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Single-server queueing systems with mixed traffic are a flexible modeling tool that
have been used to analyze polling systems and database striping strategies+ They
also have applications in manufacturing and telecommunication systems+Ordinary
~open! customers arrive according to a Poisson process, receive service, and leave
the system+Permanent~closed! customers remain in the system, reentering the queue
after receiving service+This work examines the transient behavior of the permanent
customers+ The cycle times and output0departure process for the permanent cus-
tomers are described+

1. INTRODUCTION

Many service systems, such as manufacturing systems, computer systems, and com-
munication networks, have traffic that is mixed, consisting of both ordinary~open!
and permanent~closed! customers+ Ordinary customers enter from outside the sys-
tem and, eventually, leave it+ Permanent customers never leave the system+ Instead
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they reenter previously visited queues as they circulate or cycle in the system+Gen-
eral equilibrium results for networks of Markovian queues with mixed traffic have
existed for some time@2# + More recently, a heavy-traffic approximation has been
developed for a two-station mixed-queueing network with applications to produc-
tion systems employing a combination of make-to-order and make-to-stock opera-
tions @15# + Equilibrium results have also been obtained for anM0G01 queue with
mixed traffic@4# and have been used to analyze polling systems@5# and database strip-
ing strategies@14# + However, little work related to the transient behavior of mixed-
traffic queueing models appears to have been done+Transient results are plentiful for
open queueing systems+Those related to this work include output-process@8,18# and
sojourn-time results@10# + Transient results for closed systems include@3,6,11# +

This work examines the transient behavior of permanent customers in a single-
server queue with mixed traffic, as depicted in Figure 1+ ~Note that we use transient
to refer to nonstationary rather than time dependent+! The results have previously
been used to analyze transient behavior in telecommunication networks following
communication link failures@13# + The server alternates between periods of serving
ordinary customers and permanent customers+This alternating process is used as the
basis for analyzing the system+ Initially, a mixed-traffic system with one permanent
customer is examined+ For this system, a cycle is described as an “ordinary” service
period followed by a “permanent” service period+ Length information is obtained for
cycle i+ By adding the cycle lengths, the time of thenth departure of the permanent
customer can be found+ These results are presented in Section 2+ In Section 3, the
alternating process is used to obtain results for a system containingM permanent
customers+ Interestingly, theM-customer system can be viewed as the “interleaving”
of M single-permanent-customer systems+ Finally, conclusions are presented in
Section 4+

2. SINGLE PERMANENT CUSTOMER

Consider a single-server queue with one permanent customer and immediate feed-
back+ The permanent customer always remains in the system+After completing ser-

Figure 1. Single-server queue with multiple permanent customers+
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vice, it immediately feeds back to reenter the queue+As a result, the server is never
idle+A cycle is defined to be the time from one arrival of the permanent customer to
the next+ Each cycle consists of an “ordinary” period, during which the ordinary
customers are served, and a “permanent” period, during which the permanent cus-
tomer is served+ ~Note that the ordinary period will have zero length if no ordinary
customers arrive before the permanent customer completes service, feeds back, and
reenters the queue+! The service process then has the form of an alternating process
as shown in Figure 2+ This figure also illustrates the departure process for the per-
manent customer+ The following definitions are used:

Oi 5 length of thei th ordinary period

Pi 5 length of thei th permanent period

Ti 5 Oi 1 Pi 5 length of thei th cycle

Ni 5 number of ordinary customers arriving during thei th cycle

FOi
~t! 5 cumulative distribution function forOi

FPi
~t! 5 cumulative distribution function forPi

FTi
~t! 5 cumulative distribution function forTi

FNi
~n! 5 cumulative distribution function forNi

Oi
*~s! 5 Laplace–Stieltjes transform~LST! of FOi

~t!

Pi
*~s! 5 Laplace–Stieltjes transform ofFPi

~t!

Ti
*~s! 5 Laplace–Stieltjes transform ofFTi

~t!

FNi
~z! 5 probability generating function~pgf! of FNi

~n!+

The cycle time of the permanent customer is analyzed next+

2.1. Cycle Time for M/M/1 System

Ordinary customers arrive according to a Poisson process with ratel+ Service times
are independent and both types of customers draw their service times from the same
exponential distribution with rateµ+ As a result, the lengths of the permanent peri-
ods, thePi ’s, are independent and identically distributed~i+i+d+!, so the subscript may
be dropped; then,

FP~t! 5 FPi
~t! 5 1 2 e2µt , t $ 0 for all i,

Figure 2. Service process with one permanent customer+

TRANSIENT ANALYSIS OF A SINGLE-SERVER QUEUE 337

https://doi.org/10.1017/S0269964800143050 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964800143050


and

P*~s! 5 Pi
*~s! 5

µ

s1 µ
for all i+

Cycle i begins as the permanent customer departs the server and reenters the
queue for thei th time+ The permanent customer then waits while the ordinary cus-
tomers it finds in the system, if any, receive service+ The length of this wait isOi ,
which can be zero+ After the ordinary customers are gone, the permanent customer
receives service, then departs the server and reenters the queue, starting cyclei 11+
Note that the number of ordinary customers left in the queue by the permanent
customer at the end of cyclei is the number it finds at the start of cyclei 1 1+ If it
looks back just before leaving the server, the permanent customer sees all the ordi-
nary customers that have arrived since it last entered the system+ Because the last
arrival of the permanent customer started cyclei, this is Ni + When the permanent
customer reenters the queue, starting cyclei 11, it finds theNi ordinary customers
there+ Because the time to serve these customers isOi11, the length of cyclei 1 1
depends on the number of ordinary arrivals during cyclei, which depends on the
length of cyclei+

More formally, begin with the distribution of the number of customers found by
the arriving permanent customer at the start of cyclei or, equivalently, the number of
ordinary customers arriving in cyclei 2 1+ Using this distribution and the Law of
Total Probability,

Oi
*~s! 5 (

j50

`

@Oi
*~s!6 j arrivals in cycle~i 2 1!#P$ j arrivals in cycle~i 21!%+

The time to servej customers is the sum of their individual service times and its
distribution is thej-fold convolution of their individual service-time distributions+
Because the service times are all independent and drawn from the same distribution,
the LST of the convolution is given by the LST of the service-time distribution
raised to thejth power; then,

Oi
*~s! 5 (

j50

` S µ

s1 µ
Dj

P$ j arrivals in cycle~i 2 1!%+ (2.1)

Note that if there were no arrivals in cyclei 21,Oi will have zero length andOi
*~s!5

15 ~µ0~s1 µ!!0+
The length of cyclei is

Ti 5 Oi 1 P+

Because the service time of the permanent customer is independent of everything
and the ordinary customers making upOi clear the system before the permanent
customer begins service, Oi is independent ofP and

Ti
*~s! 5 Oi

*~s!P*~s!+ (2.2)
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The following theorem gives the pgf of the number of Poisson arrivals during a
random length of time+

Theorem 1: Let T*~s! denote the Laplace–Stieltjes transform of a length of time T+
Let FN~z! denote the probability generating function of the number of events from
a Poisson process having ratel that occurs during T; then,

FN~z! 5 T *~l@12 z# !+ (2.3)

Proof: See@7, Thm+ 4+2# + n
Applying this result to~2+2! gives the pgf of the distribution for the number of

ordinary customer arrivals in cyclei as

FNi
~z! 5 Ti

*~l@12 z# !+

Inverting this pgf gives the distribution to use as a starting point for analyzing cycle
i 1 1+

This approach is now applied to analyze the transient behavior of the case in
which the permanent customer is initially in the queue behind a geometric~starting
from 0! number of ordinary customers+

2.1.1. Geometric number of ordinary customers. Assume that the perma-
nent customer has just completed service and the number of ordinary customers
found in the system is given by the equilibrium occupancy distribution for anM0M01
queue@12#

P$ j ordinary customers in system% 5 ~12 r!r j, j 5 0,1, + + + , 0 , r , 1+ (2.4)

Substituting into~2+1! yields

O1
*~s! 5 (

j50

` S µ

s1 µ
Dj

~12 r!r j

5 ~12 r! (
j50

` S l

s1 µ
Dj

5 ~12 r!
1

12 l0~s1 µ!

5
~12 r!~s1 µ!

s1 µ2 l
+ (2.5)

The occupancy distribution of~2+4! is geometric+ Thus, if the permanent cus-
tomer finds at least one ordinary customer, it must wait a geometric number of
exponential periods, which is itself an exponential length of time+ If the permanent
customer finds the system empty, there is no delay+The LST of the mixture@9, p+ 53#
of these two distributions is given by~2+5!+
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Now, using~2+2!, the LST of the length of the first cycle is

T1
*~s! 5 O1

*~s!P*~s!

5
~12 r!~s1 µ!

s1 µ2 l

µ

s1 µ

5
µ2 l

s1 µ2 l
+ (2.6)

This is the LST of an exponential distribution with rateµ2 l+ To explain, the total
number of customers served in the cycle is one more than the number of ordinary
customers served+ This eliminates the possibility of a zero-length cycle, so there is
always a geometric number of exponential service times,which is exponential+ This
result implies that the sojourn time of the permanent customer in the mixed-traffic
system is equivalent to a service time in a system with the ordinary customers re-
moved and the server slowed by the arrival rate for ordinary customers+ This is the
approach used to account for interfering traffic in the flow-control models of
@1,16,17# +

Applying ~2+3!,

FN1
~z! 5

µ2 l

µ2 lz
5 ~12 r!S 1

12 rz
D+

Inverting this yields

P$ j arrivals in cyclei % 5 ~12 r!r j, j 5 0,1, + + + , 0 , r , 1+ (2.7)

The distribution of the number of customers left in the system by the permanent
customer is the same as the distribution of the number it found+ The system is in
equilibrium+ It is important to note that although the future cycles are identically
distributed, they are not independent because the number of arrivals in a cycle af-
fects the length of the next cycle+

In the next case examined, the permanent customer begins with no ordinary
customers in the system+

2.1.2. System starting empty. Assume that the permanent customer has
just completed service and finds the system empty of ordinary customers when it
feeds back and reenters the system to start cycle 1+ The following theorem gives
results for cyclei+

Theorem 2: For a mixed-traffic M0M01 queue having one permanent customer
with the system initially empty of ordinary customers,

Oi
*~s! 5

~12 r!~s1 µ!

~12 r i !s1 µ2 l
, i 5 1,2, + + + ,

Ti
*~s! 5

µ2 l

~12 r i !s1 µ2 l
, i 5 1,2, + + + ,
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and

P$ j arri vals in cycle i% 5 S 12 r

12 r i11DSr~12 r i !

12 r i11 Dj

,

i 5 1,2, + + + , j 5 0,1, + + + ,0 , r , 1+

Proof: As the first step in an inductive proof, let i 51+Because there are initially no
ordinary customers, O1 has length zero and

O1
*~s! 5 1, (2.8)

T1
*~s! 5

µ

s1 µ
, (2.9)

FNi
~z! 5

µ

l@12 z# 1 µ

5
1

11 r 2 rz

5
1

11 r

1

12 @ r0~11 r!#z

5
1

11 r (
j50

` S r

11 r
zDj

+

InvertingFN1
~z! yields

P$ j arrivals in cycle 1% 5 S 1

11 r
DS r

11 r
Dj

, j 5 0,1, + + + + (2.10)

Thus, it can be seen that the case ofi 5 1 is proved+
For the inductive step, assume that

P$ j arrivals in cyclei 2 1% 5 S 12 r

12 r i DSr~12 r i21!

12 r i Dj

,

i 5 1,2, + + + , j 5 0,1, + + + +
Then, using~2+1! and~2+2! as earlier,

Oi
*~s! 5 (

j50

` S µ

s1 µ
Dj S 12 r

12 r i DSr~12 r i21!

12 r i Dj

5 S 12 r

12 r i D(
j50

` FS µ

s1 µ
DSr 2 r i

12 r i DG j

5 S 12 r

12 r i DS12 S µ

s1 µ
DSr 2 r i

12 r i DD21

5
~12 r!~s1 µ!

~12 r i !~s1 µ! 2 µ~ r 2 r i !

5
~12 r!~s1 µ!

~12 r i !s1 µ2 l
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and

Ti
*~s! 5

µ2 l

~12 r i !s1 µ2 l
+

Applying ~2+3! yields

FNi
~z! 5

µ2 l

~12 r i !l@12 z# 1 µ2 l

5
µ2 l

µ2 lr i 2 l~12 r i !z

5
12 r

12 r i11 2 r~12 r i !z

5 S 12 r

12 r i11DS12
r~12 r i !

12 r i11 zD21

from which

P$ j arrivals in cyclei % 5 S 12 r

12 r i11DSr~12 r i !

12 r i11 Dj

, i 5 1,2, + + + , j 5 0,1, + + + + n

Note that asi r `, these results reduce to those of the equilibrium system, as one
would expect+ The output process for the permanent customer is now examined+

2.2. Output Process for M/G/1 System

Let Sn be the time of thenth departure of the permanent customer+ The distribution
of Sn and its Laplace–Stieltjes transform~LST! will be denoted byFSn

~t! andSn
*~s!,

respectively+ Theorem 3 gives results for the output process+

Theorem 3: For the mixed-traffic M0G01 queue with a single permanent customer
that is initially in the queue behind j ordinary customers, the Laplace–Stieltjes trans-
form of the distribution of the time of the nth departure of the permanent customer
is

Sn
*~s! 5 ~Yn

*~s!! j )
i51

n

Xi
*~s!,

where P*~s! is the LST of the service-time distribution for the permanent customer
and C*~s! is the LST of the service-time distribution for the ordinary customers,

X1
*~s! 5 P*~s!, Y1

*~s! 5 C*~s!,

Xk
*~s! 5 P*~s1 l~12 Yk21

* ~s!!!, k 5 2,3, + + + ,

Yk
*~s! 5 C*~s1 l~12 Yk21

* ~s!!!, k 5 2,3, + + + +
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Proof: The time of thenth departure is the sum of the firstn cycle times, so

Sn 5 (
i51

n

Ti

and

Sn
*~s! 5 E @e2s~(i51

n Ti ! # +

Conditioning on the lengths of the firstn 2 1 cycles,

Sn
*~s! 5E

0

`

{{{ E
0

`

E @e2s~(i51
n Ti ! 6T1 5 t1, + + + ,Tn21 5 tn21# dFT1, + + + ,Tn21

~t1, + + + , tn21!

5E
0

`

{{{ E
0

`

E @e2s~Tn1(i51
n21 ti ! 6T1 5 t1, + + + ,Tn21 5 tn21# dFTn216Tn22

~tn216 tn22!

{{{ dFT1
~t1!

5E
0

`

{{{ E
0

`

e2st1 {{{ e2stn21E @e2sTn 6T1 5 t1, + + + ,Tn21 5 tn21# dFTn216Tn22
~tn216 tn22!

{{{ dFT1
~t1!+ (2.11)

Because the length of cyclen,Tn, depends only on the length of cyclen21,Tn21

~and the number of ordinary customers that arrive during cyclen 2 1!,

E @e2sTn 6T1 5 t1, + + + ,Tn21 5 tn21# 5 E @e2sTn 6Tn21 5 tn21# +

Given thatTn21 5 tn21, the number of ordinary customer arrivals in cyclen 2 1 is
distributed Poisson with rateltn21+ The LST of the time to serve these ordinary
customers is

On6Tn215tn21

* ~s! 5 E @e2sOn 6Tn21 5 tn21#

and can be obtained by conditioning on the number of ordinary customer arrivals in
cycleTn21,

On6Tn215tn21

* ~s! 5 (
i50

`

E @e2sOn 6Nn21 5 i #P$Nn21 5 i %+

Because there arei independent service times,

On6Tn215tn21

* ~s! 5 (
i50

`

~C*~s!! i
~ltn21! i

i!
e2ltn21

5 e2ltn21 (
i51

` ~ltn21C*~s!! i

i!

5 e2ltn21~12C*~s!!+
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Recall, Tn 5 On 1 P, so

E @e2sTn 6Tn21 5 tn21# 5 P*~s!e2ltn21~12C*~s!!+ (2.12)

In general,

E @e2sTk 6Tk21 5 tk21# 5 P*~s!e2ltk21~12C*~s!!+ (2.13)

Substituting~2+12! in ~2+11! and rearranging yields

Sn
*~s! 5 P*~s! E

0

`

e2st1 {{{ E
0

`

e2stn21e2ltn21~12C*~s!! dFTn216Tn22
~tn216 tn22!

{{{ dFT1
~t1!+ (2.14)

Note that

Tn216Tn22

* ~s1 l~12 C*~s!!! 5E
0

`

e2stn21e2ltn21~12C*~s!! dFTn216Tn22
~tn216 tn22!+

(2.15)

Let X1
*~s! 5 P*~s! andY1

*~s! 5 C*~s! and define

Xk
*~s! 5 P*~s1 l~12 Yk21

* ~s!!!, k 5 2,3, + + + ,

Yk
*~s! 5 C*~s1 l~12 Yk21

* ~s!!!, k 5 2,3, + + + + (2.16)

Substituting~2+15! into ~2+14! results in

Sn
*~s! 5 X1

*~s!E
0

`

e2st1 {{{ E
0

`

e2stn22Tn216Tn22

* ~s1 l~12 Y1
*~s!!! dFTn226Tn23

~tn226 tn23!

{{{ dFT1
~t1!+ (2.17)

The process can now be repeated for the next cycle+ Using~2+13! and~2+16!,

Tn216Tn22

* ~s1 l~12 Y1
*~s!!! 5 P*~s!e2ltn22~12C*~s!! 6s5s1l~12Y1

*~s!!

5 X2
*~s!e2ltn22~12Y2

*~s!!+

Then, ~2+17! becomes

Sn
*~s! 5 X1

*~s!E
0

`

e2st1 {{{ E
0

`

e2stn22X2
*~s!e2ltn22~12Y2

*~s!! dFTn226Tn23
~tn226 tn23!

{{{ dFT1
~t1!

5 X1
*~s!X2

*~s!E
0

`

e2st1 {{{ E
0

`

e2stn23Tn226Tn23

* ~s1 l~12 Y2
*~s!!!

3 dFTn236Tn24
~tn236 tn24! {{{ dFT1

~t1!+ (2.19)
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Repeating this process eventually yields

Sn
*~s! 5 X1

*~s!X2
*~s! {{{ Xn21

* ~s!T1
*~s1 l~12 Yn21

* ~s!!!+ (2.20)

If there are initiallyj ordinary customers in the queue, T1
*~s! 5 ~C*~s!! jP*~s!, then

Sn
*~s! 5 ~Yn

*~s!! j )
i51

n

Xi
*~s!+ (2.21)

n

Using this theorem, results forj 5 0 and identically distributed exponential
service times for the permanent and ordinary customers are

S1
*~s! 5

µ

s1 µ
,

S2
*~s! 5

µ

s2 1 ~2µ1 l!s1 µ2 ,

S3
*~s! 5

µ

s3 1 ~3µ1 2l!s2 1 ~3µ2 1 2lµ1 l2!s1 µ3 +

Theorem 4: For the mixed-traffic M0G01queue where the permanent and ordinary
customers have the same mean service time with a single permanent customer that
is initially in the queue behind a geometric number of ordinary customers given by

P$ j ordinary customers in system% 5 ~12 r!r j, j 5 0,1, + + + , 0 , r , 1, (2.22)

the Laplace–Stieltjes transform of the distribution of the time of the nth departure of
the permanent customer is

Sn
*~s! 5

r

12 r

)
i51

n

Xi
*~s!

12 ~12 r!Xn
*~s!
,

where P*~s! is the LST of the service-time distribution,

X1
*~s! 5 P*~s!

and

Xk
*~s! 5 P*~s1 l~12 Xk21

* ~s!!!, k 5 2,3, + + + +

Proof: For the case in which the single permanent customer is initially behind a
geometric~starting from 0! number of ordinary customers, ~2+20! still holds, but the
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form of T1
*~s! is different+ Using ~2+4! to condition on the number of ordinary cus-

tomers initially in the queue ahead of the permanent customer yields

O1
*~s! 5 (

i50

`

~P*~s!! i ~12 r! i21r

5
r

12 r (
i50

`

~~12 r!P*~s!! i

5
r

12 r

1

12 ~12 r!P*~s!
+

SinceT1 5 O1 1 P,

T1
*~s! 5

r

12 r

P*~s!

12 ~12 r!P*~s!
+

Substituting into~2+20! yields

Sn
*~s! 5

r

12 r

)
i51

n

Xi
*~s!

12 ~12 r!Xn
*~s!
+ (2.23)

n

3. MULTIPLE PERMANENT CUSTOMERS

Consider the single-server queue with multiple permanent customers depicted in
Figure 1+ Let the number of permanent customers beM and label themP1,P2, + + + ,PM

such that customerP1 precedesP2 who, in turn, precedesP3, and so on+ A cycle is
now the time between successive arrivals of the same permanent customer+ LetTi

k be
the length of thei th cycle for permanent customerk+ The service process now con-
sists of a sequence of subcycles, each consisting of an ordinary period followed by
a permanent-customer service time+ Let Wi

k be the length of thei th subcycle for
permanent customerk+ The structure is illustrated in Figure 3+

For ease of illustration, consider the behavior of subcyclei for permanent cus-
tomerPk with 1 , i and 1, k , M+ The subcycle begins as permanent customer

Figure 3. Service process with multiple permanent customers+
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Pk21 completes service and a period of service for ordinary customers begins+ The
length of this period isOi

k,which can be zero+After the ordinary customers are gone,
permanent customerPk receives service and then reenters the queue, which starts
subcyclei for permanent customerPk11+ As it reenters, Pk finds a number of ordi-
nary customers between itself andPk21+These are the ordinary customers arriving to
the system afterPk21 reentered the queue and beforePk does~i+e+, the ordinary
customers arriving during subcyclei for Pk!+ Given the LST of the distribution of
Wi

k ~i+e+, the length of thei th subcycle for customerPk!, Theorem 1 can be used to
determine the distribution of the number of ordinary arrivals+ These arrivals are the
customers who are served during the ordinary customer service period of subcycle
i 1 1 for permanent customerPk during subcyclei 1 1 ~i+e+, Oi11

k !+
Thus, the behavior of the subcycles for permanent customerPk is independent

of the subcycles for the other permanent customers and depend only on the number
of ordinary customer arrivals during the previous subcycle for permanent customer
Pk; that is,

P$Wi
k # w6Wj

l % 5 P$Wi
k # w% for any l 5 1, + + + ,M, j 5 1, + + + , j Þ i+ (3.1)

As a result, the behavior of the subcycles for permanent customerPk looks
exactly like the behavior of a single-permanent-customer system and the sequence
of subcycles for the system withM permanent customers looks like an interleaving
of cycles fromM single-customer systems+

3.1. Cycle Times for an M/M/1 System

The following theorem gives the LST for the permanent-customer cycle times when
theM0M01 system is initially empty of ordinary customers and when the permanent
customers are adjacent to each other at the end of the queue behind a geometric
~starting from 0! number of ordinary customers+

Theorem 5: For the M0M01 system containing M permanent customers using the
same service-time distribution for permanent and ordinary customers, which is ini-
tially empty of ordinary customers, the LST of the length of the ith cycle of customer
Pk is

Ti
k*~s! 5 S µ2 l

~12 r i21!s1 µ2 l
DM2kS µ2 l

~12 r i !s1 µ2 l
Dk

, i 5 1,2, + + + +

The LST of the length of the ith cycle of customer Pk when M permanent customers
are initially adjacent to each other at the end of the queue behind a geometric
~starting from0! number of ordinary customers is

Ti
k*~s! 5

µ2 l

s1 µ2 l
S µ2 l

~12 r i21!s1 µ2 l
DM2kS µ2 l

~12 r i !s1 µ2 l
Dk21

,

i 5 1,2, + + + +
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Proof: Assume the system is initially empty of ordinary customers as the first
permanent customer, P1, begins service+ The permanent customers are adjacent to
each other in the queue, so that there are no ordinary customers between them+ As
with the single-permanent-customer system, starting empty, the LST of the distri-
bution of the length of the first ordinary period is given by~2+8! and the LST of
the distribution of the length of the first subcycle is given by~2+9!+ In addition, the
distribution of the number of ordinary customer arrivals beforeP1 reenters the queue
is given by~2+10!+ The service times of these arrivals, and only these arrivals, along
with the service time of customerP1 determine the length of the second subcycle for
permanent customerP1+ Thus, the future behavior of the subcycles for permanent
customerP1 is that of a system with one permanent customer starting empty, as
described by Theorem 2+

Similarly, consider the remaining permanent customers, Pk, k5 2,3, + + + ,M+ Be-
cause they are initially adjacent, there are no ordinary customers between them to be
served, so their subcycles have the same probabilistic behavior as the subcycles for
permanent customerP1+ For k 5 1,2,3, + + + ,M,

Oi
k*~s! 5

~12 r!~s1 µ!

~12 r i !s1 µ2 l
, i 5 1,2, + + + ,

Wi
k*~s! 5

µ2 l

~12 r i !s1 µ2 l
, i 5 1,2, + + + , (3.2)

and

P$ j arrivals in subcyclek of cycle i % 5 S 12 r

12 r i11DSr~12 r i !

12 r i11 Dj

,

i 5 1,2, + + + , j 5 0,1, + + + +

The length of the first cycle for permanent customerPk is equal to the sum of the
lengths of the first subcycle for each of the precedingk 2 1 permanent customers
plus its own subcycle length+ Then,

T1
k 5 (

j51

k

W1
j , k 5 1,2, + + + ,M+

Because these subcycles are independent,

T1
k*~s! 5 )

j51

k

W1
j*~s!, k 5 1,2, + + + ,M+

The permanent customers are initially adjacent and the system is initially empty of
ordinary customers, so the subcycle lengths are just the service times for each cus-
tomer, which are i+i+d+; thus,

T1
k*~s! 5 S µ

s1 µ
Dk

5 S µ2 l

~12 r!s1 µ2 l
Dk

, k 5 1,2, + + + ,M+
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Thei th cycle for customerPk is the time between the~i 21!st andi th departures
of customerPk+ Following the~i 2 1!st departure of customerPk are the~i 2 1!st
departures of customersPk11,Pk11, + + + ,PM and thei th departures of customers
P1,P2, + + + ,Pk21+ Each departure has a subcycle associated with it+ The sum of the
lengths of these plus the length of thei th subcycle for customerPk is the length of
the i th cycle for customerPk+ Then,

Ti
k 5 (

j5k11

M

Wi21
j 1 (

j51

k

Wi
j , i 5 2,3, + + + +

Using the independence of subcycles for different customers yields

Ti
k*~s! 5 )

j5k11

M

Wi21
j* ~s! )

j51

k

Wi
j*~s!, i 5 2,3, + + + +

Because thei th subcycles for all the customers are identically distributed, sub-
stituting from~3+2! results in

Ti
k*~s! 5 S µ2 l

~12 r i21!s1 µ2 l
DM2kS µ2 l

~12 r i !s1 µ2 l
Dk

, i 5 2,3, + + + +

If the permanent customers are adjacent to each other at the end of the queue
behind a geometric~starting from 0! number of ordinary customers, all the sub-
cycles for permanent customerP1 are in equilibrium as described by~2+5!–~2+7!+
Then,

Wi
1*~s! 5

µ2 l

s1 µ2 l
, i 5 1,2, + + +

and

T1
k*~s! 5

µ2 l

s1 µ2 l
S µ

s1 µ
Dk21

5
µ2 l

s1 µ2 l
S µ2 l

~12 r!s1 µ2 l
Dk21

,

k 5 1,2, + + + ,M,

Ti
k*~s! 5

µ2 l

s1 µ2 l
S µ2 l

~12 r i21!s1 µ2 l
DM2kS µ2 l

~12 r i !s1 µ2 l
Dk21

,

i 5 2,3, + + + + n

3.2. Output Process for M/G/1 System

Let Sn be the time of thenth departure of a permanent customer+ The distribution of
Sn and its Laplace–Stieltjes transform are denoted byFSn

~t! andSn
*~s!, respectively+

Without loss of generality, again assume the permanent customers are ordered and
numbered asP1,P2, + + + ,PM+The permanent customers never leave the system, so the
nth departure of a permanent customer is thei th departure of some permanent cus-
tomer, sayPk+Note thati 5 [n0M] andk5 n2 {n0M} *M+ For example, if M 5 5, the
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eighth departure of a permanent customer is the second departure of permanent
customerP3+

Theorem 6: For the M0G01 system containing M permanent customers with per-
manent customer j initially in the queue behind cj ordinary customers, the LST of the
time of the nth departure of a permanent customer is

Sn
*~s! 5 ~Yi

*~s!!(j51
k cj ~Yi21

* ~s!!(j5k21
M cj ~Xi

*~s!!kS)
l51

i21

Xl
*~s!DM

, (3.3)

where i5 [n0M] and k5 n 2 {n0M} * M, P*~s! is the LST of the service-time
distribution, X1

*~s! 5 P*~s!, Y1
*~s! 5 C*~s!, and

Xk
*~s! 5 P*~s1 l~12 Yk21

* ~s!!!, k 5 2,3, + + + ,

Yk
*~s! 5 C*~s1 l~12 Yk21

* ~s!!!, k 5 2,3, + + + + (3.4)

Proof: Before permanent customerPk departs for thei th time, permanent custom-
ersP1,P2, + + + ,Pk21 have departedi times and permanent customersPk11,Pk12, + + + ,PM

have departedi 21 times+ The time of thenth departure is then the sum of the length
of the first i subcycles for permanent customersP1,P2, + + + ,Pk and the length of the
first i 21 subcycles for permanent customersPk11,Pk12, + + + ,PM, so

Sn 5 (
j51

k

Si
j 1 (

j5k11

M

Si21
j ,

whereSi
j is the sum of the firsti subcycle lengths for permanent customerj+ Because

the subcycles for the different permanent customers are independent, the LST for the
distribution of the time of thenth departure of a permanent customer for a mixed-
traffic queueing system withM permanent customers, which is initially empty of
ordinary customers, is

Sn
*~s! 5 )

j51

k

Si
j*~s! )

j5k11

M

Si21
j* ~s!+ (3.5)

Because permanent customerj begins withcj ordinary customers directly ahead of
him in the queue, Theorem 3 implies

Si
j*~s! 5 ~Yn

*~s!!cj )
l51

i

Xl
*~s!, j 5 1, + + + ,M+ (3.6)

Substituting in~3+5!,

Sn
*~s! 5 )

j51

k S~Yi
*~s!!cj )

l51

i

Xl
*~s!D )

j5k11

M S~Yi21
* ~s!!cj )

l51

i21

Xl
*~s!D

5 ~Yi
*~s!!(j51

k cj S)
l51

i

Xl
*~s!Dk

~Yi21
* ~s!!(j5k21

M cj S)
l51

i21

Xl
*~s!DM2k

5 ~Yi
*~s!!(j51

k cj ~Yi21
* ~s!!(j5k21

M cj ~Xi
*~s!!kS)

l51

i21

Xl
*~s!DM

+ n
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Theorem 7: For the mixed-traffic M0G01queue where the permanent and ordinary
customers have the same service-time distribution containing M permanent custom-
ers initially adjacent to each other at the end of the queue behind a geometric
~starting from0! number of ordinary customers, the LST of the time of the nth
departure of a permanent customer is

Sn
*~s! 5

r

12 r S 1

12 ~12 r!Xi
*~s!D~Xi

*~s!!kS)
l51

i21

Xl
*~s!DM

,

where i5 [n0M] and k5 n 2 {n0M} * M, P*~s! is the LST of the service-time
distribution,

X1
*~s! 5 P*~s!,

and

Xk
*~s! 5 P*~s1 l~12 Xk21

* ~s!!!, k 5 2,3, + + + +

Proof: If the M permanent customers are initially adjacent to each other at the end
of the queue behind a geometric~starting from 0! number of ordinary customers,
~3+5! still holds and, by Theorem 3,

Si
j*~s! 5 )

l51

i

Xl
*~s!, j 5 2, + + + ,M+ (3.7)

Now,

Si
1*~s! 5

r

12 r

)
l51

i

Xl
*~s!

12 ~1 2r!Xi
*~s!

(3.8)

is the LST of the time of thei th departure of the permanent customer in a mixed-
traffic queueing system with one permanent customer that is initially in the queue
behind a geometric~starting from 0! number of ordinary customers+ Substituting,

Sn
*~s! 5

r

12 r

)
l51

i

Xl
*~s!

12 ~12 r!Xi
*~s! S)

l51

i

Xl
*~s!Dk21S)

l51

i21

Xl
*~s!DM2k

5
r

12 r S 1

12 ~12 r!Xi
*~s!D~Xi

*~s!!kS)
l51

i21

Xl
*~s!DM

+

n

4. CONCLUSIONS

Asingle-server queueing system with mixed traffic has been examined+ For a system
containing one permanent customer, the distribution of the length of thei th cycle
was obtained+Also, the distributions for the time of thenth departure of the perma-

TRANSIENT ANALYSIS OF A SINGLE-SERVER QUEUE 351

https://doi.org/10.1017/S0269964800143050 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964800143050


nent customer and the number of departures up to timet were found+ For a system
containingM permanent customers, the LST for the distribution of the length of the
i th cycle and the LST of the distribution for the time of thenth departure were also
obtained+
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