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Abstract. We prove a non-conventional pointwise convergence theorem for a nilsystem,
and give an explicit formula for the limit.

1. Introduction
Let (X, u, T) be a measure-preserving system (mps). Non-conventional averages of the

form
| &
2
n=1j

k

F(T7"), ()
=1
where f; € L°°(X), were first introduced by Furstenberg in the ergodic theoretic proof
of Szemerédi’s theorem on arithmetic progressions [3]. Recent developments imply L>
convergence of these averages to a limit for any k [6]. We are interested in almost
everywhere convergence. The case k = 1 corresponds to the classical Birkhoff ergodic
theorem. Bourgain has proved almost everywhere convergence for the case k = 2 [1].
Almost everywhere convergence is not known for k > 3.

Nilsystems arise in the study of the L? convergence of the averages (1). A nilspace is
a homogeneous space of a nilpotent Lie group. A nilsystem consists of a finite measure
nilspace (N/I', m) where m is the Haar measure on N/I", with a measure-preserving
transformation given by rotation by an element of N: TxI" = axI" for some a € N.
The system (N/ T, m, T') is a k-step nilsystem if the group N is a k-step nilpotent group
(this notion is defined later). It was shown by Host and Kra [6], that k-step nilsystems
‘characterize’ the L2 behavior of the averages in (1) (this was shown for k = 3 by
Furstenberg and Weiss [4] and Conze and Lesigne [2], and for k = 4 by Host and Kra
[5] and by the present author in her PhD thesis [17]). By ‘characterize’ we mean that
the L? average can be calculated by projecting the characteristic factor of the average in
question on to an appropriate factor. That k-step nilsystems play a role in the convergence
of a (k + 1)-length multiple recurrence average can be expected, since for a k-step nilspace
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N/T, a**t1xT is a function of ax r, a’xT, ... , a*xT, and this provides a constraint on the
(k + 1) tuple T"x, ..., T%*+Dnx in this case. For this reason it is particularly interesting
to study these averages on nilsystems. Almost everywhere convergence for nilsystems was
proved by Lesigne [11] and also follows from results of Shah [13].

2. Statement of results

We prove an almost everywhere convergence theorem for nilsystems and give an explicit
formula for the limit. Let N be a k-step, simply connected nilpotent Lie group, I" a discrete
subgroup such that N/ T is compact. Let Ny = N; fori > 1,let N; = [N;_1, N] (N is a
k-step nilpotent group if Nx4+1 = {1}),and fori > 1,letI'; = ' N N;. Then I'; is a discrete
subgroup of N;, and N;/I'; is compact (cf. Malcev [12]). Let m; be the Haar measure on
N;/Ti. Leta € N, and for xI' € N/T', let TxI' = axT". Then the mps (N/T", m1, a) is
called a nilsystem. In [10], Lesigne proved the following theorem for two-step nilsystems.

THEOREM 2.1. (Lesigne) Let (N/ I, my, a) be a two-step ergodic nilsystem, where N is
connected, and let fi, f>, f3 € L°°(N/T'). Then for almost all x € N,

1 N
N]i_r)noo ~ 2:; T" fi(xD)T?" fo(xT)T" f3(xT)

= f ( / f1(xmﬁfz(xy%yzr)fs(xy?yi’mdmz(yzrz)> dmi(yiTy). (2)
N/T N3/ T

We explain why this integral makes sense. For a given x, consider the function F
defined on N x N> by

F(y1, y2) = fixyiD) (xyiyaD) f(xyiy3T).

This function satisfies F(y1, y2y2) = F(y1, y2) forany y» € I'; and thus can be considered
as a function on N x N/ I'2. Therefore, the integral

H(y1)=/F(y1,y2)dmz(y2F2)

is a well-defined function on N. A direct computation gives H(y;) = H(yi1y) fory € T,
therefore H is defined on N/ T, and the integral in (2) exists.
We generalize this result. Let

k k
)
M:{(yl,ylzyz,..., | |yj] Y1 € Ni,y2 € Nay ..., yk € Ny CNk,
j=1

where .
() ; p
[Ty =v@ . 5,
Jj=1

andlet A = M N T, Then M is a subgroup of N¥ [7, 8, 16]. As N; are closed subgroups
of N (see Theorem 3.1), M is closed and therefore a Lie subgroup of N*. The group A
is a discrete subgroup of M, and the nilmanifold ¥ = M/A is embedded in (N/T")¥ in a
natural way. As (N /) is compact so is M/A. Let v be the Haar measure on Y.
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THEOREM 2.2. Let (N/T',m,T) be a k-step ergodic nilsystem, and let fi,...,
fi € L®(N/T). If N is spanned by N and a, where Ny denotes the connected
component of N, then for almost allx € N

1 N k )
Jn &3 [

n=1 j=I

k
:/ l_[fj(xzj)dv(m,...,Zk)

k J j
:/ ((/ Hf},(xl_[yi(i)l") dmk(ykl"k))...>dm1(ylf'1) 3)
N/T Ni/ Tk j=| i=1

1
(we explain in §3 why the multiple integral is well defined).

Theorem 2.1 is deducible from Theorem 2.2 applied for k = 3. Indeed if N is a two-step
nilpotent group then N3 = {1} and

M = {(y1, yfyz, y?yf) 1 y1 € N1, y2 € Mo}

The proof is a combination of the proof of Lesigne with the work of Leibman [8] on
polynomial sequences in groups. Let x € N, and denote by A, the closure of the orbit of

(x,...,x)in(N/ F)k under the action of 7 x - - - x T, As this transformation is translation
by (a, az, ... , ak ), it is known that A, can be given the structure of a nilmanifold for some
closed subgroup M, of N¥ containing (a, a?, ...,a*). As T x --- x T¥ acts transitively

on A, it is uniquely ergodic. Therefore, for f; continuous, the average in (3) converges to
the integral

k
/Hfj(x]‘)d)»x(m, Ce XE)
j=1

where X, is the Haar measure on M,. We give an explicit formula for the measure X, and
then for the limit.

Remark 2.3. If the nilsystem (N /T, a) is ergodic then the projection of (N(),a) on N/T'
is an open invariant set, and therefore is equal to N/T'. Thus N/T" = (N, a)/(I' N
(N(), a)). We can therefore assume that N = (N(g), a).

3.  Proof of Theorem 2.2
We define a set N by N = Ny x --- x Ni. As M is a group under normal multiplication,
and the map

k k
2 ;)
(81,820 8K) = <g1,g1gz,..., l_[lgj )
P

is a bijection between N and M , we can define multiplication in N as follows.
For('xli"'7‘xk)7 (yl!"'!yk) E N7

X1, X)) * (Ve YE) = (-, 20
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where _ _
1 i 1 [ 1 [
) ©) ©) .
o =[1x" Ty 1=i=k
j=1 j=1 j=1
i.e. (z1, 22, ..., Zk) is the preimage of the coordinate product of

> S0 ) SN0
<x1,x1xz,...,l_[xj’), (y1,y1yz,...,]_[yj’>. 4)
Jj=1 j=1

LetI' =T x --- x T't. Then (I, %) is a discrete subgroup of N, and as M/A is compact,
the quotient N /T" is compact.
For x € N, we define a transformation Sy : N/T' — N/T by

Se(1s -, y) * D) = ((ala, x1,e, ..., &) % (1, ..., y)) * T,
and a mapping I, : N — (N/T)* by

k k
()
L(yt, ...,y = (xy11", xyZyal, ..., x l_[ v/ I‘),
Jj=1

The mapping I, is one to one if

Ly, .o ooy0) = L(z1, ..o k),
in which case

LGty z) P O e 0) = (s z) ™ % @ 20))
={T,...,D),

which implies that ((z1, ..., )" * 1, .-+, Y1) € . Let W1y o5 V&) € [, then for all
(1, ..., Yk) € N we have

k kK _k k
) ;)
L((1 - Y * (71, 1)) = <xy1)/11“,xy12yz)/12)/21",...,x]_[yj" [1v"T
=1 =i

k k
)
= <xy1F,xy12y2F, Lo X ]_[ yj" r
Jj=1

:I)C(ylv"'iyk)s

thus 1, is well defined on N/T.

Let /i denote the Haar measure on N/I. Denote by m,, A the images of i,
N/T under I,. The mapping I, is an isomorphism of the systems (N/T’, s, S,) and
(Ag,my, T X T2 x -+ x Th):

LSy (1, -+, yk) * D)) = Le((ala, x1, e, ..., e) % (¥1, ..., yk) * )

k k
= (xa[a, xIyiT, x(ala, x)?y?yal, ..., x(ala, x])F ]_[ yjj)f')
j=I

) N6
= (axyll", azxyfyzf', o dkx 1_[ yj] T, afx 1_[ yj’ F)
Jj=1 j=1

=(T xT*%x - x TOU((y1, ..., y) * D).

We now use a generalization of a theorem by Parry [14], that was proved in Leibman [9].
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THEOREM 3.1. (Leibman) Let (G/ T, a) be a nilsystem. If G is spanned by G and a,

where G oy denotes the connected component of the identity, then:

(1) fori > 1, G; is connected, and G;, G;I" are closed subgroups of N; the Abelian
group Z = G/ G,I is compact;

(2)  the nilsystem (G/ T, a) is ergodic if and only if the factor system (Z, a) is ergodic;

(3) if(G/T,a) is ergodic, then it is uniquely ergodic.

We apply this theorem to (N /T, S;). We first check that N is spanned by the connected
component of the identity N(o), and S;. By Theorem 3.1 applied to the group N, the
groups N; are connected for j > 1, therefore N(g) = Ny X N2 x - - - x Ni. The action of
Sy on the first coordinate is by translation by the element a[a, x]. Since N(g) is a normal

subgroup of N
U(a[a, x])"Ny = U xila"xN(o) =x! ( U a"N(0)>x =N.
nez nez nez

By Theorem 3.1, if the action of S is ergodic then it is uniquely ergodic, and thus the mps
(Ay,my, T x T? x --- x T%) is uniquely ergodic. For each x such that S is ergodic we

have
1 m. 2 ) SN0
: n n n J
ngnooﬁr;FQz xyil,a™xyiyl', ..., a le:[lyj F)
=/ F(xz1,xz2, ..., x2k)dv(z1, ..., 2k)
Y

for all (y1,...,yx) € N and for all continuous functions F on (N/ %, In particular, for
F = f1 ®---® fir where f; are continuous functions, and (y1, ..., ) = (e, ..., e),

L

lim — Y fi@"xD) - fi(@®"x) = / fixz) - iz dv i, .. 2. (5)
N—oo N =~ Y
We want to show that this is equal to the multi-integral in (3). We first explain why

the multi-integral in (3) is defined: this is done inductively. For a given x, consider the
function F definedon N x Np X --- X Ni by

k J )
Fyi, .o = Hfj(xl_[yi’ F)'
j=1 i=1

Assume
Hi(yt, .-, y)
= / < o </ F(yt,..., yk)dmk(ykf'k)> - --)dm1+1(y1+1F1+1)
N1/ T Ni/ Tk
is a well-defined function on N x N> X --- x N;—_1 x N;/T;. Define a function on

N x Ny x --- X Nj_1 by

H_ 1Oty yi-1) = / Hi(y1, ..., ypdm(yT'y).
N/ Ty
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A direct computation shows that

Hi 1y, yi—1) = Ho1(s -2 yi—1vi-1)

for y;_1 € I'j_1, thus H;_1 is well definedon N x Na X ... X Nj—» x N;—_1/T'j—1. Now let
x € N/T, and let fi, ... fx be continuous functions on N/I". Define a measure v, on Y
by

k
/l_[ fi@p)dve(zi, ..., zk)
j=1

. L)
:/ <( Hfj(xl_[yl_f I‘) dmk(kuk)>...)dm1(y1F1).
N/T i=1

N/ Tk j=1
A direct computation shows that the measure v, is invariant under translation by elements
in M, and is therefore equal to v.
This proves the result for f1, ..., fi continuous functions. For passing to bounded
measurable functions use the maximal inequality in [2, Lemma 3, p. 173]. In order to

finish the proof of the theorem, we must show that the action of S, is ergodic for almost
all (Haar) x € N.

4. Ergodicity of Sy

We wish to show that the action of S, on N / [ is ergodic for almost all (Haar) x € N.
Let N> denote the commutator subgroup of N. By Theorem 3.1 it is enough to show the
ergodicity of the action of Sy on N / N> % I'. The transformation Sy is ergodic if and only
if for all non-trivial characters o of N (continuous homomorphisms N — §') that vanish
on 1\72 x " we have o(ala,x],e,...,e) # 1. Let m be the Haar measure on N. As there
is only a countable number of such characters (N/N2+Tisa separable Abelian group and
thus its dual group is countable), it is enough to show that if o % 1 then

m{x € N :o0((ala, x],e,...,e)) =1} =0.

Let
Y(x) :=o((ala, x],e,...,e)).

For 1 <i < k we define the functions o; on N; by
oi(y):=0((e,...,e,y,e,...,e)), wherey isin the ith place.
Since
Oty e-sY0) = 01,6, ...,e) % (e, y2,e,...,e)%---%x(e,...,e, k),
we have

k
o1, 0 = [ o)
i=1

As ¥ (x) is an analytic function on N, if ¥(x) = 1 on a set of positive measure in N, then
¥ (x) = 1 on some connected component of N. As (ax) = ¥ (x) forevery x € N and N
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is spanned by N and a, it follows that ¥/ (x) = 1. We will show that if ¥/ (x) = 1, then
oi=1forl <i <k,andthuso = 1.

Without loss of generality we assume k > 2. Forn € Nand yy, ..., y, € N we define
R(y1, ..., yn) as follows:

Rois -y yn) =1{y1, ..., ¥}
Riyt,....,yn) ={lri,nnl:rie R, e R, 0<i,l <j—1}

k—1
RO1 oy = RO, v

i=1
In other words, R(y1, ..., y,) is the set of commutators involving yi, .. ., ¥, (note that as
N is k-step nilpotent Ry_1 = Ry).
Example 4.1. Fork =3,n=2,x,y €N

R(x, y) = {bx, yI* [0, y1F1 1 Tlx, p7*0, 6151
LEMMA 4.2. Ifx,y € N; then
oi(xy) = 0i(x)oi (y)bi(x, y)

where 0;(x,y) = []
R(x,y) N N;j.

j>i Oj (rj(x,y)), where rj(x,y) is a finite product of elements from

Proof. Recall from (4) that (e,...,e, x,e,...,e) represents the vector (e,...,e,x,
x(itl), R x(?)). Then
ogi(x)oi(y)=o(e,...,e,x,e,...,e)o(e,...,e,y,e,...,e)

=o((e,...,e,x,e,...,e)x(e,...,e,y,e,...,e))

=o(e,...,e,xy, rig1(x,y),...,rc(x,y))
where 7 (x, y) is a product of elements from R(x, y) N Nj fori < j < k. O
Example 4.3. Fork =2andx,y € N

o1(xy) = o1(x)o1(»)a; " ([x, y]).

Assume ¢ = 1. Our aim is to show that o is trivial. Using Lemma 4.2 we have, for
all x,

1 =v¢x) =0((ala, x],e,...,e)) =o1(ala, x])
=o1(a)oi(la, x])o2(r2(x)) . .. ok (rk(x)),
where r; (x) are products of elements of R(a, [a, x]).
Setting x = e we get o (a) = 1, thus
o1([a, x]) = 02(r2(x) 7' -0 (e (%))

k I;
=[] 1o, 0. (6)

i=2 m=1
forall x € N, wherer;, (x) € R(a, [a, x]) (as R(a, [a, x]) is closed under the operation of
taking commutators).
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Example 4.4. Before proceeding with the general case, which involves a complicated
induction, we give the argument for the case k = 3 (the difficulties arising in the proof
for large k do not show up for k = 2, which was treated in Lesigne [10]). Let N be a three-
step simply connected nilpotent Lie group and let o be a character of N that vanishes on
1\72 x I. In this case, forall x in N,

o1(la, x1) = o2([a, [a, x]D L. (7)

If x € N, then [a, [a, x]] € Ns = {1} thus by (7) for x € N, o1([a,x]) = 1. Forx € N,
compute

@ ee)x(x7 e e)x(a e e)x(x,e e) = (21,22, 23). ®)
By the definition of multiplication in N , (z1, 22, 23) represents the vector

1 2,-2.2.2

(a71x7 ax,a “x “a‘x ,a73x73a3x3),

which, since [[a, x], x] = 1 and [[a, x], a] = 1, equals
(la. x1. la, x*[a. x]*, [a, x]’[a, x]°).

Thus z1 = [a,x], 22 = [a,x]2, z3 = e. As o is trivial on Nz we get, for x € N,
o1([a, x]oa([a, x1*) = 1 thus o2([a, x])> = 1, and as N> is connected o2 ([a, x]) = 1.
By a similar computation to that in (8) we get from

(afl,e, e) * (e, xil, e)x(a,e,e)x(e,x,e) = (e, ]a, x]z, la, x]3) )

that o3([a, x]) = 1.
Now, if x € N, then [a, x] € Na, thus by (7), o1([a, x]) = 1. Using the fact that
[x, yz] = [x, ylllx, y], zl[x, z] we get

o1(la, xy]) = o1(la, x]lla, x], ylla, y]) = o1(la, xDo1([la, x], yDoi1(la, y])

(commutators involving two or more of the elements [a, x], [[a, x], ], [a, y] are trivial
as Na = 1), thus o1([[a, x], y]) = 1. Repeat the computation in (8) replacing a
with [a, x] to get that o2([[a, x], yY]) = 1. Repeat the computation in (9) replacing
a with y and x with [a,x]. We get 07([[a, x], yDo3([[a,x], y]) = 1, and as Nj is
connected o3([[a, x], y]) = 1. The set {{a"T"},,cz} is dense in N, and o3 is trivial on I'3.
Since o3([[a, x], y]) = 1, and o3([a, [x, y]I) = 1, 03 = 1. Now repeat the computation
in (8) forx € N (not N3). As

o2([la, x], x]) = o2(lla, x], al) = o3([la, x], x]) = o3([la, x],a]) =1,

we get o1 ([a, x])022([a, x]) = 1, which implies that 02 ([a, x]) = 1. Since o> is trivial on
I';, 0o = 1. This means that o} is a character. However, o1(a) = 1 and o1(I") = 1, thus
o=1.

We need the following lemma, which is based on the fact that ¢ is multiplicative and
thuso =1 on ]\72.
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LEMMA 4.5. Letx € N, y € Ny. We define
k—1

H(x,y) = JRi(x,y) C Nuya.
i=2

Ifoi(h) =1foralli > 1,and h € H(x,y) N N;, then

o ([, YD 01 ([x, D™ = 1

forallm < n.
Proof. We denote by H(x,y) the set of finite products of elements of H(x,y).

By Lemma 4.2 and since H (x, y) is closed under commutators, o; (fl) =1(@G > 1) for
allh € H(x,y) N N;. As O’|N2 = 1, we have

m

1:o((xil,e,...,e)*(e,...,yil,...,e)*(x,e,...,e)*(e,...,g/l,...,e))
k
=021, .-, 2k) =l_[o,-(zi).
i=1
We calculate the z;:
i1 =" =Im-1=E¢,

Zm =[x, y] = [x, y1"ho
for some h~0 € I:I(x, y). We have

) -
z D zmgr = (D, D] = [,y Dy

which implies

Zm+1 = [x, )’](m+l)hl
for some h~1, hN’1 € I:I(x, v). We show by induction that z,,4; = h~j for j > 1, h~j € H
(x,y). For j =2,

m+2
2 m+2 m+2y ~
252D = ) I 2, e g,

which implies

tmia =[x,y () DD D (D) gy =

for some h~2, h~/2 € I:I(x, ¥). Suppose it is true for 2 < i < j, we have

(mfj) (ﬂ_1jj i m+j 4 m+jy ~
Zm] Zm]+ll e Zmtj = [x(m+])’ y( J )] = [x’y](m N ’ )hll’

which implies

_ m+jy_ m+j VR A ~
Zmtj =[x, ¥] (") =D G+ (7 )hj =h;

for some th, h~’j € H(x, y). Thus

k k
1=[]oiG) = omlx, y1"ho)om1 (Lx. y1" i) [T 0i(him)
i=1 i=m-+2

= o ([x, Y™ oms1 ([x, yI" ),

as H([x, y], ho), H([x, ], k1) € H(x, y). m
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COROLLARY 4.6. If o1([x,¥]) = 1 and oi(h) = 1 for all h € H(x,y) N N;, then
oi([x, y]) = 1 for all i such that [x, y] € N;.

Proof. By Lemma 4.5, cr,-([x,y])i = 1. By §4 N; is connected for i > 1, and
oi([e,yD) = 1. O

Notation 4.7. We use the notation [x1, ..., x,] for
[ [[lx1, x2], x3], x4, - . . xa ]
Notation 4.8. Let S = {(s1,...,5;):0<j <k, 1<s, <k} ForA=(s1,...,8:) €S,
define C4 by
Cg =a
ch={ch " X i xj e Ny}

Cy=Ch.

Example 4.9. If A = (1, 3), then
Ca = {lla, xI*', yI*' : x € N,y € N3).

Notation 4.10.

(1) ForA=(s1,...,s;)) €S, |Al=)"s;.

(2) ForA eS8, (i:A) meanso; is trivial on (C4 N N;).

3) j=(>)issomel > j (I > j).

(4) LetXbe j, j= orj~,then X+ is a sequence of length > 1 whose entries are of type
j, j= or j~, respectively.

(5) Forx e Nj, |x|=j.

©6) IfA;=(s1,...,58j), Ao =(t1,...,tj,) €S, then

Apx Ag i=(S1, ..., 8, 05 1),
PROPOSITION 4.11. Forall A€ S, 1 <i <k, we have (i : A).
Proof. Let A = (s1,...,5;),0 < j <k, x, € Ny,. We use the following induction rules.
LEMMA 4.12. (Triviality rule) If|A| > k, then forall i, (i : A).
Proof. |A| > k implies that [a, x1, ..., x;] =1, thus o;([a, x1, ..., x;]) = 1. O
LEMMA 4.13. (Reducing rule) Ifforalli, (i : (j~+)), then (1 : (j)).
Proof. Letx € Nj. We use (6):

k l;
or(la, x) =[] [] oi (i D),

i=2 m=l1

where r;, (x) € R(a, [a, x]). Denote b = [a, x], then r;,, (x) € R(a, b). Looking at the
a appearing in a minimal number of brackets, r;, (x) is of the form [[a, yl]il, ceos Yml,
where m > 1, |y,| > |b| > |x|, and is thus of type (j~+). O

https://doi.org/10.1017/50143385703000518 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385703000518

A non-conventional ergodic theorem for a nilsystem 1367

LEMMA 4.14. (Expanding rule) If the following hold:
(L A:A*D);

@ j=i

B3) foralli (i:Ax(, j=+));

@) foralli (i: A% (j—1,j=4);
then(1:Ax(,j—1)and(1:Ax(j—1,0)).

Proof. Letv =[a, x1,...,xj],y € N,z € Nj_y,then yz € Ny:

1= C"1([1}7 }’Z]) = Ol([”v )’][lh Y, Z][Uv Z])

k I
= o1([v, yDoi([v, y, 2Doi (v, 2D [ | T] o1 i, (3, 2, v))

i=2 m=1
Li

k
=o1([v,y, D[] [] oi @i (3. 2, 00,

i=2 m=1
where b;,, € R([v, yI, [v, zl, [v, y, z]). If [v, y] appears in b;, (y, z, v), then without loss
of generality
bi,71(yv Z, U) = [U, y, y1, LR ] .Vm]a
where m > 1 and |y,| > jforn = 1,..., m. One obtains this by looking at the [v, y]

appearing in the minimal number of brackets. This is of type A * (I, j=+). Otherwise
[v, y] does not appear in b;,, (y, z, v), thus without loss of generality

blm(y7Z7 U) = [U1Z7Z11 "'7Zl/ﬂ]7

where m > 1 and |z,| > j forn = 1,...,m. This is of type A x (j — 1, j=+).
For A x (j — 1, ), repeat the argument exchanging the roles of y and z. O

LEMMA 4.15. If the following hold:
(M A:A*x());

2) foralli (i: Ax(j=, j=+));
3) foralli (i : Ax(j7)),

then foralli (i : A * (j)).

Proof. Letvbeoftype A, x € Nj. By Lemma4.5, we must show that for 2 € H (v, x)NN;,
o;(h) = 1. However, any such # is either of the form [v, 7 (v, x)] where r (v, x) € R(v, x)
and thus of type A % (j~), or [v,z1,...,2Zm], m > 1, |z, > j, and thus of type
Ax(j=, j=4). d

PROPOSITION 4.16. For |A| > 0,1 > 1andeveryi, (1 : A x (1)) implies (i : A * (IZ+)).

Proof. We prove this by downward induction on |A|, and for |A| given by downward
induction on /. For |A| = k and any [ the result is clear (as the commutator is trivial).
Suppose the statement is true for |A| > d, and any /. For |A| = d,l = k — d it is clear
(as the commutator is trivial). Assume that (1 : A % (j)) implies (i : A * (j=+)) for
|A| =d, any j > I. We follow the scheme shown in Figure 1.
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1: A% ()]

J=k=|Ax(D]

1A ((— 1), 1)
1:Ax(, (- 1)

FIGURE 1.

Explanation for the numbered arrows in Figure 1.

1. TIfk—|Ax ()| <[, then |A % (IZ,I24+)| > k and therefore (i : A x (IZ,[2+4))
by the triviality rule (Lemma 4.12). If x € N; and j > [, then x € N;. Therefore,
(1 : Ax(l)) implies (1 : Ax(j)) for j > [. This implies, by the induction hypothesis,
that (i : A % (j)) for j > [, and by Lemma 4.15 (i : A * (I)).

2. As|A|+I+(j+1) > kand |[A|+j+(j+1) > k, by the triviality rule (Lemma 4.12)
wehave (i : Ax(j, (j+1)Z+))and (i : Ax(l, (j +1)=+)). Then use the expanding
rule (Lemma 4.14).

3. This follows from the induction hypothesis by substituting A * (j) for A (|[A* (j)| >
|A]).

4.  This follows from the induction hypothesis by substituting A * (/) for A (|A * ()| >
|A]).

5. By the expanding rule (Lemma 4.14), the only condition we need to verify is
G:A%((j—1), j=+).If j—1 =1,then (G : Ax((j—1), j=+)) = (i : Ax(, j=+))
and there is no problem. If j — 1 > [, then (1 : A * (I)) implies (1 : A % (j — 1)),
which implies that (i : A % ((j — 1)Z+)) by the induction hypothesis.

6.  Repeat steps 3, 4, 5 replacing j with j — 1, until j = [.

7. When j = [ we have covered all the cases (i : A % (IZ,/=+)). Now repeat the
argument in step 1 to get (i : A * ().

Proof of Proposition 4.11. We prove this by induction on j: we have (1 : k) by the
triviality rule (Lemma 4.12). (1 : (j)) = Vi (i : (j=+)) by Proposition 4.16 (JA| = 0).
By Lemma 4.13 this implies (1 : (j — 1)). O

PROPOSITION 4.17. Foralli, o; = 1.
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Proof. We prove this by induction on k. By Proposition 4.11, we have
oe(x1, sy i D=1 Vxi,...,x¢e-1 €N, 1<m<k (10)
Since olp =1,
oy, oD =1 Vy,..., el

From (10)
or(la,y2, ..., D=1 Vyo,...., €T

Since oy is a character on N and a acts ergodically on N/ ", we have
ox([x1,v2, ... vkD =1 VYyo,...,mel’, x1€N.
Using (10) and induction, we get
or([x1,...,xx]) =1 Vxi,...,xx €N,

thus oy = 1. Now oy, ...,0;41 = 1 implies that o; is a character. For j > 1, by
Proposition 4.11, we have

O’j([xl,...,zl,...,xj'_l])=1 Vxi,...,xj-1 €N, 1=<m=<],

and by the same argument as above, we have o; = 1. For j = 1, o7 is a character that
satisfies
oi(@)=1, ollr=1,

thuso; = 1. O
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