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We use the technique of “classical realizability” to build new models of ZF + DC in which
R is not well ordered. This gives new relative consistency results, which are not obtainable
by forcing. This gives also a new method to get programs from proofs of arithmetical
formulas with dependent choice.

1. Introduction

The notion of realizability algebra, which was introduced in Krivine (2011; 2012), is a tool
to study the proof-program correspondence and to build new models of set theory, which
we call realizability models of ZF.

It is a variant of the well-known notion of combinatory algebra, with a new instruction cc,
and a new type for the environments.

The sets of forcing conditions, in common use in set theory, are (very) particular cases
of realizability algebras; and the forcing models of ZF are very particular cases of
realizability models.

We show here how to extend an arbitrary realizability algebra, by means of a certain set
of conditions, so that the axiom DC of dependent choice is realized.

In order to avoid introducing new instructions, we use an idea of Miquel (2011).

This technique has applications of two kinds:

1. Construction of models of ZF + DC.
When the initial realizability algebra is not trivial (that is, if we are not in the case
of forcing or equivalently, if the associated Boolean algebra 12 is # {0, 1}), then we
always obtain in this way a model of ZF which satisfies DC + there is no well ordering
of R.
By suitably choosing the realizability algebras, we can get, for instance, the relative
consistency over ZF of the following two theories:

i. ZF + DC + there exists an increasing function i+— X;, from the countable
atomless Boolean algebra B into P(R) such that:
Xo = {0};i# 0 = X; is uncountable;
Xi N X] = Xi/\j;
if inj=0 then X, is equipotent with X;xX;;
X; X X; is equipotent with X;;
there exists a surjection from X; onto R;
if there exists a surjection from X; onto X, then i < j;
if i,j # 0,iNj =0, there is no surjection from X;w X; (disjoint union) onto
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X;x XJ,
more generally, if J < B and if there exists a surjection from |J
then i < j for some j € J.

= X; onto Xj,
In particular, there exists a sequence of subsets of R, the cardinals of which are
not comparable, and also a decreasing sequence of subsets of R, the cardinals of
which are strictly decreasing.

ii. ZF + DC + there exists X < R such that:
X is uncountable and there is no surjection from X onto N
(and therefore, every well-orderable subset of X is countable);
X x X is equipotent with X;
there exists a total order on X, every proper initial segment of which is countable;
there exists a surjection from X x; onto R;
there exists an injection from N (thus also from X x¥;) into R.

2. Curry-Howard correspondence.
With this technique of extension of realizability algebras, we can obtain a program
from any proof, in ZF 4 DC, of an arithmetical formula F, which is a 4.-term, that
is, a A-term containing cc, but no other new instruction.
This is a notable difference with the method given in Krivine (2003; 2009), where we
use the instruction quote and which is, on the other hand, simpler and not limited to
arithmetical formulas.

It is important to observe that the program we get in this way does not really depend on
the given proof of DC — F in ZF, but only on the program P extracted from this proof,
which is a closed A.-term. Indeed, we obtain this program by means of an operation of
compilation applied to P (look at the remark at the end of the introduction of Krivine
(2011)).

Finally, apart from applications 1 and 2, we may notice Theorem 27, which gives an
interesting property of every realizability model: as soon as the Boolean algebra J2 is
not trivial (i.e. if the model is not a forcing model), there exists a non-well-orderable
individual.

2. Generalities

2.1. Realizability algebras

It is a first-order structure, which is defined in Krivine (2011). We recall here briefly the
definition (with a little change) and some essential properties:

A realizability algebra A is made up of three sets: A (the set of terms), IT (the set of
stacks), A * I1 (the set of processes) with the following operations:

(&, 1)+ (&) from A? into A (application);
(&, m)+— &om from AXII into IT (push);

(¢, m)— &*n from AXII into A *IT (process);
7+ Kk, from IT into A (continuation).
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There are, in A, distinguished elements B, C, |, K, W, cc, called elementary combinators or
instructions.

Notation.

The term (... ((()n1)n2) ... )n, will be also written as (E)1#a... 10, or Enina ... Yy

For instance: ¢n{ = (&)nl = (Em)l = ((En)C.

We define a pre-order on A * I, denoted by >, which is called execution;

Exq > ¢ *xq' is read as: the process & * w reduces to &' * 7',

It is the smallest reflexive and transitive binary relation, such that, for any &,7,{ € A and
n,w € 11, we have:

(E*m > E*am,
IxEoem > E*m.
Kx&onpem > E*xm.
W*Eopem >E*xnanem.
Cxéenolem>Ex{on.m.
B*xfunelem>Ex(n) . m.
ccx o > E*xKya.

ke *Eow > E*m.

We are also given a subset AL of A * IT such that:
rn>-*n,d*r'el = {xme .
Given two processes & * 7, &’ * 7/, the notation & * ¢ > & * 7’ means:
Exng Ll=¢xn"¢ 1.

Therefore, obviously, E x> &' *n’ = Exqm = & *x7',

Finally, we choose a set of terms PL 4 — A, containing the elementary combinators:
B, C,I,K,W, cc and closed by application. Its elements are called the proof-like terms of the
algebra A. We write also PL instead of PL 4 if there is no ambiguity about .A.

The algebra A is called coherent if, for every proof-like term 6 € PL 4, there exists a stack
7 such that 0 * ¢ L.

Remark. The sets of forcing conditions can be considered as degenerate cases of real-
izability algebras, if we present them in the following way: an inf-semi-lattice P, with
a greatest element 1 and an initial segment 1L of P (the set of false conditions). Two
conditions p,q € P are called compatible if their g.l.b. pag is not in L.

We get a realizability algebraif weset A=II=A*[I=P;B=C=I=K=W=cc=1
and PL= {1}; (p)g = p.q = p* q = paq and k, = p. The pre-order p > ¢ is defined as
p < ¢, i.e. pag = p. The condition of coherence is 1 ¢ L.

2.2. c-terms and A-terms

The terms of the language of combinatory algebra, which are built with variables,
the constant symbols B, C, |, K, W, cc and the application (binary operation), will be called
combinatory terms or c-terms, in order to distinguish them from the terms of the algebra A,
which are elements of A.
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Each closed c-term (i.e. without variable) takes a value in the algebra A, which is a
proof-like term of A.

Let us call atom a c-term of length 1, i.e. a constant symbol B, C, 1, K, W, cc or a variable.

Lemma 1. Every c-term t can be written, in a unique way, in the form t = (a)t;...t

where a is an atom and ty,...,t; are c-terms.
Proof. Immediate, by recurrence on the length of t. L]
The result of the substitution of &y,...,&, € A to the variables xi,...,X, in a c-term t, is

a term (i.e. an element of A) denoted by t[&;/xy,...,Ey/x,] or, more briefly, t[é/ic].

The inductive definition is as follows:

a[i/x]—éz ifa=x(1<i<n);

a[é/ic] =aif aﬁls an aitom F Xyeees Xns

(tu)[&/X] = (t[&/X])ulS/X].

Given a c-term ¢ and a variable x, we define inductively on t, a new c-term denoted
by Axt, which does not contain x. To this aim, we apply the first possible case in the
following list:

1. Axt = (K)t if t does not contain Xx.

2. Axx =L

3. Ax(t)u = (CAx t)u if u does not contain Xx.
4. Ax(t)x =t if t does not contain Xx.

5. Ax(t)x = (W)Axt (if t contains x).

6. Ax(t)(u)v = Ax(((B)t)u)v (if uv contains x).

Lemma 2. This re-writing is finite for every c-term.

Proof. For each c-term t, define inductively as follows the integers [[t], vo[t], v [t], v2[t]:
[{a] = 1 for every atom a; I[(t)u] = I[t] + l[u] + 2;

vola] = 0 for every atom a; vo[(t)u] = l[u];

vi[x] = 1; vi[a] = 0 for every atom a # x; v{[(t)u] = v{[t] + vi[u];

v2[t] = 0 if x is not in t; va[x] = 1; v2[(t)u] = v2[u] if x appears in u;
v

[
[(t)u] = vo[t] 4+ I[u] 4+ 1 if x is not in u (and then x appears in t).
]

I[1] is the length of ¢;

vo[t] is the length of the argument, when ¢ is an application;

v [t] is the number of occurrences of x in t;

v, [t] is the distance to the end of the term ¢, of the last occurrence of x in t.

Rule 5 strictly decreases vi(¢); rule 3 does not change v;[t] and strictly decreases v,[t];
rule 6 does not change v{[t] and v,[t] and strictly decreases vy[t].

Therefore, after a finite number of applications of rules 3, 5 and 6, we must apply one of
the rules 1, 2 or 4, and the re-writing stops. ]

Given a c-term t and a variable x, we now define the c-term Axt by setting:
Axt = Ax (I)t.

https://doi.org/10.1017/50960129516000050 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000050

Realizability algebras 111 49

This enables us to translate every A-term into a c-term. In the sequel, almost all c-terms
will be written as A-terms.

The fundamental property of this translation is given by Theorem 3:

Theorem 3. Let ¢t be a c-term with the only variables xi,...,x,; let &,...,&, € A and
m €Il Then Axy... Axpt* & o Epem > t[E1/X1,..., En/xu] * T

Lemma 4. Let a be an atom, t = (a)t; ...t a c-term with the only variables x, yi,..., v,
and &,11,...,1m, € A; then

(Ax [ /y] * Eom > all/x, 0 /P1* ta[&/x, /7] e .. etelE/x,01/F] e .

Proof. By induction on the number of rules 1 to 6 used to translate the term Axt.
Consider the rule used first.
e Rule 1: we have (Axt)[ij/y] *Eemn = (K)t[i/Y]1 * Eem > Kxt[ij /Y] Eem > t[/Y] * 7
= t[¢/x,1/y] * © because x is not in t. The result follows immediately.
e Rule 2: we have t = x, Axt = | and the result is trivial.

In rules 3, 4, 5 or 6, we have t = uty with u = aty...t,_1, by Lemma 1.

e Rule 3: (Ax0)[i/y] * Eom = (CAxu)t)[17/§] * Com > C* (Axu)[ij/y] e e[}/ Y]« E o
> (Axu)[/y1 * Eoteln/ylem
= alé/x, /] * t{[E/x,71/V]e ... oti1[E/x,1/V]« tc[1]/ Y] by the induction hypothesis
= ale/x. /1 * al&/x.0/F]e ... etkr[E/x,01/V] e te[E/x,71/Y] « 7 since x is not in f.
In rules 4 and 5, we have t; = x, i.e. t = (u)x.

e Rule 4: we have (Ax0)[i/y] *Eem = ul/y] * Eem = ulé/x,1/y] * £ .1 because x is
not in u. Since u = at; ...t,—; and t; = x, the result follows immediately.

e Rule 5: we have t; = x and (Axt)[j/y] * Ee = (WAXu)[j/V] * ¢ om
>WH (Axu)[ij/FleCem > (Axu)[ij/y]1 * Eelom
>alé/x, /Y] * t1[E/x,51/P] e ... o ti_1[E/X,1/Y] « &« by the induction hypothesis
=al¢/x. /Y1 * al&/x0q/F]e ... «tl&/x, /7] T

e Rule 6: we have t; = (v)w and (Ax))[i/y] * et = (Ax(B)uvw)[ij/y] * €t
> B*xu[é/x,i/V].v[E/x,4/V] « w[E/X,1]/V] « = (by the induction hypothesis)
>ull/x,n/y1* tlE/x,1/¥]em
>all/x,n/y1*aE/x,01/9e .. etk [&/X,01/Y) e te[E/X,77 /7] o .

U]
Lemma 5. (Axt)[n/y] * &.n > t[E/x, /Y] * m.
Proof. Immediate by Lemma 4 and the definition of Axt which is Ax(l)z. Ul
Proof of Theorem 3. By induction on n; the case n = 0 is trivial. Now, we have:
/1X1 cee Axnfl/lxn L* él o ... énfl o 571 o> (ixnt)[il/xla cees énfl/xnfl] * én T
(by induction hypothesis) > t[&1/x1,- .., En1/Xn—1,En/Xn] * @ by Lemma 5. ]

2.3. The formal system

We write formulas and proofs in the language of first-order logic. This formal language
consists of:
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° individual variables x,y,...;

e function symbols f,g,... of various arities; function symbols of arity 0 are called
constant symbols.

e relation symbols; there are three binary relation symbols: £, ¢, .

The terms of this first-order language will be called /-terms; they are built in the usual
way with individual variables and function symbols.

Remark. Thus, we use four expressions with the word term: term, c-term, A-term and
/-term.

The atomic formulas are the expressions T, L, tfu,t & u,t < u, where t,u are /-terms.
Formulas are built as usual, from atomic formulas, with the only logical symbols —, V:

e each atomic formula is a formula;
e if A, B are formulas, then A — B is a formula;
e if 4 is a formula and x an individual variable, then Vx 4 is a formula.

Notations. Let 4q,...,A4,, A, B be formulas. Then:

A — L is written —A4;

Ay — (A4 > - > (A, — B)--*) is written A, A4,...,A, — B;
=Ay,...,mA, > L is written A V...V Ay;

(Ay,...,A, > L) > L is written Aj A...\Ay;

—Vx(Ay,..., Ay — L) is written 3Ix{Ay,...,A,}.

The rules of natural deduction are the following (the A4;’s are formulas, the x;’s are variables
of c-term, t,u are c-terms, written as A-terms):

1. xq 1 Aq,...,x, 1A, F x; Al

2. x1 1AL, Xy A Ft A5 B, xq t A, X t AU A =
x1 i A,...,x, 1Ay Ftu : B.

3. x1 1A, Xy tALX ARt B = x1 i Aq,...,x, t A FAxt i A — B.

4. x1 1A, x, A Ft A = xyA...,x, A, EtVx A where x is an individual
variable which does not appear in Ay,...,4,.

5. x1 iAo Xxy tAREE XA = Xyt A, x, Ay AlT/X]
where x is an individual variable and 7 is a /-term.

6. x1 :Ay,...,x, : Ay Fcc:((A— B)—> A) > A (law of Peirce).

7.x1 1AL, xy Ayt L = xp Ay, x, A Et i A for every formula A.

2.4. Realizability models

We formalize set theory with the first-order language described above. We write, in this
language, the axioms of a theory named ZF,, which are given in Krivine (2012).

The usual set theory ZF is supposed written with the only relation symbols &, <.

Then, ZF, is a conservative extension of ZF, which is proved in Krivine (2012).

Remark. In ZF,, we have two membership relations: € which the weak or extensional
one, and ¢ which is the strong one and does not satisfy extensionality.
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Therefore, we have also two relations of inclusion: x ¢ y = Vz(z ¢ y — z ¢ x) (€-
inclusion or ZF-inclusion) and x € y = Vz(z£y — z£X) (e-inclusion). Finally, we have
three notions of equality:

the weakest one is (x ~ y) = x = y A y = x (€-equality);

the strongest one is (x = y) = Vz(xfz — y£z) (Leibniz equality);

the middle one is (x > y) = x S y Ay  x (e-equality).

Let us consider a coherent realizability algebra A, defined in a model M of ZF + V =1L,
which is called the ground model. The elements of M will be called individuals (in order
to avoid the word set, as far as possible).

We defined, in Krivine (2012), a realizability model, denoted by N4 (or even N, if there
is no ambiguity about the algebra A).

It has the same domain (the same individuals) as M and the interpretation of the function
symbols is the same as in M.

Each closed formula F of ZF, with parameters in M, has two truth values in N, which
are denoted by | F|| (which is a subset of IT) and |F| (which is a subset of A).
Here are their definitions:

|F| is defined immediately from ||F| as follows:
Ee|F| » (Vmne|F|)é*xnme L.
We shall write & |- F (read ‘ ¢ realizes F ') for & € |F|.
| F|l is now defined by recurrence on the length of F:
e F is atomic;

then F has one of the forms T, L, agb,a = b, a ¢ b where a,b are parameters in
M. We set:

ITI=¢; |LIl=1; llagb| = {n € II; (a,n) € b}.
la = bll, ||a ¢ b| are defined simultaneously by induction on (rk(a)Urk(b), rk(a)Nrk(b))
(rk(a) being the ordinal rank of a in M).

lacb|=|J{¢.n; EeA nell, (cn)ea & |-céb);

la ¢ b =U{«f.§/.n; &edeANnell, (n)eb, & ace & ccal.

e F=A-B;then |[F|={f.n; ¢ |—A ne|Bl).
e F=VxA:then |F|=]lAla/x]|.
a

The following theorem, proved in Krivine (2012), is an essential tool:

Theorem 6 (Adequacy lemma).
Let Ay,..., Ay, A be closed formulas of ZF,; suppose that x; : Ay,...,x, : 4, bt : A.

If él H_Al)"'afn ”_An then t[él/x1’~"’£n/xn] ”_A
In particular, if ¢ : A, then t |- A.

Let F be a closed formula of ZF,, with parameters in M. We say that N4 realizes F
or that F is realized in N4 (which is written N4 |- F or even |- F), if there exists a
proof-like term 6 such that 0 | F.
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It is shown in Krivine (2012) that all the axioms of ZF, are realized in N4, and thus also
all the axioms of ZF.

Remarks. A4 is not a Tarski model of ZF,, because the truth values of formulas are
not 0 or 1 but subsets of Il. We can obtain Tarski models by using the completeness
theorem, or else an ultrafilter on the set of truth values equipped with a suitable structure
of Boolean algebra (see Krivine 2012). Note that, doing this, we introduce new individuals
in the model, i.e. individuals which are not in M.

An individual a of M is, in general, not related with its interpretation in N 4. For instance,
if no element of a is an ordered pair (b, ) with 7 € I1, then a is interpreted as & in N 4.
Indeed, we have ||Vx(x£a)| = = ||T|.

Definitions. Given a set of terms X = A and a formula F, we shall use the notation
X — F as an extended formula; its truth value is |X — F|| ={f.n; ¢ € X, n € |F|}.

Two formulas F[xy,...,x,] and G[xy,...,x,] of ZF, will be called interchangeable if the
formula Vxi...Vx,(F[x1,...,X,] < G[x1,...,X,]) is realized.
That is, for instance, the case if | Flay,...,a,]|| = [|Glay,-..,a.]l
or also if |Flai,...,a,]| = |=—Glay,...,a.]|
for every ay,...,a, € M.

The following lemma gives a useful example:

Lemma 7. For every formula 4, define "4 = A by "4 = {k, ; © € ||4]}.
Then —4 — B and "4 — B are interchangeable, for every formula B.

Proof. We have immediately k, | —A for every @ € ||A].
Therefore, |"A — B| < ||~4A — B| and it follows that | (-4 — B) —» ("A — B).
Conversely, let £,n € A, £ |- A — B,n |- —-B and let & € ||4].
We have ¢k, |- B, thus (7)($)k, |- L and therefore (7)(&)k, * 7 € L.
It follows that 8 * ¢ .. € 1L with 0 = AxAy(cc)ik(y)(x)k. Finally, we have shown that
0 (A — B) > (—-B — A), from which the result follows. ]

2.5. Equality and type-like sets
The formula x =y is, by definition, Vz(x{z — yfz) (Leibniz equality ).

If t,u are /-terms and F is a formula of ZF,, with parameters in M, we define the formula
t =u — F. When it is closed, its truth value is:

lt=u—>F|=|Tl=g if MEt#u;|t=u—F|=|F| if MEt=u.

The formula ¢t =u — L is written ¢ # u.

The formula 1 =u; > (t, =uy = -+ = (t, = u, — F)---) is written:

ti=u,t) =uy,...,.t, =u, > F.

The formulas t =u — F and t = u < F are interchangeable, as is shown in the:

Lemma 8.

i Cll |FVxVy((x=y—>F)—>(x=y<F));
ii. Cl |FVxVy((x=y<—=F)—> (x=y— F)).
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Proof.

1. Trivial.

il. Let a,b be individuals; let ¢ |Fa=b<— F,n |-a=>5band n € ||F|.
We show that yx&.m e IL.
Let ¢ = {(b,m)}; by hypothesis on 1, we have n |-afc — bfc. Since n € |[bc|, it
suffices to show that & | afc. This is clear if a # b, since |afc| = J in this case.
If a = b, then ¢ |- F, by hypothesis on &, thus £ * 7 € IL; but ||afc| = {n} in this
case, and therefore & | afc.

O

We set JX = X xII for every individual X of M; we define the quantifier VxI¥ as follows:
¥ FIx]| = Uy I Flall.
Of course, we set EIxJXF[x] = —yxX —F[x].

The quantifier ¥x3X has the intended meaning, which is that the formulas VX F [x] and
Vx(xe1X — F[x]) are interchangeable. This is shown by the following:

Lemma 9. Cl [—Vx3XF[x] — ¥x3¥ =—F[x]:
cc |- VxX —=F[x] = VXX F[x];
IVxB¥ ~=F[x]| = [Vx(—F[x] — x£IX)].

Proof. Immediate. Ul

Each functional f : M" — M, defined in M by a formula of ZF with parameters, gives a
function symbol, that we denote also by f, and which has the same interpretation in the
realizability model N 4.

Proposition 10.
Let t, tq,...,ty,u,uy,...,u, be /-terms, built with variables xi,...,x; and function symbols
of M.
. If MEVx...Vx(ti =u,...,ty =u, — t =u), then
I |-Vxq...Vx(ty = ug, ...t = u >t = u).
i. If MEWx€Xy)...(Vx, € Xp)(t1 =uq,...,tx = ux — t = u), then
| H—Vxlx' ...kaXk(tl =Ul,..., [k = Uy >t =1u).

Proof. Trivial. |

Proposition 11. If f : X; x---x X, — Y is a function in M, its interpretation in N4 is a
function f : JX| x---x1X, — JY.

Proof. Indeed, let f',f” : M" — M be any two functionals which are extensions of the
function f to the whole of M". By Proposition 10(ii), we have:

LYt (e x0) = (X X0)). 0

An important example is the set 2 = {0, 1} equipped with the trivial boolean functions,
written a,v, . The extension to N4 of these operations gives a structure of Boolean
algebra on J2. It is called the characteristic Boolean algebra of the model N 4.

https://doi.org/10.1017/50960129516000050 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000050

J.-L. Krivine 54

Conservation of well-foundedness
Theorem 12 below says that every well-founded relation in the ground model M, gives a
well-founded relation in the realizability model A.

Theorem 12.

Let f : M? — 2 be a functional defined in the ground model M such that f(x,y) =1 is
a well-founded relation on M.

Then, for every formula F[x] of ZF, with parameters in M:

Y I=Vy (Vx(f(x,y) =1 <= F[x]) = F[y]) - Vy F[y]

with Y =A4A4 and A = Aaif(f)(a)af (or A = (W)(B)(BW)(C)B).

Proof. Let us fix b € X and let ¢ |-Vy (Vx(f(x,y) =1 < F[x]) — F[y]). We show, by
induction on b, following the well-founded relation f(x,y) = 1, that Y*¢ . € L for every
n € ||F[b]].

Thus, suppose that = € ||[F[b]]|; since Y*&.m > &*YE.m, we need to show that
ExYE.m € IL. By hypothesis, we have ¢ |-Vx(f(x,b) = 1 — F[x]) — F[b]; thus, it
suffices to show that Y& |- f(a,b) =1 < F[a] for every a € X.

This is clear if f(a,b) # 1, by definition of <.

If f(a,b) = 1, we must show Y& |—-F[a], ie. Y*¢.mw € 1 for every @ € ||[F[d]||. But
this follows from the induction hypothesis. L]

Remarks.

i. If the function f is only defined on a set X in the ground model M, we can apply
Theorem 12 to the extension f’ of f defined by f'(x,y) = 0 if (x,y) ¢ X?2. This shows
that, in the realizability model N, the binary relation f(x,y) = 1 is well founded on
1X.

ii. We can use Theorem 12 to show that the axiom of foundation of ZF, is realized in

Na.
Indeed, let us define f : M? — 2 by setting f(x,y) = 1 < 3z((x,z) € y). The binary
relation f(x,y) = 1 is obviously well founded in M. Now, we have | | VxVy(f(x,y) #
1 — x4y) because m € ||x£y|| = f(x,y) = 1. Thus, the relation xe¢y is stronger than
the relation f(x,y) = 1, which is well founded in N4 by Theorem 12.

2.6. Integers

Let ¢,a € A and n € N; we define (¢)"« € A by setting ()0 = a; (¢)" ot = () ()"0
For n € N, we define n = (¢)"0 with 0 =Kl and ¢ = (BW)(B)B;
n is ‘the integer n” and ¢ the ‘successor’ in combinatory logic.
The essential property of 0 and g is: O* Pedte T > A X T; 0 X Vehe0leT >V * o prto .
We set Ny = {(n,n.n); n € N,n € I1}; it is shown below that N 4 is the set of integers
of the realizability model N 4.
We define the quantifier Vx™t as follows:

|VxMFIx]|| = {n.n ; n€ N, n € |Fn]}.
which means intuitively

IF [ | = VN () — Fln]).
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The formulas Vx™F[x] and Vx(xeN 4 — F[x]) are interchangeable, as is shown in the:

Lemma 13.

IxAny(y)(x)n |- Yx"F[x] — Yx"t—==F[x];
axin(ce)(x)n |- Vxitt——F[x] — Vx"F[x];
VX =F[x] || = [Vx(=F[x] = x£Na)ll.

Proof. Immediate. Ul

Lemma 14.
i K - Vx(xAIN — x£N ).
i, Ax(x)0 [F0£N4 — L; AfAx(f)(o)x |- VyJN((y + 1N — y£ENY).
i, 1 [ vyxint (vy-"N(F [v] = Fly + 1]), F[0] — F[x]) for every formula F[x] of ZF,.

Proof. (i) and (ii)) Immediate.
(iii) Letne N, ¢ |- VyJN(F[y] — Fly +1]),a |- F[0] et = € |F[n]|. We must show:
nx¢.o.nm € I ie, by Lemma 15, (¢)'oa*n € L.
But it is clear, by recurrence on n, that (¢)"o | F[n] for every n € N. ]

Lemma 14(i) shows that N 4 is a subset of JN.

But it is clear that JN contains 0 and is closed by the function n+— n+ 1.

Now, by Lemma 14(ii) and (iii), N 4 is the smallest subset of JN which contains 0 and is
closed by the function n+ n + 1. Therefore:

N 4 is the set of integers of the model N 4.
The following Lemmas 15 and 16 will be used in Section 4 (proof of Lemma 39).

Lemma 15.

Let O,c € Abesuchthat: O*¢p.aen > 0a*nm and c*vepeoten > Vv*¥pepoem
for every o,v,¢p € A and n € I1.

Then, for every n € N,o,{,¢p € A and = € I1:

L (¢)"O*¢peoem > (¢p)'a*m; in particular, n* p.o.m > (¢p)'a*=n
ii. (¢)"O*CB¢.leoem > {*(¢)'oem.

Proof.

1 Proof by recurrence on n; this is clear if n = 0; if n = m + 1, we have:
c*(¢)"Oepeaem > (¢)"O * poprem > (¢)"(d)a* 1 by the recurrence hypothesis.
The particular case is O = 0,¢ = 0.

il. By (i), we have (¢)"O *CB¢.{ .. > (CB®)'{ * oo 7.
We now show, by recurrence on n, that (CB¢)" * e 3> { * (¢p)" 0ot 7.
This is clear if n =0; if n = m + 1, we have:
(CB@)"{ *oemt 3> CBp * (CBp)"{ vttem > C*B.¢p.(CBp)"( sttem
> B*(CB®)"(epeaem > (CB))"{ * paem > { * (¢p)"(¢p)o. w (by the recurrence
hypothesis).

O
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Lemma 16.

Let Q, X € A be such that:

Q*depedenm>0o*m and Z*XVe0eedle T > V*¥0epepren

for every o,9,v,¢ € A and = € I1. For instance: Q = (K)(K)l; £ = (B)(BW)(B)B.
Then, for every n € N,o,0,{,¢p € A and n € II:

L. (X)Q*depecen > (¢P)'a*m.

il. (2)'"Q*0.CBopleven > *(p)osm.

Proof. Same as Lemma 15. L]

3. The characteristic Boolean algebra 12
3.1. Function symbols

Let us now define the principal function symbols commonly used in the sequel. As
explained before, they are defined in the ground model M and are immediately extended
to the realizability model N 4.

e  The projections pro: X XY — X and pr; : XxY — Y defined by:
pro(x,y) = x, pri(x,y) =y
give, in N4, a bijection from J(XxY) onto JX xJY.
e  We define, in M, the function app : YXxX — Y (read application) by setting:
app(f,x) = f(x) for f € YX and x € X.
This gives, in N4, an application app : (Y ¥)xIX — JY.
We shall write f(x) for app(f,x).

Theorem 17.
If X # @, then | =Y/ w3 (viB¥ (app(f, %) = app(g,x) — f = ¢).

In other words: | |~ the function app gives an injection from J(Y %) into (JY)

Proof. Let f.g € YX, & |- ¥x¥ (app(f.x) # app(g.x) —» L) and 7 € [ # g — L].
We must show & * € IL. We choose a € X; then & |- (f(a) # g(a) — 1).
If f =g, we have ||f(a) # g(a) > L] = ||f #g — L| = ||L — L|. Hence the result.
If f #+ g, we could choose a such that f(a) # g(a).
Then, ||f(a) # g(a) > L| = |If #¢g — L| = ||T — L|. Hence the result. ]

Ix

e Let sp: M — {0,1} (read support) the unary function symbol defined by:
sp() = 0; sp(x) = 1 if x # .
In the realizability model N4, we have sp : N — 12.

e Let P:{0,1} xM — M (read projection) the binary function symbol defined by:
P(0,x) = &; P(1,x) = x.
In the realizability model N4, we have P : 12XN — N.
In the following, we shall write ix instead of P(i, x).
When t,u are /-terms with values in 12, we write t < u for tau = t.

Proposition 18.
L1 ViR (i(Gx) = (in))x).
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i1 Vilx(ix = x = sp(x) < i).

ii. If &€k, then | |- ViTVxaE(ixsIE).

iv. If f: M" —> M is a function symbol such that f(&,..., ) = J, then:
Y21 o G Gt ) = £t )

v. | = Vityx (i# 1 > Vy(y£ix)) and therefore K2l |- Vid2yx (i#1->Vy(y ¢ix)).

Proof. Trivial. 0

Remark. Proposition 18(v) shows that, in the realizability model A, every non-empty
individual has support 1.

Because of property (iv), we shall define, as far as possible, each function symbol f in M,
so that to have f(,..., ) = O&.
e  Thus, let us change the ordered pair (x, y) by setting (J, &) = . Then, we have:

|- YAxYy (i(x, y) = (ix, i)
e  We define the binary function symbol U : M?> — M by setting: allb = aU b.

Remark. The extension to A of this operation is neither the union for the €-membership,
nor the union for the ¢-membership.

The operation J;
Let E € M be such that J € E. In M, we define J;E for i € 2 by setting:
WE =1} ={} xII; J1E = JE = ExIL

In this way, we have now defined J;E in N/, for every i¢J2.

Proposition 19.
il ViJZVxVy(i(x Uy) =ixUiy).
i1 ViRV Ry x((ivj)x = ix U jx).
i, 1 = ViV Yy pvz(ing = 0,2 = ix U jy < iz = ix).
| = Vit A2z (ing = 0,2 = ix U jy < jz = jy).
iv. | Vil RAEY B (i = 0,2 = ix U jy < z£34,E).

Proof. Trivial. |

Proposition 20.
If & € E, E’, the following formulas are realized:

i. J;E increases with i. In particular, J;E < JE.
ii. The ¢-elements of J;E are the ix for x¢JE.
iili. The e-elements of J;E are those of JE such that sp(x) < i.
iv. The only ¢-element common to J;E and J;_;E is .
v. Ifinj =0, then the application x — (ix, jx) is a bijection from J;,;E onto J;E X J;E.
The inverse function is (x,y)+ x LI y.
Vi. jl(E XE/) = :liE X:[iE/.

Proof. We check immediately (i), (ii), (iii), (iv) below:
ViR RY(ing = i o (xALE — x£LE)).
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i ViRYxAE (ix e TE); | = VidYxTE (ix £ x — xALE).

iii. I |- ViJ2VxJE(x,éJ,~E — insp(x) # sp(x)); | |- Vi:lexJE(iAsp(x) #+ sp(x) = x£JE).
v, 1 ViR BB (i = (1 — i)y < ix = ).

V. By Proposition 19(ii), we have ix L jx = (ivj)x = x if xeJ;;E.

By Proposition 19(iii,iv), if x, y ¢JE, there exists z ¢J/;E such that iz = ix, jz = jy,
namely z = ix Ll jy.
Vi. By Proposition 18(iv), we have | |— Vi:[2VxVy(i(x,y) = (ix, iy)).

U

Proposition 21. Let E, E' € M be such that ¢J € E,E’ and E is equipotent with E’. Then
- Vijz(:liE is equipotent with J;E").

Proof. Let ¢ be, in M, a bijection from E onto E’, such that ¢(J) = . Then ¢ is, in
N, a bijection from JE onto JE’. But we have immediately: | | ViJZVxJE(qb(ix) = ig(x)).
This shows that ¢ is a bijection from J;E onto J;E’. ]

3.2. Some general theorems

Theorems 22 to 30, which are shown in this section, are valid in every realizability model.

In the ground model M, which satisfies ZF 4+ V = L, we denote by x the cardinal of
AUITUN (which we shall also call the cardinal of the algebra A) and by k., = P(x) the
power set of .

Theorem 22.
Let VXVyF[Xx, y] be a closed formula of ZF, with parameters in M (with X = (xy,..., Xx,)).
Then, there exists in M, a functional fr : kxx M" — M such that:
i. If a,b e M and ¢ |- F[a,b], then there exists a € k such that & |- Fla, fr(a,a)].
ii. Cl |=vivy (F[sc, ] = IF[R, fF(v,sc)]).

Proof.
i Let £ — o be an injection from A into x. Using the principle of choice in M
(which satisfies V = L), we can define a functional fr : kK x M" — M such that,
in M, we have VXVy(V¢ € A) (¢ |- F[%,y] = & |- FIX, fr(ae, X)]).
il Let & |~ F[a,b], n |- ij"—'F[&, fr(v,a)] and = € I1. Therefore, we have:
n |=—F[a, fr(oe, a)]; now, by definition of f, we have & |- Fl[a, fr(oe, a)].
Therefore n*é.ne L and Cl*Eopem e L.

U

Remark. The function fr is a kind of weak choice function for the relation F[X, y]; given
X, it does not give exactly a witness y such that F[X,y], but a family indexed by Jk in
which there is such a witness.
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Subsets of Ik,

Theorem 23. Let VxVyVz F[x, y,z] be a closed formula of ZF,, with parameters in M.
Then, there exists, in M, a functional fr : M — Kk, such that:
W = Vz(VxVyVy (F[x, p, 2], F[x, ¥, 2] = y =)

s ViTYX(Fx, ifr(2), 2] — sp(x) = i)).

Proof. By Theorem 22(i), there exists, in M, a functional g : k x M? — M such that:
(*) Ifab,ce M and & | Fla,b,c], there exists o« € k such that & |- Fla, g(o,a,c),c].
Using the principle of choice in M, we define a functional fr : M — ik, such that:
for every o € k and ¢ € M, we have fir(c) # g(a, &, ¢).

This is possible since k. is of cardinal > k.

Now let: a,c € M, i€{0,1}, ¢ |-VxVyVy' (F[x,y,cl,Fx,)y',cl,y #y — 1),
¢ |- Fla,iBe(c).cl, n |-sp(a)i # i and = € II.

We must show that Wx¢.é.np.m € I, thatis ¢p*E.Cunpem e L.

We set b = ifip(c) and therefore, we have ¢ |- Fla,b,c].

Thus, by (*), we have & |- Fla, g(o,a,c),c] for some o € k.

Let us show that ||b # g(a, a,¢)|| = |sp(a)i # i|; there are three possible cases:

If i = 0, then [|sp(a)i # i| = |0 # 0] = I, hence the result.

If i=1 and a # &, then ||sp(a)i # i| = |1 # 1| = I, hence the result.

Ifi=1and a = ¢, then:

b # glona,c)ll = [ifr(c) # gl a,c)| = [|Br(c) # glo, &, c)ll = | T| = &, by definition

of fr, hence the result.

It follows that 5 |—b # g(a, a,c¢). Now, we have seen that:
¢ |-Fla,b,c] and ¢ |-Fla,g(o a,c),cl.
Therefore, by hypothesis on ¢, we have ¢p*E.Eenom e L. U]

Remark. Theorem 23 is crucial for the applications in the sequel. A perhaps more intuitive
reformulation is given in Corollary 24(i).

Corollary 24. If ¢ € E, then the following formulas are realized:
Vijz(there is no surjection from J{J;E ; jeI2,j # i} onto Jiky).

—-

i, Vit2Vj2(if there exists a surjection from J,E onto Jiky then j > i).
i, ViRV, j £ 0,inj =0
— (there is no surjection from Jjx; W Jjx; onto Jiky X JjK4)).

Remarks. @ is the symbol for disjoint union.
The notation (J{J,E ; jeI2,j # i} denotes any individual X of A such that:

N EVx(xeX o 32 # i AxelE)).

Proof.

i We apply Theorem 23, with the formula F[x,y,z] = (x,y)e¢z.
In the realizability model AV, we have Br : N — Jk,.
Let zg be, in NV, a surjective function onto Jik,.
We have fr(zo) iy, and therefore ifr(zo)eJirc,.

https://doi.org/10.1017/50960129516000050 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000050

J.-L. Krivine 60

If x is such that (xg,ifr(zo)) € zo, then sp(xg) =i by Theorem 23.
Therefore, we have xoel;E = j > i, by Proposition 20(iii).

ii. It is a trivial consequence of (i).

iii.  We take E = «k; since i,j # 0,inj = 0, we have i,j % ivj; by (i), there is no
surjection from Jixy U Jjky onto Jy K.
Now, since inj = 0, Jy k4 is equipotent with Jjky xJjx; by Proposition 20(v).
Moreover, F is the only ¢é-element common to Jjky and Jjx; by proposition20(iv).
But these sets contain a countable subset by Theorem 26. It follows that Jix, UJjx,
is equipotent with Jjrxy & JjKcy.

L]

Theorem 25. There is a function symbol f such that |- (Vy < Jr)(Ix eI )y ~ f(x)).
Roughly: | (f is a surjection from Jk. onto 23").

Reminder. x € y is Vz(z£y > z4X); X2 yiSXS yAy S X.

Proof. In the ground model M, we have x > card(IT); thus, there exists a bijection f
from x; = 2" onto P(x xII). Therefore, f is a function symbol which is a bijection from
Jky onto JP(xxII).

In the ground model M, we define ¢ : M — P(kxII) by ¢(x)=xnN(xxII).
In NV, we have ¢ : N — IP(k xII); | |-Vx(P(P(x)) = ¢(x)).
Now, we check immediately that:
L1 =Y YxdPOI 4T Sy £x) because [|vAal < [|v AJk| for all a € P(xx IT).
i. |- Vx\fvj"(v,éx =v£¢(x)) because |vial = |vEp(a)| for all v € k.
From (i), it follows that JP(x xIT) is, in NV, a set of e-subsets of Jk;
from (ii), it follows that it contains at least one representative for each equivalence class
for ~.
It follows that f has the desired properties. ]

Theorem 26. Let E € M be infinite and such that ¢ € E. Then we have:
- Vijz(i #+ 0 — there exists an injection from N into J;E).

Proof. In M, let ¢ : N — (E \ {J}) be injective. In N, we have ¢ : IN — JE.
The desired function is n— i¢(n). Indeed, we have:
| = Vit m AN AN £ 0 s i(m 4+ 1+ 1) # igp(m)).
This shows that the restriction of this function to N4 (the set of integers of A 4) is
injective. U
Theorem 27. | vid2 (i#0,i #1 — (Jx, cannot be well ordered)).

Proof. Let i € 12,i # 0,1; then, J;x, and J;_jx, are infinite (Theorem 26) and < Ji,

by Proposition 20(i). But there exists no surjection from J;k, onto J;_;k, neither from
Ji_ixy onto Jix, by Corollary 24. O

Remark. It is probably useful to make clear what a well ordering is in this non-extensional
context. The formula (R is a strict well ordering on X) is the conjunction of:
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(Vx,y,ze X)((x,¥)eR,(y,z)eR — (x,z)¢R), (Vx,ye X)(x £y < (x,y)e RV (y,x) ¢ R)

(i.e. R is a strict total order); (VY < X)(VxeY)3yeY)(VzeY)((z,y)£R) (i.e. R is well
founded).

Theorem 27 says that, if the Boolean algebra J2 is not trivial, then Jix, is not well
orderable. On the other hand, it can be shown that, if this Boolean algebra is trivial, then
the realizability model AV is an extension by forcing of the ground model M. In this case,
it is well known that N itself can be well ordered (we suppose that the ground model M
satisfies ZF + V =1L).

Note also that, even if there is a non-well-orderable set in N, we do not know if the
underlying model of ZF satisfies AC or not.

A strict order on Jki A binary relation < on X is a strict order if it is transitive
(x < y,y <z= x < z) and antireflexive (x < x). This strict order is called total if we
have:

xX<yory<xorx=y.
If (X0, <o), (X1, <1) are two strictly ordered sets, then the strict order product < on XoxX;
is defined by: (xo,x1) < (yo,y1) < X0 < yo and x; < y;.

Lemma 28. The strict order product of <, <; is well founded if and only if one of the
strict orders <, <; is well founded.

Proof. Proof of =: by contradiction; if <, and <; are not well founded, we have:

Vyo (Vxo(xo <o yo — Fo[xo]) = Fol[yo]); =Fo[bo];

Yy (Vxi(x1 <1 y1 = Fi[x1]) = Fi[y1]); =F1[b1];

for some formulas Fy, F; and some individuals by, b;. It follows that:

VyoVy1 (VxoVx1(xo <o Yo, X1 <t y1 = G[x0,x1]) = G[yo, y1]); =G[bo, b1]

where G[xg,x1] = Fo[xo] V Fi[x1].

Proof of <: suppose that < is well founded and let G[xg,x;] be any formula.

Let F[xo] = Vx1G[xp,x1]. We have to prove VyoVyiG[yo, y1], i.e. VyoF[yo] with the

hypothesis YyoVy1 (VxoVx1(xo <o Yo, X1 <1 ¥y1 — G[x0,X1]) = G[yo, y1]). But this implies:

Yyo (Vxo(xo <o yo — F[x0]) = F[yo]) and the result follows, because < is well founded.
Ul

We denote by <« a strict well ordering on k., in M ; we suppose that its least element is
& and that the cardinal of each proper initial segment is < «.

This gives a binary function from 2 into {0,1}, denoted by (x < y), which is defined as
follows: (x<y)=1< x<y.
We can extend it to the realizability model NV 4, which gives a function from (Ji;)? into J2.

Lemma 29. The following propositions are realized:
If ie12,i+0, then (x<y)=/iis a strict ordering of Jyx,, which we denote by <.
If iis an atom of the Boolean algebra J2, then this ordering is total.

Proof. We have immediately:
i1 Vaee vy ez e (e ap)a(y <2) < (xaz2)); |-V ((x < x) = 0).
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i1 e vy sy (x4 iy) < ).

i, 1= VxAeypdes (xay) = 0,(y <x) = 0 <> x = y).
It follows from (i) that, if i # 0, then (x<y) =i is a strict ordering relation on Jk..
It follows from (ii), that this relation, restricted to J;k., is equivalent to (x <y) =1.
Finally, it follows from (iii), that the relation (x<y) =i, restricted to J;k,, is total when
i is an atom of J2. L]

Lemma 30. The following propositions are realized:
i Vijz(the application x — (ix, (1 —i)x)is an isomorphism of strictly ordered sets
from (Jry,<) onto (Jiry, <) X (J1iky, <1—)).
il. Vijz(either Jiky or Ji_jk, is a well-founded ordered set).

Proof.

i. It follows from Proposition 20(v), that the application x — (ix, (1 —i)x) is a bijection
from Ji, onto Jiky xJi_;k.. In fact, it is an isomorphism of ordered sets, since we
have: | = Vid2yxa5e ¥yass (x < y) = (ix <iy)v((1 — i)x < (1 — i)y)) and therefore:

= Vi pdin (xay) = 1o (ix2iy) =i A (1 —i)x < (1 —i)y) = 1 —i).

ii. By Theorem 12, the relation (x<y) =1 is well founded on Jixy. Thus, the result

follows immediately from (i) and Lemma 28.

U

3.3. Jk countable

In this section, we consider some consequences of the hypothesis: (Jx is countable).

Non-extensional choice (NEAC ) and dependent choice (DC)

The formula VxVyVy'((x,y) e f,(x,y") e f — y = ') will be written Func(f)
(read: f is a function).

We recall that x < y is the formula Vz(z £y — z £ x).

The formula Vz3f (f =z A Func(f) AVxVy3y'(x,y) ez — (x,¥') & f))

is called the non-extensional axiom of choice and denoted by NEAC.

It is easily shown (Krivine 2012) that ZF, + NEAC F DC (axiom of dependent choice).
On the other hand, we have built, in Krivine (2012), a model of ZF, + NEAC + —-AC;
and other such models will be given in the present paper. In all these models, R is not
well orderable.

Theorem 31.
There exists a closed c-term H such that H |~ (Jx is countable — NEAC).

Proof. We apply Theorem 22(ii) to the formula (x,y)ez. We get a function symbol g
such that CI |- VxVyVz((x,y)ez — ij"(x,g(v,x,z))sz).
Therefore, it suffices to prove NEAC in ZF,, by means of this formula and the additional
hypothesis: (Jk is countable). Now, from this hypothesis, it follows that there exists a
strict well ordering < on Jx. Then, we can define the desired function f by means of the
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comprehension scheme:
(63)ef o (xy)ez A Iy = g(v,x,2) AVl (o < v = (x, g0 x, 2)) £2).
Intuitively, f(x) = g(v, x,z) for the least v ¢Jk such that (x,g(v,x,z))¢z. U]

Subsets of R

Theorem 32. | (Jx is countable) —
every bounded above subset of the ordered set (Jx,<) is countable.

Proof. Every proper initial segment of the well ordering < on x is of cardinal x. Thus,
there exists a function ¢ : x xx; — x4 such that, for each x € x4, x # &, the function
o+ ¢(a,x) is a surjection from x onto {y € k4 ; y <x}. Then, we have immediately:

vy (v ax) = 1o (v (y # ¢l x) = 1)).

This shows that, in N, there exists a surjection from Jx, onto every subset of Jx, which
is bounded from above for the strict ordering <.
Thus, all these subsets of Jik, are countable, since Jk is. ]

Theorem 33. |- (Jx is countable ) — there exists an injection from Jk, into R.

Proof. We have obviously |~ (Jk is countable — J2 is countable), and therefore:
|- (Jx is countable — (32)3" is equipotent to R).
Now, by Theorem 17, we have: | (there is an injection from Ji, = J(2¥) into (32)3’C). U]

Theorem 34. The following formula is realized:
(Jx is countable ) — there exists an application i — X; from the countable Boolean algebra
J2 into P(R) such that:

i. Xo={J};i#0 — X, is uncountably infinite;
ii. X;xX; is equipotent with X;;
ii. X;iNX; =X\ and therefore i<j — X; < X;;
iv. inj =0 — X,; is equipotent with X;x X;;
v. there exists a surjection from X; onto R.
vi. if J is a subset of 12 and if there is a surjection from |J
for some jeJ.
vil. if there is a surjection from X; onto X;, then i < j;
viii. if i, j # 0,inj = 0, then there is no surjection from X; W X; onto X; xX;.

oy Xj onto X;, then i < j

Proof. For each i&J2, let us denote by X; the image of J;x, by the injection from Ji
into R, given by Theorem 33.

i The fact that X; is infinite for i # 0 is a consequence of Theorem 26.
If i = 1, X; is uncountable by (v). If i # 0,1 and X; is countable, then X;_; is infinite
and thus, there exists a surjection from X;_; onto X;. This contradicts Corollary 24.

ii. By Proposition 20(vi), Jix; X i is equipotent with J;(xk%), thus also with Jjx,
by Proposition 21.
iii. If aeJix, and aeljig, then ia = a, and therefore (inj)a = ja = a.

iv. This is Proposition 20(v).
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V. Application of Theorem 25.
vi., vii), viii) Applications of Corollary 24.

U

Theorem 34 is interesting only if the countable Boolean algebra 12 is not trivial.
In this case, by Theorems 27 and 33, R cannot be well ordered ; the underlying model of
ZF does not satisfy AC.

4. Collapsing Jx

In this section, we start with an arbitrary realizability algebra A and we build a new
algebra B such that:

e  Nj realizes the formula: (Jx is countable).
e  The (countable) Boolean algebra 12 of the model Np is elementarily equivalent (for
the language of rings) to the algebra J2 of N 4.

In the sequel, we shall consider two interesting cases: J2 is atomless; J2 has four ¢-elements.

4.1. Extending a realizability algebra

In the ground model M, we consider a realizability algebra A = (A, II,A *xI1, 1), the
elementary combinators of which are denoted by B, C, I, K, W, cc and the continuations k;
for n € I1.

Let x be an infinite cardinal of M, k > card(AUII); we consider the tree (usually denoted
as k<) of functions, the domain of which is an integer, with values in «.

Let P be the ordered set obtained by adding a least element O to this tree.

P is an inf-semi-lattice, the greatest element 1 of which is the void function .

The greatest lower bound of p,q € P, denoted by pq, is p (resp. q) if p,q # O and g = p
(resp. p < q). It is O in every other case.

Remark. P\ {O} = k= is the ordered set used, in the method of forcing, to collapse (i.e.
make countable) the cardinal x.

We define a new realizability algebra B by setting:

A=AXP ;II=IIxP ; A*xII=(A*I)xP;

(&,p)e(m,q) = (Cem,pg); (¢,p) * (n,q) = (E* 7, pq); (E,p)(n.q) = (C<n, pq).
B=(B",1);C=(C",1);I=(',1); K= (K',1); W= (W', 1); cc = (cc", 1); Kz = (kz,D)-
The combinators B*,C*,1",K*,W*,cc”, and the continuations k. are defined in such a
way that we have, for every v,&,n,{ € A and = € II:

B**v.lenelem > Exv.Cplam;

C'*vilanelem>E*xvilanam;

Fxv lem > Exvam;

K'*xvelanem > E*xvam;

W' xy.&anerr > EXvanenen;
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K. *velew > EXxvam,

cC'* vl > EXxvaK LT

(reminder: the notation é*m > & *n’ means E*xn e 1L =& *xn' ¢ 1)
Therefore, we set:

B* = inixiy/z(xn)(C)yz = ((C)(BC)(C)(B)(BB)B)C;

C* = InAxAylz(x)nzy = (C)(B)C;

I = Jnix(x)n =Cl;

K* = inJxly(x)n or (C)(B)K;

W" = JnixAy(x)nyy = (C)(B)W

k =/n /IX( n)( ) = (C)(B)kn;

cc’ = An)x(cc))k(xn)ﬂhnix(k)(x)n

= (©((©/(BN(B)(BICICXC)(B)(B)(B)(B)(B)cc)B)B)C)B.

We define, in M, a function symbol from P xN into {0, 1}, denoted by (p < n), by setting:
(p<n) =1 < p+# O and the domain of p is an integer < n

We define Lz, that we shall denote also by L, as follows:

(¢*xn,p)ell < (VneN)((p«n)=1=¢*pnp.nel) forpeP,¢e€Aand nell
In particular, we have (£ * 7, Q) € I for any & € A,n € I1.

We check now that B is a realizability algebra.

e (&pqg)*(nr) ¢ L= (Sp)*(n,q)e(m,r) ¢ IL:
Suppose that (E*xn .7, pgr) € IL; we must show (Cén*m,pgr) € UL ie. Céy*n.m e I
for (pqr <n) = 1. Now, we have Cén*n.n > *n.n.n whichisin L by hypothesis.
hd (B*’ 1)* (éap)'(WQ)'(zsr)'(n,S) ¢ 1L = (ésp)*(W,Q)(i’r)'(Tfas) ¢ A
Suppose that (&,p)*(n,q)(,r).(n,s) € L ie. (E*Cnl.m, pgrs) € IL; we must show:
B*"*&unelempgrs)€ I ie. B**n.éen.leme L for (pgrs<n)=1.
Now, we have: B* *n.&en.{en > & *n.Cpl.n which is in I by hypothesis.
L4 (C*al)* (fap)°(777Q)°(€sr)°(7T>S) ¢ J'”- = (éyp)*(é’a"%(’%Q)-(ﬂaS) ¢ —H'L:
Suppose that (¢ *{.n.m, pgrs) € I ; we must show:
(C**x¢éunelam,pgrs)e I ie. C'*n.éun.leme I for (pgrs<n)=1.
Now, we have: C* *nolenpelen > E*n.{.n.n which is in IL by hypothesis.
o (IND*(pe(mq) ¢ L = (Ep)*(n,q) ¢ L:
Suppose that (& * w,pq) € AL ; we must show:
(IF*x&é.m,pqg) € 1L ie. I"*pn.lone 1L for (pg<n)=1.
Now, we have: I" *n.¢ . > £ * n.m which is in L by hypothesis.
hd (K*:l)*(étp)'(naq)‘(nar)¢J'”—:(6ap)*(nar)¢l”—:
Suppose that (& *x,pr) € I ; we must show:
(K'*x&onem,pgr) € I ie. K'*n.éon.n € I for (pgr <n) = 1. Now, we have:
K'*n.l.nem > &*n.nm which is in I by hypothesis.
o WLD*(p)e(n,q)e(m,r) & L = (& p)*(1,9)(1n,q)«(m,7) & IL:
Suppose that (& *n.n.n,pgr) € I ; we must show:
(W' *&onem,pgr) € Il ie. W*n.éon.n e L for (pgr<n)=1.
Now, we have: W *n.¢.n.n > & *n.n.n.n which is in I by hypothesis.
L4 (CC*,I) * (é’p)‘(na('I) ¢ J-”— = (isp) * (k;aq)’(ﬂ:’q) ¢ Jn-:
Suppose that (£ *k’ .7, pq) € IL; we must show:
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(cc**&.m,pg) € 1L ie. cc**n.é.n e 1L for (pg<n)=1.

Now, we have: cc” *n.&.m > ¢ *n.k; .m which is in L by hypothesis.
e (knp)*(&q)e(m,r) ¢ L = (E,q)*(n,p) ¢ L:

Suppose that (& * w,pq) € 1L ; we must show:

(ky*Eem,pgr) € 1L ie. K. *n.l.w e L for (pgr<n)=1.

Now, we have: k; *n.¢.w > ¢ *p.n which is in L by hypothesis.

For each closed c-term 7 (built with the elementary combinators and the application), we
define t* by recurrence, as follows:

if 7 is an elementary combinator, t* is already defined;

we set (tu)" = Ct'u".

In the algebra B, the value of the combinator T is 15 = (14, 1).
In particular, the integer n of the algebra B is ng = (n’, 1).

We have 0z = (0°,1) = (K", 1)(1",1); therefore: 0" = CK™I".
We have (n+ 1)p=((n+1)*,1) = (¢",1)(n",1); therefore: (n+1)"=Co'n".
Thus, we have, for every n € N: n" = (Co*)"0".

We define the proof-like terms of the algebra B as the terms of the form (0,1) where 6 is
a proof-like term of the algebra A. The condition of coherence for B is therefore:

If 0 is a proof-like term of A, there exist n € N and 7 € I1 such that 0 *n.n ¢ L.

If A is coherent, then so is B: indeed, if 0 is a proof-like term of A, then so is 00; this
gives a stack 7 such that 00 * 7 ¢ .

Notations.

The realizability models associated with the algebras .4 and B are denoted, respectively,
by N4 and Nz.

The truth value of a formula F in the realizability model Nz will be denoted by ||F||z or
also [|F].

We write (&,p) -gF or (&,p) I[FF to say that (&, p) realizes the formula F in the
realizability model N3.

4.2. The collapsing function

We now define G € M in the following way:
G = {((ma),(m,p)) ; me N,a € k,m € II,p € P\ {O}, p(m) is defined and p(m) = o}.

Theorem 35.
The formula (G is a surjection from N onto IJk) is realized in the model N3.
More precisely, we have:

i. (0o, 1) || VxVyVy' ((x,y) eG,y +y — (x, y’),ég) with 0y = Anikix(x)n;

i, (01, 1) - Vy[¥xi((x, ») £G) — L] with 0; = inix((((n)(CB)(C)a")(C)x)0")(a)n,
and ¢ = (BW)(B)B (successor).
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Proof.

L LetmeN,o,o €, (m,p) € [[(ma)£Gll, (n',p') € [|(m,o)£G]| and (&, q) (o # o
Thus, we have m € dom(p),m € dom(p’), p(m) = o and p'(m) = o'.
By Lemma 7, we can replace the formula (m,a)eG, which is —((m, o) £G), with the
set of terms ~((m,a)£G), which is {Kep) 5 (7, p) € [l|[(m, o) £G||}.
Therefore, we have to show that:
(00,1) * Kizpy« (£,q) o (n',p") € AL thatis (Og*k,.E.n',pp'q) € L.
This is obvious if pp'q = Q. Otherwise, p and p’ are compatible, thus o = o',
Let n be such that (pp'q«<n) = 1; we must show that Oy *n.k .l.7n € L ie.
Exp.n’' e .
Now, we have (&,q) |- L by hypothesis on (&, q), thus (&,q) * (=',1) € L.
Since (g < n) = 1, it follows that ¢ *n.7n’' € L.

11. Let us first show that 6; *n.n.w > n*n+1.n".w for each n € N,n € A and
w € Il
We have 0 *n.n.@ > n*(CB)(C)s*+Cn.0".n+ 1.w. By Lemma 15(ii), in which
we set { =Cn,¢ =Co",0=0",¢=0,0=0and n =n+ 1.w, we obtain:
O1*n.new > Cnp*n"en+1.w (since n* =(Ca")"0") >n*n+l.n".m.

We prove now that (0;,1) || Vyj"[inm((x, Y£G) — L]

Let o € x, (1, po) |- Yx"Y((x, %) £G) and (w,qo) € [IxP;

we show that (61,1) * (1, po) - (@, qp) € L.

This is trivial if pogo = O; otherwise, let n € N be such that (pogo < n) = 1.

We must show that 6y *n.n.w € 1L, thatis n*n+1.n" o € L.

But we have (n,po) [I{(n",1)} = (n,2)4G by hypothesis on 7.

Since (poqo <n) = 1, we can define ¢ € P with domain n 4+ 1 such that g > poqo and
q(n) = a. Then, we have (m,q) € |||(n,2)£G|| by definition of G.

We have thus (1,po) * (n",1).(w,q) € 1L thatis (y*n*.w,poq) € L.

But we have ppq = ¢, and therefore (y*n*.w,q) € AL.

Since (q«n+ 1) =1, it follows that n*n+1.n".w € L. U]

Corollary 36. N5 realizes the non-extensional axiom of choice and thus also DC.

Proof. Indeed, by Theorem 35, the model Np realizes the formula: (Jx is countable).
But we have k = card(A UITU N), since k > card(A UITU N) and x = card(P).
Therefore Njp realizes NEAC, by Theorem 31. ]

Remark. Intuitively, the model A is an extension of the model A4 obtained by forcing,
by collapsing Jik. We cannot apply directly the usual theory of forcing, because Jk is not
defined in ZF.

4.3. Elementary formulas

Elementary formulas are defined as follows, where t,u are /-terms, i.e. terms built with
variables, individuals, and function symbols defined in M:

e T,1 are elementary formulas;

https://doi.org/10.1017/50960129516000050 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129516000050

J.-L. Krivine 68

° if U is an elementary formula, then t =u < U and Vx U are too;
e if U,V are elementary formulas, then U — V too;
e if U is an elementary formula, then ¥Ya'™U too.

Remark. ¢ # u is an elementary formula, and also t4Ju. Indeed, this formula can be
written f(t,u) # 1 where f is the function symbol defined in M by: f(a,b) =1 iff a € b.
If U is an elementary formula, then ¥xd U is too: indeed, it is written Vx(f(x,t) =1 < U).

For each elementary formula U, we define two formulas U, and U?, with one additional
free variable p, by the conditions below.
Condition 1 defines U? by means of U,; conditions 2 to 5 define U, by recurrence:

UP =Yg P ¥ni™(pg <n) = 1 = U,):

l,=Lland T,=T;

(t=u=>U),=(t=u=Uy); (VxU[x]), =VxUyx];

(U = V), = Vg3 (p = qr o (U1 > V,);

. (Vn_imU[n])p = VnJN({n*} — U,[n]), in other words:
[(yn™ U [n)), || = {n"em ; n € N,z € [|U,[n]||}.

ARSIl

With the help of these formulas U,, U, we can interpret realizability in the algebra B in
terms of realizability in the algebra A, at least for elementary formulas, as shown in the
following Lemma 37.

Lemma 37. For each closed elementary formula U, we have:
(mp) € Ul = n e |Upll; (&p) IFU << -U.

Proof. By recurrence on the length of the formula U.
L. We have (¢,p) I-U < (&,p) * (m,q) € I for (m,q) € [|U]ll, that is:
(Exm, pq) € A for every m € ||U,|, by the recurrence hypothesis, or also:
(Vg e P)(Vm € |Uyl)(Vn e N)((pg<n)=1=¢*n.n € L) which is equivalent to:
¢ [-¥gaPvnin(pg «n) =1 < U,) thatis & |- UP.
2 and 3. Obvious.
4. Any element of |||[U — V|| has the form (&, q).(n,r), ie. ((.7,p), with p = gr,
(&,9) IFU and (m,r) € ||V]|]; by the recurrence hypothesis, this is equivalent to:
Cem €U — Vil

5. We have [[Va™U[n][| = V3N ({2’ 1)} — Un))]|

={(n",1).(n,p) ; n € N,(n,p) € [UM]|I} = {(n"e 7, p) ; n € N, (r,p) € [|U[n]]]}.

Thus, by the recurrence hypothesis, it is {(n".7,p) ; n € N, € || U,[n]]|}. ]
Lemma 38.

For each elementary formula U, there exist two proof-like terms 09 ,0{], such that:
i 0%, |- VpAPvnint(p<n) =1 < (U - U,));

i. 0}, |- YpIP¥nin(p<n) = 1 = (U, — U));
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. & |- VpAPVnint(p<n) = 1 < (U — UP));
iv. - YpIP YR (p<n) = 1 < (UP — U));
with ¥, = Andxim(0%)mx and i, = inix(0}n)(x)n.
Proof. We first show (iii) and (iv) from (i) and (ii).

(1)=(iii)
Let p € P and n € N be such that (p<«n) = 1; let ¢ U and =n € |U?|. We have to
show: Anixim(0%)mx*n.&on € L.
Now, by the definition (1) of UP?, there exist ¢ € P, m € N and w € ||U,|| such that
(pq <m) =1 and © = m.w. Therefore, we have (¢ «m) =1 and, by (i):
0% *m.¢.w € L, hence inixim(0¥)mx*n.é.m.w € L.
(il)=(iv)
Letpe P,ne N,¢ € A and = € |U| such that (p<n)=1and ¢ |- UP.
We have to show: inix(0Ln)(x)n*n.é.ne L ie. 0 *n.én.me L.
But, by the definition (1) of U?, in which we set ¢ = p, we have ¢n |- U,; therefore, the
desired result follows from (ii).
We now show (i) and (ii) by recurrence on the length of U.
e If Uis LorT,wetake 0 =0} = inixx.
e IfU=(t=u—V)or U=VxV,then 0} =0% and 0}, =0}, by (3).
e IfU=V > W,letq,reN and p=gqr; let n € N such that (p«<n) = 1. We have:

WV >V tnl-Vi-sV, 0nl-W > W, 0hn|-W, > W.

Let & |-V — W then, by the recurrence hypothesis, we have:

(0% n)&)y -V - W, and iz(0%n)(&)(thn)z |-V — W,.

Thus, by (4), we obtain 09, = inixiz(0%n)(x)(t} n)z.

Now, let ¢ |- V4 — W,; then, by the recurrence hypothesis, we have:

A0y )&y -V — W and Zz(Ol () )z |-V — W.

Thus, by (4), we obtain 0, = Anix2z(0n)(x)(t)n)z.
e If U=VYm"'V[m], we first prove:

Lemma 39.
There exist two proof-like terms Ty, Ty such that, for every closed formula F of ZF,:

i To N7} - F) - () - F)).
i Ty VN () - F) - (0"} - F)).
1il. For every elementary formula V [n], we have:

Ty |- (V"W [n]), — Vn"'V,[n] and T; |- Vni"V,[n] — (Yui™V [n]),.

Proof.
i. We apply Lemma 15(ii) to the realizability algebra A, with:
¢c=0,0=0,¢=Co" and o =0". For every n € N,{ € A and = € I, we obtain:

n*(CB)(C)o*«{+0"em > ( *n" o7, since n" = (Co*)"0".
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Therefore, if we set Ty = Af An((n)(CB)(C)a*)f0", we have To*{.n.m > *n".m.

Thus, we have T |- VYN (({n°} — F) - ({n} — F)).
ii. We apply now Lemma 15(i) to the realizability algebra 5, with:
¢c=o0p,0=0z ¢=(CZ,1)a=(Q1)and Q= AdAflaa; X = InAdlf la(ndf)(f)a.
Since ng = (65)"05 = (n*,1), we get, by setting £, = (C)°Z:
m, 1)*(CX,1).(Q,1) e (w,1) 3> ((Z2)"Q 1) * (w, 1)
because ((CZ,1))"(2,1) = ((£,)"Q,1). We write this as:
" *CX.Q.w, 1) > ((£)"Q*w,1).
It follows that n* *0.CX.Q.w > (X,)"Q*d.w for some d € N,
Let us take w = CBo.{.0.7. We obtain:
n"*0.CXZ.Q.CB6.{.0.7 > (X)"Q*d.CBs.(.0.7.
Now, we apply Lemma 16(ii), with ¢ = ¢ and « = 0 (note that ¥, = (C)>Z satisfies
the hypothesis of Lemma 16). We obtain (2;)"Q* d.CBg.(.0.7 > { *(0)"0.n and
therefore: n”* *0.CX.Q.CBg.(.0.7t > { *n.m.
Finally, if we set Ty = Afin((((nQ)(C)E)Q)(C)Bo%fQ, we have:
Ty *{.n"on > {*n.n and therefore T |-Vn'N(({n} — F) — ({n*} — F)).
iii. This follows immediately from (i) and (ii), by definition of (VnimV[n])p. ]

—_

We can now finish the proof of Lemma 38, considering the last case which is:
o U =VYmi"V[m].
We show that 0%, = inix(Ty)Am(0%n)(x)m.
By the recurrence hypothesis, we have 09 | VpJP Vi ((p<n) = 1 < (V[m] = V,[m])).
Let pe P,ne N, € A be such that (p<n) =1 and & |- Vm™V [m].
Then, for every m € N, we have &m |-V [m]; thus (0%n)(E)m |- V,[m] and therefore:
2m(09n)(E)m |- Ym™V,[m]. By Lemma 39(iii), we get:
(T1)2m(09n)(E)m |- (Ym™V [m]), and therefore:
2x(Ty)2m(09n)(x)m |- Ym™V [m] — (Vm"V [m]),. Finally:
Jndx(Ty)im(0%m)(x)m |—VpaPVnint(p < n) = 1 & (¢mi™V [m] — (YmintV [m]),)).
We show now that 0, = Anixim(0%n)(To)xm.
By the recurrence hypothesis, we have 0}, | VoIVt (p < n) = 1 < (V,[m] — Vm)));
Let pe P,ne N,¢ € A be such that (p<«n) =1 and ¢ ||—(VmimV[m]),,.
By Lemma 39(iii), we have To¢ |- Vmint Vy[m], thus Tolm |V, [m].
Therefore (64n)(To)ém |-V [m)], and Am(0Ln)(To)ém |—Ym™V [m], hence the result. [

Theorem 40.
The same closed elementary formulas, with parameters in M, are realized in the models

N4 and Ng.

Proof. Let U be a closed elementary formula, which is realized in N4 and let 0 be
a proof-like term such that 0 |~ U. Then, we have (¢%)n0 |- U? for (p<n) = 1, by
Lemma 38(iii); therefore, setting p = & = 1, we have ((z%)00,1) || U by Lemma 37.
Therefore, the formula U is also realized in the model N35.
Conversely, if (0,1) |- U with 0 € PL, we have 0 |- U', by Lemma 37. Thus },00 |- U
by Lemma 38(iv). L]
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Remark. For instance:

e  If the Boolean algebra J2 has four e-elements or if it is atomless, in the model N4,
the same goes for the model V3.

e  Arithmetical formulas are elementary. Therefore, by Theorem 40, the models N4 and
N5 realize the same arithmetical formulas. In fact, this was already known, because
they are the same as the arithmetical formulas which are true in M (Krivine 2009;
2007).

4.4. Arithmetical formulas and dependent choice

In this section, we obtain, by means of the previous results, a technique to transform into
a program, a given proof, in ZF + DC, of an arithmetical formula F.

We notice that this program is a closed c-term, written with the elementary combinators
B, C, |, K, W, cc without any other instruction.

Thus, let us consider a proof of ZF, - NEAC — F (NEAC is the non-extensional
axiom of choice, see Section 3.3).

It gives us a closed c-term @( such that @y [ NEAC — F, in every realizability algebra.
We now describe a re-writing on closed c-terms, which will transform ® into a closed
c-term @ such that ® | F in every realizability algebra A.

By Theorem 31, we have ®; |- (Jk is countable) - F with ®; = Ax(®Do)(H)x.

We apply this result in the algebra B, which gives:

(®7,1) ||+ (Ix is countable — F).

Now, Theorem 35 gives a closed c-term A such that (A, 1) |- (Jx is countable).
It follows that (®7,1)(A,1) |- F, ie. (‘P,1) |- F, with ¥ = COJA.

Since F is an arithmetical formula, it is an elementary formula.

Therefore, by Lemma 37, we have W |~ F!. Now, by Lemma 38(iv), we have:

b =P YRt (p <) = 1 < (F? — F)).

We set p =1 and n = 0, and we obtain 7.0 |- F! — F.

Finally, by setting ® = (¢})0¥, we have @ |-F.

4.5. A relative consistency result

In Krivine (2012), we have defined a countable realizability algebra A such that the
characteristic Boolean algebra J2 of the model NV 4 is atomless (in this example, we have
Kk = N).

If we apply the technique of Section 4, in order to collapse Ji, we obtain a realizability
algebra B and a model Np, the characteristic Boolean algebra of which is also atomless.
Indeed, the property: (J2 is atomless) is expressed by an elementary formula.

But now 12 is the countable atomless Boolean algebra (they are all isomorphic). Therefore,
by applying Theorems 31 and 34, we obtain the relative consistency result (i) announced
in the introduction.
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Remark. We note that this method applies to every realizability algebra such that we
have:
|- (32 is an atomless Boolean algebra).

5. A two-threads model (J2 with four elements)

In this section, we suppose that A is a standard realisability algebra (Krivine 2012).
This means, by definition, that the terms and the stacks are finite sequences, built with:
the alphabet B, C, I, K, W, cc, k, «, (, ), [, |

a countable set of term constants (also called instructions),

a countable set of stack constants

and that they are defined by the following rules:

B, C, |, K, W, cc and all the term constants are terms;

if t,u are terms, the sequence (t)u is a term;

if 7 is a stack, the sequence k[x] is a term (denoted by k;);

each stack constant is a stack;

if ¢ is a term and 7 is a stack, then t.7 is a stack.

If t is a term and 7 is a stack, then the ordered pair (¢,7) is a process, denoted by t * 7.

A proof-like term of A is a term which does not contain the symbol k; or, which is the
same, a term which does not contain any stack constant.

We now build a realizability model in which J2 has exactly 4 elements.

We suppose that there are exactly two stack constants n°, n' and one term constant d.
For i € {0,1}, let A’ (resp. IT') be the set of terms (resp. stacks) which contain the only
stack constant 7',

For i, j € {0,1}, define JL; as the least set P = A’ * IT' of processes such that:

1. dxj.neP forevery n eIl

2. Exm e N*IT Exp'eP,éxn>¢*n =¢xge P

3. If at least two out of three processes E*x7, n*n, {*m arein P, then d*2.¢.n.{.7w € P.
Remarks. The pre-order > on A * IT was defined at the beginning of Section 2.
We express condition 2 by saying that P is saturated in A’ * IT'.

Following this definition of >, the constant d is a halting instruction. Indeed, we have:
d*xn>¢*w < Exw=d*m.

We define 1L by: AXTI\ AL = (A°* 10\ L) U (A" =11\ UL])
In other words, a process is in 1L if and only if
either it is in 1Ly U IL} or it contains both stack constants n°,x!.

Lemma 41. If ¢*xn e JL;- and E*m > & *n' then &' *7n € JL; (closure by reduction).

Proof. Suppose that &y*mg > Ey*my, Eo*mp € JL;- and &\ *m ¢ JL; We may suppose
that:

(*) Eo * Mo > &) * m; in exactly one step of reduction.
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Let us show that JL; \ {& * mo} has properties 1,2,3 defining _IJ_j», which will contradict
the definition of _IJ_j»:
1. If So*mg=d* jum, with w € IT', then d*j.n > & *n, thus &i*my=d*j.m.

Therefore &) * my € AL, which is false.

2. Suppose Exm e ATXIT, Exm > ¢ *n' € JL;, Exqp £ Eg*xmy. Then Exme I,

by (2).

If &xm=¢E *xm, then &y*mg > & * 7/ since &' * ' #+ &y * mp, it follows from (*)

that & * my > &' * " and therefore & * ny € AL, which is false.

3. Suppose that two out of the processes ¢ * &,  * , { * 7 are in JL} \ {& * 7o}, but
d*2.¢.n.(.mis not. From (3), it follows that d*2.&.n.{ . = &y * 7p.

Thus, d*2.¢.ne(en > &) *m), and therefore & *ny=d*2.&un(em.
Therefore & * m) € UL}, which is false. |
Lemma 42. 1jn 1} = .

Proof. We prove that (A'*TT'\ IL}) > I by showing that A’*IT'\ IL| has properties
1, 2, 3 which define 1L,
1. d*0.m ¢ I because I} \ {d*0.n} has properties 1, 2, 3 defining IL].
2. Follows from Lemma 41.
3. Suppose & * mo, o * Mo ¢ LY ; we show that d *2.&.n0.lo.mo ¢ 1% by showing
that 1L} \ {d*2.& «10. (0. mo} has properties 1, 2, 3 defining 1L}.
1. Clearly, d* 1.7 € (1) \ {d*2.& n0+{o.m0}) for every o’ € IT'.
2. Suppose that Exm e AIxIT, Exm > *xn' € UL, & *xn' £d*2.8 .n0+{0eT0
and that ¢ *xt ¢ (J.Lll \ {d *;.60.1’]0.50.750}).

From (2), it follows that £ * 7 = d* 2. & .19« «mo Which contradicts E*n > &' * 7.

3. Suppose that two out of the processes &*m,n*7,{ * 7 are in JJ_"1 \{d*2.&enoeCoemo}
but that d*2.&.n.{ .7 is not. It follows from (3) that:

d*2.0enelem=d*2.8en0e om0, Le. ¢ = Co,n = 10, = {o and 7 = 7.

But this contradicts the hypothesis &y * mo, 1o * 7o ¢ 1LJ. ]
Theorem 43. This realizability algebra is coherent.

Proof. Let 0 € PL be such that 0*7° € 1Ly and 0*x' € I} Then 0x7° e LN 1J
which contradicts Lemma 42. ]

Lemma 44. d2 || (the boolean algebra J2 has at most four ¢-elements).

Proof. We show that d2 |—Vx2VyP2(x #£ 0,y # 1,x % y — xay % x).
Let i,j€ {01}, E|=i#0n |-j# L |-i#j and =€ [linj #i.
Since ||inj # i|| # &, we have i < j. Thus, there are three possibilities for (i, j):
= j=0i=j=1:i=0,j=1.
In each case, two out of the terms &,#,{ realize L. Thus, we have d*2.¢.n.(.nw e 1L.[]
Remark. If 7 € T1\ (IT° UIT"), then & * = € L for every term ¢. Thus, we can remove
these stacks and consider only I1° U IT'.
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We define two individuals in this realizability model:

yo = ({0} x T U ({1} x TT); 31 = ({1} x TI) U ({0} x ).

Obviously, 9,71 = 32 = {0, 1} X I1. Now we have:

I¥x2(x £90)| = IO UTT! = | L[ and therefore | |— —¥x22(x £70).

d0 |=0£70 and d1 |1 £y0.

It follows that yg,y; are not e-empty and that every ¢-element of g, 7, is # 0, 1.
Therefore:

The Boolean algebra 12 has exactly four e-elements.

We have ¢ |- Vx:'z(xeyo,xsyl — 1) for every term ¢:

Indeed, let i, j € {0,1}; using Lemma 7, we replace the formula icy;, ie. —(ify;), with
“(i£y;) which is {k, ; m € IT""/}. Therefore, we have to check:

po € 1% py € ! = & %K, ok, «m € 1L which is clear.

In the same way, we get:
AxAylzz |=VxVy(x ey, yey,x #y — L).
It follows that 79,y are singletons and that their ¢-elements are the two atoms of J2.

5.1. 12 has four e-elements and Jk is countable

We now apply to the algebra A the technique expounded in Section 4, in order to make
Jx countable; this gives a realizability algebra B.
In this case, we have x = N, and therefore x, = P(x) = R.

Now, there is an elementary formula which express that the Boolean algebra J2 has four
e-elements, for instance: Elsz{x #0,x # 1} A V22 (x #1,y#1,x#y — xy=0).
Therefore, the realizability model Nz realizes the following two formulas:

(32 has four e-elements); (Jic is countable);

and therefore also NEAC by Theorem 31.

Let us denote by ig,i; the two atoms of J2; thus, we have iy = 1 — i.

We suppose that M = V = L; thus, there exists on k; = P(N) =R a strict well ordering
< of type Ny. This gives a function from R? into {0, 1}, denoted by (x<y), which is defined
as follows: (x<y)=1< x<y.

We can extend it to V4 and N, which gives a function from (IJR)? into J2.

From Lemmas 29 and 30, we get:

For i = iy or iy, the relation (x<y) =i is a strict total ordering on J;R and one of these
two relations is a well ordering;

in order to fix the ideas, we shall suppose that it is for i = i.

The relation (x<y) =1 is a strict order relation on JR, which is well founded.

The application x — (ipx,i1x) from JR onto J;,RxJ;R is an isomorphism of strictly
ordered sets.

It follows from Theorem 26, that each of the sets J;,R, J; R contains a countable subset.
By Corollary 24, there is no surjection from each one of the sets J; R, J;, R onto the other.
Thus, there is no surjection from N onto J;R or onto J; R.

Therefore, the well ordering on J; R has, at least, the order type N; in Ng.
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Now, by Theorem 32, every subset of JR, which is bounded from above for the ordering <,
is countable; thus, the same goes for the proper initial segments of J;R and J; R, since
these sets are totally ordered and JR is isomorphic to J;, R xJ; R.

It follows that the well ordering on J; R is at most Ny, and therefore exactly ;.
Moreover, there exists, on 1R, a total ordering, every proper initial segment of which is
countable.

Then, we can apply Theorem 34, to the sets X;,, X;, which are the images of J;R,J; R by
the injection from Jx, into R, which is given by Theorem 33. By setting X = X;,, we
obtain exactly the result (ii) of relative consistency announced in the introduction.

I want to thank the referees, especially the second one for numerous pertinent and
helpful remarks and suggestions.
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