7

Conditional independence, graphical models and
causality

In previous chapters we have mainly considered the problem of relating a partic-
ular response to a potentially large collection of explanatory variables. In some
settings, however, we do not have a distinguished response variable and instead
we would like to better understand relationships among all measured variables.
One simple way to formalise the relatedness among variables is to measure their
correlation, or test their independence. However, this does not always lead to the
most interpretable results, as many pairs of variables may exhibit dependence
without a very meaningful relationship between them. For example, in human
populations, height and literacy levels are highly positively correlated. While this
may at first appear interesting or alarming, a little thought reveals that this fact
is an expected consequence of babies not knowing how to read! If we were to look
only at the literacy levels of those individuals of a given age, then we would not
expect to see such a relationship. The statistical property of conditional indepen-
dence, defined below, captures this idea. While it is well known that correlation
does not imply causation, conditional dependencies may indicate a type of causal
link between variables. As such, it is of great interest to be able to detect condi-
tional dependencies between variables from data and in this chapter we present
several approaches for tackling this challenging problem.

7.1 Conditional independence

Definition 7.1. Let X,Y, Z be random elements of measurable spaces (X, A), (Y, B)
and (Z,C) respectively. We say that X and Y are conditionally independent
given Z, and write

X1Y|Z
if for all A € A and B € B, we have!
P(XeAYeB|Z)=P(XeA|Z)-P(Y e B|Z). (7.1)
Otherwise, they are conditionally dependent, and we write X X Y | Z.
In the case where Z is deterministic, the definition of conditional independence
I As usual when conditioning on (c-algebras generated by) random elements, the equality
in (7.1) should be understood as holding almost surely (see Section A.9.1), though we omit

this for notational simplicity here and in what follows.
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reduces to that of (unconditional) independence. When multiple random elements
are being conditioned on, or appear either side of the 1’ symbol, we will omit
brackets, so for example with additional random elements U and W, the notation
W, X LY |U,Z means (W, X) 1LY | (U, Z).

The interpretation of the conditional independence statement X 1 Y| Z is that
‘knowing Z renders X irrelevant for learning about Y’, though conditional inde-
pendence is a symmetric relationship in that X I Y| Z if and only if Y 1L X | Z.
Nevertheless, the following asymmetric characterisation is also sometimes helpful.

Proposition 7.2. We have that X 1LY | Z if and only if for all A € A,
P(X € A|Y,Z)=P(X € A| Z).
Proof Suppose first that X 1L Y| Z and take B € B and C € C. For A € A, we
have
E{P(X € A| Z)Lyv.z)excy} = E[E{P(X € A| Z)1(v.z)eBx0y | Z}]
= E{P(X e A|Z)P(Y € B Z)H{ZGC}}
—E{P(X € A,Y € B| Z)lzec)}
=P(X€eAYeB, ZeO)
= E{IP’(X € AlY, Z)ﬂ{(y,z)egxc}}.

Since (Y, Z) is generated by the m-system of sets of the form Y~1(B) N Z~1(C),
it follows by Exercise A.9.1 that

P(X € A|Y,Z) =E(l{xea |Y.Z) =P(X € A| Z).
Conversely, take A € A and B € B. Then
P(X €AY eB|Z)=E{P(X €AY €B|Y,Z)| Z}
=E{P(X € A|Y,Z)lyven | Z}
=E{P(X € A|Z)1yeny | Z} =P(X € A| Z)P(Y € B| Z),
as required. O

Proposition 7.2 can be interpreted as saying that X 1 Y| Z if and only if the
conditional distribution of X given (Y, Z) agrees with the conditional distribution
of X given Z; see Section A.9.2.

The following rules concerning conditional independence may be derived from
Proposition 7.2; see Exercise 7.1.

Proposition 7.3. Let X, Y, Z, W be random elements taking values in measurable
spaces (X, A), (¥,B), (£,C) and (W, D) respectively.

(a) Weak union: If X LY, Z|W, then X L Y |Z, W and X 1L Z|Y,W.

(b) Contraction: If X I Z|W and X LY |Z W, then X L Y, Z|W.

Removing the variable W for simplicity, we can interpret the weak union state-
ment as: ‘if (Y, Z) is irrelevant for learning X, then Y remains unhelpful for learn-
ing X even after knowing Z’. Likewise, for the contraction property: ‘in seeking
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to learn X, if Z is irrelevant, and if Y is irrelevant after knowing Z, then (Y, Z)
must have been irrelevant to begin with’. Note also that X I Y | Z if and only if
X,Z 1Y | Z, so in particular the conditioning variable can always be copied into
the independence statement; see Exercise 7.3.

Often (X,A), (¥,B) and (Z,C) will be equipped with o-finite base measures
Ax, Ay and Az respectively, and (X,Y, Z) will have a joint density f with respect
to the product measure Ax ® A\y ® A\z. In that case,? the pair (X,Y) given Z = 2
has conditional density

fxyiz(z,y|z) == { f(z,y,2)/fz(2) if fz(z) >0,

0 otherwise,

with respect to Ax ® Ay, where fz denotes the marginal density of Z; see Exer-
cise A.9.2. Conditional densities fx|z(:|z) with respect to Ax and fyz(-|z) with
respect to Ay for X given Z = z and Y given Z = z respectively can be defined
similarly. We can now characterise conditional independence as follows:

Proposition 7.4. In the above setting, X 1 Y | Z if and only if

Ixyiz(x,ylz) = fxiz(z|2) fr12(y|z) (7.2)

for (Ax ® Ay ® pz)-almost all (z,y, z), where uy denotes the marginal distribution
of Z.

Proof Suppose that (7.2) holds for (Ax ® Ay ® pz)-almost all (z,y, z). Then, by
Exercise A.9.2(a) and Fubini’s theorem, for any A € A,B € B and C € C,

E{P(X € A,Y € B|Z)1l{zec}}

—/]P’(XGA,YEB|Z—2)d,uZ(z)
c

N /c/AXB Fxviz(@,y]2) dOx ® Ay) (2, y) duz(z)

:L(Afxz(m|z)dAX(x)> : (/nyz(yIZ)dAy(y)> dpz(2)

:/IP(XeA|Z:z)]P’(Y€B|Z=Z)dMZ(Z)

=E{P(X € A[2)P(Y € B| Z)1{zecy},
so X L Y|Z. Conversely, if X 1L Y'|Z, then by Exercise A.9.2(a) and Fubini’s

2 See Sections A.9.1 and A.9.2 for relevant background for the rest of this subsection.
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theorem again, for any A € A,B € B and C €C,
/ fX,Y\Z(m>y|Z) d(/\x@)\)/@,uz)(l',y,z)
AxBxC

/ P(X € AY € B| Z = ) duy(2)

_E{ (XGAY€B|Z)]1{Z€C}}
—E{P(X € A| Z)P(Y € B|Z)1 zecy}

:/]P(XeA|Z:z)P(YGB|Z:Z)dMZ(Z)

:/ fx1z(%)2) fy1z(yl2) dAx @ Ay @ pz)(2,y, 2).
AxBxC

It follows from Exercise A.2.3 that (7.2) holds for (Ax ® Ay ® pz)-almost all
(z,y,2). O

Exercise 7.2 provides an alternative, asymmetric characterisation of conditional
independence in the setting of Proposition 7.4, analogous to Proposition 7.2. The
intersection property, which is not always guaranteed to hold, asserts that

if X LY |W,Zand X 1L W|Y,Z then X 1L Y,W|Z. (7.3)

This can be interpreted as a form of converse to the weak union property. Infor-
mally, we understand this statement as ‘suppose we know Z, and wish to learn X.
If Y is irrelevant knowing W, and W is irrelevant knowing Y, then both Y and W
are irrelevant together’. We say that a random vector U satisfies the intersection
property if (7.3) is verified when we take W, X, Y, Z to be any subsets of compo-
nents of U. Our next result provides a simple setting in which the intersection
property does indeed hold.

Proposition 7.5. Let (W, D), (X, A), (V,B) and (£,C) denote measurable spaces
with o-finite base measures Ay, Ax, Ay and Ay respectively, and suppose that
(W, X,Y,Z) has joint density f with respect to the product measure Ay @ Ax ®
Ay ® Az. Suppose further that the marginal density fwy.z of (W,Y,Z) satisfies
fwy.z(w,y,2) > 0 for (Aw ® Ay ® Az)-almost all (w,y,z). Then the intersection
property (7.3) holds.

Proof We write, for example, uw 7 for the joint distribution of (W, Z), as well as
fx,w,z for the joint density of (X, W, Z) and fxyw,z(:, |w, z) for the conditional
density of (X,Y) given (W, Z) = (w, z). By the given conditional independencies
in (7.3) and Exercise 7.2, for (Ax ® uw,y,z)-almost all (z, w,y, z),

fX|W,Z(x|waZ) = fX\W,Y,Z($|w7y,Z) = fX\Y,Z(iE|yyZ)~

Noting that
E = {(w,y,z) EWXYXZ: fwz(w,z) >0, fyz(y,z)>0,fz(2) > O}
satisfies pw,y,z(E°) = 0, we have for (Ax ® pw,y,z)-almost all (z,w,y,2) € ¥ x E
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that
fX,W,Z(:E)waZ)
fz(2)
= fyiz(yl2) fxiw,z(@|w, 2) fw| 2 (w]2)
= fY|Z(y|Z)fX|Y,Z(3U\Z/; Z)fW\Z(w\Z)
fxyz(,y,2)
=m w|z
70 fwiz(wlz)

= fxyiz(@,92) fw)z(wlz). (7.4)
By the first part of Exercise 7.4, we have that fw y z(w,y, z) > 0 for (Aw @Ay @uz)-
almost all (w,y, z). Hence, by the second part of Exercise 7.4, we deduce that (7.4)
holds for (Ax ® Aw ® Ay ® pz)-almost all (z,w,y,z) € X x W x Y x Z. Hence, for
(Ax ® Ay ® pz)-almost all (z,vy, z),

Iyiz(W2) fxwiz(x,w]z) = fyz(y]z)

Friz(02) Fxiz(alz) = /W Fri212) w2 (2, w]2) d (w)

= /W Ixyiz(x,y]2) fwz(w]|2) dw (w) = fx viz(z,y|2),

so X 1L Y|Z, by Proposition 7.4. The conclusion therefore follows by the con-
traction property (Proposition 7.3(b)). O

For an example of when the intersection property does not hold, let X ~
Bern(1/2) and set Y =W = X and Z = 0.

7.2 Graphs

The properties in Proposition 7.3 give several ways of deducing new conditional
independencies from existing ones. They may, however, be cumbersome to use
directly when many variables are involved. It turns out that a convenient way
of expressing conditional independence relationships, such that many of these
deductions can be made immediately, is through graphs.

Definition 7.6. A graph is an ordered pair G = (V,E), where V is a set and
E CV xV with (v,v) ¢ E for any v € V. The elements of V are called vertices or
nodes, while the elements of E are called edges.

Several further definitions from graph theory will also be useful. The complete
graph on a vertex set V is G = (V, E), with maximal edge set E = (V xV)\{(v,v) :
v € V}. Given a graph G = (V,E), a graph G, = (V4, E,) is a subgraph of G if
Vi CV and E; C E, and a proper subgraph if at least one of these is a proper
inclusion. Now let j and k be distinct vertices of G. We say that j and k are
adjacent if either (j,k) € E or (k,j) € E. An edge (j,k) € E is undirected if also
(k,j) € E and in that case we write j — k; otherwise it is directed and we write
j— k. If 5 = k, then j is a parent of k and k is a child of j. The sets of parents
and children of j are denoted as pa(j) and ch(j) respectively. A path from j to k
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is a subgraph with vertex set {ji,...,jn} for some m > 2, where j; = j and
Jjm = k, and maximal edge set such that only j, and j,.; are adjacent for each
¢ € [m —1]; we call m — 1 the length of the path. Such a path is a directed path if
je = jeur for all £. We then say that k is a descendant of j and j is an ancestor
of k. The set of descendants of j is denoted de(j), and nd(j) := V' \ (de(j) U{j})
is the set of non-descendants. An undirected graph is a graph in which all edges
are undirected, a directed graph is a graph in which all edges are directed, and a
directed cycle (or simply a cycle) is a subgraph {ji,...,jn} whose only edges are
Je = Jes for each £ € [m—1] and j,, — j1. Finally, a directed acyclic graph (DAG)
is a directed graph containing no directed cycle as a subgraph.

As the nomenclature suggests, we typically think of a graph not in terms of its
set-theoretic definition, but as a picture consisting of points (vertices) joined by
either lines (edges) in the case of an undirected graph, or arrows (directed edges)
in the case of a directed graph.

Example 7.7 We can represent the directed graph (in fact a DAG) on vertices
V =1{1,2,3,4} with edge set £ ={(2,1),(3,4),(2,3)} as in Figure 7.1.

®

Figure 7.1 The DAG described in Example 7.7.

Node 2 is a parent of 1, and 1 and 3 are children of 2, while 1, 3 and 4 are
descendants of 2 and 2 and 3 are ancestors of 4. &

A DAG G = (V, E) is finite if V is finite. Given a finite DAG G = (V, E) with
V = [p] for some p € N, we say that a permutation 7 of V' is a topological ordering
on G if

7(j) < w(k) whenever k € de(j);

in other words, after applying a topological ordering, each node precedes its
descendants. We make use of the following result in Section 7.4.

Proposition 7.8. Fvery finite DAG has a topological ordering.

Proof We proceed via induction on the number of nodes p. When p = 1 there is
nothing to prove. Now suppose that G = (V, E) is a DAG with p > 2 nodes, and
assume that all DAGs with p — 1 nodes have a topological ordering. We claim
that we can find a node with no parents. To see this, pick any node and move
to one of its parents, if possible. Then move to one of the new node’s parents,
and continue in this fashion. This procedure must terminate since no node can
be visited twice, or we would have found a cycle. The final node we visit must
therefore have no parents. Without loss of generality, we may therefore assume
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that V = [p] and that p has no parents. Form a new DAG G with p — 1 nodes by
removing node p and all edges emanating from it. By our induction hypothesis, G
has a topological order 7. We can then define a topological order = on G by
7(p) :==1and 7(j) :=7(j) + 1 for j € [p—1]. O

7.3 Undirected graphical models

Edges in an undirected graph can represent conditional dependence relationships
in a distribution.

Definition 7.9. The conditional independence graph of a distribution P on RP
with p > 2 is the undirected graph G = ([p], E) where given Z = (Z1,...,Z,)" ~ P,
we have for all distinct j,k € [p| that®

(4, k), (k,7) € E if and only if Z; ) Zy | Z_jy.

Thus, undirected edges occur in a conditional independence graph if and only if
the corresponding variables are conditionally dependent, given all other variables.

A second approach relating graphs and conditional independencies asks for the
distribution to reflect further aspects of the structure of the graph through the
notion of graph separation: given disjoint subsets A, B and S of vertices, we say S
separates A from B if every path between a node in A and a node in B contains
a node in S. Figure 7.2 illustrates an example where such separation occurs.

Figure 7.2 Illustration of separation in an undirected graph.

Definition 7.10. A distribution P on R? is global Markov with respect to an undi-
rected graph G with p vertices if whenever Z ~ P and A, B and S are disjoint sets
of vertices such that S separates A from B, we have Z, L Zg | Zs.

3 Here and throughout, when A, B C [p] are non-empty and disjoint and S = @, we interpret
Za 1L Zp|Zs as the (unconditional) independence relationship Z4 AL Zg. Moreover, we
adopt the convention that if either A or B is the empty set, then for every random vector Z
and every S C [p], the statement Z4 1L Zp | Zs holds.
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In combination with Proposition 7.5, the following result shows in particular
that whenever P has a positive density with respect to a product of o-finite base
measures, a number of additional conditional independencies may be deduced
immediately from its conditional independence graph.

Theorem 7.11. If a distribution P on RP is such that Z ~ P satisfies the intersec-
tion property, then it is global Markov with respect to its conditional independence
graph G = ([p], E).

Proof Write Z = (Z1,...,7,)". We use backwards induction on the cardinality
of the separating set. When |S| = p — 2, we must have S = [p] \ {j, k} for some
distinct j,k € [p] with (4,k), (k,j) ¢ E. But then Z; 1L Z; | Z_j; by definition of
the conditional independence graph. Suppose now that m € [p — 2] and that the
claim is true whenever the separating set S C [p| satisfies |S| > m. Take disjoint
subsets of vertices A, B, S with |S| = m — 1 such that S separates A from B. Any
vertex not in A, B or S can be added to one of A or B while maintaining this
separation, as otherwise A and B would not have been separated by S initially.
We may therefore assume without loss of generality that |A| > 2. Fix j € A and
set A_ := A\ {j}. Since {j} U S separates A_ from B and A_ U S separates {j}
from B, we have by the induction hypothesis that

ZA7LZB|Zj,ZS and ZjJJ_ZB|ZA7,Zs.
But then the intersection property yields that Z4 I Zp | Zs, as required. ]

An important application of the above ideas concerns a model-free notion of
variable significance in regression settings. Suppose that X is a p-dimensional
covariate vector and Y is a real-valued response. A Markov blanket for Y is a
collection of predictors Xg such that

Y I Xg | Xs.

The interpretation is that X contains all the information in X that is relevant
for learning about Y. In general there are many sets S satisfying this requirement,
with one example being S = [p|; however, they must all contain

St = (el VI X, X},

Indeed, if Xg is a Markov blanket for Y and j ¢ S, then by the weak union
property, Y 1L X; | X_;, so j ¢ S*. Moreover, if (X,Y) satisfies the intersection
property, then since Xg- separates Y and Xg-.c in the conditional independence
graph of (X,Y), we see by Theorem 7.11 that Y 1 Xg-.c | Xg-. Thus Xg- is itself

a Markov blanket, and is therefore, by the above argument, the unique minimal
Markov blanket, where the minimality is with respect to set inclusion.

7.4 Directed graphical models and causality

Conditional independence graphs give us some understanding of relationships
between variables. However they do not help us address questions such as: ‘If we
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were to set the jth variable to a particular value, say 0.5, then how would the
distribution of the other variables be altered?’ Yet this is often the sort of causal
question that we would like to answer. The notion of a structural causal model
can help us with this more ambitious goal.

7.4.1 Structural causal models

Definition 7.12. A structural causal model* (SCM) is a collection S =
(Pj, hjs Qj)jefp), where

e P; C [p]\ {j} for each j € [p], and these subsets are such that the graph with
vertices [p] and edges satisfying pa(j) = P; for each j € [p] is a DAG;

e h;: RI%il x R — R is a Borel measurable function, for each j € [p;

e Q; is a Borel probability distribution on R, for each j € [p].

We sometimes refer to the DAG defined by the SCM as a causal DAG. Associ-
ated with an SCM is a system of structural equations of the form

Zj = hj(Zngj) for j € [p]

Here, the ¢4, ...,¢, are independent (noise) random variables with ¢; ~ @;, and
when P; = @, we interpret h; to be a function of ¢; alone. The fact that the sets
(P;)jepp correspond to a DAG means that the assignments above may be thought
of as a recipe for generating the p-dimensional random vector Z = (Z,...,Z,)".
Indeed, using a topological ordering 7 for the associated DAG, which exists
by Proposition 7.8, we can write each Z; as a Borel measurable function of
Ex-1(1),En—1(2)s- - - En-1(n(;))- 1N particular, the distribution of the random vec-
tor may be computed from the SCM. Importantly though, SCMs also offer a
framework for reasoning about how the distribution of the random vector will
behave after changes to the system, as we now explain.

Given an SCM S = (P}, hj, Q;)jejp), we can replace one of the triples (P}, hj, Q;)
with a new parent set P; C [p]\{j} (while still preserving acyclicity of the resulting
directed graph), as well as a new Borel measurable function fzj :RIPiIxR — R and
Borel probability distribution Qj on R, to give a new SCM S. In our structural
equation formulation, this replaces the assignment Z; := h;(Zp,,¢;) with Z; :=
ﬁj(Zﬁ,j,sj) where now ¢; ~ Q;. We say that node j has been intervened on, and
refer to the joint distribution for the random vector Z determined by the new
SCM as an intervention distribution. We can also intervene on multiple nodes
simultaneously. The interpretation is that if a structural causal model were to
correctly represent the mechanism by which Z is generated, then the intervention
distribution would give the new distribution of the data after the mechanism were
manipulated in the way specified by the new SCM.

When the image of our modified structural assignment function Ej is a singleton
{a} for some a € R, so we are simply setting the value of Z; to be a, we refer to this
as a hard intervention. Expectations and probabilities under this new distribution

4 Some authors refer to structural causal models as (nonparametric) structural equation models.
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for Z are written by adding |do(Z; = a), so for example we may be interested in
E(Zy |do(Z; = a)) for some k # j. In general, this is different from the conditional
expectation E(Zy | Z; = a).

Example 7.13 The following SCM, involving three binary variables, is inspired
by a real medical study comparing the effectiveness of two different treatments for
kidney stones. These stones are classified as either large (Z; = 1) or small (Z; = 0)
and the treatments given are open surgery (Z, = 1), involving a large incision,
or percutaneous nephrolithotomy (Z, = 0), where only a small incision is made.
The outcome variable Z3 being 1 indicates that the treatment has been successful.
The relationships between these variables are modelled via the following system
of structural equations:

Zl:eh Eleern(1/2),
Zy = Lie,(14220)>3/4} 5 g2 ~ U[0,1],
Z3y = Uey(2-2,+72/4—321 25/2)>1/4} ez ~ U0, 1].

The corresponding DAG is given in Figure 7.3.

)

Figure 7.3 The DAG described in Example 7.13.

Consider now the intervention do(Z, = 1); that is, the treatment is open
surgery. This gives a new system of structural equations:

Zy = ¢, g1 ~ Bern(1/2),
ZQ — 1,
Z3 = {ey(15/4-521/2)>1/4} » e3 ~ U[0,1].

Thus P(Z; = 1|do(Z; = 1)) = (3 + 1) = . Similarly one may compute the
probability of success when the treatment is percutaneous nephrolithotomy, and
find that P(Z3 = 1|do(Z, = 0)) = 12, thus showing that, by this measure, open
surgery is to be preferred. On the other hand,

1
P(Zs=1|Zy=1)=Y P(Z3=1|Zo=1,Z = j)P(Z1 = j| Zo = 1)
j=0
P(Z =1[Z, = j)P(Z: = j)
P(Z, = 1)

=Y P(Zs=1|2Z=1,2, =)

Jj=0

(e
%(i—kﬁ) 15 4 5 4 2 6
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Similarly we may compute

3 3 1 27 5

O IEN|

Thus naively equating the conditional probability of Z3 = 1 given Z, with suc-
cess of treatment Z, would lead us to conclude incorrectly that percutaneous
nephrolithotomy is the preferred treatment. The reason for the discrepancy here
is that as indicated in the original SCM, the presence of large kidney stones in-
creases the chance of open surgery being performed, but also decreases the chance
of success of either treatment. &

The example above illustrates that the conclusions that may be drawn from an
SCM go far beyond those of its associated joint distribution. The crucial addi-
tional piece of information included in the SCM is the causal structure encoded
by the associated DAG.

The assumption that an intervention in the real world should correspond to
the mathematical process described above is a strong one, as is the assumption
that the true data-generating mechanism corresponds to a given SCM. A classical
example of where the latter would fail is when there are unobserved variables.
For example, consider the causal DAG on the left in Figure 7.4.

O, ®© OO0

Figure 7.4 Tlustration of a confounder (left) and an alternative causal
DAG (right).

The variable U, a parent of both X and Y, is known as a confounder; thus,
kidney stone size is a confounder in Example 7.13. If it were unobserved, then
we might incorrectly postulate the causal DAG on the right, whose intervention
distributions would then not be indicative of what could be expected in the
real world, where intervening on X should have no effect on Y. While the joint
distribution of observed data reveals nothing about the presence or absence of
such hidden confounders, a causal DAG can carry with it implications for the
conditional independence structure, as we shall see in Section 7.4.2. In principle,
this can allow for a postulated DAG to be falsified if an implied conditional
independence is not reflected in the data. The issue of estimating and testing
conditional independence structure, and their associated challenges, is addressed
in Sections 7.5, 7.6 and 7.7.
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7.4.2 Markov properties for DAGSs

Consider an SCM S with causal DAG G generating a distribution P. The form
of the associated structural equations, whereby when Z = (Zy,...,2,)" ~ P we
may think of each component Z; as determined by Z,,(;) together with indepen-
dent noise, suggests that Z; should obey a family of conditional independence
relationships that involve conditioning on Zp, ;).

Definition 7.14. A distribution P on RP satisfies the local Markov property with
respect to a DAG G = ([p], F) if when Z = (Zy,...,Z,)" ~ P, we have for all j € [p]
that

Zj L Znagy\pai) | Zpats)-

Theorem 7.15. If P is generated by an SCM with associated DAG G, then P sat-
isfies the local Markov property with respect to G. Conversely, if P satisfies the local
Markov property with respect to the DAG G, then there exists an SCM with DAG G
that generates P.

Proof Suppose that the random vector Z = (Zh...,Z,D)T ~ P is defined
through the structural equations of the SCM, so that Z; = h;(Zp.(),¢c;) for
j € [p], where e; I (ex)rzj. Fix j € [p] and let © be a topologlcal order
on G such that w(k) < =(j) for all & € nd(j); such a 7 exists by Exer-
cise 7.5. For any k € [p], we have that Z, is a Borel measurable function of
Ex-1(1)s---»Ex—1(x(k)), SO in particular, Z,q¢;) is a Borel measurable function of
(er-1(k) ) kein(j)—1)- It follows that Z,q(;) AL e;. Thus by the weak union property
(Proposition 7. 3(“)) nd(J)\pa(J) AL &j | Zpagj)- Thus Zunag)pai) AL €5 Zpai) | Zpags)s
whence Zna\pa() AL i (Zpat)»€5) | Zpa(s), @s required. The proof of the converse
is deferred to Exercise 7 6 O

It turns out that when a distribution P satisfies the local Markov property
with respect to a DAG G, there are several other conditional independencies
that may be read off from G; these are given by the global Markov property for
DAGSs® introduced in Definition 7.17. To discuss this, we require some further
graph terminology. Given a DAG G = (V,F) and a (not necessarily directed)
path ji,...,j, with m > 3, we say j, is a collider (relative to the path) if j,_; —
Je < jes1- A path is blocked by a set of nodes S if there exists a node v on the
path such that either:

(i) v is not a collider and v € S, or
(i1) v is a collider and neither v nor any of its descendants are in S.

Thus, the path is not blocked if (i) every non-collider is not in S and (i) every
collider is either in S or has a descendant in S. Given disjoint subsets of nodes A
and B, we say A and B are d-separated® by a subset of nodes S, and write
A 1 g B|S, if every path between A and B is blocked by S. In particular, if there
is no path between A and B, then A 1L g B|S for every subset S of nodes including

5 Recall that Definition 7.10 introduced the global Markov property for undirected graphs.
6 d-separation is short for directional separation.
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S = @. We also see that” A 1L gB|S if and only if A\ S ILgB\ S|S. Although
a DAG has a natural corresponding undirected graph, obtained by ignoring the
direction of the edges, d-separation in a DAG is neither necessary nor sufficient
for separation in this undirected graph; see Exercise 7.7.

In the graphs 1 — 2 — 3, in which node 2 is a mediator, and 1 + 2 — 3, in
which 2 is a confounder, we have 1 1L g3|2. On the other hand, with the graph
1 — 2 < 3, where 2 is a collider, we have 1}/ ;3|2. As we will see in Corol-
lary 7.19, d-separation in a causal DAG implies conditional independence. To
gain some intuition, consider the hypothetical causal DAG in Figure 7.5 relating
to lung cancer. It is plausible that smoking status and asbestos exposure are in-

[SmokingJ [Asbestos exposureJ

Inflammation

HE

Lung cancer

Figure 7.5 DAG illustrating d-separation and conditional independence.

dependent, which is reflected by the fact that they are d-separated by the empty
set. Moreover, one might postulate that once the extent of lung tissue inflam-
mation in an individual is known, then additionally knowing the smoking status
or level of asbestos exposure may tell one nothing further about the possibility
of lung cancer; in other words they should be conditionally independent of the
presence of lung cancer, given the inflammation levels. Again, these are reflected
in the fact that in Figure 7.5, {Smoking, Asbestos exposure} and Lung cancer are
d-separated by Inflammation. On the other hand, Smoking and Asbestos expo-
sure are not d-separated by Lung cancer: the conditioning set is a descendant of
the collider in the path Smoking — Inflammation <~ Asbestos exposure. Indeed,
if an individual is known to have lung cancer, then the additional knowledge that
they have never smoked may increase the possibility of asbestos exposure as a
potential cause, so we might expect conditional dependence here. The following
example looks at some more involved d-separation statements.

Example 7.16 Consider the DAG G in Figure 7.6. We claim that 2 1 55]1,6.
To see this, observe that

e the path 2 < 1 — 5 contains the node 1, which is a non-collider;

e the path 2 — 3 + 4 + 5 contains the collider 3, and neither 3 nor its sole
descendant 7 lie in {1,6};

e the path 2+ 6 — 7+ 3 + 4 + 5 between 2 and 5 via 6 contains for example
2+6-—T.

7 For this reason, some authors insist that A, B and S are pairwise disjoint.
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1

Figure 7.6 The DAG from Example 7.16.

In fact, we also have 2 1L g 5|1, because the path between 2 and 5 via 6 contains
the collider 7, which has no descendants. &

Definition 7.17. We say a distribution P on RP is global Markov with respect to
a DAG G on p vertices if whenever Z = (Zy,...,Z,)" ~ P, and A,B and S are
disjoint sets of vertices such that A IL.g B|S, we have Z4 L Zgp| Zs.

This definition is equivalent to a version where S is not required to be dis-
joint from A and B, as A LgB|S if and only if A\ S 1LgB\ S|S; when P
is global Markov and Z ~ P, either of those conditions therefore means that
ZA\S A ZB\S | Zs, which is equivalent to ZA A ZB | Zs.

The following is the main result relating the global and local Markov properties
for DAGs.

Theorem 7.18. A distribution on RP is global Markov with respect to a DAG G
on p vertices if and only if it satisfies the local Markov property with respect to G.

Proof First suppose that P is global Markov with respect to a DAG G on p
vertices. We claim that for any node j, we have

j ALgnd(j) \ pa(j) [ pa().

To see this, consider a path with vertices j = j1,...,jn, = k between j and a node
k € nd(j) \ pa(j). If j + j2, then j, € pa(j) and j, is not a collider, so the path
is blocked. If instead j — js, then since & is not a descendant of j, the path must
contain a collider. Let us suppose j, is the closest collider in the path to j, so
that j — jo — -+ = js < jer1. Then neither j, nor any of its descendants can lie
in pa(j) as this would introduce a cycle in the DAG G. Thus all such paths must
be blocked as well. This establishes our claim, and therefore that P satisfies the
local Markov property with respect to G.

For the converse, we argue via induction on p. When p = 1, there is nothing
to prove. We therefore take p > 2 and suppose that the result holds for all
distributions on RP~!. Without loss of generality, suppose that p is the last vertex
in some topological ordering =, so that n(p) = p, and let Z = (Zy,...,Z,)" be a
random vector whose distribution satisfies the local Markov property with respect
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to G. Writing N := [p] \ pa(p), from the fact that de(p) = @ and the local Markov
property, we have

Zy I Zn | Zoap)- (7.5)

Removing vertex p and all edges incident to it, we arrive at a new DAG G_ with
vertex set [p— 1]. Since the parent sets of the vertices in G_ are the same as those
in G, the distribution of (Z,...,Z, 1)" satisfies the local Markov property with
respect to G_. Thus by the induction hypothesis, we have for all disjoint subsets
of vertices A, B, S C [p — 1] that

if AJ.LgiB|S then ZAJ.LZB‘ZS (76)

In fact, from the comment following Definition 7.17, we may assume the above
holds even when S is not disjoint from A and B. Moreover, if A 1 g B|S, then
Al g B|S, since removal of vertex p can only mean that certain paths that
passed through p no longer exist. It follows that

if AJ.LgBlS then ZAJ.LZB|ZS (77)

for A,B,S C [p— 1] with A and B disjoint, and our task is to extend this to
permit either

(i) replacing A with {p} U A, or
(i1) replacing S with {p} US.

We note first from (7.5) that Z, 1L Za, Zp, Zs | Zpap), so by the weak union prop-
erty,

ZP J'L ZB | Zpa(p)7 ZAa ZS, (78)

and proceed to tackle the two cases above in turn.

Case (i). Suppose that® p, A I g B|S. We claim that then pa(p),A 1L.g_B]|S.
Indeed, any path between A and B that is not blocked by S in G_ is similarly
unblocked by S in G. Furthermore, we can append any path between pa(p) and B
that is not blocked by S in G_ by p + to give a path between p and B that is
similarly not blocked by S in G. This establishes the claim, so by the induction
hypothesis (7.6), Zpap), Za 1L Zp|Zs, and hence by the weak union property
again,

Zpatw) L Z5 | Za, Zs. (7.9)

Combining (7.8) and (7.9) with an application of the contraction property (Propo-
sition 7.3(b)), we see that

Zy UL Z | Za, Zs. (7.10)
Finally, a further application of the contraction property from (7.7) and (7.10)

vields Z,,Z4 1L Zp | Zgs, which concludes the proof of Case (i).
Case (ii). Suppose that A I g B|p, S. First we claim that either A 1L g_pa(p)|S

8 Here and in what follows, this should be interpreted as ({p} U A) 1L gB|S, by analogy with
our convention for conditional independence.
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or B 1g_pa(p)|S, so without loss of generality, assume that the former is not
true. Now suppose for a contradiction that the latter is not true either, and that
within the graph G_ we have a path R, with vertices v{},...,v2 and a path Rp

with vertices vZ, ..., v2 from A and B respectively to pa(p), neither of which is
blocked by S. We now argue that these paths cannot share a node. Indeed, if we
did have v = v = v8 for some r € [m] and s € [n], then the only way for the

path v{t, ... vA | v,08 | ... vF to be blocked by {p} U S would be for v to be a
collider. Even in that case, we would have to have p € nd(v), so there would have
to be a collider among v, v, |, ..., v/} relative to Ry4. Letting t € {r,r+1,...,m}
be the minimal index of such a collider, there would exist w € {v/'} U de(v{)
such that w € S. But then we would also have w € {v} U de(v), so the path
vt o vA v, vB o vB between A and B would not be blocked by {p} U S,
again contradicting A 1 g B|p,S. This establishes that the paths R4 and Rp
have disjoint sets of nodes. Thus v{l,... v — p « 0B, ... vP forms a path

between A and B in G that is not blocked by {p} U S, a contradiction. It follows
that B 1Lg pa(p)|S, and we deduce from (7.6) that

Zp I Zyain | Zs. (7.11)

We next claim that A 1 g B|pa(p),S. To see this, observe that since
Al gB|p,S, we have in particular that every path from A to B in G_ must
either have a non-collider in S or a collider v that is neither in S nor has a de-
scendant in {p} U S. In the latter case, v could neither be in pa(p) nor have a
descendant in pa(p) U S, and this establishes our claim. Hence by (7.6),

Za L Z | Zoaip)s Zs. (7.12)
But then, from (7.11) and (7.12), the contraction property yields
Zatpys Za L Z | Zs. (7.13)

Now considering pa(p) and A together, we obtain from (7.13) and (7.8) and
another application of the contraction property that

Zp> Zpa(p)y ZA A ZB | ZS7

whence Z4 1L Zp | Z,, Zs, by a final application of the weak union property. This
completes the argument for Case (ii). O]

As an immediate consequence of Theorems 7.15 and 7.18, we have:

Corollary 7.19. If a distribution P on RP is generated by a structural causal model
with DAG G on p vertices, then P is global Markov with respect to G.

7.5 Causal structure learning

We have seen how a causal DAG implies certain conditional independencies. It
follows that the presence of conditional dependencies in a distribution can be used
to rule out potential causal DAGs, and thus reveal underlying causal structure.
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For example, the edges in a conditional independence graph (see Section 7.3) can
be given a causal interpretation:

Proposition 7.20. Let p>2 and let Z = (Zy,...,Z,) ~ P. If Z; W Z),| Z_y. for
J,k € [p], then any causal DAG that generates P must either have j — k, j < k or
Jj— 0+ k for some € € [p]\ {J, k}.

Proof Suppose that P is generated by a structural causal model with DAG g.
Then by Corollary 7.19, P satisfies the global Markov property with respect
to G. Thus, if Z; )Y Z),| Z_;i, then the nodes j and k cannot be d-separated by
S :=[p]\ {j,k} in G. But any path between j and k other than j — k, k — j and
j — €+ k for some ¢ € [p]\ {7, k} must have a non-collider in S and so is blocked
by S. It follows that one of these three types of path must exist. O

In fact, Proposition 7.21 reveals that under the stronger hypothesis that two
variables are conditionally dependent when we condition on any subset of the
remaining variables, we can obtain the stronger conclusion that they must be
adjacent in any causal DAG; in other words, there is a direct causal link between
the variables.

Proposition 7.21. If nodes j and k in a DAG with p vertices are not adjacent and
is a topological order on [p| with w(j) < w(k), then they are d-separated by pa(k).

Proof Consider a path with vertices j = ji,...,Jn = k; we aim to show that
it is blocked by pa(k). If j,—1 — k then it is blocked because j,,_; is a non-
collider that belongs to pa(k). If instead j,,—1 + k, then consider the maximal
e {2,3,...,m—1} such that j,_; — j; + jei1; such an £ must exist as otherwise
we would have a directed path from k to j, contradicting the topological ordering.
Since j, is a collider relative to the path, and does not belong to pa(k), the only
way for the path not to be blocked by pa(k) would be for j, to have a descendant
in pa(k). But this cannot occur as it would introduce a cycle. O

7.5.1 Obstacles to identifying the true causal DAG

Since conditional dependencies in a distribution can falsify potential causal DAGs,
it is natural to ask whether, given a complete list of conditional dependencies and
independencies, it is possible to pin down the exact causal DAG. An immediate
difficulty is that causal DAGs with more edges generate a richer class of dis-
tributions, as they make fewer conditional independence restrictions. Indeed, a
distribution P, for a random pair (X,Y) with X 1L Y could be generated via the
SCM with equations

X:51, YIOXX+627

where e; I e, with DAG X — Y. A principle of parsimony therefore suggests
the following definition:

Definition 7.22. A distribution P satisfies causal minimality with respect to G if
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it is global Markov with respect to G but not with respect to any proper subgraph of G
with the same nodes.

In the example above, if we were to assume that P, satisfies causal minimality
with respect to the true causal DAG, then we could identify this as a graph with
no edge between the nodes representing X and Y. If on the other hand X ¥ Y,
then there is still no way to distinguish the potential causal DAGs X — Y and
X + Y. The issue is that two different DAGs can satisfy exactly the same set of
d-separation statements and hence imply the exact same set of conditional inde-
pendencies. We therefore define the Markov equivalence class of G, denoted M(G),
to be the set of distributions P that are global Markov with respect to G, and
make the following definition:

Definition 7.23. Two DAGs G, and Ga are Markov equivalent if M(G1) = M(Gs).

Thus, two DAGs are Markov equivalent if they satisfy the same set of d-
separation statements. Although, particularly for large DAGs G; and G, this
may be time-consuming to check directly, Theorem 7.24 gives a simple character-
isation of Markov equivalent DAGs. The skeleton of a graph G is the undirected
graph with the same vertices and edges between every adjacent pair of vertices.
A v-structure in a graph G is a triple of nodes (4,4, k) with j and k not adjacent
but j — £+ k.

Theorem 7.24. Two finite DAGs are Markov equivalent if and only if they have
the same skeleton and v-structures.

Proof Take two finite, Markov equivalent DAGs G; and G,. If two nodes j and k
are not adjacent in G;, then by Proposition 7.21 they must be d-separated by a
set of vertices S with j,k ¢ S, so they cannot be adjacent in G;. Running this
argument with G; and G, interchanged, we see that the skeletons of G; and G,
must agree. Next, if we have a v-structure (j,¢,k) in G;, then j and k are not
adjacent, so by Proposition 7.21, they are d-separated by some set of vertices S
with j, k ¢ S; moreover S cannot contain ¢ as otherwise j — ¢ < k would not be
blocked. By hypothesis, this d-separation is present in Go. Thus we cannot have
any of j >0 — k, j+« £+ korj<« £ — kin Gy, as these paths would not be
blocked by S. The only possibility is that the v-structure (j, ¢, k) is present in Gs.
Again, interchanging G; and G, we see that their v-structures agree.

Conversely, let G; and G, be finite DAGs with the same skeleton and v-
structures. Since the result is clear if G; and G, consist of a single node, we
may fix distinct nodes j, k, as well as a set S that is disjoint from {j,k}. We
aim to show that if j Jt ; k| S, then j )5 k|S. As a preliminary case, if j and &
are adjacent in G, then they are adjacent in G,, so the claim follows. Suppose
now that j and k are not adjacent, and j 5 k|S, so that precisely one of the
following two cases must occur:

(i) there exists a path between j and k with no vertex in S and no colliders; or
(ii) every path between j and k that is not blocked by S contains at least one
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collider, and for each such collider j,, either j, or one of its descendants is
in S.

If (i) holds in G;, then take a shortest such path R; between j and k. The
vertices of R; are also the vertices of a path R, in Gy, as the skeletons of G,
and G, agree. We claim that R, also has no colliders, so (i) holds in G5. Suppose
then for a contradiction that ¢ is a collider in Ry with j; — ¢ < k;. The vertex ¢
cannot be the middle node of a v-structure (j;,¢, k1) (which we recall are the same
in G; and G, by assumption), as this would introduce a collider in R;. Thus j;
and k; must be adjacent; suppose then without loss of generality that j; — k4
in G;. By minimality of R, there must exist a node ky in Ry with ki < ko, so
that removing the vertex ¢ from R; would make k; a collider. We cannot have
{ — ki in Ry, because then k; would be a collider in R, so we must have ¢ + k.
But this then forces j; < ¢ to avoid a collider in R; at ¢, which creates a cycle
j1 — ki — ¢ — 71 in Gy; see Figure 7.7. This contradiction establishes our claim.

Figure 7.7 Illustration of the argument in the proof of Theorem 7.24 in the
case of property (i).

Suppose now that property (ii) holds in G;, and let m — 1 > 2 denote the
minimal length of all such paths. Let j = ji,...,j.. = k be the vertices of such
a path R; in G;, with the sum of the lengths of the shortest directed paths from
each collider to S being minimal (colliders that belong to S do not contribute
to the sum). If there is a single collider, then it must be the middle node of a
v-structure because otherwise we could bypass this collider to give a path from j
to k in G; that has no vertex in S and no colliders, violating property (ii). On
the other hand, if there is more than one collider, then each of them must be
the middle node of a wv-structure because otherwise again there would exist a
shorter path from j to k that would violate the minimality of R;. Hence the
corresponding path R, in G, must contain those colliders as well. Moreover, since
the length of the path R, is minimal, each collider in Ry must be the middle
node of a v-structure, and hence a collider in R;; in summary, R; and R, must
have the same set of colliders.

If every collider is in S, then R, is unblocked and we are done. Otherwise, let
Jje ¢ S be one of the colliders and let so := jg, s1, ..., Sp, Where s, € S, denote the
vertices of a shortest directed path S; from j, to S in G;.

Suppose first (for a contradiction) that the corresponding path Sy in G, has
a collider, and let s, be such a collider with » € [n — 1] minimal. Then s,_; —
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8, < Sr41 cannot be a v-structure in G, as this would persist in G; by hypothesis.
Hence s,_; and s,.1 must be adjacent. But then, considering G;, we cannot have
Sy—1 — Sy41 as this would contradict minimality of n, and we cannot have s,_; +
Sr41 as this could introduce a cycle s,_1 — s, — S;41 — Sp_1.

Thus if s,, ¢ de(j,) in Go, then the only possibility is that j, < s;. Then neither
Je—1 — Je ¢ S1 NOT 87 — jJy < jer1 can be v-structures because s; is a descendant
of j, in Gy, so we must have j,_1 — 51 — jy+1 in the skeleton; see Figure 7.8.
Turning to G, if either j,_; < s; or s; — jgr1, then we would introduce the

Figure 7.8 Left panel: part of Go with the bidirectional edges still to be
oriented; right panel: the same for G;, where we see that any orientation of
the bidirectional edges leads to a contradiction.

cycles s — je_1 — je — S1 Or s1 — jey1 — je — s1 respectively. Hence we
must instead have j, 1 — s1 « jey1. But then j1,..., 5, 1,51, Jes1,- - -, would
form a path in G;, where the sum of the lengths of the shortest directed paths
from colliders to S is strictly less than that of R, a contradiction. Thus j, must
have a descendant in S in G,. Since the choice of collider was arbitrary, we see
that property (i) must hold in Gy as well. We conclude that j and k are not
d-separated in G,, as required. O

Given all the conditional independencies in a distribution P, we can only hope
to recover the skeleton and v-structures of a DAG with respect to which P satisfies
causal minimality. In general however, even this is not always possible, as the
following example illustrates.

Example 7.25 Let o, 8,7 € R and consider the SCM S with structural equations

Zl = €1,

Zy = aZy + e,

Z3 = BZy +vZy + €3,
where € = (e1,69,63)" ~ N3(0,I). Further, let G denote the DAG associated
with S. Then (Zy, Zs, Z3)" ~ N3(0,%) =: P with

1 Q@ B+ ay
3= a a?+1 af +v(a?+1)
B+ay aB+v(?+1) B2++%(a?+1)+28ay+1

If p=-1,a=~=1, then 8+ ay =0, so Z; 1L Z3. In this case P can also be
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generated by the SCM S with structural equations
7y =&,
Zy =7y + aZs + &2,
Zy = &,
and corresponding DAG G, where &,, &, and &; are independent with &, ~ N 0,1),

& ~ N(0,1/2), & ~ N(0,2) and & = 1/2. The DAGs G and G are given in
Figure 7.9. These two DAGs have different skeletons (and different v-structures),

() ()
(%) @) (2)——®

Figure 7.9 The two DAGs described in Example 7.25.

so by Theorem 7.24 they are not Markov equivalent. Moreover, we claim that P
satisfies causal minimality with respect to both G and G. To see this, first note
that P is global Markov with respect to both G and G by Corollary 7.19. On
the other hand, removing any edge from G would enable us to find disjoint sets
A,B,S C [3] with Z4 1Lg Zp|Zs (in the case of removing the edge Z; — Z5, we
should take S = @). But for such sets A, B and S, we have Z, ) Zp|Zs, since
Cov(Zy,Z3) = a =1 and since

3 -2 1
st=1-2 2 -1
1 -1 1
has no zero entries; see Theorem A.5.4. O

The issue in Example 7.25 is that while at first sight S appears to be a natural
SCM for the distribution P, the special property 5+ ay = 0 creates an additional
conditional independence (in this case, in fact, an independence) that cannot
be deduced from d-separation in the associated DAG. If the coefficients (a, 3,7)
in the SCM S of Example 7.25 were drawn from a distribution having a den-
sity with respect to Lebesgue measure on R?, then such a relationship between
the coefficients would hold with probability zero. This motivates the following
definition:

Definition 7.26. A distribution P on RP is faithful to a DAG G on p wvertices
if whenever Z = (Zy,...,Z,)" ~ P and A,B,S C [p] are disjoint, we have
Za Al Zp|Zs if and only if A LgB|S.

Thus, in addition to asking for P to be global Markov with respect to G,
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we also require the reverse implication that conditional independence yields d-
separation. The distribution P in Example 7.25 is faithful to G but not to G.
Faithfulness should be thought of as asking not only for causal minimality, but
also that the distribution has no coincidental conditional independencies (see also
Exercise 7.9).

7.5.2 The PC algorithm

Suppose that a distribution P on RP? is faithful to an unknown DAG G and let
Z ~ P. Given the list of conditional independencies satisfied by P, we can identify
the Markov equivalence class of G, or equivalently (by Theorem 7.24), the skeleton
and v-structures of G. How might we go about this procedurally?

Proposition 7.21 reveals that a necessary condition for the absence of an
edge j — k in the skeleton of G is the existence of a conditional independence
Z; I Zy | Zg for some S C [p] \ {j,k}, and moreover this condition is sufficient
by faithfulness. In principle then, one can, for each pair of variables Z; and Z,
search for a conditional independence given another set of variables. When p is
large, however, this search becomes computationally costly. On the other hand,
by Proposition 7.21 again, if any such conditional independence exists, then we
can restrict our search to conditioning on either Z,,¢;y or Zp.x), and this offers a
more efficient approach. Let us write adj(G, j) for the set of nodes adjacent to j
in the graph G. Given any undirected graph G’ of which the skeleton of G is a
subgraph, we have pa(j) C adj(G,j) C adj(G’,7). Thus given G’ we can narrow
down the possible parent sets for any node.

The first part of the PC algorithm (named after its creators, Peter Spirtes
and Clark Glymour) finds the skeleton of G by exploiting this observation and
starts with a complete undirected graph over the vertex set [p]. First, the (uncon-
ditional) independencies are used to remove some edges. Next, the conditional
independencies involving conditioning on a single variable are used to remove
further edges; here, for a given pair of nodes (j,k) we need only search among
conditioning variables that share an edge with j or k, as these are the only pos-
sible singleton parent sets. After this, conditioning sets involving two variables
are considered, and so on, the key point being that the graph becomes sparser
at each stage, resulting in fewer conditional independence checks. Algorithm 1
summarises the procedure.

In addition to outputting the computed skeleton G, the PC algorithm also
stores, for each pair of nodes j and k that are not adjacent in G, aset? S (4, k) such
that Z; 1L Z; | Zs(j k). This information can be used to obtain the v-structures
based on the following proposition:

Proposition 7.27. Let (j, ¢, k) be a triple of nodes in a DAG with vertex set [p] for
which the only non-adjacent pair is (j, k). The following are equivalent:

(a) 7 =0+ k;

9 There may be other sets with the same property that are not found by the PC algorithm,
however.
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Algorithm 1 First part of the PC algorithm: finding the skeleton.

Set G to be the complete undirected graph on p > 2 vertices. Set r = —1.
repeat
Increment r « r + 1.
repeat
Select a (new) edge (j, k) in G such that ‘adj(é,j) \ {k}| >r.
repeat
Choose a new set S C adj(G, ) \ {k} with |S| = r.
If Z; I Z, | Zs then delete edges (j,k) and (k,7) in G and set S(j,k) =
S(k,j) = S.
until edges (j, k), (k, j) are deleted or all relevant subsets have been chosen.
until all relevant ordered pairs have been chosen.
until |adj(§,j) \ {k}| < r for every edge (j, k) in G.
output: Skeleton G and sets S(j, k) for all (j, k) that are not edges in G.

(b) every set S C [p|\ {j,k} that d-separates j and k does not contain ¢;
(c) there exists a set S C [p]\{j, k} that d-separates j and k and does not contain ¢.

Proof (a) == (b): If j — £ < k, then ¢ is a collider on this path between j and £,
so if S blocks this path then ¢ ¢ S. (b)) = (¢): Since j and k are not adjacent,
there exists a set S C [p] \ {j,k} that d-separates them by Proposition 7.21;
by hypothesis, ¢ ¢ S, so (¢) holds. (¢) = (a): If j and k are d-separated by
S Cp]\{j,k} and £ ¢ S, then since none of j ¢ — k, j« (< korj«+ {—k
can be blocked by S, it follows that j — ¢ « k. 0

The second stage of the PC algorithm searches for all potential v-structures
(j,£,k) in the skeleton G, and whenever ¢ ¢ S(j, k), concludes the existence of
the v-structure ;7 — £ < k. Proposition 7.27 guarantees that this is a genuine v-
structure, and moreover that we will not miss any v-structures via this approach.

Up to this point, we have considered the conditional independencies in a distri-
bution P as given. In practice, however, we would typically not have direct access
to this distribution, but would instead have a sample zq,..., 2, of independent
observations from P. The conditional independence queries in the PC algorithm
would then for example need to be replaced by conditional independence tests
based on these observations. In the next section, we turn to the problem of con-
structing such tests. As we shall see, this is in fact a difficult task, and we typically
cannot expect these tests to make no errors, as would be required for the PC algo-
rithm to produce a correct estimate of the skeleton of the causal DAG. Moreover,
the iterative nature of the algorithm means that a single error early on, where
an edge is incorrectly deleted, can propagate to many further errors as it pro-
gresses. It is worth noting that in this sense the computational efficiency of the
PC algorithm does come with a cost in terms of the reliability of the estimate it
produces when applied in practice.
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7.6 Gaussian graphical models

We have seen that conditional dependence is a compelling way to assess the re-
latedness of variables in the presence of others. The problem of testing the null
hypothesis that X 1L Y| Z given independent copies (x1,y1,21),-- -, (Tn, Yn, 2n) Of
the triple (X,Y,7) is thus of great interest. It turns out (see the bibliographic
remarks and Exercise 7.17) that this is fundamentally hard when Z takes values
in a Euclidean space and has an absolutely continuous distribution with respect
to the corresponding Lebesgue measure: any (potentially randomised) test must
then have power at any alternative that is at most its size, and so no non-trivial
tests exist. In order to make progress, then, we must therefore restrict the null
hypothesis in some way. A first strategy is to model our p-dimensional random
vector Z as having a Gaussian distribution. When considering conditional inde-
pendencies, this is a natural choice, not just because of the ubiquity of Gaussianity
throughout statistics, but also because it offers very simple characterisations of
conditional independence. We therefore consider three ways in which this mod-
elling assumption can be exploited.

7.6.1 Nodewise regression

When Z ~ N,(p, X) and j € [p], we have as a special case of Theorem A.5.4 that
Zi=mj+Z %7, % +ej, (7.14)

for some m; € R, where g; ~ N (0, ;- %, ;7). %_; ) is independent of Z_;.
In other words, and in the language of Chapter 2, Z; follows a normal linear model
with Z_; as the predictor, m; as an intercept term and with coefficient vector
BYU) =71 3 ;; € RP1If a given component of this coefficient vector, say
that multiplying Zj, were zero, then the conditional distribution of Z; given Z_;
would coincide with its conditional distribution given Z_,;, so we would have
Z; I Zy | Z_ ;1. Conversely, if this coefficient were non-zero, then Z; Y Z, | Z_j;.
In other words, we have an edge j — k in the conditional independence graph if
and only if the coefficient multiplying Z, in the normal linear model (7.14) is
non-zero.

In the setting where Z is high-dimensional (see Chapter 3), this observation
suggests the following strategy for estimating the conditional independence graph
given independent copies zi,...,2, of Z. Writing Z for the n x p matrix with
ith row z; for ¢ € [n], we compute for each j € [p] the Lasso coefficient (for a
suitable tuning parameter, e.g. one suggested by cross-validation or the square-
root Lasso) 30) = (Bij),...,ﬁj({)l, Aj(.i)l,..., A}(,j))T from regressing the response
vector Z; onto Z_;. Since the Lasso coefficient estimates are sparse, we can
estimate the non-zero indices in 8¢) via those in 3¢) and thereby estimate the
conditional dependencies in the distribution. However, one consequence of basing
this approach on an asymmetric characterisation of conditional independence is
that there are two different ways in which this can be done. Writing S; C [p]\ {5}

for the indices of 3@ that are non-zero, we can either estimate the conditional
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independence graph by introducing an edge j — k if and only if either k € 5']-
or j € Sy (the ‘or’ rule), or if and only if both k € $; and j € S, (the ‘and’
rule). In fact, any variable selection method can be used to produce the sets
{S‘j 17 € [p] }; for example one could instead use the minimax concave penalty or
complementary pairs stability selection; see Chapter 3.

Computationally, this strategy of conditional independence graph estimation
through performing nodewise regressions is relatively simple. Indeed, each Lasso
regression may be performed in parallel. Moreover, one can appeal to the theory
of variable selection for the Lasso presented in Section 3.5.5 to give statistical
guarantees for the procedure. One potential drawback, however, is the ambiguity
in the choice of whether to apply the ‘and’ or ‘or’ rule. We now turn to a sec-
ond approach that avoids this by using a second characterisation of conditional
independence in Gaussian graphical models.

7.6.2 The graphical Lasso

The basis of the nodewise regression approach in Section 7.6.1 was a charac-
terisation of conditional independence through the conditional mean in Theo-
rem A.5.4. On the other hand, Theorem A.5.4 also establishes the key fact that
when Z ~ N, (11, ¥) with 3 positive definite, and we write Q = () := =" for
the precision matriz, we have

Zj A Zk: | ijk if and only if ij =0.

Thus, estimating the conditional independence graph reduces to estimating the
locations of the non-zero entries in the precision matrix.

Considering low-dimensional (n > p) settings for the time being, we can esti-
mate the precision matrix via maximum likelihood. Writing

_ 1 < I > AT
Z:;;Zl and S:ﬁ;(zl—Z)(Zz_Z) )

we have by Exercise 7.10 that the log-likelihood can be expressed in terms of
(1, Q) as

n

£1,92) = S logdet(92) — 5 3"z — 1) 0z — )

i=1

= —g{tr(SQ) —logdet(Q) + (Z — p) " QUZ — )} (7.15)

From this we see that the maximum likelihood estimator of p is fi := Z. More-
over, writing SV’}F for the set of positive definite matrices in RP*?, the maximum
likelihood estimator €2 of € satisfies

0= argmin{tr(SQ) — logdet(£2)} =: argmin g(€2). (7.16)

PXP pPXDp
Qesyy Qesty

By Exercise A.3.2, g is strictly convex and differentiable, with derivative
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Dg(€2): R4 — R given by
Dg(Q)(H) = tr((S— Q") H).

On the probability 1 event that the n x p matrix with ith row (z; — Z)T has full
column rank, so that S is positive definite, we deduce that © = 7.

In high dimensions with p > n, the matrix S will be singular, but taking
inspiration from the Lasso, we can consider a penalised version of (7.16). The
graphical Lasso adds a penalty proportional to [|Q; = 37, 377, || and
computes

Q) := argmin{tr(SNQ) — log det(2) + \| Q2 },

pPXp
Qesrx:

for a tuning parameter A > 0; see Exercise 7.12 for the existence and uniqueness
of this estimator, as well as an approach to its computation. Analogously to the
Lasso in Chapter 3, the non-differentiability of the penalty when € has zero en-
tries results in a sparse estimate of the precision matrix, from which an estimate
of the conditional independence graph can be constructed. Often the penalty is
modified such that the diagonal elements are not penalised, as these play no direct
role in determining which edges are present. Compared to nodewise regression,
the graphical Lasso does respect the symmetry of the conditional independence
relationship, but we have an optimisation problem over O(p?) variables, instead
of p separate p-variate optimisation problems, so computationally the graphical
Lasso is more challenging. Moreover, while the linear regressions involved in the
nodewise approach can have some form of interpretation beyond the normal lin-
ear model (see Section 2.4), the graphical Lasso is more heavily reliant on the
Gaussianity assumption.

7.6.3 Partial correlation

A third approach to assessing conditional independence for Gaussian data is
based on the fact that multivariate Gaussian variables are independent if and
only if they are uncorrelated (Theorem A.5.3). To introduce this, it is notationally
convenient to fix two real-valued random variables X and Y, and consider their
dependence conditional on a p-variate random vector Z, with the triple (X,Y, Z)
being jointly Gaussian. Let ¢ := X —E(X|Z) and £ :=Y —E(Y| Z), and define
the partial correlation of X and Y given Z by

PX)Y|Z ‘= 71[4:(66) .
’ VE(?)E(E?)

By Theorem A.5.4, the conditional distribution of (X,Y") given Z = z is bivariate
Gaussian for each z € R?, so

px,y)z =0 if and only if X 1LY |Z.

Given independent and identically distributed copies (z;,v;,2:)"; of (X,Y,Z),
which we collect as n-dimensional vectors X = (21,...,2,) ", Y = (y1,...,yn) "
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and an n x p matrix Z = (z1,...,2,) 7, we can compute residual vectors & and &
from ordinary least squares (OLS) linear regressions of X and Y onto the (n +
1) x p matrix (1,, Z). The sample partial correlation is then

ERGE

Here, in order for each of these residual vectors to be well-defined and non-zero
almost surely, and for px y|z to not be identically equal to 1, we assume that
Cov((X, Z)) and Cov((Y, Z)) are invertible and n > p+3, conditions which ensure
the n x (p+ 3) matrix (1,, X Y Z) has full column rank almost surely.

One can aim to test X I Y |Z using a test statistic of the form |px y z|, for
example. On the other hand, the nodewise regression approach suggests perform-
ing a t-test for the significance of the coefficient corresponding to X in an OLS
regression of Y on (X, Z), or alternatively a version of this with X and Y inter-
changed. In the low-dimensional case under consideration, it turns out that all
three of these approaches yield numerically identical p-values (Exercise 7.14).

On the other hand, when Z is high-dimensional, analogues of each of these
approaches can be different. The debiased Lasso (Section 3.8.1) can be used
directly to test for the significance of the coefficient corresponding to either X
or Y in linear regression models as above. However an approach based on a
regularised version of the partial correlation not only avoids the ambiguity of
which of these two to choose, but can also have an advantage in terms of its
robustness, as we now discuss.

Suppose that we replace the OLS regressions involved in the calculating of
px,v|z with square-root Lasso regressions (see Section 3.7.1). To this end, let
X =n'Y" z;and Y := n' Y1, y, and let Z denote a column-centred
version of Z where each column is also scaled to have Euclidean norm /n as in
Section 3.2. Now, for a tuning parameter A > 0, set

PX)Y|Z ‘=

B = argmin

{ 1 I
ber V1
and define 0 analogously, but with the roles of X and Y interchanged. With

Y - V1, - Zbfs+ A|b|1},

X -X1,-20 R Y -Y1, - 28
= — = y &= — ~ A 9
|1 X — X1, — Z0||, 1Y = Y1, - Zj|2

Rx

where we interpret 0/0 := 0 in this context, we can then define a reqularised partial
correlation by

Px,y|z = Ry Ry.

To understand the form of robustness afforded by this approach, consider a nor-
mal linear model of the form

Y =ul, + ZB + e
where € R, 8 € RP and €| X,Z ~ N,(0,0%I). Recall from Section 7.6.1 that
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such a model holds when X 1 Y |Z and (X,Y, Z) are multivariate Gaussian. Let

1 _ .

5= —|Y -~ Y1, — ZA|..

7= 2l Bl
Recall from Theorem 3.17 and Lemma 3.16 that, under the compatibility condi-
tion and writing sg := ||8|lo (assumed for simplicity to be strictly positive), we
can expect

A logp
18 = Bllx < Crospyf "

and

o 1
"_1‘ < Oy 221087 (7.17)
g n

with high probability when A = Ay/log(p)/n, for an appropriate universal con-
stant A > 0, and where C;,C5 > 0 depend only on the compatibility constant.
Meanwhile, regardless of the true joint distribution of (X, Z), by the KKT con-
ditions for the square-root Lasso we always have

1, -7 logp
—Z Rxl|leo < A=A .
\/ﬁH Xloo < \V

Thus, noting that 1 Rx = 0, we have

s 1 Ry Z(j -
\/EPX,Y|Z = ER)T(E - M-

By (7.17) and since Rye ~ N(0,0?), we can expect on an event of high probabil-
ity that the first term will have an approximate standard Gaussian distribution
and the second term will have absolute value bounded by a constant multiple
of Ciosglog(p)/+/n. This latter quantity converging to zero with the sample size
is the same condition under which a significance test for the coefficient of X
based on a debiased Lasso would have valid asymptotic size control. Importantly,
however, due to the symmetry of /npx y|z in X and Y, this quantity will also
have an approximate standard Gaussian distribution under the null X 1 Y| Z
when it is X instead of Y that follows a sparse linear model when regressed
on Z. If (X,Y, Z) is jointly Gaussian, then both linear models hold, so writing sg
for the sparsity of the X-model, we only require the weaker sparsity condition
(s A sg)log(p)/v/n — 0 for valid asymptotic size control.

7.7 The generalised covariance measure

The methodological developments in Section 7.6 demonstrate the convenience of
joint Gaussianity for testing conditional independence. However, this restrictive
assumption may be hard to defend, particularly with moderate or large sample
sizes, where departures from Gaussianity are easier to detect. On the other hand,
as discussed briefly at the beginning of Section 7.6, it is not possible to avoid
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assumptions entirely. In fact, even the more familiar problem of regression is in
a certain sense ‘impossible’ without assumptions: no regression procedure has its
expected prediction error converging to zero uniformly over all data-generating
procedures, even when we restrict to a setting where responses and predictors
are bounded. Nevertheless, nonparametric regression is a task that is performed
routinely in data analyses, and for example we have seen in Chapters 5 and 6
a variety of methods for which theoretical guarantees are available. Moreover,
there are other flexible regression methods (often referred to as ‘machine learn-
ing methods’) such as random forests and neural networks, which may be less
theoretically tractable but whose predictive performance in practice is neverthe-
less very well-established.

The generalised covariance measure forms part of a framework for testing condi-
tional independence, where the primary assumption to ensure Type I error control
is that user-chosen flexible regression methods can estimate their targets suffi-
ciently well. The test statistic it uses may be viewed as a generalisation of the sam-
ple partial correlation. It is based on the observation that whenever real-valued
random variables X and Y satisfy E(|X|), E(]Y|) < oo and E(|XY|) < o0, and Z
is a random element of an arbitrary measurable space Z such that X 1 Y| Z, we
have E(XY | Z) = E(X | Z)E(Y | Z) almost surely (Exercise 7.15), so

E{(X -E(X[2))(Y -E(V|2))} =E[E{(X -E(X|2))(Y -E(Y|2)) | Z}]
—0. (7.18)

In other words, the population-level residuals from regressing each of X and Y
on Z have zero covariance.

Let (x;,ys,2;)", be independent and identically distributed copies of the triple
(X,Y, Z) collected together in X, Y and Z. Further, given a distribution P for
(X,Y,2), let fp(z) := Ep(X|Z = 2) and gp(2) := Ep(Y|Z = z), and define
g = x; — fp(z) and & := y; — gp(z) for i € [n] (where we have suppressed
the dependence on P to lighten the notation). Given an estimate f of fp from
regressing X on Z and an estimate g of gp from regressing Y on Z, consider an
empirical version of the expected conditional covariance in (7.18) of the form

1o~ »
™N = ;;61‘&, (7~19)

where é; := x; — f(z) and & := y; — §(z) for i € [n]. The subscript N stands
for ‘numerator’; we seek to normalise 7y by a suitable denominator to obtain
a test statistic whose distribution is approximately invariant to the underlying
data-generating process under the null hypothesis of conditional independence.
If fp and gp are estimated sufficiently well by f and g, then the ith summand
in (7.19) will be close to ¢;&;. Under the null, these quantities are independent
and identically distributed, with mean zero. By the central limit theorem, we can
therefore expect y/n7x to have an approximate mean-zero Gaussian distribution,
with large deviations from 0 providing evidence against the null. To obtain a
properly calibrated test, we should normalise by the square root of Varp(y/n7y).
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We can estimate this standard deviation by

vt (504))

i=1
The generalised covariance measure (GCM) is then given by

T, := nT—N.

™D
When using OLS or the square-root Lasso for the regression methods, T, is similar
to the scaled partial correlation statistics v/npx y|z and \/npx y|z respectively. A
difference, however, is that the denominators in these partial correlation statistics
take the form of a product of estimated standard deviations corresponding to
the X and Y regression errors, rather than a standard deviation of a product as
in 7p. The former should approximate 7, when these errors are independent, as
occurs under the null and when (X,Y,Z7) is Gaussian, but in our more general
setting here, this need not be the case.

Since we would like to understand the behaviour of the test statistic 7,, when
employed with arbitrary user-chosen regression methods, an asymptotic analysis,
rather than a finite sample study, is natural here. Recall that we cannot hope to
maintain Type I error control over the entirety of the null hypothesis parameter
space of conditional independence; instead we seek to control Type I error over
a subset P of the null. Theorem 7.28 shows that it essentially suffices for P to
consist of distributions for which the in-sample squared prediction errors

Epy:= Z{f zi) — fe( zz)}2 and Epg:=— Z{g zi) — gp( Zz)}2

decay sufficiently fast. Before stating the result, it is convenient to define the
conditional variance functions up,vp: £ — [0,00) by up(z) := Varp(X|Z = 2)
and vp(z) := Varp(Y | Z = z) and corresponding weighted errors

Wp, = %Z{f(zi)—fp(zi)}gvp(zi) and W, i— %Z{f](zi)—gp(zi)}zulo(zi).

Theorem 7.28. Let P be a class of distributions for which X LY |Z and such
that Ep;Ep, = op(n™'), Wp; = op(l) and Wp, = op(l). If in addition
infpep Ep(e167) > 0 and Ep, (63671 10 ¢, 5en/2y) — 0 as n — oo for every € > 0
and every sequence (P,) in P, then

sup sup|Pp(T,, < t) — ®(t)| — 0.
PEP teR
The op(-) notation relates to a uniform version of convergence in probability;
see Section A.11.3. One should regard the condition Ep;Ep, = op(n~') as the
primary assumption of the theorem. Importantly, this assumption accommodates
certain nonparametric rates of convergence for the estimators f and §. Indeed, by
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Markov’s inequality applied to \/Ep ;Ep, and the Cauchy-Schwarz inequality,
we see that the requirement Ep fEp, = op(n~!) is fulfilled if

supEp( Z{f 2) = fr(z) ) ( Z{g %) — gp(a }2>=o(n‘1>-

PeP

Thus it suffices for each of the (in-sample) mean squared prediction errors to
be (uniformly) o(n='/2). For example, kernel ridge regression can be expected to
achieve this in some generality; see Corollary 6.26.

It is instructive to see how the properties above differ for a simpler approach
based on the fact that

E{Cov(X,Y |Z)} =E{X(Y —E(Y|2)}. (7.20)

Arguably the more natural expression where X is replaced with X — E(X | Z2)
reduces to (7.20) since, by Proposition A.9.2(h), E[h(Z){Y —E(Y |Z)}] = 0
for all Borel measurable functions h: R — R satisfying E(|h(Z)Y|) < co. The
expression in (7.20) suggests testing the null hypothesis that X 1L Y | Z based on
a test statistic of the form

1< - 1 1
7 ;%‘fi = 7n ;xi& ~Tn ;zi{g(zi) —gp(z)}.

By the central limit theorem, the first term on the right-hand side converges
in distribution to a Gaussian limit. In contrast to the the GCM, however, the
second, ‘error’ term will typically not be negligible. Indeed, a naive application
of the Cauchy—Schwarz inequality here would bound the square of this term by
nEpgy(n=t> " x?), but it is unrealistic to expect Ep, = op(n~'). However, as
we see in the proof, by performing two regressions, the GCM replaces this term
involving the single error Ep ,, with a product of errors Ep sEp .

Proof of Theorem 7.28 We drop the P subscripts on fp, gp, up and vp for brevity
and first study the numerator 7y. We have

Vi = \fz{f 2) = f(z) +eif{o(z) — (=) + &}

=(b+vit+vy)+— E €:&i, 7.21
( f g) \/ﬁ - ( )
where

1 n
b.—%;{fzz f(zi }{gzl 1}

e I UCIE () SRS SE O ()3

Let us write 0% := Varp(£1&1), so that infpep 0% > 0 by hypothesis. Using the
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Lindeberg condition, we may apply the uniform central limit theorem (Theo-
rem A.11.14) to deduce that

sup sup
PEP teR

1 n
P L <t) —d(t .
p(wﬁi_zleg ) -] o0
Turning to b, by the Cauchy—Schwarz inequality, we have

b SEY2 /2
1l B PRy _ ),

op op

Finally, consider vy and v,. Given M > 0, let*®

1 .
YoM = T > i{d(2:) = 9(20) Y Lmax;ciay a2 —9(z) <003 (7.22)
=1

Conditional on (Y, Z), by the weak union property (Proposition 7.3(a)), v, is
a sum of independent, mean-zero terms, so

1 « .
Ep(vya | Y, Z) = > Varp(ei| Y, Z){3(2:) = 9(20)} Lmmanyc oz -atz0) 100}
i=1

1 — . 2
= > up(2:){9(2:) = 9(20)} Limaxyeqm 13(:)—a() <M}
=1

Thus, for every e > 0, by Markov’s inequality and then two applications of the
conditional monotone convergence theorem (Proposition A.9.2(5)),

1
sup Pp(v2 > €) = sup Pp(v; Ae > €) < —sup Ep(v] Ae)
PeP PeP € pep

1 _ ,
= 216117.;1%{”1[51100 Ep(v20 AelY, z)}

1
< —sup Ep{ lim Ep(v] | Y, 2Z) A e}
€ PcP M—roo v

1
=—supEp(Wp,Ae€) =0,
€ pep
where the final convergence follows from Exercise A.11.3. Hence v,/op = op(1)

and similarly v;/op = 0p(1), and we conclude by the uniform version of Slutsky’s
lemma (Lemma A.11.15(a)) that

sup sup IP’p<\/ETN < t) — @(t)’ — 0.

PeP teR op

Thus by Lemma A.11.15(b), it suffices to show that 7p/op — 1 = op(1); this is
deferred to Exercise 7.16. O

10" The inclusion of the indicator function in (7.22) is to ensure the square-integrability of vy ar,
so in particular the conditional expectation of VS,M given Y, Z is well-defined.
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Theorem 7.28 only establishes (uniform asymptotic) Type I error control of the
GCM. An argument similar to that above shows that the GCM can have power
against sequences (P,) of alternatives where v/n|Ep, {Covp, (X,Y|Z)}| > ¢ for
some constant ¢ > 0. There are, however, fixed alternatives against which it
will be powerless: suppose that (X,Z,e)" ~ N3(0,I) and Y = X? + ¢. Then
Cov(X,Y |Z) = 0 while X ¥ Y |Z. We mention some strategies for restoring
power in such settings in the bibliographic remarks to follow.

7.8 Exercises
Exercise 7.1 Prove Proposition 7.3.

Exercise 7.2 In the setting of Proposition 7.4, write

fxpy.z(zly, 2) = { (j)f(%y’ I vzl?) i)ftg}zw(iys,:) -0

for the conditional density of X given (Y, Z) = (y, z). Prove that X 1 Y | Z if and
only if

fxivz(aly, 2) = fx)z(]2)
for (Ax ® py z)-almost all (z,y, z), where uy 7 denotes the distribution of (Y, Z).

Exercise 7.3 In the setting of Proposition 7.3, show that X 1 Y | Z if and only
itXZ1Y|Z.

Exercise 7.4 In the setting of Proposition 7.5, use Exercises A.2.10(b) and A.2.9
to prove that Ay ® \y @ uz is absolutely continuous with respect to Ay @ Ay @ Az.
Further, use Exercises A.2.8(b), A.2.9 and A.2.10(b) to prove that Ax @ Ay @ \y ®
tz is absolutely continuous with respect to Ax ® pw,y z.

Exercise 7.5 Show that for each node j in a finite DAG, there exists a topological
ordering 7 such that 7(k) < 7(j) for all k& € nd(j).

Exercise 7.6 Prove the converse direction of Theorem 7.15.

Exercise 7.7 Find a DAG G and disjoint subsets of vertices A, B,S such that
A 1L gB|S, but A and B are not separated by S in the skeleton of G. Conversely,
find a DAG G and disjoint subsets of vertices A, B,S for which A and B are
separated by S in the skeleton of G, but A} ;B|S.

Exercise 7.8 Consider the DAG in Figure 7.10. Write down

(a) all sets S C [8] \ {1,3} of variables that d-separate 1 and 3;

(b) all sets S C [8] \ {1,4,6} of variables that d-separate {1,4} and 6.

Exercise 7.9 Show that if P is faithful to a DAG G, then it satisfies causal
minimality with respect to G.

Exercise 7.10 In the setting of Section 7.6.2, prove that the log-likelihood has
the form given in (7.15).
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O—C

Figure 7.10 The DAG from Exercise 7.8.

Exercise 7.11 Let © = (O;4) e[ kelj be a triangular array of real numbers, and
let Z=(Z,,...,Z,)" be a binary random vector satisfying

P p j—1
P(Zy=z1,...,2Z, = 2,) = €xp (Z 0;,z; + Z Ojrziz — (-))),

j=1 j=1k=1
where ®(©) is a normalising constant. Show that

j—1

logit(P(Z; =1]Z_; = z_;)) = ©;; + Z@]kzk + Z O 2k

k=j+1
for j € [p], where logit(g) :=log(g/(1—q)) for g € (0,1). Conclude that, for j < k,
Z; I Zy | Z_j;), if and only if ©,, =0.
Exercise 7.12 This question outlines an approach for computing a solution to
the graphical Lasso. We use the notation of Section 7.6.2.

(a) For A > 0, prove that there exists a unique minimiser Q, of the graphical
Lasso objective

Q(Q) :=tr(SN) —log det(2) + A2+

over STF.
(b) Since, equivalently,

Q= argmin  {tr(SQ) — logdet(Q) + \[|©] },
Q2,0e57:0=0

show by studying the KKT conditions for this alternative form of the min-
imisation and using Exercise A.3.2 that

P+ sup logdet(S +U) < Q(£2). (7.23)

UeRPxP:S+UESTLP, |U |0 <A
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(c) Explain why there exists a unique maximiser U" of the left-hand side
of (7.23). Show that Q) = (S +U")™*, so that

~ A —1
=9, = argmin —log det(W).
WeSEIP:|[W -8 <A

(d) Write 3, = (ﬁ]j,k)j,ke[p] and S = (S;x);kepp- Fixing j € [p], use the formula
for the determinant in terms of Schur complements (Proposition A.10.2) to
show that (X;;,X_; ;) = (¥, %), where (o, %) € RxRP~! solve the problem:

. . . T -1 —1
minimise —a+p'%_; ;8 over (o, ) € R x RFT,

subject to 1B8—=5_jllc <A, la—8; | <A

Conclude that o* = 5, ; + .

(¢) Show that 8* = 3_; 0%, where #* € R?~! is the unique minimiser of the
Lasso-type objective function

1 —
0 ieTz,me —0"S_;; + A|0]lx

over RP~!. Thus, fixing ﬁ),j,,j, we may find optimal values for the remaining
parts of X, which suggests that by cycling through j we can perform a form
of block coordinate descent.

Exercise 7.13 (a) Suppose that X° € R?*? is a population-level covariance ma-
trix with corresponding precision matrix Q° := (X°)~!, and suppose that 3|
is a positive semi-definite matrix that estimates 3. For A > 0, consider the
estimator of Q° given by

Q := argmin || Q|); subject to |22 — ]|, < A.
QERpxP

Assuming that A > 0 is large enough that there exists a feasible solution
to this constrained optimisation problem, show that for each j € [p], the jth
column Qj of © is a minimiser over § € R? of ||3]|; subject to [ L8 —¢;[o < A,
where e; € RP denotes the jth standard basis vector.

(b) Suppose for the remainder of this question that
A2 = =12 101,

where we recall from Section A.10.2 that || '“1%1 denotes the maximum ¢;-
norm of a column of a matrix. Show that [[XQ) — ¢;[. < A for all j € [p],
where QY denotes the jth column of Q°. What does this imply about how
€11 compares to 1€29]]17

(¢) Show that || Z°(£2 — Q2°)]|o < 2.

(d) Finally show that || — Q°. < 2X[|Q°]|1-1.
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Exercise 7.14 In the setting of Section 7.6.3, and assuming that (1, X Y Z)
has full column rank, show that

/n_p_pr’iwz -7
~9
\/1_pX,Y|Z

where T is the standard t¢-statistic (see (2.9)) for testing the significance of the
coefficient corresponding to X in a normal linear model for Y with predictor
matrix (1, X Z).

Exercise 7.15 Prove that if E(|X]) < oo, E(|Y]) < 00, E(|XY|) < o0, and if Z is
a random element of an arbitrary measurable space Z such that X 1L Y |Z, then
E(XY |Z) =E(X | Z)E(Y | Z) almost surely.

Exercise 7.16 Complete the proof of Theorem 7.28 by showing that mp/op—1 =
op (1) .

Exercise 7.17 This question explores the hardness of testing the conditional
independence null X 1l Y |Z and its implications. Let P denote the set of all
distributions on R? with d > 3 that are absolutely continuous with respect to
d-dimensional Lebesgue measure, and let Py C P denote the subset of distribu-
tions where if (X,Y,Z) ~ P € Py, then X I Y |Z. Given independent copies
(24, 9i, 2)y of (X,Y,Z), recall that a test ¢: R™ — {0,1} is a Borel measurable
function of the data, with the output 1 indicating rejection of the null. Con-
ditional independence testing is fundamentally hard in the sense that writing
Py :=P\ Py for the set of alternatives, we have that
sup Pp(¢p =1) < sup Pp(¢ = 1), (7.24)
PePy PEPo
so the power at any alternative is at most its size.

Using this result, show that (7.24) holds when P is replaced with the set P of
distributions where Z has an absolutely continuous distribution with respect to
(d — 2)-dimensional Lebesgue measure, but X and Y are discrete and each take
values in [N], for some N € N.

7.9 Bibliographic details and background

The seeds of the ideas in this chapter have a long history and originated in
several different disciplines: in statistical physics, Gibbs (1902) and Ising (1925)
studied the use of undirected graphs to model relationships between variables, and
early parametric versions of structural causal models were developed by Wright
(1921, 1934) in biology. The notation we use for conditional independence is due
to Dawid (1979) who also derived some of its fundamental properties. In the
computer science literature, these ideas were brought together with graphical
concepts in a series of papers by Judea Pearl and colleagues, culminating in
a book by Pearl (1988) that established many of the foundations for the field
of graphical models; see also the contemporaneous and similarly titled book by
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Neapolitan (1990). Parallel developments in statistics were initially motivated by
the study of contingency tables (Wermuth and Lauritzen, 1983; Lauritzen and
Spiegelhalter, 1988; Lauritzen and Wermuth, 1989; Lauritzen et al., 1990).

Our proof of Theorem 7.11, often referred to as the equivalence of pairwise and
global Markov properties, is based on Pearl and Paz (1985). While our exposi-
tion of directed graphical models, also known as Bayesian networks, is based on
structural causal models (SCMs), this connection was in fact only made later; see
Pearl (2000). Example 7.13 draws inspiration from Charig et al. (1986); see also
Charles et al. (2013). Our proofs of Theorems 7.18 and 7.24 are based on Verma
and Pearl (1990a) and Verma and Pearl (1990b) respectively.

The PC algorithm is named after Peter Spirtes and Clark Glymour, who de-
scribed it in their influential book Spirtes et al. (2000). Further excellent books on
graphical models and causal inference include Lauritzen (1996), Studeny (2006),
Peters et al. (2017) and Lauritzen (2020). An alternative approach known as the
Neyman—Rubin or potential outcomes causal model was originally conceived by
Neyman (1923) and further developed by Rubin (1974). Richardson and Robins
(2013) introduce the notion of a Single-World Intervention Graph that connects
the potential outcomes framework to SCMs.

Nodewise regression with the Lasso was pioneered by Meinshausen and
Biihlmann (2006), while the graphical Lasso has been studied by several authors
(Yuan and Lin, 2007a; Friedman et al., 2008; Banerjee et al., 2008; Rothman
et al., 2008). Exercise 7.13 introduces an alternative approach to sparse precision
matrix estimation due to Cai et al. (2011). The regularised form of partial corre-
lation was studied by Ren et al. (2015), Ning and Liu (2017), Shah and Bithlmann
(2018), Shah and Biithlmann (2023). The fundamental hardness of testing con-
ditional independence (see Exercise 7.17) was established by Shah and Peters
(2020); see also Neykov et al. (2021). Shah and Peters (2020) also introduced the
generalised covariance measure (GCM), which has been extended in several direc-
tions, including the weighted (Scheidegger et al., 2022) and projected covariance
measures (Lundborg et al., 2024), each of which aims to broaden the class of al-
ternative distributions against which the test has power. Lundborg et al. (2022)
developed a generalised Hilbertian covariance measure based on the GCM for
testing conditional independence of Hilbertian random variables such as arise in
functional data analysis. Alternative approaches for testing conditional indepen-
dence proceed on the basis that the conditional distribution of X given Z is known
or well-estimated (Candes et al., 2018; Berrett et al., 2020); Niu et al. (2024) ex-
plore connections between this approach and the GCM. The way that the GCM
leverages the predictive performance of modern regression methods in statisti-
cal inference problems also connects to the rich field of semiparametric statistics
(e.g. Bickel et al., 1993; Tsiatis, 2006), and in particular to what has come to
be known as double/debiased machine learning (Chernozhukov et al., 2018). Other
approaches to conditional independence testing have been proposed in settings
where the conditional distribution of X given Z satisfies a shape constraint (Hore
et al., 2026+).
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