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ASYMPTOTICALLY EFFICIENT
MODEL SELECTION FOR PANEL

DATA FORECASTING

RYAN GREENAWAY-MCGREVY
The University of Auckland

This article develops new model selection methods for forecasting panel data using
a set of least squares (LS) vector autoregressions. Model selection is based on min-
imizing the estimated quadratic forecast risk among candidate models. We provide
conditions under which the selection criterion is asymptotically efficient in the sense
of Shibata (1980) as n (cross sections) and T (time series) approach infinity. Relative
to extant selection criteria, this criterion places a heavier penalty on model dimen-
sionality in order to account for the effects of parameterized forms of cross sectional
heterogeneity (such as fixed effects) on forecast loss. We also extend the analysis to
bias-corrected least squares, showing that significant reductions in forecast risk can
be achieved.

1. INTRODUCTION

There are significant advantages to using panel data models to forecast economic
variables. In empirical forecasting applications, panel models that permit limited
cross sectional heterogeneity typically produce more accurate forecasts than the
corresponding time series specification. This finding holds across a wide range
of macroeconomic and microeconomic data, including panel datasets with a large
time series dimension.1 For a detailed survey, see the “Forecasting Applications”
section of Baltagi (2008).

Despite the empirical advantages of forecasting with panel data, there is lit-
tle theory to guide the practitioner when choosing the specification of a panel
forecasting model. Much of the extant theoretical research on panel forecasting
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focuses on efficient prediction for a given model specification (see, among others,
Taub, 1979; Baltagi and Li, 1992; Baillie and Baltagi, 1999; Baltagi, Bresson,
and Pirotte, 2010). This literature also assumes strict exogeneity of the regressor,
which precludes models with lagged dependent variables. By contrast, research
focusing on the relationship between model specification and out-of-sample loss
has been limited to a few articles (e.g., Greenaway-McGrevy, 2013; 2015).

In this article we provide new model selection criteria that are explicitly de-
signed to choose a panel data model for the purpose of out-of-sample forecast-
ing. We consider a set of panel vector autoregressions (VARs) that permit limited
forms of parameterized heterogeneity, including cross section fixed effects or het-
erogenous linear trends. Dependence within each time series is modelled through
a homogenous vector autoregressive structure that can be estimated by pooling
across the time series in the sample. See (4) below for the model specifications
considered.

The proposed model selection methods are based on minimizing expected
quadratic forecast loss among candidate models. The estimated models are used
to make a one-period-ahead out-of-sample forecast of each cross sectional unit in
the panel. Forecast loss is then evaluated using an average quadratic forecast error
loss function, with the average taken over the cross sectional units of the panel.
We construct an estimator of the expected quadratic forecast loss so that model se-
lection can proceed by choosing the model with the lowest estimated forecast risk.
We then provide conditions under which this selection criterion is asymptotically
efficient in the sense defined by Shibata (1980). Asymptotically efficient selection
criteria minimize the expected quadratic forecast loss within the candidate set of
models as the sample size grows large.

In studying the relationship between model specification and the out-of-sample
loss, we will adhere to a similar framework to that set out in the theoretical time
series forecasting literature. Akaike (1970), Shibata (1980), Fuller and Hasza
(1981), Findley (1984), Kunitomo and Yamamoto (1985), Bhansali (1996, 1997),
Ing (2003), Ing and Wei (2003, 2005) and Schorfheide (2005), among others, de-
rive expressions for the expected quadratic forecast loss of a least squares (LS)
fitting to a set of covariance stationary time series processes. These expressions
form the basis for deriving and evaluating well-known forecasting model selection
methods, such as minimization of Akaike’s (1970) final prediction error (FPE),
Shibata’s (1980) FPE, Mallows’ (1973) Cp, and the Akaike information criterion
(Akaike, 1970; Shibata, 1980; Bhansali, 1996; Ing and Wei, 2005). These selec-
tion criteria are typically evaluated within an asymptotic framework that preserves
the trade-off between specification error and over-parameterization that we face
in practice when selecting the size of a model (e.g., Shibata, 1980; Speed and
Yu, 1993; Bhansali, 1996; Ing and Wei, 2005; Schorfheide, 2005). Most com-
monly the data is generated by an infinite-dimensional specification of the class
of models under consideration, and the set of candidate models is permitted to
increase with the sample size at a restricted rate. For example, Shibata (1980),
Bhansali (1996) and Ing and Wei (2003, 2005) consider fitting an AR(k) model
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to an AR(∞) process, permitting the set of fitted lag orders to grow with the
sample size T at an o(T 1/2) rate. In this framework, all candidate models can ex-
hibit some degree of misspecification, and the goal of model selection is to choose
the model that can best balance misspecification against over-parameterization for
the purpose at hand.

Following this precedent, we permit the vector autoregressive component of
the panel to be of infinite order, and we allow the maximum number of lags
defining the set of candidate models to grow at a restricted rate as both n (num-
ber of cross sections) and T (number of time series) approach infinity (see As-
sumption 3 below). Under this framework we derive an analytic expression that
uniformly (across all models) approximates the expected quadratic forecast error
loss function of the LS fitting (henceforth referred to as quadratic forecast risk, or
QFR).

A key result is that the asymptotic QFR is increasing in both the variance and
a quadratic transformation of the finite sample bias of the LS estimator. It is well-
established that LS estimators of dynamic panel data models such as VARs exhibit
O
(
T −1

)
bias (Nickell, 1981; Hahn and Kuersteiner, 2002; Alvarez and Arellano,

2003; Phillips and Sul, 2007; Lee, 2012), and a quadratic transformation of this
bias is manifest in the QFR (also see Greenaway-McGrevy, 2013; 2015).2 This
result contrasts with the conventional result for covariance stationary time series,
where only the variance of the LS estimator is manifest in the relevant approxi-
mation of the QFR.

The manifestation of the O
(
T −1

)
bias (or “Nickell bias”) in the QFR implies

that extant forecast selection criteria that penalize only the variance of the LS
fitting, such as minimization of FPE (Akaike, 1970; Shibata, 1980) or Mallows’
Cp (Mallows, 1973), are inappropriate in the panel data context. In addition, any
cross sectional correlation in the panels must be accounted for when penalizing
the variance of the LS fitting. We therefore use our findings to design new model
selection methods that are tailored to panel data forecasting. Specifically, we aug-
ment a version of the conventional Akaike FPE with a quadratic bias term that is
estimated using the fitted model parameters. To account for potential cross sec-
tional correlation, we cluster by time period when estimating the variance of the
LS fitting. Lag order selection then proceeds by choosing the model with the min-
imum estimated QFR, in the vein of the model selection methods suggested by
Akaike (1969, 1970), Shibata (1980) and Bhansali (1996). We then show that the
selection method is asymptotically efficient provided that one dimension of the
panel (either n or T ) grows at a slightly faster rate than the other dimension of the
panel (see Theorem 3.2 for additional details).

Due to the effects of LS estimator bias, this new selection criterion places a
heavier penalty on model complexity compared to conventional forecast selection
criteria, such as the Akaike and Shibata versions of FPE. In this sense it is similar

2 Our use of the term bias differs from how the term is typically used elsewhere in the forecasting literature, where
it is commonly used to refer to the effect of misspecification on the forecast.
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to the panel data selection criteria recently proposed by Lee and Phillips (2015),
which also impose an additional penalty on model complexity in order to account
for parameterized cross sectional heterogeneity. However, our panel FPE differs
from the Lee and Phillips criteria in some other key respects. The latter criteria
are designed to select a model that best approximates the data after integrating
out nuisance parameters such as fixed effects from the likelihood function. The
panel FPE selection criterion, on the other hand, imposes an additional penalty on
model dimension in order to account for the impact of variability in the estimated
heterogenous parameters on forecast loss. The panel FPE criterion therefore takes
into account the impact of nuisance parameters such as fixed effects when select-
ing a model.

We also extend our analysis to bias-corrected (BC) least squares forecasting.
Under this approach we use analytic expressions for the bias in conjunction with
the fitted LS parameters to make a first order correction for the bias before making
the forecast. We show that the asymptotic QFR of the BCLS fitting is strictly less
than that of the LS fitting, revealing an asymptotic justification for the use of the
method in forecasting applications. We provide an analogous model selection cri-
terion that is based on minimization of the estimated QFR of the BCLS forecast,
and we outline conditions for the asymptotic efficiency of the selection criterion.

The remainder of the article is organized as follows. In the following section
we outline our assumptions and forecasting methods. In Section 3 we derive an
asymptotic expression for the QFR of the LS forecast, illustrating how this ex-
pression informs the structure of the panel FPE. We then establish conditions
under which model selection via minimization of panel FPE is asymptotically
efficient, and provide analogous results for BCLS forecasts. In Section 4 we con-
duct Monte Carlo studies in order to validate the asymptotic theory and explore
the small sample performance of the proposed model section methods. Section
5 concludes. Throughout, “:=” is used as the definitional equality; C denotes an
arbitrary finite constant; tr(·), det(·) and ρmax (·) denote the trace, determinant,
and maximum eigenvalue, respectively, of a square matrix; trq(·) = (tr(·))q ; ‖·‖
denotes the spectral norm, i.e., ‖A‖ = ρ

1/2
max

(
A′A

)
for arbitrary A; 1h denotes a

h × 1 vector of ones; Ic denotes the c × c identity matrix; 0c×d denotes a c × d
matrix of zeros; and we use n,T → ∞ to denote n → ∞ and T → ∞, jointly.
Proofs are located in Appendix B.

2. ASSUMPTIONS AND FORECASTING MODELS

In this section we describe the class of panel data processes under consideration
before defining the candidate forecasting models and least squares forecasts.

2.1. Assumptions

We observe a sample of m ×1 vectors
{

yi,t
}n,T

i,t=1 that are generated by an infinite
order panel VAR process of the form
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yi,t =
p∑

r=1

γi,r (t −1)(r−1) + xi,t , xi,t =
∞∑

s=1

α′
s xi,t−s + ei,t , t = . . . ,−1,0,1, . . . ; i = 1,2, . . . ,

(1)

such that xi,t is the stochastic component of yi,t and
∑p

r=1 γi,r (t − 1)(r−1) is
the deterministic component. The vector autoregressive structure underlying the
stochastic component is homogenous in the sense that {αs}∞s=1 are the same for
each i = 1,2, . . . . Under the assumptions stipulated below, the innovations to the
VAR process (ei,t ) are independently distributed over time, but can exhibit weak
cross sectional dependence. Meanwhile the deterministic component is a set of
polynomial time trends interacting with cross section specific coefficients. It ad-
mits common forms of parameterized heterogeneity, such as cross sectional fixed
effects (p = 1) or heterogenous linear trends (p = 2).

We impose the following assumptions on {αs}∞s=1.

Assumption 1. det(Im −∑∞
s=1 zsαs) �= 0 for |z| ≤ 1,

∑∞
s=1 s ‖αs‖ ≤ Cα < ∞,

and the diagonal elements of αs are nonzero for infinitely many s.

Under Assumption 1 the VAR process is invertible and can be expressed as a
vector moving average process with moving average matrices {θs}∞s=0 recursively

defined as θs := ∑s−1
r=0 θrαs−r for s ≥ 1 and θ0 = α0 = Im . Moreover, the ab-

solute summability condition placed on {αs}∞s=1 implies that
∑∞

s=0 s ‖θs‖ is also
bounded (see Thm. 3.8.4 of Brillinger, 1981). This condition limits the depen-
dence in the time series and ensures that LS estimator bias does not dominate
the forecast variance in the asymptotic QFR (see the Remarks in Section 3.1 for
further details).

We impose the following assumptions on the error process ei,t .

Assumption 2.

(i) For each i = 1,2 . . .,
{
ei,t
}∞

t=−∞ is a sequence of independent
random vectors with zero mean and variance �i,i > 0 satisfying
sup−∞<t<∞E

∥∥ei,t
∥∥q

< Cq for q = 1,2, . . .

(ii) For each i = 1,2 . . . and t = . . . ,−1,0,1, . . ., there exist positive constants
b,c and d such that supv ′v=1 P

(
a1 < v ′ei,t < a2

) ≤ c(a2 −a1)
d for all a1

and a2 satisfying 0 < a1 − a2 ≤ b.

(iii) 1
n

∑n
i, j=1

∥∥�i, j
∥∥≤ C� for all n, where �i, j := E

(
ei,t e′

j,t

)
for each i, j =

1,2, . . .

Under Assumption 2(i) all moments of the errors are bounded, a condition neces-
sary to derive an asymptotic QFR expression under the relatively fast growth rate
in model dimensionality permitted (see Assumption 3 below).3 It also allows us
to obtain asymptotic efficiency under the most general conditions on the relative

3 Ing and Wei (2003) show that the bound can be relaxed at the expense of a slower rate of growth in the model
dimension.
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rates of expansion in n and T . Note that under (i), the sequence
{
ei,t
}∞

t=−∞ is
independently and heterogeneously distributed but with homogenous covariance
�i,i for each i = 1,2, . . . . This means we impose time series homoskedasticity
but permit cross sectional heteroskedasticity in ei,t .4 Assumption (ii) character-
izes the distribution of the error vector as uniformly Lipschitz, and it ensures that
the expectation of the smallest eigenvalue of the regressor covariance matrix is
bounded above zero in sufficiently large samples, even as the lag order grows in
the asymptotics (see, for example, Ing and Wei, 2003, 2005; Findley and Wei,
2002).

Assumptions 1, 2(i) and (ii) apply standard conditions imposed in the time se-
ries forecasting literature to each time series in the panel (see, for example, Ing
and Wei, 2005). Assumption 2(iii) characterizes the cross-sectional dependence in
the panel. Although ei,t is independently distributed over time under Assumption
2(i), it is not necessarily independently distributed between cross sections. As-
sumption 2(iii) limits the cross section correlation in ei,t . Together with Assump-
tion 1, Assumption 2(iii) ensures that the panel vectors xi,t obey weak dependence
conditions of the form

1
n

n∑
i, j=1

1
T

T∑
s,t=1

E
(
x ′

i,t xj,s
)≤ tr

⎛
⎝ 1

n

n∑
i, j=1

∞∑
s,r=0

θ ′
s�i, j θr

⎞
⎠≤ m ‖Cθ‖2 ‖C�‖ < ∞ (2)

(see Chudik, Pesaran, and Tosetti, 2011), where
∑∞

s=0 ‖θs‖2 ≤ Cθ for some finite
positive constant Cθ .

In the following subsection we will consider fitting models of finite lag order
(denoted k) to the panel generated by (1). Because the panel process yi,t is a
VAR(∞), these finite order fitted models are misspecified. For each k = 1,2, . . .
we define

si,t (k) :=
∑∞

s=1
(αs −αs (k))′ xi,t−s+1,

where

(
{αs (k)}k

s=1

)
:= argmin

as∈Rm×m

T −1∑
t=k

n∑
i=1

E

⎛
⎝∥∥∥∥∥xi,t −

k∑
s=1

a′
s xi,t−s

∥∥∥∥∥
2⎞⎠ , αs (k) := 0 for s ≥ k +1,

such that si,t (k) represents the specification error of the VAR(k) model. We sig-
nify the parameters with k to indicate that the parameters that solve the minimiza-
tion problem change with the number of lags. It will be convenient to decompose
the vector xi,t as

xi,t =
∑k

s=1
α′

s (k)xi,t−s + ui,t (k) , (3)

where ui,t (k) := ei,t + si,t−1 (k) for each k = 1,2, . . . , and it will also prove con-
venient to define α (k) := [

α′
1 (k) : · · · : α′

k (k)
]′

.

4 Homoskedasticity is commonly assumed in the time series forecasting literature. See, among others, Ing and Wei
(2003; 2005), Ing (2003), and Schorfheide (2005).
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2.2. Least Squares Forecasts

We produce out-of-sample forecasts using a set of finite order panel vector au-
toregressions (VARs) of the form

yi,t =
∑p

r=1
βi,r (t − 1)(r−1) +

∑k

s=1
α′

s yi,t−s + ei,t , (4)

where k = 1,2, . . . ,kn,T indexes the different models up to some maximum lag
order kn,T . We begin by focussing on the OLS estimator of (4), which has sev-
eral appealing features as a potential predictor. First, the estimator is consistent
(for the population coefficients {αs (k)}k

s=1) provided T → ∞. Second, they are
straightforward to compute, and are often employed in empirical panel forecasts
(see the “Forecasting Applications” section of Baltagi, 2008, and the references
cited therein). Later, in Section 3.5, we will consider bias-corrected LS estimators
of (4).

The set of OLS estimates are defined as follows. For all integers k and l satis-
fying 1 ≤ k ≤ l ≤ kn,T , we have

(
α̂ (k,l) ,

{
β̂i (k,l)

}n

i=1

)
:= argmin

a∈Rmk×m ,bi ∈Rp×m

T −1∑
t=l

n∑
i=1

∥∥yi,t+1 −a′Yi,t (k)−b′
iτt−l+1

∥∥2
, (5)

where Yi,t (k) :=
(

y ′
i,t , . . . , y ′

i,t−k+1

)′
is a mk × 1 vector and τt :=(

1, t − 1, . . . , (t − 1)p−1)′ is a p × 1 vector of polynomial time trends. Note
that (5) corresponds to an equation-by-equation OLS estimation of the
VAR(k).

Remark. Note that l in (5) dictates the beginning of the time series sample
used in estimation of the VAR(k). Specifically, the sample of dependent vari-
ables used in estimation of the model is given by

{
yi,t
}n,T

i=1,t=l+1. In what fol-
lows we focus on two specific choices of l. For the purpose of producing a fore-
cast, we will set l = k, so that the VAR(k) is fitted to the full available sam-
ple of data (see (6) below). That is, the sample of dependent variables used in
estimation of the model varies with k, and is given by

{
yi,t
}n,T

i=1,t=k+1. How-
ever, for the purpose of estimating the QFR of these forecasts, we fit each
VAR(k) to a common sample by setting l = kn,T (see Section 3.2 below). That is,{

yi,t
}n,T

i=1,t=kn,T +1 comprises the sample of dependent variables used to estimate
all models. This common sample is critical for establishing the asymptotic effi-
ciency of the model selection rule (see Remark (i) in Section 3.3 below for further
details).5

5 We use the full sample of data to construct forecasts because estimating parameters from the common sample
would lower the precision of the point estimates and inflate the quadratic loss of the forecasts. This restriction would
be particularly costly for the precision of the fitted heterogenous parameters, each of which are identified only as T
grows large.
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For each i = 1, . . . ,n, the OLS out-of-sample forecast from the fitted VAR(k)
is

ŷi,T +1 (k) = α̂(k,k)′ Yi,T (k)+β̂i (k,k)′ τT −k+1, (6)

and the associated quadratic forecast loss (QFL) is defined as tr (	L(k)) , where

L(k) := 1
n

∑n

i=1

(
ŷi,T +1 (k)− yi,T +1

)(
ŷi,T +1 (k)− yi,T +1

)′
,

and 	 is a positive semidefinite (PSD) m ×m weighting matrix satisfying ‖	‖ =
1. The quadratic forecast risk (QFR) of the model is then E(tr (	L(k))). Note
that the OLS model parameters used in the forecast (6) are estimated using
the full available sample, since we have set l = k in (5) when constructing the
forecast.

In general 	 is chosen by the practitioner according to which elements (or
combinations of elements) of yi,T +1 they are interested in forecasting (also see
Schorfheide, 2005, and Greenaway-McGrevy, 2013; 2015). This approach to eval-
uating the quadratic loss of the forecast is rather flexible. Because 	 is PSD, there
exists ι such that 	 = ιι′, which allows us to study the quadratic loss of linear
combinations of the form ι′ ŷi,T +1 (k). For example, if we are interested in fore-
casting the first element of yi,T +1, then ι = (1,0, . . . ,0)′. If we are interested in
forecasting the difference between the first and second elements of yi,T +1, then
ι = (√

1/2,−√
1/2,0, . . . ,0

)′. The condition ‖	‖ = 1 is a straightforward nor-
malization that is made for expositional clarity.

Exogenous regressors can also be accommodated in the analysis by expanding
the vector yi,t to include the exogenous variables, provided that the exogenous
variables obey the conditions stipulated under Assumptions 1 and 2. In particu-
lar, the exogenous regressors must be weakly dependent in both the time series
and cross sectional dimensions of the panel. By definition, exogenous regressors
would impose restrictions on the parameter space of the data generating process,
such as block zero restrictions on the off-diagonal elements of {αs}∞s=1. Because
such restrictions can easily be accommodated under Assumption 1, the main re-
sults of the article will continue to apply.

The fitted parameters α̂(k,k) and
{
β̂i (k,k)

}n

i=1
in (6) are expressed as func-

tions of the lag order k since our focus is the effect of model specification on
model fit. Because β̂i (k,k) are specific for each i , they converge at a

√
T rate

(for a given k). By contrast, α̂ (k,k) is homogenous and is estimated by pooling
across i and t , and hence convergence would occur at a faster

√
nT rate when k

is fixed (Hahn and Kuersteiner, 2002; Alvarez and Arellano, 2003). The O
(
T −1

)
variance of the estimated cross section specific parameters therefore dominates
the O

(
(nT )−1

)
variance of the estimated homogenous coefficients in the QFR.

Although the number of these heterogenous parameters is not dependent on the
lag order, k does have a smaller O

(
kT −2

)
effect on the variance of these fitted

coefficients since the number of observations used in estimation is T − k (see the
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Remarks in Section 3.1 for more details). Hence, in order to discern the relation-
ship between k and forecast risk, these smaller O

(
kT −2

)
terms in the QFR will

be taken into account.
We only consider forecasting one period ahead in (6). While we do not consider

multistep forecasting in this article, the theory provides the basis for the develop-
ment of multistep forecasting selection that will be pursued in future work. Also
see Greenaway-McGrevy (2013) for a discussion of the OLS bias in correctly
specified multistep panel data VARs.

The variables being forecast in (6), namely
{

yi,T +1
}n

i=1, are generated from the
same underlying process as the data used to estimate model parameters, namely{

yi,t
}n,T

i,t=1. This corresponds to same-sample realization, and it contrasts against
independent sample realization, wherein the process to be forecast shares the same
stochastic structure but is independent of the data used to fit the model.6 Inde-
pendent realization is mathematically convenient because it permits us to ignore
any dependence between the estimated model parameters and the predictor vari-
ables when solving for the QFR of the forecast (see, among others, Shibata, 1980;
Bhansali, 1996, 1997; Schorfheide, 2005). However, the independent realization
assumption is untenable in many empirical applications, and while it is an innocu-
ous assumption in many time series applications, it leads to an altogether different
expression for the asymptotic QFR compared to same-sample realization in panel
data settings (Greenaway-McGrevy, 2015).

We restrict the maximum permissible lag order kn,T as follows.

Assumption 3. As n → ∞ and T → ∞, the set of lags orders is k ∈{
1,2, . . . ,kn,T

}
, where kn,T is a sequence of positive integers satisfying either

C1 ≤ lim
n,T −→∞

(
k1+ε

n,T√
n

+ k1+ε
n,T
T

)
≤ C2 (7)

or

C1 ≤ lim
n,T −→∞

(
k1+ε

n,T√
T

)
≤ C2 (8)

for some ε > 0 and positive constants C1 and C2.

The restriction imposed on kn,T under either (7) or (8) ensures that the dependence

between the estimated model parameters (i.e., α̂ (k,k) and
{
β̂i (k,k)

}n

i=1
) and

Yi,T (k) in (6) is asymptotically negligible in the same-sample framework, albeit
under very different mechanisms. If (7) holds, then it follows that kn,T n−1/2 =
o (1), and the dependence is shown to be negligible by exploiting the weak cross

6 Suppose we have scalars z1,t =∑∞
s=0 ηsw1,t−s and z2,t =∑∞

s=0 ηsw2,t−s for some {ηs }∞s=0, where w1,t and
w2,t are white noise with identical variances but are statistically independent of each other. Fitting an autoregressive

model to
{
z1,t

}T
t=1 and using the fitted coefficients to forecast z2,T +1 is an example of independent realization.

Using those same parameters to forecast z1,T +1 is an example of same-sample realization.
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sectional dependence in the panel. This condition is less restrictive than (8) in
“large n” panels (n >> T ). If instead (8) holds, then it follows that kn,T T −1/2 =
o (1), and the dependence is shown to negligible by exploiting the weak time se-
ries dependence in the panel, as in Ing and Wei (2005). This condition is less
restrictive than (7) in “large T ” panels (T >> n). For comparison, in the time
series context the maximum permissible rate of expansion in the lag order is re-
stricted to be o

(
T 1/2

)
(Shibata, 1980; Ing and Wei, 2005), meaning that we can

permit much larger models for panels with n larger than T .

3. ASYMPTOTIC THEORY

In this section we derive an asymptotic expression for the QFR of the LS forecasts
defined in (6) above. Based on this expression, we construct an asymptotically
unbiased estimator of the QFR that provides the basis for the new model selection
method. We then provide conditions under which the model selection method is
asymptotically efficient. Finally, we consider an extension to bias-corrected least
squares forecasts.

3.1. Asymptotic Quadratic Forecast Risk

Our first step towards developing forecast model selection criteria is to solve for
an analytic expression for the QFR. Before proceeding, we introduce the follow-
ing notation. Let


i, j (k) := E
(

Xi,t (k) X ′
j,t (k)

)
for each i, j = 1,2, . . . ,

where Xi,t (k) :=
(

x ′
i,t , . . . ,x ′

i,t−k+1

)′
, and7


 (k) := 1
n

∑n

i=1

i,i (k) , � := 1

n

∑n

i=1
�i,i .

Theorem 3.1 below characterizes tr
(
	Ln,T (k)

)
as the (second order) asymptotic

QFR, where

Ln,T (k) := �(k)+�

[
kp2

T (T −k) +
p∑

l=1

2l−1
T−k

(∏l−1
r=0(T −k+r)∏l−1
r=0(T −k−r)

−1

)]
+�(k) k

n(T −k) + ζ (k) kp2

(T −k)2 ,

(9)

for

�(k) :=
∑∞

s,r=1
(αs (k)−αs)

′( 1
n

∑n

i=1
E
(
xi,t−s x ′

i,t−r

))
(αr (k)−αr ) ,

�(k) := 1
nk

∑n

i, j=1
�i, j · tr

(

i, j (k)
−1 (k)

)
, (10)

7 Note that due to potential cross sectional heterogeneity in ei,t , � and 
 (k) can depend on n. In the interests of
brevity this dependence is not made explicit in the notation.
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and

ζ (k) := 1
k �

(
1k ⊗

(
Im −

∑∞
s=1

α′
s

)−1
)′


−1 (k)

(
1k ⊗

(
Im −

∑∞
s=1

α′
s

)−1
)

�.

(11)

Note that Ln,T (k) is a sum of positive definite matrices, and hence Ln,T (k) > 0
(in the matrix sense). Although Ln,T (k) appears to be rather complicated, each
term comprising the sum has a natural interpretation, as discussed in the following
remarks.

Remarks. (i) The term �(k) represents the effect of specification error in
the VAR(k) model on the QFR (it is sometimes referred to as goodness
of fit). Mappings from �(k) to the real line are a measure of distance
between the regression model (4) and the data generating process.8 Note
that while tr (	�(k)) > 0 for all k ≥ 1 under Assumption 1, the term is
decreasing in k, corresponding to the fact that the specification error of the
model decreases as the fitted lag order increases.9

(ii) The remaining terms in the expression for Ln,T (k) are the model complex-
ity terms that are increasing k, and these terms reflect estimation error in
the fitted model parameters. The term

�

[
kp2

T (T −k) +
p∑

l=1

2l−1
T −k

(∏l−1
r=0(T −k+r)∏l−1
r=0(T −k−r)

− 1

)]

arises from the second order effect of variance in the fitted heterogenous

coefficients
{
β̂i (k,k)

}n

i=1
on the QFR. The first order effect is p2

T �, which

is independent of the lag order k, and hence the term will be subtracted
from L(k) before deriving the asymptotic QFR (see Theorem 3.1 below).
However, the variance of these fitted coefficients does have a second order
impact on the QFR because the effective number of time series observa-
tions with which to estimate these parameters (i.e., T −k) is decreasing in
k.10

(iii) The term k
n(T −k)�(k) captures the effect of variance in the fitted ho-

mogenous parameters α̂ (k,k) on the QFR. The term is increasing in
k because �(k) = 1

nk

∑n
i, j=1 �i, j × tr

(

i, j (k)
−1 (k)

) = O (1) under
weak cross sectional dependence (see Assumption 2(iii)). Note that any
weak correlation between cross sectional units will manifest itself in this
term.

8 �(k) corresponds to the term ‖α (k)−α‖2

 used by Ing and Wei (2003, 2005) and Shibata (1980) for the time

series autoregressive case.
9 Ing and Wei (2003) show that when m = 1, �(k) ≤ C

∑∞
s=k+1 θ2

s . Thus if
∑∞

s=1
√

s ‖θs‖ < ∞, for example, then

�(k) ≤ Ck−1 .
10 Note that the QFR is quadratic in the order of the polynomial trend (i.e., p − 1). Corollary 1 of Ing (2003)
demonstrates a similar result in the times series case.
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(iv) The final term in (9), namely kp2

(T −k)2 ζ (k), captures the effect of the

O
(
T −1

)
bias (or Nickell bias) in LS estimator on the QFR. For example,

we can express

α̂ (k,k)−α(k) = p
T −k 
−1 (k)ξ (k)+dn,T (k), ξ (k) :=

(
1k ⊗

(
Im −

∑∞
s=1

α′
s

)−1
)

�,

where dn,T (k) denotes an asymptotically negligible term that can be ig-
nored for our purposes.11 In correctly specified models, ξ (k) simplifies to
the approximations derived elsewhere (e.g., Hahn and Kuersteiner, 2002;
Greenaway-McGrevy, 2013). The ζ (k) term is then a quadratic transfor-
mation of the Nickell bias, since ζ (k) = 1

k ξ (k)′ 
−1 (k)ξ (k). The Nick-
ell bias induces an O

(
k (T − k)−2) term in the QFR, since k × ζ (k) is

nondecreasing in k. To see why this is the case, note that we can de-
compose 
−1 (k) = G (k)S−1 (k)G′ (k) , for a mk × mk block lower tri-
angular matrix G (k) with Im along the principal diagonal and matrices
−αh−1 (k − l) in the (h,l) block (h > l); and block diagonal S(k) with

�(l) := E
(

1
n

∑n
i=1 ui,t (k − l)u′

i,t (k − l)
)

in the (l,l) diagonal block,

where ui,t (0) := xi,t (cf. (2.18) in Bhansali, 1996). Then we have kζ (k) =∑k
h=1𝚼h, where

𝚼h := �

(
Im −

∞∑
s=1

αs

)−1(
Im −

h∑
s=1

αs (h)

)
�−1 (k)

(
Im −

h∑
s=1

α′
s (h)

)(
Im −

∞∑
s=1

α′
s

)−1

�

satisfies 𝚼h ≥ 0 (in the matrix sense). The quadratic bias term ζ (k)
is also dependent on the summability condition imposed on {αs}∞s=1
under Assumption 1. For highly dependent processes that violate this
summability condition, we cannot ensure that the quadratic bias term is
O
(
k (T − k)−2). Finally, note that in the time series context such bias

terms are not included in the asymptotic expression of the QFR, despite
the fact that it is well-known that the ordinary least squares (OLS) estima-
tor of autoregressions exhibits O

(
T −1

)
bias. This is because the effect of

the bias on the relevant approximation of the QFR is of smaller order than
the effect of estimator variance.

The following result characterizes Ln,T (k) as the asymptotic QFR.

11 Specifically,
∥∥E
(
dn,T (k)

)∥∥2 is proportional to k (T − k)−2 ‖�(k)‖, meaning the effect of dn,T (k) on quadratic
forecast loss is dominated by �(k) as T → ∞, and hence the stochastic term dn,T (k) need not be considered when
deriving the asymptotic QFR expression.
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THEOREM 3.1. Let yi,t be generated according to (1). Then under Assump-
tions 1, 2, and 3,

lim
n,T →∞ max

1≤k≤kn,T

∣∣∣∣∣∣
tr
(
	
[
E(L(k))−

(
1 + p2

T

)
�
])

tr
(
	Ln,T (k)

) − 1

∣∣∣∣∣∣= 0 (12)

for all positive semidefinite m ×m matrices 	 satisfying ‖	‖ = 1.

Theorem 3.1 states that the second order QFR of the LS forecast can be uniformly
(in k ≤ kn,T ) approximated by Ln,T (k). It is second order in the sense that we
subtract tr

(
	�

(
1 + T −1 p2

))
from the QFR before taking the limit. Note that � is

the average (across i ) covariance of the innovation vector ei,T +1, while �p2T −1

is the O
(
T −1

)
approximation of the average (across i ) covariance of the estimated

cross section specific coefficients {̂αi (k,k)}n
i=1. Both terms are independent of the

lag order k, and hence we must consider the smaller second order terms contained
in Ln,T (k) for the purpose of model selection.

The proof of Theorem 3.1 is located in the Appendix. In order to solve for
E(L(k)), we require that the minimum eigenvalue of the sample covariance ma-
trix of the regressors is bounded above zero in expectation, even as kn,T grows
large. Findley and Wei (2002) and Ing and Wei (2003) show that the Lipschitz as-
sumption (Assumption 2(ii)) ensures that the expectation is bounded away from
zero in sufficiently large samples.

The relative rates of expansion in n and T are not restricted, but they will affect
the relative magnitudes of the additive model complexity terms in the asymp-
totic QFR. For example, if n grows sufficiently fast, such that T = o (n), then the
quadratic bias and the second-order variance of the cross section specific param-

eters
{
β̂i (k,k)

}n

i=1
comprise the dominant model complexity terms. Conversely,

if n = o (T ), the variance of the homogenous VAR coefficients α̂(k,k) comprise
the dominant model complexity term. Under either condition the asymptotic QFR
can be simplified considerably (see Section 3.4 for further details). If n and T
grow at the same rate (e.g., n/T → C , 0 < C < ∞), then all terms are manifest
in the asymptotic QFR.

Having established tr
(
	Ln,T (k)

)
as the asymptotic QFR of the LS forecast,

we define

k∗
n,T := arg min

1≤k≤kn,T
tr
(
	 Ln,T (k)

)
.

Under Assumption 1, using the same arguments as Shibata (1980, p. 154) we
can establish that k∗

n,T → ∞ as n → ∞ and T → ∞. As n and T grow large,
the sequence of k∗

n,T provides the basis for evaluating model selection methods.
Asymptotically efficient model selection methods choose a sequence of QFRs that

converges to the sequence tr
(
	 Ln,T

(
k∗

n,T

))
as the sample size increases. Note

that k∗
n,T is implicitly dependent on 	 and the relative rates of expansion in n

and T .
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3.2. Quadratic Forecast Risk Estimation and Model Selection

Estimators of quadratic forecast risk are often used as the basis for model selec-
tion methods (e.g., Akaike, 1970; Shibata, 1980; Ing and Wei, 2005; Schorfheide,
2005). The underlying intuition is to estimate the quadratic forecast risk for each
model within the candidate set, and then select the model corresponding to the
smallest estimated risk.

In order to estimate the QFR of each model, we fit each VAR(k) to a common
sample by setting l = kn,T in (5) above for each k = 1,2, . . . ,kn,T . Thus, the sam-

ple of dependent variables used in estimation of each model is
{

yi,t
}n,T

i=1,t=kn,T +1.
This common sample is necessary for the asymptotic efficiency of the model se-
lection criterion (see the discussion after Theorem 3.2 below).

The model selection criteria proposed by Akaike (1970), Shibata (1980) and
Mallows (1973) are based on penalizing the in-sample quadratic loss of the fitted
model. We consider a similar approach. First, for i = 1, . . . ,n and t = l, . . . ,T, we
define

ûi,t+1 (k, l) := ŷi,t+1 (k, l)− yi,t+1, ŷi,t+1 (k, l) := α̂(k, l)′ Yi,t (k)+β̂i (k, l)′ τt−l+1,

for all k and l satisfying 1 ≤ k ≤ l ≤ kn,T . We then let tr
(
	R̂ (k)

)
denote the

in-sample quadratic loss of the VAR(k) fitted to
{

yi,t
}n,T

i=1,t=kn,T +1 , where

R̂ (k) := 1
n(T −kn,T )

∑T −1

t=kn,T

∑n

i=1
ûi,t+1

(
k,kn,T

)
û′

i,t+1

(
k,kn,T

)
. (13)

Our suggested QFR estimator is then

L̂n,T (k) := R̂ (k)+
[

R̂ (k)
T −kn,T

T −kn,T −p

](
p

T −kn,T
+

p∑
l=1

2l−1
T −k

∏l−1
r=0(T −k+r)∏l−1
r=0(T −k−r)

)
+ (14)

�̂(k) k
n

[
1

T −kn,T
+ 1

T −k

]
+ ζ̂ (k)

[
kp2

(T −kn,T )2 + kp2

(T −k)2

]
,

where �̂(k) and ζ̂ (k) denote estimates of �(k) and ζ (k) (specified in (17) and
(18) below), and where R̂ (k)

T −kn,T
T −kn,T −p is used as an estimate of �. Following the

terminology set forth by Akaike (1970), we refer to this estimator as panel final
prediction error (panel FPE).12

Our model selection rule is to choose k to minimize the estimated QFR, i.e.,

k̂ := arg min
1≤k≤kn,T

tr
(
	L̂n,T (k)

)
. (15)

This criterion is similar to model selection by minimization of estimated out-
of-sample risk in the time series literature (Akaike, 1970; Shibata, 1980). How-
ever, in contrast to these criteria, minimizing the panel FPE imposes an additional

12 The design of L̂n,T (k) is based on comparing Ln,T (k) to the asymptotic expression for R̂ (k) provided in Lemma
B.5 of the Appendix.
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penalty on overfitting through the final term in (14), which accounts for the effect
of LS estimator bias on forecast loss. The second term in (14) ensures that the
selection criterion (15) also imposes an additional penalty on model dimension to
account for the effect of variability in the fitted heterogenous parameters (such as
fixed effects) on forecast loss. The remainder of this section focuses on how to
construct �̂ (k) and ζ̂ (k).

First we consider an estimate of �(k). A key feature of our framework is that
the error vectors ei,t are permitted to be weakly dependent in the cross sectional
dimension (but note that they are uncorrelated across time). We therefore treat
each time period in the panel as a cluster when estimating �(k).13 We require
some preliminary notation before introducing the clustering estimator. Let

Y(k,l)
i := [

Yi,l (k) : · · · : Yi,T −1 (k)
]′

, Q̂(k,l) := 1
n(T −l)

∑n

i=1
Y(k,l)′

i MT −lY
(k,l)
i ,

(16)

where MN := IN − ςN
(
ς ′

N ςN
)−1

ς ′
N for all N > p and N × p matrices ςN :=

[τ1 : · · · : τN ]′. Thus Y(k,l)
i is a (T − l)× km matrix of regressors for the i th cross

sectional unit in a VAR(k) fitted to
{

yi,t
}n,T

i=1,t=l+1, and MT −lY
(k,l)
i is the matrix

of regressors after partialing out the polynomial trend. The estimator of �(k) is
then

�̂ (k) := 1
n(T −kn,T )k

n∑
i, j=1

T −1∑
t=kn,T

[
ûi,t+1

(
k,kn,T

)
û′

j,t+1

(
k,kn,T

)
tr

(
Ÿi,t

(
k,kn,T

)
Ÿ ′

j,t

(
k,kn,T

)
Q̂

−1

(k,kn,T )

)]
,

(17)

where Ÿ ′
i,t (k,l) denotes the (t − l + 1)th row of MT −lY

(k,l)
i for t = l, . . . ,T − 1.

Next, we require an estimate of the quadratic bias term ζ (k). Kiviet (1995) and
Hahn and Kuersteiner (2002, 2011) use the fitted model parameters to provide
a first order approximation of the O

(
T −1

)
bias of the LS estimator. We use a

similar approach to estimate the quadratic bias function ζ (k) as follows:

ζ̂ (k) := 1
k ξ̂

′
(k,kn,T )Q̂

−1
(k,kn,T )ξ̂(k,kn,T ), (18)

where

ξ̂(k,l) :=
(

Imk −Â
′
(k,l)

)−1
Jmk,mJ′

mk,m

(
Q̂(k,l) −Â

′
(k,l)Q̂(k,l)Â(k,l)

)
Jmk,m (19)

for all integers k and l satisfying 1 ≤ k ≤ l ≤ kn,T . Here Jd,c := [Ic : 0c×(d−c)
]′

for
c ≤ d , and the mk ×mk matrix Â(k,l) denotes the companion form of α̂(k,l) (i.e.,
Â(k,l) := [α̂(k,l) : Lmk ], where Lmk := [Im(k−1) : 0

]′ is a km × (k − 1)m matrix).

13 Hansen (2007) shows that the covariance matrix of the OLS estimator can be consistently estimated by clustering
within the dependent dimension of the panel, provided that both n and T grow large in the asymptotics. In his frame-
work there is time series dependence, but the cross sectional units are independently distributed, so that consistency
is achieved by clustering within each cross section. Here, we cluster within each time period since we permit cross
sectional dependence.
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In the Appendix we show that L̂n,T (k) is an asymptotically unbiased estimator
of the second order asymptotic QFR uniformly in k ≤ kn,T (Theorem B.4). This
result provides the theoretical justification for the model selection criterion given
in (15).

3.3. Asymptotic Efficiency

In this subsection we provide conditions under which model selection by panel
FPE-minimization (15) is asymptotically efficient in the sense defined by Shibata
(1980). Following Ing and Wei (2005), we require the following condition.

Assumption 4. For every ξ > 0 and positive semidefinite matrix 	 satis-
fying ‖	‖ = 1, there exists π satisfying 0 < π < 1 such that for all k ∈{

k :
∣∣∣k − k∗

n,T

∣∣∣> (
k∗

n,T

)π}
,

k∗ξ
n,T

tr(	Ln,T (k))−tr
(
	Ln,T

(
k∗

n,T

))
δ2

n,T

∣∣∣k−k∗
n,T

∣∣∣ ≥ C,

where δn,T := min

(
n

1
2
(
T − kn,T

) 1
2 ,T − kn,T

)
and C is a positive constant.

This condition is required under same-sample realization, and it ensures that the
probability that panel FPE-minimization selects a model outside the neighbor-
hood of k∗

n,T is arbitrarily small as the sample size grows large. It imposes a
basin-like shape on the quadratic loss function, and as discussed in detail in Ing
and Wei (2005), many stationary time series obey this condition, including invert-
ible autoregressive moving average (ARMA) processes.

We then have the following.

THEOREM 3.2. Let yi,t be generated according to (1), and assume that there
exists υ ∈ (0,1) such that either nυ−1T = o (1) or T υ−1n = o (1) as n → ∞ and
T → ∞. Then under Assumptions 1, 2, 3, and 4,

lim
n,T →∞ max

1≤k≤kn,T

tr
(
	
[
E
(
L
(

k̂
))

−
(

1 + p2

T

)
�
])

tr
(
	Ln,T

(
k∗

n,T

)) = 1 (20)

for all positive semidefinite m ×m matrices 	 satisfying ‖	‖ = 1.

Theorem 3.2 provides conditions under which the model selection rule given in
(15) is asymptotically efficient; i.e., as the sample size grows large, the selection
rule minimizes the quadratic forecast risk within the candidate set of models. Note

that the expectation E
(
L
(

k̂
))

in (20) is taken over random k̂.

Remarks. (i) The asymptotic efficiency of the model selection criterion
(15) requires that the QFR estimators are based on a common sample.
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Intuitively, by basing
{

L̂n,T (k)
}kn,T

k=1
on a common sample, we elimi-

nate some of the random variation between L̂n,T (k) and L̂n,T

(
k∗

n,T

)
for each k �= k∗

n,T , making it easier to identify the effect of model di-
mensionality of forecast risk. More specifically, the common sample is

necessary for E
(∥∥∥L̂n,T (k)− L̂n,T

(
k∗

n,T

)∥∥∥q)
to approach zero faster than∥∥Ln,T (k)

∥∥q for all k ≤ kn,T and any q ≥ 1 as n → ∞ and T → ∞. See
the proof of Theorem 3.2 in Appendix B for details. Han, Phillips, and
Sul (2017) also discuss the need for a common sample when building a
consistent model selection rule for panel data models with incidental pa-
rameters.

(ii) The restriction on the relative rates of growth in n and T under Theorem
3.2 serves a similar purpose. Specifically, in the proof to Theorem 3.2 we
show that for all q ≥ 1,

E
∥∥∥L̂n,T (k)− L̂n,T

(
k∗

n,T

)∥∥∥q = O
(

kq

nq/2T 3q/2

)
+ O

( (
k∗

n,T

)q

nq/2 T 3q/2

)
+o

(∥∥Ln,T (k)
∥∥q)

,

where recall that Ln,T (k) = O
(
(nT )−1k

)+ O
(
T −2k

)+�(k).14 Thus, if
either nυ−1T = o (1) or T υ−1n = o (1) for some υ ∈ (0,1), the first two
terms on the right hand side of the above equation are also o

(∥∥Ln,T (k)
∥∥q),

and E
∥∥∥L̂n,T (k)− L̂n,T

(
k∗

n,T

)∥∥∥q
approaches zero faster than

∥∥Ln,T (k)
∥∥q .

Note the restriction precludes n and T growing at the same rate, but it can
be satisfied if n grows either marginally slower or marginally faster than
T .

(iii) As in time series treatments (e.g., Ing and Wei, 2005), the asymptotic ef-
ficiency result requires that the VAR(∞) does not degenerate to a finite-
order VAR. In such cases, Lee and Phillips (2015) show that a Schwarz
criterion modified to account for the effects of OLS bias is consistent for
the true lag order.

3.4. Simplifications of the QFR Estimator

The QFR estimator L̂n,T (k) can be simplified under additional restrictions on the
panel process yi,t or approximations based on the relative size of n, T and/or kn,T .
We consider some leading cases below.

Remarks. (i) Cross section independence. If E
(

ei,t e′
j,t

)
= 0m×m for i �=

j , the term �(k) simplifies to �(k) = 1
nk

∑n
i=1 �i,i tr

(
0i,i (k)
−1 (k)

)
.

14 We use o
(∥∥Ln,T (k)

∥∥) to indicate that an arbitrary scalar sequence bn,T satisfies bn,T /
∥∥Ln,T (k)

∥∥→ 0.
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Then �̂ (k) used in the QFR estimator (14) can be simplified as follows:

�̂(k) = 1
n(T−k)k

n∑
i=1

T −1∑
t=k

[
ûi,t+1

(
k,kn,T

)
û′

i,t+1

(
k,kn,T

)
tr

(
Ÿi,t

(
k,kn,T

)
Ÿ ′

i,t

(
k,kn,T

)
Q̂

−1

(k,kn,T )

)]
.

(ii) Cross section independence and homoskedasticity. If E
(

ei,t e′
j,t

)
= 0m×m

for i �= j and �i,i = � for all i , �(k) simplifies to �(k) = m�. In this
case the asymptotic expression for the QFR estimator can be simplified as
follows:

L̂n,T (k) = R̂ (k) + R̂ (k)
T −kn,T

T−kn,T −p

(
p

T−kn,T
+

p∑
l=1

2l−1
T −k

∏l−1
r=0 (T −k+r)∏l−1
r=0 (T −k−r)

+ k
n(T −kn,T )

+ k
n(T −k)

)
(21)

+ζ̂ (k)

[
kp2

(T −kn,T )2 + kp2

(T−k)2

]
.

(iii) Large T relative to kn,T . Note that (T − k)−1 = T −1 + kT −1 (T − k)−1 =
T −1 +o

(
T −1

)
, since kn,T T −1 = o (1) under Assumption 3. This also im-

plies that

p∑
l=1

2l−1
T −k

(∏l−1
r=0(T −k+r)∏l−1
r=0(T −k−r)

− 1

)
= p4−p2

T 2 + o
(
(T − k)−2

)
.

Therefore if T is of moderately large size compared to the maximum lag
order kn,T , such that kn,T T −1 � 0, the following simplification of L̂n,T (k)
is easier to construct:

L̂n,T (k) = R̂ (k)+ R̂ (k)
T −kn,T

T −kn,T −p

(
p

T −kn,T
+ p2

T −k + p4−p2

T 2

)
+ �̂(k) 2k

nT + ζ̂ (k) 2kp2

T 2 .

In the suggested simplifications to follow below in Remarks (iv) and (v),
we will employ this kn,T T −1 � 0 approximation. Note that we could also
employ the kn,T T −1 � 0 approximation in conjunction with the cross
section independence and homoskedasticity simplifications given directly
above.

(iv) Large n relative to T . Suppose that n is substantially larger than T , such
that n−1T � 0. In this case we could omit the �̂ (k) term from the QFR
estimator defined in (14), so that

L̂n,T (k) = R̂ (k)+ R̂ (k)
T −kn,T

T −kn,T −p

(
p

T −kn,T
+ p2

T −k + p4−p2

T 2

)
+ ζ̂ (k)

2kp2

T 2 .

Model selection based on the simplified QFR estimator would continue to
satisfy Theorem 3.2 provided that T = o (n) as n → ∞ and T → ∞.

(v) Large T relative to n. Suppose that T is substantially larger than n, such
that T −1n � 0. The QFR estimator defined in (14) can then be simplified to
L̂n,T (k) = R̂ (k)+�̂(k) 2k

nT . Model selection based on the simplified QFR
estimator would continue to satisfy Theorem 3.2 provided that n = o (T )
as n → ∞ and T → ∞.

https://doi.org/10.1017/S0266466618000294 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466618000294


860 RYAN GREENAWAY-MCGREVY

3.5. Bias-Corrected Least Squares

The asymptotic QFR expression (9) shows how the Nickell bias increases the
QFL of the OLS fitting. Correcting the LS estimator for this bias before making
the forecast therefore presents a potential way to improve forecast accuracy. Bias
corrections such as that proposed by Hahn and Kuersteiner (2002) use analytic
expressions for the bias in conjunction with the fitted LS parameters to make a
first order correction for the O

(
T −1

)
bias of the LS estimator. The correction

does not inflate the asymptotic variance of the estimator (Hahn and Kuersteiner,
2002), making BCLS quite attractive from the forecasting perspective. However,
the analytic expression that forms the basis of the bias-correction is based on the
assumption that the model is correctly specified. In misspecified models, such as
those studied here, the correction can exacerbate the bias (Lee, 2006), suggesting
that bias correction could in fact inflate QFR in some circumstances.

In this subsection we study BCLS forecasts within the framework described
above. First we define the BCLS fitting. Recall that k denotes the fitted lag order
and l dictates the beginning of the sample used in estimation (see Remark 2.2
above). Then for all k and l such that 1 ≤ k ≤ l ≤ kn,T , we define

α̃ (k,l) := α̂(k,l)+ p
T −lQ̂

−1
(k,l)ξ̂(k,l), (22)

where α̂(k,l) , Q̂
−1
(k,l) and ξ̂(k,l) are defined as above in (5), (16) and (19). Note

that the order of the quadratic trend p affects the bias correction in the expression

above. Next, we define β̃i (k,l) := (
ς ′

T −lςT −l
)−1

ς ′
T −l

(
y(l)

i − Y(k,l)
i α̃ (k,l)

)
,

where y(l)
i := [

yi,l+1 : · · · : yi,T
]′.

For each i = 1, . . . ,n, the BCLS out-of-sample forecast from the fitted VAR(k)
is

ỹi,T +1 (k) := α̃ (k,k)′ Yi,T (k)+ β̃i (k,k)′ τT −k+1, 1 ≤ k ≤ kn,T ,

with an associated quadratic forecast loss of tr(	B (k)), where

B (k) := 1
n

∑n

i=1

(
ỹi,T +1 (k)− yi,T +1

)(
ỹi,T +1 (k)− yi,T +1

)′
.

The following result characterizes the (second order) asymptotic QFR of the
BCLS fitting.

THEOREM 3.3. Let yi,t be generated according to (1). Then under Assump-
tions 1, 2, and 3,

lim
n,T →∞ max

1≤k≤kn,T

∣∣∣∣∣∣
tr
(
	
[
E(B (k))−

(
1 + p2

T

)
�
])

tr
(
	Bn,T (k)

) − 1

∣∣∣∣∣∣= 0

for all positive semi definite m ×m matrices 	 satisfying ‖	‖ = 1, and

Bn,T (k) := �(k)+�

[
kp2

T (T −k) +
p∑

l=1

2l−1
T −k

(∏l−1
r=0(T −k+r)∏l−1
r=0(T −k−r)

− 1

)]
+�(k) k

n(T −k) .
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Thus tr
(
	Bn,T (k)

)
is the (second order) asymptotic QFR of the BCLS fore-

cast. Note that Ln,T (k) − Bn,T (k) > 0 (in the matrix sense), indicating that
the bias-correction reduces the asymptotic QFR of the LS estimator. Thus, al-
though BC may exacerbate the bias of the estimator under model misspecification
(Lee, 2006), the Theorem reveals an asymptotic justification for the use of bias-
correction. Intuitively, in severely misspecified models (i.e., parsimonious mod-
els), the bias is dominated by model misspecification in the asymptotic QFR ex-
pression, so that the O

(
T −1

)
bias is of second-order concern. In this situation, any

exacerbation of the bias from implementing the bias correction is dominated by
the effect of misspecification on QFR. In mildly misspecified models (i.e., larger
models), the effect of misspecification on the asymptotic QFR is much smaller.
However, the correction becomes more accurate under mild misspecification, and
so it improves forecast accuracy in sufficiently large samples.

In order to select the lag order of the bias-corrected forecasting model we mini-
mize a modified panel FPE estimator that follows the same structure as (14). First
we define ũi,t+1 (k,l) := yi,t − α̃ (k,l)′ Yi,t (k)− β̃i (k,l)′ τt−l+1 for i = 1, . . . ,n
and t = l, . . . ,T as the vector of residuals from the BCLS fitting. We then use

B̂n,T (k) := R̃ (k)+ R̃ (k)
T−kn,T

T −kn,T −p

(
p

T−kn,T
+

p∑
l=1

2l−1
T −k

∏l−1
r=0(T −k+r)∏l−1
r=0(T −k−r)

)
+�̃(k) k

n

[
1

T −kn,T
+ 1

T −k

]

as the estimator of the QFR, where R̃ (k) and �̃(k) are defined as above in (13)
and (17), but with ũi,t+1

(
k,kn,T

)
replacing ûi,t+1

(
k,kn,T

)
in the formulae. Note

that many of the simplifications of the QFR estimator described in Section 3.4 can
be applied to B̂n,T (k).

In the Appendix we show that B̂n,T (k) is an unbiased estimator of the QFR of
the BCLS fitting (Theorem B.10), which provides a theoretical motivation for a
lag selection criterion of the form

k̃ = arg min
1≤k≤kn,T

tr
(
	B̂n,T (k)

)
. (23)

Theorem 3.4 below establishes the asymptotic efficiency of the model selection
rule.

THEOREM 3.4. Let yi,t be generated according to (1), and assume that there
exists υ ∈ (0,1) such that either nυ−1T = o (1) or T υ−1n = o (1) as n → ∞ and
T → ∞. Then under Assumptions 1, 2, 3, and 4,

lim
n,T →∞

tr
(
	
[
E
(
B
(

k̃
))

−
(

1 + p2

T

)
�
])

tr
(
	Bn,T

(
k∗∗

n,T

)) = 1,

for all positive semidefinite m ×m matrices 	 satisfying ‖	‖ = 1, and where

k∗∗
n,T := arg min

1≤k≤kn,T
tr
(
	Bn,T (k)

)
.
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Because tr
(
	Bn,T

(
k∗∗

n,T

))
≤ tr

(
	Bn,T

(
k∗

n,T

))
≤ tr

(
	Ln,T

(
k∗

n,T

))
, Theorem

3.4 implies it is possible to significantly enhance forecast accuracy in large sam-
ples by using a BCLS forecast selected using (23) instead of employing a LS fore-

cast. In addition, because (i) tr
((

Ln,T (k)− Bn,T (k)
)
	
) = kp2

(T −k)2 tr (	ζ (k)) > 0

is increasing in k (see Remark (iv) in Section 3.1), and (ii) tr
(
Bn,T (k)	

)
> 0 and

tr
(
Ln,T (k)	

)
> 0 are both convex in k, it follows that k∗

n,T ≤ k∗∗
n,T . Thus, in large

samples, the selected BCLS forecast exhibits less specification error compared to
the selected LS forecast.

4. MONTE CARLO STUDIES

We conduct Monte Carlo studies in order to verify the theoretical results given
above and to investigate the finite sample properties of the proposed panel FPE
model selection criterion. We fit a set of AR(k) models to an ARMA(1,1) process
of the general form

yi,t = 0.8 · yi,t−1 +ρei,t−1 + ei,t , i = 1, . . . ,n; t = 2, . . . ,T + 1. (24)

Misspecification of the set of AR(k) models occurs when ρ �= 0. To generate weak
cross sectional dependence, ei,t follows

ei,t = φei−1,t + ui,t , ui,t ∼ i id N

(
0,
(

1 −φ2
)−1/2

)
. (25)

Note that ei,t has unit variance. For each simulated panel we fit AR(k) models for
each k = 1, . . . ,kn,T . We construct both the quadratic forecast loss (QFL) of the
forecasts

{
ŷi,T +1 (k)

}n
i=1 and the estimated QFR for each fitted AR(k) model. The

maximum lag order kn,T is determined by the sample dimensions of the simulated
panel. The fitted models include cross section fixed effects (p = 1) or heteroge-
nous linear trends (p = 2). Although these cross sectional effects are omitted from
the data generating process (DGP), including them in the fitted models will have
the desired effect on the simulated QFLs. In our finite sample investigation we
also compute quantities which form the basis for other lag selection criteria, as
we will outline below in more detail. Each simulation is replicated 4,000 times.
Tables containing the simulation results are located in Appendix A.

4.1. Verifying Asymptotic Expressions

In this section we discuss the results of some large sample simulations in order to
verify the Theorems presented above. In all simulations we set φ = 0.5 so that the
time series exhibit weak cross section dependence.

Large n Simulations. We consider T = 25,50,100,200, n = int(0.1 × T 2),
and set kn,T = 0.2 × T , so that kn,T = O (T ) (which is just above the maximum
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permissible growth rate). We can consider larger kn,T , but the computational time
quickly becomes burdensome due to the large lag lengths permitted and the large
size of the panels considered.

In Table A1 we compare the average of the simulated (second or-
der) QFLs to the analytic expression for Ln,T (k). Specifically, we tabulate

max1≤k≤kn,T

∣∣∣L−1
n,T (k) L̄(k)− 1

∣∣∣, where L̄ (k) denotes the empirical average of

L(k)−
(

1+ p2T −1
)

across the 4,000 replications. The table entries evidently ap-
proach zero as T grows large, in accordance with Theorem 3.1. Table A3 exhibits
a similar result for the BCLS forecasts, in accordance with Theorem 3.3.

In order to demonstrate asymptotic efficiency we follow Ing and
Wei (2005) and compare the average simulated QFLs selected by panel

FPE-minimization to Ln,T

(
k∗

n,T

)
. Specifically, in Table A2 we exhibit

max1≤k≤kn,T

∣∣∣L−1
n,T

(
k∗

n,T

)
L̄
(

k̂
)∣∣∣, where L̄

(
k̂
)

denotes the empirical average of

L(k̂)− (1 + p2T −1
)

across the 4,000 replications. Under Theorem 3.2 the ratios
should approach one as the sample size grows large. In general, the ratios reported
in the table are larger than one. But as T and n grow large, there is generally a
convergence towards unity, consistent with the Theorem. Table A4 exhibits sim-
ilar results for the lag order selection method tailored to BCLS forecasting given
in (23).

Large T Simulations. We consider n = 5,10,20,40, T = n2, and set kn,T = n,

so that kn,T = O
(√

T
)

, which is just above the maximum permissible rate of

growth.
Tables A5 and A6 exhibit the same quantities as those given in Tables A1 and

A2, respectively. The table entries in Table A5 approach zero from above as the
sample size grow large, in accordance with Theorem 3.1. Meanwhile, the entries
in Table A6 approach one from above as the sample size grows large, in accor-
dance with Theorem 3.2, although the decline is not monotonic. The table entries
are much larger than those exhibited in Table 3.2 (perhaps due to the fewer number
of observations in these simulated samples) but they are comparable to the results
exhibited in Table 1 of Ing and Wei (2005) for the time series case. Tables A7 and
A8 exhibit similar results for the bias-corrected LS forecasts and associated lag
order selection method defined in (23).

4.2. Finite Sample Performance of Model Selection Criteria

In this subsection we compare the proposed model selection criteria to some al-
ternative methods. It is important to note that the alternatives are not tailored to
the problem of forecasting a VAR(∞), and thus we expect our new criteria to
perform well compared to these alternatives.

We consider eight different DGPs by considering all combinations of ρ ∈
{0.7,0.3,−0.3,−0.7} and φ ∈ {0.5,0}. In terms of sample size, we con-
sider all combinations of n ∈ {10,15,25,50,100,200} and T ∈ {10,15,25,50}.
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The maximum permissible lag order kn,T is set to the integer closest to

min
(

2 ×max
(√

n,
√

T
)
, 1

2 T
)

. For brevity we will consider only the fixed ef-

fects case (p = 1) here.

Conventional Final Prediction Error. One of our main contributions is to
show the importance of penalizing bias when selecting a LS forecast. We therefore
compare our suggested criterion (15) to model selection by FPE-minimization
originally proposed by Akaike (1970), which penalizes only the variance of the
fitting. This “conventional FPE” criterion is

k̂FP := arg min
1≤k≤kn,T

[
R̂ (k)+ T −kn,T

T −kn,T −p R̂ (k)
(

1
T −k + 1

T −kn,T

)
+ �̂(k)

(
k

n(T −k) + k
n(T −kn,T )

)]
.

(26)

This criterion (26) might be constructed by a practitioner who knows that the
variance of the fitted model should be penalized, but ignores the effect of
bias.

Table A9 reports the ratio of the average QFL selected using (15) to the average
QFL selected by the conventional FPE criterion defined in (26). The table entries
are generally less than one, indicating that the panel FPE criterion outperforms
the conventional FPE on average in most simulations considered. However, when
ρ = 0.7, the conventional FPE tends to perform better when n ≥ 25 and T ≤ 25.
This may be because the estimates of quadratic bias required for the panel FPE
are less accurate under severe model misspecification.

Kullback–Leibler Information Criterion. The importance of penalizing
O
(
T −1

)
bias in panel model selection has been noted recently by Lee and Phillips

(2015). The Lee and Phillips Kullback–Leibler information criterion (KLIC) is a
potential alternative to the panel FPE proposed here since model selection via
minimizing Gaussian Kullback–Leibler information loss (i.e., model selection by
AIC) generates asymptotically efficient forecasts in the time series context (Shi-
bata, 1980; Ing and Wei, 2005). We use the exact expression for the KLIC (see
p. 9 of Lee and Phillips, 2015):

k̂KLIC := arg min
1≤k≤kn,T

[
ln
(

R̃ (k)
{

1 + 1
T −kn,T

R̃−1 (k) Ṽ ◦ (k)
})

+ 2k
n(T −kn,T )

]
, (27)

where Ṽ ◦ (k) denotes a kernel-based estimator of the long-run (time series) vari-
ance applied to the regression residuals from the BCLS fitting averaged over cross
sectional units. As in the Monte Carlo study of Lee and Phillips (2015), we only
use the residuals that span t = kn,T +1, . . . ,T to construct Ṽ ◦ (k) (and R̃ (k)), and
the residuals are based on bias-corrected least-squares estimates (specifically we
use the Hahn and Kuersteiner (2002) bias correction defined in (22)). Including
the long-run correlation term R̃−1 (k) Ṽ ◦ (k) in the log function effectively pe-
nalizes the effect of LS bias, because the within transformation used to remove
incidental parameters induces serial correlation in the regression residuals. To
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construct Ṽ ◦ (k) we use a Bartlett kernel with the bandwidth set to the largest

integer less than 0.75
(
T − kn,T

) 1
3 .15

Table A10 reports the ratio of the average QFL selected using the panel FPE
criterion defined in (15) to the average QFL selected by KLIC defined in (27).
The FPE tends to perform better than KLIC across the majority of simulations.
Note, however, that the KLIC performs better when the moving average parame-
ter is rather large (ρ = 0.7) and the time series dimension of the panel is limited
(T ≤ 15). As previously discussed, this is perhaps due to the fact that the misspec-
ification of the autoregressive model is rather severe for this DGP, and it adversely
affects the accuracy of our QFR estimator in moderate sample sizes.

The panel FPE outperforms the KLIC in the forecasting exercise because the
latter is designed to minimize the information loss associated with the homoge-
nous parameters of the model after integrating out the incidental parameters. For
the purposes of forecasting, the information loss of the fitted heterogenous pa-
rameters (such as cross section fixed effects) affects forecast accuracy. The panel
FPE imposes an additional overfitting penalty in order to account for the effect
of variability in these estimated fixed effects. Also, the KLIC is designed un-
der the assumption of cross section independence, and hence it is likely to un-
derfit the model in the presence of positive correlation between cross sectional
units.

Bias-Corrected Least Squares. We also explore the finite sample performance
of BCLS forecast relative to the LS forecast. The BCLS forecasting model is
selected using the criterion defined in (23), while the LS forecasting model is
selected using the method defined in (15). Table A11 exhibits the ratio of the
average QFL of the selected LS forecasts to the average QFL of the selected BCLS
forecasts. The table entries are almost exclusively greater than one, indicating that
the BCLS forecast generally outperforms the LS forecast. This suggests that bias-
correction is a viable method to significantly improve LS accuracy in practice,
even in moderate or small sample sizes. Table A12 compares the average lag
order selected for the LS and BCLS forecasts, and shows that the bias-corrected
panel FPE criterion selects a larger lag order on average in almost all simulation
designs, as expected.

5. SUMMARY

In this article we suggest new model selection methods for panel data VAR fore-
casting. Following Akaike (1969, 1970), the model selection method is based on
minimizing the estimated out-of-sample quadratic forecast risk. Relative to com-
parable time series forecast selection criteria, the panel criterion places a larger

15 We use the bandwidth rule suggested by Stock and Watson (2010, p. 641) for processes with moderate amounts of

serial dependence. We also considered a larger truncation set to grow at a rate slightly slower than
(
T − kn,T

)1/2 (this
is largest permissible truncation lag permitted; see the discussion of p. 7 of Lee and Phillips, 2015). The performance
of the KLIC improved slightly in some simulations and was worse in others.

https://doi.org/10.1017/S0266466618000294 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466618000294


866 RYAN GREENAWAY-MCGREVY

penalty on model complexity in order to account for the effects of parameter-
ized heterogeneity on forecast loss. We demonstrate that the selection criterion is
asymptotically efficient in the sense of Shibata (1980) and Ing and Wei (2005)
under fairly general conditions. We extend the analysis to bias-corrected least
squares forecasts, showing that an analogous model selection criterion based on
QFR-minimization is also asymptotically efficient.

Several extensions to this research appear promising. First, we have focussed
only on one-step-ahead prediction. A generalization to multistep forecasting in
the vein of Bhansali (1996, 1997) would benefit practitioners. As shown in
Greenaway-McGrevy (2013), the bias function becomes more complicated in cor-
rectly specified multistep panel regressions, and these complications will be fur-
ther exacerbated once we permit model misspecification. Second, we established
asymptotic efficiency under conditions that preclude n and T growing at the same
rate. Methods applicable to large n and T panels should be explored. Third, we
have not considered how to select the order of the trend polynomial p. The results
derived herein can however inform this selection problem: Theorem 3.1 shows
that the polynomial trend introduces an O

(
p2T −1

)
term into the QFR, indicating

that overfitting the trend order can entail a substantial reduction in forecast accu-
racy. Fourth, while our focus has been on selecting a single model for prediction,
forecast combination can yield substantial improvements in the forecast accuracy
of time series models. Using the asymptotic expressions provided herein to gen-
eralize this approach to the panel forecasting framework could potentially yield
further improvements. These topics are left for future research.
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APPENDIX A: Tables

TABLE A1. Asymptotic QFR (Theorem 3.1)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

63 25 5 0.10 0.17 0.18 0.17 0.17 0.16 0.19 0.32
250 50 10 0.06 0.06 0.06 0.05 0.05 0.05 0.05 0.10

1,000 100 20 0.02 0.02 0.02 0.02 0.01 0.01 0.01 0.03
4,000 200 40 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01

Heterogenous linear trends (p = 2)
63 25 5 0.24 0.29 0.30 0.29 0.31 0.31 0.40 0.53

250 50 10 0.13 0.12 0.12 0.12 0.12 0.11 0.12 0.26
1,000 100 20 0.05 0.05 0.05 0.04 0.04 0.04 0.04 0.08
4,000 200 40 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02

Table entries are max1≤k≤kn,T

∣∣∣L−1
n,T (k) L̄(k)−1

∣∣∣, where L̄(k) denotes the empirical average of

L(k)−
(

1+ p2T −1
)

across the 4,000 replications.

TABLE A2. Asymptotic efficiency of panel FPE minimization (Theorem 3.2)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

63 25 5 0.98 0.89 1.01 1.14 1.03 1.34 1.25 0.71
250 50 10 1.03 1.11 1.31 1.18 1.51 1.21 1.18 1.49

1,000 100 20 1.03 1.02 1.02 1.00 1.00 0.99 1.14 1.39
4,000 200 40 1.01 1.09 1.01 1.04 1.01 1.32 1.15 1.28

Heterogenous linear trends (p = 2)

63 25 5 0.78 0.87 0.85 1.12 0.86 0.77 0.67 0.55
250 50 10 1.01 1.00 1.02 1.13 0.97 1.05 1.17 0.81

1,000 100 20 1.03 1.06 1.05 0.97 1.23 1.26 1.12 1.49
4,000 200 40 1.01 1.00 0.99 0.99 0.99 1.01 1.15 1.30

Table entries are
∣∣∣L−1

n,T

(
k∗

n,T

)
L̄
(

k̂
)∣∣∣, where L̄

(
k̂
)

denotes the empirical average of L( k̂)−
(

1+ p2T −1
)

across

the 4,000 replications, and k̂ denotes the lag order selected by panel FPE minimization (15).
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TABLE A3. Asymptotic QFR for BCLS (Theorem 3.3)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

63 25 5 0.29 0.27 0.20 0.41 0.26 0.28 0.32 0.44
250 50 10 0.09 0.08 0.10 0.12 0.08 0.13 0.17 0.21

1,000 100 20 0.04 0.06 0.06 0.04 0.05 0.07 0.07 0.10
4,000 200 40 0.02 0.03 0.04 0.06 0.05 0.03 0.03 0.04

Heterogenous linear trends (p = 2)
63 25 5 0.36 0.42 0.48 0.25 0.57 0.49 0.61 0.71

250 50 10 0.16 0.17 0.20 0.26 0.25 0.30 0.32 0.39
1,000 100 20 0.07 0.08 0.07 0.12 0.10 0.14 0.16 0.20
4,000 200 40 0.04 0.04 0.05 0.04 0.04 0.06 0.07 0.10

Table entries are max1≤k≤kn,T

∣∣∣B−1
n,T (k) B̄ (k)−1

∣∣∣, where B̄(k) denotes the empirical average of B(k)

−
(

1+ p2T −1
)

across the 4,000 replications.

TABLE A4. Asymptotic efficiency of panel FPE minimization for BCLS (Theo-
rem 3.4)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

63 25 5 1.36 1.00 1.20 1.53 1.45 1.68 1.79 0.83
250 50 10 1.00 1.25 1.57 1.98 2.62 1.87 1.39 2.07

1,000 100 20 1.09 1.15 1.29 1.37 1.30 1.22 1.42 1.76
4,000 200 40 1.05 1.12 1.14 1.51 1.36 1.42 1.50 1.65

Heterogenous linear trends (p = 2)
63 25 5 0.84 0.89 0.78 1.16 0.73 0.98 0.82 0.38

250 50 10 0.96 1.03 1.37 1.63 1.37 0.88 1.26 1.02
1,000 100 20 1.09 1.14 1.21 1.18 1.14 1.84 1.35 1.93
4,000 200 40 1.02 0.99 0.98 0.96 0.96 1.18 1.45 1.79

Table entries are
∣∣∣B−1

n,T

(
k∗∗

n,T

)
B̄
(

k̃
)∣∣∣, where B̄

(
k̃
)

denotes the empirical average of B (k̃)−
(

1+ p2T −1
)

across

the 4,000 replications, and k̃ denotes the lag order selected by BCLS panel FPE minimization (23).
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TABLE A5. Asymptotic QFR (Theorem 3.1)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

25 25 5 0.12 0.09 0.10 0.08 0.04 0.07 0.15 0.25
50 100 10 0.02 0.03 0.03 0.03 0.03 0.02 0.03 0.04

100 400 20 0.04 0.04 0.05 0.05 0.05 0.05 0.04 0.04
200 1,600 40 0.02 0.02 0.02 0.05 0.04 0.02 0.02 0.02

Heterogenous linear trends (p = 2)
25 25 5 0.19 0.15 0.07 0.10 0.21 0.25 0.36 0.36
50 100 10 0.06 0.06 0.04 0.04 0.04 0.05 0.05 0.10

100 400 20 0.02 0.05 0.02 0.03 0.04 0.06 0.05 0.03
200 1,600 40 0.04 0.06 0.06 0.10 0.10 0.07 0.06 0.05

Table entries are max1≤k≤kn,T

∣∣∣L−1
n,T (k) L̄(k) −1

∣∣∣, where L̄(k) denotes the empirical average of L(k)

−
(

1+ p2T −1
)

across the 4,000 replications.

TABLE A6. Asymptotic efficiency of panel FPE minimization (Theorem 3.2)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

5 25 5 1.23 1.37 1.61 2.05 1.88 1.46 1.30 1.62
10 100 10 1.16 1.31 1.68 2.01 2.05 1.54 1.40 1.36
20 400 20 1.19 1.33 1.53 1.91 1.93 1.47 1.37 1.31
40 1,600 40 1.18 1.31 1.47 1.91 1.85 1.47 1.33 1.25

Heterogenous linear trends (p = 2)
5 25 5 1.17 1.23 1.37 1.72 1.58 1.17 1.01 1.65

10 100 10 1.20 1.31 1.57 1.71 1.72 1.41 1.42 1.22
20 400 20 1.21 1.33 1.48 1.73 1.76 1.44 1.36 1.31
40 1,600 40 1.21 1.32 1.45 1.86 1.81 1.46 1.34 1.26

Table entries are
∣∣∣L−1

n,T

(
k∗

n,T

)
L̄
(

k̂
)∣∣∣, where L̄

(
k̂
)

denotes the empirical average of L (k̂)−
(

1+ p2T −1
)

across

the 4,000 replications, and k̂ denotes the lag order selected by panel FPE minimization (15).
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TABLE A7. Asymptotic QFR for BCLS (Theorem 3.3)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

5 25 5 2.78 4.68 0.60 0.68 0.57 0.47 0.32 0.25
10 100 10 0.03 0.03 0.03 0.03 0.03 0.02 0.02 0.05
20 400 20 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.03
40 1,600 40 0.02 0.02 0.03 0.06 0.05 0.03 0.02 0.02

Heterogenous linear trends (p = 2)
5 25 5 1.39 1.24 1.14 1.07 1.00 0.90 0.69 0.46

10 100 10 0.17 0.16 0.16 0.15 0.15 0.15 0.14 0.11
20 400 20 0.04 0.05 0.04 0.07 0.07 0.08 0.04 0.04
40 1,600 40 0.04 0.06 0.07 0.13 0.13 0.08 0.07 0.05

Table entries are max1≤k≤kn,T

∣∣∣B−1
n,T (k) B̄ (k)−1

∣∣∣, where B̄(k) denotes the empirical average of B(k)

−
(

1+ p2T −1
)

across the 4,000 replications.

TABLE A8. Asymptotic efficiency of panel FPE minimization for BCLS (Theo-
rem 3.4)

n T kn,T ρ = 0.7 ρ = 0.5 ρ = 0.3 ρ = 0.1 ρ = −0.1 ρ = −0.3 ρ = −0.5 ρ = −0.7
Cross section fixed effects (p = 1)

5 25 5 1.52 1.75 2.08 2.80 2.63 1.90 1.57 1.66
10 100 10 1.19 1.35 1.83 2.24 2.39 1.70 1.56 1.49
20 400 20 1.20 1.34 1.56 2.05 2.07 1.55 1.44 1.37
40 1,600 40 1.18 1.32 1.50 1.99 1.93 1.51 1.37 1.27

Heterogenous linear trends (p = 2)
5 25 5 1.69 1.74 2.12 2.89 2.42 1.56 1.26 1.57

10 50 10 1.28 1.40 1.90 2.15 2.33 1.72 1.65 1.48
20 100 20 1.25 1.39 1.58 2.04 2.08 1.62 1.49 1.43
40 200 40 1.22 1.36 1.55 2.06 2.03 1.56 1.42 1.32

Table entries are
∣∣∣B−1

n,T

(
k∗∗

n,T

)
B̄
(

k̃
)∣∣∣, where B̄

(
k̃
)

denotes the empirical average of B (k̃)−
(

1+ p2T −1
)

across

the 4,000 replications, and k̃ denotes the lag order selected by BCLS panel FPE minimization (23).
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TABLE A9. Comparison of panel FPE forecast selection to conventional FPE
forecast selection

T n = 10 n = 15 n = 25 n = 50 n = 100 n = 200 n = 10 n = 15 n = 25 n = 50 n = 100 n = 200
ρ = −0.7,φ = 0 ρ = −0.3,φ = 0

10 0.89 0.88 0.86 0.81 0.75 0.70 0.89 0.92 0.92 0.93 0.96 0.98
15 0.85 0.83 0.80 0.74 0.69 0.64 0.86 0.88 0.90 0.92 0.94 0.97
25 0.86 0.84 0.79 0.72 0.66 0.63 0.97 0.98 1.00 1.00 1.03 1.06
50 0.94 0.94 0.97 1.00 0.88 0.72 0.98 0.95 0.92 0.88 0.74 0.67

ρ = 0.7,φ = 0 ρ = 0.3,φ = 0
10 0.99 1.03 1.11 1.30 1.30 1.38 0.89 0.93 0.96 0.98 0.99 1.00
15 0.98 1.02 1.05 1.04 1.04 1.04 0.88 0.90 0.93 0.94 0.94 0.96
25 0.99 0.99 1.00 1.01 1.01 1.00 0.95 0.95 0.93 0.90 0.87 0.85
50 0.99 0.98 0.98 0.96 0.90 0.86 0.98 0.96 0.94 0.92 0.81 0.77

ρ = −0.7,φ = 0.5 ρ = −0.3,φ = 0.5
10 0.88 0.89 0.87 0.85 0.79 0.74 0.86 0.89 0.92 0.93 0.94 0.96
15 0.84 0.85 0.83 0.79 0.73 0.68 0.84 0.87 0.90 0.92 0.93 0.95
25 0.88 0.86 0.82 0.75 0.70 0.65 0.95 0.95 0.97 0.97 1.00 1.03
50 0.93 0.94 0.95 0.97 0.86 0.73 0.98 0.97 0.95 0.91 0.78 0.72

ρ = 0.7,φ = 0.5 ρ = 0.3,φ = 0.5
10 0.95 0.99 1.04 1.14 1.23 1.33 0.87 0.91 0.94 0.97 0.99 1.00
15 0.92 0.97 1.03 1.07 1.05 1.04 0.84 0.87 0.91 0.93 0.94 0.95
25 0.97 0.98 0.99 0.99 1.00 1.01 0.93 0.94 0.94 0.91 0.89 0.86
50 0.99 0.99 0.98 0.97 0.92 0.88 0.96 0.97 0.96 0.95 0.85 0.79

Table entries are the ratio of the average QFL selected by the panel FPE minimization (15) to the average QFL
selected by the conventional FPE minimization (26). Fixed effects case (p = 1 ). Entries less than unity indicate the
panel FPE criterion selects a lower QFL on average.
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TABLE A10. Comparison of panel FPE forecast selection to KLIC forecast se-
lection

T n = 10 n = 15 n = 25 n = 50 n = 100 n = 200 n = 10 n = 15 n = 25 n = 50 n = 100 n = 200
ρ = −0.7,φ = 0 ρ = −0.3,φ = 0

10 0.98 0.94 0.86 0.77 0.70 0.64 1.01 0.97 0.94 0.92 0.94 0.98
15 1.02 0.93 0.84 0.74 0.66 0.60 1.03 0.97 0.93 0.92 0.94 0.98
25 0.99 0.91 0.81 0.75 0.68 0.65 0.99 0.95 0.93 0.92 0.93 0.95
50 1.00 0.99 0.98 1.00 0.85 0.72 1.00 0.96 0.91 0.86 0.68 0.67

ρ = 0.7,φ = 0 ρ = 0.3,φ = 0
10 0.99 1.01 1.05 1.13 1.24 1.35 0.99 0.98 0.97 0.96 0.97 0.99
15 0.98 0.97 1.01 1.03 1.01 1.01 0.99 0.95 0.92 0.90 0.90 0.92
25 0.99 0.97 0.97 0.96 0.96 0.97 0.99 0.95 0.91 0.88 0.84 0.81
50 0.99 0.97 0.95 0.92 0.81 0.79 0.99 0.95 0.91 0.86 0.72 0.70

ρ = −0.7,φ = 0.5 ρ = −0.3,φ = 0.5
10 0.97 0.92 0.85 0.81 0.74 0.67 0.98 0.94 0.92 0.90 0.91 0.94
15 0.95 0.88 0.81 0.75 0.68 0.63 0.97 0.91 0.88 0.88 0.90 0.95
25 0.81 0.76 0.71 0.68 0.64 0.61 0.90 0.85 0.85 0.87 0.88 0.91
50 0.76 0.77 0.79 0.86 0.68 0.64 0.79 0.77 0.76 0.75 0.62 0.62

ρ = 0.7,φ = 0.5 ρ = 0.3,φ = 0.5
10 0.99 1.00 1.03 1.09 1.19 1.28 0.98 0.95 0.96 0.95 0.96 0.98
15 0.96 0.96 1.00 1.02 1.02 1.00 0.95 0.91 0.89 0.87 0.88 0.90
25 0.97 0.95 0.96 0.92 0.93 0.95 0.89 0.86 0.85 0.82 0.80 0.80
50 0.90 0.90 0.89 0.89 0.78 0.76 0.78 0.77 0.78 0.78 0.68 0.68

Table entries are the ratio of the average QFL selected by the panel FPE minimization (15) to the average QFL
selected by KLIC (27). Fixed effects case (p = 1 ). Entries less than unity indicate the panel FPE criterion selects a
lower QFL on average.
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TABLE A11. Comparison of LS panel FPE forecast selection to BCLS panel
FPE forecast selection

T n = 10 n = 15 n = 25 n = 50 n = 100 n = 200 n = 10 n = 15 n = 25 n = 50 n = 100 n = 200
ρ = −0.7,φ = 0 ρ = −0.3,φ = 0

10 1.41 1.45 1.45 1.42 1.37 1.31 1.37 1.56 1.58 1.55 1.55 1.55
15 1.35 1.38 1.38 1.33 1.27 1.21 1.37 1.43 1.43 1.39 1.37 1.37
25 1.18 1.16 1.13 1.18 1.11 1.08 1.26 1.29 1.29 1.28 1.24 1.21
50 1.04 1.04 1.04 1.05 1.05 1.04 1.13 1.16 1.18 1.18 1.18 1.18

ρ = 0.7,φ = 0 ρ = 0.3,φ = 0
10 1.09 1.19 1.30 1.36 1.40 1.41 1.20 1.34 1.47 1.57 1.65 1.69
15 1.15 1.10 1.30 1.40 1.48 1.52 1.29 1.40 1.49 1.55 1.57 1.58
25 1.25 1.31 1.39 1.45 1.51 1.54 1.33 1.39 1.42 1.44 1.44 1.41
50 1.18 1.23 1.28 1.33 1.38 1.39 1.18 1.21 1.23 1.26 1.28 1.30

ρ = −0.7,φ = 0.5 ρ = −0.3,φ = 0.5
10 1.33 1.41 1.45 1.45 1.40 1.35 1.34 1.48 1.59 1.57 1.56 1.55
15 1.28 1.34 1.39 1.37 1.31 1.25 1.26 1.34 1.43 1.42 1.39 1.37
25 1.17 1.18 1.16 1.21 1.15 1.10 1.23 1.26 1.29 1.30 1.26 1.23
50 1.03 1.04 1.04 1.05 1.04 1.04 1.09 1.14 1.17 1.19 1.19 1.22

ρ = 0.7,φ = 0.5 ρ = 0.3,φ = 0.5
10 0.97 1.09 1.20 1.31 1.37 1.40 1.07 1.20 1.35 1.50 1.61 1.66
15 0.84 1.10 1.22 1.34 1.42 1.49 1.11 1.25 1.41 1.51 1.56 1.58
25 1.15 1.22 1.31 1.39 1.46 1.52 1.24 1.32 1.39 1.42 1.44 1.43
50 1.13 1.19 1.23 1.30 1.36 1.40 1.13 1.18 1.21 1.25 1.28 1.30

Table entries are the ratio of the average QFL of the LS forecast selected by panel FPE minimization (15) to the
average QFL of the BCLS forecast selected by BCLS panel FPE minimization (23). Fixed effects case (p = 1 ).
Entries less than unity indicate a lower LS QFL on average.
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TABLE A12. Comparison of LS panel FPE forecast selection to BCLS panel
FPE forecast selection

T n = 10 n = 15 n = 25 n = 50 n = 100 n = 200 n = 10 n = 15 n = 25 n = 50 n = 100 n = 200
ρ = −0.7,φ = 0 ρ = −0.3,φ = 0

10 0.02 0.05 0.06 0.10 0.10 0.10 0.03 0.05 0.05 0.04 0.02 0.00
15 0.05 0.12 0.16 0.20 0.19 0.18 0.08 0.08 0.12 0.10 0.04 0.00
25 0.21 0.27 0.34 0.47 0.44 0.19 0.25 0.34 0.51 0.46 0.39 0.18
50 0.17 0.24 0.28 0.24 0.29 0.30 0.25 0.33 0.49 0.81 1.89 3.09

ρ = 0.7,φ = 0 ρ = 0.3,φ = 0
10 −0.01 −0.02 −0.02 −0.03 −0.03 −0.03 0.06 0.05 0.05 0.02 0.01 0.00
15 0.03 0.04 0.09 0.10 0.08 0.05 0.06 0.10 0.12 0.08 0.04 0.02
25 0.16 0.22 0.28 0.33 0.37 0.33 0.22 0.26 0.37 0.40 0.46 0.48
50 0.13 0.19 0.38 0.51 1.18 1.34 0.18 0.30 0.51 0.86 2.06 2.83

ρ = −0.7,φ = 0.5 ρ = −0.3,φ = 0.5
10 0.00 0.03 0.04 0.08 0.11 0.09 0.01 0.03 0.03 0.04 0.03 0.01
15 0.00 0.06 0.10 0.17 0.21 0.21 0.03 0.07 0.10 0.12 0.07 0.02
25 0.14 0.18 0.31 0.44 0.47 0.34 0.16 0.24 0.35 0.38 0.40 0.35
50 0.15 0.20 0.23 0.25 0.49 0.73 0.18 0.24 0.33 0.48 1.63 2.44

ρ = 0.7,φ = 0.5 ρ = 0.3,φ = 0.5
10 −0.01 −0.02 −0.02 −0.03 −0.03 −0.03 0.02 0.04 0.06 0.04 0.02 0.00
15 0.03 0.04 0.09 0.10 0.08 0.05 0.04 0.08 0.08 0.12 0.08 0.04
25 0.16 0.22 0.28 0.33 0.37 0.33 0.16 0.21 0.30 0.34 0.45 0.50
50 0.13 0.19 0.38 0.51 1.18 1.34 0.13 0.18 0.31 0.60 1.66 2.24

Table entries are the difference between the average number of lags selected by BCLS panel FPE minimization
(23) and panel FPE minimization (15). Fixed effects case (p = 1 ). Positive entries indicate that BCLS panel FPE
minimization selected a larger lag order on average.
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APPENDIX B: Proofs

B.1. Preliminary Definitions and Auxiliary Lemmas

Some preliminary results and simplifying notation are required in order to prove the

Theorems of the article. Let δn,T −k := min
(

n
1
2 (T −k)

1
2 ,T −k

)
, such that kδ−2

n,T −k ≤
kn,T δ−2

n,T −k = o (1) as n → ∞ and T → ∞. Cq will denote a finite positive constant that is
dependent on an arbitrary positive integer q. It takes on different values at different places.
We also define

l (k) := tr
(
	Ln,T (k)

)
, ‖α (k)−α‖2


⊗	 := tr(	�(k)) ,

and we use ‖A‖B to denote ‖A‖B = tr
1
2
(
A′BA

)
for conformable matrices A and B.

Time Trend Polynomial. Let ηN be a N × p matrix defined such that η′
NηN = Ip

and ηN
(
η′

NηN
)−1

η′
N ςN := ςN , so that ηN is an orthonormal basis of the time

trend polynomials ςN . Let the set of p × 1 vectors
{
η
(N)
t

}N

t=1
be defined such that

η′
N :=

[
η
(N)
1 : · · · : η

(N)
N

]
, and let the scalars

{
η
(N)
q,t

}p

q=1
be defined such that η

(N)
t =(

η
(N)
1,t , . . . ,η

(N)
p,t

)′
. Using Corollary 3.1 of Eisinberg and Fedele (2007) we can solve for

η
(N)
q,t :=

(
2q−1

N

∏q−1
r=0 (N−r)∏q−1
r=0 (N+r)

) 1
2

d(N)
q,t , for t = 1,2, . . . , N, N +1, (B.1)

where d(N)
1,t = 1 for all t = 1,2, . . . and

d(N)
q,t :=

q∑
s=1

(−1)s+q
(∏q−1

r=1 (s+r−1)∏q−s
r=1 r

·
∏s−1

r=1(t−s+r)∏s−1
r=1(N−r)

· 1∏s−1
r=1 r

)
, for q = 2,3, . . . , p, (B.2)

so that d(N)
q,t satisfies

∣∣∣d(N)
q,t

∣∣∣ ≤ 1 for t and q satisfying 1 ≤ t ≤ N and 1 ≤ q ≤ p, respec-

tively.

Prediction Error. Let Ẍi,t (k, l) := Xi,t (k) − X̄i,t (k, l), where X̄i,t (k, l) :=
X(k,l)′

i ηT −lη
(T −l)
t−l+1 and X(k,l)

i := [
Xi,l (k) : · · · : Xi,T −1 (k)

]′. Then, using a similar ap-

proach to Ing (2003, p. 276), we can re-express ŷi,t+1 (k, l) = α̂ (k, l)′ Ẍi,t (k, l) +
y(l)′

i ηT −lη
(T −l)
t−l+1. Using this expression, for each k = 1,2, . . . we can decompose

ûi,t+1 (k, l) = 1
n(T −l)

∑n

j=1
e(l)′

j MT −lX
(k,l)
j Q̂

−1

(k,l) Ẍi,t (k, l)− ëi,t+1 (k, l)+
1

n(T −l)

∑n

j=1
s(k,l)′

j MT −lX
(k,l)
j Q̂

−1

(k,l) Ẍi,t (k, l)− s̈i,t (k, l) =:
∑4

r=1
ε
(k,l)
r,i,t+1 , (B.3)

say, where ëi,t+1 (l) := ei,t+1 − ēi,t+1 (l), ēi,t+1 (l) := e(l)′
i ηT −lη

(T −l)
t−l+1, and e(l)

i :=[
ei,l+1 : · · · : ei,T

]′; and s̈i,t (k, l) := si,t (k) − s̄i,t (k, l), s̄i,t (k, l) := s(k,l)′
i ηT −lη

(T −l)
t−l+1,

and s(k,l)
i := [

si,l (k) : · · · : si,T −1 (k)
]′

. We also define u(k,l)
i := e(l)

i + s(k,l)
i .
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B.1.1. Auxiliary Lemmas and Theorems. We make extensive use of the Theorems be-
low, which are generalizations of the First Moment Bound Theorem of Findley and Wei
(1993) to a panel data setting.

THEOREM B.1. Notation defined herein only applies within this Theorem. Consider a
linear vector moving average process of the form yi,t = ∑∞

s=0 θ ′
s,i ei,t−s , satisfying the

following properties:

(i) For each i = 1,2, . . ., the sequence of matrices
{
θs,i
}∞

s=0 satisfies
∑∞

s=0

∥∥θs,i
∥∥ <

∞.

(ii) For each i = 1,2, . . ., the error vector ei,t ∼ iid (0,�i ) , �i > 0, and

sup−∞<t<∞E
∥∥ei,t

∥∥8q
< ∞.

Let xi,t be another linear vector process satisfying properties (i) and (ii). Then for any
nonrandom scalar coefficients hi, j and ks,t (permitted to be dependent on n and T ,
respectively),

E

∥∥∥∥∥∥
n∑

i, j=1

hi, j

T∑
s,t=1

ks,t

(
xi,t y′

j,s −E
(

xi,t y′
j,s

))∥∥∥∥∥∥
4q

≤ Cq

⎛
⎝ n∑

i, j,k,l=1

hi, j hk,l

T∑
s,t,u,v=1

ks,t ku,v E
(
x ′

i,t xl,v
)

E
(

y′
j,s yk,u

)⎞⎠2q

,

where Cq is a finite constant dependent only on q.

Proof. The proof follows the same arguments as given in the proof to Theorem A.1 in
Greenaway-McGrevy (2015). �

THEOREM B.2. Let wi,t and zi,t be vector moving average processes satisfying prop-
erties (i) and (ii) of Theorem B.1. Then for any nonrandom coefficients gi, j and hi, j
(permitted to be dependent on n), and ls,t and ks,t (permitted to be dependent T ),

E

∥∥∥∥∥∥
n∑

i, j=1

gi, j hi, j

T∑
s,t=1

ks,t ls,t
((

xi,t y′
j,s −E

(
xi,t y′

j,s

))
⊗
(
wi,t z ′

j,s −E
(
wi,t z ′

j,s

)))∥∥∥∥∥∥
2q

≤ Cq

⎛
⎝ n∑

i, j,k,l=1

hi, j hk,l gi, j gk,l

T∑
s,t,u,v=1

ks,t ku,v ls,t lu,v E(x ′
i,t xl,v )E(w′

i,t wl,v )E
(

y′
j,s yk,u

)
E
(

z ′
j,szk,u

)⎞⎠q

,

where yi,t and xi,t are the same processes defined in Theorem B.1.

Proof. The proof follows the same arguments as given in the proof to Theorem A.1 in
Greenaway-McGrevy (2015). �

We also make extensive use of the following Lemma.

LEMMA B.3. Under Assumptions 1 and 2, for all q = 1,2, . . . and integers k and l
satisfying 1 ≤ k ≤ l ≤ kn,T ,

(i) E
∥∥∥ 1

n(T −l)
∑n

i=1 X(k,l)′
i e(l)

i

∥∥∥q ≤ Cq

((
k

n(T −l)

) q
2
)

(ii) E
∥∥∥ 1

n(T −l)
∑n

i=1 X(k,l)′
i PT−le

(l)
i − p

T −l ξ (k)
∥∥∥q ≤ Cq

(
k

n(T −l)2

) q
2
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(iii) E
∥∥∥ 1

n(T −l)
∑n

i=1 X(k,l)′
i MT−le

(l)
i

∥∥∥q ≤ Cq

((
k

n(T −l)

) q
2 +

(
k

(T −l)2

) q
2
)

(iv) E
∥∥∥ 1

n
∑n

i=1

(
1

T −l e(l)′
i e(l)

i −�i

)∥∥∥q ≤ Cqn− q
2 (T − l)−

q
2

(v) E
∥∥∥ 1

n
∑n

i=1

(
e(l)′

i PT−l e
(l)
i − p�i

)∥∥∥q ≤ Cqn− q
2 (T − l)−

q
2

(vi) E
∥∥∥ 1

n(T −l)
∑n

i=1 s(k,l)′
i s(k,l)

i −�(k)
∥∥∥q ≤ Cqn− q

2 (T − l)−
q
2 ‖α (k)−α‖2q


⊗	

(vii) E
∥∥∥ 1

n(T −l)
∑n

i=1 s(k,l)′
i PT−ls

(k,l)
i

∥∥∥q

	
≤ Cq (T − l)−q ‖α (k)−α‖2q


⊗	

(viii) E
∥∥∥ 1

n(T −l)
∑n

i=1 X(k,l)′
i s(k,l)

i

∥∥∥q

	
≤ Cq

((
k

n(T −l)

) q
2 ‖α (k)−α‖q


⊗	

)
(ix) E

∥∥∥ 1
n(T −l)

∑n
i=1 X(k,l)′

i MT −ls
(k,l)
i

∥∥∥q

	
≤ Cq ‖α (k)−α‖q


⊗	

((
k

n(T −l)

) q
2 +

(
k

(T −l)2

) q
2
)

(x) E
∥∥∥ 1

n(T −l)

∑n
i=1 e(l)′

i MT−l s
(k,l)
i

∥∥∥q

	
≤ Cq ‖α (k)−α‖q


⊗	

(
(n (T − l))−

q
2 + (T − l)−q

)
(xi) E

∥∥∥ 1
n(T −l)

∑n
i=1 X(k,l)′

i MT −l X
(k,l)
i −
(k)

∥∥∥q ≤ Cq

((
k

n(T −l)

) q
2 +

(
k

(T −l)2

) q
2
)

(xii) E

∥∥∥∥Q̂−1
(k,l)

∥∥∥∥q
= O (1).

Proof. Lemmas (i) through (xi) follow by straightforward application of Theorem B.1.
We provide an example of how to apply the Theorem to prove (ii). First note that by the

definition of ξ (k),
∥∥∥E
(

1
n
∑

i X(k,l)′
i PT −le

(l)
i

)
− pξ (k)

∥∥∥q ≤ Cq

(
k

q
2 (T − l)−q

)
. Then by

Theorem B.1 we have

E

∥∥∥∥∥ 1
n(T −l)

n∑
i=1

X(k,l)′
i PT −l e

(l)
i − p

T −l ξ (k)

∥∥∥∥∥
q

≤ Cq

∥∥∥∥∥∥ 1
n2(T −l)2

n∑
i, j=1

E
(

X(k,l)′
i PT −l X

(k,l)
j

)
E
(

e(l)′
i PT −le

(l)
j

)∥∥∥∥∥∥
q
2

+Cq

(
k

(T −l)4

) q
2
.

The stated result then follows since under (B.1) and (B.2),

1
n2(T −l)2

n∑
i, j=1

E
(

X(k,l)′
i PT −lX

(k,l)
j

)
E
(

e(l)′
i PT −le

(l)
j

)

≤ k
n2(T −l)4

n∑
i, j=1

T −1∑
s,t,u,v=k+1

E
(
X ′

i,t (k) Xj,s (k)
)

E
(
e′

i,u+1ej,v+1
)≤ kp2

n(T −l)2 ‖C�‖2 ‖Cθ‖2 .

To show (xii) we follow similar steps to the proof of Theorem 2 (ii) of Ing and Wei (2003).
First, under the Lipschitz condition we can straightforwardly establish that for any ε > 0
we have

E

∥∥∥∥Q̂−1
(k,l)

∥∥∥∥q
≤ Cqk(2+ε)q . (B.4)

Next, under Lemma (xii),

E
∥∥∥Q̂(k,l) −
(k)

∥∥∥q ≤ Cqkqδ
−q
n,T −l . (B.5)
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Then by recursive substitution of (B.4) and (B.5) into the following inequality s times,

E

∥∥∥∥Q̂−1
(k,l)

∥∥∥∥q
≤ Cq

⎛
⎝1+

(
E
∥∥∥Q̂(k,l) −
(k)

∥∥∥2q
) 1

2
(

E

∥∥∥∥Q̂−1
(k,l)

∥∥∥∥2q
) 1

2
⎞
⎠

we can obtain E

∥∥∥∥Q̂−1
(k,l)

∥∥∥∥q
≤ Cq

(
1+k(2+ε)q

(
δ−1

n,T −l k
)sq)

. Thus we can choose an ar-

bitrarily large s to ensure that k(2+ε)q
(
δ−1

n,T −l k
)sq = o (1). �

B.1.2. Bounds and Limits. We make extensive use of the following bound and limits.

max
1≤k≤kn,T

(
l−1 (k)kδ−2

n,T −k

)
≤ C, (B.6)

max
1≤k≤kn,T

(
l−1 (k)‖α (k)−α‖2


⊗	

)
≤ 1. (B.7)

The following is a consequence of (B.7) and kn,T δ−2
n,T −k = o (1).

lim
n,T →∞ max

1≤k≤kn,T

(
l−1 (k)kδ−2

n,T −k ‖α (k)−α‖2

⊗	

)
= 0. (B.8)

Finally

lim
n,T →∞ max

1≤k≤kn,T

(
l−1 (k)δ−2

n,T −k

)
= 0, (B.9)

which follows once we establish that l−1 (k)δ−2
n,T −k ≤ C−1

(
k∗

n,T

)−1
for some finite

C > 0, since k∗
n,T → ∞. First note that δ2

n,T −kl (k) ≥ Ck, so that for all k > k∗
n,T ,

l−1 (k)δ−2
n,T −k ≤ C−1k−1 < C−1

(
k∗

n,T

)−1
. Next, for k ≤ k∗

n,T , since l (k) ≥ l
(

k∗
n,T

)
,

we have l−1 (k)δ−2
n,T −k ≤ l−1

(
k∗

n,T

)
δ−2

n,T −k ≤ C−1
(

k∗
n,T

)−1
.

B.2. Proofs of Least Squares Theorems

Sections B.2.1 and B.2.3 below provide the proofs to Theorems 3.1 and 3.2, respectively.
In Section B.2.2 we establish that the QFR estimator is asymptotically unbiased.

B.2.1. Proof of Theorem 3.1 (Asymptotic QFR). The proof follows the same strat-
egy as the proof to Theorem 3.1 of Greenaway-McGrevy (2015), allowing for cross sec-
tional heterogeneity and weak dependence. We also solve for the asymptotic QFR when
kn,T T −1/2 = o (1), whereas Greenaway-McGrevy (2015) only considers kn,T n−1/2 =
o (1). The out-of sample forecast error is given by setting t = T and l = k in (B.3). We can
then decompose

L(k) = 1
n

∑n

i=1
ûi,T +1 (k,k) û′

i,T +1 (k,k) =
∑4

r,r ′=1
H(r,r ′) (k),
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where

H(r,r ′) (k) := 1
n

∑n

i=1
ε
(k,k)
r,i,T +1 (k)ε

(k,k)′
r ′,i,T +1,

(
r,r ′) ∈ {1, . . . ,4} ,

for
{
ε
(k,k)
r,i,T +1

}4

r=1
defined in (B.3). Using the ten unique terms

comprising this sum, the proof derives upper bounds for l−1 (k) ·∣∣∣tr(	(E(L(k))−�
(

1+ p2T −1
)

− Ln,T (k)
))∣∣∣ , and then uses (B.6) through (B.9) to

show that the bounds are o (1) for all k as n → ∞ and T → ∞.
For brevity, throughout the remainder of this subsection we omit the k signifiers, so that

Q̂ := Q̂(k,k), Xi := X(k,k)
i , ui := u(k,k)

i , si := s(k,k)
i , ei := e(k)

i , M := MT −k , P := PT −k ,

ηt := η
(T −k)
t , η := ηT −k , 0 := 0(k) and ξ := ξ (k). Similarly, ēi,t+1 := e′

iηηt−k+1, X̄i,t

:= X′
iηηt−k+1 and s̄i,t (k) := s′iηηt−k+1; and ëi,t+1 := ei,t+1 − ēi,t+1, Ẍi,t := Xi,t − X̄i,t

and s̈i,t (k) := si,t − s̄i,t (k) .

For H(1,1) we first establish the following result. Let Q̈T := 1
n
∑

i Ẍi,T (k) Ẍ ′
i,T (k) and

Q̂T := 1
n
∑

i Xi,T (k) X ′
i,T (k). By Theorem B.1, Hölder’s inequality, and Lemmas B.3(xi)

and (xii),

E

∥∥∥∥Q̂−1
Q̈TQ̂

−1 −
−1Q̂T 
−1
∥∥∥∥q

≤ Cq

(
kq

nq/2(T −k)q/2 + kq

(T −k)q

)
, q = 1,2, . . . , (B.10)

where k (T −k)−1 = o (1). By Hölder’s inequality and Lemma B.3(iii) this means that

H(1,1) = 1
n2(T −k)2

∑n

i, j=1
e′

i MXi

−1Q̂T 
−1X′

j Mej +o(a)
n,T (k) ,

where o(a)
n,T (k) denotes a negligible term satisfying E

∥∥∥o(a)
n,T (k)

∥∥∥ = o
(

kδ−2
n,T −k

)
. Using

Lemma B.3(ii) and Hölder’s inequality, the first term in the expression above satisfies

1
n2(T −k)2

∑n

i, j=1
e′

i MXi 

−1Q̂T 
−1X′

j Mej

= 1
n2(T −k)2

∑n

i, j=1
e′

i Xi

−1Q̂T 
−1X′

j ej − 1
n(T −k)2

∑n

i=1
e′

i Xi 

−1Q̂T 
−1ξ−

1
n(T −k)2

∑n

j=1
ξ′
−1Q̂T 
−1X′

j ej + 1
(T −k)2 ξ

′
−1Q̂T 
−1ξ+o(b)
n,T (k) ,

where o(b)
n,T (k) denotes a negligible term satisfying E

∥∥∥o(b)
n,T (k)

∥∥∥ = o
(

kδ−2
n,T −k

)
. Un-

der Assumption 2(iii), E
∥∥∥Q̂T −


∥∥∥2q = O
(

k2qn−q
)

for all q = 1,2, . . ., and thus if

kn,T n−1/2 = o (1) holds under Assumption 3, by application of Hölder’s inequality and
Lemma B.3(i) to the above expression it is straightforward to establish that

tr
(

E
(

1
n2(T −k)2

∑n

i, j=1
e′

i MXi

−1Q̂T 
−1X′

j Mej 	
))

− p2

(T −k)2 tr
(
ξ′
−1ξ	

)
− 1

n2(T −k)

∑n

i, j=1
tr
(
�i, j	

)
tr
(

−1
i, j

)
= o

(
kδ−2

n,T −k

)
, (B.11)

noting that

tr

⎛
⎝E

⎛
⎝ 1

n2(T −k)2

n∑
i, j=1

e′
i Xi 


−1X′
j ej	

⎞
⎠
⎞
⎠ = tr

⎡
⎣(
−1 ⊗ 	

)
1

n2(T −k)2

n∑
i, j=1

T−1∑
t=k

E
(

Xi,t X ′
j,t ⊗ ei,t+1e′

j,t+1

)⎤⎦
= 1

n2(T−k)

n∑
i, j=1

tr
(
	�i, j

)
tr
(

−1
i, j

)
.
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Applying the bound in (B.6) to (B.11) we have

max
1≤k≤kn,T

∣∣∣∣∣∣l−1 (k) tr

⎛
⎝	E

⎛
⎝H(1,1) − k

n2(T −k)

n∑
i, j=1

�i, j · tr
(

i, j 


−1
)

− p2

(T −k)2
ξ′
−1ξ

⎞
⎠
⎞
⎠
∣∣∣∣∣∣= o (1) . (B.12)

If kn,T T −1/2 = o (1) holds instead of kn,T n−1/2 = o (1) under Assumption 3, we can

no longer ensure that E
∥∥∥Q̂T −


∥∥∥2q = O
(

k2qn−q
)

= o (1), and we must use a different

approach. We define

X∗
i,T :=

(
x∗′

i,T , . . . , x∗′
i,T −k+1

)
, x∗

i,T −r+1 :=
∑N0−k

s=0
θ ′

sei,T −r−s+1, r = 1, . . . ,k,

(B.13)

where N0 is the largest integer less than
√

T −k , and we assume k < N0. Let X∗∗
i,T :=

Xi,T − X∗
i,T , which satisfies

1
n

∑n

i=1
E
∥∥∥X∗∗

i,T

∥∥∥2 ≤ C k√
T −k

(∑∞
s=N0+1

s ‖θs‖2
)

= O
(

k (T −k)− 1
2

)
,

which is o (1) when kT −1/2 = o (1). Using this result and decomposing

Q̂T = 1
n

∑n

i=1
X∗∗

i,T X∗∗′
i,T + 1

n

∑n

i=1
X∗

i,T X∗∗′
i,T + 1

n

∑n

i=1
X∗∗

i,T X∗′
i,T + 1

n

∑n

i=1
X∗

i,T X∗′
i,T ,

(B.14)

we can follow the same method as used in the proof to Theorem 3 of Ing and Wei (2003)
to establish

1
n2(T −k)2

n∑
i, j=1

e′
i Xi 


−1Q̂T 
−1X′
j ej = 1

n2(T −k)2

T −N0 −1∑
s,t=k

n∑
i, j,h=1

ei,t+1 X ′
i,t 


−1 X∗
j,T X∗′

j,T 
−1 Xh,s eh,s+1 +o(c)
n,T (k) ,

where o(c)
n,T (k) denotes a negligible term satisfying E

∥∥∥o(c)
n,T (k)

∥∥∥= o
(

kδ−2
n,T −k

)
. Now

tr

(
E

(
1

n2 (T−k)2

(∑T −N0−1

t=k

∑n

i=1
ei,t+1 Xi,t

)

−1

(
1
n

∑n

i=1
X∗

i,T X∗′
i,T

)

−1

(∑T −N0−1

t=k

∑n

i=1
Xi,t ei,t+1

)
	

))

= 1
n2 (T−k)

∑n

i, j=1
tr
(
	�i, j

) · tr
(

−1
i, j

)
+o

(
kn−1 (T − k)−1

)
,

and thus (B.11) and (B.12) also hold when kn,T T −1/2 = o (1). The expectation of H(2,2)
is solved for directly using the expression for an orthonormal basis of the polynomial time
trend given in (B.1) and (B.2). Specifically,

E
(
H(2,2)

)= E

(
1
n

n∑
i=1

ei,T +1e′
i,T +1 + 1

n

n∑
i=1

e′
iηηT −k+1η

′
T −k+1η

′ei

)
= �

(
1+

p∑
l=1

2l−1
T−k

∏l−1
r=1(T−k+r)∏l−1
r=1(T−k−r)

)
.

For H(3,3), if kn,T n−1/2 = o (1) we have E
∥∥∥Q̂T −


∥∥∥2q = O
(

k2qn−q
)

= o (1). Then

using (B.10), Lemma B.3(ix), and Hölder’s inequality we have

H(3,3) = 1
n2(T −k)2

∑n

i, j=1
s′i MXi


−1X′
j Msj +o(d)

n,T (k) ,
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where o(d)
n,T (k) satisfies E

∥∥∥o(d)
n,T (k)

∥∥∥= o
(

kδ−2
n,T −k

)
. By application of Lemma B.3(ix) we

can then establish that∣∣∣∣E
(

1
n2(T −k)2

∑n

i, j=1
s′i MXi


−1X′
j Msj

)∣∣∣∣≤ Ckδ−2
n,T −k ‖α (k)−α‖2


⊗	 ,

and hence max1≤k≤kn,T

∣∣∣l−1 (k) tr
(
	E

(
H(3,3)

))∣∣∣ = o (1) under the bound given in (B.8).

Alternatively, under the kn,T T −1/2 = o (1) condition, using (B.10), the decomposition
given in (B.14), and Lemma B.3(viii), we have

E

∥∥∥∥∥∥ 1
n2(T−k)2

n∑
i, j=1

s′
i MXi 


−1Q̂T 
−1X′
j Msj − 1

n2(T−k)2

T −N0−1∑
t,s=k

n∑
i, j,h=1

si,t X ′
i,t 


−1 X∗
h,T X∗′

h,T 
−1 X j,ss ′
j,s

∥∥∥∥∥∥
≤ C k√

n(T−k)
‖α(k)−α‖2


⊗	 .

Thus max1≤k≤kn,T

∣∣∣l−1 (k) tr
(
	E

(
H(3,3)

))∣∣∣ = o (1) under the bound given in (B.7).

For H(4,4), first note that E
(

1
n
∑n

i=1 si,T s′
i,T

)
= �(k) and tr

(
	E

(
1
n
∑n

i=1 s′i Psi

))
≤

C ‖α (k)−α‖2

⊗	 under Lemma B.3(vii). Then using the Cauchy–Schwarz and triangle

inequalities,∣∣∣tr(	E
(
H(4,4)

))−‖α−α (k)‖2

⊗	

∣∣∣≤ 2C√
T −k

‖α (k)−α‖2

⊗	+ C

T −k ‖α (k)−α‖2

⊗	 .

(B.15)

Applying the bound given in (B.7) we have

max
1≤k≤kn,T

∣∣∣l−1 (k)
(

tr(	E
(
H(4,4))

)−‖α (k)−α‖2

⊗	

)∣∣∣= o (1) .

The remainder of the proof follows the same strategy as that given in
the proof to Theorem 3.1 of Greenaway-McGrevy (2015) to establish that

max1≤k≤kn,T

∣∣∣l−1 (k)
(
tr
(
	E

(
H(r,r ′)

)))∣∣∣= o (1) for all r �= r ′.

B.2.2. Asymptotic Unbiasedness of QFR Estimator.

THEOREM B.4. Let yi,t be generated according to (1). Under Assumptions 1, 2, and
3,

lim
n,T →∞ max

1≤k≤kn,T

∣∣∣∣∣∣∣∣
tr

(
	

[
E
(

L̂n,T (k)
)

−
(

1− p2

T

)
�

])
tr
(
	Ln,T (k)

) −1

∣∣∣∣∣∣∣∣ = 0,

for all positive semidefinite m ×m matrices 	 satisfying ‖	‖ = 1.

To prove the Theorem we require Lemmas B.5, B.6 and B.7 below. In the interests of
brevity, for each of these Lemmas we only provide a brief sketch of the proof, which are
generally straightforward applications of Theorems B.1 and B.2, elements of Lemma B.3,
and the Hölder’s and triangle inequalities.
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LEMMA B.5. For all k satisfying 1 ≤ k ≤ kn,T ,

∣∣∣∣E
(

tr

[
	

(
R̂ (k)−�

(
1− p

T −kn,T

)
+ k

n
(
T −kn,T

)�(k)+ p2(
T −kn,T

)2 ζ (k)−�(k)

)])∣∣∣∣
≤ C

[
k

δ2
n,T

(
1(

T −kn,T
)1/2 +‖α(k)−α‖2


⊗	

)
+ δ−1

n,T

(
‖α (k)−α‖
⊗	 +‖α(k)−α‖2


⊗	

)]
.

Proof. The result follows by using the decomposition for ûi,t+1
(
k,kn,T

)
given in

(B.3) to expand R̂ (k)= 1
n(T −kn,T )

∑n
i=1

∑T −1
t=kn,T

ûi,t+1
(
k,kn,T

)
û′

i,t+1

(
k,kn,T

)
into six

unique terms. We then solve for the expectation of each term or bound each term using
Hölder’s inequality in conjunction with various elements of Lemma B.3. The leading terms
to consider from this decomposition are

∣∣∣∣∣∣∣E
∥∥∥∥∥∥Q̂

− 1
2

(k,kn,T )
1

n(T −kn,T )

n∑
i=1

X(k,kn,T )′
i MT−kn,T e(

kn,T )
i

∥∥∥∥∥∥
2

	

− ktr(	�(k))
n(T −kn,T )

− kp2 tr(	ζ(k))

(T −kn,T )2

∣∣∣∣∣∣∣≤ C

(
k

δ2
n,T

1

(T−kn,T )1/2

)
,

where the bound follows by application of Hölder’s inequality, and Lemmas B.3(i), (ii),
(iii), (xi), and (xii), and∣∣∣∣∣∣ 1

n(T −kn,T )

n∑
i=1

E
∥∥∥MT−kn,T u(kn,T ,k)

i

∥∥∥2

	
− tr

(
	
[
�
(

1− p
T −kn,T

)
+�(k)

])∣∣∣∣∣∣
≤ C

(
‖α(k)−α‖
⊗	

δn,T
+ ‖α(k)−α‖2


⊗	
T −kn,T

)
,

where the bound follows from Lemmas B.3(vii) and (x). �

LEMMA B.6. For all q = 1,2, . . . and k satisfying 1 ≤ k ≤ kn,T ,

E
(∣∣∣tr[	(�̂(k)−�(k)

)]∣∣∣q)≤ Cq

(
1

(T −kn,T )q/2 +‖α (k)−α‖2q

⊗	

)
. (B.16)

Proof. The Lemma follows by Hölder’s inequality and Lemmas B.3(xi) and (xii) once
we establish

E

∥∥∥∥∥∥ 1
n(T−kn,T )k

T−1∑
t=kn,T

n∑
i, j=1

(
ûi,t+1

(
k,kn,T

)
û′

j,t+1

(
k,kn,T

)⊗ Ẍi,t
(
k,kn,T

)
Ẍ ′

j,t

(
k,kn,T

))− 1
n

n∑
i, j=1

(
�i, j ⊗ 
i, j

)∥∥∥∥∥∥
q

≤ Cq

(
1

(T −kn,T )q/2 +‖α (k) −α‖2q

⊗	

)
.

The bound stated above follows by using the decomposition for ûi,t+1
(
k,kn,T

)
given

in (B.3) to expand out ûi,t+1
(
k,kn,T

)
û′

j,t+1

(
k,kn,T

)
into sixteen separate terms, and

then apply Hölder’s inequality in conjunction with Theorems B.1 and B.2, various ele-
ments of Lemma B.3, and Hölder’s inequality to bound each term. The leading term in this
expansion is
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1
kn(T −kn,T )

T −1∑
t=kn,T

n∑
i, j=1

(
ei,t+1e′

j,t+1 ⊗ Xi,t (k) X ′
j,t (k)

)
− 1

n

n∑
i, j=1

(
�i, j ⊗ 
i, j

)

= 1
kn(T −kn,T )

T −1∑
t=kn,T

n∑
i, j=1

(
�i, j ⊗

(
Xi,t (k) X ′

j,t (k)−
i, j

))
+

1
kn(T −kn,T )

T −1∑
t=kn,T

n∑
i, j=1

((
ei,t+1e′

j,t+1 −�i, j

)
⊗ 
i, j

)
+

1
kn(T −kn,T )

T −1∑
t=kn,T

n∑
i, j=1

((
ei,t+1e′

j,t+1 −�i, j

)
⊗
(

Xi,t (k) X ′
j,t (k)−
i, j

))
.

By application of Theorem B.1 to the first and second terms, and Theorem B.2 to the third
term, we have

E

∥∥∥∥∥∥
⎛
⎝ 1

kn(T −kn,T )

T −1∑
t=kn,T

n∑
i, j=1

(
ei,t+1e′

j,t+1 ⊗ Xi,t (k) X ′
j,t (k)

)⎞⎠− 1
nk

n∑
i, j=1

(
�i, j ⊗ 
i, j

)∥∥∥∥∥∥
q

≤ Cq

(T −kn,T )
q
2

.

The result follows because the remaining fifteen terms in the expansion satisfy the bound
given on the right hand side of (B.16). �

LEMMA B.7. For all q = 1,2, . . . and k satisfying 1 ≤ k ≤ kn,T ,

E
(∣∣∣tr(	(ζ̂ (k)− ζ (k)

))∣∣∣q) ≤ Cq

(
1

δ
q
n,T

+‖α (k)−α‖2q

⊗	 +‖α (k)−α‖q


⊗	

)
.

Proof. The stated result follows from Hölder’s inequality and Lemmas B.3(xi) and (xii)
once we establish that

E
∥∥∥ξ̂(k,l) −ξ (k)

∥∥∥2q ≤ Cq

(
kq

nq (T −l)q + kq

(T −l)2q +kq ‖α(k)−α‖2q
	⊗


)
(B.17)

for l = k,k + 1, . . . ,kn,T . The above bound follows by application of the triangle and
Hölder’s inequalities and various elements of Lemma B.3, given that

∥∥∥∥∑∞
s=1

αs −
∑k

s=1
αs (k)

∥∥∥∥2q

≤ Cq

(
E
∥∥∥∑∞

s=k+1
α′

s xi,t−s+1

∥∥∥2
)q

= Cq ‖α (k)−α‖2q

⊗	 ,

(also see (3.5) in Cheng, Ing, and Yu, 2014) and

E
∥∥∥(Imk −Â(k,l))

−1
∥∥∥q = O (1) . (B.18)

To demonstrate that (B.18) holds, we first define the (k +1)m × (k +1)m matrix

Q̂1|(k+1,l) := 1
n(T −l)

∑n

i=1
X(k+1,l)′

i|1 MT−l+1X(k+1,l)
i|1 ,
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where X(k+1,l)
i|1 := [Xi,knT (k +1) : · · · : Xi,T (k +1)

]′, such that

Imk −Â
′
(k,l) = Q̂

−1
(k,l)J′

m(k+1),mkQ̂(k+1,l)Dk+1 +o(e)
n,T (k) ,

for an appropriately defined (k +1)m × km first-differencing matrix Dk+1, and where

o(e)
n,T (k) is a negligible term satisfying E

∥∥∥o(e)
n,T (k)

∥∥∥q = o (1). Then (B.18) follows from

the fact that the minimum eigenvalue of Q̂1|(k+1,l) is bounded below by zero in ex-
pectation under Lemma B.3(xii), and because the km-th largest singular value of the
(k +1)m ×m (k +1) matrix Dk+1J′

m(k+1),mk is strictly positive. �

To conserve space let l̂ (k) := tr
(
	L̂n,T (k)

)
. Note that

1
n(T −kn,T )

n∑
i=1

T −1∑
t=kn,T

∥∥ûi,t+1
(
k,kn,T

)∥∥2
	

= 1
n(T −kn,T )

n∑
i=1

∥∥∥MT −kn,T u(k,kn,T )
i

∥∥∥2

	

−
∥∥∥∥∥∥Q̂

− 1
2

(k,kn,T )
1

n(T −kn,T )

n∑
i=1

X(k,kn,T )′
i MT −kn,T u(k,kn,T )

i

∥∥∥∥∥∥
2

	

so that we can decompose

l̂ (k)− l (k)−
(

1+ p2

T

)
tr(	�) (B.19)

= ktr(	�(k))
n(T −kn,T )

+ p2ktr(	ζ(k))

(T −kn,T )2 −
∥∥∥∥∥Q̂

− 1
2

(k,kn,T )
1

n(T −kn,T )

n∑
i=1

X(k,kn,T )′
i MT −kn,T u(k,kn,T )

i

∥∥∥∥∥
2

	︸ ︷︷ ︸
=:ι1(k)

+

(
kp2

(T −kn,T )2 + kp2

(T −k)2

)
tr
[
	
(
ζ̂ (k)− ζ (k)

)]
+ k

n

(
1

T −kn,T
+ 1

T −k

)
tr
[
	
(
�̂(k)−�(k)

)]
︸ ︷︷ ︸

=:ι2(k)

+

1
n(T −kn,T )

n∑
i=1

∥∥∥MT−kn,T u(k,kn,T )
i

∥∥∥2

	
− tr(	�(k))−

(
1− p

T −kn,T

)
tr(	�)

︸ ︷︷ ︸
=:ι3(k)

+

(
p

T −kn,T
+

p∑
l=1

2l−1
T−k

∏l−1
r=0(T −k−r)∏l−1
r=0(T −k+r)

)
tr
[
	
(

R̂ (k)
T −kn,T

T −kn,T −p −�
)]

︸ ︷︷ ︸
=:ι4(k)

.

By Hölder’s inequality and Lemmas B.3(i), (ii), (ix), (xi), and (xii), we can establish that

|E(ι1 (k))| =

∣∣∣∣∣∣∣E
∥∥∥∥∥∥Q̂

− 1
2

(k,kn,T )
1

n(T −kn,T )

n∑
i=1

X(k,kn,T )′
i MT −kn,T u(k,kn,T )

i

∥∥∥∥∥∥
2

	

− ktr(	�(k))
n(T −kn,T )

− kp2 tr(	ζ(k))

(T −kn,T )2

∣∣∣∣∣∣∣
≤ C

(
k

δ2
n,T

1

(T −kn,T )1/2 + k‖α(k)−α‖2

⊗	

δ2
n,T

+ k
δ2

n,T
‖α(k)−α‖
⊗	

)
.
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Next, by Lemmas B.6 and B.7 and the triangle inequality we have

|E(ι2 (k))| ≤ C k
δ2

n,T

(
1

(T −kn,T )1/2 +‖α (k)−α‖2

⊗	 +‖α (k)−α‖
⊗	

)
.

Next, by Hölder’s inequality and Lemmas B.3(iv), (v), (vi), (vii), and (x), we have

|E(ι3 (k))| ≤ C
(
δ−1

n,T ‖α (k)−α‖2

⊗	 + δ−1

n,T ‖α (k)−α‖
⊗	

)
.

Finally, by Lemma B.5,

|E(ι4 (k))| ≤ C 1
T −kn,T

(
k

δ2
n,T

+‖α (k)−α‖2

⊗	 + 1

T −kn,T
‖α (k)−α‖
⊗	

)
.

Using the four inequalities above, together with the bounds and limits given in (B.6), (B.7),
(B.8), and (B.9), we have

max
1≤k≤kn,T

∣∣∣l−1 (k)
(

l̂ (k)− l (k)
)∣∣∣= o (1) ,

completing the proof. Note that the above limit holds even if we were to relax kn,T to be a
sequence satisfying kn,T n−1/2T −1/2 = o (1) and kn,T T −1 = o (1).

B.2.3. Proof of Theorem 3.2 (Asymptotic Efficiency). Throughout this subsection we
use k∗ = k∗

n,T for brevity. We first establish Lemmas B.8 and B.9 below.

LEMMA B.8. (i) For all integers q > 1 there exists a finite constant Cq such that

E
(∣∣∣l̂ (k)− l (k)− l̂

(
k∗)+ l

(
k∗)∣∣∣q)

≤ Cq

(
kq +k∗q

δ
2q
n,T

1

(T −kn,T )
q
2

+ kq +k∗q

n
q
2 (T −kn,T )

3q
2

+ ‖α(k)−α‖2q

⊗	+‖α(k∗)−α‖2q


⊗	

δ
q
n,T

+ ‖α(k)−α‖q

⊗	+‖α(k∗)−α‖q


⊗	

δ
q
n,T

)

(ii) For all r > 1 and q such that q > υ−12(r +1) ,

kn,T∑
k=1

δ2r
n,T lr (k)E

(∣∣∣∣ l̂(k)−l(k)−l̂(k∗)+l(k∗)
l(k)

∣∣∣∣q
)

= o (1) .

Proof. For brevity, within this proof we let Q̂ := Q̂(k,kn,T ), Xi := X(k,kn,T )
i , u(k)

i :=
u(k,kn,T )

i , s(k)
i := s(

k,kn,T )
i , ei := e(

kn,T )
i , M := MT −kn,T , P := PT −kn,T , 
 := 
(k) and


i, j := 
i, j (k) . Applying the triangle inequality to the decomposition in (B.19), we have

E
(∣∣∣l̂ (k)− l (k)−

(
l̂
(
k∗)− l

(
k∗))∣∣∣q) ≤ (B.20)

Cq
(
E
∣∣ι1 (k∗)∣∣q + E |ι1 (k)|q + E

∣∣ι2 (k∗)∣∣q + E |ι2 (k)|q + E
∣∣ι3 (k)− ι3

(
k∗)∣∣q + E

∣∣ι4 (k)− ι4
(
k∗)∣∣q ) .

We now bound each expectation on the right hand side of the inequality. By Theorem B.2
and Lemma B.3(i), we can establish that

E

∣∣∣∣∣∣tr
⎛
⎝ 1

n2(T −kn,T )2

n∑
i, j=1

e′
i Xi 


−1X′
j ej 	

⎞
⎠− 1

n2(T −kn,T )2

n∑
i, j=1

tr
(
	�i, j

)
tr
(

−1
i, j

)∣∣∣∣∣∣
q

≤ Cq
kq

nq(T −kn,T )
3q
2

.
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This result, together with Hölder’s inequality, Lemmas B.3(i), (ii), (ix), (xi), and (xii), we
can establish that

E |ι1 (k)|q = E

∣∣∣∣∣∣
∥∥∥∥∥Q̂

−1/2
1

n(T −kn,T )

n∑
i=1

X′
i Mu(k)

i

∥∥∥∥∥
2

	

− k
n(T−kn,T )

tr(	�(k))− kp2

(T−kn,T )2 tr(	ζ (k))

∣∣∣∣∣∣
q

≤ Cq

(
kq

δ
2q
n,T

1

(T −kn,T )q/2 + kq

nq/2(T −kn,T )3q/2 + kq ‖α(k)−α‖2q

⊗	

δ
2q
n,T

+ kq ‖α(k)−α‖q

⊗	

δ
2q
n,T

)
. (B.21)

Next, by Lemmas B.6 and B.7 and Hölder’s inequality, we have

E |ι2 (k)|q ≤ Cq
kq

δ
2q
n,T

(
1

(T −kn,T )q/2 +‖α (k)−α‖2q

⊗	 +‖α (k)−α‖q


⊗	

)
. (B.22)

Turning to ι3 (k)− ι3
(
k∗) , we first note that

1
n(T −kn,T )

n∑
i=1

∥∥∥Mu(k)
i

∥∥∥2

	
= 1

n(T −kn,T )

n∑
i=1

(∥∥∥Ms(k)
i

∥∥∥2

	
+‖Mei ‖2

	 + tr
(
	e′

i Ms(k)
i

)
+ tr

(
	s(k)′

i Mei

))
.

Then by Lemmas B.3(vi), (vii), and (x), we have

E
∣∣ι3 (k)− ι3

(
k∗)∣∣q ≤ Cq

1
n(T −kn,T )

n∑
i=1

(
E

∣∣∣∣∥∥∥Ms(k)
i

∥∥∥2

	
− tr(	�(k))

∣∣∣∣q +2E
(∣∣∣tr(	e′

i Ms(k)
i

)∣∣∣q)+

E

∣∣∣∣∥∥∥Ms(
k∗)

i

∥∥∥2

	
− tr

(
	�

(
k∗))∣∣∣∣q +2E

(∣∣∣tr(	e′
i Ms(

k∗)
i

)∣∣∣q))

≤ Cq

(
‖α(k)−α‖2q


⊗	+‖α(k∗)−α‖2q

⊗	

δ
2q
n,T

+ ‖α(k)−α‖q

⊗	+‖α(k∗)−α‖q


⊗	

δ
q
n,T

)
. (B.23)

Finally for E
∣∣ι4 (k)− ι4

(
k∗)∣∣q we first note that

tr
[
	
(

R̂ (k)− R̂
(
k∗))] = 1

n(T −kn,T −p)

n∑
i=1

T −1∑
t=kn,T

(∥∥ûi,t+1
(
k,kn,T

)∥∥2
	

−∥∥ëi,t+1
(
kn,T

)∥∥2
	

)
−

1
n(T −kn,T −p)

n∑
i=1

T −1∑
t=kn,T

(∥∥ûi,t+1
(
k∗,kn,T

)∥∥2
	

−∥∥ëi,t+1
(
kn,T

)∥∥2
	

)
.

Then by Hölder’s inequality and Lemmas B.3(i), (ii), (vi), (vii), (ix), (xi) and (xii), we can
establish that

E
(∣∣∣tr[	(R̂ (k)− R̂

(
k∗))]∣∣∣q)≤ Cq

⎛
⎜⎝

kq +k∗q

δ
2q
n,T

+‖α (k)−α‖2q

⊗	 +‖α (k∗)−α‖2q


⊗	 +
‖α(k)−α‖q


⊗	

δ
q
n,T

+ ‖α(k∗)−α‖q

⊗	

δ
q
n,T

⎞
⎟⎠ ,

and thus we have

E
∣∣ι4 (k)− ι4

(
k∗)∣∣q ≤ Cq

(
kq +k∗q

δ
3q
n,T

+ ‖α(k)−α‖2q

⊗	

δ
q
n,T

+ ‖α(k∗)−α‖2q

⊗	

δ
q
n,T

+ ‖α(k)−α‖q

⊗	

δ
2q
n,T

+ ‖α(k∗)−α‖q

⊗	

δ
2q
n,T

)
.

(B.24)

Part (i) of the Lemma then follows by substituting the bounds given in
(B.21), (B.22), (B.23) and (B.24) into (B.20). Turning to part (ii) of the

Lemma, since δ
−2(q−r)
n,T −k l−(q−r) (k) ≤ Cq−r k−(q−r), ‖α (k)−α‖2q


⊗	 ≤ lq (k) ,

kqδ
−2q
n,T

∥∥∥�1/2
∥∥∥q

	
‖α (k)−α‖q


⊗	 ≤ lq (k), lr (k) ≤ Cr

(
krδ−2r

n,T −k +k−r
)

and

l
(
k∗)≤ l (k), we have
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kn,T∑
k=1

δ2r
n,T

lr (k)
lq (k)

(
E
∣∣ι1(k∗)

∣∣q + E |ι1(k)|q + E |ι2(k)|q + E
∣∣ι2(k∗)

∣∣q + E
∣∣ι3(k)− ι3(k

∗)
∣∣q + E

∣∣ι4(k)− ι4(k
∗)
∣∣q )

≤ Cq

kn,T∑
k=1

(
kq +k∗q

δ
2q−2r
n,T lq−r (k)(T −kn,T )

q
2

+ δ
2q
n,T (kq +k∗q )

δ
2q−2r
n,T lq−r (k)n

q
2 (T −kn,T )

3q
2

+

lr (k)

δ
q−2r
n,T

‖α(k)−α‖2q

⊗	+‖α(k∗)−α‖2q


⊗	
lq (k) + ‖α(k)−α‖q


⊗	+‖α(k∗)−α‖q

⊗	

δ
q−2r
n,T lq−r (k)

)

≤ Cq

kn,T∑
k=1

(
Cq−r

[
kr +k∗r

(T −kn,T )
q
2

+ δ
2q
n,T (kr +k∗r )

n
q
2 (T −kn,T )

3q
2

]
+ Cr

[
kr

δ
q
n,T

+ 1
kr δ

q−2r
n,T

+ kr

δ
q
n,T

+ 1
k∗r δ

q−2r
n,T

])
+

Cq

kn,T∑
k=1

Cq−2r k− q
2 +r + Cq

⎡
⎣ k∗∑

k=1

k∗−( q
2 −r) + k∗−( q

2 −r)π
kn,T∑

k=k∗+1

k−( q
2 −r)(1−π) +

kn,T∑
k=1

k∗− 1
2 (q−2r)

⎤
⎦= o (1),

for some π satisfying 0 ≤ π <
( q

2 −r
)−1. Each sum is o (1) for all q > υ−12(r +1) and

r > 1 because k∗ → ∞,
∑kn,T

k=1 kr = O
(

kr+1
n,T

)
,
∑kn,T

k=1 k−r = O (1),
∑kn,T

k=1 k−(q−r) = O (1),∑kn,T
k=1 k−(q/2−r) = O (1)and k2r

n,T δ
−q
n,T = o (1). Part (ii) of the Lemma thus follows. �

LEMMA B.9. For all integers q > 1 and k1, k2 satisfying 1 ≤ k1,k2 ≤ kn,T ,

E

⎛
⎝ 1

n

n∑
i=1

∥∥(ûi,T +1 (k2,k2)− ûi,T +1 (k1,k1)
)∥∥2

	

⎞
⎠q

≤ Cq

(∣∣∣∣ k2−k1
δ2

n,T

∣∣∣∣q +|l (k2)− l (k1)|q
)

.

(B.25)

Proof. For brevity, within this proof we let X(k)
i := X(k,k)

i , u(k)
i := u(k,k)

i ,

s(k)
i := s(k,k)

i and Q̂(k) := Q̂(k,k). Similarly, let ēi,T (k) := e(k)′
i ηT −kη

(T −k)
T −k+1,

s̄i,T (k) := s(k)′
i ηT −kη

(T −k)
T −k+1, and Ẍi,T (k) := Xi,T (k) − X̄i,T (k) for X̄i,T (k) :=

X(k)′
i ηT −kη

(T −k)
T −k+1. Then, for each k we have

ûi,T +1 (k,k) = Ẍ ′
i,T (k)Q̂

−1
(k)

1
n(T −k)

∑n

j=1
X(k)′

j MT −k u(k)
j −ei,T +1 + ēi,T (k)−si,T (k)+ s̄i,T (k) .

We can then decompose

ûi,T +1 (k2,k2)− ûi,T +1 (k1,k1) = (
Ẍi,T (k2)− Ẍ i,T (k1)

)′
Q̂

−1

(k2 )
1

n(T −k2 )

n∑
j=1

X(k2)′
j MT −k2

u(k2 )
j

︸ ︷︷ ︸
=:χ1,i (k2,k1 )

+

Ẍ
′
i,T (k1)Q̂

−1

(k1)
1
n

n∑
j=1

(
1

T −k2
X(k2)′

j MT −k2
u(k2)

j − 1
T −k1

X(k1)′
j MT −k1 u(k1)

j

)
︸ ︷︷ ︸

=:χ2,i (k2 ,k1)

+

Ẍ
′
i,T (k1)

(
Q̂

−1

(k2) −Q̂
−1

(k1)

)
1

n(T −k2)

n∑
j=1

X(k2)′
j MT −k2

u(k2)
j

︸ ︷︷ ︸
=:χ3,i (k2,k1 )

+

[
ēi,T (k2)− ēi,T (k1)

]
︸ ︷︷ ︸

=:χ4,i (k2,k1 )

+[si,T (k1)− s̄i,T (k1)− si,T (k2)+ s̄i,T (k2)
]

︸ ︷︷ ︸
=:χ5,i (k2,k1 )

,
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where Q̂
−1
(k1)

denotes a k2 × k2 matrix with Q̂
−1
(k1) in the upper left k1 × k1 block

and zeros elsewhere; Ẍ i,T (k1) :=
(

Ẍ ′
i,T (k1) ,0, . . . ,0

)′
is an mk2 × 1 vector; MT −k2

is a (T −k1) × (T −k1) matrix with MT −k2 in the upper left (T −k2) × (T −k2)

block and zeros elsewhere; X(k2)
i :=

[
X(k2)′

i : 0k2m×(k2−k1)

]′
is a (T −k1) × k2m ma-

trix; X(k1)
i :=

[
X(k1)

i : 0(T −k1)×(k2−k1)m

]
is a (T −k1) × k2m matrix; and u(k2)

i :=[
u(k2)′

i : 0m×(k2−k1)

]′
is a (T −k1)× m matrix. The proof then proceeds by showing that

E
(

1
n
∑n

i=1

∥∥χs,i (k2,k1)
∥∥2
	

)q
satisifies the bound given in (B.25) for each s = 1,2, . . . ,5.

First we decompose

χ1,i (k2,k1) = x ′
i,T (k2,k1)J′

k2,k2−k1
Q̂

−1
(k2)

1
n(T −k2)

∑n

j=1
X(k2)′

j MT −k2
u(k2)

j +
(
X̄i,T (k2)− X̄ i,T (k1)

)′Q̂−1
(k2)

1
n(T −k2)

∑n

j=1
X(k2)′

j MT −k2
u(k2)

j , (B.26)

where xi,t (k2,k1) :=
(

x ′
i,t−k1

, . . . , x
′
i,t−k2+1

)′
is a m (k2 −k1) × 1 vector and

X̄ i,T (k1) :=
(

X̄ ′
i,T (k1) ,0, . . . ,0

)′
is a mk2 ×1 is a vector. First we assume that (7) holds

under Assumption 3. By Theorem B.1 we can establish that

E
(

1
n

∑
i

∥∥xi,T (k2,k1)
∥∥2
)q = E

(
ρ

q
max

(
1
n

∑
i
x i,T (k2,k1) x ′

i,T (k2,k1)
))

≤ Cq

(
1

nq/2 (k2 − k1)
q +1

)
.

Meanwhile, by Lemmas B.3(iii), (ix), (xi), (xii), and Theorem B.1, we have

E

∥∥∥∥J′
k2,k2−k1

Q̂
−1

(k2)
1

n(T−k2)

∑n

j=1
X(k2)′

j MT−k2
uj (k2)

∥∥∥∥2q

	

≤ Cq

(∣∣∣∣ k2−k1
δ2

n,T

∣∣∣∣q +
∣∣∣∣ k2

2
δ2

n,T

∣∣∣∣q
∣∣∣∣ k2−k1

δ2
n,T

∣∣∣∣q ∣∣∣ 1
k2−k1

∣∣∣q) ,

(B.27)

and thus the first term in (B.26) satisfies

E

(
1
n

∑n

i=1

∥∥∥∥x ′
i,T (k2,k1)J′

k2,k2−k1
Q̂

−1

(k2 )
1

n(T−k2 )

∑n

j=1
X(k2)′

j MT −k2
uj (k2)

∥∥∥∥2

	

)q

≤ Cq

(∣∣∣∣ k2−k1
δ2

n,T

∣∣∣∣q
)

provided kn−1/2 = o (1). If (8) holds instead of (7) under Assumption 3, using the decom-
position given in (B.13) and following a similar strategy as given in the proof to Theorem
3.1, we can decompose

x ′
i,T (k2,k1)J′

k2 ,k2−k1
Q̂

−1

(k2)
1

n(T −k2)

∑n

j=1
X(k2)′

j MT −k2
u(k2)

j

= x∗′
i,T (k2,k1)J′

k2 ,k2−k1

−1 (k2) 1

n(T −k2)

T −N0−1∑
s,t=k2

n∑
j=1

Xj,t (k2)e′
j,t+1 +o( f )

n,T (k2),

where we assume that k2 <
√

T −k2 without loss of generality; N0 is the largest inte-

ger less than
√

T −k2; the term o( f )
n,T (k2) satisfies E

∥∥∥o( f )
n,T (k2)

∥∥∥2q ≤ Cq (k2 −k1)q δ
−2q
n,T ;

x∗
i,t (k2,k1) :=

(
x∗′

i,t−k1
, . . . , x∗′

i,t−k2+1

)′
for x∗

i,t defined in (B.13); and

E

⎛
⎜⎝ 1

n

n∑
i=1

∥∥∥∥∥∥x∗′
i,T (k2,k1)J′

k2 ,k2−k1

−1 (k2)

1
n(T−k2 )

T −N0−1∑
s,t=k2

n∑
j=1

X j,t (k2)e′
j,t+1

∥∥∥∥∥∥
2

	

⎞
⎟⎠

q

≤ Cq (k2 − k1)
q δ

−2q
n,T .
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Turning to the second term in (B.26), we first define

η
(T ,k2,k1)
𝚫,t :=

{
η
(T −k1)′
t η

(T −k1)
T −k1+1 for t = 1, . . . ,k2 −k1

η
(T −k2)′
t−k2+k1

η
(T −k2)
T −k2+1 −η

(T −k1)′
t η

(T −k1)
T −k1+1 for t = k2 −k1 +1, . . . ,T −k1

where we can straightforwardly establish that there exists finite C such that

∑T −k2

t=1

(
η
(T ,k2,k1)
𝚫,t

)2 ≤ C (k2 −k1) (T −k1)−2 .

We can then decompose

X̄i,T (k2)− X̄ i,T (k1) = X(k1)′
i η𝚫 +x(k2,k1)′

i ηT −k2
η
(T −k2)
T −k2+1,

where η𝚫 :=
(
η
(T ,k2,k1)
𝚫,1 , . . . ,η

(T ,k2,k1)
𝚫,T −k1

)′
and

x(k2,k1)
i :=

⎡
⎢⎢⎢⎢⎣0(T −k2)×mk1 :

x ′
i,k2

(k1,k2)

...

x ′
i,T −1 (k1,k2)

0(k2−k1)×m(k2−k1)

⎤
⎥⎥⎥⎥⎦ .

By the Cauchy–Schwarz and triangle inequalities and Theorem B.1 we then have

E
(

1
n

∑n

i=1

∥∥(X̄i,T (k2)− X̄ i,T (k1)
)∥∥2

	

)q ≤ Cq (k2 −k1)q (T −k1)−q .

These results imply that

E
(

1
n

∑n

i=1

∥∥χ1,i (k2,k1)
∥∥2
	

)q ≤ Cq

∣∣∣∣ k2−k1
δ2

n,T

∣∣∣∣q ,

where we assume without loss of generality that kn,T < T −kn,T , so that kq
1 (T −k1)−q <

1. Turning to χ2,i (k2,k1) , first note that we can decompose

1
n

∑n

j=1

(
1

T −k2
X(k2 )′

j MT−k2
u(k2)

j − 1
T −k1

X(k1)′
j MT −k1 u(k1)

j

)
(B.28)

= 1
n(T −k2 )

∑n

j=1

(
X(k2)

j − X(k1 )
j

)′
MT −k2

u(k2)
j + 1

n(T −k2 )

∑n

j=1
X(k1)′

i

(
MT −k2

− MT −k1

)
u(k2 )

j +
1

n(T −k2 )

∑n

j=1
X(k1)′

j

(
MT −k2

− MT −k1

)(
u(k2)

j − u(k1 )
j

)
+ k2−k1

n(T −k2 )(T −k1)

∑n

j=1
X(k1 )′

j MT −k1 u(k1)
j .

We bound each of the four terms in this expression. Note that by Theorem B.1 and the
triangle inequality, we can establish that

E

∥∥∥∥ 1
n(T −k2 )

∑n

j=1

∑k2

t=k1
X j,t (k1)u′

j,t+1 (k2)

∥∥∥∥2q

	

≤ CqE

∥∥∥∥ 1
n(T −k2 )

∑n

j=1

∑k2

t=k1
X j,t (k1)e′

j,t+1

∥∥∥∥2q

	

+

CqE

∥∥∥∥ 1
n(T −k2 )

∑n

j=1

∑k2

t=k1
X j,t (k1)s′

j,t (k2)

∥∥∥∥2q

	

≤ Cq

(
k2−k1

n(T −k2 )2

)q (
1+‖α (k2)−α‖2q


⊗	

)
,

and
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E

∥∥∥∥ 1
n(T−k2 )

∑n

j=1

∑T−1

t=k2
x j,t (k2,k1)u′

j,t+1 (k2)

∥∥∥∥2q

	

≤ Cq E

∥∥∥∥ 1
n(T −k2 )

∑n

j=1

∑T −1

t=k2
x j,t (k2,k1)e′

j,t+1

∥∥∥∥2q

	

+

Cq E

∥∥∥∥ 1
n(T −k2)

∑n

j=1

∑T −1

t=k2
x j,t (k2,k1)s′

j,t (k2)

∥∥∥∥2q

	

≤ Cq

(
k2−k1

n(T−k2 )

)q (
1+‖α(k2)−α‖2q


⊗	

)
,

noting that E
(

x j,t (k2,k1)s′
j,t (k2)

)
= 0. Next, by Theorem B.1 and the triangle inequality,

we can establish that∥∥∥∥ 1
n(T −k2)

∑n

j=1

∑T −1

t=k2
E
(

x j,t (k2,k1)e′
j,t+1

)
η
(T −k2)′
t η

(T −k2)
T −k2+1

∥∥∥∥< C (T −k2)−1 ,

and thus, letting PT −k2
be a (T −k1) × (T −k1) matrix with PT−k2 in the upper left

(T −k2)× (T −k2) block and zeros elsewhere, we have

E

∥∥∥∥ 1
n(T −k2 )

∑n

j=1

(
X(k2)

j −X(k1)
j

)′
PT −k2

u(k2)
j

∥∥∥∥2q

	

≤ CqE

∥∥∥∥ 1
n(T −k2)

∑n

j=1

∑T −1

t=k2
x j,t (k2,k1)e′

j,t+1η
(T −k2)′
t η

(T −k2)
T−k2+1

∥∥∥∥2q

	

+

Cq E

∥∥∥∥ 1
n(T −k2)

∑n

j=1

∑T −1

t=k2
x j,t (k2,k1)s′

j,t (k2)η
(T −k2)′
t η

(T −k2)
T −k2+1

∥∥∥∥2q

	

≤ Cq

[(
k2−k1

(T −k2)2

)q +
(

k2−k1
n(T −k2)2

)q ‖α (k2)−α‖2q

⊗	

]
.

Thus the first term in (B.28) satisfies

E

∥∥∥∥ 1
n(T−k2)

∑n

j=1

(
X(k2)

j −X(k1)
j

)′
MT−k2

u(k2)
j

∥∥∥∥2q

	

≤ Cq

(
k2−k1
δ2

n,T

)q (
1+‖α(k2)−α‖2q


⊗	

)
.

Next, for the second term in (B.28), note that PT −k1 − PT −k2
= ηT −k1

η′
T −k1

−
η

T −k2
η′

T −k2
, where η

T −k2
:=
[
η′

T −k2
: 0p×(k2−k1)

]′
. Then by the Cauchy–Schwarz in-

equality we have∥∥∥∥∥∥E

⎛
⎝ 1

n(T −k1)

n∑
j=1

X(k1)′
j

(
ηT −k1

−η
T −k2

)
η′

T −k2
u(k2 )

j

⎞
⎠
∥∥∥∥∥∥

2

	

≤
∥∥∥ηT −k1

−η
T −k2

∥∥∥2 ∥∥ηT −k2

∥∥2 ×

tr

⎛
⎝E

⎛
⎝ 1

n(T−k1 )

n∑
j=1

X(k1)′
j X(k1)

j

⎞
⎠
⎞
⎠ · tr

⎛
⎝E

⎛
⎝ 1

n(T−k1 )

n∑
j=1

u(k2)′
j u(k2)

j

⎞
⎠	

⎞
⎠ ≤ C (k2−k1 )k1

(T −k2)2

1+‖α(k2 )−α‖2

⊗	

T −k2

and∥∥∥∥∥∥E

⎛
⎝ 1

n(T−k1 )

n∑
j=1

X(k1)′
j ηT −k1

(
ηT −k1

−η
T −k2

)′
u(k2 )

j

⎞
⎠
∥∥∥∥∥∥

2

	

≤ C k2−k1
(T −k2 )2

k1
T −k1

(
1+‖α(k2)−α‖2


⊗	

)
.

Using these results in conjunction with Theorem B.1 we have

E

∥∥∥∥∥∥ 1
n(T −k1)

n∑
j=1

X(k1)′
j

(
PT−k1 −PT −k2

)
u(k2)

j

∥∥∥∥∥∥
2q

	

≤ C (k2 −k1)q δ
−2q
n,T ,
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where we assume without loss of generality that k2 − k1 < T − k2. Using the result estab-
lished above and the triangle and Cauchy–Schwarz inequalities, the second term in (B.28)
satisfies

E

∥∥∥∥∥∥ 1
n(T −k1 )

n∑
j=1

X(k1)′
j

(
MT −k2

− MT −k1

)
u(k2)

j

∥∥∥∥∥∥
2q

	

≤ CqE

∥∥∥∥∥∥ 1
n(T −k1 )

n∑
j=1

k2∑
t=k1

X j,t (k1)u′
j,t+1 (k2)

∥∥∥∥∥∥
2q

	

+

CqE

∥∥∥∥∥∥ 1
n(T −k1 )

n∑
j=1

X(k1)′
j

(
PT−k1 − PT −k2

)
u(k2)

j

∥∥∥∥∥∥
2q

	

≤ C (k2 − k1)
q δ

−2q
n,T .

Next, for the third term in (B.28), it is straightforward to establish that∥∥∥∥∑T −1

t=k1

∑k2−1

s=k1
E
(

Xj,t (k1)e′
j,s+1

)
η
(T −k1)′
t η

(T −k1)
s

∥∥∥∥< C
(
(T −k1)−1 (k2 −k1)

1
2

)
,

and∥∥∥∥∑T−1

t=k1

∑k2−1

s=k1
E
(

X j,t (k1)s ′
j,s (k2)

)
η

(T−k1)′
t η(T −k1)

s

∥∥∥∥< C
(
(T − k1)

−1 (k2 − k1)
1
2 ‖α(k2)−α‖
⊗	

)
,

and so using these results in conjunction with Theorem B.1, the third term in (B.28) satis-
fies

E

∥∥∥∥∥∥ 1
n(T −k1 )

n∑
j=1

X(k1)′
j MT −k1

(
u(k2)

j − u(k1)
j

)∥∥∥∥∥∥
2q

	

≤ Cq E

∥∥∥∥∥∥
n∑

j=1

T −1∑
t=k1

1
n(T −k1 ) X j,t (k1)u′

j,t+1 (k2)

∥∥∥∥∥∥
2q

	

+

Cq E

∥∥∥∥∥∥ 1
n(T −k1 )

n∑
j=1

T −1∑
t=k1

k2−1∑
s=k1

X j,t (k1)η
(T −k1 )′
t η(T −k1)

s u′
j,s+1 (k2)

∥∥∥∥∥∥
2q

	

≤ Cq

(
k2−k1
δ2

n,T

)q

.

Finally, by Lemmas B.3(iii) and (ix), the final term in (B.28) satisfies

E

∥∥∥∥ k2−k1
n(T −k2)(T −k1)

∑n

j=1
X(k1)′

j MT−k1 u(k1)
j

∥∥∥∥2q

	
≤ Cq

(k2−k1)2q

(T −k1)2q
kq

1

δ
2q
n,T −k2

≤ Cq

∣∣∣∣ k2−k1
δ2

n,T

∣∣∣∣q ,

where we assume that k2 −k1 < δn,T without loss of generality. Thus

E

∥∥∥∥ 1
n

∑n

j=1

(
1

T −k2
X(k2)′

j MT −k2
u(k2)

j − 1
T −k1

X(k1)′
j MT −k1 u(k1)

j

)∥∥∥∥2q

	
≤ Cq

∣∣∣∣ k2−k1
δ2

n,T

∣∣∣∣2q
.

Together with the triangle and Hölder’s inequalities, these results imply that

E
(

1
n

∑n

i=1

∥∥χ2,i (k1,k2)
∥∥2
	

)q ≤ Cq
(k2−k1)q

δ
2q
n,T

.

Next we consider χ3,i (k1,k2). Note that we can decompose χ3,i (k1,k2) as follows

χ3,i (k1,k2) = Ẍ ′
i,T (k1)Q̂

−1
(k1)𝚫k2,k1 J′

k2,k1
Q̂

−1
(k2)

1
n(T −k2)

∑n

j=1
X(k2)′

j MT −k2
u(k2)

j ,

where 𝚫k2,k1 is a k1 × k2 matrix defined as
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𝚫k2 ,k1 : = 1
n(T −k1)

∑n

j=1

∑T −1

t=k1
Xj,t (k1) X ′

j,t (k1)− 1
n(T −k2)

∑n

j=1

∑T −1

t=k2
Xj,t (k1) X ′

j,t (k2)+
1

n(T −k2)

∑n

j=1
X(k1)′

j

(
PT −k1 −PT −k2

)
X(k1)

j .

Now using similar arguments as above we have

E

∥∥∥∥∥∥
n∑

j=1

X(k1)′
j

(
PT −k1 − PT −k2

)
X(k1)

j

∥∥∥∥∥∥
2q

	

≤ E

∥∥∥∥∥∥
n∑

j=1

X(k1)′
j

(
PT −k1 − PT −k2

)
X(k1 )

j

∥∥∥∥∥∥
2q

	

≤ Cq

(
k2−k1

(T −k2 )2

)q
,

while we can decompose

1
n(T −k1 )

∑n

j=1

∑T −1

t=k1
X j,t (k1) X ′

j,t (k1)− 1
n(T −k2 )

∑n

j=1

∑T −1

t=k2
X j,t (k1) X ′

j,t (k2)

= 1
n(T −k1 )

∑n

j=1

∑k2−1

t=k1
X j,t (k1) X ′

j,t (k1)+ k2−k1
n(T −k1)(T −k2 )

∑n

j=1

∑T −1

t=k2+1
X j,t (k1) X ′

j,t (k1)+
1

n(T −k2 )

∑n

j=1

∑T −1

t=k2

(
X j,t (k1) X ′

j,t (k1)− X j,t (k1) X ′
j,t (k2)

)
.

By Theorem B.1 we have

E

∥∥∥∥ 1
n(T −k1)

∑n

j=1

∑k2−1

t=k1
Xj,t (k1) X ′

j,t (k1)

∥∥∥∥2q
≤ Cq

(
(k2−k1)q

nq (T −k1)2q + 1
(T −k1)2q

)
,

E

∥∥∥∥ k2−k1
T −k1

1
n(T −k2)

∑n

j=1

∑T −1

t=k2
Xj,t (k1) X ′

j,t (k1)

∥∥∥∥2q
≤ Cq

(
(k2−k1)2q

(T −k1)2q + (k2−k1)2q kq
1

nq (T −k1)3q

)
,

and

E

∥∥∥∥ 1
n(T −k2)

∑n

j=1

∑T −1

t=k2

(
Xj,t (k1) X ′

j,t (k1)− Xj,t (k1) X ′
j,t (k2)

)
−
(k1 ,k2 )

∥∥∥∥2q

≤ Cq
(k2−k1)q

nq (T −k2)q ,

where 
(k1,k2) := E
[

1
n
∑

j

(
Xj,t (k1) X ′

j,t (k1)− Xj,t (k2) X ′
j,t (k2)

)]
can be partitioned

as follows:


(k1 ,k2) = −
[

0mk1×m(k2−k1) : E
(

1
n
∑

j X j,t (k1) x ′
j,t (k2,k1)

)]
= −

[
0mk1×m(k2−k1) : λk2,k1

]
for suitably defined λk2,k1 . These results together with Lemmas B.3(xi) and (xii) imply
that

E

∥∥∥∥Q̂−1
(k1)J

′
k2,k1

−J′
k2,k1

Q̂
−1
(k2) −
−1 (k1)λk2,k1 J′

k2,k2−k1

−1 (k2)

∥∥∥∥q

	
≤ Cq

(k2−k1)q

δ
2q
n,T

.

Then using the same arguments used to establish (B.27) we can show that

E

∥∥∥∥ 1
n(T −k2)

∑
j
J′

k2,k2−k1

−1 (k2)X(k2)′

j MT −k2
u(k2)

j

∥∥∥∥q

	
≤ Cq

(k2−k1)q

δ
2q
n,T

.

These results, together with the triangle and Hölder’s inequalities, imply that

E

(
1
n

∥∥∥∑n

i=1
χ3,i (k1,k2)

∥∥∥2

	

)q
≤ Cq

(k2−k1)q

δ
2q
n,T

.
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Next we consider χ4,i (k2,k1). Recall that e(k1)
i = [

ei,k1+1 : · · · : ei,T
]′. Since

χ4,i (k1,k2) = ēi,T (k2)− ēi,T (k1) = e(k1)′
i η𝚫, by Theorem B.1 it follows that

E

(
1
n

∥∥∥∑n

i=1
χ4,i (k1,k2)

∥∥∥2

	

)q

= E

(
1
n

∥∥∥∑n

i=1
e(k1)′

i η𝚫
∥∥∥2

	

)q

≤ Cq (k2 − k1)
q (T − k1)

−2q .

Finally, turning to χ5,i (k2,k1) = s̄i,T (k2)− s̄i,T (k1)− (si,T (k2)− si,T (k1)
)
, note that

E

(
1
n

∥∥∥∑n

i=1
si,T (k2)− si,T (k1)

∥∥∥2

	

)q
≤ Cq ‖α (k2)−α (k1)‖2q


⊗	

≤ Cq

(
‖α (k2)−α‖2q


⊗	 −‖α (k1)−α‖2q

⊗	

)
≤ Cq

(∣∣lq (k2)− lq (k1)
∣∣+ δ

−2q
n,T |k2 −k1|q

)
.

Next, note that we can decompose

s̄i,T (k2)− s̄i,T (k1) = s(k1)′
i η𝚫 +

(
s(k2)
i −JT −k2,T −k1 s(k1)

i

)′
ηT −k2 η

(T −k2)
T −k2+1.

Then by the triangle inequality we can establish that

E

(
1
n

n∑
i=1

∥∥∥η′
𝚫s(k1)

i

∥∥∥2

	

)q

≤ Cq E

⎛
⎝ 1

n

n∑
i=1

T −1∑
s,t=k2−k1+1

tr
[
η

(T ,k2,k1 )

𝚫,t
η

(T ,k2,k1)

𝚫,s

(
si,t (k1)s′

i,s (k1)
)
	
]⎞⎠q

+

Cq E

⎛
⎝ 1

n

n∑
i=1

k2−k1∑
s,t=1

tr
[
η

(T ,k2,k1 )

𝚫,t
η

(T ,k2,k1)

𝚫,s

(
si,t (k1) s′

i,s (k1)
)
	
]⎞⎠≤ Cq

(k2−k1 )q

(T −k1 )2q ‖α(k1)−α‖2q

⊗	 ,

where the final inequality follows by application of Theorem B.1. Meanwhile, by the
Cauchy–Schwarz inequality,

E

(
1
n

n∑
i=1

∥∥∥∥(s(k2 )
i −JT −k2 ,T −k1 s(k1)

i

)′
ηT −k2

η
(T−k2)
T −k2+1

∥∥∥∥2

	

)q

≤ Cq
‖α(k2)−α‖2q


⊗	−‖α(k1)−α‖2q

⊗	

(T−k1)q

≤ Cq
1

(T −k1)q

(∣∣lq (k2)− lq (k1)
∣∣+ δ

−2q
n,T (k2 − k1)q

)
.

Therefore, by the triangle inequality we have

E

(
1
n

∥∥∥∑n

i=1
χ5,i (k1,k2)

∥∥∥2

	

)q
≤ Cq

(
(k2 −k1)q δ

−2q
n,T + lq (k2)− lq (k1)

)
,

completing the proof. �

For notational brevity, let ϑ (k) denote the expected second order QFR evaluated at k, i.e.:

ϑ (k) := E

(
tr

(
	

(
1
n

∑n

i=1
ûi,T +1 (k,k) û′

i,T +1 (k,k)−
(

1+ p2

T

)
�

)))
.

Similarly, let k∗ := k∗
n,T and ûi,T +1 (k) := ûi,T +1 (k,k) throughout this subsection for

brevity. The proof demonstrates that E
[
l−1 (k∗)ϑ (k̂

)]
has a limit of 1. We begin by

decomposing

E

(
ϑ
(

k̂
)

l(k∗)

)
= E

(
ϑ(k∗)
l(k∗)

)
+E

(
ϑ
(

k̂
)
−ϑ(k∗)

l(k∗)

)
. (B.29)
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The first term has a limit of 1 under Theorem 3.1. Thus we need to show that the second
term is o (1). Now by Hölder’s inequality, for all r > 1 we have

E

(
ϑ
(

k̂
)
−ϑ(k∗)

l(k∗)

)
≤
{

E

(
l
(

k̂
)

l(k∗)

)r} 1
r
⎧⎨
⎩E

(
ϑ
(

k̂
)
−ϑ(k∗)

l
(

k̂
)

) r
r−1
⎫⎬
⎭

r−1
r

. (B.30)

We show that the expectation in the first set of braces on the right hand side of the above
has a limit of one by showing that

lim
n,T →∞E

(
l
(

k̂
)

l(k∗) −1

)r

= 0 (B.31)

for all r ≥ 1, which implies that limn,T →∞ E

∣∣∣∣∣ l
(

k̂
)

l(k∗)

∣∣∣∣∣
r

= 1. The proof of this result relies

on defining the following set.

Aε :=
{

k : l(k)
l(k∗) −1 > ε0,1 ≤ k ≤ kn,T

}
for all ε0 > 0. Then

E

(
l
(

k̂
)

l(k∗) −1

)r

=
kn,T∑
k=1

(
l(k)
l(k∗) −1

)r
P
(

k̂ = k
)

≤ εr
0 +

∑
k∈Aε

(
l(k)
l(k∗) −1

)r
P
(

l̂ (k) ≤ l̂
(
k∗)) ,

so that (B.31) follows if the second term above is o (1). We first bound P
(

l̂ (k) ≤ l̂
(
k∗))

as follows. For all q = 1,2, . . . , we have

P
(

l̂ (k) ≤ l̂
(
k∗))= P

(
l̂(k)
l(k) ≤ l̂(k∗)

l(k)

)
= P

(
l̂(k)−l(k)−l̂(k∗)+l(k∗)

l(k) ≤ l(k∗)−l(k)
l(k)

)

≤ P

(∣∣∣l̂(k∗)−l(k∗)−l̂(k)+l(k)
∣∣∣

l(k) ≥ l(k)−l(k∗)
l(k)

)
(B.32)

≤
(

l(k)−l(k∗)
l(k)

)−q
E

(∣∣∣∣ l̂(k∗)−l(k∗)−l̂(k)+l(k)
l(k)

∣∣∣∣q
)

,

where the second inequality follows from Markov’s inequality. Substituting in this bound
we have

∑
k∈Aε

(
l(k)
l(k∗) −1

)r
P
(

l̂ (k) ≤ l̂
(
k∗)) ≤

∑
k∈Aε

(
l(k)−l(k∗)

l(k∗)

)r ( l(k)−l(k∗)
l(k)

)−q E
(∣∣∣l̂(k∗)−l(k∗)−l̂(k)+l(k)

∣∣∣q)
lq (k)

=
∑
k∈Aε

(
l(k)

l(k)−l(k∗)

)q−r ( l(k)
l(k∗)

)r E
(∣∣∣l̂(k∗)−l(k∗)−l̂(k)+l(k)

∣∣∣q)
lq (k)

≤
(

1+ε0
ε0

)q−r ∑
k∈Aε

(
l(k)
l(k∗)

)r E
(∣∣∣l̂(k∗)−l(k∗)−l̂(k)+l(k)

∣∣∣q)
lq (k)
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≤ Cq

(
1+ε0
ε0

)q−r (
1
k∗
)r

⎧⎨
⎩

kn,T∑
k=1

δ2r
n,T −k∗ lr (k)

E
(∣∣∣l̂(k∗)−l(k∗)−l̂(k)+l(k)

∣∣∣q)
lq (k)

⎫⎬
⎭

= o (1)

for any q ≥ 1. The term in the braces is o (1) by Lemma B.8(ii) together with the fact that
δ2r

n,T −k∗ = δ2r
n,T +o (1).

The remainder of the proof shows that the expectation in the second set of braces on the
right hand side of (B.30) is o (1). It is sufficient to establish that

E

⎧⎨
⎩
⎛
⎝l−1

(
k̂
)

1
n

n∑
i=1

∥∥∥ûi,T +1

(
k̂
)

− ûi,T +1
(
k∗)∥∥∥2

	

⎞
⎠q⎫⎬
⎭= o (1) (B.33)

for some q > 1. Now for any r > 1 we have

E

⎡
⎢⎢⎣
(

1
n

n∑
i=1

∥∥∥ûi,T +1

(
k̂
)
−ûi,T +1(k∗)

∥∥∥2

	

)q

lq
(

k̂
)

⎤
⎥⎥⎦≤

kn,T∑
k=1

⎧⎪⎪⎨
⎪⎪⎩

E

(
1
n

n∑
i=1

∥∥∥ûi,T +1

(
k̂
)
−ûi,T +1(k∗)

∥∥∥2

	

)qr

lqr (k)

⎫⎪⎪⎬
⎪⎪⎭

1
r {

P
(

k̂ = k
)} r−1

r
.

Now using Lemma B.9 we have

kn,T∑
k=1

{
l−qr (k)E

(
1
n

n∑
i=1

∥∥∥ûi,T +1

(
k̂
)

− ûi,T +1
(
k∗)∥∥∥2

	

)qr} 1
r {

P
(

k̂ = k
)} r−1

r
(B.34)

≤ Cq

kn,T∑
k=1

( |k−k∗ |
δ2

n,T l(k)

)q {
P
(

k̂ = k
)} r−1

r + Cq

kn,T∑
k=1

(
l(k)−l(k∗)

l(k)

)q {
P
(

k̂ = k
)} r−1

r
.

Using Assumption 4 and the bound for P
(

k̂ = k
)

given in (B.32), the first term on the

right hand side of the above is bounded by

k∗(π−1)q +
∑

k∈Aπ,n,T

( |k−k∗ |
δ2

n,T l(k)

)q (
l(k)

l(k)−l(k∗)

)q
E

(∣∣∣∣ l̂(k∗)−l(k∗)−l̂(k)+l(k)
l(k)

∣∣∣∣q
)

≤ k∗(π−1)q +Cq k∗ξq
kn,T∑
k=1

E
(∣∣∣l̂(k)−l(k)−l̂(k∗)+l(k∗)

∣∣∣q)
lq (k) ,

where Aπ,n,T :=
{

k :
∣∣∣k −k∗

n,T

∣∣∣> (
k∗

n,T

)π}
. The first term in the above expression is

o (1). Turning to the second term, by Lemma B.8(i) we can substitute in the following
bound

E
(∣∣∣l̂(k)−l(k)−l̂(k∗)+l(k∗)

∣∣∣q)
lq (k) ≤ Cq

(
kq +k∗q

lq (k)δ
2q
n,T

1

(T −kn,T )q/2 + kq +k∗q

lq (k)nq/2(T −kn,T )3q/2

+ ‖α(k)−α‖2q

⊗	+‖α(k∗)−α‖2q


⊗	

δ
q
n,T lq (k)

+ ‖α(k)−α‖q

⊗	+‖α(k∗)−α‖q


⊗	

δ
q
n,T lq (k)

)
,

which yields
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k∗ξq
kn,T∑
k=1

E
(∣∣∣l̂(k)−l(k)−l̂(k∗)+l(k∗)

∣∣∣q)
lq (k)

≤ Cq k∗ξq
kn,T∑
k=1

(
kq +k∗q

lq (k)δ
2q
n,T

1

(T −kn,T )q/2 + kq +k∗q

lq (k)δ
2q
n,T

δ
2q
n,T

nq/2(T −kn,T )3q/2 +

‖α(k)−α‖2q

⊗	+‖α(k∗)−α‖2q


⊗	

δ
q
n,T lq (k)

+ ‖α(k)−α‖q

⊗	+‖α(k∗)−α‖q


⊗	

δ
q
n,T lq (k)

)

≤ Cq k∗ξq
kn,T∑
k=1

(
1

(T −kn,T )q/2 + δ
2q
n,T

nq/2(T −kn,T )3q/2

)
+ Cq k∗ξq

⎛
⎝ k∗∑

k=1

k∗− q
2 + k∗− q

2 π

kn,T∑
k=k∗+1

k− q
2 (1−π)

⎞
⎠

≤ Cq

(
k∗ξq kn,T

(T −kn,T )q/2 + k∗ξq kn,T δ
2q
n,T

nq/2(T−kn,T )3q/2 + k∗ξq+1− q
2 + k∗ξq− q

2 π
∑kn,T

k=1
k− q

2 (1−π)
)

for any π ∈ (0,1). We then select ξ, q and π to ensure that the above is o (1). The first term
is o (1) if ξ < 1− 1

q . For the second term to be o (1) we require ξ < υ and (υ − ξ)−1 < q.

For the third term to be o (1) we require ξ < 1
2 − 1

q . For the final term we require ξ < 1
2 π

for k∗ξq− q
2 π = o (1) and π < 1− 2

q for
∑kn,T

k=1 k− q
2 (1−π) = O (1), which in turn requires

q > 2 to ensure that 0 < π < 1. Both ξ < 1
2π and π < 1 − 2

q are satisfied if ξ < 1
2 − 1

q .

Thus if we set q > 2 and choose ξ such that ξ < 1
2 − 1

q and ξ < υ the entire term above is
o (1).

Returning to the second term on the right hand side of (B.34), by using Assumption 4

and the bound for P
(

k̂ = k
)

given in (B.32) we have

kn,T∑
k=1

(
l(k)−l(k∗)

l(k)

)q {
P
(

k̂ = k
)} r−1

r ≤
kn,T∑
k=1

E
(∣∣∣l̂(k)−l(k)−l̂(k∗)+l(k∗)

∣∣∣q)
lq (k) = o (1)

using the same arguments as above. Thus we have established that (B.33) holds, and this
implies that

l−q
(

k̂
)

E
(
ϑ
(

k̂
)

−ϑ
(
k∗))q = o (1) ,

which completes the proof.

B.3. Proofs of Bias-Corrected Least Squares Theorems

Sections B.3.1 and B.3.3 below provide the proof to Theorems 3.3 and 3.4, respectively. In
Section B.3.2 we establish that the QFR estimator is asymptotically unbiased in an anal-
ogous result to Theorem B.4. The following decomposition of the BCLS residual proves
useful throughout.

ũi,t+1 (k, l) = 1
n(T −l)

∑n

j=1

(
X(k,l)′

j MT −lu
(k)
j +nξ̂(k,l)

)′
Q̂

−1
(k,l) Ẍi,t (k, l)− üi,t+1 (k, l)

= ûi,t+1 (k, l)+ 1
T −l ξ̂

′
(k,l)Q̂

−1
(k,l) Ẍi,t (k, l) . (B.35)

B.3.1. Proof of Theorem 3.3 (Asymptotic QFR). The proof to Theorem 3.3 follows
many of the same steps as outlined in the proof to Theorem 3.1. We outline the key differ-
ences here. First, using the bound given in (B.17) alongside the same arguments used to
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establish (B.11), we have∣∣∣∣∣∣E
∥∥∥∥∥Q̈

1
2
T Q̂

−1

(k,k)

(
1

n(T −k)

n∑
i=1

X(k,k)′
i Me(k)

i + p
T −k ξ̂(k,k)

)∥∥∥∥∥
2

	

− ktr(	�(k))
n(T −kn,T )

∣∣∣∣∣∣
≤ C

(
k

δ2
n,T −k (T −k)1/2 + k‖α(k)−α‖2


⊗	+k‖α(k)−α‖
⊗	

δ2
n,T −k

)
.

This result holds under either kn,T n−1/2 = o (1) or kn,T T −1/2 = o (1). Next, using (B.17)
alongside Lemmas B.3(ii), (iii), (xi), and (xii), we can also straightforwardly demonstrate
that∣∣∣∣∣∣E
⎛
⎝ 1

n(T−k)

n∑
j=1

(
1

T −k ξ̂(k,k) −X(k,k)′
j PT−k e(k)

j

)′
Q̂

−1

(k,k)
1
n

n∑
i=1

Ẍi,T (k,k) ēi,T (k)′
⎞
⎠
∣∣∣∣∣∣

≤ C

(
k

δ2
n,T−k(T −k)1/2 + k‖α(k)−α‖
⊗	

δ2
n,T−k

)
,

and∣∣∣∣∣∣E
⎛
⎝ 1

n(T −k)

n∑
j=1

(
X(k,k)′

j MT −k e(k)
j + 1

T −k ξ̂(k,k)

)′
Q̂

−1

(k,k)
1
n

n∑
i=1

Ẍi,T (k,k) s̄i,T (k,k)′
⎞
⎠
∣∣∣∣∣∣

≤ C

(
k‖α(k)−α‖2


⊗	

δ2
n,T−k

+ k‖α(k)−α‖
⊗	

δ2
n,T −k

)

by application of Hölder’s inequality. These results are sufficient to establish Theorem 3.3.

B.3.2. Asymptotic Unbiasedness of QFR Estimator.

THEOREM B.10. Let yi,t be generated according to (1). Under Assumptions 1, 2, and
3,

lim
n,T →∞ max

1≤k≤kn,T

∣∣∣∣∣∣
tr
(
	
[
E
(

B̂n,T (k)
)

− (1− p
T

)
�
])

tr
(
	Bn,T (k)

) −1

∣∣∣∣∣∣ = 0,

for all positive semidefinite m ×m matrices 	 satisfying ‖	‖ = 1.

Theorem B.10 follows straightforwardly from Theorem B.4 and Lemma B.7, noting that

Bn,T (k) = Ln,T (k)− p2 (T −kn,T
)−2

ζ (k) and R̃ (k) = R̂ (k)+ p2 (T −kn,T
)−2

ζ̂ (k).

B.3.3. Proof of Theorem 3.4 (Asymptotic Efficiency). The proof of Theorem 3.4 re-
quires analogous versions of Lemmas B.8 and B.9 to hold for the bias-corrected forecast.
Using the bound given in (B.17) and the expression for ũi,T +1 (k, l) given in (B.35), we
can follow the same steps as given in the proof to Lemma B.9 to establish that

E

∥∥∥∥∥∥ 1
n

n∑
i=1

(
ũi,T +1 (k2,k2)− ũi,T +1 (k1,k1)

)∥∥∥∥∥∥
2q

	

≤ Cq

(∣∣∣∣ k2−k1
δ2

n,T

∣∣∣∣q +|l (k2)− l (k1)|q
)

(B.36)
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for all q > 1 and k1 and k2 satisfying 1 ≤ k1,k2 ≤ kn,T . Next, since B̂n,T (k) = L̂n,T (k)−
p2 (T −kn,T

)−2
ζ̂ (k) and Bn,T (k) = Ln,T (k)− p2 (T −kn,T

)−2
ζ (k) , analogous ver-

sions of Lemma B.8(i) and (ii) hold for the BCLS case, specifically

E
(∣∣∣tr(	B̂n,T (k)

)
− tr

(
	Bn,T (k)

)− tr
(
	B̂n,T

(
k∗∗

n,T

))+ tr
(
	Bn,T

(
k∗∗

n,T

))∣∣∣q) (B.37)

≤ Cq

(
kq +k∗∗q

n,T

δ
2q
n,T (T −kn,T )

q
2

+ kq +k∗∗q
n,T

n
q
2 (T −kn,T )

3q
2

+ ‖α(k)−α‖2q

⊗	+‖α(k∗)−α‖2q


⊗	

δ
q
n,T

+ ‖α(k)−α‖q

⊗	+‖α(k∗)−α‖q


⊗	

δ
q
n,T

)

and

kn,T∑
k=1

δ2r
n,T trr (	Bn,T (k)

)
E

(∣∣∣∣∣ tr
(
	B̂n,T (k)

)
−tr(	Bn,T (k))−tr

(
	B̂n,T

(
k∗∗

n,T

))
+tr
(
	Bn,T

(
k∗∗

n,T

))
tr(	Bn,T (k))

∣∣∣∣∣
q)

= o (1)

(B.38)

for all r > 1 and q such that q > 2(r +1) . Theorem 3.4 then follows by applying the same
arguments used to establish Theorem 3.2, using (B.36), (B.37) and (B.38), Theorem 3.3,
and Lemma B.7.
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