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Abstract
The doubly degenerate nutrient taxis system

u,=V-wvvVu) — xV - uvVv)+Luv, xe€,t>0,
0.1

Vv, = Av —uy, xe, t>0,

is considered under zero-flux boundary conditions in a smoothly bounded domain 2 C R* where a >0, x >0
and ¢ > 0. By developing a novel class of functional inequalities to address the challenges posed by the doubly
degenerate diffusion mechanism in (0.1), it is shown that for o € (%, %), the associated initial-boundary value prob-
lem admits a global continuous weak solution for sufficiently regular initial data. Furthermore, in an appropriate
topological setting, this solution converges to an equilibrium (u.., 0) as t — 0o. Notably, the limiting profile u., is
non-homogeneous when the initial signal concentration v, is sufficiently small, provided the initial data u, is not

identically constant.

1. Introduction

Significant research efforts have been devoted to characterising the conditions under which parabolic
systems can accurately model pattern formation in chemotaxis processes, ensuring consistency with
experimental observations. A cornerstone of this research is the Keller—Segel model, in which the
chemotactic-diffusion mechanism enables the description of collective microbial behaviour driven by
chemical gradients [1, 8, 20].

Recent studies have demonstrated the crucial influence of chemotactic sensitivity function on the
dynamic prospects of chemotaxis system

u,=V-(DWw)Vu) — V- (Sw)Vv), x€,t>0,
(1.1)

vw=Av—v+u, xeQ, t>0,

posed on a smoothly bounded n-dimensional domain. Specifically, the ratio % critically determines

whether solutions to the zero-flux initial-boundary value problem of (1.1) are glo(bu>ally bounded or posses
finite-time singularities. Indeed, when the diffusivity and sensitivity functions D, S € C*(R,) satisfy
5(0) =0 and the growth condition ZS)((Z)) < Cu* for all u> 1 with C> 0 and « < 2, the system admits a
global bounded classical solution [6, 21]. In contrast, when [S)((‘;)) > Cu® forsome C > 0and o > f at large

values, the solution exhibits finite-time blow-up through concentration phenomena [2, 3].
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When chemotaxis directs motion of bacteria (with density u) towards higher concentrations of
nutrient (of concentration v), the resulting dynamics are mathematically described by chemotaxis-
consumption models of the form

{ u,=V-DWw)Vu) — V- (SWVv), x€Q,t>0,
(12)

v, = Av —vu, xe, t>0.

In sharp contrast to the situation in (1.1), due to the essentially dissipative character of v-equation in
(1.2), the latter system should exhibit some considerably stronger relaxation properties. Notably, when
considering the specific case with constant diffusivity D(u) = 1 and linear sensitivity S(u) = u, subject
to no-flux boundary conditions in bounded convex domains, the available literature reveals no evidence
of non-trivial large-time dynamics for solutions of (1.2). At the level of rigorous mathematical analysis,
it is confirmed that for reasonably regular but arbitrarily large initial data, two-dimensional versions of
(1.2) are known to possess global bounded classical solutions (see [7, 22] for example); whereas when
n =3, the certain global weak solutions emanating from large initial data at least eventually become
bounded and smooth and particularly approach the unique relevant constant steady state in the large
time limit [22, 24].

Recent experimental studies indicate that motility constraints in Bacillus subtilis strains under
nutrient-poor environments play a crucial role in the formation of diverse morphological aggregation
patterns, including densely accumulating multiply branches structures [4, 5, 19]. To gain a compre-
hensive understanding of the underlying mechanism, particularly the hypothesis that bacterial motility
decreases under nutrient deprivation, a doubly degenerate nutrient taxis system of the form

u=V-W""vWu) — x V- (S@yVv) +fu,v), xe,t>0,
(1.3)
Vv, =Av —uy, xeQ, t>0,

with m = 2, S(u) = u?, was introduced in [9, 12, 17]. A remarkable feature of (1.3) is the doubly degen-
erate structure of the first equation, arising from two distinct mechanisms: (i) porous-medium-type
degeneracy as u approaches zero and (ii) cross-degeneracy induced by the factor v, which vanishes
when v tends to zero (as governed by the second equation). This peculiarity brings about noticeable
mathematical challenges beyond classical porous medium-type diffusion theory. Hence, current under-
standing of even fundamental existence questions is still largely restricted to the global solvability in
low-dimensional settings.

It is shown in [26] that when y =0, f(u#,v) =0 and 2 C R" is a bounded convex domain, the asso-
ciated initial-boundary value problem for (1.3) possesses a global weak solution for the reasonably
regular initial data. Moreover, within an appropriate topological setting, the solution can approach the
non-homogeneous steady-state (u.,,0) in the large time limit. It is noticed that due to the absence
of taxis effects in (1.3), the comparison principle allows for deriving local bounds for ||u(:, #)|| =),
and the boundedness of fooo Jo, u™'v|Vul* for g € (0, 1) becomes the basic regularity property of (1.3).
These estimates provide the essential foundation for establishing the global existence of weak solution.
However, when x > 0, the chemoattraction mechanisms in (1.3) may exert considerably destabilising
effect, as evidenced by blow-up phenomena observed in analogous modelling contexts of (1.1) [1, 10].
To the best of our knowledge, the available analytical results for (1.3) with x > 0, f(u, v) = £uv so far
remain restricted to low-dimensional settings:

i. In the one-dimensional case, when m = 2 and S(u) = u?, global existence of continuous weak solu-
tions and their asymptotic stabilisation towards non-homogeneous equilibria was established in
[14, 29]. These results were later extended to cases where either 2 <m < 3 and S(u) < Cu* for
ae[m—1,7+1]or3 <m<4[32]

ii. In two-dimensional counterparts, global existence of weak solutions was first established for m = 2
and S(u) =u* with 1 <a < % [13]. Subsequent work in [28] extended this result to all « < 2, and in
particular, proved L>*-bounds for the solutions. Notably, for the critical case o = 2, global existence
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of weak solutions was obtained under a smallness condition solely on the initial data v, in [27]. This
restriction was later relaxed in [34]. Furthermore, the large-time behavior of solutions to (1.3) has
been studied in [31, 33] using techniques based on Harnack inequalities.

In striking contrast to lower-dimensional cases where effective embedding theorems facilitate the
analysis, the study of the three-dimensional version of (1.3) becomes significantly more subtle. To
date, even fundamental questions regarding global solvability and boundedness, including the large-
time behaviour, remain largely unestablished in the literature. For instance, the global solvability of
(1.3) was established in [13] when . <« < &, which may be relaxed to 1 <« < 3 [32]. Apart from
that, the stabilising effect of logistic-type source terms f(u,v) = pu — puu* on (1.3) is also investi-
gated. For example, global existence of weak solutions was established in arbitrary dimensions n > 2
under the condition k > % [16], and particularly the continuity of weak solutions was achieved when
n=k=2[15].

The intention of the present work is to develop an analytical approach that not only establishes the
global solvability of system (1.3) but also characterise the non-trivial long-time dynamics in three-

dimensional domains. Specially, we shall consider the initial-boundary value problem

u;=V-wvvVu) — xV - vWv)+Luv, xe,t>0,

Vv, = AV —uy, xe, t>0,
(1.4)
(wwVu — xu*vVvv)-v=Vv.-v =0, xead2, t>0,
M()C, 0) = MO(-x)’ V(.x, O) = Vo(x), X e Qa
posed in a smoothly bounded domain €2 C R*. Here, the parameters satisfy x > 0, £ > 0 and « € (%, % .
The initial data (u,, v,) are assumed to satisfy
uy € W"*(Q) is such that uy > 0and uy 20, and
(1.5)
vo € W'(Q)is such that vy > 0 in
as well as
luollo + Ivollze@ + 1V In vyl ooy < K and / Inuy, > —K (1.6)
Q

for some K > 0.
In this framework, we will first address the basic issue of the global existence and boundedness of
continuous weak solutions to (1.4) when the convexity of €2 is not necessary.

Theorem 1.1. Ler Q@ C R? be a bounded domain with smooth boundary, and suppose that a € (%, %)

as well as x >0 and £ > 0. Then, for all p > 1, one can find C = C(p, K) > 0 with the property that
whenever uy and v, fulfill (1.5) and (1.6), there exist

ueC®

loc

(2 x [0,00) NLE(Q2 x [0,00)) and

loc

B (1.7)
(€ x [0, 00)) N C2!

loc

(2 x (0, 00)) N L3510, 00); W'(£2))

loc

veC?

loc

such thatu> 0 andv > 0 a.e. in Q2 x (0, 00), and that (u, v) forms a continuous global weak solution of
(1.4) in the sense of Definition 2.1 below. Moreover, we have

luC, Dl + IVC, Dllwic < Cp, K)  fora.e.t1>0. (1.8)
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By carefully tracking respective dependence on time, the estimates gained in the proof of Theorem 1.1
already pave the way for our subsequent asymptotic analysis. Indeed, by means of a duality-based argu-
ment, we can achieve the following result on stability property enjoyed by function pairs (u,, 0) for all
suitably regular uy.

Theorem 1.2. Let Q C R? be a bounded domain with smooth boundary, and suppose that o € (%, %)

aswell as x > 0 and £ > 0. Then for each n > 0, there exists 5, = §,(n, K) > 0 whenever u, and v, fulfill
(1.5) and (1.6), as well as
/ Vo S 81’
Q

the solution (u, v) of (1.4) obtained in Theorem 1.1 satisfies

||u(', t) - u()”(Wl,oc(Q))* <n for allt > 0. (1.9)

Beyond that, we undertake a deeper qualitative analysis of the asymptotic properties of solutions.
Although Theorem 1.2 guarantees that the solution component u remains close to its initial data u, in
the weak-* topology of (W!'*(£2))* for small vy, the fundamental question of whether the limiting profile
u,, must be constant remains open. We resolve this question by proving that when u, # const, sufficiently
small initial concentrations of v, necessarily yield nonconstant limiting profiles u,.

Theorem 1.3. Let Q C R® be a bounded domain with smooth boundary, and suppose that o € (g E) as

2712
well as x > 0 and £ > 0. Then, there exists a nonnegative function u,, € )

1 L7(2) such that as t — 00,
the solution (u, v) of (1.4) from Theorem 1.1 satisfies

u(-, 1) = Uy inLF(Q), v(, )= 0 in W(Q) forallp > 1. (1.10)

Moreover, for the given nonnegative function u, % const., one can find 8, = §,(K, uy) > 0 such that
whenever uy and v, fulfill (1.5) and (1.6), as well as

/ vy < 8y,
Q

Main ideas. The main challenge in developing a mathematical theory for system (1.4) lies in effec-
tively quantifying its dissipative mechanisms, which are substantially weakened by the signal-dependent
degeneracy in the u-equation. Accordingly, existing literature has been limited to (1.4) posed on the
bounded convex domain Q C R",n <2 [13, 14, 26-29]. In non-convex three-dimensional domains,
however, the analysis becomes considerably more intricate due to the loss of favourable embedding
properties.

Our approach is to improve the regularity of (1.4) via the bootstrap argument. The most cru-
cial step is to obtain the global boundedness of |[u(:, f)||;0q) for some p, > % To this end, we shall
appropriately utilise the diffusion-induced contributions of the form |, o, Wv|Vul* (for suitable k) to coun-
teract the unfavourable terms typified by fQ ufv. As the starting point of our analysis, we certify that

the limit function satisfies u., % const.

the integrals [, u'~“v|Vu|* and [ u@ are dissipated by tracking the time evolution of |, >~ and

Fit):=a fg % — fg In u(-, t) (with some a > 0) along trajectories of (1.4), as detailed in Lemmas 2.3

and 2.5, respectively, which distinguishes our approach from that in [13]. Moreover, differing from
[13, 32], our derivation of bounds for quantities such as

T 5
/ /zﬁv (1.11)
0 Q

is to make use of the aforementioned dissipation terms and an interpolation inequality (Lemma 2.6).
Building upon (1.11), we can estimate the unfavourable terms arising from the time evolution of the
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functional
V(- n*
G() = / (e, ) Inu(-, )+ b ':(—)'
Q o V(.0
for some b > 0, and thereby derive the dissipated quantity of the form
\v4 4
/w’*wwf and /u| f' (1.12)
Q Q V-

for all p, €[l —«,0] (Lemmas 3.3 and 3.4). A further crucial ingredient in our analysis is the
novel observation: Assume that  C R* is a smoothly bounded domain, L >0,k e (— 1, —%) and
Bell,k+ §), then there exists C(L, k, 8) > 0 such that

B k 2 |V1/f |4

Y= | ¢YIVol'+ [ o—— +CLk B) | ¢V (1.13)
Q Q Q W Q

holds for all sufficiently regular positive functions ¢ and ¥ fulfilling [, ¢ < L (see Lemma 3.5), which is

somewhat different from that in [32]. Thanks to the estimates (1.12), we then employ inequality (1.13) to

achieve the desired L° bounds for u. This improved integrability of u allows us to derive a refined version

of (1.13) (see Lemma 3.7) and accordingly certify an energy-like property for the coupled quantity

H(t) = VvC, DI +f w(-, 1)
Q

Q ve! ('9 t)
for any fixed p > 1. This property thereby yields the bounds for ||u(-, f)||1»« as detailed in Lemma 3.8.
By suitably taking into account respective dependence on time, we intend to characterise the large-

time behaviour of solution (u, v) to system (1.4). To achieve this, we employ a duality-based estimate
for the time derivative u,, establishing that

/ ll2t, (-, )| wr.oo@yyedt < C(K) - {/Vo} , (1.14)
0 Q

for some C(K) > 0 and o > 0 (see Lemma 4.1). Thanks to (1.14), we prove that the solution of (1.4)
converges to equilibrium state (u,,, 0) as t — 0o (see Lemmas 4.3 and 4.6). Moreover, we establish that
for sufficiently small initial data v,, the long-time limit u,, exhibits spatial heterogeneity (Lemma 4.7).

The structure of this paper is as follows: In Section 2, we specify the weak solutions of system
(1.4) and establishes fundamental a priori estimates for the regularised systems. In Section 3, crucial
L7-estimates for u, are derived through careful analysis of energy functionals and bootstrap arguments,
which needs to effectively quantifying the interplay between the weaken smoothing effects of random
diffusion and the potentially destabilisng influence of taxis-diffusion. Building upon these estimates and
further higher regularity properties of the regularised systems, we then prove Theorem 1.1 via compact-
ness arguments. In Section 4, we investigates the stability properties of (u, v) by means of a duality-based
argument.

2. Preliminaries

In view of the considered diffusion degeneracy in (1.4), the notation of weak solutions specified below
seems fairly natural [28], but it is somewhat stronger than those in [13, 26], as it requires the integrability
of Vu.

Definition 2.1. Assume that (1.5) and (1.6) hold, suppose that x > 0 and £ > 0, and that a > 1. Then,
a pair of nonnegative functions

ue C'(Q x[0,00)) and
_ o 2.1
ve C'(Q x [0, 00)) N C*(Q x (0, 00))

https://doi.org/10.1017/50956792526100321 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792526100321

European Journal of Applied Mathematics 1397

such that

2 1
ue le:

([0, 00); W''(R)) and u*Vvel! (x[0,00);R?) (2.2)

loc

will be called a continuous weak solution of (1.4) if

o0 1 o0 o0 o0
—/ /mp,—/uo(p(-,O)z——/ /vVuz.VqJ—H(/ /u"‘vVv-V<p+£/ /uvgp (2.3)
0 Q Q 2 0 Q 0 Q 0 Q

forall ¢ € Cg°(§ x [0, 00)) fulfilling 2—‘5 =00n 32 x (0,00), and if

/ /v¢t+/v0¢("0):/ /VV-V¢+/ /uwp. (2.4)
0 Q Q 0 Q 0 Q

for any ¢ € CF(Q2 x [0, 00)).

To construct the defined weak solutions above through approximation by the classical solutions to
the conveniently regularised problems, we consider the the regularised variants of (1.4) given by

U, =V - (uSVEVug) —xV v, Vv) +luv,, xe€Q,1t>0,

VQIZAVE — UV, XEQ, l>0,

du, v, (2.5)
= =0, xed, t>0,

v av

u.(x, 0) = uo(x) + ¢, ve(x, 0) = vy (), xeL,

for ¢ € (0, 1). According to Lemma 2.1 of [27], we have the following statement regarding the existence,
extensibility and basic properties of solutions to (2.5).

Lemma 2.1. Let Q@ C R? be a bounded domain with smooth boundary, x >0, £ >0 and a > 1, and
assume that (1.5) and (1.6) hold. Then, for each ¢ € (0, 1), there exist T, . € (0, oo] and functions

U, € CO(2 X [0, Thpar) N C™(Q X (0, Trpan)
o o (2.6)
Ve € CO2 X [0, Tpa)) N C*' (2 X (0, Tpan))

such that u, > 0 and v, > 0 in Q x [0, Tyase), that (u,, v,) solves (2.5) classically in Q x (0, T,,...), and
that

if Thare < 00, then limsup |[u(-, 1) 0@ = 00. 2.7)
t/ Tmaxe

Furthermore, this solution satisfies

Ve, Dl < lVolle@ forallt € (0,T,..) (2.8)

and

/wffm@ﬁi/%+ﬁfw+MI forallt € (0, Ty..) 2.9)
Q Q Q Q

Tm{l,hé‘
f /usvgff V. (2.10)
0 Q Q

Throughout the sequel, unless explicitly stated otherwise, we shall assume that  C R? is a smoothly
bounded domain (the convexity of €2 is not required), x >0, £ >0 and « > 1. Moreover, whenever
functions 1, and v, fulfilling (1.5)—(1.6) have been selected, we shall denote by (u,, v.) the solutions
given by Lemma 2.1, with T, . representing their maximal existence time.

Due to the nonnegativity of u, and v,, the evolution of v, yields the following estimate.

as well as
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Lemma 2.2. For any K > 0 with the property that (1.6) is valid, one can find C = C(K) > 0 such

that
Tnax.e
/ /v5|Vv€|2§C. 2.11)
0 Q

Proof. Multiplying the second equation in (2.5) by v, we have

d
—/vz+6/v5|Vv8|2=—3fugvifO forallt € (0, Tpyx.)- (2.12)
dt Jq Q Q i

Integrating (2.12) over (0, 7,,...) and using (1.5), we then obtain (2.11). O

It is noticed that in [13], the bounds of | Tmaxe o U277V, |V, |* were utilised as a basic piece of

&

information in deriving the bounds for fQ (-, 1) With some p, > 1. In contrast, our approach in this

paper takes fo " [ ulm*v.|Vu,|* as the starting point for the bootstrap argument which is achieved by
. o a—1 o
analysing the temporal evolution of —5 [ w2~ 4 &2 [ |Vy, | rather — - [ 2™

Lemma 2.3. Let o € (1,2]. Then, for all K > 0 with the property that (1.6) is valid, one can find

C = C(K) > 0 such that
Tmmx‘s
/ f v, |Vu, |* < C. (2.13)
0 Q

Proof. Multiplying the equations in (2.5) by u!~ and Av,, respectively, we obtain

1
2—adt

u?‘“—i—(a— 1)/ u;_“v£|Vus|2=(ot— l)vaEVua-va—E/ui_“vg (2.14)
Q Q Q Q

/|Vv8| +/ |Av,|? —/uvsAvs— /VSVMF Vv, — /148|Vv£|2 (2.15)
Q

for all £ € (0, T e)- From (2.14) and (2.15), we have

d 1 - X(Ot—l)f 2 / - 2
-V Y “ - A vs -1 msvs
dt{ 2_0[/;2146 + 5 Q| Vel t + (o ) ng ve |V, |
5—6/u,ﬁ“’vs—x(a—l)/thIvaI2

Q Q

for all ¢ € (0, T )- Integrating the above differential inequality on (0, 7), along with (1.6) and (2.9), we

and

then get
1 xla—1)
T a uoE |Vv8| + (x — 1) 'y, |V, |*
+Z// v5+x(a—1)//u8|va
X(Ol_ ) 2
\Y
P Y
1 X(CY— ) 2
< 1 = \Y
_z_afg(uﬁ )+ /Q| vl
< C(K)
for all 7 € (0, Thuxe ), due to 2 — o € [0, 1), which implies (2.13) immediately. O
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When the convexity of €2 is not assumed, the following estimate indicates how the related boundary
integral over d€2 can be controlled by the corresponding higher-order integrals on 2 involving singular
weights.

Lemma 2.4. [25] Let g > 2 and n > 0. Then, there exists C = C(n, q) > 0 with the property that
|V
[ oo B <y [yrstiwppipp g [wriveiee [v @ae)
aQ dv Q Q Q

for any r € C*(RQ), which is such that ¥ > 0 in Q and % =0onJ.

By analysing the temporal evolution of

IVV >
”vO”LOC(Q) ln U,

we establish spatio-temporal integral bounds for both v, and *= |Vv,|?, thanks to the estimates (2.13)
and (2.16). '

Lemma 2.5. Assume o € (%, 2] and K > 0 such that (1.6) holds. Then, there exists C > 0 independent

Of Taxc Such that
Tmax.e
f / v, <C 2.17)
0 Q

Tmax.e
/ /—|VV8| <C (2.18)
Q

Tmax.e Tmax.e | VVS |4
—|Vug| <C and —=C (2.19)
Q 0 e Vi

Proof. According to the second equation in (2.5), several integrations by parts show that for all
te (0’ Tmax S)?

|Vv5 1 1 )
_vva \4 {Ava ueva} ey |VV6| : {Avs - uavs}
2dt 2 o V?
1 U, )
= —Vv,-VAv, — | —|Vv.|"— | Vu,- Vv,
Q Ve Q Ve Q
1 1 [ u, )
- 3 |VV£| Avs + = - |Vv£|
2 2 Q Vg
1 ) 1 U, )
—VV; VAv, — |va| Ay, — = — |Vv.|"— | Vu,-Vy,
2 ? 2 Jo v, Q
1 1 1 1 Vv, |?
=_/ —A|Vv£|2—/- —|Dzvg|2+-/v<ﬂ)-wg
2 Jove a Ve 2 Jo V2
1 u, )
- = Vv, | — Vu Vv,
2 Jq Ve
1 1 8|va|2 , Vv, |*
= —V VIV |* - | Vel "= | ——
2 Jia Ve Q V?
1 [ u )
Y - |Vvs| - Vus : Vvs’
2 Jo Ve Q
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where Vv, - VAv, = %A|Vv£|2 — |D?v,|* is used. Thanks to the identity [25, Lemma 3.2]
1 1
D>, =V ID* Inv, 4+ — Vv, - VIVy. [ — < |Vnl, (2.20)
v, V2

we then get

ARk 1 [ u 1 1 9|Vv,
/' ! /VS|D2111V8|2—|——/u_|VVS|2=—/ 1oV —/ws.wg (2.21)
2 dt 2 Jq Ve 2 Joqgve OV o

forallt e (O, Tmam). From Lemma 3.4 in [25], it follows that there exists ¢, > 0 such that

D, | Vv, |*
/vg |D21nv£|2201/ [ c1f¥. (2.22)
Q Q Ve Q Ve

As an application of Lemma 2.4 with n := ¢, g := 2, we arrive at

1 9|Vn]? \D%E |v
— =g + C(cy,2) | V.. (2.23)
2 Ve v Q

Apart from that, by Young’s inequality, we infer that for all # € (O, Thaxe)

I , 1 ug™! 2
— | Vu, - Vv, < | u*v.|Vu |+ - Vv,
Q Q 4 Jo v
1 Vv, |?
s/u;‘“vS|Vug|2+—/ (u, + 1) 2L
Q 4 Jo Ve

sf”““vgmsi%l/ —|Vv.|’ + /'Wshi Ve- (2.24)
a © 4 Jg v, 4 @ WV 2¢, Jo
Summing up (2.21)—(2.24), we conclude that
d [ IVv] +1/ &Ivvglz‘f‘ﬂ[ Vv, |* <2/ u‘,’“vglvuglz-f-cz/vg (2.25)
dt Ve 2 Jo Ve 2 i gt o

with c2 = C(cy, 2) + for all 7 € (0, Tyux)- On the other hand, multiplying the first equation in (2.5)
by —; and using (2.8) and Young’s inequality, we have

d Ve 2
—— [ Inu.+2¢ | v+ | =|Vu,]
dt Jgq Q Q Ug

=X / M‘:_ZVSVMS . va
Q

1 2
_5/—|v e+t / W, Ty,
Q

<1/ —=|Vu p|2+—2/ Mf“3V8|VVg|2+X—2/ Ve[ Vv |?
2 2 Sz 2 St

1 2 2
< / S R /vg|w|2+x—/ vV, P
2 2 Jq Q 2 Ju<y
1/ ~ |V, |? + X1 || 17 /u€|V |2+Xz( %+1)/ Vv, ? (2.26)
=3 - U V 0 - Ve el Uk Ve Ve .
2 2 V@ 2 o
for all € (0, Tyux.), due to a € (2, 2]. Letting

L

n'=—— 2
4'X2C2||Vo||12f>0(s2)

X2 3-2
and C(a):= 7(nd +1).
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Then, combining (2.25) with (2.26) yields

d (¢ /|va|2 /m N ¢ fusw |2+ |w|“ / L1 / Y
- — = u, — [ —IVy, — Ve — |V
dt 2C2 Q Ve Q 4C2 Q Ve 402 Q

U, L _a
sXTnvoan(m/ —|Vv5|2+—/u; vg|Vua|2+C<a>/vs|vVg|2
Ve C2 Q Q

K E 1— 2 2
o —|VVS| + u, avs|vus| + C((X) Vs|vv£|
Q Q

8C2 Q Ve

for all 7 € (0, Tyux.). On integration in time, according to In & < & for all £ > 0 entails that

IVVgI2 Kcl IVVEI4
A _|V s| + 2 Vs _|V s|
2C2 Q Ve 8C2 o Ve Q
14 IVV(»,;I2 )

— | Inug, + | Inu, + — *y, | Vu,|* +C(a) V.|V, |

Q Q 2c,

|VV05|2 —

— | Inu,+ us + — "v£|Vu8| + C(a) VS|V\{g 2.27)

Q 2C2 Q

for all 1€ (0, Thae). Therefore, (2.27) implies (2.17)—(2.19) in view of (1.6), (2.9), (2.11)
and (2.13). O

IA

With the help of the following class of interpolation inequalities, the results derived from (2.13) and

5
(2.18) can be used to estimate fOTm“ J, u v, in the next section.

Lemma 2.6. [26] Let p* > 1 and p := 2”*+3 . Then, for all M > 0, one can find C(M, p*) > 0 such that
for any q € [0, 2” | and functions ¢,V € Cl(Q) satisfying ¢ > 0,9 > 0 in Q as well as

/¢P* <M,
Q

/qu”wSC(M,p*){/Qd)qIWIV¢|2+/Q§IVWIZ+/Q¢¢}- (2.28)

Since the convexity requirement for the domain €2 is not assumed, we establish a refined results stated
in Lemma 2.3 of [28].

we have

Lemma 2.7. Let Q CR? be a bounded domain with smooth boundary and g > 2. Then, for all
t € (0, Tyuune), there exist I'(q) > 0 and y(q) > 0 such that

(Bl v [ pnnr +ro [ o2 < o [v@ 4y e
— nv, :
ar Jo i R A e O

and

|Vv€|" / M |‘1 . / Vit _ 1 / o2
— D Inv,|” + <— | v.(|Vu,| = +1). (2.30
a ). vZ’l Y@ | — =1 I+ v(q) Ea )/(q) i (IVu| ). (2.30)
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Proof. According to the second equation in (2.5) and the identity Vv, - VAv, = 1A|Vv,|* — |D*v, |,
we can obtain that

d [ Vv g1 - -
- T =q vgq |Vv£|q Vvs : {VAVS - V(usvs)} - (q - l) v€q|vv£|q : {AVS - usvs}
dr Jo vt Q Q

= q/ v;"“ Vv, |7V, - VAv, — q/ v;"“ Vv, |72V, - V(u,v,)
Q Q

(- 1)/ VAVl - Av, + (g — 1)/ Uy [V, ¢
Q Q

2

—q / v VY2, - Vv + (g — 1) / U, [V ¢
Q Q

| Vv, -2
:g'/.V;q+l|VVg|q72‘ | V{| _ ‘Z(q )\/V;q+l|vve|q—4|v|vv£|2|2
2 Q av 4 Q

—61/ VQ"*'IVVEI””IDZV@IQ+61(q—1)/ VI VY T2V V] - Vv,
Q Q

:z/V;"+1|Vv£|"_2A|Vv£|2—q/v;"+1|Vv€|"_2|D2v£|2—(q— 1)/V§"|Vvs|"Avg
Q Q Q

—q(q— 1)/ VoI [V 772 — 61/ v VY|V - V()
Q Q

+(q— 1)/ u vV, |1 2.3D)
Q

for all # € (0, Thaxe)- Thanks to (2.16), one can see that for any n > 0, there exists ¢, = C(7, g) > 0 such
that

Vv,
/ V§q+]|vvs|”_2'|—|SnfV;"+1|VV8|”_2|D2V8|2+’7/VZ"_1|VV5|"+2+C1/vg- (2.32)
0 v Q Q Q

Furthermore, by two well-known inequalities (Lemma 3.4 of [25])

/ v I < (g + V3Y / v,V D I | (2.33)
Q Q
and
/ v V2D, P < (g + V34 1) f VR VP ID I (2.34)
Q Q

we can conclude that

-2
_d4-2 f VT, [V PP — g / VI T, 12 D,
4 Q e Q £
Falg—1) f VY2V IV - Vv, — alg — 1) f VO |V 192
Q Q
-2
= 992D [ g, [ P — g [ v O D T
4 Q ¢ Q £
+alg—2) / VY 2V |V - Vv, — glg —2) / VI, [
Q Q
<—q / VT, 2 D T, P
Q
-2 2
_d4-2 f VY [V = 2 V0, P,
4 Q vs

< —q/ VAPV 772D Inv, | (2.35)
Q
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By the Young inequality, there exist ¢, > 0 and ¢; > 0 such that
- 61/ v V9V, - V() + (g — l)f u v, Vv, |7
Q Q
=_ /v;"+2|VV5|"_2VvE -Vu, —/ u v, |V, |1
Q Q
<q / vV TV, - Vi, — f v, V|
Q Q

563/v;"_'|va|”+2+62/v8|Vu£|% —/ u v, Vv, | (2.36)
Q Q Q

On the other hand, since the identities V|Vv,|? = 2D, - Vv, and |Av,| = +/3|Dv,|, it follows that for
all t € (0, Thaxe)

—61/ VoV |7V, - Vv, + (g — 1)/ u vV, |1
Q Q
=q(q— 2)/ uv, |V [V, - (D, - Vv,)
Q
+ q/ uv, |V [ Ay, — (g — 1) / u v, |V, |
Q Q
<q(qg—2+/n) / u v Vv 1D, | — (g — 1) f u v Vv, |1
Q Q

<c / VoV 2D s / A AU OB b / v |V, |1
Q Q

Q

564/V;"“IVVaI“_zIDZVsIerCe/VQq_IIVVal"”
Q Q

q+2
v [ =17 [uveinr, (2.37)
Q Q

where ¢; > 0,i =4, .- - ,7, are constants. Therefore, (2.29) follows from (2.31)—(2.36) and (2.30) results
from (2.31)—(2.35) and (2.37). O

By means of the Gagliardo—Nirenberg inequality and the Ehrling lemma, we deduce the following
functional inequality, which plays an important role in estimating an integral of the type | o @° ¥ below.

Lemma 2.8. Ler Q C R®, and supposed that p > 0 and 1 < r < 6. Then, for any n > 0, one can find
C(n, p) > 0 such that

||ﬁ\/$||im>Sn/¢"-lw|w|2+n/¢”+11/f-1|w|2+0<n,p>- {/¢>} {/W} (2.38)

forall p € CY() and € C'(Q) with ¢ > 0 and > 0 in Q.

Proof. From the Gagliardo—Nirenberg inequality, it follows that for 1 < r < 6, there exist constants
a € (0,1) and ¢; > 0 such that

ptl ptl ptl 2(1—a) el
167 V¥ It <l V@ T VIS = VT iig +eilld™ Vg,

Furthermore, by Young’s inequality, one can see that for all > 0 there is c,(n) > 0 such that

AllV@E Vo185 VI e <nlIV@F Vg + IO T VI Re. (239
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For p > 1, the compact embedding L” < L' and continuous embedding L' <> L7 allow us to apply
Ehrling lemma, which yields

p+1 +1
Mo ™ V¥ Ihig < ||¢’ VU@ +amle™ il e
with some c3(n7) > 0. Therefore, for all p > 1, we have

165 Ve < 1V (@5 V) Iz + OIS T VI 5,

On the other hand, for p € (0, 1), one can see that

165 VU120 < nIV@ T VI + Dl F V12
<lIV@T V)2, + s O,

Hence, from the Holder inequality, it follows that

NV@ T VI, + () + s Vo ||%

P
577/¢1”11/f|V¢|2+77/¢"+1¢71|V¢|2+C(H,P)- {/fﬁ} -{/«Mx}. (2.40)
Q Q Q Q

O

Q)

3. Estimates of ||u (-, )|l
3.1. Space-time estimate of u’*~'v,|Vu,|*

The purpose of this subsection is to derive the space-time estimate of u?* v, |Vu,|* with p* € [1 — a, 0].
This refines the space-time estimate of u!~*v,|Vu,|* provided in Lemma 2.3 and allows us to obtain
the bounds for ||u,.(-, )]0 With py > % in the subsequent subsection. To this end, as outlined in the
introduction, we shall make sure that G.(¢) enjoys the feature of the energy-like quantity.

Lemma 3.1. Let Q C R>. Then, one can find constants a > 0 and b > 0 such that for all t € (0, Tyyare)

the functional
V. (-, f*
G.(1):= /ue(-,t)lnue(nl)"-a . \;( )
Q Q VE(,t)
satisfies
Vv, |*
g/(t)+bf| |D2 s|2+b/ A fvsIWI
Q v 2
2 20-2 2 1
<x* | Vv P+ [ uvilnu, +€ | uv,+~ [ v, (3.1
Q 2 @ 4 Ja

Proof. Multiplying the first equation in (2.5) by 1 + In u,, we use the Young inequality and In & < & for
all £ > 0 to infer that

d
- Eln £ & v£2
dthu u,+/gv [Vu,|
:X/uf’lngug-VVS+E/u5vglnus+E/ugvg
Q Q Q

1
5—/vg|Vus|2+x2/u§°‘_2vg |Vv€|2+€/ TR lnug—i—@/ UV, (3.2)
4 Q Q Q Q
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for all 7 € (0, T,,..)- On the other hand, applying (2.30) to g := 4, we have

d |wg|44r (4)/|VS|Z|DZ1 oy (4)/ AAZ / (VuP+1D.  (33)
al, v nylt Ay @ J o y@ Jo '

Combining (3.2) with (3.3), we arrive at

d 4 Vv,
_{/ i Y@ |v|}
dr | Jg 4 Jo v
24) [ Vv 4 v;‘
4 )flv‘||D21n )/()/ IVI /ku'
Q Ve 2

2 2002 2 ]
<X W Vvt L | wv.Inu, +€ | uve+— | ve
Q Q Q 4 Q

for all £ € (0, T,y.)- This readily leads to (3.1) with a = %2 and b = =2 (4) O

max

By Lemmas 2.3, 2.5 and 2.6, we can obtain the estimate of fo fQ uf V., which allows us to address
the unfavourable contributions on the right-hand side of (3.1) whenever the exponent « € (%, 2].

Lemma 3.2. Let Q C R, suppose that o« € (%, 2] and K > 0 with the property (1.6) be valid. Then, there

exists C = C(K) > 0 such that
Tmax.s §
[ [wv=c (3.4)
0 Q

Proof. Since (2.9) and (1.6), there exists ¢; = ¢;(K) > 0 such that
[utnze  foraiie© L.
Q

Due to a € (%, 2], then ¢:= 2 — o € [0, %]. As an application of Lemma 2.6 to p*:= 1, there exists
¢, > 0 such that

t 5 t ~ 2 t u, 2 t
MS3 Ve 20 u, otvslvus| + —|VVS| + U Ve
0o Ja 0 Ja 0 Ja Ve 0 Ja

for all ¢ € (0, T,,...). Hence from (2.10), (2.13) and (2.18), there exists C(K) > 0 such that (3.4) is
valid. O

With the help of two lemmas above, the quasi-energy feature of G.(#) can be verified and thereby

space-time estimates of u, 'V‘ff and v,|Vu,|? are established.

Lemma3.3. LerQ CR3anda € (%, %] suppose that K > 0 with the property (1.6) be valid. Then, there

exists C = C(K) > 0 such that
Tinax,e | VVS |4
U, <C (3.5
0 Q VS

Tonaxe
/ / v.|Vu.)? < C. (3.6)
0 Q
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Proof. In light of condition a € (%, %], 4o —5€ (0, %]. Therefore, from Lemma 3.1, it follows that for
all t e (O’ Tm{LX’ 5)

Vv, |*
g/(r)+b/' D w2 /mw
Q vy 2 Jg
2 2a-2 2 1
<x WV [ Vv "+ 4 u‘gvS Inu,+¢ | uv.+- [ v,
Q Q 4 Jq
b Vv, [* 5 1
§c1/u§°‘_5vs+—/‘ | Vel +Z/u§v£+ﬂfu£v£+—/v5
Q 2 Jg Vg Q Q 4 Jq

5 b [V, |*
<@+ | uiv,+= [ u, +2 | uv.+(@c +1) vs (3.7
Q 2 Jq v Q

and hence

Ve |? b Vv |*
Q/(t)+b/| |D* In g|2+5/ ! 3| +5 /vglwal
Q % 2 Jq

€

§c2/u§vg+€fu8vs—l—62/v5 (3.8)
Q Q Q

with ¢, := ¢, + 1 + £. After an integration over time, this together with (3.4), (2.10), (2.17) and (1.6)

entails that
V£4 1 t t V52
// Vvl v' -/ /v£|Vu€|2+b/ /ﬂmzlnmz
2 Jo Ja 0o Ja Ve
t 5 t t
<6‘2/ /u3v8+5/ /usv5+c‘2/ /vp
0 Q 0 0 Q
Vv
+fuoglnuoy+a | VO' fu Inu,
//ugvs—l—Z//uvg—i—cz//vg
2 IVvol* 192
+ | w+1)"+a — +—
Q e Vo e

=C(K)

2010114
. x“lvoll
with Cp = TLOO

for all 7 € (0, T, ), and thereby completes the proof. O
As a direct consequence of (3.6) and (2.13), we have

Lemma 3.4. Leto € (%, g] and K > 0 with the property (1.6) be valid. Then for any p, € [1 — «, 0] and

C = C(K) > 0 such that
Ellll.t.é‘
/ f u’*v,|Vu,|* < C. 3.9
0 Q

Proof. Since u?* <1+ ui"" for any p, € [1 — «, 0], we have

Tnax,e Tax.e Tmax.e
/ /uzwwsfsf /vs|wg|2+/ /u;-“vgwugﬁ
0 Q 0 Q 0 Q

which along with (3.6) and (2.13) entails (3.9) readily. O
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3.2. I’ -estimates of u, with some p, > %

This subsection establishes the L7°-bounds for u, with some p, > %, which serves as the foundation for a
bootstrap argument to achieve the L” bounds of u, for arbitrary p > 1. As a prerequisite for the derivation
of estimate on L/°-bounds for u,, we apply Lemma 2.8 to show that the integral of the form fQ P can

be dominated by [, ¢*¥|Ve|* when added [, ¢ 'W" oy,
Lemma 3.5. Let L>0, ke(—1, —%) and Be[l,k+ 5). There exists C = C(L, k, B) > 0 such that if
Jo @ <L, then
V|t

fw‘gtﬁS/WIWI2+f<p —+C | oy (3.10)
is valid for all ¢ € C'(Q) and € C(Q) fulfilling ¢ > 0 and > 0 in Q.
Proof. Let 6 := ;5— and 6, := ;. Then,

1<6<3 (3.11)

can be warranted by 8 € [k + 2,k + %). Consequently, by the Holder inequality and applying Lemma 2.8
ton= %, we conclude that there exists ¢, = ¢,(8, k, L) such that for all ¢ € (0, T,,...),

/(Pw / w 2ﬁk2

<l Fywtug, 10"l
k+2
<Ll Tyt |,
1 1 V|2
s—/¢¢WW+—/ lel / oy 3.12)
2 2 Ja
Furthermore, let A := —i and A, := k# Then, the restrlctlon ke(—1 ——) warrants that 1 <A < 3.

Applying Lemma 2.8 to p:= k+ 1,r:= 2A, n:= min{L"~ %, 1} and Young’s inequality once more, we
obtain that there exists positive constant ¢, = ¢,(k, 8, L) such that for all ¢ € (0, T,,....),

IVy 2 1 [V |* 1
/wk“—s—/w ; +-/¢2k+3t/f
Q Y 2 Ja Y 2 Jq
1 IV [* 1/ B2 N2 g
= — B — —_ 2 2
2/;2()0 U +2 Q((p 4 )¢

! Vot 1w
=5 / (p + §||(p ; wz ”izx(Q)H(PkH ||L)~*(Q)
Q

-2 Y3
1 [V |* P
< — _
_Z/an E + || Fyl ||L2/(Q)

1 Vgt 1, 2|V¢|2
sifgfp—w +§/Q<p+ / “Y |Vl +c2/¢¢. (3.13)

Therefore, if 8 € [k+ 2,k + §), it follows from (3.12) and (3.13) that

B k 2 |V1//|4
Y =n| ¢¥IVolI"+ [ o—5— +CB.k L) | ¢¥ (3.14)
Q Q Q I/f Q
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for all 7 € (0, T,,,..)- Apart from that, it is observed that for 8 € [1, k + 2),

/WSIP 5/@"*21#—#/ ey forall 1€ (0, Tawe)-
Q Q Q

This together with (3.14) implies (3.10) readily. O
The combination of Lemmas 3.3, 3.4 and 3.5 yields the result of follows.
Lemma 3.6. Assume o € (%, %) and K > 0 be parameter such that property (1.6) is valid. Then there

exist py > 3 and C = C(K) > 0 such that
f (-, =<C forallte (0, T,ue)- (3.15)
Q
Proof. According to (2.9), there exists ¢; = ¢;(K) > 0 such that

/ug(-,t)fcl forallt € (0, T, ).
Q

Let 8 := min{i(a¢ — %), 2 —, 1} > 0and p, := 3 + 2. Then, multiplying the first equation in (2.5)

by w?~" and by the Young inequality, we infer that

1d -1
——/uf“—i—p—o /u@"‘lva|Vug|2

1 — 2
< dzpix / Wy Wy P 0 / v,
Q Q

- 2
1= po)x2lIvolli~ Vv |* 3
5—( Pox Vo, /ufp0*4°"7vg+/ ug—l v3'| —i—Z/ uSvg—i-Z/ UV (3.16)
2 Q Q Vo Q Q
Letk:= —1 —§.Then, k € (— 1, —3) due to the fact § < 3. In addition, by the definition of §, we can

see that k € (1 — , 0). Therefore, k € (1 —a,0) () (— 1, —1), and thus

Tma.x.s
/ /uivglwgl2 < (K, Thane) (3.17)
0 Q

for some ¢,(K, T,,4..) > 0 by Lemma 3.4.
On other hand, according to the definitions of § and p,, we have § < % — « and thereby 2p, + 4o —
7 < g —8=k+ g Apart from that, it is claimed that

2po +4a — 7> 1. (3.18)

Indeed, according to the definition of p,, it is easy to see that 2p, +4o —8 =45 + 4o — 5> 0 due
too> 3.

Therefore, applying Lemma 3.5 to 8 := 2p, + 4o — 7, we can conclude that there exists ¢, > 0 such

that
1— 2 4 Vv, |*
a4 = po)xVolly / urotteTy < / Uy, |Vu,|* + f u, | ‘: | +c / UV, (3.19)
2 Q Q Q Ve Q

for 1 € (0, T,.ux¢).- Combining (3.19), (3.16) with (3.17) and integrating the results over time, together
with (3.5), (1.6), (2.17) and (2.10), we have

1 -1 r
— f uw’ + Po [ / I/t‘Z“*lvg|V1/ts|2
Po Ja 2 0o Ja
t t 4 t t
k 2 [Vve| .
S ugvs|vus| + 2 U, 3 + Cy UV, =+ (u() —+ 1) 0 “+ Ve
0 Jo 0 Ja v, 0 Ja Q 0 Ja

=< C(K, Thaxe) (3.20)

for all 7 € (0, T, ), and thus complete the proof. O
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3.3. L’-estimates of u. for allp > 1

The aim of this subsection is to achieve L”-bounds of u, for all p > 1. Of crucial importance to our

approach in this direction is to refine (3.10) in Lemma 3.5, which involves the term [, ¢ 7%  instead of

Joe 'V;g'“, when the enhanced integrability properties of ¢ are taken into account.

Lemma 3.7. For L > 0,p, > % p>1,qg>2+ ;—g Bell, 2’)0 +p+1) and any n € (0, 1), there exists
C=CWn,L,p, B) > 0 such that whenever fQ <L,

/sof‘t/fSn/w" AR +n/ |w' +Cf oy (3.21)

holds for all ¢ € C'(Q) and € C'(Q) fulfilling ¢ > 0 and Y > 0 in Q.

Proof. Itisobserved that the restrictiong > 2 + ;—’; ensures that ‘W;r+2_2 < 2’% + p + 1. Now we first verify
(3.21) in the case

Be [qu, Moy oy 1) (3.22)
q—2 3
To this end, let
0= S and p, = P—o.
“B4p+1 B—p—1
Due to (3.22), it follows that
p>1 and 1<2p<6. (3.23)

Hence, thanks to | o ¥7 < Lfor py > %, the Holder inequality, the Young inequality and Lemma 2.8, we
deduce that for any 1 > 0, there exists positive constant ¢, = ¢,(n, p, 8, L) such that

/wwsz%wﬁw**
Q Q

p—p—1
[| o< Q)

ptl 15
=< ||(P 2 I/fz ||L2p(gz) : ||§0
ptl 1 B—p—1
=g = V211720 - @100
(V)] ()

p+l

<L pU ”90 W ”LZn(Q)

Ui . 2, N a+1| vl
<z | ¢ ¥IVyl +—/ ' to | oY
2/9 2 Jg ¥ 1 Q
|V |e a2
”/wwwww+ /‘ w1+—/ "qw+m/w¢
—2 Y Q Q

Vil
<Z[¢P1¢|V|+ / |w:p! /ﬂ¢+(c1+1)f¢w

and thus
_ V|
[owzn [ oot [ o1 oy (3.24)
Q Q o Y Q
Furthermore, it is observed that for 8 € [1, £ t"*z), we have
t/ﬁw</¢%zw+/¢w
which along with (3.24) complete the proof readily. O
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We are now in the position to achieve L”-estimates for u, for any p > 1 through tracing the evolution of
H(t):= [, u + [, 2, thanks to the L™-estimates of u, with some p, > 1 established in Lemma 3.6.

vl

Lemma 3.8. Let Q C R® and K > 0 with the property that (1.6) holds. Supposed that a € (2, 22) and
p > 1, there exists C = C(K, p) > 0 such that for all t € (0, T,,4..),

Tnm.ns
/M’QSC and / /u‘;"vglwglzsc (3.25)
Q 0 Q

T”’ax,g
/ / utlv, <C. (3.26)
0 Q

Proof. From (2.29) in Lemma 2.7, it follows that

Vv, ¢ A / Vv, /
4T Dlnv,f +T 1) @27
dtgvé’l @], DAy +T) | = = s f vl + G2

for all 1 € (0, T,y )-
Multiplying the first equation in (2.5) by u?~', applying Young’s inequality and (1.6), there exists
¢, > 0 such that

1d p—1
- P ”lsvg 3.28
pdtfgu8+2/98v|u| (3.28)

p—1
+20—3 2
<T WAV T+ Wy,

Q Q

f(p—1)/u§+1v5|Vv£|2+(p—l)/vS|Vv€|2+E/u‘S’“vg+E/u;vF
Q Q Q
F V gq gp+q—2  3q-2
(CI) | V| _])/W'val +E/up+lv€+c1/ =T, 02 +Z/M8V5
Q Q Q

1" \v/ A q apt+q=2
(Q) / | z1v1| +(p_ 1)/ VE|VV8|2+E/ ug+lvs+C1Kq2Tq2 / Us o Vs+£/ UgVe
Q Q Q Q

forall t € (O, T e )-
Noting that if p, > % then for any fixed p > 1, one can find g > 2 satisfying

as well as

3p 4
<2+—p ﬂ+2> (3.29)
n 3
which ensures that
—2 2
wra=2 Py (3.30)
q—2 3
and
2 2
%<%+p+l. (3.31)

Therefore, thanks to (3.15), (3.30) and (3.31), the application of Lemma 3.7 to n := min{- ff), 2 41 } yields

24 A 1 2
Z/u‘s’“ve—kcqu*Z-/ug“ Vet — [ w7 v,
Q Q I'(@)

o [V, |
<n “5 VS|VMS| + n U, pa —+ C(n, K, p) UV, (332)
Q Q@ Ve @
for all £ € (0, Tare)-
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From (3.27), (3.28) and (3.32), there exists C(p, K) > 0 such that

d (1 Vv, |? r Vv, |? -1
_{_/ /| v|} (q)/ Vel /ug_]%ms'z
dr | p Jq Q Ve 4 Q

SC(p,K)/ (VeI Vvl + uv, +v,). (3.33)
Q

Integrating (3.33) with respect to time, we have

vl T Vot p—1 [
/u’;Jr | VI (q)/ / I VI L P / /uﬁ”vslvbtslz
Q Q vs 4 0 Q

|VVo|q

< C(p, K)// Ve Vv P + v, + ;) f(uo+1)”+

Vo

forall z € (0, T,,..). Hence, from (2.11), (2.17), (1.6) and (2.10), it follows that

/u"+—/ fu W VuF < Cp, K). (3.34)

Furthermore, (3.26) results from (3.32), (3.34) and (2.10), and hence completes the proof. O

As anatural consequence of (3.25), the application of standard smoothing estimates for the Neumann
heat semigroup directly yields lower bounds for v,.

Lemma 3.9. Let QCR? ae(2,2) and K > 0 with the property that (1.6) holds. Assuming that

2712
T axe < 00, then there exists C = C(K, T,p4rc) > 0 such that

v(x, 1) >C forall (x,1) € 2 x (0, T, (3.35)

Proof. First, it is observed from Lemma 2.1 that v, € C>'(2 x (0, Tynax.)) With v, > 0in Q X (0, Tyar.).
Defining the transformed variable w, := In ”m”fﬂ € Cz"(ﬁ x [0, Thux)) and invoking (2.5), we
derive '

Wo = Aw, — VW, +u, < Aw, +u, in Q x (0, Tnaxe)-

Using the comparison principle along with known regularisation features of the Neumann heat
semigroup (¢'*),=o on  [30], one can see that there is constant ¢, > 0 such that for all # € (0, Tpux.),

t
we(, 1) < e wp, + / e u (-, 5) ds
0

< sup wy,(x) + ¢ / a+@- S)i%)”Ms('a )12 ds
0

xeQ

1
S Sup WOg(x) + Cl(Tmax,s + 4Tr‘:‘tax,6) N Sup ”ue(" S)”LZ(Q)'

xX€Q $€(0,Tmax.e)

This along with (3.25) implies that w.(-, 1) < (K, Tha,) for some ¢ (K, Thaxe) and thus
Ve(X, 1) = || Vo[ poo (e @K Tmane), O

3.4. Proof of Theorem 1.1

On the basis of the result stated by Lemma 3.8, we further derive the higher regularity properties of the
solution components to (2.5) and then obtain a global continuous weak solution of (1.4).
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As a consequence of (3.25), by leveraging standard heat semigroup estimates, one can verify that
[V (-, )|l wie(q) is locally bounded for ¢ € (0, T4

Lemma 3.10. Ler Q@ C R® and K > 0 with the property that (1.6) holds. Supposed that o € (%, %) there
exists C = C(K, p) > 0 such that for all ¢ € (0, 1) we have

[VeCs Dllwreey =€ forallt € (0, Taxe)- (3.36)

Proof. According to Lemma 3.8, we have the uniform boundedness of u, in L*((0, 7., ); L’ (€2)) for any
p > 1. Therefore, by invoking the well-established smoothing properties of the Neumann heat semigroup
documented in [30], there exist ¢; > 0 and ¢, > 0 such that for any p > 3

t
IVVe()l e = H Ve Dy, — / Ve =Dy, (s)v.(s) — v.(s)} ds
0

LX(Q)

t
_1_3 —(1—s
= cillvollwieg) +01/ (1 +(—s9)?2 2”) e u (-, e, 8) = Ve (s Ol pids
0
1 ! 1 3
< alollwime + +al@l ol [ (140 =578) e
0

+eilvolliee sup fuC, Dl / (1+ =95 ) e ds
0

1600, Tnaxe)
<G (3.37)
for all 7 € (0, Thux.) and € € (0, 1). Then, we finish the proof. O
At this position, we can proceed to prove the L*-bounds for ,.

Lemma 3.11. Let o € (E E). Suppose T,... < 0o, then there exists C(T,,,.) > 0 such that for all ¢ €

(0, 1) we have v

o (-, Do) < C(Thare)  forall 1€ (0, Tyae) (3.38)
Proof. We begin by reformulating the governing equation for u, as

Uy =V - (A:(x, t,u,)Vu,) + V- B.(x, 1) + D.(x, 1) (x, 1) € Q2 x (0, Tpure)s
where the nonlinear operators are defined by
A 1,8):=v.(x, 08 (5, 1,5) € 2% (0, Tyae) % [0, 00),
and
B, (x,1) := —xul(x, v, (x, )Vv,(x, 1) (x, 1) € 2 x (0, Tpure)s
as well as
D.(x,1) := lu.(x, t)v.(x,1) (x, 1) € 2 x (0, Tpe)-
Through applications of Lemmas 3.8, 3.9 and 3.10, we derive the following estimates for any p > 1
A (x, 1) = 1 (T e )€ for all (x,7,&) € Q x (0, T,0ne) X [0, 00),
and
1B, )lpy <c and |[ID.(, Dllp@ < for all z € (0, Thaxe),

with some ¢, > 0, ¢, > 0. Thereafter (3.38) can be derived from a Moser-type iteration, as recorded in

([21], Lemma A.1). O
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As an application of (2.7) and Lemma 3.11, one can show that the solutions to (2.5) are in fact global
in time.

Lemma 3.12. Under the assumptions of Theorem 1.1, we have T,,,.. = oo for all ¢ € (0, 1).

Drawing on the a priori estimates from the previous lemmas, we now deduce the Holder regularity
for the global solution to (2.5) by applying standard parabolic regularity theory.

Lemma 3.13. Forall T > 0 and ¢ € (0, 1), there exist 6, = 0,(T) € (0, 1) and C(T) > 0 such that

lluell , oo <) (3.39)
7T @x[0,17)
and
Vel , o _ < (). (3.40)
2 @x[0,T])

Moreover, for all Tt > 0 and T > t, there exist 0, =0,(t,T) € (0, 1) and C(z, T) > 0 such that

<C(z,T) foralle €(0,1). (3.41)

WVell 2eorie% oy

Proof. The Holder estimates (3.39) and (3.40) are achieved through the combination of Lemmas 3.9-
3.11, (2.8) and an application of the parabolic Holder regularity framework established in [18, Theorem
1.3; Remark 1.4]. The subsequent estimate (3.41) then follows as a direct consequence of classical
Schauder theory for scalar parabolic equations [11, Chapter IV], when coupled with the established
Holder continuity from (3.39). [

Upon the above estimates, we can construct a continuous weak solutions to (1.4) through a standard
extraction procedure.

Lemma3.14. Leta € (%, %) and suppose that (uy, vo) satisfies (1.5) and (1.6). Then there exist (&;);en C

(0, 1) and functions u and v fulfilling (1.7), as well as u > 0 and v > 0 in Q x (0, 00), such that

u.—u in C) (2 x[0,00)) (3.42)
ve—v in C)(Qx[0,00) and in C:N(Qx(0,00)  and (3.43)
Vv, Vv in L2 x (0, 00)) (3.44)

as e =¢& \ 0 and that (u,v) forms a continuous global weak solutions of (1.4) in the sense of
Definition 2.1.

Proof. By virtue of Lemmas 3.8, and 3.9 and Young’s inequality, there exists C = C(K, T') > 0 such

that for all 7 > 0,
T T T
f /|Vu§|§/ /u8v6|Vug|2+f /MSVQI <C,
0 Ja 0o Ja 0 Ja

thereby establishing the boundedness of the gradient sequence (Vu?).cqy, in L'((0, T); WH(2)).
Subsequently, employing Lemmas 3.10, and 3.13 and the Arzeld-Ascoli compactness theorem, a
straightforward extraction procedure allows us to construct a vanishing subsequence (g;);ey With &; 0.
This yields nonnegative functions (u, v) satisfying (1.7), (2.2) and (3.42)—(3.44). Finally, (2.3) and (2.4)
can be accomplished in the respective weak formulation associated with (2.5) on the basis of these
convergence properties. O

Proof of Theorem 1.1. The statements has fully been covered by Lemma 3.14. O
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4. Large time behaviour

This section is devoted to establishing the stability properties and nontrivial stabilisation results stated
in Theorems 1.2 and 1.3, respectively. The proofs rely crucially on the temporal decay of u,, in suitable
dual spaces, which is established via the integral estimates (2.10), (2.11) and (2.19).

Lemma 4.1. Let Q C R? and K > 0 with the property that (1.6) holds. Supposed that o € (%, %), there
exist 0 > 0 and C = C(K) > 0 such that for all € € (0, 1), we have

/ 2tz (-, Dllwroo@yyedt < C - {/ Vo} . 4.1
0 Q

Proof. Using the first equation in (2.5), one can see that for all r > 0 and any ¥ € W"*(£2) such that
19 [lwi.ooiy = max{| ¥ [l s IV o} < 1,

/Mgﬂﬁ =’—/HsVavug'VW-}-X/”?stva'v‘ﬁ-i‘@/MaV.e
Q Q Q Q

< [wniVutx [ uvavvi e [ .
Q Q Q

1 Dl ooy < / Ueve | Vit | + x / WV Vv + € / ev.. 42)
Q Q Q

Thanks to the Hoder inequality and (2.10), for all T > 0, we infer that

so that

=

T T v T 3
e 2 3
f /usvs|vus|§ f f_|vufl / ugvs}
0o Ja 0o Jao Ue 0o Ja
1 1-r r
T v 2 T 3, 2 T 2
e 2 j=3
S f /_|VMF| / /MF V;} : {/ /MFVF}
0o Jao Ue o Ja o Ja
o 3 T L7 5
& 1=r
< / /—|Vu£|2 / u; ’vg} -{/vo} (4.3)
0o Jao Ue o Ja Q
and
T T 3 T 3
f /M‘:VS|VVS|§ / fvs|vv£|2 : / fuiavs}
0o Ja 0o Ja 0o Ja
T 3 T e 1T T 5
< / /vg»IVvEI2 / /ug‘ ’vg} {/ /uv}
0o Ja 0o Ja o Ja
T % T Sa—r ]2;' b3
< / /v6|Vv5|2 / /ug"’ va} {/ vo} “4.4)
0o Ja 0o Ja Q
as well as

T 5 s
/ /uevgs/v()s{/vo} (volley - 120) T 4.5)
0 Q Q Q

where r € (0, 1) and min{%=-, 3=} > 2. It follows from (4.2)—(4.5) that there exists C(K) > 0 such that

1-r > 1-r

T 3
/ 24, (-, ) || wrooyyedt < C(K) - {/ Vo}
0 Q

due to (1.6), (2.11), (2.19) and (3.26), and thereby we arrive at (4.1) with o := 3. O
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Making use of Lemma 4.1, we can derive the following consequence that exclusively involves the

zero-order expression of u.
Lemma 4.2. Let o € (%,%) and K >0 with the property that (1.6) holds. Given o >0 and

C=C(K) > 0 as in Lemma 4.1, then for any nondecreasing (t;)rex C [0, 00), we have

Z (-, tirr) — uCe, t)llwro@pedt < C - {/ Vo} ) (4.6)
Q

k=1

where we set u(-,0) := u,.
Proof. Fixing any such nondecreasing sequence (#)cn, we infer from Lemma 4.1 that

Te+1
D Mo ti) — st sy = Y f (-, 1) dt
s

keN keN
Ti+1

<> / lite -, Dl sy

keN Yk

sC(K»{/vO} :
Q

because (f, #;,1) N (#, t,1) =9 for ke N and I € N with k #[. This along with (3.42) implies (4.6)
immediately. O

(Whoo(Q))*

The quantitative dependence on v, not only establishes large-time stabilisation of individual trajec-
tories in their first component but also quantifies the proximity between the limiting profile and initial

data.
Lemmad4.3. Leta € (%, %) and K > 0 with the property that (1.6) holds. Then, the function u obtained
in Lemma 4.2 exhibits the convergence

u(-, 1) = Uy in (W(Q))* ast— oo 4.7)

with some uy, € (W'°(Q))* that satisfies

oo — ttollwroc @y < C(K) - {f Vo} (4.8)
Q
with C(K) > 0 as in Lemma 4.1.

Proof. Lemma 4.2 implies that {u(-, ;)};cn forms a Cauchy sequence in (W*°(£2))*, which establishes
(4.7) with some u,, € (W'°(£2))*. Now select the sequence (#);ey With #; := 0 and #, := ¢ for k > 2 in
(4.6), yielding
||I/t(, t) — l/l()”(wl,oo(g))* S C(K) . {/ V()} fOr Clll > O, (49)
Q

and thereby derives (4.8) due to (4.7). O

The quantitative forms of the right-hand side in (4.8) and (4.9) allow us to derive the following
stability property of function pairs (i, 0).

Lemma 4.4. Let @ € (§ 2) and K > 0 with the property that (1.6) holds. Then for each n > 0, there

2712

exists §; = 8,(K, n) > 0 whenever uy and v, fulfill (1.5), as well as

/ vy <81, (4.10)
Q

the solution (u,v) of (1.4) obtained in Theorem 1.1 satisfies

lu(-, 1) — uollwrc@y <n Jorallt>0. (4.11)
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Moreover, the corresponding limit function from Lemma 4.3 admits

lltoo — tollwroo@ys < 1. (4.12)
Proof. From (4.8) and (4.9), it follows that for any 1 > 0, there exists §; = §;(K, n) > 0 such that (4.10)
warrants (4.11) and (4.12). O
Proof of Theorem 1.2. The claimed result has precisely been asserted by Lemma 4.4. O

The following lemma is used to obtain the decay estimate for v.

Lemma 4.5. [23] Let y € C'([0, 00)) and h € L}, ([0, 00)) both be nonnegative, and suppose that

loc

t—1
/ h(s)ds — 0 ast— oo,

and that there exists A > 0 such that
Y@ +A(t) <h(t)  forallt>0.
Then,
y)—0  ast— oo.

The estimates established in (2.17) and (2.19) imply the following asymptotic decay behaviour for
the second solution component.

Lemma 4.6. Let o € (3 Q) and K > O with the property that (1.6) holds. Then, we have

2’12
v(,H)—=0 inW'(Q) forallp>1 ast— oo. (4.13)
Proof. Thanks to (2.10), (2.17), (3.42) and (3.43), the application of Fatou’s lemma then yields

/ / y<oo and / / uy < Q0.
0 Q 0 Q
t t
/ /v—>0 and / /uv—)O ast— oo. 4.14)
t—1 JQ t—1 JQ

Testing the second equation in (1.4) by —Av and applying Young’s inequality together with Holder’s
inequality, one can find ¢, > 0 such that

d
—/ |Vv|2=—2/ |Av|2+2/uvAv
dt Q Q Q
5—/ |Av|2—{—/u2v2
Q Q
1 1
2 2
S—/ |AV|2+”V0”L°°(Q) (/ 143) (/ MV)
Q Q Q
%
5—/ [AV]* + ¢, (/ uv) (4.15)
Q Q

forall £ > 0, due to (2.8) and (3.25). Apart from that, integration by parts followed by Young’s inequality

yields
1
/|Vv|2=/vAv§/ |Av|2+z'/v2. (4.16)
Q Q Q Q
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Combining (2.8), (4.15) with (4.16), we get

1
d 2 2 : Vollz
— | Vv + | Vv <c w) +— [ v “4.17)
1
. 2 . > vl
y(t) = [Vv| and gt = ¢ w) +—{ v
Q Q 4 Q

Then it follows from (4.17) that

Define

Y@ 4+ y(t) < g(0).

Furthermore, by Holder’s inequality and (4.14), we arrive at

/g(t)<cl<// ) ”VOHLOO(Q)/ / -0 as t— oo. (4.18)

As an application of Lemma 4.5, we infer that
/ [Vyv[> =0 ast— 0o. (4.19)
Q

According to the interpolation inequality, (4.19) and (3.36), we obtain for any p > 2

p—2

IVv(, D@ < IVVE, Dl o I VY, l)IILz(Q)<CIIVV( I)II —0 as r—o0. (4.20)

L2(Q)
Therefore (4.13) follows from (4.20). O

Beyond the stabilisation result established in Theorem 1.2 for solutions to (1.4), we further
demonstrate that the limiting profile u., of the solution component u obtained in (4.7) becomes non-
homogeneous when the initial signal concentration v, is sufficiently small, provided that u, is not
identically constant.

Lemma 4.7. Let « € (3, Q) and K > 0 be such that (1.6) holds and suppose u, # const. Then there
exists 6, = 8,(K, uy) > 0 such that if uy and v, satisfy (1.5) and (1.6), as well as

f Vo < 85, 421
Q

the corresponding limit function u,, € (W"°(Q))* from Lemma 4.3 satisfies u,, # const.

Proof. Since u, is continuous and not constant, we can fix numbers ¢, > 0, ¢, > ¢, as well as open
sets 2, C Q and 2, C L, such that uy, <c¢, in €, and u, > ¢, in ,. Furthermore, let functions 0 <
Y € C°(82),1 € {1, 2}, such that supp ¥; C ; and || ;|| wieo@) < 1. Choose §, = 8,(K,, uy) > 0 sufficiently

small so that
CK)-8; <k -min{/ 1//1,/ lﬂz} (4.22)
Q Q0

with k := <7<, C(K) > 0 and o > 0 given as in Lemma 4.1.
Now if u,, ¢ L>(S2), then u,, is non-constant because any constant function is bounded, and the proof
is thus complete. Therefore, we may assume u,, € L*(£2). At this position, we claim that

eSS SUpPgUs >y —k and  essinfqu,, <c; +«. 4.23)
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To verify this, suppose that ess supyu., < ¢, — k, the properties of ¥, imply

/(”oo—uo)'W2

Q

=f (o — Uso) - Y2
Q

Z/{Cz-l—(K—Cz)}'%

ZK/ Y,

On the other hand, Lemma 4.3 and (4.22) yield

lttoe — tto |l (w10 < C(K) - {/ Vo} < k -min {/ %/ ’ﬁz}’ (4.25)
Q Q) 953

which contradicts (4.24). The second inequality of (4.23) follows analogously, and thereby u,, cannot
coincide with any constant due to our choice of k. U

lttoe — o |l (wrooyys =

4.24)

Proof of Theorem 1.3. The non-triviality of the limiting profile u,, in Theorem 1.3, along with the
properties stated in (1.10), follows directly from Lemmas 4.3—4.7, which completes the proof of the
theorem. O
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