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Abstract

In this paper we obtain a recursive formula for the density of the double-barrier Parisian
stopping time. We present a probabilistic proof of the formula for the first few steps of
the recursion, and then a formal proof using explicit Laplace inversions. These results
provide an efficient computational method for pricing double-barrier Parisian options.
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1. Introduction

Parisian options are a type of path-dependent option, where the payoff depends not only on
the final value of the underlying asset, but also on the path trajectory of the underlying asset
above or below a predetermined barrier L. In particular, the owner of a Parisian down-and-out
call loses the option when the underlying asset price S reaches the level L and remains constantly
below this level for a time interval longer than D, while for a Parisian down-and-in call, the
same event gives the owner the right to exercise the option. The concept of Parisian options was
first introduced by Chesney et al. [3], where the Laplace transforms of the prices of single-sided
Parisian options were obtained using Azéma martingales. The pricing of Parisian options was
also studied in [7], [8], and [10]. There are several motivations for the interest in these options.
Parisian options are cheaper than the vanilla option of the same maturity and strike, since the
value of the option depends on a barrier event occurring. Parisian options also have the added
advantage over a barrier option, as it is not as easily manipulated by an influential agent since
the barrier event requires more than just a touch of the barrier. Furthermore, since Parisian
options are triggered only when the underlying asset has spent an amount of time beyond the
barrier, this smooths the delta and gamma values near the barrier and makes hedging easier.
Parisian options also have other practical applications, for instance to real option problems [2]
and to insurance [6].

Double-barrier Parisian options are a two-barrier version of the standard Parisian options
described above. For example, a double-barrier Parisian min-in call gives the owner the right
to exercise the option if the underlying asset price S either makes an excursion above the upper
barrier, or below the lower barrier for a continuous period longer than D, while the owner of
a double-barrier Parisian min-out call will lose the right to exercise the option when the same
event occurs. Pricing of double-barrier Parisian options has been studied in [1], [5], and [9].
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Double-barrier Parisian stopping time 283

In these papers the authors have focused on obtaining explicit expressions for the Laplace
transforms of the prices, but numerical inversions of these Laplace transforms are sometimes
unstable.

In this paper we derive a recursive formula for the density of the double-barrier Parisian
stopping time. In [4], an explicit solution for the density of the Parisian stopping time with a
single barrier was obtained. But here, we consider excursions both above the upper barrier and
below the lower barrier. We define the double-barrier Parisian stopping time as the first time the
Brownian motion remains continuously below the lower barrier b1 or above the upper barrier b
for a fixed amount of time. It turns out that the density is a finite sum of recursive terms, which
are convolutions of the previous terms, and, hence, are fast and easy to compute. This provides
us with an explicit expression for the price of a double-barrier Parisian option, which does not
require any numerical inversion of Laplace transforms. Furthermore, our approach is intuitive
and easy to understand from a probabilistic viewpoint. Since ¢ is the first time the length of an
excursion reaches D, if kD < t < (k + 1) D, the probability is the same as that of the current
excursion starting at time t — D, which will be between (k — 1)D < t — D < kD, and that
there are no excursions outside the barriers of length greater than D before this. Hence, we can
decompose the Brownian path into intervals of length D, and if there has been no excursions of
length greater than D, the density for the stopping time where ¢ is between kD <t < (k+1)D
can be computed from the density of the previous step. To illustrate this further, we provide a
probabilistic proof for the first few steps of the recursion. This also suggests that the method can
be generalised to obtain explicit formulas for densities of the Parisian stopping times of other
Markov processes, of which the first and last passage time densities are known. Finally, we
use the density to present an efficient computational method for pricing double-barrier Parisian
options.

In Section 2 we define the excursions and the double-barrier Parisian stopping time and
option. In Section 3 we present the result on the density of the double-barrier Parisian stopping
time. We first provide a heuristic proof for the first few steps of the recursion, and then provide
a formal proof of the formula for + > 0. In Section 4 we derive the pricing formulas for the
Parisian double-barrier in call options and show how the prices of the double-barrier Parisian
out call options can be obtained using the in-out parity relationships. In Section 5 we provide
numerical examples to demonstrate the accuracy of our results.

2. Definitions

We will use the same definitions for the excursions as in [3]. Let S be the price process
for the underlying asset, and QQ denote the risk neutral probability measure. We assume that S
follows a geometric Brownian motion and its dynamics under Q is

dS[ = S[(r dt +UdW1), S() =X,

where W is a standard Brownian motion under Q, and r and o are positive constants. We also
introduce the notation

1 o? 1 (L 1. (K
m=—r——|, b=—Inl—), k=—Inl —),
o 2 o X o X

so that the asset price can be written as §; = xe® ™ +W) We define

g, =supfs <t |S; =L}, d} ,:=inf{s > 1| S, =L},
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with the usual convention that sup @ = 0 and inf @ = oo. The trajectory of § between g5 1.1
and d f ; is the excursion which straddles time . We are interested here in # — g3 1.r» Which is
the age of the excursion at time ¢. For D > 0, we now define

) p(S) =inf{t > 0 | 1(S; > L)(t — g} ,) = D},
1, p(8) =inf{t > 0 | 1(S, < L)(t — g} ,) = D}.

We have denoted as ‘L’L p(8) the first time that the length of an excursion of process S above the
barrier L reaches D, while 7, .p(8) is the first time that the length of an excursion of process S
below the barrier L reaches D. We also introduce the following notation for the stopping times
where we refer to the standard Brownian motion W instead of S. Furthermore, without loss of
generality, since any time ¢ of interest can be expressed in units of the window length D, we
let D = 1 from now on. Then

T, =inf{t = 0 | 1(W, > b)(t — g5’ > 1},
t, =inf{r >0 | L(W; <b)(t —g),) > 1}. 2.1)

We now look at the double-barrier Parisian option, which is defined as (for b; < by)
tflz =T, A th; (2.2)

This is the first time that, for the Brownian motion W, the length of an excursion above b;, or
an excursion below b1, reaches length 1. We note that we have taken the window length of both
sides to be the same (i.e. 1 in our case).

The owner of a double-barrier Parisian min-in option receives the payoff only if there is an
excursion below the level L1 or above the level L, which is of length greater than D = 1. This
will be the case if tLle (S) < T. Denoting lei"“ble(x, T, Ly, Ly, K) as the price of a Parisian
min-in call with initial underlying price x, maturity 7, strike price K, lower barrier L, and
upper barrier Ly, we have the risk-neutral price of the option

C{oMe(x, T, Ly, Ly, K) = Eqle " 1(z/2(S) < T)(xe” "W — )],
We now 1ntroduce a new probability measure [P with Radon—Nikodym derivative dP/dQ =

e=mWi—m’t/2 . Applying Girsanov’s theorem and a change of measure from Q to IP, we have

dP

= Eple™ "+ AT 1(x)? < T)e" 7 (xe? 7" — K)*,

d
Clowle(x, T, Ly, Ly, K) = EP[LQe—’Tl(rLLZ(S)<T)(xe<’<mT+WT> K)+]

where Z; = W; + mt is a standard Brownian motion under P. To simplify things, we also let
R, T, Ly, Lo, K) = AT O T Ly, Ly, K).
In the next section, we will first look at the density function of rb , which we will denote

by fb (t), and then show how it can be used to obtain the prices of a Parisian min-in call
option.
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3. Density of the double-barrier Parisian stopping time

We are interested in deriving the density of the double-barrier Parisian stopping time rflz.
We first look at the case when the excursion has not started (b1 < 0 < by) and then discuss
results for the case when we are already within an excursion (b; < b < 0or 0 < by < by).
We look at two cases, one where the excursion of length 1 occurs above the upper barrier first
(t,j2 < Tb: ) and the other where the excursion of length 1 occurs below the lower barrier first

(rl; < 'E;g ).
Theorem 3.1. Letf (t sz <1, )and fb. (t T < Tp, ) denote the probability density func-

tion of Tb on the set fb < Tb. and tbl < Tb , respectively. Then, for by < 0 < by, we have,
fort >1,n<t<n+1,n=1,2,.

n—1 n—1
R <) =Y (DL =1, R, <t =Y (=DFLe—1). 3.
k=0 k=0

where Ly (t) and Ly (t) are defined recursively as follows for t > k + 1:
t—k -
Lin) = [ (Lett = 30106) + Lt = 5)9a(s. b2 — b)) ds, (32)
1

~ t_k ~
Li1(2) = /1 (L@ = s)@1(s) + Li(t — 5)ga(s, by — by)) ds, (3.3)

with initial conditions

2 2
1 by ~ 1 by
Lo(t) = ﬁ exp 5 ) Lo(t) = i exp 5 fort >0, (3.4)

and the functions ¢1(s) and ¢, (s, b) are defined as

Vs—1

27

s b* b b* b
(pz(s, b) = s exp(— 2(S — 1)) — 277;_93/2 exp(—g)a\f(—ﬁ) (36)

Before we begin the formal proof of Theorem 3.1, we will first provide, in the following
subsection, an intuitive proof for 1 < ¢ < 3.

@1(s) = , (3.5

3.1. A probabilistic explanation for the recursion

Here, we explain the above result using excursions. We will prove the result for small
values of ¢ by using a path decomposition of the Brownian motion around time ¢ = 1. The
general result will then follow by induction. We look only at ff 2 (¢, r;r < 1,,), the case when
the excursion above b occurs before the excursion below bl, but the same idea applies to
fbl (t, tbl < T ) the case when the excursion below b; occurs before the excursion above b;.
We denote by IP’x the law of a Brownian motion starting at x at time 0, py y(¢) the transition
density of a Brownian motion from x to y in time ¢, and T, the first hitting time of level x of
the Brownian motion. Recall the notation that g, ; is the last tlme the Brownian motion hits
level by before time ¢. We want to find the density of rb when rb < 1, - First, we note that
there is no density for rb whent < 1. For1 <t < 2,if {‘L’b € dt}, the excursion must start
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att — 1, where 0 < t — 1 < 1, and it must be the first excursion. Hence, we need to find
Vp, (1) = IP)O(tbbl2 —1 e dt, rlj; < Tb_l ), the probability of ¢ being the start of the excursion
above b, greater than length 1 for a Brownian motion starting at 0, by decomposing it into the
part of the excursion between gp, 1 and 1, and between 1 and gp,,1 +1. We have, for0 < ¢ < 1,

o
P(ry —1edt 7} <7;) =/ P(gp,.1 € dt, Wy € dx)P*(Tp, > 1 — (1 —1)).

by

Using the time reversal property of Brownian motion, we have

P%(gp,.1 € dt, Wy € dx) = P*(T), € 1 — 1)y 0(2)

x — b ( (x—bz)z) 1 ( b%)
=——exp|— exp| —== ) dx dr.
271 —1)3 2(1—1) ) 2nt 2t
Hence,

by + —
IP’(tb1 —1 edt, T, < tbl)

_[*_x—b exp( (x—b2)2> I exp( b%)
by 2m(1 —1)3 2(I—1) 2t 2t

T xob ( (x_b”z)d dx dr
X exp| — udx
t A 2mud 2u

00 2
e )
¢ 2/t —1)3 V2mu 2t

o0 2 2
2 X X
X/ X“expl\ — exp( —=— ) dx dudt
0 2(1 —1) 2u
°° 1 1 b2 11— \3?
=/ exp(——2> Z<M) du d
t 2m/t(1 — )3 ~2mul 2t 2\1—t+u

1 ( b§> dr
= ——exp|l—== .
i P\
This is the first term in the recursion, which we have denoted by L¢(¢). Note that, due to the
symmetry of Brownian motion, this probability is the same for the excursion below b1, and only

depends on the difference between the barrier and the starting point. Hence, it follows that the
probability of # being the start of the excursion below b greater than length 1, for0 < ¢ < 1, is

1 b?
0, b — +y _ _ _ 1
Pz 1 e 5, <) = () = x5 ) a

which we denote by Lo(1), and corresponds to the first term of the second recursion (3.4). This
proves (3.1) for 1 <t < 2.

Now, for 2 < ¢t < 3, the same interpretation for Ly(z — 1) as the start of the excursion greater
than length 1 for 1 < ¢ — 1 < 2 still applies, but now there can be up to two excursions greater
than length 1. Hence, we need to subtract the probability of ¢ being the start of the second
excursion greater than length 1. We denote by ¢ (+ — s + 1) the probability that we will start
another excursion above b greater than length 1 at time ¢, given that at time s we are already
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length 1 into an excursion above b. We have, for 1 < s < ¢,

o0 t
o1t —s+1)= / P22 (W, € dx | 8hys =8 — 1)/ P*(Tp, € du)vo(t — u),
by s

where we have decomposed the excursion, conditioning on the value of the Brownian motion
at time s, and the time when it comes back to level by, and vo(r — u) is the probability that the
Brownian motion will start another excursion above b, of length 1 at time ¢, given that it is at
level by at time u. Now, the Brownian motion conditioned to stay above by up to time 1 is a
Brownian meander, which has density

(x —by)?

P2 (W, € dx | gy =5 — 1) = (x —b2>exp<— .

>l(x > bp)dx.

Hence, we have

<p1(r—s+1>=/m(x—bz>exp(—w)
by 2
X Z x b exp(—(x_b2)2) ! du dx
s 2m(u—s)? 2w —s) J2nt —u
1 Ji—s
T rr—s+1

Next, we denote by ¢y(r — s + 1, bo — b1) the probability that we will start an excursion
above b, of length at least 1 at time ¢, given that at time s we are already length 1 into an
excursion below b;. We have, for 1 < s < ¢,

@t —s+1,by—by)
by t
:/ Pbl(WS € dx | 8by,s =S — 1)/ Px(Tbl € du)vbg—bl (t - u)v
—00 N

where we have decomposed the excursion, conditioning on the value of the Brownian motion
at time s, and the time when it comes back to level b;. Then vp,—p, (f — u) is the probability
that the Brownian motion will start an excursion above b, of length 1 at time ¢, given that it is
at level b at time u. Computations lead to

ot —s+1,b)
b 2
= 1 (bl —x) exp<_u>
o 2
b —x < (by — x)?

x [ ———exp
s /2m(u —s)3

_L/’ 1 (_ b? >d
“an ) Vi tu—92 P\ 20— )™
_L[_ 2/t —u o (_ b2 )
Tar| Utr—-9vitu=s P\2¢-u
V27b p( b? )(1_2 ( by/1+u—s ))T

T U+ — 2P\ T2ty MW=

b2
S 2(u—s) >2n«/t —u exp(—z(t - M)) dudx

s
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LI ()

T rl4i—s 20t —5)

b b? b
+~/2n<1+r—s)3/2eXp< 2<1+t—s)> ( \/(l—s)(1+t—s)>

Note that due to the symmetry of Brownian motion, ¢ (¢ — s 4 1) is also the probability that 7 is
the start of another excursion below b; greater than length 1, given that at time s we are already
in an excursion of length 1 below b;. Likewise, ¢2(t — s + 1, bp — by) is also the probability
that 7 is the start of an excursion below b; greater than length 1, given that at time s we are
already in an excursion of length 1 above b;.

Since the first excursion can either be above b, or below by, there are two scenarios. The
probability that ¢ is the start of the second excursion above b, greater than length 1 is the sum
of the two cases:

t t
/ Lo(s — Der(t —s + 1)ds+/ To(s — Dgalt — s + 1, bs — by) ds
1 1

t t
=/1 Lot — s)p1(s) ds +/1 Lo(t — $)@a(s, by — by) ds,

which is L1 (¢ — 1) in recursion equation (3.2). Similarly, the probability that ¢ is the start of
the second excursion below by greater than length 1 is

t t
/ Lo(t — s)g1(s) ds +/ Lo(t — s)@2(s, by — b1) ds,

which is L1 (t—1)in recurs10n equation (3.3). Hence, for 2 < ¢t < 3, the density of sz for the
r; < rb and rb < rb casesare Lo(t—1)— L{(t—1) and Lo(t —1)— L1 (r—1), respectlvely,
and we proved (3 1) for 2 <t < 3. The same argument would follow by induction for ¢t > 3
and, thus, we obtain the recursion.

3.2. Formal proof

In this section we give a formal proof of the recursive formula based on Laplace transforms.
We define the Laplace transform £ (8) of a function i (¢) on the positive real line as

L(h(1) = h(B) = / ooe*’”h(r) dr,
0

and the inverse Laplace transform operator is denoted by £7!(-). Furthermore, for ease of
notation, we define, as in previous papers, the following function:

W(x) =1+ xv/2me" 2N (x),
where N (x) is the cumulative distribution function for the standard normal distribution.

Proof of Theorem 3.1. We show the calculations only for the case when {rb <1 }, but the
case when {7, <1, 1 can be proved in the same way. The Laplace transform of the double-
barrier Parisian stopping time was studied in [1] and we use here the result of Theorem 3.2 of
that paper. The Laplace transform for rlflz on the set {1:2; <1, }is

e V2P (/2B) — eVl w (—/2B)

ﬁr
]E[ by 1(rb <Tb1)] eV2Bbr—b)\y (\/2B)2 — ev/ZBb1—b2) g (— «/_)2
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Factorising, we obtain

(eV2BB1+b2)/2 4 e—ﬁ(hﬁ-hz)/z)/z

E[e B, 1z, <7)] =

(eV2Bb1+52)/2 _ o~ 2B(b1+b2)/2) 1

eV2B02=b1)/2y (\/2B) 4 eV2Bb1=b2)/2W (— /2 B)

289

3.7

ef(bz bD/2W (/2B) — eV2Bb1=b2)/2y (— J_)

(3.8)

Now we refer the reader to Dassios and Lim [4] for the derivation of the following equality:

% \D<\/_>—2\f ( 2J_ / 2s3/2 )

Similarly, we derive

1
eﬁEW(—@)=——2[N( J_)

I

= =
o
>
&
|
[\®)

2 m
|\
¢

l\)
>LN
s

o
=

oo —Bs
= / e Psds — ¢ ds
1 I~

_2\/7<2\/_/ 2:;; )

Adding the two, we obtain an expression for the denominator in the expression on the right-hand

side of (3.7),

em(bz—bl)/Z\y(\/ﬁ)_}_e«/ﬁ(hl—bz)/z\p(_ /2B8)
— ePeV2Bb2=b))/2y /-

—Bs
V2B(b1—b) e
<(1+ 2,/—/ ST [
and (3.8),
eV2B(b2— bl)/2q;(/ 28) — eV2B(1— bz)/Z\I,( /28)
— Pe r(bz—bl)/Zz =
X / ds —emwlsz) / e
24/ 253/2 24/ 253/2
Denoting by go(8), go (B), gx(B), and gk (B) the following expressions:
. eV2Bb1 4 o—+/2Bb2 R eV2Bb1 _ o—+2Bb;
go(B) = Wt . 8o(B) = W ,
= [T o LR
= Ky S
81 2 /7B 2s3/2 278 |, 253
o0
2 " ds — ev2Bbi1—b) / ds.
g1(B) = 3 _/ 2S3/2 s—e 2 7nF ) 2 s

https://doi.org/10.1017/jpr.2018.17 Published online by Cambridge University Press

)

“)

(3.9)

(3.10)


https://doi.org/10.1017/jpr.2018.17

290 A. DASSIOS AND J. W. LIM

we can write the expression on the right-hand side of (3.7) as

(eV2P(01+02)/2 | =2 (b1+b2)/2) /2
eV2Bb2=b0)/2W (\/2B) + eV2Bbi1=b2)/2W (—, /2B)
— (em(b|+b2)/2 + e—m(b1+b2)/2)

% [eﬂem@z—bl)ﬂz /7B

1 e 1Loee? N\

1 d V2B(b1—b2) / d

x( +2 7B /1 253/2 s+e 2J/7B J1 2832 s
_ o é’ofﬁ) 7 (3.11)

1+ 8108
and (3.8) as

(eV2PU1+02)/2 _ o=V2B(b1+b2)/2y ) s 80(B) 312
T VI G-b0 /2y (JIB) — eV BOBRY(—J2) | 1+ 81B) C

Since g1(B) is a continuous and decreasing function of 8, it goes to 0 when 8 — oo. Hence,
there exists some 8 > 0 such that |g;(8)| < 1, and so (3.11) can be written as the sum of a
convergent geometric series with first term go(8) and common ratio —g;(8). Similarly, since

A 1 00 e—ﬂs
|g1<ﬁ>|szm/1 S <1,

(3.12) can be written as the sum of a convergent geometric series with first term §0(,3) and
common ratio —g(8). We obtain

b s 2 > 2
E[e P 1() < 7;)] = (é’o(ﬁ) Y (=D @B — &o(B) Z(—l)k(gl(ﬁ»").
i=0 i=0

(3.13)
Now, we invert the Laplace transform (3.13). If we denote the Laplace inversions of go(f),

20(B), §1(B), and g1 (B) by go(t), Z0(1), g1(t), and g, (1), we have, for 1 > 1,

R <o) =3 (=D — 1) — gl — 1),
k=0

where g () is the convolution of go(¢) with k£ — 1 times of g;(¢), and g, (¢) is the convolution
of go(¢t) with k — 1 times of g;(¢). Next, we have the following explicit Laplace inversions:

£—1 embl 1 b% cc—] e_me 1 b%
<4Fnﬂ > NG exp<_3)’ ( 47B ) NG e’“’(_Z)’
00 ~—Ps _
£—1< ! / ¢ ds> YT,
2/nB Ji 2532 2t
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and

L1 em(bl—bz) ! /00 e’ ds
2B J1 2832
Ji—1 (by — by)?
= exp| ———
2t 2t — 1)

by —b by — by)? by —b
b exp<_g>w<_#>>m .
V2732 2t Jt@E = 1)
The first three inversions were computed by Dassios and Lim [4], and the last one can be derived
as the convolution of the following two functions:

_ by 1 1 (by — by)?
£ eV2Bb1—b2) ) — <_ )’
(e 2/7B) i P 2t

1 00 g=PBs 1
L (/1‘ mdé‘) = ZIT/ZI(I > 1),

o (evBti—by 1 / Tl ds
278 )i 2832
=1 1 (b1 — by)?
=1( > 1 ————")d
> )/(; 2m\/s 2(t — s5)3/2 exp( 2s > g

(b1=b2)/V1—1 —x(br — b
—1(¢ > 1)/ Zx( 2= by e /2 dx
oo 2 (tx2 — (b — by)?)3/2

Vi—1 ( (by — b2)2>
exp( —
2t 20 -1
by—b) /i
) /< TNVEL xa=b)  _ep dx)
oo 2rt/tx2 — (by — by)?
/r—1 ( (b1 — bz)z)
exp( —

2wt 26 -1

bbb ex (_(bl_b2)2>dv(_ by — by ))
a2 P 2 Jii=n/)

Thus, adding the appropriate terms, we have

so that

=1( > l)(

=1(t > 1)(

e—bl/2 _ o—b3/21 o) eb1/2 4 o=b3/2
43_[\/; s 80 = 47'[«/; ,
g1(t) = 1(t > D(@1(t) — ¢2(t, by — b)), g1(t) = 1t > D(@1(t) + @2(t, by — b1)),

where ¢1(t) and ¢, (¢, b) are as defined in (3.5) and (3.6), and, for k > 1,

go(t) =

t—k
gk+1(t) = / gkt —5)(@1(s) —@a(s,bp —b1))ds fort > k+1,
1

t—k
8k41(t) = / 8kt —s)(@1(s) + @a(s,bp —b1))ds fort > k+1.
1
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We also note that, forn <t <n+ 1, gx(¢) and g (¢) are O for k > n, and, thus, gz (r — 1) and
gr(t—1)are0 for!c > n — 1, so we need a finite sum only up to n — 1. Finally, we let L (¢) =
gr(t) — gr(t) and Ly (t) = gi(t) 4+ gk (¢) to obtain the result. Forn <t <n+1,n=1,2,...,
n—1 n—1
2@ g <) =Y (=DM et — 1) = gt — 1) = Y (=DFLe = 1),
k=0 k=0
where We also note that, forn < r < n + 1, gx(¢) and gr(¢) are O for k > n, and, thus,
gk(t — 1) and gx(r — 1) are O for k > n — 1, so we need a finite sum only up to n — 1.
Finally, we let Ly(t) = gi(t) — gk(¢) and Li(t) = gi(t) + gk(¢) to obtain the result. For
n<t<n+l,n=12,...,

. b3
Lo(7) = go(t) — go(t) = 7 (——>,
f

Lo(t) = go(t) + §o(t) = ——

and
1—k _
Li1(t) = / (Li(t = $)p1(s) + Lt — s)@a(s, by — by)) ds,
lt_k fort > k+1,
Lij1(t) = f (Li(t = 9)@1(5) + Li(t — $)@a(s, by — b1)) ds,
1
which completes the proof. ]
Remark 3.1. When by = b, the above formula reduces to the formula for the two-sided

Parisian stopping time for b = by = b;.

3.3. Starting above (b; < by < 0) or below (0 < b; < b3) for both barriers

We denote by 7}, the first hitting time of level b of a standard Brownian motion W. For
the case when we start above both barriers (b; < by < 0), we consider only the case when
Ty, < D = 1, because if this is not the case, then we would have rflz = 1 since we are already
above the upper barrier.

Theorem 3 2. When by < by < 0, we consider only the Ty, < 1 case. Then considering the
two cases tb <7, and Ty, < Tb separately, we have thefollowzngformulasforthe probability
density function ofrb JJort>1,n<t<n+1l,andn=1,2,.

n—1

f@%<%%ﬁ”—2(“%%”
k=0

n—1

R, <18 Ty <) =Y (=DFLie - 1),
k=0

where Ly (t) and Ly (t) are defined recursively as follows for t > k + 1:

—k 3
Liy1(t) = /1 (Lr(t — 5)@1(s) + Lg(t — s)@2(s, by — by)) ds,

t—k
Lip1(t) = /1 (Lp(t — $)p1(s) + L (t — s)@a(s, by — b)) ds,
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with the initial conditions

1 b? 1 b3
Lo(t)=100=<1t < 1)(7 exp<—5> y= «/_ <__>>
()

“(””( v S\ N N
] 2b2—b1)2 by l—]_ by — by
ow(- P e (P - )

ol D)

Loty=10<1t < 1)(Lex <—ﬁ> ! <_ﬁ>>
A VTV P\ 471f

1 b? bz«/t—l by — by
+ 1(t > l)(47“/; exp( 2t)N< )

NN N =
1 2by — b1)2 byt — 1 by — by
(- (P - )

“rer( )

where ¢1(s) and @2 (s, b) are as defined in Theorem 3.1.

Proof. When by < by < 0, on the set 7, < 1, using the strong Markov property of the
Brownian motion, we can restart the process the first time it hits b,. Then rf can be decomposed

into the sum of 7}, and 'L’b by which are 1ndependent of each other, and, furthermore, due to

the symmetry of Brownlan motion, 1'191 by = tobz . The Laplace transform of the stopping

time on the sets we are interested in is, thus,

) _ 0
Ele 7™ 1(z)} < 51Ty, < D] =E[e P 0-01(¢f < o, 1T, < D]
_r.0
= Ele #™21(Ty, < DIE[e "1-221(¢f < 5., )]
by—b
= Ele P 1(Ty, < DIE[e ™ 1(5_, <15)]-
Using now (3.13), but with the two barriers now being 0 and b, — by, we have
B P - —8( 4 - koa k_ 2 - k2 k
Ele o 1), <t5)]=e (go(ﬂ) > =DR@BY, - 208 Y (=DFE@1B) )
i=0 i=0

with g1(8) and §1 (B) the same as in (3.9) and (3.10), but go(B) and §0(,3) now become

eV2B(i—b2) 4 | A eV2B(b1—b2) _
0(f) = ————F=—, gof) = ————=—.
80 4B 4 /7B
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Hence,

b o
E[e "% 1(z} < 11T, < )] = (E[e”bzl(sz < D12 Y_(=DF @B

i=0

—Ele P2 1(Ty, < D1go(B) Y _(—D¥ (&1 (ﬂ))">.

i=0

This can be inverted the same way as before, and each convolution term L (¢) and I:l (t) is the
same as before, but the initial conditions become

Lo(t) = L7 Ele P 1(Ty, < DI2o®),  Lo(t) =L Ele PT21(T;, < 1)]g0(1)).

To find Lo(¢) and Lo (z), we invert the following Laplace transforms:

evV2B(b1—b2)
—) 3.14)

1(IE[eﬂszl(sz <1 Ve

_ ’ B2\ 1 (b — b1)?
=10<tr<1 N ( )47Tm exp( 20—y )ds (3.15)

L _p, b3 1 (by — b1)?
+1( > 1) A s CXp( 25>4nm ( m)ds (3.16)
1 b?
=10<t < l)m exp(—z) (3.17)
b? 1 by T — 1 by — by
+l“>“(e"p<‘_>4 fN( NG +ﬁ¢r—_1)
Lex (_(2b2—b1)2> 1 N(bg«/t—l _ bh=b ))
P 2 4n NG Jivi-1))

where the derivation from (3.15) to (3.17) is
- b2 1 (by — b1)2>
O=r=b 0 V2ms? eXp( >47Tvt—s ( 20—-9 )
=10<1t 1)/1’2/\[ 1 < 2) ( (b2_b1)2x2)d
B = ex expf 22" PUXT 4
2m2m \/7172 P 22—
b2 b —b 2
=10=1< l)eXp<_2_§) exp(—%)
> 1 1 b, — b 2b2
s er( o B o
0 2w [ .
1 b2 by — b1)2
=10<t< 1)5 exp<_2_§> CXp(—%)

§ (/oo L+ (b2 = bba/x? (_i<x (b —bl)b2)2>
o 2evam P\ x

1
X exp(—2—t(2(b2 — bl)b2)> dx
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+/°°1—(bz—b1)b2/xze ( 1( +(bz—b1)b2>2>
Xxp| ——|x + ——
0 2mwA/2mt P 2t X

1
X exp(z(Z(bz — b])bz)) dx)

10<t<1) ! ( b%)
= < —F€X - ).
- 4/t P

Likewise, we also have

1
£—1<E[e—ﬂTb21(sz < 1)1W)

10<r<1)— e ( b%>+1(t Dt e ( bg)w( b t_l)
= xp| —== > 1)——exp| —== —by | —— |.
T T Tdnt P 2t 2w/t P 2t 2 t

Finally, Lo(¢) is the sum of (3.14) and (3.18), and io(t) is the difference of (3.14) and (3.18),
completing the proof. ]

Corollary 3.1. For 0 < by < by, on the set T, < 1, we have

by + — _ b - +
fbl (t, T < Tps Ty, < 1) = f_b2 (t, T < T T_p, < 1),

b — + —b + -
fblz(t, T, <7 In <D= f—bzl t 5, <15, T-p < D).

Proof. The results are due to the symmetry of Brownian motion. The positive barriers can
be reflected to give the same result as in the case with negative barriers. (]

4. Pricing a double-barrier Parisian call option

In the previous section we obtained a recursive formula for the density of the double-barrier
Parisian stopping time for each of the three cases where we start in between the barrier (b <
0 < by), above both barriers (b1 < by < 0), and below both barriers (0 < b; < by). In this
section we will show how we can use the densities to compute the price of a double-barrier
Parisian min-in call option.

4.1. Double-barrier Parisian min-in call

A double-barrier Parisian min-in call is a call option that gets knocked in if r,f’lz <T. We
denote by

clowle(x T, Ly, Ly, K)

the price of such an option with strike price K, barrier levels L1 and Ly, where L1 < Lj,
window length D = 1, initial underlying price x, and maturity 7. The payoff at maturity of
such an option is

1> < T)(Sr — K)*F.

When the underlying asset price follows a geometric Brownian motion, and when it is in between
the two barriers L and L,, we have the following pricing formula.
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Theorem 4.1. For L1 < Sy < Ly (b1 < 0 < by), the risk neutral price of a double-barrier
Parisian min-in call with maturity T > 1 is given by

*cdowble(y T, Ly, Ly, K)

T
= V21 (f [ Ty < @Yo +mohy, b p. 1) — Ky n. k), by, p, 1) de
0
T b
+/0 R o < gy (=(0 +m). hyy. ~ba, —p. 1)

— Ky (=m, hy,, —by, —,O,t))dt>, 4.1)
where we have used the following functions in order to simplify the notation:

Y(x,y,b,0,1)

] x2(14+T — 1)+ 2bx —Xp—y —x — py
—en( ) (oo (G ) oo (G25)

— X(N(=x) = Np(—x, y))), 4.2)

with N, (-, -) denoting the joint cumulative distribution of a pair of bivariate normal random
variables with correlation coefficient p, and

1
hy = ———(k—b— 1 4+T — 4.
b 1—|—T—t<k b~ (o +m)l + r)>, “3)
/e 1 _ _ _ — l
hb._—1+T_t(k b—m(1+T t)), pi= (4.4)

Proof. As discussed in (2.1) and (2.2), we have
*CRe(x, T, Ly, Lo, K) = Epll(ry? < T)e"?" (xe? %" — K)7].

We denote by F; = 0(Zs, s < t) the natural filtration of the Brownian motion (Z;, t > 0).
For ease of notation, since there is no ambiguity here, we refer to the double-barrier stopping
time 7:512 as just 7. Then 7 is an F;-stopping time, and by the strong Markov property of
Brownian motion,

*C;iouble(x’ T,Li,Ly, K)=Ep[l(z < T)E[emZT(erZT _ K)+ | 11
= Ep[l(r < DI(x,, < 7))Eple”?" (xe””T — K)* | F:1] (4.5)

+Ep[L(r = )I(gy, < 7, )Eple" T (xe””T — K)T | F]1.
(4.6)

We have split this into two cases, 7, < r;r and r;r < 1, . In the first case, (4.5) is equal to
1 2 2 1

Ep[l(r < T)I(z, < 7, Eple”?" (xe”*" — K)T | 1]

= Ep[l(r < D(z, <7 4.7)

X /oo e™ (xe% — K)+; exp(—ﬂ> dy]. (4.8)
-0 2 (T — 1) 2(T — 1)
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Since the stopping time 71(z, < tl; ) is independent of the Brownian meander ZT{ , and the
density of Zfb_ is !
1

v(de) = B(Z, € do) = (b — 2)e G217 < by)dz,

(4.7) is equal to

T by
by .. — +
/ fbl (t; Tp < sz)v(dz)
0 -0

I o (_(y—z>2
2 (T —t) P 2(T — 1)

for k = (1/0) In(K /x). Making use of the calculations of [4], we have

br oo 1 : (z—b1)? (v —2)?
L etmygy,. _k=o)” V-9
x/_wfk 7 —T—te (by z)exp( 5 )exp( 2(T_t)>dzdy
<(0+m)2(1+T—t)+2b1(0+m)> 1
= Xx exp 5
T

2 /1= p2

—(o+m) 00 2 2 2
X / (—v— (0 +m)) exp(—%) du dv
ooy, 2(1 - p?)

2 _ _ _
_ xexp(x 14T . )+ 2b1x> <Z(—(0 N m))N( (o —Flm_),<l)02 hp, )

—(0 +m) —p>>
+ pZ(hp)N| ———
14 ( b]) ( \/1_—)02

>(U +m)(N(=(0 +m)) = Ny(—(0 +m), hp,))

o
% / e (xe”Y — K) )dy dzdt
k

<x2(1 + 7T —1t)+2bix
— X exp )

= xy (o +m, hp, b1, p,t) — Ky (m, hy, , by, p, 1),

where we have used the transformation u = (y — (b + (6 + m)(1 + T —t))//1+T — ¢
and v = z — (b1 + (0 + m)), and denoted the function ¥ (x, y, b, p, t), hp, h;, and p as in
(4.2)—(4.4). Similar calculations for the expectation (4.6) leads to the price of the option given
in (4.1). O

Theorem 4.2. For Sy < L{ < Ly (0 < by < by), the price of a double-barrier Parisian in
call with maturity T > 1 can be expressed as

*cdowble(y T, Ly, Ly, K)
= x¢ (o +m) — K¢p(m)

T
+~/27T</ fbbf(t, T, < TI;;’ Ty, < D(xy (o +m, hy,, b1, p, 1)
0

— Kyr(m, hy, by, p, 1)) dt
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T
+/ fbblz(ts T[j; < Tl:l’ Tb] < 1)(.x1/f(_(0 +m)7hb27 _b27 _p’t)
0

— Ky (=m, hy,, =by, —p, 1)) dt),

(4.9)

and, for L1 < Ly < Sy (b1 < by < 0), the price of a double-barrier Parisian in call with
maturity T > 1 can be expressed as

*cdowdle(y T, Ly, Ly, K)
= x¢'(0 +m) — K¢/ (m)

T
+v2n(f flff(t, Ty < Ty Ty < DY (0 +m, hyy, by, p, 1)
0

— Ky (m, hy,, by, p, 1)) dt

T
+A flj’lz(t’ T;; < Tb:’ sz < 1)()5!”(—((7 +m)7hb27 _b27 _p’t)

Ky (m. k) ~by, —p. 1)) dt).

(4.10)
In the above, we have defined the functions ¢ (x) and ¢'(x) to be
] x2T k—xT
¢ (x) == exp - N(b—x)—Nl/ﬁ b—x, JT
x2T + 4bx k—2b—xT
- exp(T> (N(—b —Xx)— Nl/ﬁ(—b — X, T)), 4.11)
oomenl o)
x) =exp| — —x, —
AEAN JT
x2T +4bx\ - k—(2b+xT)>)
—expl ————— | Ny -b—x, —— ] ). 4.12
Proof. For Sy < L < Ly (0 < by < by),
* ~double _ mZr (a0 ZT +
C°""(x, T, L1, Ly, K) = Ep[1(Tp, = DE[e"7 (xe” T — K)™ | F]]
+Ep[1(Ty, < D1z < TE["?T (xe””T — K)* | F¢]].
(4.13)

If T, > 1, we have T = 1. Furthermore, the law of Z; on the set {75, > 1} is

P(Zyedz, Ty, > 1) =P(Z) €dz) = P(Z) €dz, T, < 1)

! (eXp<—£> — exp(——(Z _ 2b1)2>> dz
NG 2 2 )
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Hence, we have

Ep[1(Tp, > DE["?T (xe”%T — K)T | F:1]

— ! b my eV _ K (y— Z)2
BN ] /_oo/k e )exp<_2(T - 1))

! (exp<—£> - exp(—w>> dydz
V2 2 2

=x¢(0 +m) — K¢(m)

X

for ¢(x) defined in (4.11) and (4.12). Equation (4.13) is the same as before with the density
of the stopping time now being restricted to the set {7}, < 1}, and the pricing formula in (4.9)
thus follows. For L1 < L, < Sy (b1 < by < 0), we have

*Clove (x, T, Ly, Ly, K) = Ep[1(Ty, > DE["?" (xe”?" — K)T | #]] (4.14)
+ Ep[1(Ty, < D1(x < TE["T (xe”*" — K)F | F]].
(4.15)

he law of Z; on the set {7, > 1} is
! (exp(——z2> —exp(——(Z 2 2)2>> z
\/_ 5 5 dz.

Ep[1(Ty, > DE[e"4T (xe”“T — K)* | ;1]

_ ;/‘” fmemy(xeoy _ Kyex (_M)
TR T =D by K P\ -

X —1 (ex <—£> —ex <——(Z +2b2)2>> dydz
=x¢'(c +m) — K¢'(m),

P(Z) €dz, Ty, = 1) =

Expression (4.14) is thus

where ¢’ (x) is as defined in (4.12). Since (4.15) is the same as before with the density of the
stopping time being restricted to the set {7}, < 1}, we have pricing formula (4.10). (|

4.2. Double-barrier Parisian out call

The double-barrier Parisian out call is a call option which gets knocked out when the price
of the underlying asset goes beyond the barriers. Hence, it has payoff (S7 — K)T1(t < T) at
time 7. We denote by C4°®(x, T, L1, Ly, K) the price of such an option with initial price x
and time to maturity 7. Then since

Eple " (St — K)T1=Eple " (St — K)"1(x < T)]1 +Eple™ " (St — K)T1(zr > T)],
we have, for L; < Sg < L, (b) <0 < by),
CSOUble(x, T, le L2s K) — CBS(X, T) _ Clgloub]e(x, T),

where Cpg(x, T) denotes the price of the vanilla call option with payoff (S7— K )™ at maturity 7.
For So < L1 < Lz (0 < by < by), the Parisian out call becomes useless if 7, > 1, hence,
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we have

cdowdle(x T, Ly, Ly, K)
= Eple " T1(Ty, < D1(z > T)(Sy — K)T]
= Ep[1(Th, < e "7 (St — K)T1 — Ep[1(Tp, < e " 1(r < T)(St — K) 7]

_/1 b
0 2mt3

b2
exp<—2—;>CBS(L1, T —1)dt

— (CdWle(x T, Ly, Ly, K) — (x¢p(0 +m) — Kp(m))).

A. DASSIOS AND J. W. LIM

For L1 < Ly < 8o (b1 < by < 0), the Parisian out call becomes useless if 7;, > 1, hence, we

have

cdowdle(x T, Ly, Ly, K)
= Eple " T1(T}, < D1(z > T)(Sy — K)T]
= Ep[1(Th, < De™" T (St — K)T1 — Ep[1(Th, < e 1(r < T)(St — K)T]

[
0 2mt3

b2
exp(—2—§>CBS(L2, T —1)dt

— (CIole(x T Ly, Ly, K) — (x¢ (0 +m) — K¢/ (m))).

5. Numerical results

In this section we compute the prices of the two-sided Parisian in call options and compare the
prices across different initial asset price Sy, and different window length D. We demonstrate the
correctness of these results by comparing them with the numerical prices obtained by Anderluh
and van der Weide [1] using Fourier transform inversion. We note that since we have chosen
the window length D as the unit of time, all parameters (r, o) are correspondingly normalised
depending on the window length.

In Table 1 we present the results for a comparison of the prices of double-barrier Parisian
in calls across different Sy between 80 and 100, and D between two weeks and three months,
fixing the parameters 0 = 0.2, r = 0.05, T = 1 year, K =90, and L{ = 80 and L, = 100.

TABLE 1: Price of the Parisian min-in call for L = 80, L, = 100.

So D=4 D=3 D=1 D=1}
80  3.894968 3540956  2.844183 2210231
82  4.650542 4245481 3478998 2782763
84 5526743  5.082531  4.256382  3.498445
86 6525658  6.055637  5.182448 4366187
88  7.644386  7.161490 6255264  5.387473
90  8.877623  8.394327 7470518  6.561364
92 10218160  9.746352  8.821621  7.884263
94 11.657360 11.208180 10.299920  9.349889
96 13185670 12.769300 11.895020  10.949430
98 14.793030 14.418470 13595140 12.671890

100 16396830 16.037190 15231930  14.310760
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TABLE 2: Price of the Parisian min-in call L; = 70, L, = 110.

_ 1 _ 1 _ 1 _ 1
So D=5 D=g D=g D=z

80 2.192441 1.780915 1.240433 0.857615
82 2.814304 2.332982 1.679 245 1.199394
84 3.563176 3.007 037 2.229091 1.639 840
86 4.444798 3.811887 2.902 650 2.194 032
88 5.462 882 4.754 442 3.711202 2.876336
90 6.618767 5.839241 4.663 993 3.699677
92 7.911251 7.068 144 5767730  4.674874
94 9.336592 8.440 194 7.026212 5.810075
96 10.888640 9.951 636 8.440 122 7.110332
98 12.559120 11.596080 10.006 980 8.577325
100 14.337960 13.364780 11.721250 10.209270

TABLE 3: Computation time in seconds.

1 1 1 1
p=4% D=L p=! D=1}
Elapsed time 38.23 6.24 2.42 1.75

The prices decrease with longer window lengths, as it becomes more difficult to knock in the
option. For comparison, we have computed the same call prices for the case when the barriers
are widened to L1 = 70 and L, = 110. As can be expected, the options become cheaper as it
is now more difficult for the option to be knocked in. This is shown in Table 2.

The convolutions are evaluated using the convolve function in R. Due to the recursions,
computation time decreases with the window length and are presented in Table 3.

(1]
(2]

4

—

(5]
(6]

(8]
(9]

[10]
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