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Abstract

In this paper we derive identities for the upward and downward exit problems and resol-
vents for a process whose motion changes between two Lévy processes if it is above (or
below) a barrier b and coincides with a Poissonian arrival time. This can be expressed
in the form of a (hybrid) stochastic differential equation, for which the existence of its
solution is also discussed. All identities are given in terms of new generalisations of
scale functions (counterparts of the scale functions from the theory of Lévy processes).
To illustrate the applicability of our results, the probability of ruin is obtained for a risk
process with delays in the dividend payments.
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1. Introduction

The refracted Lévy process, first introduced in [10], is defined as a strong solution to the
stochastic differential equation (SDE)

Vt = Xt − δ

∫ t

0
1(Vs>b) ds,

where the driving noise X is a spectrally negative Lévy process (SNLP) and b, δ are positive
constants. Since then, fluctuations of refracted Lévy processes and their applications to insur-
ance risk models with dividend payments have received a lot of attention; see [5], [8], [11],
[17], [18], [19], and [20], to mention a few.

New generalisations of refracted Lévy processes were introduced in [16], whose motions
above and below b are Lévy processes, different from each other. In this case the generalised
refracted Lévy process is a solution to the SDE

Lt = L0 +
∫ t

0
1(Lt−≥b) dXs +

∫ t

0
1(Lt<b) dYs,
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2 N. BEELDERS ET AL.

where X and Y are two independent spectrally negative Lévy processes (SNLPs) with (possi-
bly) different Lévy exponents. As pointed out in [16], in the bounded variation case a solution
to the above SDE can be constructed by piecing the excursions together; otherwise we do not
know the existence of a solution for the above SDE.

In this paper we consider a further extension of the generalised refracted Lévy process in
[16], in which the switch between X and Y does not occur when b is crossed continuously, but
instead when it is above b and coincides with an arrival epoch of an independent Poisson pro-
cess. Under this extension, the corresponding process U = {Ut}t≥0 is a solution to the (hybrid)
SDE

Ut = U0 +
∫ t

0
1{UTN(s) ≤b} dXs +

∫ t

0
1{UTN(s)>b} dYs, (1.1)

where X and Y are as above and independent of the Poisson process N with arrival times T0 = 0
and {Ti}i≥1 (see Section 3 for full details). Utilising the Poisson arrival epochs, we show that
a pathwise solution exists to (1.1) (sometimes called a hybrid SDE; see [2] and [6]), even in
the unbounded variation case. The aim of this paper is twofold: firstly, to establish a set of
identities for the two-sided exit problems and the potential measures (killed and non-killed) of
U, written in terms of new generalisations of scale functions (related to the one- and two-sided
exit problem scale functions of [9]); secondly, to briefly show the relevance of these identities
in the context of applications for the ruin problem in risk theory.

Lévy processes observed in Poisson arrival epochs have been introduced in [1]. Since then,
several modifications of Poisson arrival epoch points in connection with Lévy processes have
been developed and have found numerous applications in insurance risk models; see [12], [13],
and [14]. As such, letting X = {Xt}t≥0 and Y = {Yt := Xt − δt}t≥0 for the proposed model, we
obtain an insurance risk process which has delays in the initiation and termination of dividend
payments. The justification of such a risk model occurs naturally since dividend payments in
reality are made with delays and not at the exact moment that the surplus crosses some level b.

The remainder of the paper is structured as follows. Section 2 recalls the basic theory of
scale functions and provides useful identities that will be used in the rest of the paper. In
Section 3 we show that a solution to (1.1) exists and also discuss the strong Markov property.
In Section 4 we define the generalised scale functions which are used to derive identities for
the two-sided exit problem (exiting upwards above level a> 0 and downwards below level
0), the one-sided exit identities as well as the killed and non-killed potential measures. We
lastly provide a brief application of U as a risk process by choosing Y so that U reduces to
a (refracted) risk model with delays in the dividend payments, and subsequently derive an
explicit expression for the probability of ruin.

2. Preliminaries

Let X = {Xt}t≥0 be an SNLP defined on the filtered space (�,F, {Ft}t≥0, P), where the fil-
tration {Ft}t≥0 is assumed to satisfy the usual assumptions of right continuity and completion.
We shall let Px be the probability measure, given the process starts at x, and let Ex be the asso-
ciated expectation. When x = 0, we shall drop the subscript. A Lévy process with no positive
jumps (the case of monotone paths is excluded) has its Laplace exponent ψ(ϑ) : [0,∞) →R

defined as ψ(ϑ) := log E[eϑX1 ], which, by the Lévy–Khintchine formula, has the form

ψ(ϑ) =μϑ + ϑ2σ 2

2
+
∫

(−∞,0)

(
eϑx − 1 − ϑx1{x>−1}

)
ν(dx),
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Level-dependent Poisson switching Lévy 3

where μ ∈R, σ ≥ 0, and ν, the Lévy measure, is a σ -finite measure concentrated on ( − ∞, 0)
satisfying

∫
(−∞,0) (1 ∧ |x|2)ν(dx)<∞. The above shows that ψ is a continuous and strictly

convex function, and that it tends to infinity as ϑ tends to infinity. Thus, for q ≥ 0, one can
define the right-inverse of the Laplace exponent�q := sup{ϑ ≥ 0: ψ(ϑ) = q}, for which ϑ = 0
is the unique solution toψ(ϑ) = 0 on [0,∞) ifψ ′(0+) ≥ 0, else there are two solutions. Further
details about SNLPs can be found in the monographs [4], [7], and [9].

It is well known that the fluctuation identities for X rely heavily on the so-called W and
Z scale functions (see [9, Chapter 8]). For any q ≥ 0, we define W(q) : R→ [0,∞) to be the
unique (up to a scaling constant), continuous increasing function with Laplace transform∫ ∞

0
e−ϑxW(q)(x) dx = 1

ψq(ϑ)
, ϑ >�q,

where ψq(ϑ) := ψ(ϑ) − q and W(q)(x) = 0 for x< 0. In the rest of the paper we write W or ψ
instead of W(0) or ψ0 for convenience. We also define Z(q) : R→ [1,∞) having the form

Z(q)(x) = 1 + q
∫ x

0
W(q)(y) dy,

and its bivariate generalisation Z(q) : R× [0,∞) → [1,∞) having the form

Z(q)(x, θ ) = eθx
(

1 −ψq(θ )
∫ x

0
e−θyW(q)(y) dy

)
, (2.1)

where Z(q)(x, 0) = Z(q)(x) and Z(q)(x, θ ) = eθx for x ≤ 0. With regard to the limits of scale
functions, it is well known (see e.g. equations (2.21) and (2.13) in [12]) that

W(q)(a − x)

W(q)(a)
→ e−�qx,

Z(q)(a, θ )

W(q)(a)
→ ψq(θ )

θ −�q
as a → ∞. (2.2)

In addition, the following useful identities for convolutions of the scale functions will be used
throughout the paper. For any p, q, x ≥ 0 and p 
= q, it holds that

(p − q)
∫ x

0
W(p)(x − y)W(q)(y) dy = W(p)(x) − W(q)(x),

∗(p − q)
∫ x

0
W(p)(x − y)Z(q)(y) dy = Z(p)(x) − Z(q)(x).

The above identities introduced in [15] were used to derive a new class of scale functions, the
so-called second generation scale functions, with the aim of solving occupation time fluctu-
ation identities. These will be used throughout the paper and have the following forms. For
p, p + q ≥ 0 and u, x ∈R, we define

W
(p,q)
u (x) := W(p+q)(x) − q

∫ u

0
W(p+q)(x − y)W(p)(y) dy

= W(p)(x) + q
∫ x

u
W(p+q)(x − y)W(p)(y) dy, (2.3)

Z
(p,q)
u (x) := Z(p+q)(x) − q

∫ u

0
W(p+q)(x − y)Z(p)(y) dy

= Z(p)(x) + q
∫ x

u
W(p+q)(x − y)Z(p)(y) dy, (2.4)
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4 N. BEELDERS ET AL.

For the SNLP Y = {Yt}t≥0 in (1.1), results similar to the above hold with the corresponding

notation W
(p) and Z

(p) for each p ≥ 0 (W
(p,q)

and Z
(p,q)

for p + q ≥ 0), which are interpreted

as the counterparts of W(p) and Z(p) (resp. W
(p,q)

and Z
(p,q)

) associated with the SNLP X.

Observe also that Y = X yields W
(p) = W(p) (W

(p,q) = W
(p,q)

) and similarly for Z(p) (Z
(p,q)

).
Furthermore, the Laplace exponent of Y will be denoted as ψ∗

q (ϑ) := ψ∗(ϑ) − q with a
corresponding right-inverse ϕq = sup{ϑ ≥ 0: ψ∗(ϑ) = q}.

3. Pathwise solution

In this section we discuss the existence of the solution of the SDE in (1.1) and show that it
also has the strong Markov property.

Let X and Y be SNLPs starting from x. For the construction below, we shall consider x = 0
(without the loss of generality), and a Poisson process N := N(t) with arrival times T0 = 0
and Ti =∑i

k ξλ,k, where {ξλ,k}k≥1 is a sequence of i.i.d. Exp(λ) waiting times with λ<∞.
Furthermore, X, Y , and N are adapted to Ft, and are independent. We note that U in (1.1) has
the dynamics of X when it is observed below the barrier b, and subsequently switches to the
dynamics of Y if it is simultaneously greater than b and an arrival occurs.

To show that such a process has a strong solution, we construct it pathwise. Hence, let the
process start at some value U0 = x and define the random switching times K−

b,0 = 0,

K+
b,n := min

{
Ti ≥ K−

b,n−1 : x + XTi − XK−
b,n−1

+
n−1∑
i=1

(
YK−

b,i
− YK+

b,i

)+
n−1∑
i=1

(
XK+

b,i
− XK−

b,i−1

)
> b

}
,

K−
b,n := min

{
Ti ≥ K+

b,n : x + YTi − YK+
b,n

+
n∑

i=1

(
XK+

b,i
− XK−

b,i−1

)+
n−1∑
i=1

(
YK−

b,i
− YK+

b,i

)≤ b

}
,

for n = 1, 2, . . . in the above. It is clear from the above formulation that K+
b,n <K−

b,n for
n = 1, 2, . . . , which creates intervals over which the process switches between the dynamics
of X and Y . Thus, from the recursive times above, we can define the process as

Ut =
⎧⎨⎩x + Xt − XK−

b,n
+∑n

i=1

(
YK−

b,i
− YK+

b,i

)+∑n
i=1

(
XK+

b,i
− XK−

b,i−1

)
, t ∈ [K−

b,n,K+
b,n+1

)
,

x + Yt − YK+
b,n

+∑n
i=1

(
XK+

b,i
− XK−

b,i−1

)+∑n−1
i=1

(
YK−

b,i
− YK+

b,i

)
, t ∈ [K+

b,n,K−
b,n

)
,

(3.1)

Furthermore, we can write K+
b,n and K−

b,n as stopping times with respect to the process U

defined above; that is, given K−
b,0 = 0, we have for n = 1, 2, . . . that

K+
b,n := min{Ti ≥ K−

b,n−1 : UTi > b} and K−
b,n := min{Ti ≥ K+

b,n : UTi ≤ b},
which shows that these stopping times are adapted with respect to Ft. Thus the stopping times
are well-defined under this filtration.

Next we shall show that the above formulation in (3.1) corresponds pathwise to (1.1).
Observe that 1{UTN(t) ≤b} = 1 for t ∈ [K−

b,n,K+
b,n+1

)
for all n = 0, 1, 2, . . . , and 0 otherwise.
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Thus, for U0 = x, we have for t ∈ [K−
b,n,K+

b,n+1

)
and n = 0, 1, 2, . . . that

Ut = x + Xt − XK−
b,n

+
n∑

i=1

(
YK−

b,i
− YK+

b,i

)+
n∑

i=1

(
XK+

b,i
− XK−

b,i−1

)
= x +

∫ t

K−
b,n

1{UTN(t) ≤b} dXs +
n∑

i=1

∫ K+
b,i

K−
b,i−1

1{UTN(s) ≤b} dXs +
n∑

i=1

∫ K−
b,i

K+
b,i

1{UTN(s)>b} dYs

= U0 +
∫ t

0
1(UTN(s) ≤b) dXs +

∫ t

0
1(UTN(s)>b) dYs.

Using the same line of logic as above, the same can be proved for t ∈ [K+
b,n,K−

b,n

)
and

n = 1, 2, . . . .
Noting that every compact interval has a finite number of arrivals, the number of times

that the process switches in the interval [0, t] is finite. Since this process switches between
two well-defined SNLPs for every pair of subsequent stopping times, we have the following
theorem.

Theorem 3.1. For U0 = x, there exists a strong solution to (1.1).

Remark 3.1.

(i) Given the arrival times of the Poisson process, Ti, the pathwise solution guarantees that
there is a unique construction of U. We note that in Section 4.4 our choices for X and Y
allow us to prove in full detail pathwise uniqueness, which is a consequence of choosing
two processes that have positive drifts such that the point b is irregular for itself.

(ii) Although (1.1) forms a (hybrid) SDE with discontinuous coefficients, the Poissonian
mechanism (for finite λ) significantly simplifies (1.1), as the switching mechanism is
only triggered a finite number of times in any given compact time interval, in contrast
to the potentially infinite number of switches in the classical refraction model.

Remark 3.2. It is clear that U does not have the strong Markov property on its own. Defining
the process

Qt := 1{UTN(t)>b}
allows us to rewrite (1.1) as

Ut = U0 +
∫ t

0
(1 − Qs) dXs +

∫ t

0
QsdYs,

and for a stopping time {τ <∞} and t ≥ 0, we have

Uτ+t = Uτ +
∫ t

0
(1 − Qτ+s) dXs +

∫ t

0
Qτ+sdYs.

Now for t< TN(τ )+1 − τ , it follows that Qτ+t = Qτ and Uτ+t = Uτ + (1 − Qτ )(Xτ+t − Xτ ) +
Qτ (Yτ+t − Yτ ). Thus (Uτ+t,Qτ+t) depends only on (Uτ,Qτ ).

At the next Poisson epoch, we have Qτ+t = QTN(τ )+1 = 1{UTN(τ )+1>b}, where

UTN(τ )+1 = Uτ + (1 − Qτ )(XTN(τ )+1 − Xτ ) + Qτ (YTN(τ )+1 − Yτ ),

https://doi.org/10.1017/jpr.2026.10087 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2026.10087


6 N. BEELDERS ET AL.

which also depends on (Uτ ,Qτ ). Finally, for t> TN(τ )+1 − τ , we have

Uτ+t = UTN(τ )+1 +
∫ t

0
(1 − QTN(τ )+1+s) dXs +

∫ t

0
QTN(τ )+1+sdYs.

Thus we can use a similar argument to conclude that for any t> 0, (Uτ+t,Qτ+t) depends only
on (Uτ ,Qτ ) and post-τ increments of X, Y , and N. Therefore (Ut,Qt) possesses the strong
Markov property.

4. Main results

In this section we derive fluctuation identities for U. More specifically, we shall introduce
new generalisations of scale functions (in terms of the classical scale functions in [9]) and
derive identities for the upward and downward exit problems, as well as the potential measure
of U.

To do this, we let U0 = x, fix b ≥ 0 and, for a ∈R
+, define the continuous and Poissonian

first-passage stopping times

τ
+(−)
a,U := inf{t> 0: Ut > (< ) a} and T+(−)

a,U = min{Ti : UTi > (< ) a},

with the conventions inf ∅= ∞ and min ∅= ∞, respectively, where U in their subscripts
indicate the underlying process that is considered. We point out that these subscripts U may
change (to X and Y) in the rest of the paper, depending on the underlying process used, without
otherwise altering the notion of these stopping times. Clearly, it holds that τ+(−)

a,U ≤ T+(−)
a,U , and

similar inequalities hold for the stopping times with corresponding subscripts X and Y .
We aim to derive the two-sided exit results for

Ex

(
e−qτ+

a,U 1{τ+
a,U<τ

−
0,U}
)

and Ex

(
e−qτ−

0,U 1{τ−
0,U<τ

+
a,U}
)

.

We emphasise that the exit times in the above are not exit times of the process U observed at
Poisson arrivals, but rather the standard exit times of the process U, which switches its dynam-
ics at Poissonian times. We shall also show in Section 4.4 that the above Laplace transforms
of the upward and downward exit times can be used to derive the probability of ruin in a
risk model with delays on dividend payments. Finally, it is worth highlighting that the above
exit time identities are comparable to the classical Lévy fluctuation literature and generalise
existing results; see e.g. [20].

To derive our main fluctuation results for U, we require the identities given in the following
lemma and corollary.

Lemma 4.1. Let 0 ≤ b ≤ a, q ≥ 0 and 0<λ<∞. Then the following identities hold.

(i) For x, y ∈ [0, a],

Ex

(∫ ∞

0
e−qt1{Xt∈dy, t<T+

b,X∧τ+
a,X∧τ−

0,X} dt

)

=
(

W
(q,λ)
b (x)

W
(q,λ)
b (a)

W
(q,λ)
b−y (a − y) − W

(q,λ)
b−y (x − y)

)
dy.
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(ii) For x, y ∈ [0, a],

Ex

(∫ ∞

0
e−qt1{Yt∈dy, t<T−

b,Y∧τ+
a,Y∧τ−

0,Y } dt

)

=
(
W

(q,λ)
x−b (x)

W
(q,λ)
a−b (a)

W
(q,λ)
a−b (a − y) −W

(q,λ)
x−b (x − y)

)
dy.

Proof. (i) Let

R(q,λ)(x, dy) =Ex

(∫ ∞

0
e−qt1{Xt∈dy, t<T+

b,X∧τ+
a,X∧τ−

0,X} dt

)
,

and assume that X has paths of bounded variation. Then, for x ∈ [0, b), by conditioning on τ+
b,X

and the strong Markov property, we have

R(q,λ)(x, dy)

=Ex

(∫ ∞

0
e−qt1{Xt∈dy, t<τ+

b,X∧τ−
0,X} dt

)
+Ex

(
e−qτ+

b,X 1{τ+
b,X<τ

−
0,X}
)

R(q,λ)(b, dy)

= W(q)(x)

W(q)(b)

(
W(q)(b − y)1{y∈[0,b)} dy + R(q,λ)(b, dy)

)− W(q)(x − y)1{y∈[0,b)} dy, (4.1)

where the last equality follows by using (A.1) and (A.3) from the Appendix.
Now, let eλ ∼ Exp(λ) be independent of all other random variables. For x ∈ [b, a], observe

that T+
b,X ∧ τ−

b,X
d= eλ ∧ τ−

b,X . Hence, by conditioning on τ−
b,X and using the strong Markov

property, it follows that

R(q,λ)(x, dy) =Ex

(∫ ∞

0
e−qt1{Xt∈dy, t<eλ∧τ+

a,X∧τ−
b,X} dt

)
+Ex

(
e−qτ−

b,X 1{τ−
b,X<eλ∧τ+

a,X}R
(q,λ)(Xτ−

b,X
, dy

))
=Ex

(∫ ∞

0
e−(q+λ)t1{Xt∈dy, t<τ+

a,X∧τ−
b,X} dt

)
−Ex

(
e−(q+λ)τ−

b,X 1{τ−
b,X<τ

+
a,X}W

(q)(Xτ−
b,X

− y
))

1{y∈[0,b)} dy

+ 1

W(q)(b)
Ex

(
e−(q+λ)τ−

b,X 1{τ−
b,X<τ

+
a,X}W

(q)(Xτ−
b,X

))
× (

W(q)(b − y)1{y∈[0,b)} dy + R(q,λ)(b, dy)
)

=
(

W(q+λ)(x − b)

W(q+λ)(a − b)
W(q+λ)(a − y) − W(q+λ)(x − y)

)
1{y∈[b,a]} dy

−
(

W
(q,λ)
b−y (x − y) − W(q+λ)(x − b)

W(q+λ)(a − b)
W

(q,λ)
b−y (a − y)

)
1{y∈[0,b)} dy

+
(

W
(q,λ)
b (x)

W(q)(b)
− W(q+λ)(x − b)

W(q+λ)(a − b)

W
(q,λ)
b (a)

W(q)(b)

)
× (

W(q)(b − y)1{y∈[0,b)} dy + R(q,λ)(b, dy)
)
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=
(

W(q+λ)(x − b)

W(q+λ)(a − b)
W

(q,λ)
b−y (a − y) − W

(q,λ)
b−y (x − y)

)
dy

+
(

W
(q,λ)
b (x)

W(q)(b)
− W(q+λ)(x − b)

W(q+λ)(a − b)

W
(q,λ)
b (a)

W(q)(b)

)
× (

W(q)(b − y)1{y∈[0,b)} dy + R(q,λ)(b, dy)
)
, (4.2)

where the second equality follows by substituting (4.1), the third equality follows by using
(A.3) and (A.4) from the Appendix, and the last equality follows by observing that

W
(q,λ)
b−y (x − y) = W(q+λ)(x − y) for y ∈ [b, a].

Then, by putting x = b in the above equation, we observe that W(q+λ)(0) 
= 0 for X having
bounded variation, and also that

W
(q,λ)
b−y (b − y) = W(q)(b − y) for y ∈ [0, a],

which yields

R(q,λ)(b, dy) =
(

W(q+λ)(0)

W(q+λ)(a − b)
W

(q,λ)
b−y (a − y) − W(q)(b − y)1{y∈[0,b)}

)
dy

+
(

1 − W(q+λ)(0)

W(q+λ)(a − b)

W
(q,λ)
b (a)

W(q)(b)

)
× (

W(q)(b − y)1{y∈[0,b)} dy + R(q,λ)(b, dy)
)
,

and hence

R(q,λ)(b, dy) =
(

W(q)(b)

W
(q,λ)
b (a)

W
(q,λ)
b−y (a − y) − W(q)(b − y)1{y∈[0,b)}

)
dy.

Substituting the above quantity into (4.1) and (4.2) yields the desired result.
To prove the unbounded variation case, we use strong approximation. First recall that

there exists a sequence of bounded variation processes {(X(n)
s )s≥0 : n ≥ 1} that strongly

approximates X, that is, limn→∞ sup0≤s≤t |Xs − X(n)
s | = 0 for any t> 0 a.s. We let

T+
b,X(n) := min

{
Ti > 0: X(n)

Ti
> b

}
,

τ+
a,X(n) := inf

{
t> 0: X(n)

t > a
}
,

τ−
0,X(n) := inf

{
t> 0: X(n)

t < 0
}

denote the stopping times corresponding to each process X(n). Then (see [15, pp. 1421–1422]),
for any time t> 0, Px-a.s., it holds that τ+

a,X(n) ∧ t → τ+
a,X ∧ t and τ−

0,X(n) ∧ t → τ−
0,X ∧ t. We

now show that T+
b,X(n) ∧ t → T+

b,X ∧ t, Px-a.s. First recall that the processes N (and thus every

renewal time Ti), X and X(n) are independent for every n ≥ 1. Thus, by using Proposition 15
of [4, p. 30], it can be shown that Px(XTi = b) = 0. In addition, since the number of Poisson
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arrivals in [0, t] is finite, we shall consider the finite set of indices It := {i> 1: Ti ≤ t}. If It
is empty, then T+

b,X(n) ∧ t = T+
b,X ∧ t = t, Px-a.s. and so their convergence holds trivially. Thus

we need only consider the case where It is non-empty. Furthermore, since

lim
n→∞ sup0≤s≤t∧Ti

|Xs − X(n)
s | ≤ lim

n→∞ sup0≤s≤t |Xs − X(n)
s | = 0,

thus it converges pointwise. In addition, since 1{x>b} is discontinuous only at b, then, since
Px(XTi = b) = 0, we have 1{X(n)

Ti
>b} → 1{XTi>b}, Px-a.s. for all i ∈ It. From this it follows that

there exists a random integer N such that for all n ≥ N these indicators coincide simultaneously
for all i ∈ It. Hence, for all sufficiently large n, the set of indices i ∈ It for which X(n)

Ti
> b is

identical to the corresponding set for X. Therefore the first index at which the exceedance
occurs is eventually the same, that is,

min
{
Ti ≤ t : X(n)

Ti
> b

}= min{Ti ≤ t : XTi > b},
for all sufficiently large n. If no such index exists, then both minima are greater than t.
Consequently

T+
b,X(n) ∧ t → T+

b,X ∧ t Px-a.s.

Now one can utilise an approximating procedure similar to that in [15, pp. 1421–1422] to
show that the bounded variation potential measure and scale functions converge to that of the
unbounded variation cases.

(ii) The proof follows the same idea as that of (i), and thus, for brevity, we state only the main
identities that are needed. Hence, let

R̃(q,λ)(x, dy) =Ex

(∫ ∞

0
e−qt1{Yt∈dy, t<T−

b,Y∧τ+
a,Y∧τ−

0,Y } dt

)
,

and consider Y for bounded variation paths. Then, for eλ ∼ Exp(λ) independent of all other

random variables and x ∈ [0, b), observe that T−
b,Y ∧ τ+

b,Y
d= eλ ∧ τ+

b,Y , and so by conditioning

on τ+
b,Y , using the strong Markov property and (A.1) and (A.3) from the Appendix, we follow

the same argument as that used to derive (4.2), to get

R̃(q,λ)(x, dy)

= W
(q+λ)(x)

W(q+λ)(b)

(
W

(q+λ)(b − y)1{y∈[0,b)} dy + R̃(q,λ)(b, dy)
)−W

(q+λ)(x − y)1{y∈[0,b)} dy.

(4.3)

Now, for x ∈ [b, a], we condition on τ−
b,Y , use the strong Markov property and a substitution of

(4.3) along with (A.3) and (A.4) from the Appendix, to get

R̃(q,λ)(x, dy) =
(
W

(q)(x − b)

W(q)(a − b)
W

(q+λ,−λ)
b−y (a − y) −W

(q+λ,−λ)
b−y (x − y)

)
dy

+
(
W

(q+λ,−λ)
b (x)

W(q+λ)(b)
− W

(q)(x − b)

W(q)(a − b)

W
(q+λ,−λ)
b (a)

W(q+λ)(b)

)
× (

W
(q+λ)(b − y)1{y∈[0,b)} dy + R̃(q,λ)(b, dy)

)
. (4.4)
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Then, by putting x = b in the above equation and observing that W(q)(0) 
= 0 for Y having
bounded variation and also that

W
(q+λ,−λ)
b−y (b − y) =W

(q+λ)(b − y) for y ∈ [0, a],

we can derive that

R̃(q,λ)(b, dy) =
(

W
(q+λ)(b)

W
(q+λ,−λ)
b (a)

W
(q+λ,−λ)
b−y (a − y) −W

(q+λ)(b − y)1{y∈[0,b)}
)

dy.

Then, by substituting the above equation into (4.3) and (4.4), and noticing also that

W
(q+λ,−λ)
b (x) =W

(q,λ)
x−b (x),

we prove the identity for the bounded variation case. The unbounded variation case is proved
by the approximation approach mentioned in the proof of (i). �

Corollary 4.1. Let 0 ≤ b ≤ a, q ≥ 0 and 0<λ<∞. Then the following identities hold.

(i) For x ∈ [0, a] and y ∈ [b, a],

Ex

(
e−qT+

b 1{X
T+

b,X
∈dy, T+

b,X<τ
+
a,X∧τ−

0,X}
)

= λ

(
W

(q,λ)
b (x)

W
(q,λ)
b (a)

W(q+λ)(a − y) − W(q+λ)(x − y)

)
dy,

and

Ex

(
e−qτ+

a,X 1{τ+
a,X<T+

b,X∧τ−
0,X}
)

= W
(q,λ)
b (x)

W
(q,λ)
b (a)

.

(ii) For x ∈ [0, a] and y ∈ [0, b],

Ex

(
e−qT−

b,Y 1{Y
T−

b,Y
∈dy,T−

b,Y<τ
+
a,Y∧τ−

0,Y }
)

= λ

(
W

(q,λ)
x−b (x)

W
(q,λ)
a−b (a)

W
(q,λ)
a−b (a − y) −W

(q,λ)
x−b (x − y)

)
dy,

and

Ex

(
e−qτ+

a,Y 1{τ+
a,Y<T−

b,Y∧τ−
0,Y }
)

= W
(q,λ)
x−b (x)

W
(q,λ)
a−b (a)

.

(iii) For x ∈ [0, a],

Ex

(
e−qτ−

0,Y 1{τ−
0,Y<T−

b,Y∧τ+
a,Y }
)

=Ex

(
e−qτ−

0,Y−λ ∫ τ−0,Y0 1{Ys∈(0,b)} ds 1{τ−
0,Y<τ

+
a,Y }
)

=Z
(q+λ,−λ)
b (x) − W

(q,λ)
x−b (x)

W
(q,λ)
a−b (a)

Z
(q+λ,−λ)
b (a),
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and

Ex

(
e−qτ−

0,X 1{τ−
0,X<T+

b,X∧τ+
a,X}
)=Ex

(
e−qτ−

0,X−λ ∫ τ−0,X0 1{Xs∈(b,a)} ds 1{τ−
0,X<τ

+
a,X}
)

= Z
(q,λ)
b (x) − W

(q,λ)
b (x)

W
(q,λ)
b (a)

Z
(q,λ)
b (a).

Proof. (i) We use the same reasoning as that of Corollary 3.1 in [12]. Hence, by noticing
that the probability that an observation is made in (t, t + dt) is λdt and is independent of X, we
have that T+

b,X satisfies

Px
(
T+

b,X ∈ dt, Xt ∈ [b,∞)
)= λPx

(
T+

b,X > t, Xt ∈ [b,∞)
)

dt,

and so we use the above to find for y ∈ [b, a] that

Ex

(
e−qT+

b,X 1{X
T+

b,X
∈dy,T+

b,X<τ
+
a,X∧τ−

0,X}
)

=
∫ ∞

0
e−qt

Px
(
Xt ∈ dy, t< τ+

a,X ∧ τ−
0,X, T+

b,X ∈ dt
)

= λ

∫ ∞

0
e−qt

Px
(
Xt ∈ dy, t< T+

b,X ∧ τ+
a,X ∧ τ−

0,X

)
dt

= λ

(
W

(q,λ)
b (x)

W
(q,λ)
b (a)

W(q+λ)(a − y) − W(q+λ)(x − y)

)
dy,

where the last equality follows by using Lemma 4.1(i), and that

W
(q,λ)
b−y (x − y) = W(q+λ)(x − y) for y ∈ [b, a].

For the second identity, observe by conditioning on T+
b,X , using the strong Markov property

and then conditioning on XT+
b,X

that

Ex

(
e−qτ+

a,X 1{τ+
a,X<T+

b,X∧τ−
0,X}
)

=Ex

(
e−qτ+

a,X 1{τ+
a,X<τ

−
0,X}
)

−Ex

(
e−qτ+

a,X 1{T+
b,X<τ

+
a,X<τ

−
0,X}
)

=Ex

(
e−qτ+

a,X 1{τ+
a,X<τ

−
0,X}
)

−
∫ a

b
Ex

(
e−qT+

b,X 1{X
T+

b,X
∈dy, T+

b,X<τ
+
a,X∧τ−

0,X}
)
Ey

(
e−qτ+

a,X 1{τ+
a,X<τ

−
0,X}
)

= W(q)(x)

W(q)(a)
− λ

∫ a

b

(
W

(q,λ)
b (x)

W
(q,λ)
b (a)

W(q+λ)(a − y) − W(q+λ)(x − y)

)
W(q)(y)

W(q)(a)
dy

= 1

W(q)(a)

(
W(q)(x) − W

(q,λ)
b (x)

W
(q,λ)
b (a)

[
W

(q,λ)
b (a) − W(q)(a)

]
+
[
W

(q,λ)
b (x) − W(q)(x)

])

= W
(q,λ)
b (x)

W
(q,λ)
b (a)

,
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where the second equality follows by using the first result of the proof along with (A.1) from
the Appendix, and the third equality uses (2.3).

(ii) The result can be proved in a similar way to the above, but can also be seen directly from
Theorem 1.2 in [3] or Corollary 3.2 in [12].

(iii) Observe from Remark 3.2 in [1] that

Ex

(
e−qτ−

0,Y 1{τ−
0,Y<T−

b,Y∧τ+
a,Y }
)

=Ex

(
e−qτ−

0,Y−λ ∫ τ−0,Y0 1(0,b)(Ys) ds 1{τ−
0,Y<τ

+
a,Y }
)

.

Then Theorem 1 in [15] yields

Ex

(
e−qτ−

0,Y−λ ∫ τ−0,Y0 1(0,b)(Ys) ds 1{τ−
0,Y<τ

+
a,Y }
)

=Z
(q,λ)
0 (x) − λ

∫ x

b
W

(q)(x − y)Z
(q,λ)
0 (y) dy

−W
(q,λ)
0 (x) − λ

∫ x
b W

(q)(x − y)W
(q,λ)
0 (y) dy

W
(q,λ)
0 (a) − λ

∫ a
b W(q)(a − y)W

(q,λ)
0 (y) dy

(
Z

(q,λ)
0 (a) − λ

∫ a

b
W

(q)(a − y)Z
(q,λ)
0 (y) dy

)

=Z
(q+λ,−λ)
b (x) − W

(q,λ)
x−b (x)

W
(q,λ)
a−b (a)

Z
(q+λ,−λ)
b (a),

where the last equality holds by using (2.3)–(2.4).
The remaining identity can be shown in a similar way, by first using Remark 3.2 in [1] to

observe that

Ex

(
e−qτ−

0,X 1{τ−
0,X<T+

b,X∧τ+
a,X}
)

=Ex

(
e−qτ−

0,X−λ ∫ τ−0,X0 1(b,a)(Xs) ds 1{τ−
0,X<τ

+
a,X}
)
,

and then using Theorem 1 in [15]. �

4.1. Two-sided exit upwards and downwards

To derive the exit upwards and downwards, we are required to evaluate expectations that
involve the Poissonian stopping times T+

b,X and T−
b,Y . To be more precise, for a positive

measurable (multivariate) function f , we will need to evaluate expectations of the form

Ex

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}f
(
XT+

b,X
; z
))

and Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }f
(
YT−

b,Y
; z
))

.

This can be done by first conditioning on XT+
b,X

(YT−
b,Y

) and then using Corollary 4.1(i) (4.1(ii)),
to get

Ex

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}f
(
XT+

b,X
; z
))

=
∫ a

b
Ex

(
e−qT+

b,X 1{X
T+

b,X
∈dy, T+

b,X<τ
+
a,X∧τ−

0,X}
)

f (y; z)

= W
(q,λ)
b (x)

W
(q,λ)
b (a)

λ

∫ a

b
W(q+λ)(a − y)f (y; z) dy − λ

∫ x

b
W(q+λ)(x − y)f (y; z) dy, (4.5)
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and

Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }f
(
YT−

b,Y
; z
))

=
∫ b

0
Ex

(
e−qT−

b,Y 1{Y
T−

b,Y
∈dy,T−

b,Y<τ
+
a,Y∧τ−

0,Y }
)

f (y; z)

= W
(q,λ)
x−b (x)

W
(q,λ)
a−b (a)

λ

∫ b

0
W

(q,λ)
a−b (a − y)f (y; z) dy − λ

∫ b

0
W

(q,λ)
x−b (x − y)f (y; z) dy, (4.6)

respectively. As a result, it is clear that the exit identities will contain integrals of the form

λ

∫ x

b
W(q+λ)(x − y)f (y; z) dy and λ

∫ b

0
W

(q,λ)
x−b (x − y)f (y; z) dy,

and thus, for different choices of the function f , let us define auxiliary functions (containing
the integrals above) in order to formulate our results more concisely. For q, λ, x, u, b, z ≥ 0, let

γ
(q,λ)
b (x; z) = W(q)(x − z) −W

(q,λ)
x−b (x − z) + λ

∫ b−z

0
W

(q,λ)
x−b (x − z − y)W(q)(y) dy,

α
(q,λ)
b (x) = Z(q)(x) −Z

(q+λ,−λ)
b (x) + λ

∫ b

0
W

(q,λ)
x−b (x − y)Z(q)(y) dy,

and further let

W(q,λ)
u (x; z) =W

(q,λ)
x−b (x − z) + λ

∫ x

u
W(q+λ)(x − y)W

(q,λ)
y−b (y − z) dy, (4.7)

G(q,λ)
u (x; z) = γ

(q,λ)
b (x; z) + λ

∫ x

u
W(q+λ)(x − y)γ (q,λ)

b (y; z) dy, (4.8)

A(q,λ)
u (x) = α

(q,λ)
b (x) + λ

∫ x

u
W(q+λ)(x − y)α(q,λ)

b (y) dy. (4.9)

We will use the convention that

γ
(q,λ)
b (x) := γ

(q,λ)
b (x; 0), W (q,λ)

u (x) := W (q,λ)
u (x; 0) and G(q,λ)

u (x) := G(q,λ)
u (x; 0),

and will regularly use that

W(q,λ)
x (x; z) =W

(q,λ)
x−b (x − z), G(q,λ)

x (x; z) = γ
(q,λ)
b (x; z) and A(q,λ)

x (x) = α
(q,λ)
b (x).

Theorem 4.1. For q, λ≥ 0 and 0 ≤ x, b ≤ a,

Ex

(
e−qτ+

a,U 1{τ+
a,U<τ

−
0,U}
)

= U(q,λ)
b,a (x)

U(q,λ)
b,a (a)

, (4.10)

where

U(q,λ)
b,a (x; y) = W(q)(x − y) − 1{x>b}

(
G(q,λ)

x (x; y) − W (q,λ)
x (x)

W(q,λ)
b (a)

G(q,λ)
b (a; y)

)
, (4.11)

with the convention that U(q,λ)
b,a (x) = U(q,λ)

b,a (x; 0).

https://doi.org/10.1017/jpr.2026.10087 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2026.10087


14 N. BEELDERS ET AL.

Proof. We first note that U starts with either X or Y dynamics depending on its starting
position. Thus

Ex

(
e−qτ+

a,U 1{τ+
a,U<τ

−
0,U}
)

will be denoted as pX(x) for x ∈ [0, b], and pY (x) for x ∈ (b, a].
Now suppose that x ∈ [0, b]. Using the strong Markov property and (A.1) from the

Appendix, we have

pX(x) =Ex

(
e−qτ+

b,U 1{τ+
b,U<τ

−
0,U}EU

τ
+
b,U

(
e−qτ+

a,U 1{τ+
a,U<τ

−
0,U}
))

=Ex

(
e−qτ+

b,X 1{τ+
b,X<τ

−
0,X}
)

pX(b)

= W(q)(x)

W(q)(b)
pX(b), (4.12)

where the second-to-last equality follows since {Xt, t< T+
b,X} and {Ut, t< T+

b,U} have the same

distribution with respect to Px when x ∈ [0, b], and by recalling that τ+
b,X ≤ T+

b,X and τ+
b,U ≤

T+
b,U .

Similarly, suppose that the process starts at x ∈ (b, a], and notice that {Yt, t< T−
b,Y} and

{Ut, t< T−
b,U} have the same distribution with respect to Px for these x-values. Therefore, by

conditioning on whether T−
b,U or τ+

a,U occurs first and again using the strong Markov property
along with Corollary 4.1(ii), we get that

pY (x) =Ex

(
e−qτ+

a,U 1{τ+
a,U<T−

b,U∧τ−
0,U}
)

+Ex

(
e−qτ+

a,U 1{T−
b,U<τ

+
a,U<τ

−
0,U}
)

= W
(q,λ)
x−b (x)

W
(q,λ)
a−b (a)

+Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }EY
T−

b,Y

(
e−qτ+

a,U 1{τ+
a,U<τ

−
0,U}
))

= W (q,λ)
x (x)

W (q,λ)
a (a)

+ pX(b)

W(q)(b)
Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
, (4.13)

where the last equality holds by using (4.7) and substituting (4.12).
From (4.12)–(4.13), it remains to derive pX(b). To derive this quantity, we use a line of

reasoning similar to that for (4.13), that is, by conditioning on whether T+
b,U or τ+

a,U occurs first
and using the strong Markov property along with Corollary 4.1(i),

pX(b) =Eb

(
e−qτ+

a,U 1{τ+
a,U<T+

b,U∧τ−
0,U}
)

+Eb

(
e−qτ+

a,U 1{T+
b,U<τ

+
a,U<τ

−
0,U}
)

= W
(q,λ)
b (b)

W
(q,λ)
b (a)

+Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}p
Y(XT+

b,X

))

= W
(q,λ)
b (b)

W
(q,λ)
b (a)

+ 1

W (q,λ)
a (a)

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}W (q,λ)
X

T+
b,X

(
XT+

b,X

))
+ pX(b)

W(q)(b)

×Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}EX
T+

b,X

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

)))
, (4.14)

where the last line holds by substituting (4.13) into the second equality above.
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We now aim to evaluate the two expectations of the above equation. Using (4.5) and (4.7),

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}W (q,λ)
X

T+
b,X

(
XT+

b,X
; y
))= W

(q,λ)
b (b)

W
(q,λ)
b (a)

(W(q,λ)
b (a; y) −W(q,λ)

a (a; y)
)
,

(4.15)
for y ≥ 0, and thus the first expectation in (4.14) is given by the above for y = 0. To evaluate
the second expectation of (4.14), first note that for x> b from (4.6) and (4.8)

Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
= W (q,λ)

x (x)

W(q,λ)
a (a)

(G(q,λ)
a (a) − W(q)(a) +W(q,λ)

a (a)
)− (G(q,λ)

x (x) − W(q)(x) +W (q,λ)
x (x)

)
= W (q,λ)

x (x)

W(q,λ)
a (a)

(W(q,λ)
a (a)

W(q,λ)
b (a)

G(q,λ)
b (a) − U(q,λ)

b,a (a)

)
−
(W (q,λ)

x (x)

W(q,λ)
b (a)

G(q,λ)
b (a) − U(q,λ)

b,a (x)

)

= U(q,λ)
b,a (x) − W (q,λ)

x (x)

W(q,λ)
a (a)

U(q,λ)
b,a (a), (4.16)

where the last equality follows by using (4.11). Now, to evaluate the double expectation in
(4.14), first note from (A.6) in the Appendix that

λ

∫ a

b
W(q+λ)(a − y)U(q,λ)

b,a (y) dy = W
(q,λ)
b (a) − U(q,λ)

b,a (a),

and second, using the above identity and (4.5), that

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}U(q,λ)
b,a

(
XT+

b,X

))= W
(q,λ)
b (b)

W
(q,λ)
b (a)

(
W

(q,λ)
b (a) − U(q,λ)

b,a (a)
)
. (4.17)

Hence the second expectation of (4.14), using (4.15)–(4.17), turns out to be

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}EX
T+

b,X

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

)))
=Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}U(q,λ)
b,a

(
XT+

b,X

))
− U(q,λ)

b,a (a)

W(q,λ)
a (a)

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}W (q,λ)
X

T+
b,X

(
XT+

b,X

))

= W
(q,λ)
b (b) − W

(q,λ)
b (b)

W
(q,λ)
b (a)

W(q,λ)
b (a)

W(q,λ)
a (a)

U(q,λ)
b,a (a). (4.18)

Then, by observing that W
(q,λ)
b (b) = W(q)(b) and substituting the above equation and (4.15)

into (4.14), we derive the desired quantity

pX(b) = W(q)(b)

U (q,λ)
b,a (a)

.

https://doi.org/10.1017/jpr.2026.10087 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2026.10087


16 N. BEELDERS ET AL.

Finally, by substituting the above equation into (4.12), we derive the result for x ∈ [0, b]. For
x ∈ (b, a], we substitute pX(b) along with (4.16) into (4.13) to get the required result. �

Theorem 4.2. For q, λ≥ 0 and 0 ≤ x, b ≤ a,

Ex

(
e−qτ−

0,U 1{τ−
0,U<τ

+
a,U}
)

= V(q,λ)
b,a (x) − U(q,λ)

b,a (x)

U(q,λ)
b,a (a)

V(q,λ)
b,a (a), (4.19)

where U(q,λ)
b,a (x) is defined in (4.11) and

V(q,λ)
b,a (x) = Z(q)(x) − 1{x>b}

(
A(q,λ)

x (x) − W (q,λ)
x (x)

W(q,λ)
b (a)

A(q,λ)
b (a)

)
. (4.20)

Proof. Using notation similar to that in the proof of (4.10), let

Ex

(
e−qτ−

0,U 1{τ−
0,U<τ

+
a,U}
)

be denoted by gX(x) for x ∈ [0, b], and gY (x) for x ∈ (b, a].
Now suppose that x ∈ [0, b]. Then, conditioning on τ+

b,U , using the strong Markov property
and (A.1)–(A.2) of the Appendix,

gX(x) =Ex

(
e−qτ−

0,U 1{τ−
0,U<τ

+
b,U}
)

+Ex

(
e−qτ+

b,U 1{τ+
b,U<τ

−
0,U}EU

τ
+
b,U

(
e−qτ−

0,U 1{τ−
0,U<τ

+
a,U}
))

=Ex

(
e−qτ−

0,X 1{τ−
0,X<τ

+
b,X}
)

+Ex

(
e−qτ+

b,X 1{τ+
b,X<τ

−
0,X}
)
Eb

(
e−qτ−

0,U 1{τ−
0,U<τ

+
a,U}
)

= Z(q)(x) + W(q)(x)

W(q)(b)

(
gX(b) − Z(q)(b)

)
, (4.21)

where the second equality follows since {Xt, t< T+
b,X} and {Ut, t< T+

b,U} have the same dis-

tribution with respect to Px when x ∈ [0, b], and by recalling that τ+
b,X ≤ T+

b,X and τ+
b,U ≤

T+
b,U .

Similarly, suppose the process starts at x ∈ (b, a]. Then, by observing that {Yt, t< T−
b,Y} and

{Ut, t< T−
b,U} have the same distribution with respect to Px for these x-values, we condition on

T−
b,U and use the strong Markov property to obtain

gY (x) =Ex

(
e−qτ−

0,U 1{τ−
0,U<T−

b,U∧τ+
a,U}
)

+Ex

(
e−qτ−

0,U 1{T−
b,U<τ

−
0,U<τ

+
a,U}
)

=Ex

(
e−qτ−

0,Y 1{τ−
0,Y<T−

b,Y∧τ+
a,Y }
)

+Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }g
X(YT−

b,Y

))
=Z

(q+λ,−λ)
b (x) − W (q,λ)

x (x)

W (q,λ)
a (a)

Z
(q+λ,−λ)
b (a) +Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }Z
(q)(YT−

b,Y

))
+ (gX(b) − Z(q)(b))

W(q)(b)
Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
, (4.22)
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where the last line follows by using Corollary 4.1(iii) and (4.21). Additionally, by using (4.6)
and (4.9), we observe that

Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }Z
(q)(YT−

b,Y

))
= W (q,λ)

x (x)

W(q,λ)
a (a)

(A(q,λ)
a (a) − Z(q)(a) +Z

(q+λ,−λ)
b (a)

)− (A(q,λ)
x (x) − Z(q)(x) +Z

(q+λ,−λ)
b (x)

)
= V(q,λ)

b,a (x) −Z
(q+λ,−λ)
b (x) − W (q,λ)

x (x)

W(q,λ)
a (a)

(V(q,λ)
b,a (a) −Z

(q+λ,−λ)
b (a)

)
,

where the last equality holds by using (4.20), and hence substituting the above equation into
(4.22) yields

gY (x) = V(q,λ)
b,a (x) − W (q,λ)

x (x)

W(q,λ)
a (a)

V(q,λ)
b,a (a)

+
(
gX(b) − Z(q)(b)

)
W(q)(b)

Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
, (4.23)

From (4.21) and (4.23), it suffices to derive gX(b). To do this, we condition on T+
b,U , use

Corollary 4.1(iii) and the strong Markov property, to get

gX(b) =Eb

(
e−qτ−

0,U 1{τ−
0,U<T+

b,U∧τ+
a,U}
)

+Eb

(
e−qτ+

a,U 1{T+
b,U<τ

+
a,U<τ

−
0,U}
)

= Z
(q,λ)
b (b) − W

(q,λ)
b (b)

W
(q,λ)
b (a)

Z
(q,λ)
b (a) +Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}g
Y(XT+

b,X

))
.

Substituting (4.23) into the expectation of the above equation, we get

gX(b) = Z
(q,λ)
b (b) − W

(q,λ)
b (b)

W
(q,λ)
b (a)

Z
(q,λ)
b (a) +Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}V (q,λ)
b,a

(
XT+

b,X

))

− V (q,λ)
b,a (a)

W (q,λ)
a (a)

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}W (q,λ)
X

T+
b,X

(
XT+

b,X

))

+
(
gX(b) − Z(q)(b)

)
W(q)(b)

×Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}EX
T+

b,X

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

)))
. (4.24)

We now need to compute only the first expectation of the above equation, since the second
and third expectations are known from (4.15) and (4.18), respectively. Thus, by noticing from
(A.5) of the Appendix that

λ

∫ a

b
W(q+λ)(a − y)V(q,λ)

b,a (y) dy = Z
(q,λ)
b (a) − V(q,λ)

b,a (a),
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we have by using (4.5) along with the above equation that

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}V (q,λ)
b,a

(
XT+

b,X

))= W
(q,λ)
b (b)

W
(q,λ)
b (a)

(
Z

(q,λ)
b (a) − V(q,λ)

b,a (a)
)
.

Then, by observing that

Z
(q,λ)
b (b) = Z(q)(b) and W

(q,λ)
b (b) = W(q)(b),

we substitute (4.15), (4.18), and the above equation into (4.24) to derive the desired quantity

gX(b) = Z(q)(b) − W(q)(b)

U (q,λ)
b,a (a)

V (q,λ)
b,a (a).

Finally, by substituting the above equation into (4.21), we derive the result for x ∈ [0, b]. For
x ∈ (b, a], we substitute gX(b) along with (4.16) into (4.23) to get the required result. �

Remark 4.1. Let us assume that X = Y . Then, for the identities given in Proposition 2.1 of [20],
their refraction parameter satisfies δ = 0, W(q) = W(q) and Z

(q) = Z(q), which consequently
yields

λ

∫ b

0
W

(q,λ)
x−b (x − y)W(q)(y) dy = W

(q,λ)
x−b (x) − W(q)(x),

λ

∫ b

0
W

(q,λ)
x−b (x − y)Z(q)(y) dy = Z

(q+λ,−λ)
b (x) − Z(q)(x).

By the above two identities, γ (q,λ)
b (x) = α

(q,λ)
b (x) = 0 and therefore G(q,λ)

b (x) =A(q,λ)
b (x) = 0.

Hence we conclude that the case for Y = X gives U (q,λ)
b,a = W(q)(x) and V (q,λ)

b,a = Z(q)(x), which
reduces (4.10) and (4.19) to those in Theorem A.1 of the Appendix, the classical one-sided
Lévy fluctuation identities.

4.2. One-sided exit upwards and downwards

To derive the one-sided exit identities, we require the following lemma to determine the
limits of the scale functions derived in Section 4.1.

Lemma 4.2. Let q, λ > 0, a ∈R+, and x, b ∈ [0, a]. Then, for at least�q >ϕq+λ, the following
limits are true:

(i) lima→∞ W
(q)(a)/W(q)(a) = 0,

(ii) lima→∞ W
(q,λ)
a−b (a)/W(q+λ)(a) = 0,

(iii) limθ→∞ W
(q,λ)
x−b (x + θ )/W(q)(θ ) = 0.

Proof. (i) Recall from [9, Chapter 8] that there exists a representation of the scale function
for q, x ≥ 0 such that

W(q)(x) = e�qxW�q (x),
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where W�q (x) is the 0-scale function of the SNLP with Laplace exponent ψ�q (θ ) := ψ(�q +
θ ) − q. Furthermore, it is known (see e.g. [7]) that

W�q (∞) := lim
x→∞ W�q (x) = 1

ψ ′
�q

(0 + )
= 1

ψ ′(�q)
,

which implies that W�q(∞)<∞ unless simultaneously q = 0 and ψ ′(0 + ) = 0. The same
holds for the 0-scale function Wϕq (x) having Laplace exponent ψ∗

ϕq
(θ ) := ψ∗(ϕq + θ ) − q.

Therefore, by noticing that �q >ϕq+λ implies also that �q >ϕq, we have

lim
a→∞

W
(q)(a)

W(q)(a)
= lim

a→∞ e−(�q−ϕq)a Wϕq(a)

W�q (a)
= 0.

(ii) From (2.3) we have

W
(q,λ)
a−b (a) =W

(q)(a) + λ

∫ b

0
W

(q)(a − y)W(q+λ)(y) dy.

Then, by observing that our assumption implies�q+λ > ϕq and using reasoning similar to that
for (i), we get that

lim
a→∞

W
(q)(a)

W(q+λ)(a)
= lim

a→∞ e−(�q+λ−ϕq)a Wϕq(a)

W�q+λ (a)
= 0.

Therefore, since W�q+λ and Wϕq are continuous and bounded, and since e−(�q+λ−ϕq)a decreases
as a → ∞, there exists some C ∈R+ such that

W
(q)(a)

W(q+λ)(a)
≤ C for all a> 0.

The required limit is thus derived by applying the dominated convergence theorem.

(iii) The proof follows the same idea as that of (ii) by first noticing that the assumption
�q >ϕq+λ implies that

lim
θ→∞

W
(q+λ)(x + θ )

W(q)(θ )
= lim
θ→∞ e−(�q−ϕq+λ)θ eϕq+λx

Wϕq+λ (x + θ )

W�q(θ )
= 0,

and then by using the dominated convergence theorem. �

We now derive the one-sided exit identities.

Proposition 4.1. Let 0< q, λ <∞. Then, for 0 ≤ x, b ≤ a and at least �q >ϕq+λ, we have

Ex

(
e−qτ+

a,U 1{τ+
a,U<∞}

)
= U(q,λ)↓

b,a (x)

U(q,λ)↓
b,a (a)

,

where

U(q,λ)↓
b,a (x) = e�qx − 1{x>b}

(
γ

(q,λ)↓
b (x)

−Z
(q)(x − b; ϕq+λ)

γ
(q,λ)↓
b (a) + λ

∫ a
b W(q+λ)(a − u)γ (q,λ)↓

b (u) du

Z(q)(a − b; ϕq+λ) + λ
∫ a

b W(q+λ)(a − u)Z(q)(u − b; ϕq+λ) du

)
, (4.25)
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and

γ
(q,λ)↓
b (x) = e�qx + λ

∫ ∞

0
e�q(b−y)

W
(q,λ)
x−b (x − b + y) dy.

Proof. Using a level invariance argument and Theorem 4.1,

Ex

(
e−qτ+

a,U 1{τ+
a,U<∞}

)
= lim
θ→∞

U (q,λ)
b+θ,a+θ (x + θ )

U (q,λ)
b+θ,a+θ (a + θ )

,

and so we derive the above limit. Hence we notice that

lim
θ→∞

U (q,λ)
b+θ,a+θ (x + θ )

W(q)(θ )

= lim
θ→∞

{
W(q)(x + θ )

W(q)(θ )
− 1{x>b}

(
γ

(q,λ)
b+θ (x + θ )

W(q)(θ )
− W

(q,λ)
x−b (x + θ )

W (q,λ)
b+θ (a + θ )

G(q,λ)
b+θ (a + θ )

W(q)(θ )

)}
,

where

W (q,λ)
b+θ (a + θ ) =W

(q,λ)
a−b (a + θ ) + λ

∫ a

b
W(q+λ)(a − y)W

(q,λ)
y−b (y + θ ) dy,

γ
(q,λ)
b+θ (x + θ ) = W(q)(x + θ ) −W

(q,λ)
x−b (x + θ ) + λ

∫ b+θ

0
W(q)(b + θ − u)W

(q,λ)
x−b (x − b + u) du,

G(q,λ)
b+θ (a + θ ) = γ

(q,λ)
b+θ (a + θ ) + λ

∫ a

b
W(q+λ)(a − u)γ (q,λ)

b+θ (u + θ ) du,

and the limit of each term needs to be determined.
By using (2.1)–(2.3) along with the dominated convergence theorem,

lim
θ→∞

W
(q,λ)
y−b (y + θ )

W(q+λ)(θ )
= eϕq+λb

Z
(q)(y − b, ϕq+λ), y ≥ b, (4.26)

and hence

lim
θ→∞

W (q,λ)
b+θ (a + θ )

W(q+λ)(θ )
= eϕq+λb

(
Z

(q)(a − b, ϕq+λ) + λ

∫ a

b
W(q+λ)(a − y)Z(q)(y − b, ϕq+λ) dy

)
.

(4.27)
Then, for �q >ϕq+λ, we have by (2.2), Lemma 4.2(iii) and the dominated convergence
theorem that

lim
θ→∞

γ
(q,λ)
b+θ (x + θ )

W(q)(θ )
= e�qx + λ

∫ ∞

0
e�q(b−y)

W
(q,λ)
x−b (x − b + y) dy = γ

(q,λ)↓
b (x)

exists, and hence that

lim
θ→∞

G(q,λ)
b+θ (a + θ )

W(q)(θ )
= γ

(q,λ)↓
b (a) + λ

∫ a

b
W(q+λ)(a − u)γ (q,λ)↓

b (u) du.

Since

lim
θ→∞ W

(q,λ)
x−b (x + θ )/W (q,λ)

b+θ (a + θ )
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is known already by using (4.26)–(4.27), we use the above two limits along with (2.2) to
conclude that

U (q,λ)↓
b,a (x) = lim

θ→∞
U (q,λ)

b+θ,a+θ (x + θ )

W(q)(θ )
(4.28)

has the same form as (4.25). �

Proposition 4.2. Let 0< q, λ <∞. Then, for 0 ≤ x, y, b ≤ a and at least �q+λ > ϕq, we have

Ex

(
e−qτ−

0,U 1{τ−
0,U<∞}

)
= V (q,λ)↑

b (x) − V (q,λ)↑
b

U (q,λ)↑
b (0)

U (q,λ)↑
b (x; 0),

where

U(q,λ)↑
b (x; y) = W(q)(x − y) − 1{x>b}

(
γ

(q,λ)
b (x; y) −W

(q,λ)
x−b (x)

∫∞
b e−�q+λuγ

(q,λ)
b (u; y) du∫∞

b e−�q+λu
W

(q,λ)
u−b (u) du

)
,

(4.29)

V (q,λ)↑
b (x) = Z(q)(x) − 1{x>b}

(
α

(q,λ)
b (x) −W

(q,λ)
x−b (x)

∫∞
b e−�q+λuα

(q,λ)
b (u) du∫∞

b e−�q+λu
W

(q,λ)
u−b (u) du

)
, (4.30)

U(q,λ)↑
b (y) =Z

(q+λ)(b − y, ϕq) − λ

∫ b−y

0
Z

(q+λ)(b − y − u, ϕq)W(q)(u) du

+Z
(q+λ)(b, ϕq)

∫∞
b e−�q+λuγ

(q,λ)
b (u; y) du∫∞

b e−�q+λu
W

(q,λ)
u−b (u) du

, (4.31)

and

V (q,λ)↑
b = eϕqb

(
q

ϕq
+ λ

∫ b

0
e−ϕqy

Z
(q+λ)(y) dy

)
− λ

∫ b

0
Z

(q+λ)(b − u, ϕq)Z(q)(u) du

+Z
(q+λ)(b, ϕq)

∫∞
b e−�q+λuα

(q,λ)
b (u) du∫∞

b e−�q+λu
W

(q,λ)
u−b (u) du

. (4.32)

Remark 4.2. The bivariate limits are proved here since they are the same as that needed for
the one-sided potential measure in Theorem 4.3.

Proof of Proposition 4.2. We derive the desired identity by taking the limit of the two-sided
exit downwards from Theorem 4.2 as a → ∞. Additionally, in some of the limits below, the
dominated convergence theorem is applied since its usage is justified by noticing from (2.2)
that W(q+λ)(a − y)/W(q+λ)(a) → e−�q+λy as a → ∞.

Now, for �q+λ > ϕq, we have by Lemma 4.2(ii) and the dominated convergence theorem
that

lim
a→∞ γ

(q,λ)
b (a; y)/W(q+λ)(a) = lim

a→∞ α
(q,λ)
b (a)/W(q+λ)(a) = 0,
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and hence by using (2.2) that

lim
a→∞

G(q,λ)
b (a; y)

W(q+λ)(a)
= λ

∫ ∞

b
e−�q+λuγ

(q,λ)
b (u; y) du,

lim
a→∞

A(q,λ)
b (a)

W(q+λ)(a)
= λ

∫ ∞

b
e−�q+λuα

(q,λ)
b (u) du,

lim
a→∞

W(q,λ)
b (a; y)

W(q+λ)(a)
= λ

∫ ∞

b
e−�q+λu

W
(q,λ)
u−b (u − y) du.

Thus, by using the above identities, we conclude that

U(q,λ)↑
b (x; y) := lim

a→∞ U (q,λ)
b,a (x; y) and V(q,λ)↑

b (x) := lim
a→∞ V (q,λ)

b,a (x) (4.33)

have the forms of (4.29) and (4.30), respectively.
Now we notice that

lim
a→∞ U (q,λ)

b,a (a; y)/W(q)(a) = lim
a→∞ U (q,λ)↑

b (a; y)/W(q)(a),

lim
a→∞ V (q,λ)

b,a (a)/W(q)(a) = lim
a→∞ V (q,λ)↑

b (a)/W(q)(a).

We derive these limits by using (2.1) and (2.2) along with the dominated convergence theorem
to observe that

W
(q,λ)
a−b (a − y)

W
(q)(a)

= W
(q+λ,−λ)
b−y (a − y)

W
(q)(a)

→ e−ϕqb
Z

(q+λ)(b − y, ϕq) as a → ∞, (4.34)

Z
(q+λ,−λ)
b (a)

W
(q)(a)

→ q

ϕq
+ λ

∫ b

0
e−ϕqy

Z
(q+λ)(y) dy as a → ∞. (4.35)

Thus, using the two above equations, that G(q,λ)
a (a; y) = γ

(q,λ)
b (a; y), A(q,λ)

a (a) = α
(q,λ)
b (a) and

the dominated convergence theorem,

lim
a→∞

1

W
(q)(a)

(
W(q)(a − y) − G(q,λ)

a (a; y)
)

= e−ϕqb
(
Z

(q+λ)(b − y, ϕq) − λ

∫ b−y

0
Z

(q+λ)(b − y − u, ϕq)W(q)(u) du

)
, (4.36)

and

lim
a→∞

1

W
(q)(a)

(
Z(q)(a) −A(q,λ)

a (a)
)

= q

ϕq
+ λ

∫ b

0
e−ϕqy

Z
(q+λ)(y) dy − λe−ϕqb

∫ b

0
Z

(q+λ)(b − u, ϕq)Z(q)(u) du.

Using (4.34) and the above two limits, we conclude that

U(q,λ)↑
b (y) = lim

a→∞ eϕqb · U (q,λ)
b,a (a; y)/W(q)(a) and V(q,λ)↑

b = lim
a→∞ eϕqb · V (q,λ)

b,a (a)/W(q)(a)

(4.37)
have the forms of (4.31) and (4.32), respectively. �
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Remark 4.3. If the assumptions on the right-inverses� and ϕ of the corresponding Lévy expo-
nents are relaxed, the limits yield indeterminate forms. These assumptions are hence imposed
to ensure that appropriate limiting forms can be derived.

4.3. Potential measures

In this subsection we shall derive identities for the potential measure of U. We first have the
following for the potential measure killed on exiting [0, a].

Theorem 4.3. Let 0< b ≤ a and 0<λ<∞. Then, for a Borel set B ⊆R, q ≥ 0, we have the
following.

(i) For 0 ≤ x, y ≤ a,

Ex

(∫ ∞

0
e−qt1{Ut∈B, t<τ+

a,U∧τ−
0,U} dt

)

=
∫

B∩[0,a]

(U (q,λ)
b,a (a; y)

U (q,λ)
b,a (a; 0)

U (q,λ)
b,a (x; 0) − U (q,λ)

b,a (x; y)

)
dy,

where U (q,λ)
b,a (x; y) is given in (4.11).

(ii) For 0 ≤ x, b ≤ a, y ≥ 0 and at least �q+λ > ϕq,

Ex

(∫ ∞

0
e−qt1{Ut∈B, t<τ−

0,U} dt

)

=
∫

B∩[0,∞)

(
U(q,λ)↑

b (y)

U(q,λ)↑
b (0)

U(q,λ)↑
b (x; 0) − U(q,λ)↑

b (x; y)

)
dy,

where U(q,λ)↑
b (x; y) and U(q,λ)↑

b (y) are given by (4.29) and (4.31), respectively.

(iii) For 0 ≤ x, b ≤ a, y ≤ a and at least �q >ϕq+λ,

Ex

(∫ ∞

0
e−qt1{Ut∈B, t<τ+

a,U} dt

)

=
∫

B∩(−∞,a]

(U(q,λ)↓
b,a (x)

U(q,λ)↓
b,a (a)

U(q,λ)↓
b,a (a; y) − U(q,λ)↓

b,a (x; y)

)
dy,

where

U(q,λ)↓
b,a (x; y) = W(q)(x − y) − 1{x>b}

(
γ

(q,λ)
b (x; y)

−Z
(q)(x − b; ϕq+λ)

γ
(q,λ)
b (a; y) + λ

∫ a
b W(q+λ)(a − u)γ (q,λ)

b (u; y) du

Z(q)(a − b; ϕq+λ) + λ
∫ a

b W(q+λ)(a − u)Z(q)(u − b; ϕq+λ) du

)
,

(4.38)

and for which U(q,λ)↓
b,a (x) is given in (4.25).
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(iv) For 0 ≤ x, b ≤ a and at least �q >ϕq+λ,

Ex

(∫ ∞

0
e−qt1{Ut∈B} dt

)
=
∫

B

(
Ũ(q,λ)

b (y)

Ũ(q,λ)
b

U(q,λ)
b (x) − U(q,λ)

b (x; y)

)
dy,

where

U(q,λ)
b (x; y) = W(q)(x − y) − 1{x>b}

(
γ

(q,λ)
b (x; y)

−Z
(q)(x − b; ϕq+λ)

∫∞
b e−�q+λuγ

(q,λ)
b (u; y) du∫∞

b e−�q+λu
Z

(q)(u − b; ϕq+λ) du

)
, (4.39)

U(q,λ)
b (x) = e�qx − 1{x>b}

(
γ

(q,λ)↓
b (x)

−Z
(q)(x − b; ϕq+λ)

∫∞
b e−�q+λuγ

(q,λ)↓
b (u) du∫∞

b e−�q+λu
Z

(q)(u − b; ϕq+λ) du

)
, (4.40)

Ũ(q,λ)
b (y) =Z

(q+λ)(b − y, ϕq) − λ

∫ b−y

0
Z

(q+λ)(b − y − u, ϕq)W(q)(u) du

+ λ

ϕq+λ − ϕq

∫∞
b e−�q+λuγ

(q,λ)
b (u; y) du∫∞

b e−�q+λu
Z

(q)(u − b; ϕq+λ) du
, (4.41)

Ũ(q,λ)
b = −λ

∫ ∞

0
e−�q(b−u)

Z
(q+λ)(u, ϕq) du

+ λ

ϕq+λ − ϕq

∫∞
b e−�q+λuγ

(q,λ)↓
b (u; y) du∫∞

b e−�q+λu
Z

(q)(u − b; ϕq+λ) du
, (4.42)

Proof. (i) Similarly to the previous section,

Ex

(∫ ∞

0
e−qt1{Ut∈B, t<τ+

a,U∧τ−
0,U} dt

)
will be denoted by RX(x, B) (RY (x, B)) for x ∈ [0, b] (x ∈ (b, a]).

For x ∈ [0, b], we have by conditioning on τ+
b,U and the strong Markov property that

RX(x, B) =Ex

(∫ ∞

0
e−qt1{Ut∈B, t<τ+

b,U∧τ−
0,U} dt

)
+Ex

(∫ ∞

0
e−qt1{Ut∈B, τ+

b,U<t<τ+
a,U∧τ−

0,U} dt

)
=Ex

(∫ ∞

0
e−qt1{Xt∈B, t<τ+

b,X∧τ−
0,X} dt

)
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+Ex

(
e−qτ+

b,X 1{τ+
b,X<τ

−
0,X}
)
Eb

(∫ ∞

0
e−qt1{Ut∈B, t<τ+

a,U∧τ−
0,U} dt

)
=
∫

B∩[0,b]

(
W(q)(b − y)

W(q)(b)
W(q)(x) − W(q)(x − y)

)
dy + W(q)(x)

W(q)(b)
RX(b, B), (4.43)

where the second equality follows by recalling that τ+
b,X ≤ T+

b<X , τ+
b,U ≤ T+

b,U and noticing that

{Xt, t< T+
b,X} and {Ut, t< T+

b,U} have the same distribution with respect to Px when x ∈ [0, b],
and the last equality follows by using the classical equations (A.1) and (A.3) in the Appendix.

Now, considering x ∈ (b, a] and noticing that {Yt, t< T−
b,Y} and {Ut, t< T−

b,U} have the same

distribution with respect to Px for these x-values, we condition on T−
b,U and use the strong

Markov property to get

RY (x, B) =Ex

(∫ ∞

0
e−qt1{Yt∈B, t<T−

b,Y∧τ+
a,Y∧τ−

0,Y } dt

)
+Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }R
X(YT−

b,Y
, B
))

=
∫

B∩[0,a]

(W (q,λ)
a (a; y)

W (q,λ)
a (a)

W (q,λ)
x (x) −W (q,λ)

x (x; y)

)
dy

+
∫

B∩[0,b]

[
W(q)(b − y)

W(q)(b)
Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
−Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y
− y

))]
dy

+ RX(b, B)

W(q)(b)
Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
, (4.44)

where the last equality follows by using Lemma 4.1(ii) and by substituting (4.43).
Now, note that the first and third expectation in the above equation are special cases (for

y = 0) of the second expectation in this equation, and so it suffices to derive the latter one. To
do this, for x> b, we use (4.6) and (4.11) to write the second expectation of (4.44) as

Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y
− y

))
= W (q,λ)

x (x)

W(q,λ)
a (a)

(G(q,λ)
a (a; y) − W(q)(a − y) +W(q,λ)

a (a; y)
)

− (G(q,λ)
x (x; y) − W(q)(x − y) +W (q,λ)

x (x; y)
)

= W (q,λ)
x (x)

W(q,λ)
a (a)

(W(q,λ)
a (a)

W(q,λ)
b (a)

G(q,λ)
b (a; y) − U (q,λ)

b,a (a; y) +W(q,λ)
a (a; y)

)

−
(W (q,λ)

x (x)

W(q,λ)
b (a)

G(q,λ)
b (a; y) − U (q,λ)

b,a (x; y) +W (q,λ)
x (x; y)

)

= U (q,λ)
b,a (x; y) − W (q,λ)

x (x)

W(q,λ)
a (a)

U (q,λ)
b,a (a; y) +

(W(q,λ)
a (a; y)

W(q,λ)
a (a)

W (q,λ)
x (x) −W (q,λ)

x (x; y)

)
. (4.45)

https://doi.org/10.1017/jpr.2026.10087 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2026.10087


26 N. BEELDERS ET AL.

Then, by substituting the above equation into (4.44),

RY (x, B) =
∫

B∩(b,a]

(W (q,λ)
a (a; y)

W (q,λ)
a (a)

W (q,λ)
x (x) −W (q,λ)

x (x; y)

)
dy

+
∫

B∩[0,b]

[
W(q)(b − y)

W(q)(b)
Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
− U (q,λ)

b,a (x; y) + W (q,λ)
x (x)

W(q,λ)
a (a)

U (q,λ)
b,a (a; y)

]
dy

+ RX(b, B)

W(q)(b)
Ex

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

))
. (4.46)

From (4.43) and (4.46), it suffices to derive RX(b, B). To do this, we consider whether T+
b,U or

τ+
a,U occurs first and use the strong Markov property to find that

RX(b, B) =Eb

(∫ ∞

0
e−qt1{Xt∈B, t<T+

b,X∧τ+
a,X∧τ−

0,X} dt

)
+Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}R
Y(XT+

b,X
, B
))

=
∫

B∩[0,a]

(
W

(q,λ)
b (b)

W
(q,λ)
b (a)

W
(q,λ)
b−y (a − y) − W

(q,λ)
b−y (b − y)1{y∈[0,b]}

)
dy

+
∫

B∩(b,a]

[W(q,λ)
a (a; y)

W(q,λ)
a (a)

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}W(q,λ)
X

T+
b,X

(
XT+

b,X

))
−Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}W(q,λ)
X

T+
b,X

(
XT+

b,X
; y
))]

dy

+
∫

B∩[0,b]

[
W(q)(b − y)

W(q)(b)

×Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}EX
T+

b

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

)))
−Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}U(q,λ)
b,a

(
XT+

b,X
; y
))

+ U (q,λ)
b,a (a; y)

W(q,λ)
a (a)

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}W(q,λ)
X

T+
b,X

(
XT+

b,X

))]
dy

+ RX(b, B)

W(q)(b)

×Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}EX
T+

b

(
e−qT−

b,Y 1{T−
b,Y<τ

+
a,Y∧τ−

0,Y }W
(q)(YT−

b,Y

)))
, (4.47)

where the first term in the last equality follows by using Lemma 4.1(i) whilst the remaining
terms of the above equation follow by using (4.46).
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Excluding the the fourth expectation, we note that the remaining expectations of (4.47) are
known from either (4.15) or (4.18). To compute the fourth expectation of (4.47), we have from
(A.6) in the Appendix that

λ

∫ a

b
W(q+λ)(a − z)U (q,λ)

b,a (z; y) dz = W
(q,λ)
b−y (a − y) − U(q,λ)

b,a (a; y),

and hence by using (4.5) and the above equation that

Eb

(
e−qT+

b,X 1{T+
b,X<τ

+
a,X∧τ−

0,X}U(q,λ)
b,a

(
XT+

b,X
; y
))= W

(q,λ)
b (b)

W
(q,λ)
b (a)

(
W

(q,λ)
b−y (a − y) − U(q,λ)

b,a (a; y)
)
. (4.48)

By noticing that W
(q,λ)
b−y (b − y) = W(q)(b − y) for y ∈ [0, b], using the above equation and

substituting (4.15), (4.18), and (4.48) into (4.47), we get

RX(b, B)

=
∫

B∩(b,a]

W(q)(b)

W
(q,λ)
b (a)

W(q,λ)
b (a)

W(q,λ)
a (a)

[
W(q,λ)

a (a; y) + W(q,λ)
a (a)

W(q,λ)
b (a)

(
W

(q,λ)
b−y (a − y) −W(q,λ)

b (a; y)
)]

+
∫

B∩[0,b]

[
−W(q)(b − y)

W
(q,λ)
b (a)

W(q,λ)
b (a)

W(q,λ)
a (a)

U(q,λ)
b,a (a) + W(q)(b)

W
(q,λ)
b (a)

W(q,λ)
b (a)

W(q,λ)
a (a)

U(q,λ)
b,a (a; y)

]
dy

+ RX(b, B)

W(q)(b)

(
W(q)(b) − W(q)(b)

W
(q,λ)
b (a)

W(q,λ)
b (a)

W(q,λ)
a (a)

U(q,λ)
b,a (a)

)
. (4.49)

To solve for RX(b, B) in the above equation, we first observe that

G(q,λ)
x (x; y) = γ

(q,λ)
b (x; y) = W(q)(x − y) −W (q,λ)

x (x; y) for y> b,

and thus have from (2.3) and (4.7) that

U (q,λ)
b,a (x; y) =W (q,λ)

x (x; y) + W (q,λ)
x (x)

W(q,λ)
b (a)

(
W

(q,λ)
b−y (a − y) −W(q,λ)

b (a; y)
)
, y> b, (4.50)

and so substituting the above equation with x = a into (4.49) yields the desired quantity

RX(b, B)

= W(q)(b)

U (q,λ)
b,a (a)

∫
B∩(b,a]

U (q,λ)
b,a (a; y) dy +

∫
B∩[0,b]

(
W(q)(b)

U (q,λ)
b,a (a)

U (q,λ)
b,a (a; y) − W(q)(b − y)

)
dy

=
∫

B

(
W(q)(b)

U (q,λ)
b,a (a)

U (q,λ)
b,a (a; y) − W(q)(b − y)

)
dy,

where the last equality follows since W(q)(b − y) = 0 for y ∈ (b, a].
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Finally, by substituting the above equation into (4.43), we derive the result for x ∈ [0, b].
For x ∈ (b, a], we substitute RX(b, B) along with (4.45) into (4.46), and then use (4.50) to get
the required result.

(ii) Observe that

Ex

(∫ ∞

0
e−qt1{Ut∈~dy,t<τ+

a,U∧τ−
0,U}dt

)
≤ 1

q
,

and furthermore that this potential measure increases for all Borel sets B ⊂ [0, a] as a → ∞.
Since it is bounded from above, its limit as a → ∞ must exist, and thus, by the monotone
convergence theorem,

Ex

(∫ ∞

0
e−qt1{Ut∈B,t<τ−

0,U}dt

)
= lim

a→∞

∫
B∩[0,a]

Ex

(∫ ∞

0
e−qt1{Ut∈~dy,t<τ+

a,U∧τ−
0,U}dt

)

=
∫

B∩[0,∞)
lim

a→∞

(U(q,λ)
b,a (a; y)

U(q,λ)
b,a (a; 0)

U(q,λ)
b,a (x; 0) − U(q,λ)

b,a (x; y)

)
dy,

where we have used the potential density derived in part (i) in the final step. The result then
follows by using (4.33) and (4.37) from the proof of Proposition 4.2.

(iii) Using a level invariance argument, an argument similar to that in (ii) to interchange the
limits and integral, and also (i),

Ex

(∫ ∞

0
e−qt1{Ut∈B, t<τ+

a,U} dt

)

= lim
θ→∞

∫
B

(U (q,λ)
b+θ,a+θ (x + θ )

U (q,λ)
b+θ,a+θ (a + θ )

U (q,λ)
b+θ,a+θ (a + θ ; y + θ ) − U (q,λ)

b+θ,a+θ (x + θ ; y + θ )

)
dy,

and so we derive the above limit by taking the limits of the terms separately.
First, by observing that

γ
(q,λ)
b+θ (x + θ ; y + θ ) = γ

(q,λ)
b (x; y),

and hence that

G(q,λ)
b+θ (x + θ ; y + θ ) = G(q,λ)

b (x; y),

we have

lim
θ→∞ U (q,λ)

b+θ,a+θ (x + θ ; y + θ )

= W(q)(x − y) − 1{x>b}

(
γ

(q,λ)
b (x; y) − lim

θ→∞
W

(q,λ)
x−b (x + θ )

W (q,λ)
b+θ (a + θ )

G(q,λ)
b (a; y)

)
,

where

W (q,λ)
b+θ (a + θ ) =W

(q,λ)
a−b (a + θ ) + λ

∫ a

b
W(q+λ)(a − y)W

(q,λ)
y−b (y + θ ) dy.
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Then, by using (4.26)–(4.27), it is clear that

U (q,λ)↓
b,a (x; y) = lim

θ→∞ U (q,λ)
b+θ,a+θ (x + θ ; y + θ )

has the form of (4.38). The proof is then completed by using (4.28) from the proof of
Proposition 4.1.

(iv) We derive the desired identities by taking the limits of the terms of the potential mea-
sure from (iii). Additionally, in some of the limits below, the dominated convergence theorem
is applied since its usage is justified by noticing that W(q+λ)(a − y)/W(q+λ)(a) → e−�q+λy

as a → ∞.
Now, since we assume�q >ϕq+λ, we have eϕq+λ(a−b)/W(q+λ)(a) ↓ 0 as a → ∞, and hence,

by Lemma 4.2(ii) and the dominated convergence theorem,

lim
a→∞

Z
(q)(a − b, ϕq+λ)

W(q+λ)(a)
= 0, lim

a→∞
γ

(q,λ)
b (a; y)

W(q+λ)(a)
= 0.

Using the above limits and the dominated convergence theorem, we obtain

U(q,λ)
b (x; y) = lim

a→∞ U(q,λ)↓
b,a (x; y) and U(q,λ)

b (x) = lim
a→∞ U(q,λ)↓

b,a (x),

which have the same forms as (4.39) and (4.40), respectively.
Now we observe that

lim
a→∞ U(q,λ)↓

b,a (a; y)/W(q)(a) = lim
a→∞ U(q,λ)

b (a; y)/W(q)(a).

Then, by using (4.36) and (2.2) to notice that

lim
a→∞

Z
(q)(a − b, ϕq+λ)

W(q)(a)
= λ

ϕq+λ − ϕq
e−ϕqb, (4.51)

we conclude that

Ũ(q,λ)
b (y) = eϕqb lim

a→∞ U(q,λ)
b (a; y)/W(q)(a)

has the same form as (4.41).
Similarly, we have that

lim
a→∞ U(q,λ)↓

b,a (a)/W(q)(a) = lim
a→∞ U(q,λ)

b (a)/W(q)(a),

and so we need to derive the limit

lim
a→∞

1

W(q)(a)

(
e�qa − γ

(q,λ)↓
b (a)

)
= lim

a→∞
1

W(q)(a)

(
−λ

∫ ∞

0
e�q(b−u)

W
(q,λ)
a−b (a − b + u)du

)
,

but it easily follows from (4.34) and the dominated convergence theorem that

lim
a→∞

1

W(q)(a)

(
e�qa − γ

(q,λ)↓
b (a)

)
= e−ϕqb

(
−λ

∫ ∞

0
e�q(b−u)

Z
(q+λ)(u, ϕq) du

)
.

Then, using the above equation as well as (4.51), it can be seen that

Ũ(q,λ)
b = eϕqb lim

a→∞ U(q,λ)
b (a)/W(q)(a)

has the same form as (4.42). �
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4.4. Application to ruin theory

In this subsection we consider the application of the above model in an insurance setting.
In particular, we assume U represents the risk (surplus) process of an insurer who can switch
between different business strategies (represented by the Lévy processes X and Y , respectively)
at Poissonian observation times depending on the surplus level and we are interested in the time
and probability of ruin – the event that the surplus drops to a negative level.

In general, the probability of ruin can be obtained as a limiting result of Proposition 4.2
as q → 0. However, for the general case of arbitrary X and Y , the result remains in a similar
form, with the q-scale functions replaced by their limiting counterparts, and does not offer
any further insight(s). Therefore, in the remainder of this section, we will consider a specific
insurance context which allows us to obtain more explicit results.

Let X denote the Lévy risk process of an insurer and Y = {Yt := Xt − δt}t≥0, where δ > 0
represents a constant dividend rate paid to shareholders whenever the surplus (U) is above the
level b. In this case, (1.1) reduces to

Ut = x + Xt − δ

∫ t

0
1{UTN(s)>b} ds, U0 = x ∈R,

and the level-dependent Poissonian switching can be understood as a time delay between ini-
tiating (above b) and withdrawing (below b) dividend payments, reducing the model to one
similar to [20]. We note here that, in addition to the arguments of Remark 3.1, the form of the
above SDE implies that uniqueness can also be proved by contradiction using methods similar
to those in [10].

As before, for each q ≥ 0, W(q) and Z(q) are the q-scale functions associated with X, and
W

(q) and Z
(q) are the q-scale functions associated with Y . Moreover, the right-inverse of the

Laplace exponent of Y is now ϕq = sup{ϑ ≥ 0: ψ(ϑ) − δϑ = q}. It is clear that δ = 0 yields
Y = X and W

(q) = W(q).
The following corollary provides the probability of ruin for the model described above.

Corollary 4.2. Let 0 ≤ b, λ <∞, where λ is sufficiently large that�q+λ > ϕq. Then, given the
assumption that 0 ≤ δ <E(X1), the ruin probability for x ≥ 0 is given by

Px
(
τ−

0,U <∞)= 1 − (ψ ′(0 + ) − δ) · U (0,λ)↑
b (x; 0)

1 + δλ
∫ b

0 W(λ)(b − y) W(y) dy +Z(λ)(b)
∫∞

b e−�λu γ
(0,λ)
b (u) du∫∞

b e−�λu W
(0,λ)

(u−b) du

, (4.52)

where U (0,λ)↑
b (x; y) is given by (4.29).

Proof. Observe from Proposition 4.2 that

Px(τ−
0,U <∞) = lim

q↓0
Ex

(
e−qτ−

0,U 1{τ−
0,U<∞}

)
= lim

q↓0
V (q,λ)↑

b (x) − lim
q↓0

V (q,λ)↑
b

U (q,λ)↑
b (0)

lim
q↓0

U (q,λ)↑
b (x; 0).

Now, recall from [20, Proposition 2.1] that the choice of SNLPs Xt and Yt = Xt − δt gives

α
(q,λ)
b (x) = −δq

∫ x

0
W

(q,λ)
x−b (x − u)W(q)(u) du, (4.53)
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and so using the above equation along with (4.30) yields limq↓0 V (q,λ)↑
b (x) = 1. Furthermore, it

is clear that

U (0,λ)↑
b (x; 0) = lim

q↓0
U (q,λ)↑

b (x; 0).

Additionally, since the condition 0 ≤ δ <E(X1) implies that ϕ0 = 0, the form of the denom-
inator in (4.52) can be found by using (4.31) to take limq↓0 U (q,λ)↑

b (0), and then observing that
limq↓0 Z

(q+λ)(b, ϕq) =Z
(λ)(b) and that

λ

∫ b

0
Z

(λ)(b − u)W(u) du =Z
(λ)(b) − 1 − δλ

∫ b

0
W

(λ)(b − u)W(u) du;

see [20, Equation (A18)].
Lastly, we observe from (4.32) and (4.53) that

lim
q↓0

V (q,λ)↑
b = lim

q↓0
eϕqb

(
q

ϕq
+ λ

∫ b

0
e−ϕqy

Z
(q+λ)(y) dy

)
− lim

q↓0
λ

∫ b

0
Z

(q+λ)(b − u, ϕq)Z(q)(u) du.

As previously mentioned, ϕ0 = 0 by our assumption, and limq→0 Z
(q+λ)(b − u, ϕq) =

Z
(λ)(b − u) and limq→0 Z(q)(x) = 1, which both follow by using (2.1). Finally, by noticing that

lim
q→0

q

ϕq
=ψ ′(0 + ) − δ > 0,

under our assumption as well as these previous observations, we get

lim
q↓0

V (q,λ)↑
b =ψ ′(0 + ) − δ,

which completes the proof. �

Appendix

The lemma below is a collection of classical fluctuation identities which have been used in
the preceding text. See, for example, [9, Chapter 8] for the origin of these identities.

Lemma A.1. ([9].) Let X be a spectrally negative Lévy process and

τ+
a,X = inf{t> 0: Xt > a} and τ−

0,X = inf{t> 0: Xt < 0}.

(i) For q ≥ 0 and x ≤ a,

Ex

(
e−qτ+

a,X 1{τ+
a,X<τ

−
0,X}
)

= W(q)(x)

W(q)(a)
(A.1)

and

Ex

(
e−qτ−

0,X 1{τ−
0,X<τ

+
a,X}
)

= Z(q)(x) − W(q)(x)

W(q)(a)
Z(q)(a). (A.2)

(ii) For any a> 0, x, y ∈ [0, a], q ≥ 0,∫ ∞

0
e−qt

Px
(
Xt ∈ dy, t< τ+

a,X ∧ τ−
0,X

)
dt = u(q)(x, a, y) dy, (A.3)

where

u(q)(x, a, y) = W(q)(x)

W(q)(a)
W(q)(a − y) − W(q)(x − y).
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The following lemma is a consequence of Lemma 2.1 in [15].

Lemma A.2. ([15].) For p, p + q ≥ 0 and 0 ≤ b ≤ x ≤ a, it holds for y ∈ [0, b) that

Ex

(
e−(p+q)τ−

b,X 1{τ−
b,X<τ

+
a,X}W

(p)(Xτ−
b,X

− y
))= W

(p,q)
b−y (x − y) − W(p+q)(x − b)

W(p+q)(a − b)
W

(p,q)
b−y (a − y),

(A.4)
where W

(p,q)
b is given in (2.3).

The lemma below yields an identity required for the derivation of the fluctuation identities.

Lemma A.3. Let 0< b ≤ a and 0<λ<∞. Then, for q ≥ 0 and 0 ≤ x, y ≤ a, we have

λ

∫ a

b
W(q+λ)(a − y)V(q,λ)

b,a (y) dy = Z
(q,λ)
b (a) − V(q,λ)

b,a (a), (A.5)

and

λ

∫ a

b
W(q+λ)(a − z)U (q,λ)

b,a (z; y) dz = W
(q,λ)
b−y (a − y) − U (q,λ)

b,a (a; y), (A.6)

where U (q,λ)
b,a and V (q,λ)

b,a are defined in (4.11) and (4.20), respectively.

Proof. First, we prove (A.5). By substituting the form of (4.20) into the integral, we get

λ

∫ a

b
W(q+λ)(a − y)V(q,λ)

b,a (y) dy = λ

∫ a

b
W(q+λ)(a − y)Z(q)(y) dy

− λ

∫ a

b
W(q+λ)(a − y)A(q,λ)

y (y) dy

+ A(q,λ)
b (a)

W(q,λ)
b (a)

λ

∫ a

b
W(q+λ)(a − y)W(q,λ)

y (y) dy

= Z
(q,λ)
b (a) − Z(q)(a) +A(q,λ)

a (a) −A(q,λ)
b (a)

+ A(q,λ)
b (a)

W(q,λ)
b (a)

(W(q,λ)
b (a) −W(q,λ)

a (a)
)

= Z
(q,λ)
b (a) − V(q,λ)

b,a (a),

where the second equality uses (2.4), (4.7), and (4.9), and the last equality uses (4.20).
One can derive (A.6) similarly by substituting the form of (4.11), to get

λ

∫ a

b
W(q+λ)(a − z)U (q,λ)

b,a (z; y) dz = λ

∫ a

b
W(q+λ)(a − z)W(q)(z − y) dz

− λ

∫ a

b
W(q+λ)(a − z)G(q,λ)

z (z; y) dz

+ G(q,λ)
b (a; y)

W (q,λ)
b (a)

λ

∫ a

b
W(q+λ)(a − z)W (q,λ)

z (z) dz

= W
(q,λ)
b−y (a − y) − W(q)(a − y) + G(q,λ)

a (a; y) − G(q,λ)
b (a; y)
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+ G(q,λ)
b (a; y)

W (q,λ)
b (a)

(W (q,λ)
b (a) −W (q,λ)

a (a)
)

= W
(q,λ)
b−y (a − y) − U(q,λ)

b,a (a; y),

where the second equality is obtained by using (2.3), (4.7), and (4.8). �
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