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Single-server queueing systems with mixed traffic are a flexible modeling tool that
have been used to analyze polling systems and database striping stratbgies
also have applications in manufacturing and telecommunication systaadisary
(open customers arrive according to a Poisson proges®ive serviceand leave

the systemPermanenfclosed customers remain in the systementering the queue
after receiving servic& his work examines the transient behavior of the permanent
customersThe cycle times and outpideparture process for the permanent cus-
tomers are described

1. INTRODUCTION

Many service systemsuch as manufacturing systermemputer systemand com-
munication networkshave traffic that is mixedconsisting of both ordinarfopen
and permaner(tlosed customersOrdinary customers enter from outside the sys-
tem and eventuallyleave it Permanent customers never leave the syshestead

© 2000 Cambridge University Press  0269-96@8 $1250 335

https://doi.org/10.1017/50269964800143050 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800143050

336 J. E. Kobza and J. A. Nachlas

they reenter previously visited queues as they circulate or cycle in the syS&m
eral equilibrium results for networks of Markovian queues with mixed traffic have
existed for some timg2]. More recentlya heavy-traffic approximation has been
developed for a two-station mixed-queueing network with applications to produc-
tion systems employing a combination of make-to-order and make-to-stock opera-
tions[15]. Equilibrium results have also been obtained fol\fG/1 queue with
mixed traffic[4] and have been used to analyze polling sysf{é&jend database strip-
ing strategie$14]. However little work related to the transient behavior of mixed-
traffic queueing models appears to have been dbramsient results are plentiful for
open queueing systemEhose related to this work include output-prode$8] and
sojourn-time resultgl0]. Transient results for closed systems incl{i8l6,11].

This work examines the transient behavior of permanent customers in a single-
server queue with mixed traffias depicted in Figure. INote that we use transient
to refer to nonstationary rather than time dependérite results have previously
been used to analyze transient behavior in telecommunication networks following
communication link failure§13]. The server alternates between periods of serving
ordinary customers and permanent customehis alternating process is used as the
basis for analyzing the systeinitially, a mixed-traffic system with one permanent
customer is examineéror this systema cycle is described as an “ordinary” service
period followed by a “permanent” service periaegngth information is obtained for
cyclei. By adding the cycle lengthghe time of thenth departure of the permanent
customer can be foun@hese results are presented in SectiomZSection 3 the
alternating process is used to obtain results for a system contavhipgrmanent
customersinterestinglytheM-customer system can be viewed as the “interleaving”
of M single-permanent-customer systergfally, conclusions are presented in
Section 4

2. SINGLE PERMANENT CUSTOMER

Consider a single-server queue with one permanent customer and immediate feed-
back The permanent customer always remains in the syséer completing ser-
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FiGURE 1. Single-server queue with multiple permanent customers
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FIGURE 2. Service process with one permanent customer

vice, it immediately feeds back to reenter the qued®a resultthe server is never
idle. Acycle is defined to be the time from one arrival of the permanent customer to
the next Each cycle consists of an “ordinary” perioduring which the ordinary
customers are servednd a “permanent” perigdluring which the permanent cus-
tomer is served Note that the ordinary period will have zero length if no ordinary
customers arrive before the permanent customer completes séeeds backand
reenters the queueThe service process then has the form of an alternating process
as shown in Figure.Zlhis figure also illustrates the departure process for the per-
manent customet he following definitions are used

O; = length of theith ordinary period

P, = length of theith permanent period

T, = O, + P, = length of theith cycle

N;
Fo, ()
Fp () = cumulative distribution function fol,

number of ordinary customers arriving during flle cycle

cumulative distribution function fo®;

Fr.(t) = cumulative distribution function fof;

Fy,(n) = cumulative distribution function fol,

Of(s) = Laplace-Stieltjes transfort.ST) of Fq, (t)
P(s) = Laplace-Stieltjes transform &% (t)

Ti*(s) = Laplace—Stieltjes transform &% (t)

&, (2) = probability generating functiofpgf) of Fy (n).

The cycle time of the permanent customer is analyzed. next

2.1. Cycle Time for M/M/1 System

Ordinary customers arrive according to a Poisson process with r&grvice times

are independent and both types of customers draw their service times from the same
exponential distribution with ratg. As a resultthe lengths of the permanent peri-

ods theP;’s, are independent and identically distributedd.), so the subscript may

be droppedthen

Fp(t) = Fp(t)=1—e™, t=0foralli,
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and
P*(s) = P(s) = L for all i.
s+H

Cyclei begins as the permanent customer departs the server and reenters the
queue for theth time The permanent customer then waits while the ordinary cus-
tomers it finds in the systenif any, receive serviceThe length of this wait i©;,
which can be zerdAfter the ordinary customers are gqitee permanent customer
receives servigghen departs the server and reenters the guetading cycld + 1.

Note that the number of ordinary customers left in the queue by the permanent
customer at the end of cyclas the number it finds at the start of cydle- 1. If it

looks back just before leaving the servtie permanent customer sees all the ordi-
nary customers that have arrived since it last entered the syBerause the last
arrival of the permanent customer started cyicliais isN;. When the permanent
customer reenters the quesearting cycla + 1, it finds theN; ordinary customers
there Because the time to serve these custome®; s, the length of cycle + 1
depends on the number of ordinary arrivals during cyclehich depends on the
length of cyclel.

More formally begin with the distribution of the number of customers found by
the arriving permanent customer at the start of cyolgequivalentlythe number of
ordinary customers arriving in cycle- 1. Using this distribution and the Law of
Total Probability

O (s) = >, [Of(s)|] arrivals in cycle(i — 1)]P{ ] arrivals in cycle(i —1)}.
j=0
The time to servg customers is the sum of their individual service times and its
distribution is thej-fold convolution of their individual service-time distributians
Because the service times are all independent and drawn from the same distyibution
the LST of the convolution is given by the LST of the service-time distribution
raised to thgth powet then

e = 2 (* Vori arivals -
O (s) = J-Z()(S-l- H) P{j arrivals in cycle(i — 1)}. (2.1)

Note that if there were no arrivals in cydle 1, O; will have zero length an®;*(s) =

1= (p/(s+p)°
The length of cycle is

Because the service time of the permanent customer is independent of everything
and the ordinary customers making Op clear the system before the permanent
customer begins servic®; is independent oP and

T*(s) = O7(s)P*(s). (2.2)
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The following theorem gives the pgf of the number of Poisson arrivals during a
random length of time

THEOREM 1: Let T*(s) denote the LaplaceStieltjes transform of a length of time T
LetFn(z) denote the probability generating function of the number.@hgs from
a Poisson process hing rate A that occurs during Tthen

&n(2) = T(A[1—2]). (2.3)

Proor: Se€[7, Thm. 4.2]. u
Applying this result td2.2) gives the pgf of the distribution for the number of
ordinary customer arrivals in cycleas

8n(2) = T (A[1 - 2)).

Inverting this pgf gives the distribution to use as a starting point for analyzing cycle
i+ 1.

This approach is now applied to analyze the transient behavior of the case in
which the permanent customer is initially in the queue behind a geonfstaiding
from 0) number of ordinary customers

2.1.1. Geometric number of ordinary customers. Assume that the perma-
nent customer has just completed service and the number of ordinary customers
found inthe systemis given by the equilibrium occupancy distribution fod Avi/1
queug12]
P{j ordinary customers in systgnx (1—p)p’, j=0,1,...,0<p <1 (2.4)

Substituting inta(2.1) yields

o0 H i A
Oi(s) = > <—> (1-p)p’

j—o\S+H
03 ()
= T s
_A-p)s+p 2.5)
S+u—A '

The occupancy distribution @2.4) is geometricThus if the permanent cus-
tomer finds at least one ordinary customiémust wait a geometric number of
exponential periodsvhich is itself an exponential length of timk the permanent
customer finds the system emptlyere is no delayrhe LST of the mixturg9, p. 53]
of these two distributions is given H2.5).
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Now, using(2.2), the LST of the length of the first cycle is
Tr'(s) = Oi(s)P*(s)

_A-p)(stp w
S+tH—A S+

H—A
= —. (2.6)
S+tH—A
This is the LST of an exponential distribution with rate- A. To explain the total
number of customers served in the cycle is one more than the number of ordinary
customers served his eliminates the possibility of a zero-length cyde there is
always a geometric number of exponential service timisch is exponentialThis
result implies that the sojourn time of the permanent customer in the mixed-traffic
system is equivalent to a service time in a system with the ordinary customers re-
moved and the server slowed by the arrival rate for ordinary custofieisis the
approach used to account for interfering traffic in the flow-control models of
[1,16,17].
Applying (2.3),

Bud = 2~ )
Ale_p—)\Z_ p 1-p2)

Inverting this yields

P{jarrivalsincyclei} = (1—p)p), j=0,1...,0<p <1 (2.7)

The distribution of the number of customers left in the system by the permanent
customer is the same as the distribution of the number it follhd system is in
equilibrium It is important to note that although the future cycles are identically
distributed they are not independent because the number of arrivals in a cycle af-
fects the length of the next cycle

In the next case examingthe permanent customer begins with no ordinary
customers in the system

2.1.2. System starting empty. Assume that the permanent customer has
just completed service and finds the system empty of ordinary customers when it
feeds back and reenters the system to start cycléehé following theorem gives
results for cycla.

THEOREM 2: For a mixedtraffic M/M/1 queue haing one permanent customer
with the system initially empty of ordinary customers

e A-p)stl
Oi(s) = d—p)stp—n =12,...,
Tr(e) = — B4 i=12,..,

(1-p)stpu—A
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and

S 1-p \[(pA=p"Y
P{jarrivals in cycle i} = <1—pi+1>< 1=, )

i=12,...,j=01...,0<p < 1.

Proor: Asthe firststepin aninductive prodéti = 1. Because there are initially no
ordinary customet€; has length zero and

Oi(s) = 4, (2.8)
N
T (s) = ——y (2.9)
% ()= P
8w, (2) A[1—2] +u
_ 1
_1+p—p2
1 1
T 1tp1-[p/L+plz
J
:1+p12<1+p )
Inverting ¥y, (2) yields
P{j arrivals | |1—<i><i>j =0 2.10
j arrivals in cycle } = 1+ ,)\1+, ) j=01,.... (2.10)

Thus it can be seen that the caseief 1 is proved
For the inductive stemssume that

1- 1-ph\
P{jarrivalsincyclei—l}=<1 pi>(p(1 pi )>,
-p —-p

i=12,...,j=01....

Then using(2.1) and(2.2) as earlier
< 1-p )(p(l p'~ 1)>
1- 1-p

J
SR
il en =)}

Oi(s) = <

(=
(=

_ (1 p)(s+ W
(1=p")(s+tw—up-—p"H
(1-p)(s+p

T (L-pstp-A
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and
T
T*(s) = . .
T A s i
Applying (2.3) yields
B () = e
on 2= L—pHA[l—2Z]+p—A
_ B A
H=Ap' —A(l—p')z
_ 1-»p
C1-p"t—p(l-ph)z
1-p p(L—p") \*
= - 1- —Z
1_p|+1 1_p|+1
from which

1- 1-pH)Y\
P{jarrivalsincyclei}z(1 ipﬂ)(pl( ﬁf), i=12,...,j=01,.... |
—p —p

Note that as — oo, these results reduce to those of the equilibrium systenone
would expectThe output process for the permanent customer is now examined

2.2. Output Process for M/G/1 System

Let S, be the time of thenith departure of the permanent custondre distribution
of S, and its Laplace—Stieltjes transfo(inST) will be denoted byFg (t) andS;(s),
respectivelyTheorem 3 gives results for the output process

THeEOREM 3: For the mixedtraffic M/G/1 queue with a single permanent customer
thatis initially in the queue behind j ordinary customgtee LaplaceStieltjes trans

form of the distribution of the time of the nth departure of the permanent customer
is

Si(s) = (Y () _:HlXi*(S),

where P(s) is the LST of the seice-time distribution for the permanent customer
and C’(s) is the LST of the seice-time distribution for the ordinary customers

Xi(s) =P*(s), Yy (s)=C*(s),
Xi(s) = P*(s+ A(1—Y&4(9), k=23,...,
Yi(s) = C*(s+ A1 — Y 1(9), k=23,....
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Proor: The time of thenth departure is the sum of the finsttycle times so

M-

§=2T

i=1

and

Si(s) = E[e—5<2.":1Ti)].
Conditioning on the lengths of the firat— 1 cycles

S;(S)=f J E[eis(z'n:lT')”l:tl,-~-7Tn—1=tn—1]dFTl ..... 1, (. thg)
0 0

:f f E[e_s(T"+EP:1lti)‘T:L:tl,--an—l: th_1] dFTn,l\Tn,z(tn—ﬂtn—z)
0 0

- dFy, (1)

= f f et e thaE[eSh T =ty,..., Ty = th_ g JdFr 7 (tho1lta-2)
0 0
- dFr (ty). (2.11)

Because the length of cyateT,,, depends only on the length of cyaie- 1, T,
(and the number of ordinary customers that arrive during cyetel),

E[e—STn|T1 = tln. -,Tn—l = tn—l] = E[e—STh |Tn—1 = tn—l]'

Given thatT,,_, = t,_,, the number of ordinary customer arrivals in cyole- 1 is
distributed Poisson with ratet, ;. The LST of the time to serve these ordinary
customers is

O:\Tn—l:tn—l(s) = E[estn |Tn71 = tnfl]

and can be obtained by conditioning on the number of ordinary customer arrivals in
cycleT, 4,

Onm, =, ,(8) = > E[e%N,_; =i]P{N,_, =i}.
i=0
Because there aiendependent service times

S i )‘tn—l i
O;:lT“*Zl:tnfl(S) = 2 (CX(S))I (|—|) eij\tn—1

0 )ltnflc* i
=e—“n—12( : (s)

i=1

= @ Mn1(1-CH(9),
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Recall T,= O, + P, so
E[esh|T, 1 = t,_1] = P*(s)e Atn-117C7), (2.12)
In general
Ele kT 1 = t,_q] = P*(s)e "% 21=C7 ), (2.13)
Substituting(2.12) in (2.11) and rearranging yields

Si(s) = P*(s) J e st ... f e Shoie M TSI dR - (4|t o)
(0] 0

- dR (ty). (2.14)
Note that
ToiqT, ,(8+A(1—C*(9) = f e Shoag M CTEO dRL e (gt o).
0
(2.15)

Let X;(s) = P*(s) andY;*(s) = C*(s) and define

Xi(s) = P*(s+ A(1— Yo 1(9), k=23,...,

Yi(s) = C*(s+ A(L— Y& 4(8), k=2,3,.... (2.16)
Substituting(2.15) into (2.14) results in

S = Xi(9) [ e [ et st AL YO OFr i ftealteo
0] 0
<o dFy (t). (2.17)
The process can now be repeated for the next cydeng(2.13) and(2.16),

Tiia, (5T AL =Y (9) = P*(s)e M2 C | i v
= X;(S)e*/\tn—z(lsz*(S)).

Then (2.17) becomes

Si(s) = Xi(s) f e s ... f e Sh2X3(s)e M2 dR e (tooltho3)
0 0

-+ dFy ()

— X:(9X5(9) f oot ... f eS0T e (s + A(L— Y;(S)

X dFy, i, (sl ta-a) - dFp(t). (2.19)
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Repeating this process eventually yields
Si(s) = Xi(9)X3(s) -+ Xq-a(s) i (s + AL = Yi4(9))). (2.20)

If there are initiallyj ordinary customers in the queul‘(s) = (C*(s)) /P*(s), then

Si(s) = (Yo (9))! _:]_[lXi*(S)- (2.21)

Using this theoremresults forj = 0 and identically distributed exponential
service times for the permanent and ordinary customers are

r(g) = P

u
2+ (2u+ N)s+ 2’

S(s) =

u
S%+ (Bu+ 2A)S% + (B2 + 2Ap+ A%)s+ B

Si(s) =

THEOREM 4: For the mixedtraffic M/G/1 queue where the permanent and ordinary
customers hee the same mean séce time with a single permanent customer that
is initially in the queue behind a geometric number of ordinary customeendiy
P{j ordinary customers in systgm= (1—p)p), j=01...,0<p <1, (2.22)

the LaplacesStieltjes transform of the distribution of the time of the nth departure of
the permanent customer is

p 1—(1-p)X;i(s)’

where P(s) is the LST of the seice-time distribution

) X(s)

ey P
Si(s) = 1

Xi(s) = P*(s)
and

Xi(s) = P*(s+ A(1— Xi_1(9)), k=23,....

Proor: For the case in which the single permanent customer is initially behind a
geometrigstarting from  number of ordinary customen®.20) still holds but the
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form of T;*(s) is different Using(2.4) to condition on the number of ordinary cus-
tomers initially in the queue ahead of the permanent customer yields

Oi(s) = _ZO(P*(S))‘(l— ) tp
_ p < * i

=T 2 (1= p)P(9)

P i=o0
1-p 1-(1-p)P*(s)’
SinceT; =0, + P,
N P*(s)
e S SIS

Substituting inta(2.20) yields

[[1 X“(s)

1-p 1-(1-p)Xi(s)

Si(s) = (2.23)

3. MULTIPLE PERMANENT CUSTOMERS

Consider the single-server queue with multiple permanent customers depicted in
Figure 1 Letthe number of permanent customerdband label then??, P2 ..., PV
such that custome?* precede$? who, in turn, precede$3, and so onA cycle is
now the time between successive arrivals of the same permanent custetiigibe
the length of theth cycle for permanent customlerThe service process now con-
sists of a sequence of subcycleach consisting of an ordinary period followed by
a permanent-customer service tiniet WX be the length of théth subcycle for
permanent customér The structure is illustrated in Figure 3

For ease of illustratigrconsider the behavior of subcydléor permanent cus-
tomerP¥ with 1 < i and 1< k < M. The subcycle begins as permanent customer

ol { PL402 | P24 03 OM | PM 40l pl
1 1 1 1 1 - - 1 1 | 1+
— W e—W—pe— +—WwM -><—Wi1+1-5
- 1 »
- Ti+1 v

FIGURE 3. Service process with multiple permanent customers
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P*~1 completes service and a period of service for ordinary customers b@gies
length of this period i©F, which can be zerd\fter the ordinary customers are ggne
permanent customé?* receives service and then reenters the quetnch starts
subcyclei for permanent custom@***, As it reentersP* finds a number of ordi-
nary customers between itself aRti *. These are the ordinary customers arriving to
the system afteP* ! reentered the queue and befd€ does(i.e., the ordinary
customers arriving during subcydldor P¥). Given the LST of the distribution of
WK (i.e., the length of théth subcycle for custome?®), Theorem 1 can be used to
determine the distribution of the number of ordinary arriv@lsese arrivals are the
customers who are served during the ordinary customer service period of subcycle
i + 1 for permanent custom@&* during subcycle + 1 (i.e., OX,,).

Thus the behavior of the subcycles for permanent custdpfés independent
of the subcycles for the other permanent customers and depend only on the number
of ordinary customer arrivals during the previous subcycle for permanent customer
Pk that is

PW*=w[W'} =P{Wk=w} foranyl=1...,M,j=1...,j#i. (3.1)

As a result the behavior of the subcycles for permanent custoRielooks
exactly like the behavior of a single-permanent-customer system and the sequence
of subcycles for the system witl permanent customers looks like an interleaving
of cycles fromM single-customer systems

3.1. Cycle Times for an M/M/1 System

The following theorem gives the LST for the permanent-customer cycle times when
theM/M/1 system is initially empty of ordinary customers and when the permanent
customers are adjacent to each other at the end of the queue behind a geometric
(starting from Q number of ordinary customers

THEOREM 5: For the M/M/1 system containing M permanent customers using the
same sarice-time distribution for permanent and ordinary customavkich is ink
tially empty of ordinary customerthe LST of the length of the ith cycle of customer
Pkis

" _ u_)\ >M—k< u_ A >k L
T (s) <(1_pil)s+u_A ety ) 1Ttz

The LST of the length of the ith cycle of customéwRen M permanent customers
are initially adjacent to each other at the end of the queue behind a geometric
(starting from0) number of ordinary customers is

SRS SRS S SIS S
' StUu—A\(1—p"YHs+pu—A (1—pHs+u—2ar) ~’
i=212,....
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Proor: Assume the system is initially empty of ordinary customers as the first
permanent customgeP, begins serviceThe permanent customers are adjacent to
each other in the quepso that there are no ordinary customers between thasm
with the single-permanent-customer systetarting emptythe LST of the distri-
bution of the length of the first ordinary period is given (&8) and the LST of
the distribution of the length of the first subcycle is given(By9). In addition the
distribution of the number of ordinary customer arrivals befoteeenters the queue
is given by(2.10). The service times of these arrivaéd only these arrivalalong
with the service time of customér! determine the length of the second subcycle for
permanent customé?™. Thus the future behavior of the subcycles for permanent
customerP? is that of a system with one permanent customer starting erapty
described by Theorem 2

Similarly, consider the remaining permanent customefsk = 2,3,..., M. Be-
cause they are initially adjacethere are no ordinary customers between them to be
served so their subcycles have the same probabilistic behavior as the subcycles for
permanent custom@?, Fork=12,3,..., M,

o A=p)(s+p o
Oi (S)_ (1_p|)s+u_/\a |_112’-~'7
Wk (s) = H—A i=12,..., (3.2)

(1-pHhs+pu—A’
and

arrivals i . 1-p \(pd=p"Y
P{j arrivals in subcyclé of cyclei} = (1—pi+1>< 1=, )

i=12,...,j=01....

The length of the first cycle for permanent custorRéis equal to the sum of the
lengths of the first subcycle for each of the preceding 1 permanent customers
plus its own subcycle lengtihen

k
TF=>W, k=12...,M.
j=1
Because these subcycles are independent
k
T(s) = [IW(s), k=12,...,M.
j=1

The permanent customers are initially adjacent and the system is initially empty of
ordinary custometsso the subcycle lengths are just the service times for each cus-
tomer which are ii.d.; thus

T(s) <S+u> A= p)s+pu=nr)’ k=12,...,M.
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Theith cycle for customePX is the time between thg— 1) st and th departures
of customerPX, Following the(i — 1)st departure of custom&* are the(i — 1)st
departures of customeR*", P<"% . PM and theith departures of customers
PL P2?,...,P“ % Each departure has a subcycle associated wiifhi¢ sum of the
lengths of these plus the length of tith subcycle for custome?X is the length of
theith cycle for customeP* Then

M k
= S WLt SWL =23
j=1

j=k+1

Using the independence of subcycles for different customers yields

M k
T(s) = T W) [TwW"(s), i=23,....
j=k+1 =1

Because théth subcycles for all the customers are identically distribpuseith-
stituting from(3.2) results in

‘() — H—A MoK H—A SR
Tik(s)_<(1—p“l)5+u—)\> <(1—pi)8+u—)~>’ 1728

If the permanent customers are adjacent to each other at the end of the queue
behind a geometri¢starting from 0 number of ordinary customerall the sub-

cycles for permanent customBf are in equilibrium as described §2.5)—(2.7).
Then

H—A .
W (s) = Stp= W i=12,...

and

T = A (T A ()

STtHU—A\S+ U _s+p—)\ 1-p)stu—A
k=12,...,M,
(e S B (e e
StU—A\(A—-p' " Hs+u—A 1—-pH)s+u—2A
i=23,.... n

3.2. Output Process for M/G/1 System

Let S, be the time of theath departure of a permanent custonTére distribution of

S and its Laplace—Stieltjes transform are denote&b¥t) andS;(s), respectively
Without loss of generalityagain assume the permanent customers are ordered and
numbered aB?, P? ..., PM. The permanent customers never leave the systethe

nth departure of a permanent customer isithedeparture of some permanent cus-
tomer sayPX Note that =[n/M]andk=n—|n/M|:* M. For exampleif M = 5, the
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eighth departure of a permanent customer is the second departure of permanent
customerP3,

THEOREM 6: For the M/G/1 system containing M permanent customers with per
manent customer j initially in the queue behindinary customerghe LST of the
time of the nth departure of a permanent customer is

Si(9) = (%*(9)) 29 m*l(s))E?”—k1°j<xi*<s)>k<l_Hlx|*<s>> : (3.3)

where i= [n/M] and k= n — |[n/M] * M, P*(s) is the LST of the seice-time
distribution, X;(s) = P*(s), Y;*(s) = C*(s), and

Xi(s) = P*(s+ A(1— Y .(9), k=2,3,...,

Y&(s) = C*(s+ A(1— Y 4(9), k=2,3,.... (3.4)
Proor: Before permanent customef departs for théth timeg permanent custom-
ersP% P2 ..., P *have departedimes and permanent customBis %, P<*2 ..., PM
have departed— 1 times The time of thenth departure is then the sum of the length

of the firsti subcycles for permanent custom@sP? ..., P and the length of the
firsti — 1 subcycles for permanent customBIis:, P2 ... PM so

ko M _
S=>8+ X s,
=1 j=k+1

whereS' is the sum of the firstsubcycle lengths for permanent customp@&ecause
the subcycles for the different permanent customers are indepetitebh8T for the
distribution of the time of theth departure of a permanent customer for a mixed-
traffic queueing system witM permanent customerghich is initially empty of
ordinary custometss

ko V.
Si(s)=I15"(s) II §"u(9. (3.5)
j=1 j=k+1

Because permanent custonpdaegins withg; ordinary customers directly ahead of
him in the queugTheorem 3 implies

S*(s) = (Y ()¢ Ilj X (s), j=1...,M. (3.6)

Substituting in(3.5),

k i M i—1
%9=HQW@WHW@>H(M%@WHW@>
i=1 =1 j=k+1 =1
i k i—1 M-k
= (Y*(s) 20 <|Hl X|*(S)> (Y4(8) 2116 <|H1 X|*(S))

= (Y (9) 216 (Y2 1(9)) 015 (X (9) ¥ (|Hl X.*(S))
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THEOREM 7: Forthe mixedtraffic M/G/1 queue where the permanent and ordinary
customers hae the same seice-time distribution containing M permanent custom
ers initially adjacent to each other at the end of the queue behind a geometric
(starting from0) number of ordinary customershe LST of the time of the nth
departure of a permanent customer is

. 3 p 1 . i—1 . M
S8 = 7 <1_ i p)xi*(s)><xi (s))k(l_Hlm (s)) ,

where i= [n/M] and k= n — |[n/M] % M, P*(s) is the LST of the seice-time
distribution

Xi(s) = P*(s),
and
Xi(s) = P*(s+ A(1— Xi_1(9), k=2,3,....

Proor: If the M permanent customers are initially adjacent to each other at the end
of the queue behind a geometfitarting from Q0 number of ordinary customers
(3.5) still holds andby Theorem 3

S*(s) = lﬂlx.*(s), i=2,...,M. (3.7)
Now,
o |:1—11X|*(S)
S T aax &9

is the LST of the time of théth departure of the permanent customer in a mixed-
traffic queueing system with one permanent customer that is initially in the queue
behind a geometritstarting from 0 number of ordinary customerSubstituting

p EX'*(S) i k-1 /i—1 M—k
Si(s) = 1= _ (HN*(S)) (ll'[lxl*(5)>

p 1—(1—p)X(s) \izz

__P 1 ok i-1 . M
1-p <1— (1—p)Xi*(s)>(X' (s) <|_Hlx' (S)> '

4. CONCLUSIONS

Asingle-server queueing system with mixed traffic has been exanfioed system
containing one permanent customiire distribution of the length of thigh cycle
was obtainedAlso, the distributions for the time of thath departure of the perma-
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nent customer and the number of departures up to tiwere found For a system
containingM permanent customerthe LST for the distribution of the length of the
ith cycle and the LST of the distribution for the time of thté& departure were also
obtained
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