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SUMMARY
Most existing source search algorithms suffer from a high travel cost, and few of them have
been analyzed in performance in noisy environments where local basins are presented. In this
paper, the theseus gradient search (TGS) is proposed to effectively overcome local basins in
search. Analytical performances of TGS and the gradient ascend with correlated random walk
(GACRW), which is a variant of correlated random walk, are derived and compared. A gradient
field model is proposed as an analytical tool that makes it feasible to analyze the performances.
The analytical average searching costs of GACRW and TGS are obtained for the first time for
this class of algorithms in the environments with local basins. The costs, expressed as functions
of searching space size, local basin size, and local basin number are confirmed by simulation
results. The performances of GACRW, TGS, and two chemotaxis algorithms are compared in the
gradient field and a scenario of indoor radio source search in a hallway driven by real data of
signal strengths. The results illustrate that GACRW and TGS are robust to noisy gradients and
are more competitive than the chemotaxis-based algorithms in real applications. Both analytical
and simulation results indicate that in the presence of local basins, TGS almost always costs the lowest.

KEYWORDS: Biased and correlated random walk; Gradient ascend; Local maximum; Self-avoiding
walk.

1. Introduction
Strategies behind search of sources have received attention in several disciplines. In the natural world,
bacteria, insects, and animals have their own ways to find food, locate mates, pursue quarries, and
avoid natural enemies. Laws behind these behaviors have been studied,1, 3, 29, 34 and then inspired a
number of researches and applications in robotics community.18, 19, 25, 27, 35 Specifically, robots can be
dispatched to find hazardous chemical leaks28 or radio sources in a wireless sensor network for the
purpose of maintenance32 and sweeping.31

Although the source types are distinct, most of these share a common property: the closer to
the source, the higher the measured signal/density/luminance magnitude. Thus, a number of works
published in the field use gradient ascent. However, in situations when gradients are very rugged,
such hill climbing methods have a high chance to fail. Considering this, heuristic methods are used
to guarantee success. Unfortunately, the time required by a heuristic method to ensure a significant
probability of success usually exceeds the time required by an exhaustive search. Since a good
algorithm should be fast and robust, alternative methods are proposed and studied. The E. coli
algorithm24 has been studied in the context of robotic source search by Russell et al.26 This algorithm is
one of the original chemotaxis methods. By comparing current measured concentrations or magnitudes
with previous ones, a robot makes a decision on either moving along a straight path or making a
random turn. A simplified chemotaxis is presented by Nurzaman et al.20 The algorithm is similar
to E. coli and has been studied in environments where magnitude measurements are not always
available. An inspiring study states that a search can be performed with partial information and
cues.33 Another recent study has investigated on the kinematic state estimation and motion planing
in an exponential map which has similar diffusion characteristics in moving.21 The planar algorithm,
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Fig. 1. Noisy gradients and three local basins in a source search. The green dot stands for the source and the
dark arrows indicate the gradients.
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Fig. 2. An RSS contour map of radio source A in a hallway. The red lines stand for the wall edge; B, C, D are
other sources.

taking advantage of zigzag movements and multiple magnitude meters, is studied in the context of
underground chemical source localization.10, 26 A similar algorithm, using zigzag to guide a mobile
robot to a chemical source, has been reported by Ishida et al.13 The Hex-Path algorithm is believed
to be a better choice with lower average travel cost compared with the E. coli and planar algorithms,
but it has a risk of failure since it cannot distinguish between a local basin and the global basin.26

Recently, navigations using multi-resolution algorithm have new breakthroughs in terms of robust
complete coverage, which seamlessly integrates local and global navigations.8, 14, 15 In our earlier
studies, we proposed an adaptive gradient method which uses weighted gradients in a recent short
period as the guide.32 However, the algorithm itself cannot guarantee success. We have proposed an
algorithm combining the gradient method with the self-avoiding walk that reduces the cost in noisy
environments.38 We have also proposed searching algorithms using the force field vector that leads
fast map coverage.36, 37 All these works are under the condition that a reverse propagation model
illustrating the correlation between distances and magnitudes is not an option; otherwise, a Bayes
filter-based simultaneous localization can be applied.30

To the best of our knowledge, most results obtained by the related works are based on numerical
simulations and laboratory experiments. Very limited work presents an analysis on algorithm
performance with respect to the environment status. In general, a searching mobile robot has to
face challenges as noisy gradients and local basins, as shown in Fig. 1. Noisy gradients indicate
situations where gradients of magnitudes are more likely pointing to a position around the true source
instead of exactly to it; while local basins indicate situations where gradients are always toward
local maxima. These challenges are inevitable in practical scenarios. For example, Fig. 2 shows
the contour map of received signal strength (RSS) distribution of a single wireless access node in
a hallway. Fortunately, noisy gradients can be easily dealt with smoothing gradients using multiple
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readings; and local basins can be overcome by either heuristic methods,6 random walks,24 or arbitrary
exhaustive methods.38 Although all these methods can overcome local basins, it is more interesting
to know how much travel cost will be spent for a given scenario.

In this paper, the focus of study is the local basins since noisy gradients are not a major difficulty
in source search. The analytical average travel costs of gradient ascend with correlated random walk
(GACRW) and theseus gradient search (TGS) in a gradient field are obtained. It is shown that TGS
has a lower travel cost than GACRW when local basins are dense and large. The results are verified
by numerical simulations. We also carry out simulations with real data in the context of radio source
search. Comparisons show that (i) in the gradient field, where the local basins are highlighted, TGS
has a lower travel cost than the other three methods except the cases that local basins are small and
sparse; (ii) in a radio source search, where both types of challenges are presented, TGS also has a
lower cost than the other three methods; (iii) GACRW is a wise choice in the case that the location
information necessary for TGS is unavailable since GACRW has a lower travel cost than the two
chemotaxis-based algorithms when both types of challenges are presented. Henceforth, the cost and
travel costs are used alternatively while both of them stand for the average travel distance in search.

The rest of the paper is organized as follows. In Section 2, GACRW and TGS algorithms are
presented; the gradient field and local basins are defined. In Section 3, the analytical travel costs in
both algorithms are obtained. In Section 4, simulation results are presented. In Section 5, conclusions
are drawn and future work is discussed.

2. Algorithms and Gradient Field

2.1. Gradient ascent with correlated random walk
Biased and correlated random walk (BCRW) contains consistent biases in the preferred directions
with certain persistence.7, 22, 23 We apply GACRW, which is essentially a BCRW in source search. In
brief, a robot follows gradients when the projection of the previous movements on the latest gradient
is positive, as in Algorithm 1.

Algorithm 1 GACRW
1: while undone do
2: if the inner product of current gradient and previous motion is positive then
3: move forward one step along current gradient.
4: else
5: make a rotation with an angle subject to N(0, σ 2) and move forward one step.
6: end if
7: end condition test.
8: end while

N(0, σ 2) denotes the Gaussian distribution with mean 0 and standard deviation σ . Here σ is
arbitrarily taken as π

2 .
The algorithm comprises two phases: one is the gradient ascent; another is the correlated random

walk (CRW). Apparently, in an ideal case, a robot using GACRW can reach the source with a cost
equal to the Euclidean distance from the starting point to the source. However, if the robot is drawn
to a local basin, it will arrive at the local maximum point first.

2.2. Theseus gradient search
Theseus gradient search is inspired by the self-avoiding walk. The robot’s motion is planned on
orthogonal grids. In other words, the original environment layout is understood as a scaled grid map
by the robot. While searching, the robot prefers to go to unvisited points along a gradient. If gradients
in a local area are always toward a local maximum point, the robot will behave as in an exhaustive
search. TGS is robust and flexible: while gradients are toward the global maximum point, which is
the source, the robot will approach it through its optimal path in the taxicab geometry; otherwise, the
robot will perform the self-avoiding walk. One of the essential problems of self-avoiding walk is the
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high cost in high dimensions. However, the cost in two dimensions is O(m2), where m2 stands for
the area of the space. TGS algorithm is as follows.

Algorithm 2 TGS
Push the current robot location into the stack
while undone do

if at least one neighbor of the stack top is unvisited then
use unvisited neighbors as candidates;
calculate inner products between the current gradient and the vectors heading to the candidates;
move to the candidate with the largest inner product;
push the selected candidate into the stack.

else
pop up the stack top.

end if
end condition test.

end while

Theseus gradient search integrates the robust exhaustive search with the optimal gradient ascent
in searching. While TGS is efficient with almost every scenario, it has a chance to face the virtual
wall dilemma. Briefly speaking, since the searching robot is unlikely to move to traveled positions,
a robot’s past path may block it from moving to the target in particular scenarios. In that case, the
self-avoiding walk may prevent robot from moving toward the correct target. To deal with it, the
study in Zhang et al.38 provides a heuristic method in addition to TGS, which guarantees a success
rate of over 0.95 in the search.

2.3. Gradient field
Most algorithms for source search, including GACRW and TGS, are discrete decision-making
systems. At each step, a robot finds a direction along the gradient of magnitudes and makes a motion
decision accordingly. The gradient at a point may be obtained using consecutive two measurements2

or latest several measurements.32 The path along which a search is performed can be irregular line
segments,20 zigzag,27 or hex-path.26 A lot of efforts have been made to alleviate the effect of noisy
gradients, while much less for the local basins. Moreover, the local basins are the major challenges
in source search. Thus, we intend to propose a scenario named gradient field where the local basins
are highlighted.

Definition 1. (Gradient field) A gradient field is a square vector field where the gradient at any
point always points to the unique maximum point.

Definition 2. (Ideal searching space) The ideal searching space is a gradient field with side
length N at the center of which the global maximum point is located.

Definition 3. (Local basin) A local basin is a gradient field with side length m.

Definition 4. (Searching space) The searching space is an N × N ideal searching space with k

local basins of size m × m, as shown in Fig. 3.

In practice, the local basin side length m is related to the type of source, geometry layout of
the environment, and diffusion time. Without loss of generality, the starting points of the robot and
locations of local basins are regulated as follows.

Assumption 1. The searching robot with step length 1 starts from a random point in accordance
with a uniform distribution.

Assumption 2. Local basins are located randomly in a searching space under the following
conditions:
1. Local basins do not cover the global maximum point.
2. Local basins do not cover the areas outside the searching space.
3. Coordinates of local basin center (a, b) satisfy mod(a, m) = mod(b, m) = 0, where mod stands
for a modulo operation.
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N

m

Fig. 3. An N × N searching space with six m × m local basins.

Obviously, the local basins are highlighted in the gradient field while the noisy gradients are
omitted. Henceforth, the term size is used to represent the side length for convenience. A searching
space is fully defined by searching space size N , local basin size m, and local basin number k, as
shown in Fig. 3. For simplicity of calculation, N, m, and k are considered as integers. The average
travel cost of each algorithm is investigated in the following section.

3. Travel Cost in the Gradient Field

3.1. Nomenclature
In order to facilitate the understanding of the following sections, we provide a brief nomenclature as
follows:

φ Probability density function of standard

normal distribution.

� Cumulative distribution function of standard

normal distribution.

ω Turning angle between consecutive steps.

θ i Turning angle at the ith step compared with

the initial orientation.

σ Standard deviation of the turning angle ω.

χf Forward cost, see (b) in Section 3.2.1.

χb Backward cost, see (b) in Section 3.2.1.

χ Cost of reaching escape state, composed by

forward cost and backward cost, see (b) in Section 3.2.1.

pi, qi, si Transition probabilities to corresponding states,

see (c) in Section 3.2.1.

e, f Event of escaping a local basin and move to

the next state respectively.

SGACRW
k Expected travel cost of a robot driven by

GACRW in a searching space with k local basins.

STGS
k Expected travel cost of a robot driven by

TGS in a searching space with k local basins.

� Additional cost, see Section 3.3.
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Fig. 4. Movements start from the origin. θ i is the turning angle at the ith step compared with the initial
orientation; ωi is the turning angle at the ith step compared with that of the previous step.

3.2. Gradient ascent with correlated random walk
3.2.1. Cost of escaping a local basin. (a) Turning angle after n continuous CRW: When a robot is
trapped in a local basin, the CRW phase is triggered. Before the robot escapes the local basin, it may
go back to the center of local basin a few times. For example, after a few steps of CRW, the robot
has a high chance to face back to the local basin center. In this case, the phase of gradient ascent
draws the robot to the local basin center for one more time. Obviously, the escape consists of CRW,
which drives the robot outward, and gradient ascent, which pulls the robot back to the local basin
center.

The distribution of turning angle ω at each step can be approximated by a truncated Gaussian
distribution:

f (ω) =
1
σ
φ(ω

σ
)

�( π
2σ

) − �(− π
2σ

)
, (1)

where φ denotes the probability density function of the standard normal distribution and � is its
cumulative distribution function, σ denotes the standard deviation of the turning angle at each
step.

Then for continuous n steps of CRW, the distribution of turning angle can be approximated by a
Gaussian random variable with mean zero and variance 3nπ2/40. This approximation is good enough
to obtain the expected displacement as shown next.

(b) Expected displacement after n continuous CRW: A common way to find the expected
displacement after n continuous CRW is to find the root of mean square displacement (MSD)17

instead. The approximation is accurate when n is not a large number.5 As shown in Fig. 4,
θ i = θ i−1 + ωi = ∑i

j=1 ωj .
Then the MSD after n continuous CRW can be written as:

E(R2
n) = E

(
n + ∑

i �=j

(cos θ i cos θj + sin θ i sin θj )

)

= n + E

(∑
i �=j

cos(θ i − θj )

)
. (2)

Since θ i − θj = ∑max(i,j )−1
l=min(i,j ) ωl , an approximated value of E(R2

n) can be obtained.
(c) Absorbing Markov chain in CRW: Before getting the overall cost, it is necessary to obtain

the cost in escaping a single local basin. A difficulty is that the location of each step in CRW is
not analytically tractable since it is not Markovian.7, 16 However, the moving average process9 in the
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Fig. 5. Absorbing Markov chain of the CRW. At transient state xi , the robot has a probability pi to go to transient
state xi+1, qi to go back to the initial state x0, si to enter the absorbing state xesc, and pi + qi+ si = 1.

system can be viewed as a Markov chain if we define its states as follows:

x0 ≡ {Initial state: the robot is at the center ofthe local basin},
xi ≡ {Transient state i: the robot has launched i consecutive CRW; i ∈ N

∗},
xesc ≡ {Absorbing state: the robot escapes thelocal basin},

where N∗ denotes the nonzero natural number. Specifically, it is an absorbing Markov chain since the
transition probability of the self-loop in xesc is 1, as shown in Fig. 5. To enter the state xesc, the cost
χ can be resolved in two parts: the forward cost χf and the backward cost χb. The forward cost χf

denotes the transition cost from state i − 1 to i, i ∈ N∗; the backward cost χb denotes the cost from
state i to state 0,

χ = χf + χb. (3)

In an absorbing Markov chain, all states except the absorbing state are termed transient states. For
computational convenience, we regard that a robot leaves a local basin if the displacement of robot
from the center of local basin is no less than m/

√
π .

If we use e and f to denote the events of escaping a local basin and moving to the next state
respectively, the corresponding transition probabilities of each state can be written as follows.

As shown in Fig. 5, the transition probabilities are: s0 = 0, p0 = 0; s1 = 1 if m ≥ π2,

otherwise s1 = 0; s2 = Pr(e2|ē1f1) = Pr(e2 ē1f1)
Pr(ē1f1) , p2 = Pr(ē2|ē1f1) × Pr(f2|ē1ē2f1) = Pr(ē2f2|ē1f1) =

Pr(ē1f1 ē2f2)
Pr(ē1f1) ; s3 = Pr(e3|ē1f1ē2f2), p3 = Pr(ē3|ē1f1ē2f2) × Pr(f3|ē1f1ē2f2ē3) = Pr(ē3f3|ē1f1ē2f2) =

Pr(ē1f1 ē2f2 ē3f3)
Pr(ē1f1 ē2f2) .
All these probabilities can be written in multi-fold integral forms, such as:

Pr(ē1f1ē2f2ē3f3) =
∫ ∫ ∫

ē1f1 ē2f2 ē3f3

p(ω1)p(ω2)p(ω3)dω1dω2dω3, (4)

where p denotes the probability distribution function, ω1, ω2, ω3 denote the turning angle at step
1, 2, 3 respectively. ē1 indicates m ≥ π2; ē2 indicates 2 + cos(ω2) ≤ π2

m
; ē3 indicates 3 + 2[cos(ω2) +

cos(ω3) + cos(ω2 + ω3)] ≤ π2

m
. f1 is always true; f2 indicates 2kπ − π

2 ≤ tg−1( sin(ω1)+sin(ω1+ω2)
cos(ω1)+cos(ω1+ω2) ) ≤

2kπ + π
2 ; f3 indicates 2kπ − π

2 ≤ tg−1( sin(ω1)+sin(ω1+ω2)+sin(ω1+ω2+ω3)
cos(ω1)+cos(ω1+ω2)+cos(ω1+ω2+ω3) ) ≤ 2kπ + π

2 , k ∈ Z, where Z

denotes the integer set.
To find the forward cost χf and backward cost χb, it is necessary to know the expected number

of times the chain is in each state. For this purpose, we need to investigate on the transition matrix.
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We renumber the states of a transition matrix so that the transient states come first. If there are r

absorbing states and t transient states, the transition matrix can be written in the canonical form11 :

P =
(

Q R
0 I

)
. (5)

Here I is an r by r identity matrix, 0 is an r by t zero matrix, Q is a t by t matrix, and R is a nonzero
t by r matrix. In the above absorbing Markov chain, r = 1 and t is infinity. Q and R are shown as
follows,

Q =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 · · · 0
q1 0 p1 0 0
q2 0 0 p2 0
q3 0 0 0 0
...

. . .
...

qt−1 0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, (6)

R = ( 0 s1 s2 · · · st−1 )T . (7)

Recall, pi denotes the transition probability from xi to xi+1, qi denotes the transition probability
from xi to x0, and si is the transition probability from xi to xesc. Due to the fact that si ≈ 1 when i is
large, t can be truncated as a large number instead of infinity. A fundamental matrix N11 can then be
obtained as:

N = (I − Q)−1 . (8)

The entry nij of N is the expected number of times that the chain is in xj if it starts from xi . A
vector L = (n12 n13 n14 · · · n1t ) is picked up from the first row of N for the consequential calculation
of travel cost.

Then the forward cost χf is:

χf = L × c, (9)

where c is a column vector of all 1’s.
The backward cost is:

χb = L × v, (10)

where v is a column vector with entry vi = qi+1 ×√
E(R2

i ). The expected cost of escaping a local basin
can be found by (3).

However, as soon as a robot leaves a local basin, it has a probability to move back to the same local
basin again. The probability depends on the position where the robot escapes. For example, if a robot
escapes the leftmost local basin in the searching space in Fig. 3 from the left edge, it will immediately
enter the same local basin again. When m is much larger than 1, possible escaping positions can be
regarded as uniformly distributed on the corresponding local basin perimeter. Under Assumption 1
that local basins are square gradient fields, the probability of re-entering the same local basin is either
50% or 75%, depending on the location of the local basin. For example, if the local basin is located
on the north of the center, the probability of re-entering the local basin is 75% since the robot leaves
the local basin only if the escaping point is on the southern edge. On the other hand, if a local basin
is located on the diagonal of the searching space, the re-entering probability is 50%.

3.2.2. Cost with k local basins. If there is no local basin in the searching space, the searching cost
equals the distance between a starting point and the target. Regarding the searching space center as
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the origin in polar coordinates, the expected travel cost SGACRW
0 can be written as:

SGACRW
0 = 8

N2

∫ π
4

0

∫ N
2 cos θ

0
r × rdrdθ

= N

3

∫ π
4

0
sec3 θdθ

≈ 0.383 N, (11)

where S denotes the cost in search, N denotes the size of the searching space, the superscript in SGACRW
0

indicates the name of algorithm, and the subscript 0 indicates that zero local basin is presented.
When k local basins are presented, a robot starting from a random point will meet α local basins

on average, where 0 < α < k. The searching cost SGACRW
k can be obtained by adding all the cost of

escaping local basins on SGACRW
0 , where the subscript k in SGACRW

k indicates that k local basins are
presented. If a robot starts from a random point, the probability that the robot accesses a local basin
can be written as:

P = 8m

N2(N − 2m)2
×

∫ π
4

0

∫ N
2 cos θ

− N
2 cos θ

m
2 cos θ

r2(cos θ + sin θ )drdθ

= 8m

N2(N − 2m)2
× (N − 2m)(N2 + m2 − mN)

16

= m(N2 + m2 − mN)

2N2(N − 2m)
, (12)

where m denotes the size of a local basin.
Thus, the number of local basins encountered by a searching robot is α ≈ k × P . Recall that

as soon as a robot leaves a local basin, it has a probability of either 50% or 75% to re-enter the
same local basin right away. Furthermore, for the probability of 50%, the expected visiting time is
1 + ∑∞

i=1(1/2)i = 2; for the probability of 75%, the expected visiting time is 1 + ∑∞
i=1(3/4)i = 4.

The probabilities are decided by the locations of local basins. By taking the repetitive counts into
consideration, the total number of times that local basins are escaped is obtained as:

H = 2N + 6m

N + m
× kP . (13)

Therefore, the searching cost SGACRW
k is

SGACRW
k = SGACRW

0 + Hχ . (14)

3.3. Theseus gradient search
3.3.1. Cost with a local basin. The cost of escaping a single local basin using TGS is denoted as
g(m), which approximately equals to the local basin area m2. When no local basin is presented, the
expected cost STGS

0 can be written as:

STGS
0 = 1

N2

∫ ∫
G

(||x|| + ||y||)dxdy

= 1

N2

∫ N
2

− N
2

∫ N
2

− N
2

(||x|| + ||y||)dxdy

= N

2
, (15)
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Local basin Shadow areaGlobal extreme

Fig. 6. Two cases of local basins with their shadow areas.

where S denotes the cost in search, G denotes the searching space, and N denotes the size of the
searching space.

When presented in the searching space, local basins may trap the robot. A point is in shadow area
Fi if the path to the global maximum point intersects the ith local basin. For example, Fig. 6 shows
the global maximum point, two local basins, and their shadow areas.

When the searching space has one local basin, the expected cost STGS
1 can be written as:

STGS
1 = 1

N2

⎡
⎣∫ ∫

F

(||x|| + ||y|| + g(m))dxdy +
∫ ∫
G−F

(||x|| + ||y||)dxdy

⎤
⎦

= 1

N2

⎡
⎣∫ ∫

F

g(m)dxdy +
∫ ∫

G

(||x|| + ||y||)dxdy

⎤
⎦

= g(m)

N2

∫ ∫
F

dxdy + STGS
0

= � + STGS
0 , (16)

where N denotes the size of the searching space, m denotes the size of local basins, and the subscript
1 indicates the number of local basins that appeared in the searching space.

Obviously, the additional cost � = g(m)
N2

∫ ∫
F

dxdy is proportional to the expected area of the
shadow area E(F ) = ∫ ∫

F
dxdy. Considering that the shadow area may occur in one out of the two

forms in Fig. 6, an approximation of E(F ) can be written as follows:

E(F ) ≈ 8

N(N − 2m)

⎛
⎜⎝m

N−m
2∫
m
2

x− m
2∫

0

(
N

2
− m

2
− x

)
dydx

+
N−m

2∫
m
2

x∫
x− m

2

(
N

2
+ m

2
− x

)(
N

2
+ m

2
− y

)
dydx

⎞
⎟⎠
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Fig. 7. (a) Two separated local basins; (b) two local basins with overlapping shadow areas; (c) adding the kth
local basin to a searching space with k − 1 local basins.

= 8

N(N − 2m)

(
m(N − 2m)(N2 − 8m2 + 8mN)

48

+m(N − 2m)(4N2 + 22m2 + 11mN)

192

)

= m(8N2 − 10m2 + 43mN)

24N
. (17)

3.3.2. Cost with two local basins. When two local basins are presented in the searching space, the
cost STGS

2 cannot be found directly since the locations of local basins are unpredictable.
Case 1
When the two shadow areas are not overlapped, i.e. F1 ∩ F2 = ∅ as in Fig. 7(a), the cost can be

directly written as:

STGS
2.1 ≈ 1

N2

⎡
⎣∫ ∫

F

(||x|| + ||y|| + g(m))dxdy +
∫ ∫
G−F

(||x|| + ||y||)dxdy

⎤
⎦

= 1

N2

⎡
⎣∫ ∫

F

g(m)dxdy +
∫ ∫

G

(||x|| + ||y||)dxdy

⎤
⎦

= g(m)

N2

∫ ∫
F

dxdy + STGS
0

= 2� + STGS
0 . (18)
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Case 2
When one shadow area is within another local basin’s shadow area, i.e. F1 ∪ F2 = F1 as in

Fig. 7(b), the cost can be written as 19,

STGS
2.2 ≈ 1

N2

⎡
⎣∫ ∫

F1−F2

(||x|| + ||y|| + g(m))dxdy +
∫ ∫

F2

(||x|| + ||y|| + 2 × g(m))dxdy

⎤
⎦

+
∫ ∫

SF−F1−F2

(||x|| + ||y||)dxdy

⎤
⎦

= 1

N2

⎡
⎣∫ ∫

F1

g(m)dxdy +
∫ ∫

F2

g(m)dxdy +
∫ ∫

SF

(||x|| + ||y||)dxdy

⎤
⎦

= 1

N2

⎡
⎣∫ ∫

F1

g(m)dxdy +
∫ ∫

F2

g(m)dxdy

⎤
⎦ + STGS

0 . (19)

Since local basins are randomly placed, (19) also equals 2� + STGS
0 . As a result, the expected

travel cost with two local basins can be obtained as STGS
2 ≈ 2� + STGS

0 .

3.3.3. Cost with k local basins. When k local basins are presented in a searching space, the expected
cost is denoted as STGS

k . Considering (16) and (19), a hypothesis that STGS
k ≈ k� + STGS

0 is established.
Using mathematical induction, it is assumed that STGS

k−1 = (k − 1)� + STGS
0 . Thus, the case with k

local basins can be considered as adding the kth local basin to a searching space with k − 1 local
basins. The adding of the kth local basin has four different cases. First, Fk is not overlapped with any
existing shadow areas, which is similar to Case 1 in Section 3.2.2. Second, Fk is inside at least one
existing shadow area, this case is the same as Case 2 in Section 3.2.2. Third, Fk covers one or more
other shadow areas. It is also similar to Case 2 in Section 3.2.2). Fourth is the union of the previous
two cases. Again, it is similar to the second case in Section 32.2. Here the last case is discussed as an
example.

As shown in Fig. 7(c), the kth local basin is added to the searching space with k − 1 local basins.
It is assumed that Fk is covered by i existing shadow areas and covers j existing shadow areas. For
convenience, the j existing local basins are renumbered from bottom to top as 1st, 2nd ... j th. The
difference between the costs before and after adding the kth local basin is:

STGS
k − STGS

k−1 ≈ 1

N2

⎡
⎣∫ ∫

FK−F1

g(m)dxdy +
∫ ∫
F1−F2

2g(m)dxdy

... +
∫ ∫

F(j−1)−Fj

jg(m)dxdy +
∫ ∫

FJ

(j + 1)g(m)dxdy

−
∫ ∫
F1−F2

g(m)dxdy −
∫ ∫
F2−F3

2g(m)dxdy

... −
∫ ∫

F(j−1)−Fj

(j − 1)g(m)dxdy − +
∫ ∫

Fj

jg(m)dxdy

⎤
⎥⎦
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Fig. 8. Travel cost versus local basin size m in GACRW (N = 100).

= 1

N2

⎡
⎣∫ ∫

Fk

g(m)dxdy

⎤
⎦

= �. (20)

Thus, the average cost of TGS with k local basins can be written as k� + STGS
0 . If we use g(m) = m2

as the cost of escaping a single local basin, the cost of search in a searching space with k local basins
can be obtained using Eqs. (15), (17), and (20),

STGS
k ≈ k� + STGS

0

= 12N4 + km3(8N2 − 10m2 + 43mN)

24N3
. (21)

Since the virtual wall problem is unlikely to occur in a sparse local basin, the obtained STGS
k in

(21) is lower than the true cost. Although the virtual wall problem is inevitable in TGS, STGS
k is a

good approximation of true cost, especially when local basins are sparse.

4. Simulation and Results

4.1. Comparison of analytical cost and simulation cost
4.1.1. Gradient ascent with correlated random walk . The derived SGACRW

k is compared with the cost
obtained from numerical simulations. For each set of N, m, and k, 1000 trials are taken in simulation.
A robot starts from a random point and is regarded as arriving at the target when the global maximum
point is within one step.

Figure 8 illustrates the analytical cost compared with those obtained from simulations in different
parameter settings. Under a fixed searching space size N = 100, the analytical cost well predicts the
cost in simulation, especially when k is small.

The SGACRW
k matches well with the simulation cost in Fig. 9. The results demonstrate that SGACRW

k

can adequately represent a good prediction of numerical simulation in regions where m and k are not
large. Also, it is obvious that SGACRW

k increases linearly with the growth of k. Note the gap between
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Fig. 9. Travel cost versus local basin number k in GACRW (N= 100).
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Fig. 10. Histogram of travel cost in GACRW (N=100). The distributions of travel costs are under different m
and k pairs for each 1000 trials.

SGACRW
k and the simulation cost arise because the approximation in deriving SGACRW

k is less accurate
when m is large, as we mentioned in (b) in Section 3.2.1.

In Fig. 10 the histograms reveal the same trend that the travel cost increases together with m and
k.

4.1.2. Theseus gradient search. The derived STGS
k is also compared with the cost obtained from

numerical simulations. Similarly, 1000 trials are taken in simulation. Figure 11 presents a typical
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Fig. 11. A typical trajectory of TGS on a gradient field with local basins (N = 100, m = 8).

2 4 6 8 10 12 14
0

100

200

300

400

500

600

700

m

S
k
TGS

Simulation cost (k = 5)

S
5
TGS

Simulation cost (k = 15)

S
15
TGS

Fig. 12. Travel cost versus local basin size m in TGS (N=100).

trajectory in simulation where a robot starts from the top right position targeting at the red global
peak. While searching, the robot uses self-avoidance walk to escape the local basin.

In Fig. 12, the curve of STGS
5 matches well with the cost obtained from simulation. When k = 15,

STGS
15 is slightly higher than the cost from simulation as m ≤ 11.

In Fig. 13, when m = 5, STGS
k coincides with the cost from simulation. When m = 10, although

not perfectly matched, STGS
k provides a good prediction on the true cost. In both Figs. 12 and 13, the

difference between STGS
k and the cost obtained from simulations is mainly caused by the virtual walls

which are not taken into consideration in the analysis.
In Fig. 14, a set of histograms similar to Fig. 10 are presented.

4.2. Comparison between the analytical costs
A few interesting properties of GACRW and TGS can be observed by comparing their analytical costs
as shown in Fig. 15. When m is small (k = 5, m < 9; k = 15, m < 7), the cost of TGS is slightly
higher than that of GACRW. This is due to the fact that SGACRW

0 is lower than STGS
0 as from Eqs.

(11) and (15) respectively. As the local basins become denser, SGACRW
k grows much faster than STGS

k .
More importantly, after the critical point where STGS

k becomes lower than SGACRW
k , the gap between

their costs increases exponentially with the growth of m.
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Fig. 13. Travel cost versus local basin number k in TGS (N=100).

0 100 200

20

40

60

80

100

120

140

160

180

Cost

C
ou

nt
 o

f t
ria

ls

k = 5, m = 5

0 500

50

100

150

200

250

300

350

400

450

500

Cost

k = 5, m = 10

0 100 200 300

20

40

60

80

100

120

140

160

180

Cost

k = 15, m = 5

0 1000
0

50

100

150

200

250

300

Cost

k = 15, m = 10

Fig. 14. Histogram of travel cost in TGS (N=100). The distributions of travel costs are under different m and k
pairs for each of 1000 trials.

4.3. Simulation comparison in the gradient field
The four algorithms are compared in terms of cost in the gradient field by simulation: TGS, GACRW,
E. coli algorithm (E coli),2, 12, 26 and chemotaxis (Chem).20 We slightly modify the criteria of behavior
switches in E. coli and Chem to fit the gradient field: As soon as the inner product of the latest motion
and the current gradient becomes negative, a behavior switch is triggered. We regard this as equivalent
to the conditions in E. coli and Chem of C = 0. Also, εθ is chosen as π

2 in Chem.20 With each set of
N , m, and k, 1000 trials are taken into simulation for each algorithm.
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Figure 16 shows that when m ≥ 11, TGS has the lowest cost out of the four. On the other hand,
TGS costs slightly higher than others for small m. This result is intuitively understandable since TGS
is designed in the taxicab geometry and its cost is the highest out of the four if there is no local basin.
Fortunately, local basins dominate the cost in practical applications. Thus, it is reasonable to see that
TGS costs the lowest where m becomes larger.

4.4. Simulation comparison with real data
The above comparisons are all performed in gradient fields that highlight the local basins but ignore
the noisy gradients. In this section, we compare the four algorithms in a radio source search using RSS
in a hallway. To validate the results in high fidelity, the simulation is driven by real data. As shown in
Fig. 2, four radio sources are placed at A, B, C, and D. The hallway is partitioned into 343 grids of
size 1×1 square feet (0.3048×0.3048 square meters). At the center of each grid, 10 readings for each
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Table I. Average cost in search (meters).

Targets A B C D

TGS 29.3 52.5 51.4 36.9
GACRW 44.0 98.8 104.5 89.2
E. coli 56.0 235.4 271.7 109.6
Chem 54.9 194.2 248.0 90.5

radio source are collected using the micaz sensor node. Interpolations are performed to smooth the
RSS distribution. Both local basins and noisy gradients are presented in this practical scenario since
the RSS distribution is highly rugged due to multi-path effect. A contour map of RSS distribution for
radio source A is shown in Fig. 2.

At each trial, a robot starting from a random point is sent to find one assigned radio source using
RSS. Noting that empirical behavior-based algorithms, such as Hex-Path,27 is likely to fail in such a
practical scenario. In the simulation, the step length is 0.6096 meters. Major parameters in Chem are
C = 0, εθ = π

2 . A target radio source will be regarded as found when the distance between the robot
and the target is smaller than 0.6096 meters. For each algorithm, 200 simulation trials are launched
for each radio source.

The results in Table I further confirm the applicability and reliability of TGS and GACRW. The
costs of TGS are always lower than others, while costs of GACRW are lower than E. coli and
Chem. The main reason is that TGS and GACRW are robust to the noisy environments, while the
chemotaxis-based methods are not. Furthermore, TGS is less influenced by the local basins than
GACRW, especially when local basins are dense. Considering these facts, the result is not surprising.
Also, the costs for different sources are significantly different. For example, TGS takes 29.3 meters
on average for source A, while 51.4 meters for source C. This is because radio source C covers
more areas than A. In other words, the searching space for source C is larger than that for source
A. Although a larger searching space always yields a higher cost, the range of cost growth differs.
Specifically, using TGS, the cost for C is 0.77 times higher than that for A. While using E. coli, the
cost for C is 3.8 times higher than that for A. In the table, TGS has the lowest cost growth range,
while GACRW has the second lowest. It indicates that TGS and GACRW are more flexible and robust
compared with the chemotaxis-based algorithms.

Another point worthy to mention is that the performance of the four algorithms varies with
parameter settings. However, the order of cost does not change significantly. Specifically, if the step
length is reduced, the costs in all four algorithms will grow since reducing step length is equivalent to
raising sizes of both local basins and searching space. This is related to the problem if the performance
of the algorithms is scalable to the physical step length. Even then the cost of TGS grows the slowest
among the four algorithms.

5. Conclusions
In this paper, we have applied GACRW in source search, and proposed TGS in the same context. The
proposed TGS takes advantage of the well-known dead reckoning to exhaust and escape the local
basins in short periods, and exploits the gradients to approach the global peak. Compared with the
class of chemotaxis algorithms, both TGS and GACRW allow the robot to escape local basins faster.
We have analytically investigated both algorithms in the gradient field with local basins. The travel
cost for each algorithm in a gradient field was derived, and then confirmed by numerical simulations.
To the best of our knowledge, this work is the first to propose the gradient field that enables the
analysis of source searching algorithms. By comparing the costs of GACRW and TGS in the gradient
field, it is shown that TGS is more flexible and robust to local basins, and costs less except in the
cases where local basins are sparse. The comparisons among costs of GACRW, TGS, E.coli, and
Chem reveal that GACRW and TGS outperform the chemotaxis-based algorithms since the former
two are tolerant with noisy gradients. In our future works, we will propose and analyze the searching
algorithms in more general gradient fields, and perform the corresponding field verifications using
mobile robots.
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