Econometric Theoryl5, 1999 710-718 Printed in the United States of America

OPTIMALITY FOR THE INTEGRATED
CONDITIONAL MOMENT TEST

WM. BRENT BONING
The CNA Corporation

FALLAW SOWELL
Carnegie Mellon University

This paper proposes a version of the integrated conditional mo(i@it) test that

is optimal for a class of composite alternativ€se ICM test is built on the fact that

a random function based on a correctly specified model should have zerg mean
whereas any misspecification in the conditional mean implies a divergent mean for
the random functionWe derive test statistics that are optimal for each basis element
of an orthonormal decomposition of the function space for which the random func-
tion is an elementWe then use a weighted summation of these test statistics to
compose the single test statistic that is optimal for any pair of alternatives that are
symmetric about zerdlhis test is equivalent to using a particular measure in the
ICM test of Bierens and Ploberg&t997 Econometriceb5, 1129-1152.

1. INTRODUCTION

This paper proposes a version of the integrated conditional moft@t) test

that is optimal for a class of composite alternativeise ICM test is built on the
factthat arandom function based on a correctly specified model should have zero
mean whereas any misspecification in the conditional mean implies a divergent
mean for the random functiokiVe derive test statistics that are optimal for each
basis element of an orthonormal decomposition of the function space for which
the random function is an elemelite then use a weighted summation of these
test statistics to compose the single test statistic that is optimal for any pair of
alternatives that are symmetric about zéfrbis test is equivalent to using a par-
ticular measure in the test of Bierens and Plobe(d887).

Bierens(1982 1990 proposes tests that are consistent for any misspecifica-
tion in the conditional mearConsistency is achieved by considering a continuum
of moment conditions via a random function created from the residuals and the
conditioning dataThe tests in Bieren&l982 1990 and Bierens and Ploberger
(1997 are tests of whether this random function has a nonzero n&arch-
combe and Whit¢1998 and de Jon@1996 provide generalizations of the ran-
dom functionsThis paper is most closely related to Bierens and Plobél@&7).
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Bierens and Ploberger considered an orthonormal decomposition of the function
space to characterize the asymptotic distribution of a single test sté@istaighted
L, norm of the random functionn terms of the eigenfunctions of the covariance
of the random functionThe functional theoretic techniques used are similar to
those used in Carrasco and Flor¢h897).

The next section introduces the model and the random function and summa-
rizes the results of Bierer{4990 used in this papeBection 3 presents the tests
and Section 4 discusses the optimality properties of the test

2. MODELING AND THE SAMPLE RANDOM FUNCTION

Following Bierens(1990 the tests will be based on a random function con-
structed from the observed samplde null hypothesis is a correctly specified
parametric model

HO:yj = f(Xj,eo) + Ej

forasampldy;, x/) j =1,...,Nwherex; is anm-dimensional vector of indepen-
dent variablest, € ® C R*is a vector of unknown parametees are indepen-
dent with mean 0 and varianee? and are independent of all tke The function
f(-,-) is assumed knowrThe null implies the moment condition

Ely; —f(x,600)] =0, (1)

whereE; denotes the expectation conditionaberiThe moment condition is used
to determine the parameter estimadgdy efficient nonlinear least squardhe
alternative is that the model is incorrectly specified

Hi:supP[E[y;x]=f(x,0)] <L
0E0

The sample is used to construct the random funétion

1N )
Xn(€) = ﬁj;l(yj = f(x,0n)) exp(&' (X)),

where¢é € E, a compact subset &™ not containing the originAs in Bierens
(1990, @ is a boundegdcontinuousone-to-one functionlo reduce notatigrwe

will use w;(¢) to denote the weighting function efg/®(x;)). The choice of
w;(£) is not restrictive Stinchcombe and Whit€1998 show that the results of
Bierens(1990 extend to the class of analytic functions that are not polynomials
The results in this paper hold for other weighting functioftse moment condi-
tion (1) implies that the residuals should be orthogonal to every functien 8

¢ varies ovelZ, the weighting function becomes a continuum of functions; of
and the random functioXy (&) considers a continuum of moment conditions
implied by (1).
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Under the alternative hypothesis the misspecified model is of the jprn
f(x;,0) + g(x;,8) + €, whereg(x, 8) = E[ y|x] — f(x,6). With this alternative
the sample random function satisfies

N

(X, 60)
Xn(é) = 2 (exp(§ ®(x)) —b(£)A™ #)
VN 5

1 N >
E g(X,,B)(eXp(f ®(x)) — b(é)A™t (a;) 0)> +0,(1),

(2)
whereb(¢) = E[(9f (X1,60)/060") exp(¢é'®(X1))] and A = E[(9f (Xy,00)/060")
(0f (x1,00)/00)]. The first term on the right hand side ) weakly converges to
arandom function thatis the same under both the null and the local alterddtere
second term converges to 0 under the findicausg(x;, 8) = 0) and diverges un-
der the alternative

We operate under assumptions A and B of Bier€r®90. Bierens’s(1990
Theorem 3 shows thainder the nullthe random functioiXy(£) converges to a
Gaussian random functipX(¢) € C(Z), with zero mean and covariance de-
fined by

of (Xj ’00) }
a0’

3(€1,62) = E[{Yj - f(Xj,eo)}z{Wj (é1) = b(&)At
af (x,6p)
X {Wj(fz) —b(&) At T,OH,

which we assume is continugysositive definitg and symmetricUnder the al-
ternative the normalized sample random functidiv'N) Xy (¢) converges to its
mean functiom(¢) € C(E).

3. THE TEST STATISTIC

The test we propose uses a complete orthonormal sequence of fuR¢edes)
that forms an orthonormal basis irp(E), the inner product space of squared
integrable functions o& with the inner product

(ny,m2)r = f_ﬁm(fl)r(fl,fz)”flz(fz) dé; dé,,
wheren,,m, € Lo(E) andI': - = — R. To reduce notatignwe drop the index
variable&é when there should be no confusion

Becausde (¢)}i=12,...isacomplete sequence of orthonormal functions on
L,(E), everyn € L,(E) can be written as

R
(&) = lim > cie(£),

https://doi.org/10.1017/5026646669915504X Published online by Cambridge University Press


https://doi.org/10.1017/S026646669915504X

OPTIMALITY FOR THE ICM TEST 713

wherec; = (g,n)r and lim indicates convergence in meArsequence of tests is
created by squaring the inner products of the sample random function and each of
the orthonormal elemertfts

T =[e,X)s1]3 i=1....

Under the null X(¢) is a zero mean Gaussian random function with covariance
3.(£1,€5); hence the inner produég, X)s-1 will be a Gaussian random variable
with zero mean and varianeg®, wherea; are the eigenvalues of the covariance
function that satisfy\; = (g, ¢ )s (see Rozang\1982. This implies that under the
null T, normalized byA; has a chi-square distribution with one degree of free-
dom®

This sequence of test statistics is used to construct the single test statistic

cT= 3 X, (3)

i=1

=2 Aiz[f f X(€)2(€,&1) e (éy) dE d§1:| ; (4)
i=1 EJE
[°e) 2

=2 A%U Ailx(f)a(f)d§] , (5)
i=1 =

= f_ X(£)? dé, (6)

where the last equality is an application of Parseval’s thedss® Rudin1976
p. 331, Theorem 1145). The test statisti€T is a special case of the consistent
ICM test of Bierens and Ploberg€t997 whered¢ is the weighting measure
The distribution ofCT is characterized in Bierens and Ploberger

Subsequently we show that this test statistic is an optimal version of the inte-
grated conditional moment tesh the following sectionswe also discuss the
test’'s power and its relationship to the tests in Bier€r890 and Bierens and
Ploberger(1997.

4. OPTIMALITY AND POWER
4.1. Generic Approach to Testing

Asymptotically the null hypothesis implies a measusay wy) on C(E). The
alternative implies a different measui®ay w1). The sample random function
converges to a realization from one of these two measiAresst is implied by

any functionalH: C(E) — R. Applying the functional to the sample random
function results in a test statistithe continuous mapping theorem implies that if
the functional is continuous then the asymptotic distribution under the null and
alternative can be characterized by applying the functional to the random func-
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tions drawn fromu o andu 1, respectivelyFollowing this approactwe need only
to specify a functional and this determines the test statistic and its distributions
under the null and under the local alternative

Note that any functional can be used as a test statBitarens(1990 sug-
gests using max X(£)|, and Bierens and Plobergét997) suggest using
J=X2(&) du (&) for w(€), a weighting function irC(E). Because a continuum
of functionals can be used as the test statistinatural issue is to identify the
best testOne candidate for the best test is the functional that has the highest
power against a specific local alternativEhe next subsection characterizes
that functional

4.2. Most Powerful Test

To address issues of power the Neyman—Pearson approach can be.apsied
standard Neyman—Pearson lem¢thahmann 1959 p. 65) gives the form of the

most powerful test when testing between two probability measures that possess
densitiesThe Radon—Nikodym derivative generalizes this ratio when the prob-
ability measures do not have densities

THEOREM 1 Let X(¢) be a draw from the measure spa@@(=), B). If the
null hypothesis implies the measygand the alternatie hypothesis implies the
measureu, and if ugis absolutely continuous with respectig, then the most
powerful level « test will have a critical regionC.,, defined by

(1) (dua/dupo)(X(¢£)) = k for each X&) € C.,
(2) (dua/duo)(X(¢)) < k for each X¢) & C,, and

©) fc duo = a,

where(dw4/duo) (X(£)) is the RadoaNikodym deriative of w4 with respect
to uo evaluated at X&).

Proof See Appendix 3 in Sowe(l1996. u

This theorem shows that the Radon—Nikodym derivative is the functional that
gives the most powerful testience optimal testing requires the Radon—Nikodym
derivative of the measure implied by the local alternative with respect to the
measure implied by the nullhe general form of the Radon—Nikodym derivative
is given in the following theorem

THEOREM 2 Let ug and u, denote Gaussian measures of=]. Let the
means and a@riances ofug and uq be (0,2(£1,£,)) and (n(£),3(€4,&5)) re-
spectvely. If

(1) the mean functiom(¢) is an element of L(E), the space of square integrable
functions orE, and
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(2) the cawariance function is continuoupositve definite and symmetric then the
RadorNikodym deniative of w1 with respect tqug is

d
ﬁ (X(+) = exp{ LLU(fl)E(fl’fz)le(&) dé, dé,

1
_ELLn(fl)z(fl,fz)fln(fz) dfldfz},

Proof Because the covariance function is positive definiteeigenfunctions
form a complete orthonormal system for the spag€=). The theorem is an
immediate application of Gihman and SkoroHd®74 Theorem 1p. 490. H

4.3. Optimality of T;

The test statistid; has the greatest power against a specific local alternatove
show this optimality properfywe derive an optimal test for the misspecified
model with local alternatives studied in Bierens and Plobe(4@97):

y9(X;)
yj = f(Xj,ao) + W +Ej,

wherey is a scalar parametédtirst calculate the most powerful test for a specific
value ofy. Aweighting function can then be used to average these most powerful
tests The resulting test will have the greatest weighted average power for the
local alternativegsee Andrews and Plobergé©94).

A simple generalization of Theorem 3 in Bierefi®90 shows that for this
local alternative the sample random function weakly converges to a draw from
C(E) with mean functiorm(£) and covariance functiol(£4,£,). Note that
g(x) # 0 implies that the mean function(¢) will be nonzerg by (2). If there
were no misspecification then the mean function would be zero and the covari-
ance would remain the sama&symptotically the two models imply different
measures on the spaCéE), and testing for this misspecification is equivalent to
testing between these two measures

Because the alternative’s parameter enters linearly and using the definition of
the inner producgtwe can write the Radon—Nikodym derivative as

,y2
eXp{V(n,X)zl - (n,n)zl},

which is the functional that implies the most powerful test for the point local
alternativeyg(-)/VN, or equivalently

exply (n, X)s-1}.
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This can be used to construct a test that is optimal for the composite alternative of
{—=y9(-)/YN,yg(-)/VN}, where optimality is defined in terms of maximum av-
erage power over these two alternativelse optimal test statistic is

s exp{—y(n,X)s1} + 3 exply(n,X)s-1}.

Because this functional is monotonically increasing is [(n, X)s-1]2 the test
statisticT maximizes average power over these two alternatives foy all0.
Hence the test statistid;, given in(3), is optimal for an alternative that implies
the driftg (£).

Under any local alternativg(-)/vN, T; is the square of a normal random vari-
able that has mea(®,n)s-: and variance\; 1; hence\;T; has a noncentral chi-
square distribution with one degree of freedom and noncentrality parameter
Ai[(&,m)s-1]% Because we assume tHat}~ , is a complete basis faZ (=), the
sequence of tests will be consistent against global alternatives that have nonzero
projection intoC(E). To see this suppose the actual misspecification were of the
form h(x;) with implied drift of n,(¢) (Bierens 199Q Theorem 3. As long as
nn(€) has a nonzero projection int@(=), at least one of the inner products
(&, Xy)s-1is nonzergresulting in nontrivial power against the local alternative

4.4. Optimality of CT and Relation to the ICM Test
of Bierens and Ploberger (1997)

TheCTtest defined in equatiof8) is optimal in the sense of having the greatest
weighted average local power as defined in Andrews and Plobgtrge4d). Con-
sider a countable infinity of summable positive weighpts>0fori=12,.... Let

the basis elements be the eigenfunctions of the covariance funletitime weight

p; assigned to a basis elemanbe A?, the square of the associated eigenvalue
and consider the test statistic

M

PiTi.

i=1

This statistic is an optimal test statistic in the sense that it has the greatest weighted
average local power for the sequence of local alternatives that imply the basis
elementde (£)} and the given weights;.

Because the sequence of basis elements is complete and orthonormal and the
weightsp; = A? are usedasymptotically the test reduces to

CT:%/\?TFI X(£)? dé
i=1 E

as shown previouslyThe last expression is the ICM test statistic presented in
Bierens and Plobergét 997 with weighting density

du(§) = de.
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Because th€Ttestis an ICM testthe consistency arguments of Bierd8990

hold. This shows the ICM test statistic can be interpreted as an optimal test for
any set of alternatives that are a complete orthonormal sequence of alternatives
{¢i(£)} with respect to the weighting kern€l£,,£,), and the weights on the
alternatives arev? where

Wi = (¢i,bi)r.
This is a strong argument for the weighting density6hwhen using the ICM
test

5. CONCLUSION

This paper presents a specific measure to be used in the integrated conditional
moment test of Bierens and Plober@&997) that makes the test optimal in the
sense of greatest weighted average local power

Note that the optimality of the test is derived using an orthonormal basis of the
function space for the mean of the random function implied by the alternative
Bierens and Plobergéi 997 use adifferentorthonormal basis to characterize
the distribution of the ICM tesiThus using the weighting measure for the ICM
test provided in this paper and the results of Bierens and Plohergemportant
qualities of the ICM test have been establishn® optimality of the testthe
present workand the asymptotic distribution of the téBierens and Ploberger

NOTES

1. Independence of thg is not essentialde Jong 1996 demonstrates that dependent structures
for the error term are accommodated by an ICM-type test

2. The random functioiXy (&) corresponds ta/NM (t) in Bierens(1990.

3. Bierens and Plobergét997 used the eigenfunctions of the covariance functioén alter-
native is to select a sequence of functional forms and use the Gram—Schmidt orthogonalization pro-
cedure to form an orthonormal basis from this sequence of functions

4. The proposed test useéy£,£)™ as a weighting function in the inner product and the
Gram-Schmidt orthogonalization procedure to derive an orthonormal Basishoice o (£,&) 7t
leads to the optimality properties of the teldbwever any weighting function in the inner prod-
uct will result in a functional that can serve as a tesg., the inner product(ni,n,) =
Tz [=m1(€E)r (€1, E2)ma(€2) dé1dE,, Wherer (£4,&5) is a nonnegative weighting function

5. In general the test statistic3; will not be independentWe thank an anonymous referee for
pointing this out
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