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Abstract We present an original approach which allows us to investigate the statistical

properties of a non-uniformly hyperbolic map on the interval. Based on a stochastic

approximation of the deterministic map, this method essentially gives the optimal

polynomial bound for the decay of correlations, the degree depending on the order of the
tangency at the neutral fixed point.

0. Introduction

Recently, the study of convergence to the equilibrium in hyperbolic systems has witnessed
several new results ranging from new methods to treat systems with singulduitie¥q]

or with partially hyperbolic behavioHY], to methods for studying Anosov flow§€h2,

Do, Li2].

Thanks to such results we can now regard the study of the decay of correlations for
uniformly hyperbolic systems as reasonably well understood (albeit there is much room
for improvement, especially as far as flows and dependence on smoothness of observables
are concerned). In contrast, the available results on the convergence to the equilibrium in
non-uniformly hyperbolic systems are extremely unsatisfactory. The study of such systems
provides a challenge. In particular, itis evident that there is a need to develop new strategies
to investigate such problems.

This is the focus of the present paper, where we study a one parameter family of
intermittent maps. These applications are expanding, except at a neutral fixed point, where
hyperbolicity is lost. The local behavior of the map at this point is responsible for various
phenomenon. Let us denote byl the order of the tangency at the critical point. For
a = 0 we have a purely expanding map, which has a unique equilibrium state for the
potentialp = —log DT, with exponential decay of correlations. FokOx < 1, the map
possesses an absolutely continuous probability measure (SRB measure), which is still an
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equilibrium state (it is no more unique, since the Dirac mass at the origin is invariant and
do(p) = 0). Fora > 1, there are no absolutely continuous invariant probability measures,
whereas one still hasafinite, absolutely invariant measure$.

We focus here on the second region of the parameter, and propose to find the density of
the invariant measure, and the rate of decay of the correlations functions. In this domain,
one cannot expect a spectral gap for the Perron—Frobenius operator (see the end of §4),
therefore none of the usual strategies in this setting can be followed. Our approach is
based on the following philosophy: of course the map is not hyperbolic, but it is the case
nearly everywhere; thus, if we perform a random perturbation of the map, the neutral fixed
point should be lost in a cloud of hyperbolic points and the intermittent effect could be
suppressed. This naive argument, rather surprisingly, works.

An interesting property of such a method is the following. For smooth expanding maps,
the same idea can be carried out, but yields a sub-exponential rate of decay, while the decay
is well-known to be exponential. On the contrary, in the present case, the power law found
appears to be near optimal, as noted in 84.

This is an indication that our crude approach performs better in the non-uniform case
than in the uniform one. These considerations are fundamental to our belief that this type
of strategy could yield relevant results in more general situations.

The structure of the paper is as follows. In §1 we present our model and discuss some
related literature. 82 is devoted to the study of the invariant measure. 82 may have an
interest in itself since it gives a very direct approach to obtaining the invariant measure
and its properties for such a map (for a comparison with other technique€BgéH]).

83 introduces the key idea of the paper, that is, the random perturbation and its instrumental
properties. In 84 we collect the facts from the previous sections and obtain the results. In
addition, we point out that our results suffice to establish the CLTCft observable,
provided thatx < 1/2 (Remark 4.2(3)). The last section contains a few considerations
about how to treat the general problem of expanding maps with neutral fixed points. Since
the focus of the present paper is on the method and not on the class of one-dimensional
maps to which it can be applied, we content ourselves with a few specific, but more general
considerations.

1. The model
Let us consider, for & « < 1, the magr : [0, 1] — [O, 1]:

{x(l + 2959, Vx € [0,1/2)
Tx) =
2¢ — 1, Vx € [1/2, 1].

The importance of this kind of intermittent map was addressed by Prellberg and Slawny
in [PY], where the relationship with a statistical model introduced by Fisk&i pnd
successively studied by Gallavottsf] was emphasized. In the papeGW, W], the
dynamical behavior of these maps was taken as a model for the intermittency of turbulent
flows [PM]. In the paper P several mathematical results were announced, concerning
the ergodic and statistical properties of such maps, notably the presence of phase transitions
for the topological pressure (see além]). The paper V] deals with a piecewise linear
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version of the map and focus especially on the recurrence properties of the orbits. These
later properties have been put on a solid mathematical basis by EbdefCGS] in the
piecewise linear case, and by Campanino and Isola for the non-lmdaniie) case Cl1—
3]. The problem of the decay of correlations was considered in the piecewise linear case
and for the finite absolutely continuous (w.r.t. Lebesgue) measureSK] and [Mo].
Both papers obtain an algebraic(’) upper bound for the decay of correlations, the first
by using Markov approximations (some results were successively improved by Chernov
in [Ch1]) and the second by exhibiting the absence of the spectral gap for the Perron—
Frobenius operator using the induction procedure already invok@&$8n(Jt is interesting
to remark that Mori’s work follows the analysis of these maps carried out by Takahashi in
a series of paperdal, TaZ.)

The decay of correlations for the non-linear case is a more difficult problem. To our
knowledge, the following methods have been proposed.

In [Yu], Yuri applied Markov approximations, generalizing the works lo$Y] and
[Ch1]; the paper [s] aims to extend the approach of Mori to the non-linear case, still
inducing, and gives a description of tlzetafunction, and finally in FS] the authors
propose an interesting technique based on Hilbert metrics, yet the implementation of such
an idea is still incomplete.

Let us go back to our particular model. In the next section we will prove that there
existst a locally Lipschitz functioh € ¢© (10, 1]) N L1([0, 1]) such thatPh = h.

2. Aninvariant cone

If we define the cong = {f € €9 (10, 1)) | f > 0 andf is decreasingwe immediately
see that’y is left invariant by the P-F operator. To see a bit more let usXdhe identity,
X(x) =x.

LEMMA 2.1. The coneC1 = {f € Co | X**1f isincreasing, is left invariant by the
operatorP.

Proof. Let f € C1, then

Ty \*y*+lf(y)
XHpr(x) = <—> Yy _J
ye;%c Y DyT

Setting? ~1x = {y1, y2}, y1 < y2, andg = 2*y¢ we can write

1+t 12y, —1\*" a+1
m)’l f) + > < = > Yo T f(y2).

Hence the result, sincé*t1 £, x i y1, x — & andx — y» are increasing. O

x*TPf(x) =

Let us define
1
m(f)Z/0 f(x)dx.

t Such a result can also be obtained by inducifig]{ The method used here is more direct and provides
additional information on the properties of the invariant density, although such extra information will not be
essential in the following. See 85 for a more detailed discussion.
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Obviouslym(Pf) = m(f).
The last interesting property is contained in the following.

LEMMA 2.2. The cone&, = {f € C1NLY([0,1]) | f(x) < ax~*m(f)} is invariant with
respect to the operataP, provideda is chosen large enough.

Proof. For eachf e C, both of the following inequalities hold:
fx) <ax™m(f)

and

1
P < F() < /0 F=m(f).

Let us suppose for simplicity that( f) = 1. We have to find a constant independent of
f,suchthatPf (x) < ax™* sincem(Pf) =m(f) = 1.

fO) n f(2)
Dy, T  Dy,T

—a —a—1
a
! Y2

- DT - DyT

{( x )a 1 N 1 x¢ } o
— - ax .
yi) DyT aystip,T

The term in the brace is bounded byt
1+&)“ 1+ a4+ 2%/a)é(1+ (x + 1))

Pf(x) =

IA

2
+—& =

1+ (@+1DE  a 1+ (@ + DE
- 1+ (@ + (2% + 2)/a))é <1
- 1+ (@ + 1) -
wheneveu > 2%(a + 2), and the lemma follows. O

Putting together all the previous estimates yields the following.

LEMMA 2.3. There exists a locally Lipschitz functignsuch thatPh = h andh(x) <

ax ¢,

Proof. The operatorP leaves invariant the sek = {f € C. | m(f) = 1}. But
X**t1K consists of equibounded, equicontinuous functionst, hence it is compat® in
Accordingly, for eachf € K the sequencK“*l% Zlf’;ol P! f has accumulations points in
CO, Leth, € K be such an accumulation point. Cleaty= X 1?4, is a fixed point
of P, hence the result. The regularity lois easily obtained by checking thate C,. O

tsincex? (33D, 1)L <y A+ 5% 2% 1)L <51+ )% < 2%.
fLetf € K and defingp(x) = xlte f(x). Then, forx > y, the following holds:

0<¢() — ¢y < @ —yI) rx) < a<1+a>x‘“f £% dg
y

<al+a)lx -yl
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Before introducing the random approximation to our dynamics let us note a property of
the functions irC, that will be instrumental in what follows.

LEMMA 2.4. For each functionf € C,,

1/(1-a) 1
inf  f(x) = f(1) > min {a, [M} } / f.
x€[0,1] « 0

a

Proof. Clearly , it suffices to consider the caﬂef = 1. We have already seen that
f) <ax™® and f(x) <xTUf().

We introduce the point, = a~1f(1). The left-hand side of the first inequality is stricter
and the opposite holds on the right-hand side..1& 1, thenf (1) > a, otherwise

1 Xy 1 Xy 1 a®
1=/ f=/ f+/ f 5/ aé"“r/ R < ——— ),
0 0 Xs 0 Ya oa(l— )

from which the lemma follows. O

3. Arandom perturbation

For simplicity let us identify{0, 1] with the circleS?; on S the map is not smooth but it

is continuous (this is not essential but it will make our life a bit easier). Let us define the
‘ball’ B:(x) = {y € S| |x — y| < ¢} and the averaging operatort

1
Aszgﬁmﬂww

It is now possible to define the perturbed operator
P, = P"A,,

wheren. € N will be specified later.
The following lemma shows that the perturbed operator is not too different from the
original one, provided we consider observable§,in

LEMMA 3.1. Foreachf € Cy,

1P f = Pe fll1 < call fllne™,
wherecy = 10a/a (1 — «).
Proof. We assume thaft € C, and f = 1. First, observe that

IP" f = Peflla < I f — Acflla

T Let us remark that this particular choice &f is nothing special; any other ‘reasonable’ choice would do as
well.
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Next, we recall the estimates

fx) <ax™

1+o
o) e

This allows us to bound th&! norm of the difference between the functighand its
average.

1 1—¢
If = Acflls < 2—/ dx/ dy 1£ () — FGO
€ Je Be(x)

+ / dx
B:(0)

1 1-¢ x xX+e
=5 dx{/ dy[f(y)—f(x)]+/ dy[f(x)—f(y)]}

+/ f(x)dx+f £ dy
Be(o) BZS(O)

1 [l x f(y+e)
=2 ), dx/x_gdyf(”[ %) }““/

1-¢
L l-o _ 1-a 1«
< 21w / dx (2x (x+¢) x—¢e)"%

+—/_dx(x“ (x+8)~ 0‘)+ 4a (28)1“

1
e - / dyf(y)’
€ Be(x)

2—«a 2—«a 2—a 2—«
_— -2 —-1-2 —14+2(1—-
2(1—a)(2—oz) {(2¢) e ( ) +2(1— )%

a 8a
21—04 1-a 1— 1-a 1— 1-a 1-a
T ad—w il ¢ e F =T e
< 10 81—(1
“o(l—w)

This proves Lemma 3.1
Next,

1 1
Pef)= Y 2D, T /0 dz x8.(»(D) f ()

yeT"ex

1 /1
= E s | dzxB.o (M f(2)
yeT e x 2eDyT" Jo

1 1
= — dz P"
28/0 2P xB.)(x) f(2)

1
=/0 Ke(x, 2) f(2) dz.

Our task is to find a lower bound for the keriél(x, z). For this purpose, let us defifTg
to be the maf” restricted to the intervdD, 1/2] anda, = T; "1. We have the following
asymptotic bound for the sequengge
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LEMMA 3.2. For all integersn > 0 the following inequality holds:

2
an < 21/a +1/an71/a'

Proof. The lemma is proved by induction. First, it is clearly satisfiedrfee 1. Next, let
us suppose that, < cn—1/ and let us prove that, 1 < c(n + 1)~ V<. Ifitis false, then

an = anp1(1+2%% 1) > cn+ D7 Y41+ 2% (n + 7).

By the assumption om, we obtain

20 L
nil/a >((n+ 1)71/01 (1+ ﬁ)
n

or equivalently

By convexity it follows that

o
@ -1t = 2,
n n+1
that is
M < 270((21/0! _ 1)”_“ < 2701+l(21/oz _ 1)’
n
which gives a contradiction if we choose= 21/«*+1/a. i

We defineA; = [ax, ax—1] for eachk > 0. We are now able to prove the following.

PROPOSITION3.3. There existy > 0 such that for eack > 0, x, z € S1,
Ke(x,2) = v,
provided we choose, = [22TY/@g—] 4 1+,
Proof. First of all, we choosép = 3. Next, notice that for each intervaland integer,
(P" X)) = xermy () Inf (D T™) ™™
Let8g = ax, — ax,+1. By Lemma 2.4 it is obvious that there exisigandcg such that for
all intervals/ of size larger thaido,
P"x1 > co

holds, provided: > ng. Thus, the task is to control the ;rng(Dmi)*l, wherem is the
time needed for the intervdl to become an interval of sizg. Let Iy = [0, ax,]. LetJ be
an interval, three possibilities can occur:

Q) Jnly=g

T Here the square bracket stands for the integer part.
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(2) JnNIy+#¥andJ contains, at most, ong for k > ko;
(3) J contains more than ong for k > ko.
We can associate to eadha sequencey, k1, ..., k,—1, n, of integers g1 may be null),
retracting the trajectory of in the following way. For a tima1, (1) holds, then the image
of J enters the intermittent regidg and (2) holds wittk = k1 + ko, SO afterks interactions
it exits from Ip. Then the image aof stays in the hyperbolic region fap interactions, and
so on. Finally, we end when the size of the interval becomes largesthanif case (3)
happens. Let us see what happens in these regimes.
(1) LetD = supcpy, ,, 1y (D3T/DyT?) andr = (Dgy,,T)"" < 1. Forn > ny, the
usual distortion esumates yield, for eagle J, withcp = D/(1 —r),
D,T"|J| "
W < Explca|T" J|].
(2) LetJ; = T™J. Let us see what happens in the intermittent region. Suppose that

J1 Claks1, ar—1l , i.e. (2) occurs withk = ko + k1. In this case a direct computation for
J < ki andy1, y2 € J1implies

k
Zl ?uge[ak—wz,ak il ITz _Ti |:|
Li=1 infecla i .as DéT 2 "

- ki

= Exp Z“(1+O‘)ak 1+2(Dak+2 T 1|Tkljll}

-i=1

ko+k1+1

< Exp a(oz—i—l) Z 4=1(D,, T ko)~ 1|Tk1J1|i|
q=ko+2

Since the first branch of the map is convex, we have

D, T9-kot2) 5 Ukotl = dkot2 _ ]%Tzaf(ua)
ag-1—dq 0
Moreover, Lemma 3.2 givemi?* < 2%t%%g=2  This yields, settingcz =
242 1+

a(l+ a)2°t /O‘/rakofz,

Dy, T/ k

—— < EX T J1]].

D,,T] = plesl 1/l

(3) Finally, let us see what happens if (3) holds for some itekate 7/ J. If more than
one-third of the size oK is in [a1, 1], then we consideK N [a1, 1] and case (1) will hold
for ever, losing just a factor of one-third. Otherwise we &uinto piecesA;_, ..., Ag,
such that the union of them is of a bigger size th&n/3. For theseA,, the preceding
computation yields
Expl—c3|Agol]
IAko|

P* R0y aL = Xag | Al.

Therefore, with = ng + k+ — ko,

ks ke
ke EXD[ ¢300] Exp[—c3do] K|

Pl > Pl+ko kPk ko > > ¢
= kgk:, B ka, T = b0 3
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Since we control what happens on each region, it is possible to estimate the total distortion
afterm = ny + ki + --- + n, + [ iterations, wherd = ng if case (3) never happens
(I = no + k4+ — ko if case (3) occurs).

P"x; > Plpt pko-1. . prapkipmiy

> |J|§T° EXpl—c3do — co| T TRty — o — e TRFML | — | T T |]
0

z |J|3C70 EXp[—(cz +C3)50(1+ rnp + rnp+n,,_1 + .. +r’1p+’1p—l+"'+’12)]
0

o —(c2+ c3)dor
> |J|— Exp| ———— | :=y|J|.
> | |350 p[ 11—, } v/
To conclude, we need to fix.. We choose the supremum over all possible values of
m =n1+ki+---+n,+1, associated to intervals of size 2. We immediately see that
the worst outcome is when case (3) occurs at the beginning/ aad — 2¢/3, 4¢/3[. In
this casey is such thati, ., > 2¢/3. Clearlyn, = [22+Y/%¢=*] 4 1is large enough and

the lemma is proven. ]

4. Decay of correlations

Proposition 3.3 allows us to immediately conclude thathas an invariant density, to
which it converges exponentially fastt irt. In the following we will call the invariance
measurelu = h dx. Using all the above facts, we are able to prove our main result.

THEOREM4.1. Forall g € L® and f € ([0, 1]) such that/ f du. = 0 the following
holds:

< caC (I fllcanllgloon Y ogm)¥e,

‘/goT”fdu

whereC : R — R is affine.

T Let us briefly recall the argument: set= [0, 1] and considerf € L1(©) with fQ f = 0. Remember that
[P’61=IP’;‘1=1andlet§2;r ={xeQ|P.f >0} Qy ={x e Q| f >0}, then

IPeflly =2 f dx f dy Ko (e, ) f() =2 / dy F() / dx [Ke(x.y) — ¥
Qf Q Q Qf

52/ dyf(y)/ dx[i@(x,y)fy]:z(lfy)/ dy f )
Qy Q Qy

=A-Mfl1
Accordingly, for eachf e LY(Q) and definingllf = fQ f, the following holds:

P —ID" fllg = IPEA =D fll1 < A= »" I fll1-
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Proof. Let f € Cyx + R, folf =0andg € L*, |gllco = 1. For eachn € N let us write
n = kne +m, k € Nandm < n.. Remembering Lemma 3.1, we have

1
‘/ gP"f
0

< |P"f —PEP™ fll + IPXP™ £ 11

k—1
< Y | PEHDepm P P P F|y + Expl—yk]l| £l
i=0
n q1_ n
< 2cil|flli—&" " + ¢ Exp[—y—} I1£1l2
n ne

&
< call fllzn~ Y L logn)V/*

by choosing = n~Y/2(lognt—7) " F/e=122 1 1a,

This is not yet the decay of correlation with respect to the absolutely continuous
invariant measurdu = hdx of our dynamical system. To get such a result, we need
to note that if f € C, then we can choosk, v, § € R such thatf; ,s(x) :=
(f(xX)+Ax+v)h(x)+8 € Cy, and(Ax+v)h(x)+8 € C4, the dependence of the parameters
with respect to thec™ norm of f being affine. Finally, the decay of correlations with
respect tqu, for eachf € CV, [ f du = 0 andg € L™ can be estimated as

< aC(I fllcan™ Y logm)t/®,

’/goT"fdu

whereC : R — Ris affine. O

Remarks.

(1) The proof of Theorem 4.1 allows us to estimate the difference betweand#;
namely, to prove the estimatelth, — h||1 < constel=%(loge~1)1/2,

(2) Theorem 4.1 allows us to get an estimate for the rate of decaydidie¢ontinuous
observables. More precisely, giveeHolder continuous functionf, we can bound
the correlations by —#/2=D up to some logarithmic correctiont.

(3) We have obtained a polynomial decay, with a bound comparable to the one found
in [Mo] for the piecewise linear case and the one statedbirf¢r the general case.
Moreover, compared with numerical simulatiohnsS)M], our bound appears to be
extremely close to optimal: the expected one is the same apart from the logarithmic
correction.

t It suffices to write
Ih = helly < IP"L— hily + IPE ™1 — helly + P21 — P" 1)y
< const{nlfl/"‘(logn)l/“ +(1- y)"aa + ne}
and to choose ~ ¢~ loge 1.
¥ The result is easily obtained by approximation fIfs a 8-Holder function, then we can approximate itz

by functionsf; € CD such thai| f — fsll1 < I Fllge? andll f'lleo < Il fllgeP 1 (where|| f || g is the g-Holder
norm). Accordingly,

frr

and the result follows by choosingjudiciously.

< lglloollf = fells + (c1ll fLlloo + c2ll flloo)n ™1/ FL,
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(4) As a side consequence of our work we have thgf , P" f converges inLt

provideda < % According to Li3] this estimate suffices to prove the central limit

theorem. Thatis, giveri € C([0, 1]) such thatfo1 fdu =0,
1 n .
— foT
s

converges, in distribution, to a Gaussian variable with variay‘@:g‘zdu +
1 A
22?21[0 f-foT dpu.

5. General considerations

The reader may be under the impression that the proposed approach is specific to the
special maps studied here. In particular, 82 seems to be quite model dependent. In fact,
while the estimates made there would certainly apply to similar maps, it is true that some
more work is needed to present them in a completely general fashiont.

Nevertheless, 82 was not completely necessary. Its aim was to make the paper self-
contained and to emphasize the existence of a very direct method of studying the invariant
measure. If one is willing to make some assumptions on the invariant measure (which can
eventually be proven separately) §2 can be greatly simplified.

Here, we briefly discuss what is essential in order to apply the present method.

Let us consider a map : [0, 1] — [0, 1] which is expanding everywhere except at the
fixed point zero, wher®oT = 1. AssumeD?T is continuous with the exception of the

point zero and
|D?T| < Cx*1 5.1)
|IDyT| =1+ cx*+o(x%). '

Furthermore, assume that there exists an invariant probability measure absolutely
continuous with respect to Lebesgue (see the discussion at the end of this section). Letting
h be its density, we hav@h = h. Then, in analogy with Lemma 2.1 the following holds#.

LEMMA 5.1. There existt > o« andb > 0 such that the cone

a+ bx f(x)}
X

1
C= {f e cPo, 1) ‘ 0=/ = 2h(X)/ Fi1f/ (0] <
0

is invariant with respect to the Perron—Frobenius operator.

T Yet, the results extend immediately to any map of the interval Whicm”ibconjugate to our model. More
precisely, suppose that : [0, 1] — [0, 1] and® e Diff 1 ([0, 1]) satisfiesT o ® = ® o T. Then, for the
absolutely continuoug-invariant measurg defined byji(f) = w(f o @), it is straightforward to see that the
power law decay is the same forand7 for CD observable.

1 Such a result should extend easily to maps which are expanding everywhere except at some fixgd;ppints

whererj T = 1. We can definé(x) = min; |x — p;| and assum®?2T is continuous everywhere except at the
points{p;} and

ID2T| < COx)*L
IDxT| =1+ c;j0(x)* 4 0(0(x)%).

Then the same cone witlr + b0 (x))/6(x) instead of(a + bx)/x should be invariant.

https://doi.org/10.1017/50143385799133856 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799133856

682 C. Liverani et al

Proof. Obviously, the first condition is invariant under If f belongs to the cone

2

T2 P B e S S )’
o yer=ix 1Dy Rl v Dy T|2 Y
2cy=— a+by>f(y>
+
Sye;1 (|D,vT|2 yIDyT|) |DyT|
<a+ pf(x) Sup[ 2C YT | TQ) a+by }
) v LD TRa 5T () yIDTla+ 5T (3 |

Let Q(y) be the term in brackets. We have

y y
T(y):/ D,Tdt:/ (1+ct“+0(t°‘))dt:y+—c Yy 4oy th,
0 0 (%4

+1
which shows thaf2(y) < 1+ (2C/a + c¢(1/(x + 1) — 1))y* 4+ o(y¥). Therefore, there
existss > 0 such that2(y) < 1 on[0, §] provideda is big enough. Next, outside this
neighborhood, we have > § and|D,T| > y > 1, s0
12c87t a1 1

Q) < = N
(y)_a y2 +b8y+ =

provideda andb/a are big enough. ]

In addition, we assume that for some<08 < 1, 0 < yp < 1 andc, > 0,
o <h(x) < cox P, (5.2)

It follows that a sharper cone is invariant. Note that in the process of proving the next
lemma we will establish the analogue of Lemma 2.4.

LEMMA 5.2. There exists > 0andO < y < yp such that

1
C*={f€C|f(x)2V/ f f0rXE8}
0

is invariant with respect to the Perron—Frobenius operator.
Proof. The proof starts by establishing the analogue of Lemma 2.4.

SuB-LEMMA 5.3. If f € C, then

mins = 2 [

provideds is chosen small enough.

Proof. The bounds

1
£ < 2600 P /0 Fooand [f)] < @x 4 f(x)
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follow from the cone and the assumed estimate on the invariant measure.>fgr> §
the second bound yields

<X>ae—b(x—y) < & < ()_C)a ePE=y)
x ST \y

Accordingly, normalizing/ f =1,

= = _— e .
0 S —1-8 xe[8,1]

Next, by choosing sufficiently small, we havé2c, /(1 — B))/81F < % from which the
result follows. m]

Let u = ||IDT|l0. We choosel so small so that for ally < §, it follows that
|DyT|—1 > 1 — 2¢8% and Sub-Lemma 5.3 together with-12¢5% + ©~1 > 1 holds.
Letx < &, thenT1x will consist of, at least, two points; < § andy, > §. By choosing
y small, the following holds:

. 84 1
Pf(x) > Dy T f () + 1071 F (32) > [(1— 2c8%)y +u_1mln{% Z—ehH /0 Pf

1
ZV/ Pf. o
0

This is enough to show that inff > y [ f wheneverf e C,, which implies (since the

constant function 1 belongs to the cang that
H H n
,I,gf()[lor,]{] P'1>y >0. (5.3)

We have generalized the two ingredients of 82 used in the paper: the existence of an
invariant cone forP that allows us to obtain the estimates used to prove Lemma 3.1 and
the analogue of Lemma 2.4, necessary for proving Proposition 3.3.

The reader can then easily generalize 83, since the distortion estimates depend only
on the behavior of the neutral fixed point which is ensured by our assumptid?dn
84 follows exactly in the same way, yielding a polynomial decay dependingandj.

In conclusion, the following more general result holds.

PrROPOSITIONS.4. Given a mapT satisfying (5.1), if it has an absolutely continuous
invariant probability measure with density satisfying (5.2), then fogatl L>, f € ¢,
[ f=0and0 <y < 1/a — B/a, the following holds:

Jrer

for some constants, andC (|| f |l cw).

<caClfllca)ligloon™

Here, we do not address how to obtain the required estimate on the invariant density,
although several approaches (besides the ones in the style used in §2) are possible (see, for
example, Th] where a result of the type (5.2) is obtained by induction).
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Note added in proof. After this paper was submitted two other relevant works appeared
on this subjectYo2, Hu], obtaining similar results with different techniques.
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