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THE COMPLEXITY OF ORDER-COMPUTABLE SETS
HUISHAN WU

Abstract. This paper studies the conjecture of Hirschfeldt, Miller, and Podzorov in [13] on the
complexity of order-computable sets, where a set 4 is order-computable if there is a computable copy
of the structure (N, <, 4) in the language of linear orders together with a unary predicate. The class
of order-computable sets forms a subclass of Ag sets. Firstly, we study the complexity of computably
enumerable (c.e.) order-computable sets and prove that the index set of c.e. order-computable sets is 22—
complete. Secondly, as a corollary of the main result on c.e. order-computable sets, we obtain that the index
set of general order computable sets is Zg—complete within the index set of Ag sets. Finally, we continue to
study the complexity of more general Ag sets and prove that the index set of Ag sets is Hg—complete.

§1. Introduction. Computability theory is a useful tool to classify mathematical
structures according to their intrinsic complexity. For the work on computable
model theory, refer to books, e.g., Ash and Knight [1], Harizanov [11, Section 5].
For the work on special algebraic structures such as abelian groups, rings and fields,
see, for instance, [2-4, 8-10, 12, 14, 15]. In [14], Lempp showed that the complexity
of the problem of being torsion-free for a finitely presented group is I19-complete.
Downey and Melnikov proved in [9] that a computable completely decomposable
group is Ag-categorical; that is, any two computable presentations of such a group
is isomorphic through a A(S)—isomorphism. Riggs investigated the decomposability
problem for torsion-free abelian groups in [17]; he obtained that the decomposability
problem for torsion-free abelian groups of finite rank is XS-complete, however,
the same problem for general torsion-free abelian groups is Zi-complete. Conidis
investigated the complexity of radicals of computable rings and of computable
modules in [5, 6]; for instance, he constructed a computable noncommutative ring
whose prime radical is IT{-complete in [5]. Recently, we studied the complexity of
decomposability of computable rings in [20] and obtained that the index set of
computable decomposable rings is 3-complete within the index set of computable
rings.

In [13], Hirschfeldt, Miller and Podzorov proposed a seemingly simple notion of
order-computable sets from the computable-model-theoretic point of view. However,
their results reveal that there are no easy characterizations of order-computable
sets from the perspective of pure computability theory. Hirschfeldt, Miller and
Podzorov also analyzed the order-computability problem and left the conjecture on

Received April 30, 2024.
2020 Mathematics Subject Classification. Primary 03D80, 68Q15, 68Q17.
Key words and phrases. computability theory, order-computable sets, Ag sets.

© The Author(s), 2025. Published by Cambridge University Press on behalf of The Association for Symbolic Logic.
0022-4812/00/0000-0000
DOI:10.1017/j51.2025.5

Check f¢
https://doi.org/10.1017/js1.2025.5 Published online by Cambridge University Press Updates.


www.doi.org/10.1017/jsl.2025.5
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jsl.2025.5&domain=pdf
https://doi.org/10.1017/jsl.2025.5

2 HUISHAN WU

the complexity of order-computable sets open. In this paper, we affirmatively answer
the conjecture on the complexity of order-computable sets in [13].
Fix the standard linear order (N, <) on natural numbers of order type w.

DEerINITION 1 [13]. A set 4 is order-computable if there is a computable structure
(N, <, R) in the language of linear orders together with a unary predicate such that
(N,<,R) = (N, <, 4).

As proved in [13], an order-computable set A can be computed via a special copy
(N, <. R) of (N, <, A) with R the following standard sets:

(1) R=F,:={0,1,....k — 1} if A is a finite set with size |A4| = k:

(2) R=F;,:=1{0.1,....k — 1} if 4 is a cofinite set such that the size of the

complement A of Ais |A| = k;

(3) R=E :={2m : m € N} if 4 is an infinite coinfinite set.
In the above standard cases, say that < order-computes A. Let f be the predecessor
function of the linear order (N, <) isomorphic to (N, <); thatis, £ (x) is the number
of predecessors of x under < for all x. Then f is a permutation on the set of
natural numbers and it can be computed via a ()’ oracle. i.e., /' <7 (. Furthermore,
for any n,

neds f'(n)eRr.

Then A <7 (. This implies that order-computable sets are Ag.

Computable sets are order-computable, but there are order-computable sets that
are not computable. In [13], the authors proved various results on order-computable
sets from the perspective of high/low hierarchy and Ershov hierarchy in pure
computability theory. For instance, they proved that any low c.e. set is order-
computable and that there is a low d.c.e. set that is not order-computable; they
also showed that the Turing degree 0’ contains both order-computable sets and non
order-computable sets.

Using the tool of computable predecessor approximation functions, Hirschfeldt,
Miller, and Podzorov pointed out that the complexity of the property of being
order-computable for a A set is J, leaving the following two conjectures open.

— Conjecture I: The index set {e € N : W, is order-computable} of c.e. order-
computable sets is 22-complete, where Wy, W1, ..., W, ... s an effective listing
of all c.e. sets.

— Conjecture II: The index set {¢ € N : 4, is order-computable} of order com-
putable sets is Eg-complete, where A, is a Ag set with index e. That is, the eth
partial computable binary function 2 is total and it satisfies the condition
(Vx)[limy @2(x.s) L= 0 or 1]: in this case. 4,(x) = limy p2(x. s) for all x.

In Section 3, we affirmatively answer the Conjectures I and II on the complexity of
order-computable sets above.

The class of Ag sets plays an important role in pure computability theory. It is also
interesting to consider the complexity of Ag sets themselves. We continue to prove
that the index set of A9 sets is IT}-complete in Section 4.

The remaining sections are organized as follows. Section 2 provides basic notions
of computability theory as well as basic properties of order-computable sets. Section
3 answers the conjectures of Hirschfeldt, Miller, and Podzorov on the complexity of
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c.e. order-computable sets and of general order-computable sets. Finally, Section 4
proves the result on the complexity of Ag sets.

§2. Preliminary. For basic notions of computability theory, refer to books such
as[7, 16, 18, 19].

A function f : A4 — N with domain A4 is partial computable if there is a
Turing program that computes the value f(x) for any x € 4. Based on the
effective coding of all Turing programs, partial computable functions can be
effectively listed as o, 1. ..., @, .... Where @, is the function computed by the
eth Turing program. Similarly, all partial computable binary functions are listed
as p2. @7, ... 2. ... A set is computably enumerable if it is the domain of a partial
computable function. All computably enumerable (often abbreviated as c.e.) sets
can be effectively enumerated as Wy, Wy, ..., W, ... with W, = dom(p,) = {x €
N : ¢.(x) |}. Computable functions are those partial computable functions ¢, with
domain the set of all natural numbers, i.e., ¢, is total. Computable sets are those
with computable characteristic functions.

We now briefly introduce arithmetical hierarchy on sets. For n > 2, let (-, --- ,+) :
N" — N be an effective coding of n-tuples of natural numbers into natural numbers.
For a set A4,

(1) Ais =) if there is a computable set B such that 4 = {x : Iy[(x.y) € B]}.
(2) A isII) if there is a computable set B such that 4 = {x : Vy[(x.y) € B]}.
(3) Forn > 2, 4isX! if thereisaIl? | set Bsuchthat 4 = {x : 3y[(x.y) € B]}.
. 2(2) sets are of the form {x : 3y Vy,(x. y1, y2) € B} with B a computable
set.
. Zg sets are of the form {x : Iy 1Vy,3y3Vya(x, y1. 2, v3. y4) € B} with Ba
computable set.
(4) Forn > 2, AisTI} if thereisaX? | set Bsuchthat 4 = {x : Vy[(x.y) € B]}.
. Hg sets are of the form {x : Vy;3y,(x, y1.y2) € B} with B a computable
set.
o 19 sets are of the form {x :Vy;3y,Vy3(x. 1. y2.y3) € B} with B a
computable set.

For two sets 4, B C N, A is many-one reducible (i.e., m-reducible) to B, if there is
a computable function f : N — N such thatforallx e N, x € 4 & f(x) € B.

DErINITION 2. For a complexity class I' (e.g.. T19, 22), a I set 4 is m-complete I'
(or simply I'-complete) if any I" set B is m-reducible to 4.

Let Wy, Wi, ..., W, ... be the effective listing of all c.e. sets. The index sets of
subclasses of c.e. sets provide typical examples of arithmetic complete sets.

(1) The index set Tot = {e : W, = dom(p.) = N} of (total) computable func-

tions is I13-complete.

(2) The index set Cof = {e : W, is cofinite} of cofinite c.e. sets is ZJ-complete.

(3) The index set of computable sets {¢ : W, is computable} is Zg-complete.

By definition, A sets are those that are both X9 and IT). By Post’s theorem, a set 4
is A) if and only if 4 <7 (/: furthermore, by Shoenfield limit lemma. 4 is A if and
only if there is a computable binary function f such that the characteristic function
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of Ais A(x) = lim, f(x.s) | for all x. Based on the index of partial computable
binary functions, we have the following index for a AJ set.

DerFINITION 3. A number e is an index of a Ag set A if the eth partial
computable binary function ¢? is total and the characteristic function of A4 is
A(x) = limg p2(x, s) | for all x.

For a number e, it becomes an index of some A set if and only if the following
conditions on e hold:

(1) gog is a computable function, that is, for all x, s, there is a stage ¢ such that the
computation 2, (x, s) converges at stage
(2) for all x, the limit lim, ¢2(x, s) converges to 0 or 1.

First, (1) is Hg; furthermore, similar to the fact that the index set of computable
functions Tot = {e € N : (Vx)[¢.(x) }]} is TIS-complete, the condition (1) is I19-
complete. More specifically. the index set Tot* = {e € N : (Vx. y)[p2(x.y) ]} of
computable binary functions is ITS-complete. Second, the condition (2) is I1} because
it can be described by the following I1 formula:

(V) (Fs2) (Vs = 5:) (3t 2 8)[02, (x.8) b= @2, (x.50) =0 oor 1].
The condition (2) is indeed IT}-complete. We omit the detail proof here.

PROPOSITION 1. The index set {e € N: (Vx)[lim, p2(x,s) |=0o0r 1]} is I3-
complete.

For e to be a A index, both conditions (1) and (2) hold. Then under the condition
(1) that ¢? is total, the condition (2) becomes IT} because ¢?(x, 5) is always defined
for all x, s. From the analysis above, we obtain the upper bound on the complexity
of the index set Z of AY sets. We further prove that Z is I13-complete in Section 4.

PROPOSITION 2. The index set T = {e € N : e is an index of a A9 set} is TI3.

We next review basic properties of order-computable sets, for more details, refer
to [13]. Order-computable sets are always Ag and they are closely connected with
predecessor functions of linear orders that order-compute them. Such linear orders
are of order type w.

For a computable linear order of order type w, the predecessor function of it can
be approximated via partial computable binary functions in a natural way.

DerINITION 4 [13]. A partial computable binary function f is a computable
predecessor approximation function if it satisfies the following properties:

(1) foralln, s, f(n s)|ifand onlyifn < s;

(2) foralls, f(-,s)isapermutation on {0, 1,...,s — 1};

(3) foralli<s, f(i,s) < fli.s+1)< f(i.s) +1;

(4) for all n, limy f (n, s) exists.

For an order-computable set A order-computed via the linear order <, that is,
(N, <, A) is isomorphic to the computable structure (N, <, R) with R the standard
sets defined in introduction above, let

] Hx<s:ix=<n}, ifn<s
faln.s) = { 1, otherwise
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For n < s, f4(n.s) is the number of predecessors of #n under the restricted order
(N, <) |y on the finite set {0, 1,...,s — 1}, and f 4(-,-) is a computable predecessor
approximation function such that

(lim, fa(m.s):0<m<k—1}, if (3k)[|4] = k]
A= {lim, falm.s):m > kY, if (3K)[4] = k]
{limy f4(2m, s) : m > 0}, otherwise

Conversely, consider the eth partial computable binary function ¢2(-, -), if it is a
computable predecessor approximation function under Definition 4, then for each
s> 1, goez( s) is a permutation on {0, 1,...,s — 1}, so it determines a finite linear
order £; = ({0,1,...,s — 1}, <,) such that

{x <s:x <, n}| =@n.s).

and £ = J, £; = (N. <) is a computable linear order on N of order type w such
that the number of predecessors of 7 is just lim, ¢?2(n, s). Then the following set

0, = {limp2(2m,s) : m € N}

is an infinite coinfinite order-computable set, which is order-computed via the
constructed order <. From this analysis, we see that any infinite coinfinite order-
computable sets are of the form O, for some e with ¢? a computable predecessor
approximation function.

The class of order-computable sets forms a subclass of A} sets. To study the
complexity of order-computable sets by using indices of AJ sets, rather than using
usual m-reducibility, it is more suitable to consider the notion of m-reducibility
within a given set proposed by Calvert and Knight, see [3, Definitions 3.1 and 3.2],
see also [4, Definition 3.6].

DEerFINITION 5 [3, 4]. Let A C B. A set S is m-reducible to A within B if there is a
computable function f : N — B such that forallx, x € S & f(x) € A4.

Similar to the usual m-reducibility, we have the following I'-completeness within
a given set.

DEFINITION 6 [3, 4]. Let 4 C B and I' a complexity class (e.g.. I19, 9). A set 4
is m-complete " within a set B (or simply I'-complete within B) if

(1) A1is T within B; that is, thereis a I" set C such that 4 = C N B;

(2) any I set S is m-reducible to 4 within B.

We now consider the complexity of the index set of order-computable sets within
the index set Z of A sets.

PrOPOSITION 3 [13]. The index set {e € I : A, is order-computable} of order
computable sets is 22 within T.

PrOOF. Let e € Z. For all x, 4.(x) = lim, p2(x, s) |. 4, is order-computable if
and only if one of the following three conditions hold:

(1) A, is finite;

(2) A, is cofinite;

(3) there is an index i such that
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(3.1) ¢? is a computable predecessor approximation function, and
(3.2) forany n. n € A4, if and only if n = lim, p?(2m, s) for some m.

First of all. ? is a computable approximation for the A} set 4., that is, ¢? is
a total function such that for all x, lim, ¢2(x, s) converges to 0 or 1. This can be
described by the following I1 formula:

(Vo ) 3002, (. ») LA (V2)(35.) (Vs > 5.)[02(z.5) = @2 (2, 5.)].

For (1), A, is finite if and only if there is a large number N such that foralln > N,
A,(n) = lim, p2(n, s) = 0. This can be described by the £ formula:

(AN) (v > N)Es,) (Vs = 5[l (n.s) = @ (n.5,) = 0],
Similarly, 4. is cofinite if and only if
(BN)(Vn > N)(3s,) (Vs > s,)[z (n.5) = @2 (n.5,) = 1].

Therefore, both (1) and (2) are X properties on e.

Now consider the condition (3): there exists an index i satisfying (3.1) and (3.2).
First, (3.1) says that <pi2 is a computable predecessor approximation function, which
can be described by the following Hg formula:

(V5)(vn < 5)(30)[7, (n.5) 1IN

(V5)(¥n = 5)(v0)[g7, (n. 5) 117

(Vs)(Vn.m < s)[g] (n.s) < s A(n#m— @i (n.s) # @i (m.s))IA
(Vs)(¥n < 5)[g} (n.5) < @7 (n.s +1) < @7 (n.s) + 1A

(Vn) sy > n) (Vs > 5,)[p7 (n.5) = @7 (1. 5,)].

Second, (3.2) says that for all n, 4,(n) = 1 & n = lim; ¢?(2m, s) for some m. This
condition can be expressed as

(Vn)(3m)(3t > n +2m) (Vs > t)[p2(n.s) = p2(n.t) = 1 = ©?(2m. s)
=7 (2m. 1) = n]A

(Vn)(Ym) (3t > n 4 2m)(¥s > )[p2(n.s) = p2(n.1) = 0 = p?(2m. s)
= @?(2m. 1) # n].

Therefore, the condition (3) is a 22 property on e.
For e € Z. A, is order-computable if and only the = properties (1)(3) on e hold.
This shows that the index set of order-computable sets is £} within Z. .

Similar to the case of general order-computable sets, we have the same upper
bound for the complexity of c.e. order-computable sets.

PROPOSITION 4 [13].  The index set {e € N : W, is order-computable} of c.e. order-
computable sets is 22.

§3. Order-computable sets. Let (O, : ¢ € N) be an effective listing of all oracle
Turing functionals. Fix the Halting set K. Then ®X, ®F, ..., ®X .. is an effective
listing of all partial computable functions relative to K and WX, WX, ... . WX ..is
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an effective listing of all c.e. sets relative to K with WX = {x € N: ®X(x) |}. the
domain of ®X. At a stage s, a number x goes into WX[s] if ®X(x)[s] is defined
with use ¢X (x)[s]: we also say that x € WX [s] with use ¢X (x)[s]. For any number
x, it belongs to WX if and only if there is a stage s, such that at any stage ¢ > s.
x € WX[t] with use the same as ¢X (x)[s,]. In this case, the convergent computation
®X (x)[s,] J does not change after stage s.. and thus, x stays in WX forever. Let
Cof® = {e € N: WX is cofinite}. Then Cof® is XJ-complete relative to the c.e.
complete set K. and thus, it is Zg-complete.

THEOREM 1. The index set of c.e. order-computable sets is Zg-complele.

PrOOF. An infinite coinfinite set 4 is order-computable if and only if there is a
computable predecessor approximation function f such that for all #,

necAds 3m)n = li§nf(2m, $)].

Consider the X9-complete set Cof* = {e € N: WK is cofinite}. To prove the
theorem, we enumerate a uniform sequence (C, : ¢ € N) of noncomputable c.e.
sets such that for all e,

ecCoff & C,is order-computable.

For ¢ € Cof®, we build C, to be low so that it is order-computable, because low
c.e. sets are order-computable (see [13, Theorem 2.6]). On the other hand. for
e ¢ Cof X to ensure the non order-computability of C,, we construct C, to be not
order-computed by ¢? for any i; that is, C, # O; = {lim, p?(2m.s) : m € N} if ¢?
does become a computable predecessor approximation function. -

3.1. Requirements and strategies. We enumerate a uniform sequence of c.e. sets
(Ce : e € N) such that the following requirements are satisfied.

(1) P{ej>: Ce # pi.

(2) Reeiissy: I[i i+ j + 11 € WX and (3°5)[@F<(j)[s] }]. then ®F* () L.

If[i.i +j + 1] ¢ WX and ¢? is a computable predecessor approximation
function, then C, # O; = {lim, ¢?(2m. s) : m € N},
Here, (p;:i € N), (¢?:i € N) and (®;: j € N) are effective listing of partial
computable functions, partial computable binary functions and oracle Turing
functionals, respectively.

For each e, all P, ;y-requirements with i € N together ensure the noncomputabil-
ity of C,. For e € Cof*, WX is cofinite; that is, there is a number 7 such that
[i,00) € WX, In this case, for all j. [i.i +j+ 1] C WX, and the requirement
R(cijy ensures that the computation <I>jc“ (j) converges if and only if there are
infinitely many stages s such that d)f" (j) converges at stage s. This implies that
C/={jeN: <DjCe (j) 4} is A and thus C/ <7 (", i.e., C, is low. As low c.e. sets
are order-computable, C, is order-computable. On the other hand, for e ¢ Cof*X,
WX is not cofinite. Then for all i € N, there exists a number j; such that
li.i+j; +11 ¢ WX, and the requirement R(eij,) ensures that C, is not order-
computed by 2. So C, is not order-computable.
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The construction of c.e. sets (C, : e € N) proceeds on a priority tree 7 whose
nodes are assigned P- and R-requirements. We view each node « as a strategy
for satisfying the assigned requirement whose possible outcomes are immediate
successors of a on 7. A P-strategy has two possible outcomes d, f* with priority
d <y f on the priority tree 7. While an R-strategy has three possible outcomes
00, d, f with priority oo <y d <y f on T. We assign P-requirements to nodes of
length even and assign R-requirements to nodes of length odd. So the priority tree
T is simply a subtree of the full tree S = {c0. d, f'}<® of finite strings on {oco, d, f '},
where S has the usual lexicographic order such that a” oo <; a”d <, a” f for any
acs.

DEerINITION 7. The priority tree T is defined as follows.

(1) Let the empty node A € T.
(2) Let a € T with length || > 0.
e If |a| is even, add o~ d and a” f into T.
o If |@| is 0odd, add a™ o0, @™d and & f into T.

At each stage s of the construction, we will define a current approximationd, € T
of the true path TP = lim inf J, of the construction. TP will be an infinite path on
the priority tree 7. For any node a € T, when a C d;, say that « is visited at stage
s, and call s an a-stage.

For ease of description, we often write the P, ;y-requirement assigned to a node
o € T as Py(a).i(a)) (OF simply P,) with e(a) = e and i(a) = i. Similarly, we write
the R (. ; jy-requirement assigned to a node f € T as R.(p).i(p).j(p)) (or simply Ry)
with e(f) =e. i(f) =i and j(B) = j. In the following, we first give a basic P-
and R-strategy for satisfying a single P- and R-requirement, respectively, and then
define the assignment of the requirements to the priority tree 7.

A basic P ;y-strategy. Let a be a node of length even on the priority tree T
assigned the P ;) -requirement. A basic a-strategy works to diagonalize against
C, = y; at a-stages.

(1) At the first a-stage s, choose a new witness w, ¢ and a set of fresh trigger

elements {xX 1<k <g, = 23|a‘+1} for higher priority R-strategies  with
Ce(py = Ce(o) On the priority tree T to enumerate into C, (g later such that

1 2 q
Nos < X5 < X5p < oo < X% < Ways,

where N, ; is a new number larger than all used numbers before; particularly,
No.s is bigger than all restraints r(f5. s) appointed on C,(45) by R-strategies
p<al(ie, fp<raorf Ca).
The witness wq,. s and the triggers xi,x(l < k < q.) keep unchanged at later
stages unless the node « is initialized by higher priority strategies.
(2) Wait for an a-stage ¢ > s such that ¢, ,(wa) 1= 0.
(3) Put w, into C,,.

The possible outcomes of a basic a-strategy are the following:

f : wait at Step (2) forever; in this case, either ¢; is not total or ¢; (way) =1 #
C. (wa‘s) =0;
d : arrive at Step (3): in this case, @; (W) = 0 # Co(wWays) = 1.
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In both cases, the strategy ensures that C, # ;. The priority of the two outcomes
on the priority treeis d <y, f.

A basic R j)-strategy. Let a be a node of length odd on the priority tree 7
assigned the R, ; jy-requirement. First, define the following notion of expansionary
stages to approximate the condition [i.i + j+ 1] C WX. Since the condition
lii+j+11C wWkis 2(2), as in usual infinite injury constructions, we ensure that
the =9 condition [i.i + j + 1] € WX holds if and only if there are finitely many
expansionary stages during the construction.

DErINITION 8. Let s be an a-stage. If there was a last a-stage s~ such that [i.i +
Jj+11C WK[s] and for all x € [i.i + j+ 1], x € WX[s] with use the same as
#X(x)[s7]. then s is called a non a-expansionary stage: otherwise, s is called an
a-expansionary stage.

Supposed that « is visited infinitely often during the construction. The 22
condition [i,i + j + 1] € WX is true if and only if there is an a-stage s such that
every a-stage ¢ > s is a non a-expansionary stage. An a-strategy works to satisfy
its requirement R, ; ;). At a non a-expansionary stage s, it prevents numbers from
enumerating into C, to preserve convergent computations of the form (D].C" ()IsT 4.
While at an a-expansionary stage s, it devotes to diagonalize against (piz to be a
computable predecessor approximation function for C, by enumerating numbers
into C,.

Second, to measure the approximation of the order-computable set O; computed
by ¢?, define the following length function /(i. s) of O;.

(1) If there is a number x € [1, s] such that the following conditions hold:
o o2 (n.x) < xforalln < x, and goi%s(m,x) tforallx <m <s;
. gogs(-,x) is a permutation on {0, 1,....x — 1};
. gol.z;s(n, 1) < gol-zus,(n, t+1)< <pl.2_S(n, t)+1foralln <t < x;
let /(7. s) be the largest such a number x, and define

Oiy = {7, 2m.1(i.s)) : 2m < I(i, s)}.

(2) Otherwise, such a number x does not exist, let /(i,s) = 0 and O;; = 0.

If goiz does become a computable predecessor approximation function, then we
have lim, /(i, s) = oo, and the corresponding order-computable set is

0; = lim 0;; = {lim?(2m.s) : m € N}.
N S

In order to diagonalize against ¢? to be a computable predecessor approximation
function for C,, an a-strategy aims to make sure that either lim, /(i,s) < oo, or
lim, @?(y.s) = oo for some even number y, or ¢? really becomes a computable
predecessor approximation function with limy /(i, s) = oo but C.(x) # O;(x) for
some x; that s, there is a large stage s, such that forall t > s, C,,(x) # 0;,;(x). This
analysis motivates us to formally define the following approximation of the length
of agreement between C, and O;. The idea behind this definition was already used
in [13, Theorem 3.11] to build a Turing degree which contains no order-computable
sets.
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DEFINITION 9. Say that ¢? appears to be a computable predecessor approximation
function for C, at an a-stage s if /(i,s) > 0, [(i,s) > I(i.t) for all a-stages 1 < s.
and Cos = {¢7,(2m.1(i.5)) : 2m < 1(i.s)} = O;

A basic a-strategy acts to satisfy its requirement R o(q) i(a),j(a)) With e(a) =e.
i(a) =i and j(a) = j at a-stages as follows. There are two cases:

Case 1. At a non a-expansionary stage s, an a-strategy proceeds to preserve the
computation <I>Cf (j)[s]. Let ¢C"( /)[s] denote the use of the computation <I>Cf( i[s]
if it converges.

(1) 1If CDC"( /)[s] converges, appoint a restraint r(a.s) = qS]C“( i)[s] on C, to
preserve the computation <I) <()Is]-
(2) Ifd)c‘( )[s] diverges. setr(a s)=0.

Any lower priority f-strategy on T can only enumerate numbers > r(c. s) into C, 4
later.

Case 2. At a-expansionary stages, a basic a-strategy acts to diagonalize against
<p,.2 to be a computable predecessor approximation function for C,.

(1) At the first a-expansionary stage sp. choose a large new witness wq,g,

and a set of fresh trigger elements {xX s 1Sk <ga= 23|a‘+1} for higher
priority R-strategies f with e(f) = e(a) and f < a (ie., f <y cor f C )
to enumerate into C,(p) later such that

2
«.S()

Nayy < xéyso <xi.<.< x,‘f‘s{) < Wa,s,-
where N,y is a new number larger than all used numbers before:
particularly, N, ,, is bigger than all restraints r(f3. s9) appointed on C,( ) by
‘R-strategies f with f < a.
e Enumerate wq g, into C, e(a).50"
The witness wa s, and the triggers xk (1 <k < q.) keep unchanged at
later stages unless the node o is znmahzed by higher priority strategies.

(2) Waitfor an a-expansionary stage zy > s such that the length approximation
of the order-computable set /(i(a). 7)) > wq.5,. and <pl.2(a) appears to be a
computable predecessor approximation function for C,,) at stage .

(3) Let yo4, be the unique even number such that 90,~2<a)(ya,t0,1 (i(a).t)) =
Wa,s, € Ce(a),so'

e Pick the largest trigger element xX so < Wa.s, that has not been enumer-
ated into C,( ﬁ) by f-strategies with f < .
e Enumerate xX 5o 10 Cog) 40-
e Go to Step (4.n) withn = 1.
The even number yq,, remains the same at later stages as long as a is not
initialized.
(4.n) Wait for an a-expansionary stage ¢, > f,_; such that gol.z(a) appears to be a
computable predecessor approximation function for C,(,) at stage 7.

(5.n) Letuq sy = Wa.g, and g, = wf(a)(yalw [(i(a), t,)). Then we have
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Wasy < Uay, | = 90,-2(,1)(%@ Z(Z(a) tnfl))
< Sof(a)(ymtoa l(l(a) tn)) = ua,)‘n S Oi(a),tn = Ce(a),t,l

because the enumeration of the trigger element xf;’so < Waq.s, in Step (3)
forn=1 or x;t € (Wa.sy- Uarr, ) in Step (5. (n— 1)) for n > 2 forces the
number of predecessors of y,,, computed by gol.z(a) to move up.

As gy, € Co(n)r, a0d Uy, > Wa,s,» there is a unique node f > « on the
priority tree T such that

Ua, = Wpy OF Ugy, = x’,}, for some k,

where wy, and x (1 <k < ¢5 = 2" were first appointed on § at some

B-stage t € (1o, 1,).
e Pick the largest trigger number x][; ; < Uar, < wp, that has not been

enumerated into C, (g for any B <p.
k .
e Enumerate Xy, Into Cola).tn-

o Go to Step (4.(n + 1))
For each node f € T, since the number of nodes ' € T with ' < f

or B! C B is strictly less than 3\F1*1 we appoint enough (i.e., PRl many)
trigger elements x’/; , on node 8 for higher priority B'-strategies working for
R-requirements to enumerate into C,pry during the construction. That is, the
trigger elements in Step (3) or Step (5.n) always exist if needed (see Lemma
1 below ).

The possible outcomes of a basic a-strategy is listed as follows:

/- finitely many a-expansionary stages;
d: wait at Step (2) or Step (4.n) for some n > 1 forever at a-expansionary stages;
oo: go to Step (4.(n + 1)) from Step (5.n) infinitely often at a-expansionary
stages.

The priority of the outcomes on the priority tree T isco <p d < f.
If there are finitely many a-expansionary stages, « has the finite outcome f, and

C, . . p-
; (‘;‘3‘) (j(a)) will be preserved after certain stage if it converges at

infinitely many a-stages. If there are infinitely many a-expansionary stages,  has
two possible outcomes oo <. d.

the computation @

(i) If o has the outcome d. then either lim, /(i(a).s) < 00 or C,) # Oj(y) in
which case a only enumerates finitely many triggers into C,(q).

(ii) If o has the outcome oo, then lim; <pl.2(a)( Yauiy»$) = lim, uq , = 0o in which
case a enumerates infinitely many triggers into C,(q).

In both cases, gofw cannot be a computable predecessor approximation function for
Ce(a)- In other words, C,(,) is not order-computed via <pl?<a).

This ends the description of basic strategies.

Fix a bijection (-, -) : N> — Nsuch that (e, i) < (e, i) foralle,,i’ withi < i’. For
e.i.j € N, let(e,i, j) = ({e.i). j). Then we can fix a linear order < on all P, ;,- and
R (c..jy-requirements (e.i. j € N) of order type w as follows.

https://doi.org/10.1017/js1.2025.5 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.5

12 HUISHAN WU

(1) Forall e.i.e’.i’. let P, ;y < P iy if and only if (e.i) < (¢’.i’). and let the
priority of all P-requirements be listed as

P(@gi@) < P<€1J1> <. = P(e,,.i,,} < ...
Particularly, for any number e, we have

,P<€’,0> = P(e.,l) <. =< ’P<e.,—> =< ...

Ay

(2) Foralle,i,j. e’ i’,j/,letR@,,;l,‘) < Ryer v, jryifand onlyif (e, i, j) < (e’.i g,
and let the priority of all R-requirements be listed as

R <R <. =Ry < ...

eg-ig-Jo) LiJ7) eiy-liy-Jn)

Particularly, for fixed numbers e, i, we have
R<€7i.0> < R(e.“) <. R(e’j‘j> < ..

(3) Define the priority of all P- and R- requirements as
Pregioy =< Reepig. ity = Previry < Reeigjpy < - <P

€q-i-Jo 1 ) = R@;rlr':/;y) =

en.in

The tree of strategies. The priority tree T of the construction is a subtree of
S = {o0o,d, f}<® such that any node o € T of length even has two immediate
extensions a~d and a”f on T and any node a € T of length odd has three
immediate extensions a” oo, a”d and a” f on T. Say thatanode o € T isa P ;-
or an R, ; jy-strategy if it is assigned the corresponding requirement. As before, we
write the P, ;) -requirement assigned to a node « of T with length even as P, (4) i(a))
(or simply P,). Similarly, we write the R, ; ;,-requirement assigned to a node f of
T with length odd as R () ;(s) j () (or simply Rp).
According to the priority of P-, R-requirements above, assign the requirements
to nodes of the priority tree T by induction on their length as follows.
(1) For the empty node A € T, assign the highest priority P-requirement Peg.io)
to node A.
(2) For nodes d. f € T, assign the highest priority R-requirement R igipy 1o
d, f.
(3) Assume that o = a "0 € T with length |a| > 1. There are two cases
depending on the parity of |«|.
o If || is 0odd, then @™ o0, a”™d and o™ f € T. Suppose that the immediate
predecessor a of « is assigned the P, ; \-requirement with n > 0.
—Foro € {co.d. f}. assign Py, i
o If |a| is even, then a”d and a”f € T. Suppose that the immediate
predecessor a~ of a is assigned the R/ ;» ;y-requirement with n > 0.
x For o € {d. [} find the least m > n such that (e},. i) # (e(p).i(B)) for
all nodes f of length odd assigned the Rie(p).i(p).j( ﬁ»—requirement with
pd Caor fToo C a, and assign R(e,',,,i,’,,,j,’,,> tonode a"o.
Note that a node o0 € T with |f|odd and o € {d, co}represents that the
B-strategy has an infinite outcome o. In this case, [i(f).i(B) + j(B)+ 1] &
Wel((ﬁ) and the f-strategy works to diagonalize against gof( g 10 be a computable
predecessor approximation function for C,p). So we do not need to assign

R (e(p).i(p).-)requirements to nodes of T below i~ o.

) to node a"o.
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We now describe possible conflictions between multiple R-strategies on the
priority tree 7. Let o be an R (; j)-strategy on 7. Suppose that [i, i + j + 1] ¢ wk.
Forall j' > j.as[ii+j+ 1] C[i.i +j + 1. wehave[i.i + j'+ 1] € WX.Sowe
do not need to assign R, ; j»y requirements with j' > j to nodes below the infinite
outcomes of « (i.e., below a~d or a"oo) on the priority tree. However, for i’ # i,
R (i’ .y-requirements are still assigned to nodes below the infinite outcomes of a.

Leta’ D a be an R, jy-strategy on T.

(i) Ifa~d C o', then there are no conflictions because « only enumerates finitely
many triggers of nodes with lower priority into C,.

(i) If " oo C o, then « acts infinitely often to enumerate triggers of nodes
B € T with > « into C, to force lim, ¢?(y. s) = oo for some even number
y; this may injure a convergent computation CDJC," (j")[s] |, which o’ needs
to preserve, infinitely often. Since the triggers enumerated by a during the
construction tend to infinity, to deal with this problem, we only preserve
believable computations (I)/C,“ (j")[s] 4 where o will not enumerate triggers

< ¢ij (j")[s]. the use of the computation, after stage s.

DerFINITION 10. Let o’ € T be an R+ j7y-strategy. A convergent computation
tl)f," (j")[s]{ is believable at a non o’-expansionary stage s if for any R-strategy

o € T with e(a) = e and " oo C o', the a-strategy acts as in Step (5.n) for some

n > 1 to enumerate a trigger x’ﬁ‘it of some node f > « into C, at stage s, then

the use of the convergent computation qﬁjcf (j)[s] is strictly less than x};’l, where

1 B
Xg, < <Xy with g
f-stage t < s.

= 2" are all triggers of the node f first defined at some

3.2. Construction and verification. We are ready to provide a formal construction
of the c.e. sets C,.(e € N) by stages according to the tree of strategies.

Construction.

Stage 0. Let 69 = A, the empty node on T. Initialize all nodes on 7. For all e, let
Ceo = 0. Forallnodes a € T with length |a| odd. set the C,,)-restraint r (e, 0) = 0.

Stage s > 1. Define the current true path d, € T with length |d;| < s at substages
mwith 0 < m < s — 1, starting at substage 0. Let oy = /. the empty node on 7', and
assume that we have defined o, = 6,(0) ...J;(m — 1) by the end of substage m — 1
forl <m <s.

Substage m(0 < m < s — 1). Define the current true outcome &,(m) of «,, and
enumerate numbers into C,(,,,)  according to the basic o, -strategy with additional
initializations to strategies with lower priority on the priority tree 7.

—If a node a € T is initialized at stage s, then the witness wq s and triggers
xk 1<k <ga= 23|a‘+1) are undefined.

—Ifm =5 —1,letdy = a;, " 3s(m) = g 1705(s — 1) = 65(0) ... 04 (s — 1). Initial-
ize all nodes a > d;, also initialize all nodes of length > s + 1. End current
stage s and go to next stage.

Substage m proceeds as follows. There are two cases depending on the
parity of m.
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Case 1. If m is even, then «,, is a P-strategy. Check whether there was a last
a,,-stage s~ such that a, has not been initialized since then.
(1) If such a last a,-stage s~ did not exist, then s is the first «,,-stage after last
initialization. Act as in the basic a,-strategy.

e Choose a large new witness w,,, s and a set of fresh trigger elements {x%

am,.S :
1<k <qq, = 23|a'"‘+1} for B-strategies with |B| odd and B <« (€.,
B < am or B C ay) on the priority tree T to enumerate into Ce(p) later
such that

Jam

1 2
Na,.s < Xaps < Xgpy s < oo < Xegs < Wayy 55

where N,,, s is a new number larger than all used numbers before;
particularly, N,,, s is bigger than all restraints r(f, s) appointed on Ce(p)
by higher priority ff-strategies.

* Go to Step (2); that is, wait for ¢;(, ) (wa,,.s) = 0.

e Let 6,(m) = f. Define 85 = o, "3(m) = ay,” f . Initialize all nodes o >
ay,, " f. also initialize all nodes of length > s + 1.

e End Stage s and go to next stage.
The witness W, s and the triggers x& (1 <k < qq,,) keep unchanged at

later stages unless the node «, is initialized by higher priority strategies.

(2) If such a last «,,-stage s~ did exist, then there was a largest o,,-stage sy <

s~ < s such that the witness w,,, s, and trigger elements xﬁm,SO with 1 <k <
m|+1

Qo = 23l were defined at stage sy and «,, has not been initialized since
then. Define the current outcome J,(m) of the «,,-strategy started at stage so
according to the current state of the strategy.
o If the o, -strategy waits at Step (2), let ,(m) = f.
x Initialize all nodes a > a;,,” f. Go to substage m + 1 of current stage s
ifm+1<s.
o If the ay,;-strategy currently arrives at Step (2), act as in Step (3).
* Enumerate wa,, 5, into Cy (4, 5-
x Letds(m) = d. Define 65 = ay,, " 3s(m) = a,, " d. Initialize all nodes o >
ay, " d and all nodes of length > s + 1.
x End Stage s and go to next stage.
e Otherwise, the o,-strategy was already arrived at Step (2) at last «,-stage
s letdg(m) =d.
x Initialize all nodes a > «;, " d. Go to substage m + 1 of current stage s
ifm+1<s.
Case I1. If m is odd, then «,, is an R-strategy. Act as follows.
Case 1. If 5 is a non o,,-expansionary stage. let 6,(m) = f. Act as in the basic
a,-strategy.

(1) If the computation @ elom) (j(am))[s] newly converges and it is a believable

Jam)

am)

computation at stage s, let cf)/.c(iim) (j(a,,))[s] be the use of the computation.
. . C
e Appoint a new C,(,, \-restraint r(a,. s) = ¢j(i)(é“”;) (j (am))[s].
e Define §; = ;" 65(m) = o, ” f . Initialize all nodes o > J; (ie., a > Jy
or a D Jy). Also initialize all nodes of length > s + 1.
e End Stage s and go to next stage.
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(2) Otherwise, there are two possible subcases:
(1) if QJ.C(“;Z";) (j(am))[s] diverges or it converges but not believable at current
stage, let the C,(,,,)-restraint r(ay,. s) = 0.
(ii) otherwise, it is a believable computation already convergent at last non
a-expansionary stage s, let the C,(,,,)-restraint r(au,. s) = r(au. s ).
In both subcases, initialize all nodes a >; o, f. Go to substage m + 1 of
current stage sif m + 1 < s.

Case 2. If s is an a,,-expansionary stage, check whether there was a last «,-
expansionary stage s~ such that «,, has not been initialized since then.

(1) If such a last o,,-expansionary stage s~ did not exist, then s is the first a,-
expansionary stage after last initialization. Act as in the basic «,-strategy.
e Choose a large new witness wy,, s and a set of fresh trigger elements {xf;m‘ gt
1<k <qq, = 23mm|+l} for higher priority f-strategies of length odd with
B < ay (ie. B < am or B C ay) on the priority tree T to enumerate into
C,(p) later such that

1 2 q
Nopps < Xg,5 < Xgps < ooe < Xapts < Wayy.s»

where N,, s is a new number larger than all used numbers before;
particularly, N, s is bigger than all restraints r(f, s) appointed on Ce(p)
by R-strategies  with priority strictly higher than «,,.
e Enumerate the witness wq,, s into C,(y,, ) 5-
e Define 5 = o, 35(m) = a;,"d. Initialize all nodes o > o, "d and all
nodes of length > s + 1.
¢ End Stage s and go to next stage.
The witness W, and the triggers x& (1 <k < qq,,) keep unchanged at
later stages unless the node o, is initialized by higher priority strategies.
(2) If such a last «,,-expansionary stage s~ did exist, then there was a largest
a-expansionary stage so < s~ < s such that the witness wy,, 5, and trigger

elements x% . with 1 <k < gq,, = 231! were defined at stage so and ay,
has not been initialized since then. Define the current outcome J,(m) of the
a,,-strategy started at stage sy according to the current state of the strategy.
o If the ay,-strategy waits at Step (2) or at Step (4.n) for some n > 1, let
os(m) =d.
* Initialize all nodes o > oy, " d5(m) = o, " d. Go to substage m + 1 of
current stage sif m + 1 < s.
o If the a,-strategy currently arrives at Step (2). let d;(m) = d. Act as in
Step (3).
* Let 19 =5 and uq,, 1y = Way,.s = Way.sp- Let Va,,.s be the unique even
number such that

<Pl'2(am)(yam,ml(i(am)vs)) = wam,s = wam.S() € Oi(am)’s = Cg(am)’s'

The even number y,, s remains the same at later stages as long as oy is
not initialized.
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« Pick the largest trigger element xé‘m,s = xé‘ém_so < Wa,,.s, that has not been

enumerated into C,(4) by f-strategies with f < (e, p<p auy or
B C am)~
+ Enumerate x5 into C,(,, - Go to Step (4.1).By Lemma I below, such
k

Q.S
* Define 65 = a,, "5 (m) = oy, " d. Initialize all nodes o > o, ~d and all
nodes of length > s + 1.
x End Stage s and go to next stage.
o If the oy, -strategy arrives at Step (4.n) for some n > 1, let §;(m) = co. Act
as in Step (5.n).

x Let t, = s and u,,, 1, = <pl.2(am)

a trigger x always exists.

(Yam.19+1(i(cm). s)). Then we have

Wayy, s < Uay, .t, 1 = Sof(am)(yam,to» l(i(am)» tnfl))

< @2 Gamtr: 1 (@), 1)) = ety € Coony i

because the enumeration of the trigger element xgm 1o < Way,.s InStep (3)
forn=1or xll;t € (Way, .50+ Uam.1, ;) I Step (5. (n — 1)) for n > 2 forces
the number of predecessors of y,,, ;, computed by gol,z(a ) to move up.

As uq,, 1, € Ce(a,,,),z,, and uq,, 1, > Wa,, s, there is a unique node f >
oy, on the priority tree T with e(8) = e(ay,) such that

k
Uay .ty = Wy OF Uy 1, = Xp, for some k.

where wg, and xlg_t(l <k<gqp= 23|/f\+1)

were first appointed on S at
some fS-stage t € (sg. ).

* Pick the largest trigger number x’g ; < Ua,,1, < wpg, that has not been
enumerated into C, (g for any B < pB.

* Enumerate x’[;t into C,q,,).1,- GO to Step (4.(n + 1)).By Lemma I below,

such a trigger x]/§ , always exists.
 Initialize all nodes a > a,, " 0o. Go to substage m + 1 of current stage
siftm+1<s.

This ends the construction.

Lemma 1. For each node oo € T, let g, = 3l Suppose that s is a first a-stage
after last initialization during the construction such that the witness wq, s, and the set of
trigger elements X, 5, = {xﬁ_so 11 < k < g4} were first chosen at stage so. Then there
are enough trigger elements from X, for higher priority B-strategies to enumerate
into C,(p) after stage so. That is,

{xk e Copy:BET. <l <k <qatC Xag-

Q.S()

ProOOF. During the construction, only higher priority R-strategies f < a with
e(f) = e(a) can enumerate triggers from X,, 5, into C, ) after stage so. Furthermore,
if § < « is initialized at some stage s > 5o, then it will initiate a new strategy later;
thus # will not use triggers from X, 4, after stage s.
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Let 8 be the first R-strategy with f; < « that acts as in Step (3) or Step (5.n) for
some n to enumerate a trigger xﬁ_,go into C,(p,) ,, at some stage s; > so. Then there is
a unique even number yg, , such that

Citp) g L (B1).51)) = Wasy € Oip); = Copy).sy-
so we have e(f)) = e(a). and the f-strategy enumerates the largest xZ s 1nto
Ce(py)s; = Cela)us; - This enumeration forces the number of predecessors of yg,

approximated by cpl.z( s,) tO Move up if the B;-strategy next arrives at Step (4.1) from

Step (3) or at Step (4.(n + 1)) from Step (5.n) at some stage s > s;. That is, at stage
s, we have

Wa,sy = (P,‘2</;1)<y/31,slal(i(ﬁl)aSl)) < W?(ﬁl)(yﬁl,slrl(i(ﬁl)aS)) € Ce(a),s'

Since we only enumerate witnesses and triggers of nodes of 7" into C,,) during the
construction, cpf(/),l)(yﬁl,xl,l(i(ﬂl), s)) is a trigger or witness of some node f € T
with priority strictly lower than «. The f)-strategy enumerates some trigger of f

into C,(5) = C,(q) at stage s. From this analysis, we see that | never enumerates
triggers from the set X, 5, into C,(4,) after stage s1. So i uses at most one trigger
from X, ;.

Let 3, be the first R-strategy in {f € T : f < a} \ {B1} that acts as in Step (3) or

Step (5.n) for some n to enumerate a trigger xfmo into C,4,) s, at some stage sz > s1.

Then there is a unique even number yg, ;, such that

Qoiz(ﬂz)(yﬁz,SZ’ l(l(ﬂz): 52)) = wa,So or xaaso 6 0[(/)’2).S2 = CE(ﬂQ),Sz’
then e(f,) = e(a) and k = g, — 1.
(i) If gof(ﬁz)(yﬁzysyl(i([)’z),sz)) = Wq.5. as in the case of f-strategy above, S
never enumerates triggers from X, 5, into C,(p,) after stage s».
(ii) If gp (yﬂ2 5 1(i(f2).52)) = x&%, < Wa.s,. the enumeration of xa‘ﬂol forces
(pi(/iz)(yﬁbVZ’ (i(B2).s5)) > xa2, if the fs-strategy acts as in Step (5.m) for

some m to enumerate triggers at some least stage s > 5.
o If ‘Piz(ﬁz)(yﬁZ»Sz’ 1(i(f2).5)) > wa.s,. then B, acts to enumerate a trigger of

node S with f > « at stage s.
oIf cpl.z( ﬂz)( Vpy.s,- 1(i(f2).5)) = wa.s,. then B> acts to enumerate the largest

unused trigger xa 5, at stage s.
Therefore, the f,-strategy requires at most two triggers from X,
C,(p,) after stage so.

Let S5 be the first R-strategy in {f € T : f < a} \ {f1, f»} that acts as in Step

(3) or Step (5.n) for some n to enumerate a trigger xfuo into C,(g,) 5, at some stage

53 > 5. Then there is a unique even number yj, ,, such that

5o 1nto

‘;01'2(%)()’/?333:l(i(ﬂB)aSS)) - waSO Orx e 0 i(B3).53 — =C e(B3).s C

and there are at most 14+2=3 triggers x* 5 € Ci(a).s;- Now it requires at most 4
enumerations of new triggers from X, g, into Ce(ﬁ = Cy(q) to force the number
of predecessors of yp, i, approximated by 4,0].2( 5’ namely, <pl,2( ﬁ})(yﬁ3,s3, 1), to exceed
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Wa.5,- The total number of triggers from X, used by fi. > and B is at most
1+2+22=2"-1.

Generally, for m > 2, suppose that f3,, is the first R-strategy in {f € T : f <
a}\{Pi..... Bm1} that acts as in Step (3) or Step (5.n) for some n to enumerate
a trigger xf;JO into C,,,) ., at some stage s, > s, 1. Then there is a unique even
number yg, . such that

S0

QDf(ﬁm)(yﬁmAst(i(ﬂm)a Sm)) = Wa,y, OF xZ,SO € Oi).sm = Celpm)osm = Cela).sme

and there are at most 1 +2+ ...+ 272 =2""1_1 triggers xX € C,(,).,,,- Since

[oA)) «@).Sm

the value of ©?, (yg, o .L(i(Bn).Sn)) has at most 2! many possible choices.
i(fm) Bm-Sm

it requires at most 2! many enumerations of new triggers from Xoy, into
Ce(py) = Ce(a) to force the number of predecessors of yg, s, to exceed w.)-
So the total number of triggers from X, used by fi.....B, is at most
14+2+. 42mt=2m_1,

Since the number of nodes of length < || in the priority tree 7 is strictly less
than

Eiig NN

143 4. 43kl =
the number of higher priority nodes f € T with f < « is strictly less than 3%+,
and we have m < 3/®*1. This implies that the total number of triggers from X,
used by all higher priority R-strategies f with f < « is strictly less than

[+ |+1 [+1

B R [P

Therefore, we appoint enough trigger elements xX . on node « for higher priority
B-strategies to enumerate into C, 5 = C,(,) during the construction. That is, the
trigger elements in Step (3) or Step (5.n) of a basic a-strategy initiated at stage so
always exist if needed. This completes the proof of the lemma. o

Let TP = liminf; d, be the leftmost path on T visited infinitely often during the
construction, called the true path of the construction. That is, for any n > 1, the node
TP |,= TP(0)...TP(n — 1) € T is visited infinitely often, but any node oo <; TP |,
is visited finitely often during the construction.

Lemma 2. TP is an infinite path on the priority tree T.

Proof. The empty node 4 C TP because every stage is a A-stage; furthermore,
A has the highest priority on the priority tree 7, it is not initialized at stages s > 0.
Let o C TP with |a| > 0. Assume that there is a least stage s, such that « is not
initialized at any stage s > s,. There are two cases.

Case 1. If || is even, « is a P-strategy. Let 7, be the first a-stage > s,. The
a-strategy picks a new witness w,;, and a finite set {xéj)la 1<k <g,= 23‘(1'“}
of new triggers at stage #,,. Since « has the highest priority after stage s, the witness
Wa,, and the triggers x% , are never redefined later.

(1) If the a-strategy waits at Step (2) forever after stage f,, then any a-stage
s > t, 1s an a” f-stage. In this case, a” f is not initialized after stage ¢,., «
has true outcome f. and we have o™ f C TP.
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(2) Otherwise, the a-strategy arrives at Step (2) and acts as in Step (3) at some
stage s > 1,; the strategy enumerates the witness wq , into C,(,),. making
Ce(a) # ®i(a). and the construction is terminated at stage s with the current
true path 0, = a”d. Then any a-stage s’ > s is an o~ d-stage, and a~d is
not initialized after stage s. So we have a~d C TP.

Case 2. If |a| is odd, then « is an R-strategy. There are two subcases.

(1) If there are finitely many a-expansionary stages, let 7, be the least stage > s,
such that any s > ¢, is not an a-expansionary stage. The basic a-strategy
acts at most once to appoint a new restraint on C,(,) at some stage s > 4

if the believable computation ®f€;‘;> (j(@))[s] newly converges in which case

the a-strategy terminates current construction by setting the current true

path 6, = a” f and initializing all nodes > a” f. This action preserves the
C

i (ii‘;‘) (j(a))[s] forever, and the a-strategy never sets

new C,(,)-restraints later. Then o™ /" is not initialized after stage s and any
a-stage s’ > s isan a” f-stage. So we have o~ f C TP.

(2) If there are infinitely many a-expansionary stages, let 7, be the first a-
expansionary stage > s,. The a-strategy picks a new witness w,,, and a

finite set {xX, 1<k <gq,= 23‘a|+1} of new triggers, it first enumerates

Wa.r, Int0 C,(y) 4, at the same stage 7,. Since o has the highest priority after

stage s,. the witness wq,, and the triggers x% , are never redefined later.

o If the a-strategy waits at Step (2) forever after stage .. then any a-
expansionary stage s > f, is an o d-stage. In this case, a™d is not
initialized after stage 7,, and we have a™d C TP.

e Otherwise, the a-strategy arrives at Step (2) and acts as in Step (3) at some
stage ¢y > 1. At stage f(, the strategy enumerates the largest unused trigger
xéﬁq 1o I0t0 C, () 4 the construction is terminated by setting the current true

believable computation @

RN
path d;, = o™ d, and initializing all nodes > a~d. There are two possible
situations after stage 7.

* The a-strategy waits at Step (4.n) forever after certain stage s > ty. Then
any a-expansionary stage s’ > s is an o"d-stage. In this case, a”d is
not initialized after stage s and a™d C TP.

* The a-strategy arrives at Step (4.(n + 1)) from Step (5.n) infinitely often
after stage #o. Then there are infinitely many a-expansionary stages s > f
such that the a-strategy acts as in Step (5.n) for some n at stage s by
enumerating a largest unused trigger of some node with lower priority
into C,(,) ;- Such a stage s is an o~ co-stage. In this case, @™ oo is not
initialized after stage 7o and «~ oo C TP.

We have seen that for any a C TP with |a| > 0, there is a least stage s, such
that « is not initialized after stage s,. The a-strategy acts after stage s, with an
outcome o such that ™o C TP. This shows that TP is an infinite path on the priority
tree 7. —

Lemma 3. For all e, C, is noncomputable.

PrOOF. For fixed numbers e, i, let a be the unique P, ;y-strategy along the true
path TP of the construction, then « is initialized finitely often, and there are infinitely
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many a-stages during the construction. Suppose that « has the highest priority after
some least stage s,,. The a-strategy acts to diagonalize against ¢; computing C, after
stage s .

(i) If the strategy waits at Step (2) forever after certain stage. then there is a
witness w such that either ¢, (w) diverges or it converges with ¢; (w) |=1 #
C,(w) = 0; in this case, « has true outcome f.

(ii) If the strategy arrives at Step (2) and acts as in Step (3) at some stage s > $,.
then there is a witness w such that ¢;(w) =0 # C.(w) = 1; in this case. o
has true outcome d.

The a-strategy succeeds to ensure that C, # ¢; after stage s,. Then C, # ; for all
i, and thus it is not computable.

LEMMA 4. For all e, e € CofX if and only if C, is order-computable.

PrOOF. Fix a number e. If e € CofX, WX is cofinite. Then there exists a number
i such that [i,00) C WX, that is. [i,i + j + 1] € WX for all j. For any node «
assigned an R ;.,-requirement on the priority tree, there are only finitely many
a-expansionary stages. For each j, there is a unique node (. ; ;) working for R, ; j
along the true path TP of the construction such that

iy f Copeiny” f C...Cayeip”f C...CTP.

For each j, the . ;)-strategy is not initialized after certain stage s;. Then so <
51 < ... <5; < ... because of the priority of the strategies. «(.; ;) acts at most once

to appoint a new C,-restraint ¢C"( J)[s] to preserve the believable computation
(Dcf( )[s] if it newly converges at some stage s € (s;, s;41]. Since the computation
(Dcf( i)[s] | is believable, all higher priority R-strategies § with f~co C Qe f) ] only
enumerate triggers xﬂ/.s, of nodes ' > Qe jy at any stage s’ > s such that xﬂ,_s, >

cz>jCF (j)[s]. the use of the believable computation. Then the computation CDJC" (NIs1d
is not injured by f-strategy after stage s, and thus, it is preserved forever. Then
C/ is a AJ set because for all j, j € C/ if and only CDC" (j) converges if and only if

there are infinitely many stages s such that the computatlon (DC‘ (j)[s] | is believable.
Therefore, C, is a low c.e. set, and thus, it is order- computable

Ife ¢ CofK, WX is not cofinite. Now for all i, there is a least number j; such
that [i.i + j; + 1] € WX. For all i, there are only finitely many nodes for Rieiny-
requirements along the true path TP of the construction, one node av( ; ) for R, ;)
with 0 < j < j; such that each «(,; ;y with j < j; has the finite outcome /" and the
longest node (. ; ;,) has an infinite outcome o € {d.oo}. That is.

a<g_i‘0>f\f C Oz<€‘,-_1>r\f C...C a<g_i‘_ji,1>r\f C a<€),»_jl.>“0 C TP.

Leta = a(.; j,) bethe R, ; ;,y-strategy along the true path TP of the construction,
then « is initialized finitely often, and there are infinitely many a-expansionary
stages. « has the highest priority after certain stage s,,. After stage s, the a-strategy
acts to diagonalize against ¢? to be a computable predecessor approximation
function for C..
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(1) If the strategy waits at Step (2) or Step (4.n) forever after certain stage, then
either lim, /(i,s) < oo or C, # O;, the order-computable set computed by
o7 in this case, o has true outcome d. and a~d C TP.

(ii) If the strategy first arrives at Step (2) and then arrives at Step (4.(n + 1))
from Step (5.n) infinitely often, then there is an even number y such that
lim, ¢?(y, s) = oo; in this case, a has true outcome oo, and a~ oo C TP.

The a-strategy succeeds in ensuring that C, is not order-computed by go,.z after
stage s,. Then C, is not order-computed by ¢? for all i, and thus it is not order-
computable. -

We have constructed a uniform sequence of c.e. sets (C,:e € N) such that
e € CofX if and only if C, is order-computable for all e. Since Cof* is X9-complete,
so is the index set of c.e. order-computable sets. This completes the proof of
Theorem 1. -

Recall that Z = {e € N : ¢? is total, and (Vx)[lim, p2(x,s) L€ {0,1}]} is the
index set of AY sets. For e € Z, 4, = {x € N: (Vx)[lim, p2(x.s) = 1]} is the A9
set with index e. Since both c.e. sets and order-computable sets form subclasses of
A sets, based on Theorem 1, we obtain the exact complexity for general order-
computable sets.

COROLLARY 1. The index set {e € I : A, is order-computable} is X3-complete
within T.

PrOOF. For a number e, e € T if and only if ¢? is a computable binary function
such that lim; 2(x, s) converges to 0 or 1 for all x. To prove the corollary, it suffices
to construct a uniform sequence (F, : e € N) of computable binary functions such
that the following two conditions hold:

(1) for all e, lim, F,(x, s) converges to 0 or 1 for all x;

(2) foralle,e € Cof® < B, = {x € N: limy F,(x, s) = 1} is order-computable.

Let (C, : e € N) be the uniform sequence of c.e. sets constructed in Theorem 1
such that e € Cof® < C, is order-computable for all e. For any e, x,s and ¢ >
x. s, define F,;(x,s) = C,,(x). Then the sequence (F, : e € N) meets the desired
conditions above. First, F,(x. s) is defined for all x, s, so F, is a computable binary
function. Second, since C, ;(x) changes from 0 to 1 for at most once when x is first
enumerated into C, at stage s, the condition (1) holds. Third, lim, F,(x, s) converges
to 1 if and only if x € C,, so B, = {x € N: lim, F,(x,s) =1} = C, for all e; the
condition (2) holds. 4

§4. Index set of Ag sets. We continue to study the complexity of the index set Z
of AJ sets.

THEOREM 2. The index set T of Ag sets is Hg-complete.

PrOOF. For any number e, e is an index of a Ag set if and only if ? is total and
lim, 2 (x, s) converges to 0 or 1 for all x in which case e is the index of the Ag setA, =

{x € N:lim; p2(x,5) }=1}. As Tot® = {e € N : (Vx)[®X (x) converges]} is TT)-
complete relative the c.e. complete set K. it is I13-complete. To prove the theorem, it
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suffices to construct a uniform sequence (F, : e € N) of computable binary functions
such that for all e,

e € TotX & (Vx)[lim F,(x. s) J=0or 1].

We will build a computable ternary function F(-,-,-) satisfying the following
requirements:

Riey: If ®X (x) is defined. then lim F (e. x. s) converges to 0.
If ®X(x) is undefined. then lim, F (e, x. s) diverges.

Then (F, = F(e,-,-) : e € N) is the desired sequence of computable binary func-
tions.

If e € Tot", ®X is total, i.e.. ®X (x) is defined for all x, then R, ,y ensures that
lim, F,(x, s) converges to 0. In this case, F, approximates the empty set () = {x :
limg Fo(x,s) =1} If e ¢ TotX, ®X is not total, i.e., there is a number x such that
®X (x) is undefined. then R, ,y ensures that lim F (e, x, s) diverges. In this case. F,
cannot approximate a A) set.

Fix an effective bijection (-, -) : N> — N, and for all i j, k. let (i. j. k) = ({i. j). k).
We construct the computable ternary function F (-, -, -) by stages.

Construction.

Stage 0. Define F(0,0,0) = F(0,0,1) = 0.

Assume that we have defined F (e, x, y) foralle, x withe,x < s —landy <25 -1
by the end of stage s — 1.

Stage s > 1. Forall e, x < s, define F (e, x, -) as follows:

Step 1. For all e, x < s, define F (e, x,2s) and F(e, x,2s + 1) as follows. There
are two cases:

(1) If there was a last stage s~ < s such that ®X(x)[s~] was defined with use
#X(x)[s7] and the computation has not been changed since then, that is,
@K (x)[s] is defined with use ¢X (x)[s] = ¢X (x)[s7]. define

F(e,x.25) = F(e,x,25s +1) = 0.

(2) Otherwise, either ®X(x)[¢] was undefined for all < s, or there was a
convergent computation ®X (x)[s7] at last stage s~ < s but the computation
is changed currently, that is, either ®X (x)[s] is undefined or it is defined with
use ¢X (x)[s] > ¢X (x)[s7]. define

F(e,x,2s)=0and F(e,x,2s +1) = 1.

Step 2. Foralle,x < sand ¢ < 2s + 1, define F(e.s.t) = F(s,x,1) = 0.

This ends the construction.

For all e, x € N, at any stage s bigger than e, x of the construction, we have

defined F (e, x, y) forall y < 25 + 1 by the end of stage s. Furthermore, the value of

F (e, x, y) is never changed during the construction. So F is a computable ternary
function.

LemMA 5. Forall e, x € N, R,y is satisfied.

ProOF. Fix numbers e, x. If ®X () is defined, then there is a least stage s such that
the ®X (x)[s] is defined with use ¢X (x)[s] and the computation is not changed later;
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that is, at any stage ¢ > s, the computation ®X (x)[¢] is defined with use ¢X (x)[¢] the
same as ¢X (x)[s]. Let s, be such a least stage bigger than e, x. Then at any stage
s > ... we always defined F (e, x,2s) = F(e,x,2s +1) = 0. So F(e.x,y) = 0 for
all y > 25, and we have lim; F (e, x,s) = 0.

If ®X (x) is undefined, then there are infinitely many stages s > e, x such thateither
the computation ®X (x)[s] is undefined or it is defined with use strictly bigger than
that of the last convergent computation. At such a stage s, we defined F (e, x, 2s) = 0,
but F(e, x,2s + 1) = 1. So lim, F (e, x, s) does not exist. -

For a number e, there are two situations:

o Ife € TotX, then ®X (x) is defined for all x. By Lemma 5, lim; F (e, x, s) = 0 for
all x. In this case. F. = F (e, -, -) approximates the A set {x : lim, F (e. x.s) |=
1}, which is exactly the empty set (.

o Ife ¢ TotX, then ®X(x) is undefined for some x. By Lemma 5, lim; F (e, x, 5)
does not exist for this x. In this case, F, = F (e, -, -) cannot approximate any Ag
set.

We have constructed a uniform sequence of computable binary functions (F, =
F(e,-,-) : e € N) such that for all e, ®X is total if and only if lim F, (x, 5) exists with
limit 0 for all x. So the index set Z of AJ sets is IT}-complete.

This completes the proof of Theorem 2. -
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