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Abstract. We present an original approach which allows us to investigate the statistical
properties of a non-uniformly hyperbolic map on the interval. Based on a stochastic
approximation of the deterministic map, this method essentially gives the optimal
polynomial bound for the decay of correlations, the degree depending on the order of the
tangency at the neutral fixed point.

0. Introduction
Recently, the study of convergence to the equilibrium in hyperbolic systems has witnessed
several new results ranging from new methods to treat systems with singularities [Li1, Yo ]
or with partially hyperbolic behavior [BY], to methods for studying Anosov flows [Ch2,
Do, Li2].

Thanks to such results we can now regard the study of the decay of correlations for
uniformly hyperbolic systems as reasonably well understood (albeit there is much room
for improvement, especially as far as flows and dependence on smoothness of observables
are concerned). In contrast, the available results on the convergence to the equilibrium in
non-uniformly hyperbolic systems are extremely unsatisfactory. The study of such systems
provides a challenge. In particular, it is evident that there is a need to develop new strategies
to investigate such problems.

This is the focus of the present paper, where we study a one parameter family of
intermittent maps. These applications are expanding, except at a neutral fixed point, where
hyperbolicity is lost. The local behavior of the map at this point is responsible for various
phenomenon. Let us denote by 1+ α the order of the tangency at the critical point. For
α = 0 we have a purely expanding map, which has a unique equilibrium state for the
potentialϕ = − logDT , with exponential decay of correlations. For 0< α < 1, the map
possesses an absolutely continuous probability measure (SRB measure), which is still an

https://doi.org/10.1017/S0143385799133856 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799133856


672 C. Liverani et al

equilibrium state (it is no more unique, since the Dirac mass at the origin is invariant and
δ0(ϕ) = 0). Forα ≥ 1, there are no absolutely continuous invariant probability measures,
whereas one still has aσ -finite, absolutely invariant measure [PS].

We focus here on the second region of the parameter, and propose to find the density of
the invariant measure, and the rate of decay of the correlations functions. In this domain,
one cannot expect a spectral gap for the Perron–Frobenius operator (see the end of §4),
therefore none of the usual strategies in this setting can be followed. Our approach is
based on the following philosophy: of course the map is not hyperbolic, but it is the case
nearly everywhere; thus, if we perform a random perturbation of the map, the neutral fixed
point should be lost in a cloud of hyperbolic points and the intermittent effect could be
suppressed. This naive argument, rather surprisingly, works.

An interesting property of such a method is the following. For smooth expanding maps,
the same idea can be carried out, but yields a sub-exponential rate of decay, while the decay
is well-known to be exponential. On the contrary, in the present case, the power law found
appears to be near optimal, as noted in §4.

This is an indication that our crude approach performs better in the non-uniform case
than in the uniform one. These considerations are fundamental to our belief that this type
of strategy could yield relevant results in more general situations.

The structure of the paper is as follows. In §1 we present our model and discuss some
related literature. §2 is devoted to the study of the invariant measure. §2 may have an
interest in itself since it gives a very direct approach to obtaining the invariant measure
and its properties for such a map (for a comparison with other techniques see [CF, Th]).
§3 introduces the key idea of the paper, that is, the random perturbation and its instrumental
properties. In §4 we collect the facts from the previous sections and obtain the results. In
addition, we point out that our results suffice to establish the CLT forC(1) observable,
provided thatα < 1/2 (Remark 4.2(3)). The last section contains a few considerations
about how to treat the general problem of expanding maps with neutral fixed points. Since
the focus of the present paper is on the method and not on the class of one-dimensional
maps to which it can be applied, we content ourselves with a few specific, but more general
considerations.

1. The model
Let us consider, for 0< α < 1, the mapT : [0, 1] → [0, 1]:

T (x) =
{

x(1+ 2αxα), ∀x ∈ [0, 1/2)

2x − 1, ∀x ∈ [1/2, 1].
The importance of this kind of intermittent map was addressed by Prellberg and Slawny
in [PS], where the relationship with a statistical model introduced by Fisher [FF] and
successively studied by Gallavotti [Ga] was emphasized. In the papers [GW, W ], the
dynamical behavior of these maps was taken as a model for the intermittency of turbulent
flows [PM]. In the paper [PS] several mathematical results were announced, concerning
the ergodic and statistical properties of such maps, notably the presence of phase transitions
for the topological pressure (see also [Lo]). The paper [W] deals with a piecewise linear
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version of the map and focus especially on the recurrence properties of the orbits. These
later properties have been put on a solid mathematical basis by Colletet al [CGS] in the
piecewise linear case, and by Campanino and Isola for the non-linear (σ -finite) case [CI1–
3]. The problem of the decay of correlations was considered in the piecewise linear case
and for the finite absolutely continuous (w.r.t. Lebesgue) measure in [LSV] and [Mo].
Both papers obtain an algebraic (n−γ ) upper bound for the decay of correlations, the first
by using Markov approximations (some results were successively improved by Chernov
in [Ch1]) and the second by exhibiting the absence of the spectral gap for the Perron–
Frobenius operator using the induction procedure already invoked in [PS]. (It is interesting
to remark that Mori’s work follows the analysis of these maps carried out by Takahashi in
a series of papers [Ta1, Ta2].)

The decay of correlations for the non-linear case is a more difficult problem. To our
knowledge, the following methods have been proposed.

In [Yu], Yuri applied Markov approximations, generalizing the works of [LSV] and
[Ch1]; the paper [Is] aims to extend the approach of Mori to the non-linear case, still
inducing, and gives a description of thezeta function, and finally in [FS] the authors
propose an interesting technique based on Hilbert metrics, yet the implementation of such
an idea is still incomplete.

Let us go back to our particular model. In the next section we will prove that there
exists† a locally Lipschitz functionh ∈ C(0)(]0, 1]) ∩ L1([0, 1]) such thatPh = h.

2. An invariant cone
If we define the coneC0 = {f ∈ C(0)(]0, 1]) | f ≥ 0 andf is decreasing}we immediately
see thatC0 is left invariant by the P-F operator. To see a bit more let us callX the identity,
X(x) = x.

LEMMA 2.1. The coneC1 = {f ∈ C0 | Xα+1f is increasing}, is left invariant by the
operatorP .

Proof. Let f ∈ C1, then

xα+1Pf (x) =
∑

y∈T−1x

(
Ty

y

)α+1
yα+1f (y)

DyT
.

SettingT −1x = {y1, y2}, y1 ≤ y2, andξ = 2αyα
1 we can write

xα+1Pf (x) = (1+ ξ)α+1

1+ (α + 1)ξ
yα+1

1 f (y1)+ 1

2

(
2y2− 1

y2

)α+1

yα+1
2 f (y2).

Hence the result, sinceXα+1f , x 7→ y1, x 7→ ξ andx 7→ y2 are increasing. 2

Let us define

m(f ) =
∫ 1

0
f (x) dx.

† Such a result can also be obtained by inducing [Th]. The method used here is more direct and provides
additional information on the properties of the invariant density, although such extra information will not be
essential in the following. See §5 for a more detailed discussion.

https://doi.org/10.1017/S0143385799133856 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799133856


674 C. Liverani et al

Obviouslym(Pf ) = m(f ).
The last interesting property is contained in the following.

LEMMA 2.2. The coneC∗ = {f ∈ C1 ∩L1([0, 1]) | f (x) ≤ ax−αm(f )} is invariant with
respect to the operatorP , provideda is chosen large enough.

Proof. For eachf ∈ C∗ both of the following inequalities hold:

f (x) ≤ ax−αm(f )

and

xα+1f (x) ≤ f (1) ≤
∫ 1

0
f = m(f ).

Let us suppose for simplicity thatm(f ) = 1. We have to find a constanta, independent of
f , such thatPf (x) ≤ ax−α sincem(Pf ) = m(f ) = 1.

Pf (x) = f (y1)

Dy1T
+ f (y2)

Dy2T

≤ ay−α
1

Dy1T
+ y−α−1

2

Dy2T

≤
{(

x

y1

)α 1

Dy1T
+ 1

a

xα

yα+1
2 Dy2T

}
ax−α.

The term in the brace is bounded by†

(1+ ξ)α

1+ (α + 1)ξ
+ 2α

a
ξ ≤ 1+ αξ + (2α/a)ξ(1+ (α + 1)ξ)

1+ (α + 1)ξ

≤ 1+ (α + (2α(α + 2)/a))ξ

1+ (α + 1)ξ
≤ 1,

whenevera ≥ 2α(α + 2), and the lemma follows. 2

Putting together all the previous estimates yields the following.

LEMMA 2.3. There exists a locally Lipschitz functionh such thatPh = h andh(x) ≤
ax−α.

Proof. The operatorP leaves invariant the setK = {f ∈ C∗ | m(f ) = 1}. But
Xα+1K consists of equibounded, equicontinuous functions‡, hence it is compact inC(0).
Accordingly, for eachf ∈ K the sequenceXα+1 1

n

∑n−1
i=0 P if has accumulations points in

C(0). Let h∗ ∈ K be such an accumulation point. Clearly,h = X−1−αh∗ is a fixed point
of P , hence the result. The regularity ofh is easily obtained by checking thath ∈ C∗. 2

† Sincexα(yα+1
2 Dy2T )−1 ≤ yα

1 (1+ ξ)α(2−α−12)−1 ≤ ξ(1+ ξ)α ≤ 2αξ .
‡ Letf ∈ K and defineφ(x) = x1+αf (x). Then, forx ≥ y, the following holds:

0 ≤ φ(x)− φ(y) ≤ (x1+α − y1+α)f (x) ≤ a(1+ α)x−α
∫ x

y
ξα dξ

≤ a(1+ α)|x − y|.
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Before introducing the random approximation to our dynamics let us note a property of
the functions inC∗ that will be instrumental in what follows.

LEMMA 2.4. For each functionf ∈ C∗,

inf
x∈[0,1]f (x) = f (1) ≥ min

{
a,

[
α(1+ α)

aα

]1/(1−α)
}∫ 1

0
f.

Proof. Clearly , it suffices to consider the case
∫ 1

0 f = 1. We have already seen that

f (x) ≤ ax−α and f (x) ≤ x−1−αf (1).

We introduce the pointx∗ = a−1f (1). The left-hand side of the first inequality is stricter
and the opposite holds on the right-hand side. Ifx∗ > 1, thenf (1) > a, otherwise

1=
∫ 1

0
f =

∫ x∗

0
f +

∫ 1

x∗
f ≤

∫ x∗

0
aξ−α +

∫ 1

x∗
ξ−1−αf (1) ≤ aα

α(1− α)
f (1)1−α,

from which the lemma follows. 2

3. A random perturbation
For simplicity let us identify[0, 1] with the circleS1; on S1 the map is not smooth but it
is continuous (this is not essential but it will make our life a bit easier). Let us define the
‘ball’ Bε(x) = {y ∈ S1 | |x − y| ≤ ε} and the averaging operator†

Aεf (x) = 1

2ε

∫
Bε(x)

f (y) dy.

It is now possible to define the perturbed operator

Pε = PnεAε,

wherenε ∈ N will be specified later.
The following lemma shows that the perturbed operator is not too different from the

original one, provided we consider observables inC∗.

LEMMA 3.1. For eachf ∈ C∗,
‖Pnε f − Pεf ‖1 ≤ c1‖f ‖1ε1−α,

wherec1 = 10a/α(1− α).

Proof. We assume thatf ∈ C∗ and
∫

f = 1. First, observe that

‖Pnε f − Pεf ‖1 ≤ ‖f − Aεf ‖1.
† Let us remark that this particular choice ofA ε is nothing special; any other ‘reasonable’ choice would do as
well.
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Next, we recall the estimates

f (x) ≤ ax−α

f (y)

f (x)
≤
(

x

y

)1+α

, ∀x ≥ y.

This allows us to bound theL1 norm of the difference between the functionf and its
average.

‖f − Aεf ‖1 ≤ 1

2ε

∫ 1−ε

ε

dx

∫
Bε(x)

dy |f (y)− f (x)|

+
∫

Bε(0)

dx

∣∣∣∣f (x)− 1

2ε

∫
Bε(x)

dy f (y)

∣∣∣∣
≤ 1

2ε

∫ 1−ε

ε

dx

{∫ x

x−ε

dy [f (y)− f (x)] +
∫ x+ε

x

dy [f (x)− f (y)]
}

+
∫

Bε(0)

f (x) dx +
∫

B2ε(0)

f (y) dy

≤ 1

2ε

∫ 1−ε

ε

dx

∫ x

x−ε

dy f (y)

[
1− f (y + ε)

f (y)

]
+ 4a

∫ 2ε

0
x−α dx

≤ a

2(1− α)ε

∫ 1−ε

ε

dx (2x1−α − (x + ε)1−α − (x − ε)1−α)

+ a

2α

∫ 1−ε

ε

dx (x−α − (x + ε)−α)+ 4a

1− α
(2ε)1−α

≤ a

2(1− α)(2− α)ε
{(2ε)2−α − 2ε2−α − (1− 2ε)2−α − 1+ 2(1− ε)2−α}

+ a

2α(1− α)
{21−αε1−α − 1− ε1−α + (1− ε)1−α} + 8a

1− α
ε1−α

≤ 10

α(1− α)
ε1−α.

This proves Lemma 3.1 2

Next,

Pεf (x) =
∑

y∈T−nε x

1

2εDyT nε

∫ 1

0
dz χBε(y)(z)f (z)

=
∑

y∈T−nε x

1

2εDyT nε

∫ 1

0
dz χBε(z)(y)f (z)

= 1

2ε

∫ 1

0
dz PnεχBε(z)(x)f (z)

:=
∫ 1

0
Kε(x, z)f (z) dz.

Our task is to find a lower bound for the kernelKε(x, z). For this purpose, let us defineT1

to be the mapT restricted to the interval[0, 1/2] andan = T −n
1 1. We have the following

asymptotic bound for the sequencean.
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LEMMA 3.2. For all integersn > 0 the following inequality holds:

an ≤ 21/α2+1/αn−1/α.

Proof. The lemma is proved by induction. First, it is clearly satisfied forn = 1. Next, let
us suppose thatan < cn−1/α and let us prove thatan+1 < c(n+ 1)−1/α. If it is false, then

an = an+1(1+ 2αaα
n+1) ≥ c(n+ 1)−1/α(1+ 2αcα(n+ 1)−1).

By the assumption onan we obtain

n−1/α ≥ (n+ 1)−1/α

(
1+ 2αcα

n+ 1

)
or equivalently (

1+ 1

n

)1/α

≥ 1+ 2αcα

n+ 1
.

By convexity it follows that

(21/α − 1)
1

n
≥ 2αcα

n+ 1
;

that is

cα ≤ 2−α(21/α − 1)
n+ 1

n
≤ 2−α+1(21/α − 1),

which gives a contradiction if we choosec = 21/α2+1/α. 2

We define1k = [ak, ak−1] for eachk > 0. We are now able to prove the following.

PROPOSITION3.3. There existsγ > 0 such that for eachε > 0, x, z ∈ S1,

Kε(x, z) ≥ γ,

provided we choosenε = [22+1/αε−α] + 1†.

Proof. First of all, we choosek0 = 3. Next, notice that for each intervalJ and integerm,

(PmχJ )(x) ≥ χT mJ (x) inf
y∈J(DyT m)−1.

Let δ0 = ak0 − ak0+1. By Lemma 2.4 it is obvious that there existsn0 andc0 such that for
all intervalsI of size larger thanδ0,

PnχI ≥ c0

holds, providedn ≥ n0. Thus, the task is to control the infy∈J (DyT m)−1, wherem is the
time needed for the intervalJ to become an interval of sizeδ0. Let I0 = [0, αk0]. Let J be
an interval, three possibilities can occur:
(1) J ∩ I0 = ∅;
† Here the square bracket stands for the integer part.
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(2) J ∩ I0 6= ∅ andJ contains, at most, oneak for k > k0;
(3) J contains more than oneak for k > k0.
We can associate to eachJ a sequencen1, k1, . . . , kp−1, np of integers (n1 may be null),
retracting the trajectory ofJ in the following way. For a timen1, (1) holds, then the image
of J enters the intermittent regionI0 and (2) holds withk = k1+k0, so afterk1 interactions
it exits fromI0. Then the image ofJ stays in the hyperbolic region forn2 interactions, and
so on. Finally, we end when the size of the interval becomes larger thanδ0 or if case (3)
happens. Let us see what happens in these regimes.

(1) Let D = supy∈[ak0+1,1](D
2
yT /DyT 2) andr = (Dak0+1T )−1 < 1. Forn ≥ n1, the

usual distortion estimates yield, for eachy ∈ J , with c2 = D/(1− r),

DyT n|J |
|T nJ | ≤ Exp[c2|T nJ |].

(2) Let J1 = T n1J . Let us see what happens in the intermittent region. Suppose that
J1 ⊂ ]ak+1, ak−1[ , i.e. (2) occurs withk = k0 + k1. In this case a direct computation for
j ≤ k1 andy1, y2 ∈ J1 implies

Dy1T
j

Dy2T
j
≤ Exp

[ k1∑
i=1

supξ∈[ak−i+2,ak−i ]D
2
ξ T

infξ∈[ak−i+2,ak−i ]DξT
|T i

y2
− T i

y1
|
]

≤ Exp

[ k1∑
i=1

α(1+ α)aα−1
k−i+2(Dak+2−i

T k1−i )−1|T k1J1|
]

≤ Exp

[
α(α + 1)

k0+k1+1∑
q=k0+2

aα−1
q (Daq T

q−(k0+2))−1|T k1J1|
]
.

Since the first branch of the map is convex, we have

Daq T
q−(k0+2) ≥ r

ak0+1 − ak0+2

aq−1− aq

= ra1+α
k0+2a

−(1+α)
q .

Moreover, Lemma 3.2 givesa2α
q ≤ 22+2/αq−2. This yields, settingc3 =

α(1+ α)22+2/α/ra1+α
k0+2,

Dy1T
j

Dy2T
j
≤ Exp[c3|T k1J1|].

(3) Finally, let us see what happens if (3) holds for some iterateK = T jJ . If more than
one-third of the size ofK is in [a1, 1], then we considerK ∩ [a1, 1] and case (1) will hold
for ever, losing just a factor of one-third. Otherwise we cutK into pieces1k−, . . . ,1k+
such that the union of them is of a bigger size than|K|/3. For these1k, the preceding
computation yields

Pk−k0χ1k ≥ χ1k0

Exp[−c3|1k0|]
|1k0|

|1k|.

Therefore, withl = n0+ k+ − k0,

P lχK ≥
k+∑

k=k−
P l+k0−kP k−k0χ1k ≥

k+∑
k=k−

c0
Exp[−c3δ0]

δ0
|1k| ≥ c0

Exp[−c3δ0]
δ0

|K|
3

.
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Since we control what happens on each region, it is possible to estimate the total distortion
after m = n1 + k1 + · · · + np + l iterations, wherel = n0 if case (3) never happens
(l = n0 + k+ − k0 if case (3) occurs).

PmχJ ≥ P lPnpP kp−1 · · ·Pn2Pk1Pn1χJ

≥ |J | c0

3δ0
Exp[−c3δ0− c2|T np+···+k1+n1J | − · · · − c3|T k1+n1J | − c2|T n1J |]

≥ |J | c0

3δ0
Exp[−(c2+ c3)δ0(1+ rnp + rnp+np−1 + · · · + rnp+np−1+···+n2)]

≥ |J | c0

3δ0
Exp

[−(c2+ c3)δ0r

1− r

]
:= γ |J |.

To conclude, we need to fixnε. We choose the supremum over all possible values of
m = n1+ k1+ · · · + np + l, associated to intervalsJ of size 2ε. We immediately see that
the worst outcome is when case (3) occurs at the beginning, andJ = ] − 2ε/3, 4ε/3[ . In
this case,m is such thatak0+m ≥ 2ε/3. Clearly,nε = [22+1/αε−α]+1 is large enough and
the lemma is proven. 2

4. Decay of correlations

Proposition 3.3 allows us to immediately conclude thatPε has an invariant densityhε to
which it converges exponentially fast† inL1. In the following we will callµ the invariance
measuredµ = h dx. Using all the above facts, we are able to prove our main result.

THEOREM 4.1. For all g ∈ L∞ andf ∈ C(1)([0, 1]) such that
∫

f dµ = 0 the following
holds: ∣∣∣∣ ∫ g ◦ T n f dµ

∣∣∣∣ ≤ c4C(‖f ‖C(1))‖g‖∞n−1/α+1(logn)1/α,

whereC : R→ R is affine.

† Let us briefly recall the argument: set� = [0, 1] and considerf ∈ L1(�) with
∫
� f = 0. Remember that

Pε1= P
∗
ε1= 1 and let�+ε = {x ∈ � | Pεf ≥ 0}; �+ = {x ∈ � | f ≥ 0}, then

‖Pεf ‖1 = 2
∫
�+ε

dx

∫
�

dyKε(x, y)f (y) = 2
∫
�

dy f (y)

∫
�+ε

dx [Kε(x, y)− γ ]

≤ 2
∫
�+

dy f (y)

∫
�

dx [Kε(x, y)− γ ] = 2(1− γ )

∫
�+

dy f (y)

= (1− γ )‖f ‖1.

Accordingly, for eachf ∈ L1(�) and defining5f = ∫� f , the following holds:

‖(Pε−5)nf ‖1 = ‖Pn
ε(1l−5)f ‖1 ≤ (1− γ )n‖f ‖1.

https://doi.org/10.1017/S0143385799133856 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799133856


680 C. Liverani et al

Proof. Let f ∈ C∗ + R,
∫ 1

0 f = 0 andg ∈ L∞, ‖g‖∞ = 1. For eachn ∈ N let us write
n = knε +m, k ∈ N andm < nε. Remembering Lemma 3.1, we have∣∣∣∣ ∫ 1

0
gPnf

∣∣∣∣ ≤ ‖Pnf − Pk
εP

mf ‖1 + ‖Pk
εP

mf ‖1

≤
k−1∑
i=0

‖P (i+1)nεPmf − PεP
inε Pmf ‖1+ Exp[−γ k]‖f ‖1

≤ 2c1‖f ‖1 n

nε

ε1−α + eγ Exp

[
−γ

n

nε

]
‖f ‖1

≤ c4‖f ‖1n−1/α+1(logn)1/α

by choosingε = n−1/α(logn(1−γ )−1(1/α−1)22+1α
)1/α.

This is not yet the decay of correlation with respect to the absolutely continuous
invariant measuredµ = h dx of our dynamical system. To get such a result, we need
to note that iff ∈ C(1), then we can chooseλ, ν, δ ∈ R such thatfλ,ν,δ(x) :=
(f (x)+λx+ν)h(x)+δ ∈ C∗, and(λx+ν)h(x)+δ ∈ C∗, the dependence of the parameters
with respect to theC(1) norm of f being affine. Finally, the decay of correlations with
respect toµ, for eachf ∈ C(1),

∫
f dµ = 0 andg ∈ L∞ can be estimated as∣∣∣∣ ∫ g ◦ T nf dµ

∣∣∣∣ ≤ c4C(‖f ‖C(1))n
−1/α+1(logn)1/α,

whereC : R→ R is affine. 2

Remarks.
(1) The proof of Theorem 4.1 allows us to estimate the difference betweenhε andh;

namely, to prove the estimate†:‖hε − h‖1 ≤ const.ε1−α(logε−1)1/α.
(2) Theorem 4.1 allows us to get an estimate for the rate of decay for H¨older continuous

observables. More precisely, given aβ-Hölder continuous functionf , we can bound
the correlations byn−β(1/α−1), up to some logarithmic correction‡.

(3) We have obtained a polynomial decay, with a bound comparable to the one found
in [Mo] for the piecewise linear case and the one stated in [Is] for the general case.
Moreover, compared with numerical simulations [LSV], our bound appears to be
extremely close to optimal: the expected one is the same apart from the logarithmic
correction.

† It suffices to write

‖h− hε‖1 ≤ ‖Pn1− h‖1 + ‖Pn/nε
ε 1− hε‖1 + ‖Pn/nε

ε 1− Pn1‖1
≤ const.{n1−1/α(logn)1/α + (1− γ )nεα + nε}

and to choosen ∼ ε−α logε−1.
‡ The result is easily obtained by approximation. Iff is aβ-Hölder function, then we can approximate it inL1

by functionsfε ∈ C(1) such that‖f − fε‖1 ≤ ‖f ‖βεβ and‖f ′‖∞ ≤ ‖f ‖βεβ−1 (where‖f ‖β is theβ-Hölder
norm). Accordingly,∣∣∣∣ ∫ f ◦ T ng

∣∣∣∣ ≤ ‖g‖∞‖f − fε‖1 + (c1‖f ′ε‖∞ + c2‖f ‖∞)n−1/α+1,

and the result follows by choosingε judiciously.
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(4) As a side consequence of our work we have that
∑∞

n=0 Pnf converges inL1

providedα < 1
2. According to [Li3 ] this estimate suffices to prove the central limit

theorem. That is, givenf ∈ C(1)([0, 1]) such that
∫ 1

0 f dµ = 0,

1√
n

n∑
i=0

f ◦ T i

converges, in distribution, to a Gaussian variable with variance
∫ 1

0 f 2 dµ +
2
∑∞

i=1

∫ 1
0 f · f ◦ T i dµ.

5. General considerations
The reader may be under the impression that the proposed approach is specific to the
special maps studied here. In particular, §2 seems to be quite model dependent. In fact,
while the estimates made there would certainly apply to similar maps, it is true that some
more work is needed to present them in a completely general fashion†.

Nevertheless, §2 was not completely necessary. Its aim was to make the paper self-
contained and to emphasize the existence of a very direct method of studying the invariant
measure. If one is willing to make some assumptions on the invariant measure (which can
eventually be proven separately) §2 can be greatly simplified.

Here, we briefly discuss what is essential in order to apply the present method.
Let us consider a mapT : [0, 1] → [0, 1] which is expanding everywhere except at the

fixed point zero, whereD0T = 1. AssumeD2T is continuous with the exception of the
point zero and

|D2
xT | ≤ Cxα−1

|DxT | = 1+ cxα + o(xα).
(5.1)

Furthermore, assume that there exists an invariant probability measure absolutely
continuous with respect to Lebesgue (see the discussion at the end of this section). Letting
h be its density, we havePh = h. Then, in analogy with Lemma 2.1 the following holds‡.

LEMMA 5.1. There exista > α andb > 0 such that the cone

C =
{
f ∈ C(1)(]0, 1])

∣∣∣∣ 0 ≤ f (x) ≤ 2h(x)

∫ 1

0
f ; |f ′(x)| ≤ a + bx

x
f (x)

}
is invariant with respect to the Perron–Frobenius operator.

† Yet, the results extend immediately to any map of the interval which isC(1)-conjugate to our model. More
precisely, suppose that̃T : [0, 1] → [0, 1] and8 ∈ Diff (1)([0, 1]) satisfiesT̃ ◦ 8 = 8 ◦ T . Then, for the
absolutely continuous̃T -invariant measurẽµ defined byµ̃(f ) = µ(f ◦ 8), it is straightforward to see that the
power law decay is the same forT andT̃ for C(1) observable.
‡ Such a result should extend easily to maps which are expanding everywhere except at some fixed points{pj },
whereDpj

T = 1. We can defineθ(x) = minj |x−pj | and assumeD2T is continuous everywhere except at the
points{pj } and

|D2
xT | ≤ Cθ(x)α−1

|DxT | = 1+ cj θ(x)α + o(θ(x)α).

Then the same cone with(a + bθ(x))/θ(x) instead of(a + bx)/x should be invariant.
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Proof. Obviously, the first condition is invariant underP . If f belongs to the cone

|(Pf )′(x)| =
∣∣∣∣ ∑
y∈T−1x

D2
yT

|DyT |3f (y)+ 1

|DyT |2f ′(y)

∣∣∣∣
≤

∑
y∈T−1x

(
2Cyα−1

|DyT |2 +
a + by

y|DyT |
)

f (y)

|DyT |

≤ a + bx

x
pf (x) sup

y∈[0,1]

[
2C

|DyT |2
yα−1T (y)

a + bT (y)
+ T (y)

y|DyT |
a + by

a + bT (y)

]
.

Let �(y) be the term in brackets. We have

T (y) =
∫ y

0
DtT dt =

∫ y

0
(1+ ctα + o(tα)) dt = y + c

α + 1
yα+1+ o(yα+1),

which shows that�(y) ≤ 1+ (2C/a + c(1/(α + 1) − 1))yα + o(yα). Therefore, there
existsδ > 0 such that�(y) ≤ 1 on [0, δ] provideda is big enough. Next, outside this
neighborhood, we havey > δ and|DyT | > γ > 1, so

�(y) ≤ 1

a

2Cδα−1

γ 2
+ a

b

1

δγ
+ 1

γ
< 1

provideda andb/a are big enough. 2

In addition, we assume that for some 0< β < 1, 0< γ0 < 1 andc∗ > 0,

γ0 ≤ h(x) ≤ c∗x−β. (5.2)

It follows that a sharper cone is invariant. Note that in the process of proving the next
lemma we will establish the analogue of Lemma 2.4.

LEMMA 5.2. There existsδ > 0 and0 < γ < γ0 such that

C∗ =
{
f ∈ C | f (x) ≥ γ

∫ 1

0
f, for x ≤ δ

}
is invariant with respect to the Perron–Frobenius operator.

Proof. The proof starts by establishing the analogue of Lemma 2.4.

SUB-LEMMA 5.3. If f ∈ C, then

min[δ,1] f ≥
δa

2eb

∫ 1

0
f,

providedδ is chosen small enough.

Proof. The bounds

f (x) ≤ 2c∗x−β

∫ 1

0
f and |f ′(x)| ≤ (ax−1+ b)f (x)
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follow from the cone and the assumed estimate on the invariant measure. Forx ≥ y > δ

the second bound yields(
y

x

)a

e−b(x−y) ≤ f (x)

f (y)
≤
(

x

y

)a

eb(x−y).

Accordingly, normalizing
∫

f = 1,

1=
∫

f =
∫ δ

0
f +

∫ 1

δ

f ≤ 2c∗
1− β

δ1−β + δ−aeb min
x∈[δ,1]f.

Next, by choosingδ sufficiently small, we have(2c∗/(1− β))/δ1−β ≤ 1
2 from which the

result follows. 2

Let µ = ‖DT ‖∞. We chooseδ so small so that for ally ≤ δ, it follows that
|DyT |−1 ≥ 1 − 2cδα and Sub-Lemma 5.3 together with 1− 2cδα + µ−1 > 1 holds.
Let x ≤ δ, thenT −1x will consist of, at least, two pointsy1 ≤ δ andy2 ≥ δ. By choosing
γ small, the following holds:

Pf (x) ≥ |Dy1T |−1f (y1)+ µ−1f (y2) ≥
[
(1− 2cδα)γ + µ−1 min

{
γ,

δa

2eb

}]∫ 1

0
Pf

≥ γ

∫ 1

0
Pf. 2

This is enough to show that inff ≥ γ
∫

f wheneverf ∈ C∗, which implies (since the
constant function 1 belongs to the coneC∗) that

inf
n≥0

inf[0,1]P
n1 ≥ γ > 0. (5.3)

We have generalized the two ingredients of §2 used in the paper: the existence of an
invariant cone forP that allows us to obtain the estimates used to prove Lemma 3.1 and
the analogue of Lemma 2.4, necessary for proving Proposition 3.3.

The reader can then easily generalize §3, since the distortion estimates depend only
on the behavior of the neutral fixed point which is ensured by our assumption onD2T .
§4 follows exactly in the same way, yielding a polynomial decay depending onα andβ.

In conclusion, the following more general result holds.

PROPOSITION5.4. Given a mapT satisfying (5.1), if it has an absolutely continuous
invariant probability measure with density satisfying (5.2), then for allg ∈ L∞, f ∈ C(1),∫

f = 0 and0 < γ < 1/α − β/α, the following holds:∣∣∣∣ ∫ fg ◦ T n

∣∣∣∣ ≤ c4C(‖f ‖C(1) )‖g‖∞n−γ

for some constantsc4 andC(‖f ‖C(1)).

Here, we do not address how to obtain the required estimate on the invariant density,
although several approaches (besides the ones in the style used in §2) are possible (see, for
example, [Th] where a result of the type (5.2) is obtained by induction).
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Note added in proof. After this paper was submitted two other relevant works appeared
on this subject [Yo2, Hu], obtaining similar results with different techniques.
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