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Inequalities for the sequences with
unified form

Li-Mei Dou, Zhen-Yu Gao, and Larry X.W. Wang

Abstract. 'We consider a class of sequence c(n) with the following asymptotic form:

c(n)~n£ﬂexp(ZA,\n’1) > Bu (n— o0).

18 pex n¥

We give criteria for the Turan inequality of any order, the double Turdn inequality, and the Laguerre
inequality of any order of ¢(n) for sufficiently large n. We also give the companion inequalities for the
Turan inequality and the Laguerre inequality of any order for c¢(n). As applications, we will show that
the numbers of commuting ¢-tuples in S, the partition without sequence, the plane partition, the
partition into k-gonal numbers, the finite-dimensional representations of groups su(3) and so(5),
and the coefficients of infinite product generating functions asymptotically satisfy these inequalities.
Some of them settle open problems proposed by Bringmann, Franke, and Heim.

1 Introduction

The main purpose of this article is to consider sequences c(n) of real numbers of the
form

1.1) c(n)~cexp(ZA,\nA) > Pu (n— o0).
n Ae8 ueT nt

Here, k € R,8 c Q* n (0,1) is finite, T c Qf is finite, C, Ay, B, € Rwith g =1if0 € T.
This general form was introduced by Bringmann, Franke, and Heim [5], including the
asymptotical expression of the numbers of the unimodal sequences [3], the strongly
unimodal sequences [23], the partition without sequence [18], the plane partition [28],
the partition into k-gonal numbers [2], the finite-dimensional representations of
groups su(3) [4] and so0(5) [2] and the coefficients of the infinite product generating
functions [5]. Bringmann, Franke, and Heim [5] proved that c¢(n) satisfies the Turan
inequality for sufficiently large # and put forward an open problem concerning with
the Turdn inequalities of higher order.
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Recall that a real entire function
k

(12) Y = pg
k=0 :

is said to be in the Laguerre-Polya class, denoted by y(x) € £LP, if it can be represented
in the form

w(x) = cx™e X HPx [T+ x/xe) e,
k=1
where c, 3, and xi are real numbers, a > 0, m is a nonnegative integer, and ¥ x;% < oo.
The LP class has attracted much attention in view of its connection with Riemann
hypothesis.
The Riemann E-function is defined as

_ 1 2 1) E_1 ( iz 1) ( . 1)
E(z)==|-2"-~|m2 4 |-=+~ —iz+ = ).
@ 2( )" 2 4 ¢ 2

Following [8], the Riemann E-function can be written in Taylor series form as

F(z) = ( ) Zy(n) o

We say that a polynomial with real coefficients is hyperbolic if all of its zeros are
real. The d-th associated Jensen polynomial with shift n of an arbitrary sequence
{a(0),a(1),x(2), ...} of real numbers is the polynomial

(13) Jo(x) = Z ( )ak+nx

The hyperbolicity of degree d Jensen polynomial associated with the sequence {a(n)}
is equivalent to the Turan inequality for {a(n)} of order d. Pdlya and Schur proved
that the Riemann hypothesis holds if and only if the function F(z) belongs to £LP
class, i.e., having only real zeros, or equivalently, all Jensen polynomials having only
real zeros.

Griffin, Ono, Rolen, and Zagier [12] proved that under some conditions, the degree
d Jensen polynomials associated with the sequence {«(n)} are hyperbolic for any d
and sufficiently large n. In fact, they established the following theorem.

Theorem 1.1 (Griffin, Ono, Rolen, and Zagier) Let (n), A(n), and §(n) be sequences
of positive real numbers with 8(n) tending to zero and satisfying

; d
log (M) =A(n)j-8(n)%* + > gi(n)j' +o (8(n)d) as n— oo
a(n) i=3
forsomed >1,all 0 <j<dandsomegi(n)=o (6(n)i). Then, we have
—d _

lim (6(11) ]Z’n( d(n)X -1 )) ~ Hy(X)

wvoe Ta(m) '\ exp(A(m)
uniformly for X in any compact subset of R, where Hy(X) are the Hermite polynomials.
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Recall that a sequence {a, } 4> is called to satisfy the Turdn inequality, if
T(an):= an’ = ap_1ans1 > 0.
We say that {a, } ,>o satisfies the double Turén inequality, if
T(T(an)):= (an” = @n-18n11)* = (@n1® = 3n-205) (@n1® — Andniz) 2 0.

A sequence {ay, }n» is called to satisfy the Laguerre inequality of order m [26], if

12m

2m
Z(_l)k+m( k )an+kan+2m7k > 0.

(1.4) Lm(ay) = >
k=0

The Laguerre inequalities have profound connections to the Riemann hypothesis and
the Laguerre-Pdlya class (see [9, 11, 15, 21, 22]). Recently, the Laguerre inequalities
for the Maclaurin coefficients of the Riemann E-function, the partition function, and
some celebrated sequences have been extensively studied (see [1, 7, 10, 25-27]). Denote

the sum of the terms with positive (negative, respectively) coefficients of L, (a,) by
Lu@) 5 1 1t is also
Lu(an) =7
interested to consider the companion Laguerre inequalities, i.e., give an upper bound

ETEZ"; . For more recent work, see [1, 7, 10].

L} (an) (L;,(a,), respectively). One can see that (1.4) equals to

for

In this article, we will investigate these inequalities for ¢(#). This article is organized
as follows. In Section 2, we shall prove that as n — oo, ¢(n) satisfies the Turan
inequality of any order and the double Turan inequality. In Section 3, we will show that
c(n) satisfies the companion Turdn inequality for sufficiently large n. In Section 4, we
will show that c(n) asymptotically satisfies the Laguerre inequality of any order and
its companion version. In Section 5, as applications, we will show that the numbers of
commuting /-tuples in S,, the partition without sequence, the plane partition, the par-
tition into k-gonal numbers, the finite-dimensional representations of groups su(3)
and so(5), and the coefficients of infinite product generating functions asymptotically
satisty these inequalities.

2 Turan-type inequalities

In this section, we will prove that as n — oo, ¢(n) meets the requires of the Turdn
inequality of any order and the double Turan inequality.

To prove that ¢(n) fulfills the Turan inequality of any order, we just need to verify
¢(n) conform to the conditions of Theorem 1.1.

Theorem 2.1 Assume that c(n) is a sequence of the form (1.1), let 8:= {Ay,..., A},
where 1> A1 2 Ay 2 -+« 2A;>0and To={py, ..., 4}, where yy > pp > -+ 2 py 20,
k, C, Ay, By € Rwith Bo =1if0 € T.If Ay, > 0, then for sufficiently large n, c(n) fulfills
the Turdn inequality of any order.

Proof By the Taylor expansion of log x, we have that

(2.) log(x) =x-1- @ et (—1)"1Q +o(x), x> 1
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From (1.1), we get
By

p S g L
(2.2) log c(n+) ~ Y Ax(n +i)* ZA,\n +log & — +log ped (ng])ﬂ.
c(n)  iF pree (n+j)" S e L
B
We proceed to estimate Y .5 A) ((n +)—n )3 log(nﬂ)h and logw,
€T i
respectively. '
First, we estimate 335 Ay ((n +j)* — n*). Since
No(A
(2.3) (n+j)"—n’1:Z(,)n AL o(n N (N=z7).
i=1 \1
Thus,
(2.4) S A ((n+j)t -n) = ZA,\Z( ) “HA L o(nNTY (N >71).
1e8 des =l
Next, we turn to estimating log (?1’_17 Since
n" N[~k
(2.5) — = ( , )n o™,
(n+j)s I\ i

by (2.1), we obtain

K

(2.6) log Zﬁ(m)n '+ 0(n ™,

(11+] i=1

where fi(k) = %

Bu
!‘57 (n+])"

Finally, we only need to estimate log . Since

ueT nM

(2.7) > Pu_ i/f’y,-n*”‘, > Zﬁul(”“‘]) “,

ueT n# i=1 ueT (l’l +])” i=1

from (2.1), we deduce that

B
2yt GoF

(2.8) log ZG (n)] +0(Gy(n)),

Zyeﬂ' n#
where G;(n) are certain polynomials of n with degree no more than —i and
|Gi(n)| < jun™".
Combining (2.4), (2.6), and (2.8), as n — oo, we get that

gC(C”+j)NZ /\Z( ) 1+/\I+Zfl (k)n~ i] +ZG(I’[)]+O(1’I N+/1)

(I’Z) Ae8 i=1

(2.9) 3

=1 \1e8
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where B, ;(n) = Al(?)n”’”,F,-(n) = fi(k)n™" + G;(n). Employing (2.6) and (2.8), we
get [Fi(m)] < L(uf + myn~".
Let A(n) = Xyes Baa(n) + Fi(n), 8(n) =\/=Ties Bra(n) - Fa(n), gi(n) =
> aes Br,i(n) + Fi(n)(i > 3). Then, i > 3, we get
lim gi(”)' i 2res Bri(n) +Ei(n)
P 3 (- Saes Bua(n) ~ Fa(m)?
~ Shes Ar()nHA
(2.10) n2 (= Yes AA(Z)"_ZM)%
Taes A (1) A(1-)
(A) -n
2

lim
n2ee (= Yhes Ax

=0.

)z

In summary, we have that c(n) satisfies the conditions of Theorem 1.1. Thus, for
sufficiently large n, c(n) satisfies the Turdn inequality of any order. [

Now, we turn to proving the double Turdn inequality for c¢(n).
Theorem 2.2  For sufficiently large n, c(n) satisfies the double Turdn inequality, i.e.,
T(T(c(n))) = (e(n)* = c(n =1)e(n +1))*
—(c(n-1)2=c(n-2)c(n))(c(n+1)* = c(n)c(n+2)) > 0.

Proof Following the framework in the proof of Theorem 1.3 in [5], we claim that for
alld €8,

(2.11)

2
exp (Ax (an —(n+1D)=(n- 1)]‘)) =1- Zz{ll + 2::;; + o(n_4+“),

where y) 1 =24, (z),

2
exp (A,\ (n’\ +(n+2)"-2(n +1)A)) =1+ :2{; + :;j + 2:37’12){ +o(n_4+u) ,

where py 1 = 24, (2) and y) , = 64, (2),

_1)/\)) LS W3 1

—4+2A)
P R A YY)

exp (A, (n"+(n—2))‘—2(n +o(n

>

where w) ; =24, (2) and w) , = 64, (2)

Then, we get that
exp(z Ay (ZnA —(n-1)" - (n+ I)A))
Ae8
2 Vi
»1 )1 —4+21
=1] +o(n
Aes ( YT ( ))
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2
Al A1 Y _
_1_)/1 _“._YZ 1 + (I’l 4+2/\1))

n2—/11 n2—/\z 2n4—2ll

exp(ZAA (n* + (n+2)* —2(n+1)}‘))

Ae8

2
212) =]] (1+ b e B +0(n4+“))

P R A YY)

Ae8
2 2 2} Hrg 2 i
_ 1,1 . 1 L2 s> 1l —4+2)\
=1+ n2-M tooet n2-As  p3-h ot 3¢ 2pd—2h +0(” )’
exp(ZA)L (n* +(n-2)"-2(n- I)A))
AeS
Wi W2 Wi )
_ 5 5 > —4+2
_)!}S(1+n2_A T g +o(n ))
2
L WA Wil Wh2 Wig2 @ —442)
=1+ Tk e 2, o .. sy Spiah ( ) .
Here, Ay >2A; - 1.
A direct calculation gives that for n > 1,
1 1 aj
— e [1+ 3 2|,
n (n=-1)*(n+1)~ ( ; nJ)
1 - b;
2.13 ——=(n+1)7" 1+ ) 2|,
(213) n(n+2)" (n+1) ( ];nJ
1 -y 1+ 2.
nt(n—2)" mn

According to (2.12) and (2.13), we have

&P (2T hes (-1} + (n+)Y))
(n =1 (n+1)

T(T(c(n))) ~ C (c?-4A'B),

2
238 Bagl | B2 Hrag2 M —442)
-1+ w2 et A + n3—h o 3y + 2p4-2M +O(” 1))
_ Bu By
x(1+0(n? — —_—
(o0 5k 5 B
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2
Bu
B=Y £
(Z -7
2
wy, 1 Wyl Wa 2 Wiy ,2 W),,1 —4422
(1+ ah n3—Al B apA-2h o(n 1))
- Bu
1+0(n?
x (1+0(n ))EM VGZT(H 2
CI _ ﬂll Z /31/
ueT (I’l - 1)” veT (I’l + l)v
2
I P 2T S Yrad . Y, ( —4+2)11)
M A 42l
8 2
) I
«(1+0(n ))(z nﬂ)
ueT
As Bo = 1, we take A mod (o(n~*"*)),
Z /jyﬂv _ Z ﬁﬂﬁv n ZS: KAl z /jy/}v
u,veT (11+ 1)M+V u,veT }’l”(l’l +2)V n2-hi u,veT ny(n+2)v
0<pu+v<4-21; 0<pu+v<4-21; 0<pu+v<2-2A1+1;
s 2
;2 Hra
+ ; 3 + 2n42"1)
1 1
=2 2 _
/Z‘:T Bu ((n+1)214 n“(n+2)l‘)
0<u<2-2A
2 1 1
+ . -
P;I Buby ( (n+1)#+v  n#(n+2)" n'(n+2)H# )
0<u<vy
1<p+v<4-210
Z Hainl ZS: Haisl Z ﬁyﬁv Z MA,,z .”)Ll,l
n2- -Ai Sn 2-1; e n,u(n+2)v n3- Ai n4—2}L1
1<y+v<2—2/11+A
2p, 2598 .U)L,,l Uiz A”Al,l 1
_7_2712/1 /312 ZnsA_ 211’ 0<)‘1£§’
B S S,
MUl Ut a2 /"/\1,1 1
- -2 - , — <M <L
; n2—hi P ; n3-Ai ; w3-Ai | apA—2kh 2 1
(2.14)
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8
Similarly,
B’ (mod(o(n~***1)))
21 & wy, Lo o w3, ) 1
-2 ) ol o2 Ml o)<,
015) 3 ; n2—hi P ; 3 ; M pA—zh 1=5
) - s s’ 2
W1 /1,,1 S Yu2 % 1
- ; 2= —2p Z ; WA pdeah’ 5 < A <1
and
21 & Yaan s YAl Yfll,l 1
73+Z 2—)L,-+2ﬁlz 320 9pd—24° 0<h<o,
C' (mod(o(n~***M))) = noan . o ’
S S, 2
YAl YAl Y
+2 - - <A <1
; A P ; A pd-2h 1
(2.16)

Combining (2.14)-(2.16), we get that for 0 < A; < %, C"? — A'B’ can be simplified to

2
’ 2
zﬁl Z y/b,l +2ﬁ i )28 Vi
. ALl
Lok oph-2h
R 2
_ _zﬁl _ Z Aisl _Zﬁlz /’Mnl Z ) _ Hai
A n2-hi n3=h  2p4-2h
2 s s’ s’ wZ
ol - ﬁl _ Z WA;,1 _Zﬂlz wlnl _ Z W2 _ Ml
i) & I’lz_l" P n3—/\,— 21,[4—2/11
A
16Ail ( 21) 6+31
___ M\N2/ —6+3A1
= peE +o(n ).
For 1 < A; <1, C”? - A’B’ can be simplified to
2
2 )’A,,l Pha
+ 1 -
Z 7’12 Ai ﬂ Z Ai n4 -2M
2
Hari2 ‘u/\bl

d Uria .“)L 1
- _; nzi’l 2/312 y Z A pd-2h

2
w2 Wi 1

’
W), wy, 1 \
ol i Z 2-h 2p: Z - ; A pd—2h
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Since A), > 0 and 0 < A < 1, we conclude that

@217) sgn (—16A§1 (% )3) -1

This completes the proof. ]

3 The companion Turan inequality

In this section, we will show that ¢(#) adheres the companion Turdn inequality for
sufficiently large n.

Theorem 3.1 Assume that c(n) satisfies the form (1.1), then c(n) asymptotically satisfies
the companion Turdn inequality, i.e.,

(3.1 c(n)* - (1+ 2):/\ )c(n+1)c(n—1) <0,
n 1
where y), 1 is defined as in Theorem 2.2 and 'y is any real number larger than -y, ;.

Proof We have
¢(n)? -(1+ ) (n+1)c(n-1)
. Czexp(2Z)LeSA/\nA) (Z /3;4)

2
ner ueT nk

- (1+ nzh)(1+ S +o(n72+’\‘)) (1+0(n2) T (M) - (n -

ueT veT

The sign of this is dictated by

¥ B (e D) (1 Bt o () 107 D B S

u,veT ueTl veT

As B =1, the above formula mod (o(n~?"*)) equals,

PuBy BuBv w7
2 n,:‘” _( 2 (n+l)z(n—1)v " 13);‘*1 ’ nz)ih)

> veT ,veT
1
=2 .
#GZT ﬁ”(nzl‘ (n+1)#(n—1)ﬂ)
(3.2) 0<us1-4
1 1
+ v _
y%ﬂ]’ ﬁﬂﬁ (niH—v (I’l+1)”(1’l—l)v (f’l+1)v(1’l+l)“)
0<u<v
1<p+v<2-4
YAt y

Tm T gpmc
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Forn>1,

1 _ . —2u —2u-2
e S o)

and

1 1 . pr
- =t (14 3 AL,
(n+DE(-1)Y (n+1)(nel)e ( +;n27)
Thus, (3.2) becomes

-2+ J2IB! +?

When y > —y,, .1, it is obvious that (3.1) holds for sufficiently large n. ]

4 Laguerre inequalities

In this section, we demonstrate that ¢(n) fulfills the Laguerre inequality and their
companion inequality of any order. Recently, Wang and Yang [27] proved that for any
r and sufficiently large n, one has L,(«(n)) > 0.

Theorem 4.1 (Wang and Yang) Let {a(n)},{8(n)}, {A;(n)} be sequences with a(n)
positive, §(n) - 0%, Ay(n) <0, Ay(n) = ©(8(n)") and Ayi(n) = o(8(n)™) (i>2) for
some positive t, and for —r <j <r,

(4.1) 1og(“(”+j)) - iA,-(n)ji +o(8(m)"),

a(n) i=1

then for sufficiently large n,
1 & k+r 2r
(4.2) L(a(n) = 5 (1) (k)oc(n+k)(x(n+2r—k) > 0.
k=0

Since the conditions of Theorem 1.1 are stronger than those of Theorem 4.1, we get
that ¢(n) meets the requirements of the above theorem from the proof of Theorem 2.1.
Thus, ¢(n) fulfills the Laguerre inequality of any order for sufficiently large n. Next, we
prove that ¢(n) satisfies the companion Laguerre inequalities. First, let us recall two
combinatorial identities which will be used in our proofs (see [10, 27]).

Lemma 4.2  For positive integers m and t < 2m,

(43) szj(—l)"(zm)(m k- {0, t<2m,

pard k (2m)!, t=2m.

Lemma 4.3  For positive integers 1,

(4.4) i (zr)(r _k)? = 2%y,

k=0 k

Now, we are in a position to establish the companion Laguerre inequalities for c(n).
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Theorem 4.4  For any fixed r > 2 and sufficiently large n, c(n) satisfies the companion
Laguerre inequality of order 1, i.e.,

(4.5) G+(m)21% —Ay )( ) (“AXVU)L(d 7)) > L (c(n-r)).

Proof The inequality (4.5) can be rewritten as
(27’) 21 r( —A, ) ( ) (- 2+/\1)(r—1)L (C(l’l—?’))
r!

c(n)?
JLile(n-r)) Li(c(n-r))

4.6
o ey
_L(c(n-r))
O
The right-hand side of the above inequality can be expressed as
L (c(n 12’ rZrcn r+j)c(n+r-
c( c(n)

From (2.9), we get
cn+r—jle(n-r+j)
c(n)?
~ c(n+r—j) c(n—r+j)
= exp (log () +log ) )

B
. S ey e
~exp(ZA,\((n+r—j)A—nA)+log " +log reT (utroj)e

1e8 (n+r=j)~ Zyeqf—ﬁ

n' ZMG{I (n_li’_:_j)y )
— +log
—-r +])H

+ ZAA((n—r+j)A—nA)+log "

1es ( D ueT i

i=1 \Ae§

N
= €xp ( 2 (Z Byi(n) + Fi(")) ((r=))+(r=)'(-D)+ o(nN”))

=1 \1e8

N
= exp (2 Z (Z B ai(n) + in(n)) (r-=j)*+ o(nN“‘))

i=1

N
=: exp (2 ZBZi(n)(T —j)Zi + O(BzN(H))),

where By;(n) are certain polynomials of # with degree no more than —2i + A, and the
; )
coefficient of n~2" 41 is A ( 21, )
1
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Let

2r i

(4.7) ¢r(x) = Z x—' =exp(x) +o (xzr) .

Then, as n - oo, we get

L,(c(n-r))
c(n)?
1 2r

,Z( 11+r

eXP Bai(n)2(r - j)* +0(32N(”))

B i<n)z<r—j>2")exp(o(BZN(n»

1= fig= g

2r (
li( e zr Xp(
1Z oy 2r 2i 2Nr

( | ( Bay(m)2(r - ])) o (Bay(n) ))exp(o(sw))

=520 j’)¢r (281267 ) 0 Bt

i=1

Il
—

i

Now, we focus on the expression
1 Z ]+r 2r X -\ 21
(4.8) Z( (]. )¢r > Ba(n)2(r-j)* |.
i=1

The ¢,-terms can be viewed as a polynomial in (r —j)?, i.e., there exist coefficients
B);(n)(0 < i< 2rN) such that

N . 2rN .
49) o (281207 - 32 B -

i=1 i=0
where BY;(n) are certain polynomials of n with degree no more than (-2 + A;)i and

. 2ial My
the coefficient of n(-2*4)i jg #
By Lemma 4.2, one can see that

12r

*Z( 1)’”( )‘/’r(ZBz; )2(r - 1)2’)
=330 E mom -y
(4.10)

lzfirBZz(”) Z( 1)1“( )(r_]')Zi

125321(”)2( 1)]”( .r)(r—j)Zi.
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(The sum of terms with i < r vanishes.) It implies that as n — oo, we have

127

r N i
5 20 (o (Bt -)
(@ = 530 S () o)
(21’) A8y 1( 1)rAA1(A1) (—2+}L1)r+0(n(—2+/\1)r)‘

On the other hand, we obtain

S S (O INBICRLPR )]
(4.12) -

A
=1+ ZAM( 21)(2]' +1)2n 2 4o (n_ZM‘) .

Thus, by Lemma 4.3, we get
L (c(n-r)) 1 [r /2] ( 2r )c(n+2j+l)c(n—2j—l)
c(n)? 2, Py \r+2i+1 c(n)?
[r—1/2]
_ p2r-2 +% Z ( +22’f+1) (ZAAI(ZI)(2j+1)2n_2+AI +0(n_2+)“))
j==lr-1/2) N T4
1 [r-1/2] 2
:22r—2+7A/11(A1)n—2+/\1 23 ( )(] D? |+ o (n2h)
2 2 e \r 241
[r-1/2] [r/2]
=272y A ()”) e Y ( z )(2j+1)2+ 2 ( )( j)’
2 i=—[r-1/2] r+2j+1 i=[r/2] r+2j
+o(n72h)
1 A " 2r
:221'—2 ZA ( 1) 2+ ( )2 -2+
A, ) j;r r+j] +o(n M)

Combining (4.11) and (4.13) gives

( (21") 21 r( —A, ) ( ) (—2+A1) (r— 1))L (C(I’l—?’)) _L:(c(n—r))

c(n)? c(n)?
(2:) 2771 (-Ay)" ( ) (=2+A)(r-1) ((Zri)'z’ Y(-1)"(Ay )r+1( Zl)mn(zm)r
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r
3 (2r)!27_1(—1)rA31(/\1) n(—2+A1)r+0(n(—2+A1)r)
rl

_ @), AT (“1) ( ) (20)(1) (200D
r 1

(4.14)

Inview of A; € (0,1), we get (—1)’(2‘)7 > 0. Hence, we conclude the positivity of (4.14)
asn — oo. u

5 Applications

In this section, we will apply Theorems 2.1, 2.2, 3.1, and 4.4 to show that some
sequences of the form c(n) satisfy the companion Turdn inequality, the double Turan
inequality, the Turdn inequality of any order, the Laguerre inequality of any order 7,
and its companion version.

The number of commuting £-tuples in S,,. Denote by Ny () the number of £-tuples
of elements in the symmetric group S, with commuting components, normalized
by the order of S,. Notice that N,(#n) = p(n), where p(n) denotes the number of
partitions of #n. Bringmann, Franke, and Heim [5] gave the asymptotical formulas for
N¢(n) for arbitrary / as follows.

Theorem 5.1 (Bringmann, Franke, and Heim) We have, as n — oo,
(-1 4
3

_{ED 2 u 2 1
ez 88(3) {(3)% (37-[)3((3)3 2 T 1 = Bsj
N3(n)~ 47 1 47 eXp( ns - 2 n? 1+Z ']

24 -372 -7172 - nN72 2 33 . ((3)3

for certain numbers Bs ;,

24 714((3)3
34 53 s

. % 3)1
xexp(36()n4 + Ay 2n2+A43n4+A44)(1+

2 -5%

Ni(n) ~

i | &

Nk
o~}
&
~——

j=1 n

o5 (n(3)((5))

23 .33 .58 . 4%

4 6 1
55 .75 - 3)((5))5 a 3 2 1 X, Bs,j
xexp( e (CB)45)) n: +A5,zn; +A5,3n§ +A5,4n; +A5,5) (1+ 251),

9 2
25 -35

Ns(n) ~

with computable constants Ay j (2 <j<4) and As j (2 < j < 5) and certain By j and Bs j,
and for £ > 6,

(-1)12/Z, (er(zz)fz PR u) = By,
Ne(n) ~ — ex ‘ I+, )s
O it P\ " o

where Zy == ({(2) - {(3) - - {(€)) 7 for certain Ay and By;.
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Theorem 5.1 suggests that the asymptotical formulas for Ny(n) satisfy the form
of ¢(n). Combining Theorems 2.1 and 2.2, we get that for sufficiently large n, Ny(n)
satisfies the Turan inequality of any order and the double Turan inequality.

Theorem 5.2 For { > 2 and sufficiently large n, No(n) satisfies the Turdn inequality of
any order and the double Turdn inequality.
)t z,

Seth; = L;l and A), = — ;2. Theorem 3.1 gives that N, (n) satisfies the following

companion Turdn inequality.

Theorem 5.3 For { >2 and sufficiently large n, we have that Ny(n) satisfies the
companion Turdn inequality, i.e.,

Ne(n)? - (1 + nz )Ng(n +1)Ng(n—-1) <0,

1
£

1
— . T(£)?Z,
where'y is any real number larger than —=—*.

Since 1+ } > 1, from Theorem 5.3, we deduce that the log-convexity of |Cy,,| =
n!N¢(n), which give an affirmative answer to the open question (3) proposed by
Bringmann, Franke, and Heim in [5].

Corollary 5.4  For £ > 3 and sufficiently large n, we have that |Cy | is log-convex.

For Laguerre inequalities, we get that Ny (n) satisfies the Laguerre inequality of any
order r and its companion version from Theorem 4.4.

Theorem 5.5 For { > 2, r > 2 and sufficiently large n, we have

L} (Ny(n-r)) @ EOMZY (Y oo
L?(NZ(”—T’))<1+ 7l 2 (_ /-1 )(é)n( )(r-1)

The following sequences have also the asymptotical behavior of the form ¢(n), then
we can obtain results similar to Ny(n).

Partitions without sequences. The partition without sequence is the partition of n
that do not contain any consecutive integers as parts. Let p,(n) denote the number
of partitions without sequence of n. Bringmann and Mahlburg [6] first succeeded in
proving an asymptotic formula for p,(n). Mauth [18] gave the following formula and
proved the log-concavity of p,(n) for n > 482,

pa(y = S (Zﬁo(l))

3 i 5
ni \jo n nz

where f3; are constants. Note that p,(#) have the form (1.1) with A; = % and A, = 27”
Hence, by the theorems above, we deduce the following result.

Theorem 5.6  For any r > 2 and sufficiently large n, p,(n) satisfies the double Turdn
inequality, the Turdn inequality of any order, and the following companion Turdn
inequality:

pa(n)? - (1+ n%)pz(iw Dpa(n—-1) <0,
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where'y is any real number larger than %, the Laguerre inequality of any order r, and its
companion version as follows:

N e R S [H R

Plane partition. A plane partition of size # is a two-dimensional array of non-negative
integers ; , for which ik ik =1, such that 7 x > 71 k11 and 7j x 2 7j,1,x for any
j» k € N, denote the number of plane partitions of size n by PL(n). Wright [28] proved
that

N+1

PL(n) = £ (A (1+ S 2(]'1) (n—“”g)))
n

=2 n 3

where A; > 0, and C and B; are constants.

Heim, Neuhauser, and Troger [14] conjectured that plane partition is log-concave
and proved the conjecture for almost all n. Ono, Pujahari, and Rolen [19] derived
the following explicit asymptotic formula and proved that ]PL (x) is hyperbolic for
sufficiently large n.

Theorem 5.7 (Ono, Pujahari, and Rolen) If reZ™, then for every integer n >
max(n,, {,,87), we have

c+3AN, r+1 r+l (-1)"Bsb : s, mT (m + %)

e
PL(H) = T Z Z 25+2m+E
n

2 =0 m=0 Am'*'%N

+E:“aj(n) + E™0 (1),

where |EP (n)| < B (n), Ny = (£)}, and

)| < exp (34 - ) 2/ 20)3 ).

Pandey [20] found a lower bound such that J&" (x) has all real roots for all n >
Np1(d), where

e (2m)2d+2 .

5 1)\ 2d r(2d?)
N (d) < 279928 x d(d - 1) (6d )

Obviously, PL(#) have the form (1.1) with A; = % and A), = A;. Thus, employing the
theorems above, we get the following result.

Theorem 5.8 For any r > 2 and sufficiently large n, PL(n) satisfies the double Turdn
inequality, the Turdn inequality of any order, and the following companion Turdn
inequality:

PL(n)?* - (1 + l) PL(n+1)PL(n-1) <0,

24,

where'y is any real number larger than =,

its companion version as follows:

the Laguerre inequality of any order r, and

LPL=n) ) (3t
1<L( (—r)) 1+ , 277 (-Ay) (2)11 (r-1),
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The coefficients of infinite product generating functions. p;(n) is defined by the
generating function [13]

io pa(n)q":= Ijo Sy

Note that p;(n) = p(n) and p,(n) = PL(n). Bringmann, Franke, and Heim [5] pro-
vided that

C nid Ea4,
pd(n) o 7eA1n +2 1+ Z j] ,
n j=1 naa

where C, A}, b, and E, j are constants. One can see that ps(n) have the form (1.1) with

M= gg and A,, = A;. Thus, we can get the following result by the theorems above.

Theorem 5.9  For any r > 2 and sufficiently large n, pa(n) satisfies the double Turdn
inequality, the Turdn inequality of any order, and the following companion Turdn
inequality:

pa(n)* - (1 + Jﬁ )pd(n +1)pa(n-1) <0,

Ay (d+1)
(d+2)?°

where 'y is any real number larger than the Laguerre inequality of any order r,

and its companion version as follows:

L (pa(n-1) _, . (2r>!21,(_A1)r(31§)’n<1;ﬂxnx
L (pa(n=1)) 2

Partitions into k-gonal numbers. We denote the number of partitions of # into k-
gonal numbers by py(n). We have the generating function

1
Z Pk(”)q H W ,

n>0

where
1
Pi(n) = > ((k=2)n*+ (4-k)n)
is the n-th k-gonal number. Bridges, Brindle, Bringmann, and Franke [2] provided

that
C(k eA(k)n% N : Nn
pk(n):()y(_s( Z +ON( 3)))

J
1 6(k-2) j=1 ns

where C(k), A(k), and B; ; are constants.
Note that py(n) have the form (1.1) with A; = 3 and A), = A(k). Then, we can get
the following result by the theorems above.
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Theorem 5.10  For any r > 2 and sufficiently large n, pix(n) satisfies the double Turdn
inequality, the Turdn inequality of any order, and the companion Turdn inequality

pe(n) - (1 N n%)pk(n )p(n—1) <0,

_. 24(k
where y is any real number larger than 9( ),
and its companion version as follows:

L+(Pk(”—7)) (27) 1-r ; rn—g(r—l)
Ll A Awy () '

The finite-dimensional representations of groups su(3). The unitary group su(3),
whose irreducible representations Wj; indexed by pairs of positive integers. The
numbers 7,3y (1) of n-dimensional representations have the generating function

the Laguerre inequality of any order r,

" 1
Zrﬁu@)(”)q = H | e >

120 jk211—q 2

with 75,3y (0) := L. In [24], Romik proved that, as #n — oo,
Co 1
u(3)(1’l) ~ —5 €xXp (Al}’l5 +A21’lm +A31’l5 +A41’11° )
ns

with explicit constants Cy, A;, Az, A3, Ay expressible in terms of zeta and gamma
values. Romik asked for lower order terms in the asymptotical expansion of 7,3 (1).
Bringmann and Franke [4] showed the following form of 74,3 (7).

Theorem 5.11 (Bringmann and Franke) Asn — oo, forany N e N,
Co feasbeamd [ 50 G x_
rsu(3)(n)_7 A1n5+A2n +A3n5+A4n 1+275+ON (n—ﬁ—@) ,
j=1 nio
where the constants C; do not depend on N and n and can be calculated explicitly.

Note that rﬁu(3)(n) have the form (1.1) with A; = % and A,, = A;. Hence, we can
deduce the following result by the theorems above.

Theorem 5.12  For any r > 2 and sufficiently large n, r4,(3)(n) satisfies the double
Turdn inequality, the Turdn inequality of any order, and the companion Turdn inequality

rsu(3)(”)2 - (1 + n%) rﬁu(3)(n + 1)rsu(3) (n-1)<0,

6A;

where'y is any real number larger than >,

its compamon version

the Laguerre inequality of any order r, and

+ _ 2.7
Llme(nzn) (Zr)!zl"(—Al)r(g) )
L (s (n=r) ~ 7! 2
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The finite-dimensional representations of groups s0(5). This framework generalizes
to other groups. For example, one can investigate the Witten zeta function for so(5),
which is (for more background to this function, see [16, 17])

1 S 1
Cao(5) (s):= ZfP: le((p)s =6 Zl msns(m+ n)s(m+2n)s’

n,m=

where the ¢ are running through the finite-dimensional irreducible representations
of s0(5). Bridges, Brindle, Bringmann, and Franke [2] showed the following form of

Ts0(5) (n)
Theorem 5.13 (Bridges, Brindle, Bringmann, and Franke) As#n — oo, forany N e N,

C oant st onndon N+l B; ot
_ 1m3+And +A3n9 +A, — Nt
Tso(s)(n) = —e 1+ § = +On (n E ) ,
ni j=2n>

where C, Ay, Ay, Az, Ay, and B; are constants.

Bringmann, Franke, and Heim [5] have proved that 7, (3) (1) and 74, (5) (1) asymp-
totically satisfy the Turén inequality. Note that 74, (5) () have the form (1.1) with A, = %
and A,, = A;. Thus, we can get the following result by the theorems above.

Theorem 5.14 For any r > 2 and sufficiently large n, r4o(5)(n) satisfies the double
Turdn inequality, the Turdn inequality of any order, and the following companion Turdn
inequality:

Teo(s) ()% = (1 + nl;) Tso(5) (M +1)T50(5)(n—1) <0,

where y is any real number larger than %2, the Laguerre inequality of any order r, and
its companion version

r

+ — 1
Ll (n-r) (2r)!217r(_A1)r(§) )
Ly (rs0(5)(n=7)) r! 2
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