

)
. For the

normal-kernel case, this term vanishes at an exponential rate. The result follows by taking
expectations of both sides. n

To establish consistency for the estimator, we require the relative convergence results
that follow.

LEMMA 5 (Adjusted expectations). Recalling that X is bounded and that θ lies in a
compact set, assume that E ≡ E(Y |V ) is bounded, where V is the index. From the tail
condition (A6), Y has tails thinner than a t-distribution with d f � 4 degrees of freedom.
Define λ ≡ d f/(d f −1) and let ε,δ > 0. Recalling the adjustment parameter α in (D3),
let ÊA be an adjusted expectation with adjustment parameter α : 0 < α < 1/2 and window
parameter r:

0 < r <
1/2− δ

λ(1+α)+ ε
.

Then, with ∇k
θ as the partial derivative operator as defined previously and recalling the

definition of ĝ∗ (t):

(1) sup
θ

〈[
ÊA −E

]2
〉

= op (1) .

From (D3), recall that Êa ≡ f̂ (xθ ; θ)/ĝ∗ (xθ ; θ) . Assume that ∇k
θ E and ∇k

θ g are
O(1),k = 0,1,2. Let the window parameter satisfy

0 < r <
1/2− δ

λ(1+ k)+ ε
.

Then, for θ in an op(1) neighborhood of θ0, k = 0,1,2, and for D = ∇k
θ

[
f̂
(
xθ ; θ)−

f
(
xθ ; θ)] or ∇k

θ

[
ĝ∗(xθ ; θ)− g∗(xθ ; θ)]:

(2) sup
x,θ

τ̂
(

x θ̂
)

D/ĝ∗ (xθ ; θ)a = op (1) .
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Proof. For (1), because f (t)/g(t) is by assumption bounded, it suffices to show Tf ,
Tg = op (1):

Tf ≡ sup
θ

〈[(
f̂ − f

)
/ĝ∗]2

〉
; Tg ≡ sup

θ

〈[(
ĝ − g

)
/ĝ∗]2

〉
.

For Tf (the proof for Tg is similar), write Tf ≤ A + B, where

A ≡ sup
θ

〈∣∣∣( f̂ −E f̂
)

/ĝ∗∣∣∣〉 ; B ≡ sup
θ

〈[(
E f̂ − f

)
/ĝ∗]2

〉
.

Each of these terms is examined subsequently.

A. Relative Convergence to Expectation. With b > 0, let bj ≡ 1 if
∣∣Yj

∣∣ < h−b and 0
otherwise. Following a strategy employed by Ichimura (1993), consider separately bounded
and unbounded regions for Yj . Letting Kj ≡ K

[(
t − v j (θ)

)
/h
]
, define

f̂b (t) ≡
N

∑
j=1

bj Yj

hN
Kj ; f̂u (t) ≡

N

∑
j=1

(
1−bj

)
Yj

hN
Kj .

Then, A ≤ Ab + Au , where

Ab ≡ sup
θ,t

∣∣∣( f̂b (t)−E f̂b (t)
)

/ĝ∗ (t)
∣∣∣ ,

Au ≡ sup
θ,t

∣∣∣( f̂u (t)−E f̂u (t)
)

/ĝ∗ (t)
∣∣∣ .

Recall that ĝ∗ (t) ≡ ĝ (t) + haq̂(1 − τ̂ ), where (1 − τ̂ ) is a smoothed indicator that de-
pends on lower and upper sample quantiles denoted by q̂a and q̂b. With qa and qb as the
corresponding population quantiles, let A∗ ≡ {

g : q∗
a < t < q∗

b

}
be a fixed subset of the

support for V that contains A ≡ {t : qa < t < qb} . Define τ∗(t) as the indicator on A∗;
then letting

�b ≡ h−asup
θ,t

∣∣∣( f̂b (t)−E f̂b (t)
)∣∣∣ ,

Ab ≤ �b

[
ha sup

θ,t

∣∣[τ∗(t)/ĝ (t)
]∣∣+ha sup

θ,t

∣∣[1− τ∗(t)
]
/ρ̂ (t)

∣∣] .

On A∗, inf ĝ (t)
p→ g

¯
> 0. On the complement, inf τ̂

p→ 0. Therefore, Ab
p→ 0 if �b

p→ 0.
From Lemma 4,

�b = O
(
h−a)op

(
h−1−b N−1/2+δ

)
, δ > 0.

Because h = O
(

N−r ) , �b
p→ 0 for r < (1/2− δ)/(1+a +b).

For Au , Au
p→ 0 if �u

p→ 0, where

�u ≡ h−a sup
θ,t

∣∣∣( f̂u (t)−E f̂u (t)
)∣∣∣≤ h−asup

θ,t

∣∣∣ f̂u (t)
∣∣∣+h−asup

θ,t

∣∣∣E f̂u (t)
∣∣∣.
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With a similar argument holding for both terms, for the first term

h−aE sup
θ,t

∣∣∣ f̂u (t)
∣∣∣≤ h−a−1 1

N ∑
j

E
[(

1−bj
)∣∣Yj

∣∣] .
Employing the tail assumption on Yj , it suffices to show convergence to zero for

h−(1+a)
∫ ∞

h−b
y/

([
1+ y2

](d f +1)/2
)

dy ≤ h−(1+a)
∫ ∞

h−b
y/
(

y(d f +1)
)

dy.

With d f > 1, the preceding bound is

O
[
h−(1+a)h(d f −1)b

]
,

which converges to zero for

b = ε + (a +1)/(d f −1) , ε > 0.

Combining this restriction with that on r (for �b
p→ 0 ) and letting λ ≡ d f/(d f −1), the

uniform convergence for term A follows with r < (1/2− δ)/ [λ(1+α)+ ε].

B. Relative Bias. Let Xk be a continuous variable supported on
[
ak ,bk

]
. For c : 2a <

c < 1, write 1(A) as an indicator on A and with Xk , k = 1, . . . , Kc as a continuous com-
ponent of X , define

SN ≡ {
x : ak +hc < xk < bk −hc,k = 1, . . . , Kc

}
,

where the product is taken of the k = 1, . . . , Kc continuous X variables. On SN , supθ B
p→

0 from Lemma 3. On the complement of SN , it can be shown that B vanishes if the proba-
bility on this set vanishes sufficiently fast (0 < 2α < c).

The proof for (2) can be based on a similar argument. Alternatively, we can exploit
trimming to establish uniformity in an op(1) neighborhood of θ0. To outline the argument
for one of the terms in (2), write

� ≡ 1
(

â − X
(
θ̂ − θ

)
< Xθ < b̂ + X

(
θ − θ̂

))∣∣∣∇k
θ

[
f̂ (xθ ; θ)− f (xθ ; θ)

]∣∣∣/ĝ∗ (xθ ; θ)a .

Denote |c| as the vector with i th element |ci | . Then, with δ̂ ≡ |X |
∣∣∣θ̂ − θ

∣∣∣ and with τ as the

indicator on Xθ subject to â − δ̂ < Xθ < b̂ + δ̂, � is bounded above by

τ
∣∣∣∇k

θ

[
f̂ (xθ ; θ)− f (xθ ; θ)

]∣∣∣/ĝ∗ (xθ ; θ)a

≤ τ

ĝ∗ (xθ ; θ)a

[∣∣∣∇k
θ

[
f̂ (xθ ; θ)−E f̂ (xθ ; θ)

]∣∣∣+ ∣∣∣∇k
θ

[
E f̂ (xθ ; θ)− f (xθ ; θ)

]∣∣∣] .

The proof for the first term is similar but simpler to that in (1) because ĝ∗ is uniformly close
to g and in large samples τg is bounded away from zero. The argument for the second term
follows from Lemma 3(ii) with minor modifications. n

The following lemma provides a result that is useful for the recentered test statistic.
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LEMMA 6. Let τk Mik ≡ E(Yi |Xik) and M̂ik ≡ ÊI (Yi |Xik) . Writing the window h =
O(N−r ), refer to r as a window parameter. Then, assume that this estimated expectation
is regular (Definition (D3)) with window parameter rI : 1/6 < rI < 1/4. Consider the
estimated “outer” expectation Ê0(M̂ |V ) and assume that it is regular with outer window
parameter r0 < rI . In what follows, we subscript h according to the window parameter
upon which it is based (e.g., h0 = O(N−r0)). Then

�E ≡ 1

N ∑
i

[
Ê0

(
M̂ik |Vik

)
− Ê0 (Mik |Vik)

]2 = op

(
N−1/2

)
.

Proof. By definition, with δj ≡ M̂jk − Mjk , �E ≤ �E1 +�E2, where

�E1 ≡ 1

N ∑
i

[
∑
j 
=i

1

h2
0 (N −1)2

δ2
j K 2

i j

]
,

�E2 ≡ 1

N ∑
i

[
∑
s

∑
r 
=s

1

(N −1)2
|δr | Kir

h0

|δs | Kis

h0

]
.

Note that

|a| |b| ≤ max(a2,b2) ≤ a2 +b2.

Therefore, for �E2, which converges in probability to zero more slowly than �E1,

0 < �E2 <
1

N ∑
i

[
∑
s

∑
r 
=s

1

h2
0 (N −1)2

[
δ2
r K 2

ir

h2
0

+ δ2
s K 2

is

h2
0

]]
.

It suffices to show that E(�E2) = o
(

N−1/2
)

. From before,

E(�E2) = O (1)

[
E

(
δ2
r K 2

ir

h2
0

)
+E

(
δ2

s K 2
is

h2
0

)]
.

Proceeding with the first term (the analysis for the second is identical), write δr = δr [i]+
δ∗
r [i] , where δ∗

r [i] = O(1/hN ) is the component of δr that depends on i and δr [i] is the
remaining component after the i th term has been removed. It can be shown that

E

(
δ2
r K 2

ir

h2
0

)
= E

(
δ2
r [i] K 2

ir

h2
0

)
+o

(
N−1/2

)

= 1

h0
E

[
E
(

δ2
r [i] | Xr

)
E

(
1

h0
K 2

ir |Xr

)]
+o

(
N−1/2

)
.

The first inner expectation is uniformly O
[

max(h4
I ,1/

(
NhI

)]
whereas the second inner

expectation is uniformly O(1). Therefore, with he = O(N−re ),h = O(Nr ), and re < r ,

E

(
δ2
r K 2

ir

h2
0

)
= O

[
max

(
h3

I

)
,1/

(
Nh2

I

)]
+o

(
N−1/2

)
= o

(
N−1/2

)
, 1/6 < r < 1/4.

n

Both the gradient and the moment conditions for the test statistic can be written as the sum
of two components, each of which depends on estimated weights. The next two subsections
show that in each of these components the weights may be taken as known.
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A.2.2. Estimated Weights [Y − E(Y |v)]ŵ. One of the components of the test statistic
and of the gradient for the estimator depends on a weighted distance between the dependent
variable and its expectation conditioned on an index. The following lemmas simplify this
component.

LEMMA 7. Define

ŵi ≡
{
∇θ Êa (Yi |Vi ) or Ê(Yi |Xki )

}
,

where Êa is an adjusted expectation (Definition (D3)) with window parameter r:1/8 <
r < 1/4. The expectation Ê is regular with window parameter rk = r. With Si ≡ Xki or the

index, Vi , define τ (Si ) as the indicator on a < Si < b. Assume E
∣∣∣Y 2

j |X j

∣∣∣ ≤ σ̄ 2 = O(1).

Then, with ui ≡ (Yi − Mi ),

D ≡ √
N
〈
τ (Vi )uτ (Si )

(
ŵ −w

)〉= op (1) .

Proof. We provide the proof for ŵi ≡ ∇θ Êa (Yi |Vi ) , as the proof for the other weight is
similar. Consider ŵ∗

i ≡ ∇θ Ê(Yi |Vi ) , where Ê is regular with window parameter r . Because
√

N
〈
τ (Vi )u

(
ŵ − ŵ∗)〉= op (1) ,

we need to establish convergence in probability to zero for

D∗ ≡ √
N
〈
τ (Vi )u

(
ŵ∗ −w

)〉
.

Recalling from (D3) that for regular expectations δ ≡ ŵ∗
i − wi = ∇θ

(
f̂i /ĝi

)− ∇θ
(

fi /
gi
)
, this differential can be written as a sum of similar terms, one of which is given as

∇θ f̂i /ĝ −∇θ fi /gi =
[
gi

(
∇θ f̂i −∇θ f

)
−∇θ f

(
ĝi − gi

)]
/ĝi gi .

With similar arguments holding for the other terms, we analyze the first term. With �i ≡
∇θ f̂i −∇θ fi , this term is given as
√

N
〈
τ (Vi )u�/ĝ

〉= D∗
1 +op (1) , D∗

1 ≡ √
N 〈τ (Vi )u�/g〉 .

Employing a mean-square convergence argument, E
[(

D∗
1
)2]= S +C ,

S ≡ E
〈

u2�2
〉

; C ≡ 1

N ∑
i

∑
j 
=i

E
(
ui uj �i �j

)
.

Taking an iterated expectation, S tends to zero. For C , write

�i = �i [ j]+ �̄i ; �j = �j [i]+ �̄j ,

where �̄i and �̄j do not depend on Yi or on Yj. Then

C = O(N )E
(
ui �j [i]

)
E
[
uj �i [ j]

]= O(N )O

(
1

Nh2

)2
= O

(
1

Nh4

)
= o (1) . �

With the exception of one weight component in the recentered moment conditions,
the preceding lemma will be applied to simplify both the gradient for the estimator and
the moment conditions. The complication, which is due to the recentering, is covered by
Lemma 8.
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LEMMA 8. Referring to Lemma 6, let Mik ≡ E(Yi |Xik) and M̂ik ≡ τk ÊI (Yi |Xik) .
Let ÊI and Ê0 be regular nonparametric expectations with respective windows rI and r0
satisfying the restrictions in Lemma 6. Then

� ≡ √
N
〈
τ̂ [Y − M] [Ê0(M̂ |V )−E(Mk |V )]

〉 p→ 0.

Proof. Let ŵk ≡ Ê0(Mk |V ), wk ≡ E (Mk |V ), and u ≡ [Y − M]. Employing the same
arguments as in the proof of Theorem 3 and in Lemma 4.21 of Pakes and Pollard (1989),
take the trimming function as known and write � = �1 +�2 +op(1),

�1 = √
N
〈
τu[ŵk −wk ]

〉; �2 = √
N
〈
τu[Ê0(M̂ |V )− Ê0(Mk |V )]

〉
.

From Lemma 7, �1
p→ 0. For the second term, the convergence rate in the expecta-

tion differential is not sufficient in itself to establish the desired result. Accordingly, in
what follows we show that �2 simplifies to a term whose expected square converges to
zero.

To simplify �2, substitute from the definitions in the statement of the lemma to obtain

�2 = N−1/2
n

∑
i=1

τi ui

ĝi

n

∑
j 
=i

1

h0(N −1)
[M̂j − Mj ]ki j ].

With �′
2 defined by replacing ĝi with gi in �2, it can be shown that �2 = �′

2 +op(1).
By definition,

�′
2 = N−1/2

n

∑
i=1

τi ui
1

gi

n

∑
j 
=i

1

h0(N −1)

[
f̂1 j

ĝ1 j
− f1 j

g1 j

]
ki j .

It can also be shown that

�′
2 = N−1/2

n

∑
i=1

τi ui
1

gi

n

∑
j 
=i

1

h0(N −1)
[

f̂1 j

ĝ1 j
− f1 j

g1 j
]
[
ĝ1 j /g1 j

]
ki j +op(1).

Writing �′′
2 for the preceding expression,

�′′
2 ≡ O

(
N−3/2h−1

0

) n

∑
r=1

τr ur

gr

n

∑
j 
=r

[ f̂1 j − f1 j ĝ1 j Mj ]kr j

= O
(

N−5/2h−1
0 h−1

I

) n

∑
r=1

Tr , Tr ≡ τr ur

gr

n

∑
j 
=r

n

∑
l 
= j

[
Yl k

1
l j − k1

l j Mj

]
kr j .

To complete the argument, we show that E
[(

�′′)2] = o(1). Squaring �′′
2 and noting that

h−2
I > h−2

0 , the expectation of the cross-product terms is

E(C P) = O(N−5)O
(

h−4
I

)
O(N 2)E(Tr Ts).
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In Tr , for each j , there are O(1) terms that depend on Yr or on Ys . Therefore, there are
O(N ) such terms obtained by summing over j . Similarly, there are O(N ) such terms in
Ts . Except for these O(N 2) terms, all others vanish in expectation. Therefore

E(C P) = O(N−5)O
(

h−4
I

)
O(N 2)O

(
N 2

)
= O

(
1

Nh4

)
.

For hI = O(N p), p < 1/4, the preceding expectation vanishes. The argument for the
squared terms in �′′

2 is similar. n

A.2.3. Estimated Weights
[
Ê(Y |V )− E(Y |V )

]
ŵ. This weighted component appears in

both the test statistic and the gradient for the estimator. The lemmas that follow show that
it is close in probability to a simplified term.

LEMMA 9. With h = O(N−r ), 1
8 < r < 1

4 , then, with ŵ as

(i) ∂Ê(Y |V )
∂θ ;

(ii) Ê(Y |Xk); or

(iii) Ê[τ̂k Ê(Y |Xk) |V ],

� ≡ √
N
[〈

τ̂v

(
M̂ − M

)
ŵ
〉

−
〈
τv

(
M̂ − M

)
w
〉]

= op (1) .

Proof. The arguments for (i), (ii), and (iii) are similar. For ŵ in (iii), write

� ≡ √
N
〈
τv

(
M̂ − M

)(
ŵ −w

)〉+√
N
〈
τv

(
M̂ − M

)(
τ̂v − τv

)
ŵ
〉

.

For the first term, the result follows from Lemmas 2 and 3. The argument for the second
term is similar (see the section of the proof of Theorem 3 relating to indicators). n

LEMMA 10 (Linear characterization). Under the same window condition as in Lemma 9
and with M̂ as the vector with ith element M̂i ≡ f̂i /ĝi ,

√
N
[〈(

M̂ − M
)

w
(
ĝv/gv

)〉−
〈(

M̂ − M
)

w
〉]

= op (1) .

Proof. The proof follows from Lemmas 2 and 3. n
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