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Barndorff-Nielsen’s celebrated p*-formula and variations thereof have amongst
their various attractions the ability to approximate bimodal distributions. In this
paper we show that in general this requires a crucial adjustment to the basic for-
mula. The adjustment is based on a simple idea and straightforward to implement,
yet delivers important improvements. It is based on recognizing that certain out-
comes are theoretically impossible and the density of the MLE should then equal
zero, rather than the positive density that a straight application of p* would suggest.
This has implications for inference and we show how to use the new p**-formula
to construct improved confidence regions. These can be disjoint as a consequence
of the bimodality. The degree of bimodality depends heavily on the value of an ap-
proximate ancillary statistic and conditioning on the observed value of this statistic
is therefore desirable. The p**-formula naturally delivers the relevant conditional
distribution. We illustrate these results in small and large samples using a simple
nonlinear regression model and errors in variables model where the measurement
errors in dependent and explanatory variables are correlated and allow for weak
proxies.

1. INTRODUCTION

The p*-formula was developed and investigated by Barndorff-Nielsen (1980,
1983), building on Fisher (1934), Fraser (1968), Daniels (1954, 1980), Barndorff-
Nielsen & Cox (1979), Hinkley (1980), Cox (1980), and Durbin (1980). It pro-
vides an approximation to the conditional distribution of the maximum likelihood
estimator (MLE) 6 given an exact or approximate ancillary a when the true
parameter value is 8. The basic formula for the approximate density of Gath=q
given a = a is simply:

Py (qlas0) =c (0, a) 1j(q,a)l">exp{t(©; y) = ((q; )}, (1)
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where €(0;y) is the log-likelihood function for # given a sample of obser-
vations y, assumed to be regular, two times continuously differentiable, and
|j(g,a)| is the absolute value of the determinant of the observed information,
i.e., minus the second derivative of the log-likelihood, evaluated at the MLE. The
norming constant ¢ (/,a) ensures that the density integrates to 1 and in general
depends on 8 and a.

In some cases p* is exact (e.g., inverse Gaussian and transformation models,
see Barndorff-Nielsen (1980) and Daniels (1980)) and in other cases, despite its
apparent simplicity, provides a powerful approximation that is not restricted to
a small deviation region. It has a relative rather than an absolute error and can
capture asymmetry and bimodality of the true distribution.

Care ought to be taken however, when implementing the formula, since not all
combinations of ¢ and a are theoretically possible. These values can nevertheless
be substituted in the formula and this mechanistic substitution leads to positive
values of the approximate density when it should evidently be zero. The first con-
tribution of the paper is making this observation and to identify these points for
which the density is logically zero on theoretical grounds. This does not seem to
have received any attention in the literature. Asymptotically this problem is neg-
ligible in a neighborhood of the true #. In finite samples however, or cases with
weak instruments and little information, this can be crucial.

The issue is related to the underlying assumption that the likelihood has a sin-
gle stationary point and local maximum. The formula must be adapted when the
likelihood is multimodal and has multiple stationary points. In the one parameter
case at least one of these stationary points is a local minimum with a positive
second derivative of the log-likelihood. There will also be points of inflexion
where the observed information is singular and hence |j(g,a)] = O and the
p*-approximation (1) equals 0, but with a higher value of the likelihood than at
the minimum. This implies that the basic p*-approximation (1) has a higher value
in a local minimum of the likelihood than at the points of inflection. This logical
inconsistency is easily resolved by setting the density to zero when the observed
information is negative, or in the multivariate case has negative eigenvalues. This,
however, is not sufficient. There may be other combinations of (g,a) that are
theoretically impossible, despite having a positive definite observed information
matrix. We propose a simple adjusted version of the p*-formula that is zero when
the density is theoretically zero.

This is over and above other reasons why the density should equal zero theoret-
ically, because the log-likelihood goes to minus infinity or not defined at certain
points for any sample (any possible (¢, a)), at the boundary of the parameter space
for example in (spatial) autoregressive models. Also, even if there are no points
where the density is 0, the p** formula can still capture multimodality accurately
as we will illustrate for the nonlinear regression example in Section 5 below.

A second reason for additional care is that for bimodal distributions the nor-
malizing constant ¢ (0, @) tends to vary much more with a and ¢ than in standard,
unimodal cases. In fact, as stated by Barndorff-Nielsen (1983, p. 348), for sample
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size large enough ¢ can often be approximated well by a constant independent of
a and 0, and in view of the asymptotic normality frequently taken as (27 )~%/2,
with d the dimension of 8. The reason this does not hold in multimodal cases is
that 1/c(0, a) is obtained by integration. Combinations of (¢, @) that are impossi-
ble make zero contribution to this integral. This heavily depends on the value of
a and the integral can be much smaller, leading in some cases to extremely large
values of ¢(0, a), even if the sample size is large.

Asymptotic theory for p* and related saddlepoint approximations has been
well established. Under standard regularity conditions only one unique mode of
the likelihood near the true 6y remains as the sample size increases beyond all
bounds. Other modes will disappear and the MLE is consistent. The p**-formula
introduced below will then coincide with the standard p*-formula. Hence, the
asymptotic theory already established simply carries over from the original p* to
p** and the superiority of the adjusted formula cannot be shown by asymptotic
techniques. We use logical arguments why the density must be theoretically zero
in certain regions. In those regions our p** strictly dominates approximations that
are not zero.

For outcomes with positive density, we show in Appendix A.3 that the method
of proof in Barndorff-Nielsen (1980) also applies to p**. The proof is based on
a transformation of variables which is valid regardless of the sample size. The
Jacobian of the transformation is relevant for multimodal cases and other situa-
tions where the value of the MLE is not necessarily in a neighborhood of 8y. The
method of proof is related to Hillier and Armstrong (1999) who derive the exact
marginal distribution of the MLE even when no explicit formula for the MLE is
available.

‘We use a nonlinear regression model and errors in variables model with a weak
instrument type setting as examples. They are members of the general class of
curved exponential models introduced by Efron (1975). This class has received
particular attention in the development of p* and other saddlepoint related
approximations (reviewed in e.g., Barndorff-Nielsen and Cox (1994)). They serve
as a paradigm for smooth models where the dimension of the minimal sufficient
statistic is larger than the dimension of the parameter, similar to an overiden-
tified GMM setting. Van Garderen (1997) gave a number of prominent exam-
ples in econometrics and in this paper we use this class of models and examples
to make points that are relevant more generally outside the class of exponential
models.

The second main contribution of the paper is using p** to construct confidence
regions. When the distribution of the MLE is seriously bimodal, this cannot be
captured by techniques based on first- or even higher order Edgeworth type ap-
proximations. We use p** to construct smallest prediction- or acceptance regions
and invert them to obtain reliable confidence regions for the parameter of interest.
These confidence regions can be disjoint, but this will depend heavily on the value
of the ancillary statistic. It is therefore very important to condition on the actual
sample value of the ancillary statistic.
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The modified confidence regions have conditionally accurate coverage levels,
and are therefore also unconditionally accurate. The standard confidence intervals
can suffer from two defects. First, the overall (marginal) coverage rate can be far
too low. We give an example where coverage is only 80% for a nominal 95%
confidence interval. Second, the coverage rate varies significantly with the value
of the ancillary. In the example it drops below 60% for values of the ancillary that
are not extreme. The reason is that if the density of the MLE has a substantial
second mode, this is ignored by standard methods. Our p**-based confidence
regions are less than 1% point from its nominal value.

These results are relevant from a theoretical and practical point of view in
econometrics. Many models of interest in econometrics have multiple solutions
to the first order conditions of the criterion function, be it likelihood, GMM, or
other methods, and multimodality is of increasing concern. Our inference pro-
cedure provides a solution to the apprehension one might experience when the
global optimum differs only slightly from another local optimum.

Section 2 discusses curved exponential models, introduces the two leading ex-
amples, and provides arguments for the adjustment of p*. Section 3 presents a
partitioning of the sample space to formalize the sets where the density is identi-
cally zero and used to adjust the p*-formula defined and illustrated in Section 5,
after having introduced the affine ancillary used for conditioning in Section 4.
Section 6 deploys the p**-formula to obtain conditional confidence intervals.
Section 7 concludes. Proofs and further results are relegated to the Appendix.

2. CURVED EXPONENTIAL MODELS WITH EXAMPLES

Curved exponential models were introduced by Efron (1975) and are instrumental
in the development of differential geometry in statistics and the derivation of the
p*-formula by Barndorff-Nielsen (1980). A Curved Exponential Model of order
(k,d), or CEM(k, d) for short, can be characterized by the property that the num-
ber of parameters in the model, d, is smaller than the dimension of the minimal
sufficient statistic, k, as was shown by Van Garderen (1997) in an extension of the
familiar theorem of Pitman—Koopman—Darmois to CEMs. Van Garderen further
showed that a variety of leading econometric models, including nonlinear regres-
sion models, the Single Structural Equations (SSE) model, the Seemingly Unre-
lated Regressions (SUR) model, Vector Autoregressive (VAR) models (including
the cointegrated VAR investigated by Mavroeidis and Van Garderen (20006)), are
all examples of CEMs.

An exponential family is a family P = {77,7 | neN } of distributions with
densities that can be written as:

py (vim) =exp{(n,t(y)) —x(m)}h(y) 2)

with respect to a common o -finite dominating measure on the sample space
of Y. The parameter # takes values in a k-dimensional vector space N, ¢ is a
k-dimensional vector function of y or of Y when T = T(Y) = ¢(Y) is a random
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variable taking values in a sample space T, and (-, -) : N'x T — R a nondegenerate
bilinear product, which in our derivations will be #t. The representation is min-
imal if k is the smallest integer such that (2) holds, and (2) is a Full Exponential
Model of order k, or FEM(k) for short, assuming # is genuinely k& dimensional in
the sense that there is a k-dimensional cube in A/ in which 7 can take any value.
If # is restricted to lie on a smooth subset M of N such that 7 = 7 (6) is a smooth
continuously differentiable function of a d-dimensional parameter § € ® C R¢
with d < k, then the model is a CEM(k, d), and the density can be expressed in
terms of 6 as:

Py (t(); n(©) =exp{n©) t () —x O)}h (t(¥)), A3)

with / (¢ (v)) such that the density integrates to 1 and « (6) = « (5 (6)), a notation
used to avoid separate functions for the FEM and embedded CEM. Whenever the
parameter € is used it obviously refers to the CEM. For the log-likelihood we
similarly write £ (; t) and € (6; t). Further discussion and results can be found in
Efron (1978) and Barndorff-Nielsen and Cox (1989, Sect. 6.4, 1994, pp. 61-72).
Our FEMs are assumed to be regular and therefore steep.

Assuming that interchanging integration and differentiation is permitted:

0
E,[T]= ';—(’7”) =t (p); Vary[T]=

o’k (n) _
Sy =2 @

The score of the FEM is: s(5; 1) = 8¢ (5;t) /on =t — 7 (), which has mean 0 and
variance X (7). The MLE 7 solves ¢ — 7 (#) = 0 and is unique for a regular FEM.

For the CEM, mean and variance of 7 can be obtained by evaluating (4) at
n =n(0). This gives the so called expectation manifold Ey [T] =17 (0) =7 ((0))
and Varg(T) = £(0) = X (#(0)) as a function of 6. For the derivatives of 7(9)
and 7 (0) we write:

on () ot (0) 0%k () on(0)
- d —m= e =X (0)B(0). (5)

B(0) =

The score of the CEM, 6¢ (0; t) /06 can be written:
s(0;0)=BO) (t—1(0)), (6)
which is d x 1 and not equal to s(7(0);t) because of the differentiation in-

volved. The expected Fisher information matrix i (9) = Eg [s (6; T)s (6; )] =
B(0)'Z (0) B(0). The observed information evaluated at the MLE 0= q equals:

% O;1)
0000'

‘ 02 (0
=it =Y (-l )

=q =1 0=q

Jjg:t)=— 7
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2.1. Errors in Variables Model

The errors in variables model has a very long tradition in econometrics, see e.g.,
Durbin (1954) and its references to even earlier work, and is still actively re-
searched today, see De Nadai and Lewbel (2016) for a recent contribution that
also considers correlated measurement errors. We use a version closely related to
the single structural equations model analyzed in some of the weak instrument

literature:
yi = pxi+u;, 8)
Xi =7y +0;. ©)

We assume i.i.d. normal errors with known variances o,,, 0,,, measurement error
correlation p. If x is measured with error, or is latent, then z could be used as
proxy or mis-measured version of x and its strength is controlled by y, assumed
known. We assume that x is unobservable and substituting (9) in (8) gives y;|z; ~
N (ziy B, 0% (B)) with 6% (B) = 02 +2ppouo, + p*02. The log-likelihood for 4
based on y given z equals:

P . ._1/3 y
tB:n =733 2(ﬁ>Z 2(ﬁ>Z 202@’)2Z (28
(10)

which can be written in canonical form 7 (8) t(y) — x (7 (B)), (using B and b
instead of the generic 8 and ¢). This model is a CEM(2, 1) and details given in
Appendix A.5.!

We anticipate problematic inference when (i) the variance of »; (measurement
error in x;) is large, or (ii) v; highly correlated with u; (the measurement errors in
yi and x; are highly correlated), (iii) the sample variation in z; is low or (vi) y is
small (z; is a weak or a poor proxy), and a key quantity will be y > > zl.z, as in
the weak instrument literature (see Stock, Wright, and Yogo (2012), for a review).
We keep variances auz = 01,2 =1 and p = cor(u,v) = 0.75 fixed, but show that
problems persist with sample size n increased from 25 to 1,000 and y reduced

from 1 to 0.1.

2.2. Nonlinear Regression

Consider n independent observations y; with explanatory variables x; and
i.i.N(0,0?) disturbances v;:

y=XB+v, 1

yv,0:nx1,X :nxk. The k x 1 vector of parameters f is assumed to satisfy
nonlinear restrictions such that # = 8 (0) with @ ad x 1 vectord < k.>>3

We expand a little on this model here to illustrate the CEM nature, the relevant
sample space, and the issues involved with the p*-formula. We will show our
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improvements and confidence regions in later sections. The simplest case would
be k=2, =0, pph= 62, and o2 known. The parameter of interest € is one-
dimensional, but the two-dimensional OLS estimator ,bA’ for the unrestricted £ is a
minimal sufficient statistic and satisfies:

(1)-~((2)-esr)

For concreteness and explicating the role of the sample size, set o> = 10

and let X consist of two complementary dummies such that o2 (X’ X)_1 =

diag(10/n1,10/n,) with n1 and n; the number of observations in each category,
e.g., the number of male and female observations. The log-likelihood is a simple
restricted version of a bivariate normal log-likelihood and for a specific observed
value b = (b1, b;)’ of the estimator S can be written as:
m oma 1 ( 2 4 )

£(@;0) =b10 — +b0°— —— (0 7 , 13

0;b) 110+2 10" 20 ny+607n; 13)
with terms not depending on parameters dropped. It is immediate from Theorem 1
in Van Garderen (1997) that the model is a CEM(2, 1) with canonical parame-
ter 17 (0) = % (0n1,92n2)’, canonical statistic b, and cumulant function x (6) =
2—10 (02711 —}-04112) .

Figure 1 shows the sample space with the expectation manifold as a function of

0 : 1 (9) = Ep[f] equal to (9,602 . It also shows three possible realizations of the
sufficient statistic £ from a sample of 50 observations with n; = 10 and n, = 40.
The realizations b™, b, and b= satisfy the first order conditions that the score

Eglb] = 1(6) —

bt

[ 70.04) 1

FI1GURE 1. Sample space for the minimal sufficient statistic b. Possible outcomes b=, b,
b7 are shown with ML estimates —1.54, 1.5, and 1.5 respectively. They all satisfy the first
order orthogonality condition B(1.5) L (b —(1.5)), with 7(0) = Eg[b] = (0,62, the
expectation manifold. The points 7(1.5), 7(—1.54), and 7(0.04) are also shown. Sample
size n = 50 with n; = 10, np = 40, and o2 = 10.

https://doi.org/10.1017/50266466617000214 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000214

MULTIMODALITY p**-FORMULA AND CONFIDENCE REGIONS 423

5(0; b) equals zeroat 1.5:5 (1.5; ) = B(1.5)'(b—7(1.5))=0.For bT andb~, 1.5
is the MLE, but for b= the likelihood is globally maximized when 8 = —1.54. The
likelihood for = attains a local maximum for 1.5. In between —1.54 and 1.5 the
likelihood has a local minimum at § = 0.04. The observed information, j (9; b™),
evaluated at @ = 1.5 and § = —1.54 is positive, but is negative for § = 0.04.

The graph illustrates a number of important issues relevant for the adjustment
of p*. Even if § is much larger than 0, we can have sample realizations b that lead
to negative values of 6. This provides a graphical explanation for bimodality in
the distribution of §. A second possible reason for bimodality is that the observed
information (as defined below) can change from positive to negative. The score
5(0.04,b) = 0 for all b on the dashed line, but as we observe values of b from
7(0.04) closer to b=, the observed information decreases and will change to being
negative. Where it is zero and negative, the Jacobian matrix used in Barndorff-
Nielsen’s (1980) derivation of p* is no longer appropriate since the basic theorem
for the transformation of variables breaks down and requires a decomposition of
the sample space in sets where the Jacobian matrix is of constant rank.

The observed information j(q,a) used in the p*-formula (1) depends on the
value a of an (approximate) ancillary statistic a. Barndorff-Nielsen (1980) intro-
duced his affine ancillary statistic defined in (15) below for this purpose. Details
of a for this example are given in Appendix A.4. With ¢ = 0.04 and with values
of affine ancillary a smaller than —0.26, the observed information is negative and
6 = 0.04 minimizes the likelihood locally instead of maximizing it. The outcome
b= also shows a global reason for adapting p* and its proof. Although ¢ = 1.5 lo-
cally maximizes the likelihood and has positive observed information, ¢ = —1.54
is the true global maximizer of the likelihood.

This explains the most important shortcoming of p* and suggests the adjust-
ment. We cannot jointly have 6 = 0.04 and negative values of a < —0.26. Such
combinations cannot occur and the density must be 0. There are two different rea-
sons (i) locally ¢ could minimize the likelihood and ¢ would not be the MLE with
this value of a. This can be checked by the calculation of the observed informa-
tion (ii) globally ¢ might not maximize the likelihood. This requires comparing
the likelihood values for different stationary points. Checking positive definite-
ness of the observed information is not sufficient.

Finally, it may be possible that b has two different values for § with the same
value for the likelihood. The point b = (0, 2.37)’ has the two values 1.5 and —1.5,
that maximize the likelihood. The MLE is not unique in that case, or for any other
point on the by axis with by > 1/8.

3. PARTITIONING THE SAMPLE SPACE

This section partitions the sample space for estimation and is closely related to
Efron (1978) and Amari (1985). The decomposition will be based on the MLE 0
and an ancillary statistic a that complements 6 and is used as conditioning variable
in the p**-formula.
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Let ® denote the parameter space and let y be the sample outcome of the ran-
domvector Y, Y,y e Y CR". Let T = T (Y) be a minimal sufficient statistic of
finite dimension k, although this could be generalized to grow with the sample
size. The relevant sample space of T is denoted T C R¥. The expectation of T
will vary with 6 and if 7 (§) = Ep [T] is continuously differentiable, it constitutes
a manifold inside T, explaining the name expectation manifold.

We define the following sets in order to characterize points in the sample space
that satisfy the first order conditions (F'), and have positive observed informa-
tion (F), and points that have a global solution (C*), or have multiple solutions
(]l71 ) to the maximum likelihood problem.

Define the following score related sets.

DEFINITION 1. For fixed q € © let:

Fy={teT|s(q;t)=0};
Fq ={te F,; | j(q;t) is positive definite}.

For a particular value of the estimator 0= q, the set Fy, is what Efron (1978)
called the inverted MLE and Amari (1982, 1985) called it the ancillary space as-
sociated with the estimator &. This g maximizes the likelihood for given t € F,,
at least locally, if j(g;t) is positive definite. It will be expedient to refer to
j(g;t) = —0t(q;1)/2006’ as the observed information evaluated at ¢ € © also
when ¢ is not the true (global) rllaximizer of the likelihood MLE, for instance
when evaluated at ¢ with t € F;\ F; and ¢ minimizing the likelihood locally. With
this convention we can have eigenvalues of the observed information evaluated at
q that are zero or negative.

The aforementioned authors considered cases where the MLE is unique, but in
curved models the sets Fq(l) and F 4 may intersect for two different points in
0 : ¢V £ ¢ . This means that there are points ¢ in the sample space with van-
ishing scores for two different values of ¢. This is not uncommon in econometric
models, yet only one point truly maximizes the likelihood in general. We associate
with each fixed ¢ a set in the sample space for which ¢ maximizes the likelihood
as follows:

DEFINITION 2. CJr =ite F | g =arg max £ (0; t)]
0e®

If ¢ is the true maximizer of the log-likelihood then C ;‘ contains all points ¢

for which the log-likelihood ¢ (6; ) is maximized by @ = ¢.* The set C; could
be defined more generally with ¢ € T but under our smoothness conditions g will
satisfy the first order conditions and has j (g;t) positive definite. The set C;‘
can be empty. In the simple Keynesian model analyzed by Bergstrom (1962), see
also Phillips (2006), the log-likelihood always goes to minus infinity when the
propensity to consume parameter goes to 1 and there is no 7 that would ever be
mapped onto 6 = 1. The density of 0 equals O at these points. There are many
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other examples, e.g., spatial- and ordinary autoregressive models, where the log-
likelihood goes to minus infinity for certain parameter values, regardless of the
sample, y or 7 (v), and the density should equal 0.

For the nonlinear regression example with MLE 0= 1.5, F15 is the complete
line through b~ and b*, C{ is the half line through b~ and b starting at,
but not including the point on the by axis. F 1.5 is a half line (not fully shown)
through b, b=, b= and starting at, but not including the point (—54, 6.9) because
|7 (1.5;(=54,6.9))| = 0. The point b= is an element of the three sets F 5, Fp.04,
and F_| 54, but {’(6 bT)is globally maximized for & = —1.54. Hence b~ is only
an element of CF 2| 54 but not of C1 50 C0 04 OT any other cr gA—1.54" The point b~

is also an element of both F, 1.5 and F_1 54, but not of Fo 04 because the observed
information j (0.04; b7) is negative.

Note that F, F,, and C;“ are in increasing order of diffculty of verification and
that by definition C;‘ C Fq C F,. The complement F, \C;, if nonempty, contains
points ¢ that satisfy the first order conditions but the MLE is different from ¢,
or has |j(g;t)| = 0. The definition of C;“ does not exclude the possibility that
there exist points # € T that lie on two different C;'(,) and C;’(z) with g £ ¢,
For such points ¢ the MLE is not unique. Nonuniqueness can also occur locally,
when the determinant of the observed information is zero. Points ¢ in F; with
|7 (g;1t)] =0, are on the boundary of F and the closure of Fq, denoted cl ( )
includes these points with singular observed information. The set of all points for
which the MLE is not unique is defined as:

DEFINITION 3. # = {teT|E|q(l) qPe0:qM£q?: tecl(C*m)ﬁcl( m)}

This definition covers global nonuniqueness, when two possibly very different
g™ and ¢@ have the same value for the likelihood (otherwise  would be an
element of only one C;r), and possible local nonuniqueness when the observed
information matrix has an eigenvalue equal to zero and ¢® approaches ¢! arbi-
trarily close in the direction of the associated eigenvector.

In the nonlinear regression example M in Figure 1 consists of the part of the b
axis with b > 1/8. Note that j (0; (0, 1/8)) = 0 and the likelihood is locally flat.

The sets C(j and M define a partition of the sample space. Each ¢ is either in
M or in one, and only one C;\M. Eacht e C;\M maps uniquely to the MLE
value ¢ when maximizing the likelihood function. We can therefore decompose
the sample space using two types of coordinates: the MLE 6 and the complemen-
tary coordinate (vector) a defined in (15) below, that provides the location of T in
the associated space C+ Apart from points T € M, this decomposition is unique.
This means that we have a bijective relation:

T < (0,a). (14)

Even under stringent regularity conditions, including smoothness of the log-
likelihood function in both € and y, this mapping is not continuous in general.

https://doi.org/10.1017/50266466617000214 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000214

426 KEES JAN VAN GARDEREN AND FALLAW SOWELL

There can be regions in the sample space where an arbitrarily small change in
T leads to a discrete change in 0. This discrete change can be large, as in the
nonlinear regression model with by = 2.37 and b; around 0. An arbitrarily small
difference in outcome b1, e.g., from (very small) ¢ to —e leads to a jump in the
estimate from 1.5 to —1.5. This discontinuity occurs when crossing M. For t
bounded away from M there will be a neighborhood of ¢ and (g, a) such that the
mapping is continuously differentiable and the Jacobian of the transformation is
properly defined. This will be crucial in the derivation of p* and its adaptation.

The p*-formula gives an approximation of the conditional distribution of the
MLE given an ancillary a. We will require that a is (i) a function of the mini-
mal sufficient statistic 7', (i) maximal, i.e., of dimension k — d and such that the
mapping from T to (é ,a) is invertible, and (iii) (approximately) ancillary. If the
distribution of a does not depend on parameters, then a by itself will not contain
information on the parameters, but can nevertheless contain important informa-
tion about the distribution of the MLE. Since we can compute its value using the
actual sample, we can condition on the observed value.

Usually, as in Efron and Hinkley (1978), focus is on the conditional variance.
This paper shifts attention to multimodality instead. We show that it is still appro-
priate and desirable to condition on a because it contains crucial information on
the degree of bimodality.

4. THE AFFINE ANCILLARY

Various approximate ancillary statistics are available, see Barndorff-Nielsen and
Cox (1994, 7.2). We will use the affine ancillary which is of the right dimension
and approximately ancillary. There are three main reasons for choosing the affine
ancillary. Despite being a local ancillary, it still contains valuable information on
the bimodality of the distribution of the MLE. Second, it plays an important role
in the derivation of p* and our adjustment. Third, it is easy to calculate a and to
invert (0, a), and obtain ¢ (g, a). As a final comment it should be noted that the
C;“ partitioning of the sample space does not depend on which ancillary is chosen
and is an intrinsic property of the model and the chosen estimator (MLE in our
setting).

The affine ancillary was introduced by Barndorff-Nielsen (1980) in the context
of CEMs as an affine function of the minimal sufficient statistic 7 such that, for
fixed ), it is approximately ancillary with mean 0 and variance I;_4. Although not
stated explicitly, a should also be independent of, or at least approximately uncor-
related with . We can motivate this using Basu’s Theorem, (Basu, 1955), which
states that any ancillary statistic must be independent of a complete sufficient
statistic. The CEM can be approximated locally at 8y by a FEM of dimension d.
In this approximation @, or equivalently the score statistic, is a complete sufficient
statistic.

Select an orthogonal complement B(0) | : k X (k —d) such that the determinant
[BO): =)' BO)L|=1i©O)I/IZ®)].°
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DEFINITION 4. The affine ancillary statistic is defined by:
a=A®0) (T —0)), (15)
AO0)=2O0)"'BO)L(BO), =O)"'BO)L) . (16)
Note that for 6y, the statistic ag = (B(60), =(60)'B(0).) "> B@0),

2z (90)_1 (T —1(6b)), has E[ap] =0 and Var(ap) = Ix—q, and uncorrelated with
5(00; T) = B(60)'(T — 7 (6b)):

~2B(6)' = (00)""  (60) B() = 0.

17)

Cov (ag, s(00; T)) = (B(60) . = (00) "' B(6o) 1)

This obviously does not prove ancillarity when 6y is replaced by the MLE. We
can establish approximate ancillarity by relating a to an LM test statistic which,
under general regularity conditions, is asymptotically sz_ 4 distributed indepen-
dent of parameters.

PROPOSITION 1. The LM test statistic for testing the CEM against the
embedding FEM equals

LM =aa. (18)

It should be clear that other test statistics, such as the Wald or LR test would
also qualify as approximate ancillaries. These tests could alternatively be used
as specification tests, similar to Chesher and Smith (1997), but in our setting the
CEM is never rejected and we condition on the value of the test statistic. Note
that the augmented density of Chesher and Smith (1997, p. 631) is like the FEM
embedding and can exploit our results outside the CEM setting.

The final property to be confirmed is that a is a maximal ancillary of dimension
(k —d), jointly with 8, able to recover T. Combine the first order conditions with
the definition of a: [B(@) : A()] (T —¢(0)) = (0: a’) and use the following
lemma.

LEMMA 1. The matrix [B(0) : A(0)] is of full rank with inverse

, -1 /
(B(OYZ(©®)B(©®) B©H) () } _ 19)

[BO): AO)] ! = _
)40 [(B(enz(e)—ls(en) 2By,

PROPOSITION 2. The inverse of the mapping T l—)A(é, a) from the MLE and
affine ancillary to the minimal sufficient statistic T =t(0, a) is:

A q—1
t(é,a):r(é)—}-[igil} (g) 20)

This mapping can be extended to arbitrary values q and a for which t(q), A(q),
and B(q) are defined and is not limited to q being the MLE.
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All values (g,a) will be in F; but not necessarily in fq or C(j when, for
instance in our nonlinear regression example, a is too negative (see also Note 6
regarding the sign). The inverse mapping is straightforward to evaluate and will
play an important role in the application of the p**-formula below.

5. THE P** APPROXIMATION

Based on the arguments that led to the definition of the set C;r, we adapt the
p*-formula using an indicator function to mark whether a particular combination
of MLE and ancillary, (9, a) = (g, a) can occur, or that the density should be set
to zero instead. The second important element of the formula is the explicit cal-
culation of the norming constant, denoted ¢ (0, a), since it can be very different
from ¢(@, a) used in the original formula.

DEFINITION 5. The p**-formula is defined as:
pyiala; O)=c*(0.a) j(q.a)l' Pexp{t@:0)— (gD} Ics, @

with IC; =1ifte C;‘ and 0 otherwise, and c¢* (0,a) such that the density
integrates to 1.

Note that p** can be expressed in terms of only (g, a) or only ¢ using (20). As a
function of (¢,a) we could write e.g., £(0;q,a) = €(0;t(g,a)) and j(g,a) =
—0%(0:1(q,))/0000|,_, .

The essential elements in the derivation of p** given in the appendix are:

(i) the quality of the approximation of embedding FEM density of T (e.g.,
Barndorff-Nielsen and Cox (1979)),

(ii) the Jacobian of the transformation from 7' to (é,a) derived by Barndorff-
Nielsen (1980) and recognizing its continuing validity as we do here for
multimodal likelihoods in the neighborhood of the true (global) MLE,

(iii) identifying (g, a) combinations that are impossible and must have corre-
sponding density 0, which is a principal contribution of this paper.

The key adjustment in p** is setting the density to zero when 7 is not in C;.
When ¢ ¢ C(j it would never be mapped onto the value g for the MLE and could

never lead to an outcome (g, a) for (9, a). This provides a simple way of calcu-
lating IC; which we use in practice. We calculate t = (g, a) using the inversion

formula (20) and calculate the associated ML estimate, é(t) say, based on this 7.
If6(r) =g thent e C; and Ic,j = 1.If O(t) # q then t(q, a) will not be mapped
on (¢,a) and ¢ ¢ C;‘ and the density at (¢,a) must be zero. Obviously this is

true when j(q,(q,a)) is not positive definite. This could be used as a first check
and the density set to 0. There may be other points however, with positive definite
j(q,t(q,a)) butr ¢ CF.

We obtain the normalizing constant ¢* (@, ) numerically by integration of the
un-normalized | j (¢, a)|"/?exp{€(0; 1) — €(g; 1)} IC; over all relevant values of ¢,
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keeping a fixed at the conditioning value. This is straightforward using ¢ (g, a) of
Proposition 2 and requires only a d-dimensional integration, rather than a k or n
dimensional integration, irrespective of the dimension of a.

5.1. Errors in Variables Model

Figure 2 shows p**, p*, and ppc, the nonparametric kernel density estimator
obtained by simulation, for a =—0.75.

The p*-formula is zero for b = —0.82 and b = —0.68 since j (b, (b, —0.75))
is zero. For values of b in between —0.82 and —0.68, the observed information is
negative and taking those values for f would locally minimize the log-likelihood
£ (f;t(b,—0.75)). Taking the absolute value leads to the inappropriate hump
in p*. The p**-formula sets the density to zero, not only in this interval, but for the
larger interval (—0.87,—0.62), even though the observed information evaluated
at b in the intervals (—0.87, —0.82) and (—0.68, —0.62) is positive. A value b for
S in this interval would locally maximize the log-likelihood ¢ (5; ¢ (b, —0.75)),
i.e., f = b gives a local maximum, but another value for g will globally maxi-
mize the likelihood. This implies that the combinations (b, —0.75) with b in these
intervals would never be observed. The p** density is set to zero and the simu-
lations confirm that this is correct: there are no realizations for b in the whole of
the interval (—0.87,—0.62) when a is (near) —0.75. The nonparametric kernel
density is misleading as it assigns positive density to outcomes that never
occurred in 100,000 replications. This is the well known boundary effect of ker-
nel density estimators. Without p** this could easily have gone unnoticed and we
would not even have located the boundaries around which the kernel density is
biased.

The observed information is not sufficient for determining if the density is
zero. It identifies points Fq\Fq which have density zero because the observed

2.0

| T pr (bla=-075;8=-1)
Bla P o —

151

1.0

0.5

FIGURE 2. Conditional distributions in the errors in variables model: p**, p* and nonpara-
metric kernel density estimate pysc based on 100,000 Monte Carlo simulations but mis-
leading because of boundary effects: no draws in the interval (—0.87, —0.62). a = —0.75,
tue f=—1,7y =1,n=2502=02=1,p=075and y2>}_ ? =45
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infoanation is not positive definite and ¢ is a local minimum, but cannot iden-
tify Fq\C;]|r when ¢ is not the global maximum. Coherency of ¢ and # needs

to be checked by confirming that the MLE é(t (¢,a)) equals ¢g. This provides a
straightforward implementation also in more complicated models: invert (¢, a) to
obtain 7, use the global optimizer required to find the estimator, if it equals ¢, then
tisin Cf.

The model allows for z weakly correlated with x, by letting y go to zero as
the sample size increases. Figure 7 in Appendix A.7 shows that bimodality per-
sists when n = 1000 and y = 0.1. The density around the two modes is more
concentrated and bimodality worsens.

5.2. Nonlinear Regression

Figure 3 shows the p**-approximations for different outcomes of the ancillary
statistic and 6y = 1. We see that there are modes around 1 and —1. The second
mode is more important when the value of a is smaller. When a is more negative
the realized 7 is closer to the set M. For fixed ¢ there will typically be a value for
a such that (g, a) € M with two modes equal in height.

The p**-formula approximates the true density extremely well, including its
bimodal features, and equals zero where it should be. For a = —0.75 the p** is
0 between —0.7 and +0.7. In the 100,000 simulations there are no values for 0

a=-0.25 15

o —

ﬁMC T 1
05F

. . >q
-15 -10 -05 00 05 1.0 15
a=-05 15F a=-0.75 15F
o — o —
Pue - 1 Puc - 1
4
i
0.5 0.5¢ i
3
\\ J
X s, b A
X X ' ' = —4q X ' = ~4q
-15 -10 -05 00 05 10 15 -15 -10 -05 00 05 10 15

FIGURE 3. p** in the nonlinear regression model for the conditional density of 0 given
a, ranging from 0 to —0.75. Kernel density pys¢ is misleading for a = —0.5. and —0.75
because of boundary effects. Large positive values of a are not illustrated since the second
mode is negligible and p** and pys¢ coincide with p*. True 8 = 1, n = 50, n; = 10,
ny =40, and o2 = 10.
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FIGURE 4. ¢t (6, a) in the nonlinear regression model showing large variation depending
on the values of # and a. Extreme values are attained for # ~ 0 and a < —1 but values
larger than 1.5 are not shown. n =50, ny = 10, np =40, and a2 =10.

between —0.7 and 4+0.7 when a is (close to) —0.75. The nonparametric density
estimate is misleading again. Despite the absence of observations in this interval,
the nonparametric estimate still gives positive density near £0.7, caused by the
boundary effect of kernel density estimators.

For a = 0 there is no region for  around 0 where the density is 0 and looks
like a regular bimodal density. Important is that p** captures this bimodality ac-
curately even without points where the density must be zero. We note that p* and
p** coincide in this case.

Figure 4 shows the values of ¢ (0, a) in the nonlinear regression model with
6 € (—3,3)anda € (-1, 1). Itillustrates the importance of the explicit calculation
of ¢¥(0,a). For positive values of @ and 0 away from 0, ¢ (0,a) ~ 0.4 and
virtually (27)~%/? as predicted by Barndorff-Nielsen, but for negative values of
a, and 0 around 0 it can be much larger. In the graph the largest value of ¢
shown is 1.5, about 4 times larger than its asymptotic equivalent, but for (6, a)
values closer to (0, —1) are even more extreme.

6. CONFIDENCE REGIONS BASED ON P**

Bimodality of the density of the MLE has consequences for inference. In partic-
ular, the shortest confidence sets can be disjoint, rather than a single connected
interval. Confidence intervals based on the usual normal approximation of the
MLE can lead to coverage rates that are very different from their nominal level.
Figure 9 in Appendix A.7 illustrates three problems with the standard first order
method using boundaries like 041.96- fe(é). First, the coverage rate depends
heavily on the ancillary a and drops from larger than 95% to well below 60%,
but dependence on a is ignored. Second, bimodality is ignored. Third, marginal
coverage rates are far below the nominal level. In contrast, p**-based confidence
regions deliver correct coverage rate conditionally, as well as unconditionally.
Construction of these confidence regions is explained next.

The p**-formula gives very accurate approximations to the exact density. This
can be used to construct predictive regions for 0 given 6. These predictive- or
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acceptance regions can be inverted to obtain confidence regions for 8 on the basis
of an observed value for § using standard arguments on the duality between tests
and confidence regions, e.g., Fraser (1979, p. 580).

Define for each 6 the set A () that contains the estimator § with probability
(1—-a)as:

A0)=1{q: pyql0) > 6} (22)

and ¢ such that Py[d € A (0)] = 1 —a, i.e., the probability of the event when the
parameter value is 6. If go is an observed value of 6, define the set B(go) that
collects all parameter values that are acceptable for the outcome gg according to
the same criterion:

B(q0) =10 : py(qol0) > o} (23)

We have the logical equivalence 8 € B(gp) <> go € A () and the confidence region
B(qo) based on the outcome ¢y is a proper (1 — a) level confidence set as a result.

Our approach is to replace the unknown exact density by the approximate con-
ditional density pg*(qo|a,9) and to choose ¢ such that the conditional coverage
level, given a, is (1 —a).

The sets A (@) and B(go) are motivated by Corollary 1 in Appendix A.6, which
shows that A () is an optimal (1 — a)-level prediction region for @ that is small-
est in terms of Lebesgue measure. When the density of the MLE is multimodal,
it may happen that the sets consist of disjoint intervals when p;(q|0) is larger
than 0 for 6 around distinct modes, but smaller than 0 somewhere in between
these modes. This occurs for the two leading examples, depending on the value
of a. The prediction and confidence regions can depend heavily on the value of
the ancillary statistic.

6.1. Nonlinear Regression

Figure 5 shows confidence regions for € based on p** as a function of the esti-
mated 6 = g, when the actual value of the observed ancillary is a = —0.5. The
figure shows that the confidence regions for § will indeed consist of two dis-
joint intervals when certain values of 0 are realized. As an example, the result for
outcome § = —1.2 and a = —0.5 is shown. The confidence region is the union
of the two disjoint sets (—1.62,—0.72) and (0.92, 1.43). These disjoint intervals
are quite far apart because the density of the MLE has a mode around the true
(hypothesized) value 8 and a second around —# in this model.

Another notable observation is that fora = —0.5 and ¢ close to 0, no confidence
region is, or has to be, defined. The reason is that we would never observe an MLE
value ¢ close to 0 when a = —0.5. The value (¢,a) = (0, —0.5) corresponds to
a value of the sufficient statistic #(0, —0.5) = (0,0.25)" by the inversion formula
(20) of Proposition 2. The point (0,0.25)" is in M and leads to 6 = +0.35 and
a = —0.43. The observed information is negative and the likelihood actually has
a local minimum for § = 0.
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T

= 1.43

= 0.92

-0.72

-1.62

FIGURE 5. Confidence regions B(g) as a function of ¢ (observed é) for the nonlinear

regression example. Illustrated is an observed value § = —1.2 which leads to the confidence
region (—1.62, —0.72) U (0.92, 1.43) for this value of a = —0.5. n =50, n1 = 10, np =40,
and o2 = 10.

The intervals vary significantly with a. We only illustrate the value a = —0.5

but for large positive a the regions are not disjoint. The intervals should of course
change substantially with a because Figure 9 illustrated that standard methods
with intervals that do not vary with a, can show a dramatic drop in coverage rates
for samples with smaller observed a.

If conditional coverage rates are correct for each given a, then they are also
marginally correct. Confidence regions based on p** have, conditional on a, accu-
rate coverage rates close to their nominal levels. This implies that also marginally,
after averaging out a, the coverage rate is close to the nominal level. The reliability
of the p** based confidence regions was illustrated in Figure 9 with a conditional
and overall coverage rate close to 0.95.

6.2. Errors in Variables Model

The p** based confidence regions for £ in the errors in variables model when
a = —0.4 are given in Figure 10 in Appendix A.7 and are very similar to Figure 5.
For estimates b around 0 and around —1.4 the confidence regions are disjoint.
With a = —0.4 the MLE will never be close to —0.7.

The weak proxy type setting with n = 1000 and y = 0.1 is of particular interest
and different. We still have disjoint confidence regions, but both parts are much
narrower. Figure 6 shows the regions as a function of the observed value b for ,bA’ .
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-3t

FIGURE 6. Confidence regions as a function of ﬁ = b in the errors in variables model when
z is a proxy weakly correlated with unobservable x. n = 1000, y = 0.1, auz = Uvz =1,
p=0.75and y2 3} 22 =2.36.

7. CONCLUSION

In this paper we have proposed p**, a multimodality adjusted version of
Barndorff-Nielsen’s well known p*. It allows for the possible nonuniqueness of
the solution to the first order conditions. We identified combinations of outcomes
for @ and a that are theoretically impossible. For those cases p** equals zero and is
exact. It is therefore strictly superior to any other approximation that assigns pos-
itive density to such outcomes, such as a straight application of the original p*.

Using the observed information is not sufficient to identify all the points where
the density should be zero, but could be used as a first practical step. It is easy to
calculate and to set the density equal to zero when one of the eigenvalues is not
positive.

The adjusted formula is shown to be accurate and capable of capturing the
bimodality of the MLE’s distribution in the nonlinear regression and errors in
variables models. The bimodality depends heavily on the ancillary statistic. By
itself @ has approximately no information on the parameter, but it contains valu-
able information on the shape of the distribution and not just the variance. We
should therefore condition on the observed value of a calculated from the actual
sample. The nonlinear regression and errors in variables model have been cho-
sen as leading examples because they have interesting global curvature properties
with changing local curvature, and allowed for the illustration of weak instrument
(proxy) type effects.

Both examples have only one parameter and one ancillary statistic and the
first order conditions for the MLE are in both cases cubic in the parameter.
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This facilitated the exposition of the main points and the explicit calculation of the
confidence regions. The results are not restricted to CEM(2,1) families however,
and hold for arbitrary k and d. The definition of a, the partitioning of the sample
space, definitions of the sets F,, F,, Cq+ are still applicable when d and/or (k —d)
are larger than one and the p**-formula can still be applied. Practically, having d
larger requires integration over a d-dimensional surface, but is conceptually not
difficult and only has to be carried out for one outcome of a. If (k —d) is larger
than one then this higher dimension of a allows for different directions in the
orthogonal space of the expectation manifold and involves choice of the direction
in which the density changes most.

We have shown how p** can be used to obtain accurate conditional confidence
intervals when the distribution of the MLE is bimodal. The resulting confidence
intervals can be disjoint, depending on the value of the observed ancillary and
the estimated parameter value. The resulting p** based confidence regions are
accurate, both conditionally and unconditionally.

NOTES

1. As areferee pointed out, it might be possible to start with a more general model and reduce the
dimension. For example, one approach would be to concentrate the likelihood, but the resulting profile
likelihood is not a proper likelihood based directly on a density. Implications will be left for future
investigations.

2. It should be noted in this context that Spady (1991) developed saddlepoint expansions for
regression models and considered an example like (11) where £ is unrestricted but the density of
the disturbance o is itself bimodal.

3. Again following the referee, one could reduce the dimension of a more general model, e.g.,
by the Frisch-Waugh Theorem if additional regressors Z have associated parameters not involved in
restrictions. y and X would be residuals after regression on Z.

4. In the econometrics literature Hillier and Armstrong (1999) refer to the sets F and Ctass$
and 8, but assume the MLE is unique and rank (j(q;t)) =d forall t € Fy.

5. A singular Hessian is a necessary condition for this local nonuniqueness, but is not sufficient.

Nevertheless, if t € ¢/ (C;'(l)) Nel (C;—(z)) and v is a unit eigenvector associated with a zero eigen-

2000.
value of oL@

0507 and ¢® approaches ¢! in the direction v such that (¢® —g()) = 20 then
D

—4(
=q

. 2000
a second order Taylor expansion é’(q(z); t) = [’(q(l);t) + “;(Z,’l ‘g=q(l) (q(z) - q(l)) + %(q(z) -

40y a%t@;n

3
30007 (q(z) —q(l)) + ”q(z) —q(l)” has the second r.h.s. term vanishing since

=4
tecl (1’F q(l)) and the third r.h.s. term vanishes since (q @ q(l)) is the direction associated with the

3
zero eigenvalue. So the difference in likelihoods is £(¢®);1) — ¢(¢(M;1) = 0 (Hq(z) —q® H ) For

implementation local nonuniqueness is no concern since both the p* and p** set the density to zero
if the observed information matrix is singular.

6. The sign of each element in a can be freely chosen since post-multiplying X (9)_13(0) | byan
orthogonal matrix U, U'U = UU’ = [y, still satisfies |B(0) : Z(0) ™' B(0) LU| =1i (0)I/1Z ©)]
without affecting the properties E [ao] =0, Var(ag) = Iy—q and Coo (ag,s (6p; T)) = 0 when a is
based on X (49)_l B(0) 1 U because the space spanned by the columns of X (19)_l B(#) | is not affected.
Hence, we can freely choose directions in the column space of X (0)_] B(#) 1 in which the distribution
of éla is most- and least affected.
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APPENDIX A

A.1. Proof of Lemma 1

Since the covariance matrix is a symmetric positive definite matrix we have
an eigendecomposition £ (0)~! = U'ATIU with U'U = UU’ = I;, and A~! =
diag(1/21,...,1/A;) and {A,} _; the strictly positive eigenvalues of X (0). Pre-
multiplication by the full rank matrix AU leaves the rank of [B(0): A(#)] unchanged
and post-multiplication of A (9) by (B(@)’J_ 2(6)"'B(®) J_) 12 does not alter the column
space, nor the rank of [B(0) : A(#)]. Hence:

rank ([B(@) : A@)]) = rank([B(@) > (19)_1 BJ_(H)])
=rank([AUB ) : UB(6), ])
= rank([AE : EJ_]),

with B=UB (0) and B| = U B () | with column rank d and (k — d) respectively. For the
rank to be smaller than k, there must exist a vector v = (v; : v’z)/ # 0 with v 1 d x 1
and vy : (k—d) x 1 such that 0 = [Af? : EJ_]D = Al}vl + EJ_DZ. The k x 1 vectors
b= Bvj; and b] = B v, are in the column spaces of B and BJ_ respectively and
hence orthogonal. The rank is therefore reduced only if there exist b and b | such that
bl =Ab= (Albl, . /lkbk) Orthogonality implies that b; and (b J_)- must have oppo-
site signs for at least one i, or have a zero when the other one is nonzero for at least one i,
since otherwise &'b | is a sum of only positive terms and b'b | > 0. In these cases with
sign(l;J_l) = —szgn(b ) or I;J_l =0# l;l, orl; =0+# I;J_l, there does not exist a 4; > 0
such that b | ; = A;b;. Hence no v # 0 exists such that [AB BJ_]D =0and [B@®): A6)]
has rank k and is invertible. This holds for any value of § € ® for which B(#) and X (0)
are regular with full column rank d and k respectively, and in particular for #. Hence the
inverse of [B(é) : A(é)] exists. [ ]

A.2. Proof of Proposition 1

The score function of the embedding FEM is:

sy =T~ %" af:) — ). (A1)

which can be evaluated at the restricted CEM as ;7(9). Using the covariance matrix of 7 at
the restricted estimate #(0) we have:

LM=[T -t =)' [T-10), (A2)
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which asymptotically will have )(]g_ o distribution under the implicit regularity conditions.
Since [B(®) : A(d)] is invertible by Lemma 1 and because B (T - r(é)) =0 we may

write:
N -1 n
s _ | BOY BOY] (5
(T—r(H))—[A(é),] [A(é)’}(T 2(0))
A=l
_[BOY 0
a [A(é)’] [A(e)’ (T —7(0)) ] ‘ (A.3)
Hence:

/ A -1
0 BO s o0 (mein- 4ch 0
LM_[A(@)’(T—r(H))] [(A(e)’)z(e)(B(g)'Aw))] [Aw)/(T—r(e))]'

Since A@)'=@)B@) = (B, £@)"'BO),)”"*B@), )" T@)B@) = 0 we
obtain:

LM_[ 0 ]’[B(é)’Z(é)B(é) 0 ]‘1[ 0 }
~LA@) (T -0) 0 AB) 2 0)A ) A@©O) (T -2 ()
= (T—70)) AO{AO) =O)AB)) ' A@) (T - (0))

=aa. [ ]

A.3. Derivation of p**

The derivation of the p*-formula as given by Barndorff-Nielsen (1980) depends on having
an accurate approximation for the density of 7" in the FEM and determining the Jacobian
of the transformation from 7' to (é, a). The derivation of the Jacobian here is essentially
the same and the saddlepoint approximation for FEMs was derived in Barndorff-Nielsen
and Cox (1979, p. 299):

* ] A AN/ A
pr(t;n) = W |z (n)]l/zexp{(;y—n) t—@(n)—x (7))}, (A4

which has proved to be highly accurate, not only asymptotically in an i.i.d. context when
the relative error is of order O(n~1), but also in small samples with dependent data.
LetC(#) =X @)1 B®) |- The derivation of the Jacobian is based on the relation:

B@OY sy (0
[C(é)’l](T_T(e))_ (c) (A.5)

The first d zeros correspond to the first order conditions for the MLE @, which are com-
monly used in the derivation of the asymptotic distribution of the MLE in an expansion of

the type 0 = s(é) =s(0p) + 62(9'9,0) - 0o) + remainder. We transform first to @, ¢) and

then to (é, a). Denote particular values of 9, c,a, and T by g, c,a and r respectively. On
taking differentials we obtain:

k
B(q)’ F(q); B(q) _
[ oo }ml}_l (t—r(q))z[G(q)l]dq—[c(q),l ]Z(q)B(q)dq—lk_d de, (A.6)
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with F(q) = [%{(B(@)’)ﬁ]ezq and G(q) = [%{(C(Q)’l)l}]e:q. Using
C(q9)' X(q9)B(q) = C(q)' C(g) =0 we have:

[ B@ 1" [j(q;r) 0 }(dq) N
dt_[c(qd Skt —1@)G@), Ii_a | \dc) (A7)

By construction we have |B(9) : C(0) | | = ‘B(H) .3 ©)'B (e)l’ —1i©)]/I1=(®)| and
hence the Jacobian of the transformation from ¢ to (g, a) is |i(q)|_1 [Z(|1j(g;1)].
Moreover, dc = ’(C(q)’J_Z(q)C(q)J_)l/zlda = Ii(q)Il/2 IZ(q)I_l/zda since the Jaco-
bian matrix of this transformation does not depend on a (or ¢). The Jacobian of the overall

transformation from 7 to (9,a) equals |i(q)|_1/2 IE(q)Il/2 |j(g;1)]. Given the exponen-
tial model of T, the density of (0, a) becomes:

P.a@-a:0) =li@I " P1Z@1"?1j (g1 (g @)lexp {n(0) 1 (q,@) = O)} 7t (q, @)
(A.8)

Now letting r = £(7; 1) — €(q; t) = (i — n(q))'t — {x () — x(q)}, with 7 the MLE of the
embedding FEM,

Ppa(@:a:0) =1j a1 @) >exp{(n©) = (@)1 (q.a) — { ©) —x(q)}}

lig;t(g;aN| 2P| _,
i@l 1Z@I

In an i.i.d. setting all ratios in the second line are shown by Barndorff-Nielsen (1980)

: [FICRICED) —1/2 -1y 2@l _
to have an expansion of the form o = 1+n c1(0,a)+ O0p(n™"), =0l =

14+n712¢)(0,a)+ Op(n~") and e ™" = 30, a){1+n""/2¢c4(0,a)+ Op (n~")} when a
is the affine ancillary. The remaining term is of order omn=h by the saddlepoint expansion
for the FEM. The leading term of this result is the p*-formula.

When the distribution of 8 is bimodal, there is no guarantee that fisina neighborhood
of the true 6. The Jacobian matrix is still valid however, because it concerns the mapping
between T and (4, a), irrespective of the distance from 6 to the true 0p. This mapping is
locally a dlffeomorphlsm as long as 7' is bounded away from sets where the mapping
between T and (0 a) is not uniquely defined: i.e., M or where 17 (g;1)| = 0. To make
the point more explicit consider a realization ¢ which is in F PO and F - Although q(l)

172
} IZ()lexp{i't —x (@)} h(t(g;a)). (A.9)

satisfies the first order conditions s(q(l), t) = 0 this point q(l) and assomated ancillary aD
are irrelevant, because ¢ is mapped uniquely on to q(z) and the associated a®). Hence the
relevant neighborhood is around (g @, a(z)) and the Jacobian is evaluated at this point.

In Figure 1, b~ maps uniquely to the MLE value 1.5 and b~ maps uniquely to —1.54
and their associated values for a. The Jacobian is evaluated at the uniquely defined point
and the transformation theorem is valid in this neighborhood where the rank is constant.

When ¢ is not in Cq+ , the MLE as a function of 7 will not map ¢ onto (¢, a). For a given
value of a this # will be mapped onto a different value 0(t) # g for the MLE. This implies
that the combination of (g, a) cannot occur and the density must be 0.

The derivation of the Jacobian is independent of the sample size n. Asymptotically, if 7’
is defined as a sample average, T will converge by a law of large numbers to 7 (170) = 7 (6)
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since the true model is the CEM with parameter value ) and expansions in terms of orders
of n make sense. In small samples (or when information accrues slower than linearly in n)
this is no longer true and the quality of the adjusted p**-formula depends on how well
the second line can be approximated by a function of a alone. This may vary by case
and sample size. Our examples show that this approximation can be very good in small
samples or in a weak instrument (proxy) type setting. Asymptotically we can fall back on
the original result by Barndorff-Nielsen (1980).

A.4. Further Details of the Nonlinear Regression Model

The model is embedded in a bivariate normal density:
_ _ 1 _
pdfy (015.Q) ~ @) 21T Pexp =5 (0= ' Q7 0= §)

with Q =¢2 (X 'X ) ~! and o2 assumed known. This is a FEM with canonical loglikelihood
parameterization:

£(B|b) = b'n—x () + constant,

with n = Q! p= cTIX'X L,k (n) = %n’ Q. The constant includes terms involving the
known 02, observable b and X’ X, but not 3. Our nonlinear regression model is a CEM(2,1)
because the two dimensional # is a smooth function of the single parameter . Orthogo-
nality of the columns in X implies that we can write Q! = diag {r|,r»} and in the exam-

ple with complementary dummies, r; =ny/ o2 and r =ny/ o2. The loglikelihood of the
CEM is:

1 1
£(0) =r b0 +ryby0° — Erlez - Er204,

0 on (0
0 =(12).  po=-"2-(1). mo=(7).

) 0 ot (0 ! -
c0=£li]=(2) =GP =(5) cco=- (7).

X (0) =diag{ry,r}.

The constant term (rjrp)~ ' in C| drops out in the construction of A (#) since
(k—d) =1, but is chosen in line with the definition which specifies that |B (9) : C| (0)| =

li (@)]/1Z ©)] =200 +4r29 . The determinant | X ()| = rqr, and:

i (0) =var (s (0)) =r +4r0> =B () =) B©®),
with s (0) the score satisfying:

A
s() = L =r1b; +2r2b20—r10—2r293 =B (b—1(9)).
The observed information equals:
. 2%t () 2
j@;b)= ~ 000" —2roby +r1 + 610
2
1; (0)
= 4r20% = 2r5 (by —60%) =i (0 b—1(0));
=r1+4r ra(by—0%) =i (0) - Zaeae’ b—10));,

]—
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%m©) _ Pm©) _
since 3636’ =0and agéa’ =
i0).

The first order conditions s(é) = 0 for the MLE can be written as:
03 +d\0 +dyb; =0,

= 2rp. From this equation it is immediate that E [ (¢; b)] =

with dy = 2r ,d| = (b2 + {712) . The type of roots of this (suppressed) cubic equation
ind depend on the discriminant:

3 2,2
A = —4dy —27d;by.

If A > 0 then there are three distinct real roots. If A = 0 has three real roots of which at least
two are equal, and if A < 0, then there is one real root and two nonreal complementary
roots. Any one of these three cases can occur since A depends on the outcomes b; and
by which are normally distributed and independent. This cubic can be exploited to derive
algebraically which values of 6 can occur for a given value of a.

AB)=c@)L(cO) =O)C@) )"
_L(—zé) L(—zé)’(l/mo )L(—zé)
- rir 1 rir 1 0 1/ra ) rirp 1

(-2@) 1 NG (—29)
= 1 N or — 1 .
\/492/r1 +1/ry \/4r292 +r1

Hence the affine ancillary statistic equals:

1 20\ ( b1 -0
R 1 by — 2
V402 /ry +1/r) 2
_ =20b1+0%+b, a0

V402 /ri +1/r)

Using Proposition 2 we can determine the outcome of the minimal sufficient statistic b
from (g, a).

b\ BT (0
()= 2] (7)

:(‘1)+41 ( 1 2r2w4q2/r1+1/r2)(0)
a

—12

2] n+ang?\ ~2q 1A+ 1/n

q

1 2
(8o (1),
q 4q%/ri+1/rp \ 1/72
Note that by this result if a = ——rl,/4q + % then by =0 and by = q2 - %% and
the observed information j (¢;b) = 4r2q +2r1 > 0, but the likelihood is symmetric in
q: 0(q) = —%qz(Zrl —g?ry) and ¢ and —g have the same value of the likelihood and
b= (0 q -1 2) e M, unless the likelihood is globally maximized for & = 0. This occurs

if j (O, 0,b7) ) =r|—2rpby > 0soforby < r' =1/8 in the example, j (0; O, 1/8)’) =0
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A.5. Further Details of the Errors in Variables Model

This example was inspired by results on bimodality in the weak instruments literature
including Nelson and Startz (1990), Maddala and Jeong (1992), Woglom (2001), Forchini
(2006), Hillier (2006), Phillips (2006), and Ariza and Van Garderen (2010).

In this example we continue with f as the model parameter in the CEM, rather

2
than €, and still 02(,8) = au ~+ 2ppoy 0y —|—,8200 and we denote 62(/3) = a%af@ =

2poy oy + Zﬂav .
From the loglikelihood (10) it follows:

1 1/2). :( ?zly?).
6= (ﬁ)(ﬁy ! 2 vizi)’

z«(m:; ik 22 S1og (o2 ().

The embedding FEM has cumulant function, writing s;; = Z:Z: 1 21-2:

2
L m

k() = _ZSZZ -5 102 (=21
ni

and it is easily checked that x (8) = x (5 (f)) . The expectation of T as a function of £ is
quadratic in f:

_ _ (B2 +n0? (B)
T(ﬂ)—Eﬁ[T]—( ;;MZ )

and the variance of the minimal sufficient statistic equals:

2.2 n _2
E(ﬁ):\/ar[T]:az(ﬂ)sZZ(“ﬁ yH250°(B) 2/3)!1),

28y 1
with |2 ()| = Znszza6 ).
The score can be written as:

3
s(By=>_Bd;,

j=0
with coefficients:

do = {211 poucy +2ny o —2npasiay} /(202 (B)),

d1 = 21102 =207 (52272 +no2{14+202}) /(202 (B),
dy = =212y 0} =2p0u0y (52272 +3n07) /(207 (B)).
d3 = —2n0, /(262 (B)).

After multiplying s(ﬁ) = 0 by the positive o2 (p) the first order condition is a cubic in ﬁ
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The expected Fisher in formation equals

2
i (ﬁ) = Uzl(ﬁ) ()’ 2SZZ —2n (ﬂavo.tﬁg)u) - )

The observed information is more involved, but can be written as i (#) plus a term linear in

. . ) 2
(t=T(B) asin(7) j (Bi1) =i (B) = Sf_y (=71 (B)) Gpf
The gradients to the canonical manifold and expectation manifold and their orthogonal
complements are

By =B _ 5% () (1/2—1/202(&/62(&), BL(f) = (2y (/f—az(ﬁ)/zrz(/f))).

B B\ —rB+rat B /B )’ 1-a2(B)/62(B) )’
_ar(ﬁ)_ Zﬁyzszz+nd'2(,3) . _ 7 Szz .
Ch="2 _( s ) Cl(ﬂ)‘*(zﬁyzswnﬁz(ﬂ))’

with A such that |[B(8) : C (f)| =1i ()| /|Z (B)I. This scalar is slightly complicated and
cancels in the expression for A (f) so there is little use for an explicit expression. Since:

CLB EBCLB =2ns:z:02 () (2522 7707 (B +nd? (B).

we obtain:

: —7Szz
Ap) = ( . )
Jns:202(B) (2522 1202 (B) +n62 (B) 287252 +n-62 ()

and

. — Szz (fl - (ﬁzyzszz +n02 (ﬁA))) + (237’ 2SZZ +n62 (3)) ([2 _ﬁAysZZ) . (A1)

Jrseee? (5) (2522207 (3) +00 (7))

Although this formula is analytically more involved, it can easily be stored and derived
using symbolic algebra packages and numerically evaluated. All calculations of the deriva-
tives, the ancillary statistic, and the inverse mapping are straightforward and we will not
present their analytic formulas here.

A.6. Smallest Prediction Regions

Analogous to the standard proof of the Neyman-Pearson Lemma we have the following
theorem for the smallest prediction region. See for instance Juola (1993)

THEOREM A.1. Suppose pr(t) is a continuous density for T € T, g(t) a continuous
and strictly positive function, and A a measurable subset of T and let P[A] = || A PT(1)dt

then:

min/ g(t)dt, (A.12)
A JA

s.t. P[Al=1—a, (A.13)

with 0 < a < 1, is solved by:
A={teT:pr(r)/g(t)> o}, (A.14)

with 6 > O chosen to satisfy the condition P[A] =1—a.
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Proof. Let R be any_measqrable subset of T that satisfies (A.13) and denote the comple-
ments of A and R by A and R respectively, then:

0= /R pr()di - /A pr(0di = /m””’)d" /A prds

S/AﬂRég(t)dt—/Amﬁég(t)dt:5(/Rg(t)dt—/Ag(t)dt),

and since ¢ > 0 it follows that ng(t)dt > fA g(¢)dt which means that A is better in the
sense of (A.12), or at least as good, as any other set. ]

COROLLARY A.1. If g (t) = 1 and the density is pr (t;0) then the (Lebesgue) small-
est prediction region is:

A@)={teT: pr(;0)>o}. (A.15)
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A.7. Additional Figures

pr (bla=-04;8=-1)
5F Bla N
t o pyg mmmmmee-
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3f
2.
1F
->b
-1.5 0.0

FIGURE 7. Conditional densities in the errors in variable model with large n = 1000 and
y = 0.1. z a weak instrument for unobservable x. Density still bimodal but more con-
centrated around the two modes. p* (slightly) positive around b = —0.75 when it should
be zero. Kernel density pysc incorrectly nonzero between —0.92 and —0.57, again be-
cause of kernel boundary effects. The (marginal) probability of observing an a which is
smaller than —0.4, is more than 10%, so not extreme or impossible. a= —0.4, true f = —1,
ol=0l=1p=075and >y ? =236

u =

pdf(al@) T

FIGURE 8. Density of the approximate ancillary in the nonlinear regression model for
different values of 6. If a was truly ancillary, this density would not depend on ¢ and all
four would be identical. n = 50, n; = 10, np =40, and 2 =10.
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FIGURE 9. Conditional coverage rates of nominal 95% confidence sets as functions of a,
the observed value of the ancillary statistic, for standard methods 0+1.96 fe(é) based
on the square root of the (estimated) expected information i(0) and observed information
j(é; a) which according to Efron and Hinkley (1978) provides a more accurate measure
of the conditional variance. For bimodal distributions variance is of limited use. Straight
horizontal lines are the marginal coverage rates: 95.1% for p** based and 80.7% and
80.6% for standard first order method based on expected- and observed information re-
spectively, n =50, n; = 10, np =40, and o2 =10. Results based on 100,000 Monte Carlo
replications.

FIGURE 10. Confidence regions B(b) as a function of b (observed ﬁ) in the errors
in variables model when a = —0.75. n = 25, Uuz = 002 =1,y =1 p=0.75 and
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