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Abstract. Let (X, B, i, T) be an ergodic dynamical system on the finite measure space
(X, B, ). Let K denote the Kronecker factor of T, i.e. the closed linear span in L? of
the eigenfunctions for 7. We say that (X, B, u, T) is a Wiener—Wintner (WW) dynamical
system of power type « in L' if there exists in K- a dense set of functions f for which the
following holds: there exists a finite positive constant C  such that
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for all positive integers N. Examples of ergodic dynamical systems with this WW property
include K automorphisms as well as some skew products over irrational rotations. For WW
dynamical systems a simpler proof of the almost everywhere double recurrence property,
random weights with a break of duality can be obtained. They also provide naturally
almost everywhere continuous random Fourier series related to the spectral measure of the
transformation.

1. Introduction

Let (X, B, u, T) be an ergodic dynamical system on the finite measure space (X, B, ).
We denote by I the Kronecker factor of T, i.e. the closed linear span in L? of the
eigenfunctions for 7. The Wiener—Wintner (WW) ergodic theorem announced by Wiener
and Wintner [WW] states that given any function f in L'(u) there exists a set of full
measure X y such that for each x € Xy the averages (1/N) 2,7:1 F(T"x)e?™ e converge
for all . The subject of this paper is the study of the speed of convergence in the WW

ergodic theorem. More precisely we will be interested in the following functions.

Definition 1. Let (X, B, i, T) be an ergodic dynamical system. A function f is a WW
function of power type @ in L?, 1 < p < o0, if there exist finite positive constants C y and
« such that

sup for all positive integers N.
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Definition 2. An ergodic dynamical system (X, B, u, T') is a WW dynamical system of
power type  in L if there exists in K a dense set (for the L? norm) of WW functions of
power type « in L?.

In this paper unless otherwise specified whenever we mention the words WW dynamical
systems or WW functions we will refer to WW dynamical systems or functions of power
typein L.

It appears that the study of the rate of convergence to zero of the sequence

Zf o T"e 2wine

is a central problem behind two difficult theorems of Bourgain: the return times [BFKO]
and the almost everywhere double recurrence [B]. Knowing for instance that
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allows one to considerably simplify the proof of the almost everywhere convergence of the
averages

1 N
< ; F(T"x) f2(T"x)

to zero for any function f> € L?(u), as we will see in §3.4. Bourgain’s proof of the almost
everywhere double recurrence theorem answered a question raised by Furstenberg [Fu].
A simpler proof of this theorem would make the basis of the arguments in [A4] simpler
and provide more hope for solving the subsequent open questions on almost everywhere
multiple recurrence. This is one reason for the interest in these functions. Another reason
arises from the return times property with a break of duality. In fact it is the study of the
validity of the return times for functions breaking duality that led us to the existence of
WW functions in a natural way (see [A2]).

It seems then a natural question to ask if we can find in K a dense set of WW functions
of some power type in L!. By using simple inequalities we will be able to answer this
question partially. The inequality used in this final version of the paper was suggested by
the referee. We used Van der Corput’s inequality in the original version.

In §3.1 we will see that for ergodic dynamical systems with positive entropy we can
always find WW functions. Actually we will show that if (X,,) is an L? sequence of iid
random variables with zero mean then we have

2
ZX 2mine 1+\/_
VN

This estimate is not sharp as shown by [SZ] and pointed out to us by Weber (see Lemma 1),
but it establishes easily the existence of WW functions in ergodic dynamical systems with
positive entropy. The sharper estimate for independent (Xp) is the following;

ZX eZmna Z E(X I )

NZ

sup | ——E(X1/).

<C

sup log N.
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This estimate will allow us to prove in §3.1 a generalization of one of our previous results
in [A2] by eliminating the symmetric assumption made in that paper.

We will prove in §3.2 that K automorphisms are WW dynamical systems. We will
also show that the product of a WW function for this K automorphism with any bounded
function in a measure preserving system is a WW function for the product of these
two dynamical systems. From the definition we can conclude immediately that ergodic
dynamical systems with discrete spectrum are WW dynamical systems. The set K for
such ergodic transformations is trivial. This provides us with trivial examples of WW
dynamical systems with zero entropy. We will also show that most classical skew products
on the 2-torus, defined by (x, y) — (x 4+ «, x 4+ y) for « irrational, are WW dynamical
systems. These are non-trivial examples of a WW dynamical system with zero entropy.
Thus the entropy does not characterize the class of WW dynamical systems. An easy
consequence of the definition is the fact that factors of WW dynamical systems are also
WW dynamical systems. This WW property is then preserved by isomorphism.

In §3.5 we will show how the concept of WW functions can also be applied to the
production of almost everywhere continuous random Fourier series. We give the following
definition.

Definition 3. Let (X, B, i, T) be an ergodic dynamical system and f a function in L2(w).
The one-sided rotated ergodic Hilbert transform (for f) is defined as the series

i f(Tnx) eZnins.
n=1 n

These series are directly related to the spectrum of the transformation 7. We will
prove the almost everywhere existence and continuity of the one-sided rotated ergodic
Hilbert transform for WW functions. This series was studied by Talagrand [T] in the
case of iid random variables and a necessary and sufficient condition was given for its
almost everywhere continuity. Here we will establish the almost everywhere continuity
for stationary processes which are not necessarily iid. In the particular case of K
automorphisms we will show that there exists a dense set of WW functions f; in C*
(equal to K- in this case) for which more is true; for all positive integers H, for all bounded
functions f;,2 <i < H,itis possible to find a set of full measure X = X f,,..., fn such that
for x € X we have not only convergence of the series

for all ¢,
n

H
i [ Ti=i fk(Tk"x)ezmns
n=1
but also continuity of the map

n

00 H kn
1 fr(T"x) ;
£ § : Hk_l f eZmns_
n=1

This allows us to establish the existence and continuity of the rotated multiple ergodic
Hilbert transform and the one sided rotated multiple ergodic Hilbert transform for this
dense set of functions. The rotated multiple ergodic Hilbert transform for the functions f;,
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1 <i < H,is defined as

y TZ ST i

n=—oo n

As far as the author knows the almost everywhere existence of the multiple ergodic Hilbert
transform (corresponding to ¢ = 0) has not yet been established even for the case H = 2.
The existence of a dense set for which we could have the pointwise convergence of such
series is also unknown to the author. Here we will show that if the system (X, B, u, T) is
ergodic then for all WW functions f € L?(u) and for all g € L? (1), the series

i F(T"x).g(T?"x)

n

n 2n
and Z f(r X)g(T x)

n=-—1

converge almost everywhere.

2. Preliminary
We will use the following elementary inequality in this paper.
If (un)o<n<n—1 is a family of complex numbers then

N-1 N— N—1|N—h—1
an L] < Sl 42 3| 0
& ITn=0 n=0 h=1" n=0

3. Results
3.1.  The case of iid random variables. We want to prove the following results.

THEOREM 1. Let (X,) be a sequence of iid random variables with mean zero and finite
second moment. Then we have

/sup ZX e2mne

THEOREM 2. Let (X,) be a sequence of iid random variables with finite pth moment,
1 < p < 0o. Then we can find a set of full measure Q2 such that for (o) in Q2 we have

X11?)

1/2

dP<(1+x/_)

for all N positive integers.

LN
li]\r]nﬁr;Xn(w)g(S"y) :E(Xl)/gdv,

v almost everywhere, for all ergodic dynamical systems (Y, Y, v, S) and all functions g in
L', 1 <r <o

Remark. As indicated in the Introduction, the estimate obtained in Theorem 1 is not sharp.
However the proof of Theorem 1 will illustrate the method we will be using throughout this
paper. It also establishes in a simple way the existence of WW functions. The interested
reader may wish to know that Theorem 2 can be proved with the estimate in Theorem 1 for
(X,) a sequence of iid random variables with finite pth moment, where % < p <.
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Proof of Theorem 1. We apply the inequality (1) to the sequence u, = X, (w). We obtain

N-1 ) N-1
Z X, (w)lenne
n=0

N—-h—1

Y Xurn(@X, (w)‘.
n=0

2 N—1
<D 1Xa(@) +2
n=0

sup
&
Hence
N—h—1

N—1
/sup X:X,lezm"‘9 Z XnanXn
€ n=0 n=0

We focus our attention on the integral in the second term; we have
2 1/2
/ dP < ( / dp> .

N—h—1 B 2 N—h—1 B
Y Xpmn@Xp@)| = D [ Xpn(@)1Xu(@)?
n=0

n=0
+2Re Y Xppn (@) Xn(@) X (@)X j 11 (),

n<j

dP.

2 N—-1
dP < NE(IX1)+2) /
h=1

N—h—1 _
Z Xn+th
n=0

N—h—1 _
Z Xn+th
n=0

Since

by using the independence of the variables X,, and the fact that their mean is zero, we just
need to estimate the integral (f Z,]:];Oh*l I)_(,,Jrh |2|Xn |2 d P)1/2. We obtain the bound

(N —h — D'2E(X,?).

Hence
N-1 2 N-1
/sup D X dP < NE(IX11) +2 ) (N —h = D'PE(X,[%).
€ n=0 h—1
As
N—1 N=1 N1/2 /2
YN -h=D"* <N - 1(Zh) <—.
the proof of the theorem is complete. g

For the proof of Theorem 2 we use the estimate given by the following lemma.

LEMMA 1. Let X, be a sequence of independent random variables with finite second
moment and mean zero. Then there exists a finite constant C such that

DIT
o X, e2minx
Nn:l

Proof of Lemma 1. First we assume that X,, is a sequence of independent Rademacher

2

log N
5

sup N

X

N
<CY E(X.
2 n=1

random variables and r, a sequence of real numbers. Let Ry = Zflv: 1 r,%, My(t) =
sup, |Z,1:]:1ran(t)e2”i”"| and A = (ﬂR;,llogN)l/z, where § > 0. The proof of
Theorem 4.3.1 in [SZ] shows that for 0 < 8 < 1 we have

I
/ewMN(r)dt< am o((3B+D1ogN)
b 1—0
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As by Jensen’s inequality we have

1 1
exp <)»/0 OMpy (1) dt) 5/0 exp(AMOMp (1)) dt,

we also have

1 47
GA/ My (t)dt <log 1
0

1
— 1)logN.
0+<2,3+ )og

Thus
/IMN(t)dl<l|:< Ry )1/210g4—ﬂ (1,3+1) L\/W]
0 — 6|\ BlogN 1-6 2 B
< C(B,6)y/RylogN.
So we have shown that
sup %irnxne”’""" = @ (ir&)/@.
n= n—

To move from the L! norm to the L2 norm we can use the Khintchine-Kahane
inequalities. These inequalities tell us that
N

1 ,
ﬁ Z raneZthx

n=1

N

1 ,
ﬁ Z raneZthx

n=1

sup
X

<G
2

sup
X

1

This allows us to obtain for X,, symmetric iid random variables the estimate

3 c</3,9)E<
2 - N

N

% Z Xnezmnx

n=1

The right-hand side is bounded by

sup
X

ul Jlog N
2
C(B,0) EE(|X11|) N

n=1

From this we can deduce the same estimate for mean zero iid random variables with finite
second moment. O

Proof of Theorem 2. We use the estimate given in the previous lemma for independent
mean zero random variables. As the arguments are similar to the ones used in [A2] we
only sketch them. It is enough to consider the cases where 1 < r < 2. We can assume that
the variables X, are real and non-negative on L?. Using the classical method of truncation
we introduce the variables Z,, = X, An—E(X, An). Clearly we have Z,, € L2 E(Z,) =0
and lim,,— - E(X,, An) = E(X1). For any ergodic dynamical system (Y, ), v, §) and any
g€ L'(v) we have

1 1 & 1 ¥
5 2 Xn(@g(8"y) = 5" Zu(@)g(8"y) + & Y B Amg(S"y)
n=1 n=1 n=1

1 N

+ —
N

n=1

[Xn (@) — (Xn An)(@)]g(S"y).
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The third term on the right-hand side converges easily as X, (w) — E(X, A n)(w) is
non-zero for only finitely many terms. The second term on the right-hand side of this
equality converges almost everywhere (v) to E(X1) [ g dv by Birkhoff’s pointwise ergodic
theorem. So we focus our attention on the averages (1/N) ZyI,V: 1 Zn(@)g(S"y). We apply
the estimate obtained in Lemma 1 to the sequence Z, of independent random variables.

We have
N

% Z Zn€27rin£

n=1

2 N
- Cz,,zl E(1Z,1?)

sup
2 N?

&

log N.

We obtain from the previous inequality the following estimate:

/ sup
&

Now we can conclude by applying the method used in [A2] for symmetric iid random
variables. a

N

% Z Zne2nine

n=1

2 c
dP < W[E(IXllp)]logN-

As indicated in the Introduction for WW functions we have the analog of Theorem 2
with a break of duality.

THEOREM 3. Let (X, B, u, T) be an ergodic dynamical system and f a WW function.
Then there exists a set of full measure X ¢ such that for each x in this set, for all ergodic
dynamical systems (Y, G, v, S) the averages (1/N) Z,I:]:l f(T"x)g(S"y) converge almost
everywhere (v) for all functions g € L" (v) for % <r < o00.

Proof. The arguments are mainly the same as in [A2] hence we omit them. O

Remarks. (1) In the first version of this paper we had in Theorem 1 the constant 4 instead
of (1 + +/2). Pisier pointed out to us then that Theorem 1 was obtained by him and
Marcus [PM] with an arbitrary constant C. He also indicated that he and Marcus did not
compute this constant C. Theorem 1 can be derived from Corollary 1.1.2 of Theorem 1.1
in [PM]; take the compact subgroup K = G the unit circle and A the set of natural
numbers. The corollary is applied to the sequence ay = 1for1 < k < nandag; =0
for &k > n. Identifying the circle with [0, 1), the translation invariant pseudo-metric
dy(t1, 1) = op(t; — 1), on p. 8, is defined as

n ' 1/2 n 1/2
on(t) = (Z = e2’“’“|2) < 2(2 |nkt|°‘)
k=1 k=1

forany 0 < @ < 1. For the last bound we can use the inequality |sinz|?> < |f|*.

(2) Theorem 1 shows that there exist WW functions in any ergodic dynamical system
with positive entropy. In the next section we want to show that K automorphisms are WW
dynamical systems.

3.2. K automorphisms are WW dynamical systems. In this section we will prove the
following result, which as an immediate corollary shows that K automorphisms are WW
dynamical systems.
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THEOREM 4. Let (X, B, i, T) be an ergodic dynamical system and let P be the Pinsker
o algebra of T. There exists in (L*(X, P, w))* a dense set of WW functions.

Proof. We recall a property of the Pinsker o algebra:
(a) there exists a o algebra A such that

T7'AcCA; m T7"A="P; U T" A is dense in B.
n n

The next property is valid for all invertible ergodic dynamical systems:
(b) forall L' integrable functions g,

E(go T™|T™"A) =E(|T~ "™ A) o T".

It is enough to show that any function of the form 14 — E(14|P), for A € T! A, can be
approximated in L? norm by WW functions. Our goal is to show that functions of the form
ka =14 — E14|T~%A) are WW functions. The martingale convergence theorem will
guarantee the approximation. For simplicity we will only treat the case / = 0. So we fix A
and k a positive integer and apply the inequality (1), for N > k. We get

Z | /£ (T"x>|2+22

The function ka being uniformly bounded by 2, the first term in this last inequality is
bounded after integration by 4N .
After integration we dominate the second term in the following way:

N—-h—1

Z AT fAT ).

=0

sup

N—1
Z ka(Tnx)EZITil’ZS
n=0

N—h—1 N—h—1 1/2
22/ Z floTmth fAoTn du—i-ZZ[/ Z floTmth fAoTn du} .
The first sum is bounded by 8k N. The second sum is equal to
N—h—1
22“ Z [l o T PIRY o T" P di
1/2
+2Z/f o T fA o T ft o THH A ond;L} .
n<j
We focus our attention on the averages
2Z/f o T fA o T fA o THH fA o TV dpu. )

n<j

We want to show that if &2 > k then for j > n + k we have
/fA Tn+h Tnf Th+jf OT]d/L_O

We distinguish two cases.
(i) If j > n + h then the function

FfEoT™h Ao T fA ST is T~ A measurable.
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Hence we have
E[fA o T" fA o T ft o THHT A o TT | T-00) 4
—E[ff o THT-0+W A fA o T fA o ThHT fA o T
Let us estimate E[ka oT™ | T~ A] Tt is equal to
E[la o TH T~ " A — E[EAA|T FA) o T" | T~ A).
Using the property (b) mentioned at the beginning of this §2, we obtain
E[lg o T"|T~ "M Al = E[14|T " Al o T"

and

E[E1A|T*A) o T"| T~ A] = E[EQA|IT *A) | T™" Al o T"

=E[14|T " AloT" ash>k.

This proves the case j > n + h.
@ii) If n + k < j < n + h then the function

floT™ A o T fA o T/ is T™/ A measurable.

By taking the conditional expectation with respect to the sigma algebra 7/ (A) we are left
with estimating the function
E[f} o T"| T~/ Al

The same computations as above give us the difference
[E[1a|T~V ™" Al = E[E(a|T*A4) | T-U™ Al ] 0 T,

which is equal to zero because j — n > k. This provesthecasen +k < j <n + h.
We can now return to (2). Using (i) and (ii) we can conclude that for & > k

2y / fAoT AT fAoT M fA 0T/ du

n<j

<2.16-kN = 32kN,

as the sum Z,K j contains at most kN non-zero elements, each of them being less than 16
in absolute value.

Finally going back to

2
du

N-1
Z ka ° TneZm'ne
n=0

we have

/sup
&
N-1

Z ka o Tne2nine

n=0
1 N—1
A n 2mwine
sup | — E oT"e
/ PN P Ji

for some finite constant C I depending on k and A. This proves Theorem 3. O

2 N—1
du < 4N +8kN + Y [16N + 32kN]"/>.
h=k

/ sup
&

This shows that

2 o
dp < N1/2
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An immediate corollary of the previous theorem is the following result announced in
the Introduction.

THEOREM 5. Let (X, B, u, T) be a K automorphism. There exists in C+ a dense set of
WW functions.

We now give a multidimensional version of Theorem 4 for a K automorphism.
This result can also be reformulated in the setting of a general ergodic dynamical system
by using the Pinsker o algebra.

THEOREM 6. Let (X, B, u, T) be a K automorphism and let H be a positive integer
H > 2. We denote by A the o algebra such that T"'A c A N, T""A = {¢, X}
and\J, T" A is dense in B. Consider (H — 1) bounded functions f;, T/ A measurable for
some integer j. Then there exists a dense set of WW functions f in C such that

1 & H _ o
/ sup |~ Zf(T"x)(]"[ﬁ(T'"x))e mine
€ n=1 i=2

Proof. We can assume without loss of generality that the functions f; for2 <i < H are
A measurable and bounded by one. We use the same idea as in the proof of Theorem 3 for
the method and the choice of the functions f. We apply the inequality (1) pointwise to the
sequence

2 C
f
du(x) < N2 3)

H
Up = ka(T"x)(l_[ﬁ(Ti”x))eZNins, where fA =14 —E(14|T % A).
=2

‘We obtain
N—1 H _ 2 N-d N—1|N—h—1
sup | ka(T”x)(Hﬁ(T’”x))ezmns <) 22142 D7 tnihitn).
& n=0 =2 n=0 h=1 n=0

We denote by g, (x) the function ]_[,HZZ £i(T™x). Once again the bound is mainly given by
evaluating the integrals

> / ST Ao T" fE o " fA o T/ - guingngjgjendi. “)

n<j

As before, many of these integrals have zero value. Indeed:
@iii) if j > n 4+ h and n + h < 2n then the function

Rujn= ka o T ka o Thti ka o T/ gnin - gn -8j - &j+h 1s T~+M (A) measurable.
Hence the conditional expectation of the function

Rujn- floT"
with respect to the o algebra 7~""+" A is equal to

Rujn -ElfE o T T "™ Al = R, jp - (BT " Ao T"1 =0 forh > k.
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If j > n+ hand n + h > 2n then the function Ry, ;5 is this time T~2" A measurable and

E[Rn jn - f& o T"IT72 Al = Ruj 4 ELf8 o T"| T A]
=0 forn>k.
(VIfn+k<j<n+handn+k < j < 2n < n+ h then the function R, ; 5 is
T~/ (A) measurable. By taking the conditional expectation of Rujn- ka o T" with respect
to T~/ (A) we obtain 0 as j — n > k.
Ifn+k<j<n+h<2nthen R, jjis T~/ (A) measurable and the same conditional
expectation gives us 0.
Finally if n + k < 2n < j < n + h then the function R, j 5 is T~>"(A) measurable.
We have
E[Rn jn - f& o T"\T™" Al = Ry ji - ELf{ o T"IT 2" A
=Ry jn ElfHT " AloT" =0 asn>k.
In conclusion if h > k, n > k and n 4+ k < j then the corresponding terms in (4) are
null. Hence (4) is bounded by
2-16kN (for the terms correspondington < j < n + k),
+2-16kN (for the terms corresponding to n < k).

Thus dividing by N* we obtain the bound

32kN 64k
2 = —.
N? N
We can now finish the proof of Theorem 6 with the estimate C /N 172, a

Remark. Analogous computations show that we also have

| H _ o
\/Sup‘ﬁzf(T_nx)(l_[ f,'(T_'"x)>e JTine
€ n=1 i=2

for the same set of WW functions f.

2 Cf
du(x) < N2

WW functions in the product of a K automorphism and a measure preserving system.
We have the following result.

THEOREM 7. Let (X,B,u,T) be a K automorphism and (Y,G,v,S) a measure
preserving dynamical system. Let ka be the WW function obtained in the proof of
Theorem 5 and let g be any L°°(v) function. Then the function ka ® g is a WW function
in the product space.

Proof. 1t is enough to show that for any bounded sequence of real numbers (a,) we have

- Crllallo
1 N

N-1
1 .
A n 2mwine
sup | — i oT "aye
P NHZ_0 k "

for all positive integers N. The constant C; does not depend on the sequence (ay).
Once this is established, it will only remain to set a, = g(S"y) for any L°°(v) function
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g and then integrate the previous inequality with respect to v. The function ka is the one
used in the proof of Theorem 3, ka =14 —E14|T*A). Applying the inequality (1), for
N —1 >k, we get

N—-1 2 N—1
sup| Y fAT )@ < 3 AT )P an
& 1 n=0 n=0
N—1 | N—h—1
+2) | Y AT ann (T x|
h=1 n=0

The function ka being uniformly bounded by 2, the first term in this last inequality is
bounded after integration with respect to w by 4||a||s. Following the path of Theorem 3
we can estimate the second term in the same way. We have

k—1 N—-h—1
23 [ 3 e gt o T du
h=1 n=0
N—1 N—h—1 2 12
+22 [/ Z kaoT"+han+hkaoT"an du] i
h=k n=0

The first sum is bounded by 8k N ||a|| . The second sum is equal to
N—h—1

N—1
23" U Do o T Plag i o T Planl® dpe
n=0

h=k

) ) 1/2
+2 Z/ ka o T"+han+hka o T"anka o Th'“ah_,_j ka oT’a; du] .

n<j
The computations made previously on the averages
> / fAoT"™™ Ao T fA o T fA 0 TV dp
n<j

show that the ) _ . contains at most kN non-zero terms. From this we can conclude that

n<j
1 N A . CfA llalloo 1
sup |— T a,e?™ || <+ _—— fora =-.
| N n;)f" o dn =N 4
This ends the proof of the theorem. a

3.3.  Example of WW dynamical systems with zero entropy. The example is given by the
classical skew product on T2, the 2-torus defined by Sy : (x,y) > (x +«, x +y) where
is irrational. These dynamical systems are known to be ergodic and to have zero entropy.
It is also known that the orthocomplement of the Kronecker factor for S, is spanned by
the functions f) 4(x,y) = e?miax . @27ipY with p £ 0. The powers of S, can be easily
computed. We have S} (x,y) = (x + no, nx + %om(n — 1) + y). We want to prove the
following proposition.
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PROPOSITION 8. There exists a set Iy of irrational numbers a of Lebesgue measure 1
such that for each o in this set the system (T?, B(T2), Sy, m) is a WW dynamical system
of power type in L*°.

Proof. Evaluating sup, IZ,IL_O1 fp.q (8" (x, y))e2™" |2 using the inequality (1), we get

N—1 ) Vol )
sup Z Tp.q (8" (x, }’))fzmng = sup Z e2minlga+pxte] | 2mwipa(n(n—1)/2)
’ n=0 € n=0
N—1|N—h—-1
<N+2 Z 2P () (i+h=1)/2) | 2ripa(n(n—1)/2)
h=1 n=1
=N+2 627'“170‘([11 —n—n*—h*—2hn+n+h]/2)
h=1 n=1
N—1|N-h—1
=N+2 e—ZITiphna )
h=1 n=1

This estimate is independent of x and y. It is valid forall 1 < N. In particular for N = M*
we obtain the inequality

M*—1 2
1 2mwine
SUpSUp |~ D fp.q(8"(x, y))e
x.y € n=0
1 1 M*—1 1 M*—h—1 2\ 1/2
—2mwinhpo
= M4 +2(M4 }; M4 Zl € ) .
= n=

By taking the integral of this last term with respect to @ we see that

/[ 1 1 Mil 1 M“ih:—l _ 2\1/2
—+2(— — e~ 2minpha ) ]dazng(a)da
4 4 4
M Mo M
1 1 M*—1 1 M*—h—1 2 1/2
- - - —2mipnha
st [ X o & e aa)
h=1 n=1
1 I R U e
= W“[WM [Wﬂ
C
< —.
=z

Hence we have Y .5_, [ Mgy (a)da < oo. Thus we have for almost every a,
gm(a) < C(a)/Ml/z. So we have obtained the estimate
M*—1

1 P
7 2 Tra(8 G et
n

=0

C(a)
- M2

)

sup sup
X,y &

To derive an analogous estimate for

2

sup sup
X,y €

’

1 N—1 )
N Z fp,q(Sn(X, y))eZJUne
n=0

we can proceed in the following manner.
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For M* < N <M+ 1)4, we have

N—1 )
sup sup | — Z qu(S”(x y))ezj'una
X,y £
Mm* MA—1 5 I
- CK_) (S“ps“p Z Fra(8"Cx, y)e?mine >+_8 | }
§ ) M n=M*
1 M*—1 . |
= C| sups — S"(x, Zntns L
< [xl,lf up| 7 ';) Fp.q(8"(x, y))e + Mz}
Using the estimate in (5) we get
2mne L
supsup | — prq(S (x, y))e <
X,y €&
C(a) being an absolute constant. .

Remarks. The system (T2, B(T?), Sy, m), being a WW dynamical system of power type
in L*, is then of power type in all L? spaces for 1 < p < oo. The set of full
measure can be made precise. It is shown in [AN] that for o with finite type the system
(T2, B(T?), S, m) isa WW dynamical system of power type in L.

3.4.  WW Dynamical systems and almost everywhere double recurrence. In this section
we would like to show that the arguments given in [B] can be simplified for WW dynamical
systems. Actually, as we will show, for such systems the first two pages in [B] are all that
is needed.

THEOREM 9. Let (X, B, i, T) be an (invertible) WW dynamical system of power type
o in L'. Then there exists a dense set of functions fi € L?* such that for all functions
f2 € L () we have

Cr
| = N2a/3"

[2 2
— floTnfonn

As a consequence for all f, g € L* the averages (1/N) 21]1\]:1 f(T"x)g(T?*"x) converge
almost everywhere.

Proof. The difficult part comes when one of the functions, say fi, is in K. The first two
pages of [B] show that we have the following estimates:

N
Z 2mn£ | o "
=1

2N N\!/?
IANCf1, 21 < Tl”flnl”fZ”oo +2(F1) Il f21l0

Ni N 1/2
AN Ch )l < c[<ﬁ> N (E)

sup | —
€ 1

} . (0
1

and

N

Z mnefl oT"

=1

sup
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where C is a finite positive constant. Assuming || f1[; < 1 we put

| - 2/3
Ny =|N|sup|— eTMEf o T j|
We get

| _ 2/3

IAN(fi, f2)I < C| sup ‘ﬁ D e fioT" 7)
€ n=1 1
As we assume that f] is a WW function we get the following estimate:
C

IANCf1, 2 < N3 (8)

By choosing subsequences of the form N = [M?”] we can now obtain almost everywhere
convergence to zero of the sequence Ay (f1, f2). By approximation one can then obtain
the last statement of Theorem 8. a

3.5. WW dynamical systems and almost everywhere continuous random Fourier series.
In this section we want to show that WW functions produce almost everywhere continuous
random Fourier series. We recall that a random Fourier series is defined as F((w), &) =
Yool Xn (w)e*™ "¢ where X, are random variables on the probability measure space
(2, A, P). We refer the reader to [Ka, PM] and [LT] for background on random Fourier
series where the variables X, are given by iid random variables. We are interested not
only in the convergence of the series F((w), &) = ijozl X, (w)e?™ e but also in the
existence of a set of full measure Q with the following property: if (w) € Q then
the map ¢ — F((w), ¢) is continuous. We will also deal with variables X, which
are not iid. More precisely we will look at the series Y .-, (f(T"x)/n)e* "¢ where
(X, B, u, T) is an ergodic dynamical system and f a WW function. In the case of WW
functions for the examples given in §3.2 such as K automorphisms, we will study also
the almost everywhere continuity of the series > o2 ([T/L, f; (T""x))/n)e*™ " that we
define as the rotated one-sided multiple ergodic Hilbert transform. We will show the
almost everywhere continuity of these random Fourier series for a dense set of functions
f1. Let us remark that one can show easily that for almost everywhere x the series

% (T2, fi(T"x))/n)e* "¢ represents an L? function of &. The difficulty is to show
that for almost everywhere x the series actually represents a continuous function. We have
the following results.

THEOREM 10. Let (X, B, u, T) be an (invertible) ergodic dynamical system and let f
be a WW function. Then there exists a set of full measure X y such that for x in X y the
functions

00
f(Tnx) 2mine
E = E—

and
o0 —
§ :f(T nx) 2wing
E E——
n=1 n

are continuous.
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Proof. As the proof and the method in the first version of this paper have been used in a
subsequent paper that has already appeared [AN], we skip the proof of this theorem. Part of
the argument uses Theorem 6 in [A1]. O

An immediate corollary is the following.

COROLLARY 11. Let (X, B, i, T) be an invertible dynamical system. If (X, B, u, T) isa
WW dynamical system then there exists in K a dense set of functions f for which we can
find a set of full measure X ¢ such that the following holds: for x € X y the sequence

N
Z/ S (T"x) p2mine
n=—N n

converges for each ¢ € R. Furthermore the map

& —

o
Z/ fA'X) oine
n=—oo n
is continuous.
This corollary is used in [A3]. In the multidimensional situation expressed in Theorem 6
we can also obtain the almost everywhere uniform convergence of the rotated multiple
ergodic Hilbert transform defined as

i, (TiZs TN F(T"%) e

n

n=—0oo
for the functions f;. We leave the proof to the interested reader.

THEOREM 12. Let (X, B, i, T) be an ergodic dynamical system and f a WW function of
power type a in L'. Then for all g € L*(1) the series

i F(T"x).g(T?"x)
n=1

nY
converges almost everywhere (1) for each y such that 2o/3 + y > 1.

Proof. Theorem 9 shows that the averages

1 N
AN )00 = = D F(T"2).g(T"x)
n=1

satisfy the inequality
C
lANCf1s 1 < N3

for each N positive integer. Using the fact that the averages Ay (f, g)(x) converge almost
everywhere to zero, we just rewrite the series

i f(T"x).g(T*"x)
n=1 ny
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as
K
(n+1)An+1 nAp .. Ag4i
E =1 — A
= K KV
K K
1 Apyi
it () TR

The last sum converges by the previous inequality, the second because 1/(n — 1)¥ — 1/n?
is equivalent to 1/n'77. This ends the proof of the theorem. a

4. Some questions and remarks
The first version of this paper was written and circulated in 1998. In [A3] we used the
definition of WW dynamical systems of logarithmic type.

Definition 4. Let (X, B, i, T) be an ergodic dynamical system. A function f is a WW
function of logarithmic type « in L? if there exist finite positive constants C y and o such
that

< Cf

Pl )= T+ Dyt

for all positive integers.

Zf oT"e 2mine

Definition 5. An ergodic dynamical system (X, B, i, T') is a WW dynamical system of
logarithmic type « in L7 if there exists in K- a dense set (for the L? norm) of WW
functions of logarithmic type « in L.

But this does not affect the conclusions reached in [A3]. In fact all the theorems
obtained in this paper could also be proved using this rate of convergence. It is clear that
a WW dynamical system of power type is also a WW dynamical system of logarithmic
type. For Theorem 9 the estimate for the L' norm of An(fi, f>) is replaced with
Cy¢/(n(N + 1)) for some y > 1 when « > 1. Picking N = [#M] and taking limits
when 7 goes to one allows us to get the pointwise convergence to zero of Ay (f1, f2).

Since the original version of this paper, several results have been obtained on the concept
introduced here of WW functions. In [AS5] and in [L] it was shown that the class of
WW dynamical systems of power type in L? is a strict subset of the set of all ergodic
dynamical systems. (All examples here are WW dynamical systems of power type in L2.)
It was also shown in [AN] and later in [L] that there are WW dynamical systems with
singular spectrum. Thus the spectrum does not characterize the WW property studied
here. Furthermore in [AS] it is shown that WW functions are directly linked to spectral
properties of the transformation. They can also be characterized by the almost everywhere
uniform convergence of series of the form Z;’lozl (f(T"x)/n?)e*™ " forsome0 < y < 1.

Several questions were raised in the first version of this paper. Some answers have
already been provided.

(1)  We gave a spectral characterization in L? of the spectral measure associated with
WW functions in [AS5].

(2) We still do not know if all ergodic dynamical systems are WW dynamical systems
in L'. We do not know if there is a WW dynamical system of logarithmic type in L!
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which is not of power type in L' (or in L?). We produced such an example for the
weak WW property in [A5]. Such an example is not of power type in L?.

(3) Is the product of a K automorphism and an ergodic dynamical system a WW
dynamical system? As pointed out to us by Thouvenot, such a result would imply

among other results another proof of the return times theorem.
(4) It would be interesting to have more examples of WW dynamical systems.
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