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Abstract

In this paper, we develop a continuity method for the Dirichlet problem of Hessian equations on
Riemannian manifolds. Such equations, introduced by Caffarelli er al. [“The Dirichlet problem for
nonlinear second-order elliptic equations III: functions of eigenvalues of the Hessians’, Acta Math. 155
(1985), 261-301] are defined in terms of the eigenvalues of the Hessian and a given pair (f,I"), where f is a
symmetric function defined in a symmetric cone I' ¢ R" and I" specifies the set of admissible eigenvalues
for the solution. Our method combines techniques from Morse theory with a characterization of the pair
(f.T). More precisely, in the type-2 case, we first construct admissible functions using Morse theory and
then solve the Dirichlet problem without any additional assumptions on the boundary or the subsolution.
Building on this characterization of the pair, we can approximate the type-1 equation by a family of type-2
equations.
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1. Introduction

Let (M, g) be an n-dimensional compact connected Riemannian manifold with smooth
boundary dM. Denote M := M UdM, where n>?2 and M is the interior of M. Let
x be a smooth symmetric (0, 2)-tensor on M, and let e C®(M) and p € C*(OM).
Moreover, denote 1= (L, 1,...,1) e R™.

In this paper, we propose a continuity method for the Dirichlet problem

F(V*u+xy)=y inM, (1-1)
u=¢ ondM, (1-2)
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382 R. Yuan 2]

where V2u is the real Hessian of u with respect to the Levi—Civita connection V of g.
The nonlinear operator F(V?u + y) is generated by a pair (f,T’) and has the form
F(Viu+x) = fQIVu + X)),

where A[V?u + y] is an n-tuple of eigenvalues of V2u + y with respect to g, f is a
smooth symmetric function of n real variables, defined in an open symmetric convex
cone I' with vertex at the origin, and

Ip={,...,4) eR": eachq; >0} CT,

as well as dI" # 0. The function f is supposed to satisfy

f is a concave function in I, (1-3)
0
fi(D) = fo,(D) = a—/{(/l) >0 inTforalll <i<n. (1-4)

DEFINITION 1.1. For (1-1), following [2], we say that u € C%(M) is an admissible
function if A[V?u + y] €T.

Equation (1-1) includes the Monge—Ampere equation and the more general
k-Hessian equation corresponding to

f=a/t, T=T,

where o is the kth elementary symmetric function and Iy is the k th Garding cone.
Recently, an example introduced by [12] has attracted considerable interest:

o 2 8o k=2
f=—"=> 2 forall =0, Y B;>0,T=Tpy. (1-5)
k-1 =0 Tk-1 =0

Moreover, (1-1) also includes the following as a special case:

fQlAu- g —Viu+x)) = y. (1-6)

When f(1) = Y7, log 4;, it is a Monge—Ampere equation for (n — 1)-PSH functions in
the sense of [14]. Such a type of equation is of special interest in complex geometry,
since its close connection to the form-type Calabi—Yau equation [5] and Gauduchon’s
conjecture [22, 24].

When y =0 and M = Q c R", the Dirichlet problem was initially treated by
Caffarelli et al. [2] under some additional assumptions on f, including

tlim f(d) =400 forany A €T, 1-7)
—+00

and the unbounded condition

tlim fy, ..., 4y, A4y + 1) = +c0 forall A =(4y,...,4,) €T. (1-8)
—+00
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Similar results were also obtained in the literature [16, 17]. Caffarelli ef al.’s result has
been further extended by Trudinger [25] to the bounded case. In addition, their works
require a certain assumption on the principal curvatures of Q.

Without geometric restriction to the boundary, as developed by [7, 11] and others,
in general, the existence result for the Dirichlet problem requires an appropriate
subsolution assumption.

DEFINITION 1.2 (Subsolution). We say that u € CZ(A_/I) is an admissible subsolution
to the Dirichlet problem (1-1)—(1-2) if it is an admissible function and satisfies

fQAVu+xD)>¢ inM,u=¢ ondM.

Condition (1-4) ensures that (1-1) be elliptic at any admissible solutions, while (1-3)
implies that the operator F(A) = f(A(A)) is concave with respect to A when A(A) € T'.
Therefore, under the assumption

infy > sup f where supf = sup limsupf(Q), (1-9)
M ar or 29€dl -0

once the following a priori estimate of the Hessian is in place,

sup |V2u| <C, (1-10)
M

the higher regularities follow from the Evans—Krylov theorem and Schauder theory.
Building on this, one can use the standard continuity method to derive the existence.

This paper is devoted to developing a continuity method for the Dirichlet problem.
First, we review some notation. For a given pair (f, "), as in [34], denote

f T _
Ij={ael: lim f(tD) > o).
In addition, lc"é denotes the interior of l"g. For l"g, as in [33, 36], define
(1,...,1,1—9%)661"3 (1-11)
Following the convention in [2], as in [34, 36], we say that (f,I’) is a type-2 pair if
©,...,0,1) e L. (1-12)

Otherwise, it is a type-1 pair. Accordingly, we call (1-1) a type-2 equation if the
corresponding pair (f, ) satisfies (1-12). Otherwise, it is a type-1 equation.

REMARK 1.3. When f satisfies (1-7), we know l"g =T". Notably, l"g I &= oy > 1.
6
For (1-5), we have I}, = T and o = (n/k).
G

The type-2 pair is much simpler, as detailed in Lemma 2.2. This is a special case of
the partial uniform ellipticity developed by the author in a series of works [31, 32, 36].
In this type-2 case, together with a Morse theory technique that was first introduced
in [32] as a tool to construct admissible functions, we obtain the existence result for
the Dirichlet problem without extra assumptions on the boundary or the subsolution.
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THEOREM 1.4. In addition to (1-3), (1-4), and (1-9), we assume that (f,T) is of type 2.
Then, the Dirichlet problem (1-1)—(1-2) has a unique smooth admissible solution.

This is a fully nonlinear analogue of the existence theorem for Poisson’s equation.
Significantly, in the type-2 case, we can solve the Dirichlet problem without any extra
assumption regarding an admissible subsolution or admissible function. This stands in
contrast with the vast existing literature.

However, using the constant Ql-é , we can give a characterization of (f,I’) in

Lemmas 2.4 and 2.2. Thus, we can recast (1-1) in the following form:
FUAu-g - oVu+3)) =y, (1-13)
corresponding to ( f R f), and vice versa, where
e<or, @ #0 and J = (trex) - g — 0.

In the critical case o = 1, it reads as (1-6). Significantly, when o < 07 and o # 0,
G

(1-13) can be reformulated as an equation (1-1) of type 2, and vice versa. See
Proposition 2.6. Motivated by this, in Theorem 2.5, we propose an approximation of a
pair (f,T) via type-2 pairs (f*,I"). An analogous approximation was also considered
in [13, 18]. Our strategy is different and new. It is based on the applications of Morse
theory to fully nonlinear equations, which was first observed by the author [32] (see
also [27, 33, 35-37]).

By integrating Theorems 1.4 and 2.5, we propose a continuity method for the
Dirichlet problem and apply it to establish a proof of the following result. This is a
real analogue of [34, Theorem 1.6].

THEOREM 1.5. Let f satisfy (1-3), (1-4), (1-9), and (1-8). Suppose that there exists
an admissible subsolution u € C*(M) to the Dirichlet problem (1-1)—(1-2). Then, the
Dirichlet problem admits a unique smooth admissible solution.

In contrast to the usual approaches, our method leverages the a priori estimates
directly, eliminating the necessity of smooth approximations to the C2-regularity
admissible subsolution. In the unbounded-condition case, a similar approach also
works on closed manifolds.

Definitely not too surprisingly, things become more subtle in the degenerate case

infy = sup f. -
niy =supf (1-14)

The optimal regularity one can expect is C"!. For a type-2 degenerate equation, we
derive a C"!-weak solution to the Dirichlet problem. To this end, we further assume

feC®T)NCT) wherel =T Udr. (1-15)
THEOREM 1.6. Assume (1-3), (1-4), (1-12), (1-14), and (1-15) hold. Then, the

Dirichlet problem (1-1)—(1-2) possesses a weak solution u € C\ (M) with Au € L¥(M)
and A(V?u+ y) €T in M.
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REMARK 1.7. Theorems 1.4 and 1.6 allow (1-6) when l"é # Iy, in which case o > 1.
G

One of the key ingredients in deriving (1-10) is to derive the gradient estimate

sup [Vu| < C.
M

For (1-1) with y = g, the gradient estimate has been studied by Li [20] when the
sectional curvature of g is nonnegative, and by Urbas [26] when replacing such a
curvature condition by certain extra assumptions on f including

268 ) if 420,

See also [9]. In 2020, the author [31] confirmed such a key inequality when f
satisfies (1-7), thereby extending (1-10) to a large number of real Hessian equations.
A straightforward proof of the gradient estimate for (1-1) was carried out by Guan
[10] under a rather weak assumption. The above-mentioned gradient estimate is
based on the Bernstein method. Another effective method is the blow-up argument.
Such an argument was developed by Chen [3] for the Dirichlet problem of a
complex Monge—Ampere equation, and by Dinew and Kotodziej [4], building on Hou
et al.’s [15] second-order estimate of the form

sup |Au| < C(l + supruIz), (1-16)
M M

in the case of complex k-Hessian equations on closed (compact without boundary)
Kihler manifolds. Recently, under the extra assumption (1-7), the blow-up argument
was extended extensively by Székelyhidi [23] to Hessian equations on closed Her-
mitian manifolds. The technical assumption (1-7) was subsequently removed by the
author [34], thereby extending Székelyhidi’s C>“-estimate to the optimal setting.
Moreover, in the unbounded case (1-8), the author [34] also established a prior
estimate (1-16) and then solved the Dirichlet problem of Hessian equations on complex
manifolds. In this paper, we employ the strategy of [34] to derive a gradient estimate
in the type-1 case.

The rest of this paper is organized as follows. In Section 2, we discuss the
structure of a pair and then propose an approximation of the pair (f,I') by type-2
pairs. In Section 3, we prove Theorems 1.4 and 1.6 based on Morse theory and
the characterization of type-2 pairs. In Section 4, we establish (1-16) and (1-10). In
Section 5, we propose a continuity method for the Dirichlet problem and employ it to
give a proof of Theorem 1.5. In Appendix A, we summarize some useful lemmas.

2. Approximate Hessian equations using type-2 equations

2.1. Structure of a type-2 pair. We review a property of Fg proposed in [34].
LEMMA 2.1 [34]. Suppose that f satisfies (1-3) in . Then,

n

Zﬁ(ﬂ),ui >0 and f(A+p)=f(1) foralldAel, forallue Fg. 2-1)
i=1
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PROOF. We start with an observation
n
> fi(u; > limsup f(u)/t forall A, p €. (2-2)
i=1 t—+00

This inequality follows from the concavity of f. Moreover, by (1-3), we get
Zf,-(/l)(u,- —-A) = f(w—f(1) foralld, uerl. (2-3)
i=1

By (2-2), Y fi(hu; =0 forallA e, forallue l"é. Combining (2-3), we get
J@A+ = f(. O

As in the introduction, 1= (1,...,1). According to [36, Theorem 5.6], we obtain
the following lemma.

LEMMA 2.2 [36]. In addition to (1-3), we assume (—8y,0,...,0,1) € l"; for some
0o > 0. Then,

f) = %Z fQ) inT foralll <i<n. (2-4)
j=1

Moreover, tlim S, ..., 1, Ay +t) =supp f forall A = (A,...,4,) €T.
—+00

REMARK 2.3. When f further satisfies (1-7), the result was obtained in [31].

PROOF. Suppose 4; < --- < A,. The concavity and symmetry of f implies f, <--- <
fiand fi > (1/n) 2, f;. By Lemma 2.1, f, > 60f1 = (60/n) 3, f;. Finally, for Ry >0
from (0,...,0,1) € lo"f, one can find > 1 sothat #(0,...,0,1)+ 1 — Rof € l"é Thus,
JQp, . Ao, A+ 1) > f(Rgf) according to (2-1) from Lemma 2.1. O
2.2. Structure of a pair and an application to approximation. The results
of this subsection are based on an observation. The observation is noted in [36]

and closely aligns with the results presented in [35, Section 4]. Fix a pair (f,T).
Let o be as in (I-11), and pick a positive constant ¢ with n—o <o <n.
G G

Define ut := X /ljf — o4 forall 1 € R". Let P be a linear map from R” to R"” with
P(2) = u*. Since 0 < o < n, the linear map is well defined and invertible, and P~ (u) =
(1/o(n = )X, ujf — (n— o)u). Take " := P(T') and define £ : T’ — R by

Fh = f.

So, I is an open, convex, symmetric cone with vertex at origin. We prove the following
lemma, which is noted in [36].

LEMMA 2.4. Given a pair (f,T) obeying (1-3) and (1-4), let o, T, and f be as above.
Then, T is an open symmetric convex cone with vertex at the origin and
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and f satisfies (1-3) and (1-4) in T. Moreover, (f,T) is of type 2 and we have the
following.
(1) If(0.....0.1) €I, then o < 0.
G
) If(0,....,0,1) €L, then o = o
6

PROOF. From Zj'.’:lyj/.l =n-o0) 27:1 4dj, we see IFcr,. By n —Qrg <o, Wwe
know (I,...,1,1-n+g) €I, thereby (0,...,0,1)eT. By I =P(Tl) and
— =/
©,...,0,) e Ij weget(l,...,1,1-p)€ I“g. Thus, o < Of7 - However, we can check
G

the concavity of f in I, thanks to

fau + (1 =o'y = fa+ (1 =DX) > tf(D) + (1 = fQ)
=tf+ (1 —f") forall0<t<1, forallu, u¥ eT.

Finally, we see (f,T) satisfies (1-4) thanks to

6_f: 1 - Of l(?f> 1(" of ﬁ)zO.

ut  o(n-o) = 4 00 oorr \ &5 L TTeda
The above two inequalities follow from 0 < n — ¢ < ¢/ and Lemma 2.1. |
g

THEOREM 2.5. Given a type-1 pair (f,T) with (0,...,0,1) € arg, let (f,T) be the
pair as asserted in Lemma 2.4. For t > 1, denote

1) = f(zz A1 - ,Ql-,g/l), = {/1 eR": zZ A1 - L f}. (2-5)
i=1 i=1

Then, we have the following.
(1) TcI'and Fé C F’gfort > 1. Whent = 1, (f',T") coincides with (f,T).

(2) Foreacht> 1, (f',T") is a type-2 pair, that is, (0,...,0,1) € F’g
3) fYQ) = fA) forall A €T, forallt> 1.

From this, each equation of the form (1-1) can be reformulated as in the following
form:

fAlAu-g—oVu+ih =y, o#0,

and vice versa.

https://doi.org/10.1017/51446788726101578 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788726101578

388 R. Yuan [8]

PROPOSITION 2.6. Fix a pair (f,T') and pick a positive constant o withn — oy <o <n.
g
Let (f,T) be as above such that o0 < ;. Given a symmetric (0,2)-tensor x, denote
G

X = (trgx) - 8 — 0 x. Then, for any C?-function u with A[V?u + y] €T,
FQIVu+xD) = fAlAu - g~ 0V?u + 7).

Moreover, (0,...,0,1) € fg — p< Qr_é‘.

3. On the type 2 equations

3.1. C'-estimate and construction of admissible functions. We use Morse theory
to construct admissible functions. The strategy follows some ideas of [32] (see also
[33, 36]). For our purpose, we need the following lemma.

LEMMA 3.1. Let M be a compact connected manifold of real dimension n > 2 with
smooth boundary. Then, there is a smooth function v without any critical points.

PROOF. We include a proof, following [32]. Let X be the double of M. It is obtained
by gluing two copies of M together along their common boundary. Let w be a smooth
Morse function on X with the critical set {p;}""**, among which py, ..., p,, are all the

i=1>
critical points being in M. Pick qis--sqm € X\ M, but not the critical point of w. By
the homogeneity lemma (see [21]), one can find a diffeomorphism 4 : X — X, which
is smoothly isotopic to the identity, such that h(p;) = g; for 1 <i <m and h(p;) = p;
form+1<i<m+k.Then,v=wo h‘IIM is the desired function. O

By Lemma 3.1, we can take a smooth function v with v > 1 and dv # 0 on M. Let
v=e". (3-1)
The straightforward computation yields that
x+ Vv =y +1" (Vv +tdvedv).

Let Ry be a positive constant such that f(Rof) > in M. By (0,...,0,1) € I/ , We
may pick 7 > 1 such that

2 ,tv

t o t o
/l[)( + teW(Vzv + 3 dv® a’v)] € Fg, /l[% dve® dv — Rog] € Fg.

In particular,

AV?y+xl e T in M. (3-2)
Using Lemma 2.1 twice, we conclude that
t2 v N
FAIVEY 4 x]) = f(/l[ ~dve dv]) > f(RoD) > . (3-3)
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T'he comparison principle then 1mphes that
i f - = i f - . 3_4
1;14 (Lt V) gl (QO V) ( )

The upper bound of u is standard. Let /& be the solution to
Ah+1trgy =0 inM, h=¢ ondM.

The existence and regularity of & can be found in standard textbooks; see
[6, Theorem 6.14] and [1, Theorem 4.8]. Then,

u<h inM, u=h=¢ ondM. (3-5)
3.2. Local and global estimates for type-2 equations.

PROPOSITION 3.2. In addition to (1-3), (1-4), and (1-9), we assume (—dy,0,...,0,1) €
Fgfor some 8y > 0. Let B, C M be a geodesic ball with radius r > 0. Let u € C*(M) N

CQ(M) be an admissible solution to (1-1). Then,

sup(|V2ul + |Vul*) < C, (3-6)
B,

where C| depends on 67', r~!, lulcos,y, Wlcas,, and geometric quantities on B,.
Moreover,

sup(|V2ul + [Vul?) < C(1 + sup [V2ul + sup | Vul?), (3-7)
M oM oM
where C, depends on 65 L |ul o |¢|C2(M), and other known data. Furthermore, both
-1
w.f’
=infy — .
Oy.f m ¥ S(;lrpf (3-8)

Cy and C; are independent of 6., where and hereafter

PROOF. By Lemma 2.2, f is of fully uniform ellipticity, that is, f satisfies (2-4). As in
[8] (see also [31, 32]), we can derive local estimates (3-6) for second- and first-order
derivatives. When taking the cutoff function n7 = 1 in the proof, we get (3-7). Since the
proof is somewhat standard, we omit the details here. |

3.3. Boundary estimate for first derivatives. Let o be the distance function to
OM, let M5 :={ze M : 0(z) <}. In the following, we use o to construct a local
l"é—admissible function w subject to

FQAIVPw+x)) >y in Ms, (3-9)
uzw inMs, w=¢ ondM (3-10)
for some &y > 0. As in [8], take w(z) = 21og(6?/6> + 0(z)). The computation gives

2do® do  2Vio

+Vw+) =y + Ve + - .
X W) =x 4 G*+0)2 +o
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Notice |Vo| =1 0on0M and (0,...,0,1) € l"é Take 0 < 6; < 1 so that

do® do 2Vio
2+0)? &+o0

for 0 < ¢ < ;. By Lemma 2.1, there is 0 < d, < d; such that for 0 < ¢ < §,,

Ay + Vo + ]ef"g in M;

do® do
(0% + 0)?

From (3-4), there is a positive uniform constant d3 such that

FQl + V2w + 9)]) Zf(/l[ ) Sy in M,

. 03
f(u—¢)=>21 .
llrl}I(u ¢) = 0g1+53

Denote 69 = min{d,, 63} and take

62
w=2log =—— +¢. (3-11)
- 6+ 0

Consequently, the comparison principle yields that

i —w) = inf (0= w) > 0.

Thus, w satisfies (3-10) and (3-9) in M;;,. From (3-5) and (3-10),
[Vul < C on oM. (3-12)

3.4. Boundary estimate for second derivatives. Now, we review some notation.

For xy € M, we choose a smooth local orthonormal frame ey, . . ., e, around x, such
that e, is the unit inner normal vector field when restricted to M. Denote g;; = g(e;, ¢;)
and {g"} = {gy}~". Under the Levi-Civita connection of g, V.,¢; = I'je, and I'; denote
the Christoffel symbols. For simplicity, we write

Vi=V,,V=VV,-TiVi, Vi=VViy -,V —T;Vj,..., and so forth.
The linearized operator of (1-1) at the solution u, say L, is locally given by
Lw = F'Vyw, (3-13)

where g;; = x;; + Vyu and FV = (9F(g)/dg;).
Let w be as in (3-11), a local fg—admissible function obeying (3-10) and (3-9).
Applying such a local barrier function w to Lemma A.2, there is a positive constant
& (independent of 6, ) such that either

Fi(Vyw — Vju) > eFlg; + & (3-14)
or

F'>e(1+ FMg,)g". (3-15)
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PROPOSITION 3.3. Let 0y be as in (3-8). In addition to (1-3), (1-4), and (1-9),
we assume (—0¢,0,...,0,1) € Fé for some 8y > 0. Let u € C*(M) N CZ(A_4) be an
admissible solution to the Dirichlet problem (1-1)—(1-2). Then,

sup |V2u| < C  independent oféll_,lf, (3-16)
M k

where C is a positive constant depending only on 66', ulconry [Vl cogomnys |E|c2(Mﬁo)y
l¢lc3omy, and other known data.

PROOF. The proof of the boundary estimate for pure tangential derivatives
[Vopu(xo)l < Cs foralla,f <n—1 (3-17)

is standard by the boundary value condition. Here, Cs depends only on [¢lc2(ga),
|ulc1oar)> and geometric quantities of OM.

By a minor modification of [28, Proposition 3.1], we can employ (3-14) and (3-15)
to derive boundary estimates for mixed derivatives

-1

[V antt(xp)l < C6(1 + sup |Vu|) forall 1 < @ <n independent of 6M-,
M

where C¢ depends on |u|C0(M), lelesanys W 1y and other known data.
Let v be as in (3-1). From (2-3) and (3-3), we get

n
F"Vou(xo) < = ) FiVyu(xo) + ) FIV;v(xo).

i+j<2n ij=1

By Lemma 2.2 or (2-4), F"" > (6o/n) Y\, F" at xo. Thus,

n n o+
tn(050) < 5 ) Wyl + 2= ) Vino)l
i+j<2n ij=1

Finally, by (3-17) and I" C T'j, we see V,,,u(xg) > —C. O
3.5. Completion of the proof of Theorem 1.4. Let v be a smooth function as
constructed in (3-1), satisfying (3-2) and (3-3). For each ¢ € [0, 1], we consider

JQIVU +xD) = 0y + (1= DfQA[V?y+x])  inM, (3-18)

u=rp+(1-1ty on OM.

Denote
S ={r€[0,1] : (3-18) has a unique smooth admissible solution for ¢}.

Obviously, for ¢ = 0, the Dirichlet problem has a unique admissible solution v. By
the implicit function theorem and the theory of linear elliptic equations, S is an open
subset of [0, 1]. Together with the Evans—Krylov theorem and Schauder theory, (3-4),
(3-5), (3-7), (3-12), and (3-16) imply that S is closed. Thus, S = [0, 1].

We remark that the subsolution assumption is not needed in the present proof.
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3.6. Proof of Theorem 1.6. By Theorem 1.4, for each § > 0, there is a unique
smooth admissible function #° satisfying

f(/l[Vzu‘s +xD)=¢y+4 in M, = ¢ ondM.
From (3-4), (3-5), (3-7), (3-12), and (3-16), we deduce that

sup |[V?u’| < C  independent of 6.
M

Take § — 0*. By passing to a proper subsequence, we may obtain a weak C"!-solution
to the Dirichlet problem for a degenerate equation.

4. Quantitative second-order estimate

We establish a real analogue of [34, Theorem 1.7] in the unbounded case.

PROPOSITION 4.1. In addition to (1-3), (1-4), (1-8), and (1-9), we assume that the
Dirichlet problem (1-1)—(1-2) admits an admissible subsolution u € CZ(M). For any
admissible solution u € C*(M) N C2(A_4) to the Dirichlet problem, we have a second
estimate of the quantitative form

sup IV2u| < C(l + sup IVMIZ), 4-1)
M M

and the Hessian estimate (1-10).

We first summarize some notation. Fix a point xog € 9M. We choose a smooth local
orthonormal frame ey, ..., e, around x, such that e, is the unit inner normal vector
field when restricted to M. Denote

o ={(A1,...,4,21) : (A4,..., 4,1, R) € T for some R > 0}.

Throughout this section, the Greek letters @, 8 run from 1 ton — 1.
The main issue is to derive (4-1). Following an estimate presented in [10, Section 3],
we can prove that

sup IV2u| < C(l + supIVuI2 + sup |V2u|).
i M oM

To derive (4-1), it is only required to prove the quantitative boundary estimate

sup IV2u| < C(l + sup IVulz).
oM M

From [28, Proposition 3.1], we have boundary estimate for mixed derivatives

[V an(x0)] < C(l + supruI) foralll <a<n-1.
M

By (3-17) and I C I'j, we see V,,u(xp) > —C. So, it suffices to prove the following
lemma. This is a real analogue of [34, Proposition 7.1].
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LEMMA 4.2. In the setting of Proposition 4.1,

n—1
) < C(1+ ) lgenxo)P).

a=1

Let o be as in Subsection 3.3, the distance to the boundary. At xg € OM, the
boundary value condition yields

Qup = (1 =008, + 118, + Vil = )V pr). (4-2)
Let 1o be the first  as we decrease ¢ from 1 such that
/l(tgaﬁ + V,(u - u)Vypo) € 0l
at xg, where 0l is the boundary of I's,. Obviously,
-To<ty<1

for some uniform positive constant 7y under control. Following closely the outline
of [2] (see also [19] in the complex case), one may obtain

(1-1)"' <C, possibly depending on 6@’_/})" (4-3)

where C is a uniform positive constant depending on |ulcons), [Vulco@nns [Ulc2m
sup,, ¥, OM up to third derivatives, and other known data.
Denote

A=) =A@ ), (4-4)
(Ai)ap = 108, + Vit = WVapor, X' = (A, A1) = A(Ar)apl- 4-5)

For R > 0, define the matrix

8a8  San
AR) = .
® (gnﬁ R)

By (4-2), we can decompose A(R) as follows:
AR)=A'"(R) +A”(R),

where
— _% (1 —19)e0

Moreover, we need the following lemma, which was proved by [34] in the complex
case.

LEMMA 4.3. There exist uniform constants Ry and Cy» depending on (1 — t5)7!, 861,
f, and other known data under control, such that

JRAUA"(R3)]) =2 =Car. (4-6)
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PROOF. We include the proof, following [34]. Let " and A’ be as in (4-4) and (4-5),
respectively. One can see that there is a uniform constant Cy > 0 depending on ||,
supgy |Vul, and other known data, such that |4'| < Cy, that is,

VeK={lels: || < Col

There is a positive constant R, depending on ((1 — #9)&o)~', K, and other known data,

such that
0 Ry/2
Let R3 = Ry + ((1 — ty)ep/4). So,
AA"(Ry)] e T + L2007 47

8

Notice that A”’(R3) is bounded. There exists a uniform constant C4» depending on
(1 -1)7", &', R3 and f, such that (4-6) holds. O

PROOF OF LEMMA 4.2. We follow closely [29, 30, 34]. By (1-8) and (4-3), there is a
uniform positive constant R; such that

FQ = 10)(A] —€0/2), ..., 2(1 = 10)(A,_, — €0/2),2R1) = 2f(D) + Car (4-8)

and (4] — &0/2,..., 4 | —&0/2,(1 —19)"'R)) € T.
Let us pick € = ((1 — t9)eg/4) in Lemma A.1. Then, we set

82n -3
Ro= g )Z| an|2+2(n—1><1—ro>2|ﬂ'

L 1)(1 — 19)&o

+ 2R + 2R,
D) 1 2

where &9, R1, and R, are the constants we fixed in (4-8) and (4-7). According to Lemma
A.1, the eigenvalues A[A’(R.)] (possibly with an appropriate order) behave like

A[A'(RIT > (1 = 1), — &0/2), 1 <@ <n—1; L,[A(R)] > Re/2. (4-9)

In particular, A[A’(R.)] € T. So, AJA(R.)] € T.
Using the concavity of f, Lemma 4.3, and (4-8), (4-9), we deduce that

FAUAR)D = 5 fQAUA R)D + 3 fQAUA R = f(D = .

Thus, g,, < R.. By (4-3), (1 — to)~! is bounded. The proof is now complete. O
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PROOF OF PROPOSITION 4.1. By (3-5) and the subsolution assumption,

sup |u| + sup [Vu| < C.
M oM

Based on (4-1), without using the assumption (1-7), we use the blow-up argument
developed in [34], extending that of [4, 23] to the optimal setting, to derive the gradient

estimate
sup [Vu| < C.
M
(The details can also be found in [28, Section 5].) In conclusion, we get (1-10). O

5. A continuity method and proof of Theorem 1.5

We now give a continuity method for the Dirichlet problem (1-1)—(1-2). Our method
is based on Theorems 1.4 and 2.5. Let (f,I') be the pair corresponding to (1-1).
If (0,...,0,1) € Fg, then we are done as in Theorem 1.4. From now on, we assume

©,...,0,1) e 61“2 and then take the pair (f,I") defined as in (2-5).
For each ¢ € [1, 2], consider

fANVu+x) =y inM, u=¢ ondM. (5-1)
When ¢ > 1, (f*,T") is of type 2 according to Theorem 2.5. Then, by Theorem 1.4,
for each ¢ > 1, (5-1) has a unique smooth solution u’ with A[V?u’ + y] € T".

Let u be an admissible subsolution to the Dirichlet problem (1-1)—(1-2). By items
(3) and (1) of Theorem 2.5, u is also an admissible subsolution to (5-1) forall 1 < ¢ < 2,

FANVuU+x) =y, AVu+x]el’ inM.

By (1-8), Lemma 2.2, and Theorem 2.5 (¢ > 1), (f*,I") uniformly obeys (1-8) for
t € [1,2]. By Proposition 4.1, for ¢ € (1, 2], there is some « € (0, 1) such that

|| sz < € independently of 7.

Passing to a proper subsequence as t — 17, we obtain a C**-admissible solution u
to the Dirichlet problem (1-1)—(1-2). The Schauder theory implies that u is indeed
smooth. The uniqueness follows from the maximum principle.

Appendix A. Useful lemmas

The following lemma is a key ingredient for the proof of Proposition 4.1.
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LEMMA A.l [29, 30, 34]. Let A be an n X n symmetric matrix

dl a
dr az
dn—l ap-1
a a -+ dy—q a
withdy,...,d,—1,a1,...,a,-1 fixed, and with a variable. Denote the eigenvalues of A

by A =(4y,...,4,). Let € > 0 be a fixed constant. Suppose that the parameter a in A
satisfies the quadratic growth condition

as 2 3Z|a|2+(n—1)2|d| 2)6

Then, the eigenvalues (possibly with a proper permutation) behave like

|dy — Al <€ foralll<a<n-1;, 0<A,—a<@®m-1)e

Lemma A.1 was proposed in [29, 30]. We also refer the interested reader to [34] for
a detailed proof.

In the following, we also present a lemma regarding a subsolution. Denote 0I'” :=
{1el: f1) =

LEMMA A.2 [34]. Assume (1-3) and (1-4) hold. Fix o € (supyp f,supy f). Suppose
u € R" obeys for some 6, R > 0 that

(u — 261 +T,) N I c Br(0). (A1)
Then, there is a positive constant € depending on o, y, 8, R such that if A € U7, then
either
D = 0= o1+ Y i) (A2)
i=1 i=1
or
) > 5(1 > ﬁ(/l)) forall1 <j<n. (A3)
i=1

PROOF. For self-sufficiency, we include the details, following the proof of [34].
Denote fi = u — o1. By (A.1), there is a positive constant Ry depending only on f and
R such that

f(ﬂ+R085)>0’, ﬁ+RO€,~eF forall1 <i<n,

where €; is the i th standard basis vector in R". Denote 6y = min;<;<,{f(@i + Ro€;) — o}.
In the following, we prove the conclusion for € = min{(6/2), (6/2Ro), (00/2), (60/2R0)}.
Without loss of generality, we assume 4} < -+ < 4,. Then, fi(1) > --- > f,(1). We get
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(A3) if f,(A) > (60/2R0) + (6/2R0) X7 fi(A). From now on, we assume (6o/2) +
(6/2) X, fi(A) = Ry fn(1). Combining this assumption with (2-3),

i il = ) = i i@ — 4) +6 i Si()
i=1

i=1 i=1

> f(fi + Ro€y) = F(D) = RofuD) +6 )" i)
i=1

REMARK A.3. According to [34, Lemma 3.1], the right-hand sides of both inequalities
(A.2) and (A.3) can be strengthened to e(1 + X7, fi(D) + | X7, fi(DA]).
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