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This paper proposes a version of the integrated conditional moment~ICM ! test that
is optimal for a class of composite alternatives+ The ICM test is built on the fact that
a random function based on a correctly specified model should have zero mean,
whereas any misspecification in the conditional mean implies a divergent mean for
the random function+We derive test statistics that are optimal for each basis element
of an orthonormal decomposition of the function space for which the random func-
tion is an element+ We then use a weighted summation of these test statistics to
compose the single test statistic that is optimal for any pair of alternatives that are
symmetric about zero+ This test is equivalent to using a particular measure in the
ICM test of Bierens and Ploberger~1997, Econometrica65, 1129–1152!+

1. INTRODUCTION

This paper proposes a version of the integrated conditional moment~ICM ! test
that is optimal for a class of composite alternatives+ The ICM test is built on the
fact that a random function based on a correctly specified model should have zero
mean, whereas any misspecification in the conditional mean implies a divergent
mean for the random function+We derive test statistics that are optimal for each
basis element of an orthonormal decomposition of the function space for which
the random function is an element+We then use a weighted summation of these
test statistics to compose the single test statistic that is optimal for any pair of
alternatives that are symmetric about zero+ This test is equivalent to using a par-
ticular measure in the test of Bierens and Ploberger~1997!+

Bierens~1982, 1990! proposes tests that are consistent for any misspecifica-
tion in the conditional mean+Consistency is achieved by considering a continuum
of moment conditions via a random function created from the residuals and the
conditioning data+ The tests in Bierens~1982, 1990! and Bierens and Ploberger
~1997! are tests of whether this random function has a nonzero mean+ Stinch-
combe and White~1998! and de Jong~1996! provide generalizations of the ran-
dom functions+This paper is most closely related to Bierens and Ploberger~1997!+
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Bierens and Ploberger considered an orthonormal decomposition of the function
space to characterize the asymptotic distribution of a single test statistic~a weighted
L2 norm of the random function! in terms of the eigenfunctions of the covariance
of the random function+ The functional theoretic techniques used are similar to
those used in Carrasco and Florens~1997!+

The next section introduces the model and the random function and summa-
rizes the results of Bierens~1990! used in this paper+ Section 3 presents the tests,
and Section 4 discusses the optimality properties of the test+

2. MODELING AND THE SAMPLE RANDOM FUNCTION

Following Bierens~1990! the tests will be based on a random function con-
structed from the observed sample+ The null hypothesis is a correctly specified
parametric model

H0 : yj 5 f ~xj ,u0! 1 ej

for a sample~ yj , xj
'! j 51, + + + ,N wherexj is anm-dimensional vector of indepen-

dent variables, u0 [ Q , Rk is a vector of unknown parameters, ej are indepen-
dent1 with mean 0 and variances2 and are independent of all thexj + The function
f ~{,{! is assumed known+ The null implies the moment condition

Ej @ yj 2 f ~xj ,u0!# 5 0, (1)

whereEj denotes the expectation conditional onxj +The moment condition is used
to determine the parameter estimatesZuN by efficient nonlinear least squares+ The
alternative is that the model is incorrectly specified:

H1 : sup
u[Q

P@E @ yj 6xj # 5 f ~xj ,u!# , 1+

The sample is used to construct the random function2:

XN~j ! 5
1

#N (
j51

N

~ yj 2 f ~xj , ZuN!!exp~j 'F~xj !!,

wherej [ J, a compact subset ofRm not containing the origin+ As in Bierens
~1990!, F is a bounded, continuous, one-to-one function+ To reduce notation, we
will use wj ~j ! to denote the weighting function exp~j 'F~xj !!+ The choice of
wj ~j ! is not restrictive; Stinchcombe and White~1998! show that the results of
Bierens~1990! extend to the class of analytic functions that are not polynomials+
The results in this paper hold for other weighting functions+ The moment condi-
tion ~1! implies that the residuals should be orthogonal to every function ofxj +As
j varies overJ, the weighting function becomes a continuum of functions ofxj ,
and the random functionXN~j ! considers a continuum of moment conditions
implied by~1!+
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Under the alternative hypothesis the misspecified model is of the formyj 5
f ~xj ,u! 1 g~xj ,b! 1 ej , whereg~x,b! 5 E @ y6x# 2 f ~x,u!+With this alternative,
the sample random function satisfies

XN~j! 5
1

#N (
j51

N

ejSexp~j 'F~xj !! 2 b~j !'A21
]f ~xj ,u0!

]u '
D

1
1

#N (
j51

N

g~xj ,b!Sexp~j 'F~xj !! 2 b~j !'A21
]f ~xj ,u0!

]u '
D1 op~1!,

(2)

where b~j ! 5 E @~]f ~x1,u0!0]u ' ! exp~j 'F~x1!!# and A 5 E @~]f ~x1,u0!0]u ' !
~]f ~x1,u0!0]u!# + The first term on the right hand side of~2! weakly converges to
a random function that is the same under both the null and the local alternative+The
second term converges to 0 under the null~becauseg~xj ,b!50! and diverges un-
der the alternative+

We operate under assumptions A and B of Bierens~1990!+ Bierens’s~1990!
Theorem 3 shows that, under the null, the random functionXN~j ! converges to a
Gaussian random function, X~j ! [ C~J!, with zero mean and covariance de-
fined by

S~j1,j2! 5 EF$ yj 2 f ~xj ,u0!%2 Hwj ~j1! 2 b~j1!'A21
]f ~xj ,u0!

]u '
J

3 Hwj ~j2! 2 b~j2!'A21
]f ~xj ,u0!

]u '
JG,

which we assume is continuous, positive definite, and symmetric+ Under the al-
ternative, the normalized sample random function~10#N!XN~j ! converges to its
mean functionh~j! [ C~J!+

3. THE TEST STATISTIC

The test we propose uses a complete orthonormal sequence of functions3 $ei ~j !%
that forms an orthonormal basis inL2~J!, the inner product space of squared
integrable functions onJ with the inner product

~h1,h2!G [ E
J
E

J

h1~j1!G~j1,j2!h2~j2! dj1 dj2,

whereh1,h2 [ L2~J! andG :J{J r R+ To reduce notation, we drop the index
variablej when there should be no confusion+

Because$ei ~j !% i 51,2, + + + is a complete sequence of orthonormal functions on
L2~J!, everyh [ L2~J! can be written as

h~j! 5 lim
Rr` (

i51

R

ci ei ~j !,
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whereci [ ~ei ,h!G and lim indicates convergence in mean+A sequence of tests is
created by squaring the inner products of the sample random function and each of
the orthonormal elements4:

Ti 5 @~ei ,X !S21# 2, i 5 1, + + + +

Under the null, X~j ! is a zero mean Gaussian random function with covariance
S~j1,j2!; hence the inner product~ei ,X !S21 will be a Gaussian random variable
with zero mean and variancel i

21, wherel i are the eigenvalues of the covariance
function that satisfyl i 5 ~ei ,ei !S ~see Rozanov, 1982!+This implies that under the
null Ti normalized byl i has a chi-square distribution with one degree of free-
dom+5

This sequence of test statistics is used to construct the single test statistic:

CT 5 (
i51

`

l i
2Ti , (3)

5(
i51

`

l i
2FE

J
E

J

X~j !S~j,j1!21ei ~j1! dj dj1G2

, (4)

5(
i51

`

l i
2FE

J

l i
21X~j !ei ~j ! djG2

, (5)

5E
J

X~j !2 dj, (6)

where the last equality is an application of Parseval’s theorem~see Rudin, 1976,
p+ 331, Theorem 11+45!+ The test statisticCT is a special case of the consistent
ICM test of Bierens and Ploberger~1997! wheredj is the weighting measure+
The distribution ofCT is characterized in Bierens and Ploberger+

Subsequently we show that this test statistic is an optimal version of the inte-
grated conditional moment test+ In the following sections, we also discuss the
test’s power and its relationship to the tests in Bierens~1990! and Bierens and
Ploberger~1997!+

4. OPTIMALITY AND POWER

4.1. Generic Approach to Testing

Asymptotically, the null hypothesis implies a measure~say, m0! on C~J!+ The
alternative implies a different measure~say, m1!+ The sample random function
converges to a realization from one of these two measures+ A test is implied by
any functionalH :C~J! r R+ Applying the functional to the sample random
function results in a test statistic+The continuous mapping theorem implies that if
the functional is continuous then the asymptotic distribution under the null and
alternative can be characterized by applying the functional to the random func-
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tions drawn fromm0 andm1, respectively+ Following this approach,we need only
to specify a functional and this determines the test statistic and its distributions
under the null and under the local alternative+

Note that any functional can be used as a test statistic+ Bierens~1990! sug-
gests using maxJ 6X~j !6 , and Bierens and Ploberger~1997! suggest using
*J X2~j ! dm~j! for m~j!, a weighting function inC~J!+ Because a continuum
of functionals can be used as the test statistic, a natural issue is to identify the
best test+ One candidate for the best test is the functional that has the highest
power against a specific local alternative+ The next subsection characterizes
that functional+

4.2. Most Powerful Test

To address issues of power the Neyman–Pearson approach can be applied+ The
standard Neyman–Pearson lemma~Lehmann, 1959, p+ 65! gives the form of the
most powerful test when testing between two probability measures that possess
densities+ The Radon–Nikodym derivative generalizes this ratio when the prob-
ability measures do not have densities+

THEOREM 1+ Let X~j ! be a draw from the measure space~C~J!,B!+ If the
null hypothesis implies the measurem0 and the alternative hypothesis implies the
measurem1, and if m0 is absolutely continuous with respect tom1, then the most
powerful level a test will have a critical regionC*, defined by

~1! ~dm10dm0!~X~j !! $ k for each X~j ! [ C*,
~2! ~dm10dm0!~X~j !! , k for each X~j ! Ó C*, and
~3! *C* dm0 5 a,

where~dm10dm0!~X~j !! is the Radon–Nikodym derivative of m1 with respect
to m0 evaluated at X~j !+

Proof+ See Appendix 3 in Sowell~1996!+ n

This theorem shows that the Radon–Nikodym derivative is the functional that
gives the most powerful test+Hence, optimal testing requires the Radon–Nikodym
derivative of the measure implied by the local alternative with respect to the
measure implied by the null+The general form of the Radon–Nikodym derivative
is given in the following theorem+

THEOREM 2+ Let m0 and m1 denote Gaussian measures on C~J!+ Let the
means and covariances ofm0 andm1 be ~0,S~j1,j2!! and ~h~j!,S~j1,j2!! re-
spectively+ If

~1! the mean functionh~j! is an element of L2~J!, the space of square integrable
functions onJ, and
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~2! the covariance function is continuous, positive definite, and symmetric then the
Radon–Nikodym derivative of m1 with respect tom0 is

dm1

dm0

~X~{!! 5 expHE
J
E

J

h~j1!S~j1,j2!21X~j2! dj1 dj2

2
1

2
E

J
E

J

h~j1!S~j1,j2!21h~j2! dj1 dj2J +
Proof+ Because the covariance function is positive definite, its eigenfunctions

form a complete orthonormal system for the spaceL2~J!+ The theorem is an
immediate application of Gihman and Skorohod~1974, Theorem 1, p+ 490!+ n

4.3. Optimality of Ti

The test statisticTi has the greatest power against a specific local alternative+ To
show this optimality property, we derive an optimal test for the misspecified
model with local alternatives studied in Bierens and Ploberger~1997!:

yj 5 f ~xj ,u0! 1
gg~xj !

#N
1 ej ,

whereg is a scalar parameter+ First calculate the most powerful test for a specific
value ofg+A weighting function can then be used to average these most powerful
tests+ The resulting test will have the greatest weighted average power for the
local alternatives~see Andrews and Ploberger, 1994!+

A simple generalization of Theorem 3 in Bierens~1990! shows that for this
local alternative the sample random function weakly converges to a draw from
C~J! with mean functionh~j! and covariance functionS~j1,j2!+ Note that
g~xj ! Þ 0 implies that the mean functionh~j! will be nonzero, by ~2!+ If there
were no misspecification then the mean function would be zero and the covari-
ance would remain the same+ Asymptotically the two models imply different
measures on the spaceC~J!, and testing for this misspecification is equivalent to
testing between these two measures+

Because the alternative’s parameter enters linearly and using the definition of
the inner product, we can write the Radon–Nikodym derivative as

expHg~h,X !S21 2
g2

2
~h,h!S21J ,

which is the functional that implies the most powerful test for the point local
alternativegg~{!0#N, or equivalently,

exp$g~h,X !S21%+
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This can be used to construct a test that is optimal for the composite alternative of
$2gg~{!0#N,gg~{!0#N%, where optimality is defined in terms of maximum av-
erage power over these two alternatives+ The optimal test statistic is

2
12 exp$2g~h,X !S21% 1 2

12 exp$g~h,X !S21%+

Because this functional is monotonically increasing inT 5 @~h,X !S21# 2, the test
statisticT maximizes average power over these two alternatives for allg . 0+
Hence, the test statisticTi , given in~3!, is optimal for an alternative that implies
the drift ei ~j !+

Under any local alternativeg~{!0#N, Ti is the square of a normal random vari-
able that has mean~ei ,h!S21 and variancel i

21; hencel i Ti has a noncentral chi-
square distribution with one degree of freedom and noncentrality parameter
l i @~ei ,h!S21# 2+ Because we assume that$ei % i51

` is a complete basis forC~J!, the
sequence of tests will be consistent against global alternatives that have nonzero
projection intoC~J!+ To see this suppose the actual misspecification were of the
form h~xj ! with implied drift of hh~j ! ~Bierens, 1990, Theorem 3!+ As long as
hh~j ! has a nonzero projection intoC~J!, at least one of the inner products
~ei ,XN!S21 is nonzero, resulting in nontrivial power against the local alternative+

4.4. Optimality of CT and Relation to the ICM Test
of Bierens and Ploberger (1997)

TheCT test defined in equation~3! is optimal in the sense of having the greatest
weighted average local power as defined in Andrews and Ploberger~1994!+ Con-
sider a countable infinity of summable positive weights, pi . 0 for i 51,2, + + + + Let
the basis elements be the eigenfunctions of the covariance function, let the weight
pi assigned to a basis elementei bel i

2, the square of the associated eigenvalue,
and consider the test statistic

(
i51

`

pi Ti +

This statistic is an optimal test statistic in the sense that it has the greatest weighted
average local power for the sequence of local alternatives that imply the basis
elements$ei ~j !% and the given weightspi +

Because the sequence of basis elements is complete and orthonormal and the
weightspi 5 l i

2 are used, asymptotically the test reduces to

CT 5(
i51

`

l i
2Ti 5E

J

X~j !2 dj

as shown previously+ The last expression is the ICM test statistic presented in
Bierens and Ploberger~1997!with weighting density

dm~j! 5 dj+
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Because theCT test is an ICM test, the consistency arguments of Bierens~1990!
hold+ This shows the ICM test statistic can be interpreted as an optimal test for
any set of alternatives that are a complete orthonormal sequence of alternatives
$fi ~j !% with respect to the weighting kernelG~j1,j2!, and the weights on the
alternatives arewi

2 where

wi 5 ~fi ,fi !G +

This is a strong argument for the weighting density in~6! when using the ICM
test+

5. CONCLUSION

This paper presents a specific measure to be used in the integrated conditional
moment test of Bierens and Ploberger~1997! that makes the test optimal in the
sense of greatest weighted average local power+

Note that the optimality of the test is derived using an orthonormal basis of the
function space for the mean of the random function implied by the alternative+
Bierens and Ploberger~1997! use adifferentorthonormal basis to characterize
the distribution of the ICM test+ Thus, using the weighting measure for the ICM
test provided in this paper and the results of Bierens and Ploberger, two important
qualities of the ICM test have been established: the optimality of the test~the
present work! and the asymptotic distribution of the test~Bierens and Ploberger!+

NOTES

1+ Independence of theej is not essential; de Jong~1996! demonstrates that dependent structures
for the error term are accommodated by an ICM-type test+

2+ The random functionXN~j ! corresponds to#N ZM~t! in Bierens~1990!+
3+ Bierens and Ploberger~1997! used the eigenfunctions of the covariance functionS+ An alter-

native is to select a sequence of functional forms and use the Gram–Schmidt orthogonalization pro-
cedure to form an orthonormal basis from this sequence of functions+

4+ The proposed test usesS~j,j!21 as a weighting function in the inner product and the
Gram–Schmidt orthogonalization procedure to derive an orthonormal basis+ The choice ofS~j,j!21

leads to the optimality properties of the test+ However, any weighting function in the inner prod-
uct will result in a functional that can serve as a test, e+g+, the inner product~h1,h2! 5
*J *J h1~j1!r ~j1,j2!h2~j2! dj1dj2, wherer ~j1,j2! is a nonnegative weighting function+

5+ In general, the test statisticsTi will not be independent+ We thank an anonymous referee for
pointing this out+
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